POLITECNICA
DE VALENCIA

MASTER EN INVESTIGACION MATEMATICA

The nuclear magnetic resonance and the magnetic
resonance imaging process. Introducing random
differential equation systems for Bloch equations

model.

TFM submitted by César Catalan Capaccioni.

Supervised by:
Dr. Juan Carlos Cortés Lépez and Dr. Rafael Jacinto Villanueva Mico.






Contents

(1.1 The NMR history.| . . .. ... .. .. ... ... . ... ....
1.2 The MR physical principle.| . . . . .. ... ... ... .....
[1.3  The Larmor frequency.|. . . . . . . ... ... ... ... ...

1.4 Bloch equation and the oscillator model.| . . . . . . .. ... . .
(1.5 The gradient fields.|. . . . .. ... ... 0oL
(1.6 Thesignal| . . .. ... ... o
1.7 The RF pulse. Slide selection.f. . . . . .. ... ... ... ...
[1.8 MRI. Image sequence.| . . . . ... ... ... ... ...,
Il,” I (2 ! . 11’§:1S1 szt !15:&& ,I .........................

[1.11T SNR. Signal to noise ratio.|. . . . . . . .. .. ... ... ....

|2 The Bloch equation model and the MRI process.

2.1 Magnitudes and domain.|. . . . . ... ... ... .. ... ...

2.2 Decay and recovery times. 17 and 75.| . . . ... ... ... ..

[2.3  Inhomogeneity as a source of signal loss, 15 . . . . . ... ...
13 Bloch equation in the relaxation process.|

[3.1  Analytical solution into the relaxation process.| . . . .. .. ..
4  Bloch equation in the radio-frequency pulse process.|

4.1 Analytical solution of Bloch equation in the RF process.| . . . .
6_Recent research trends.

[5.1  Dealing with perturbation fields.| . . . . . .. .. ... ... ..

5.2 Well-posed Bloch equation under flow fields.|. . . . . . ... ..
6 Introducing R.D.E.s into Bloch model.|

3

14
16
17
20

31
33
33
35

37
38

45
47

55
o6
64

71



4 CONTENTS
7 R.D.E.S. into relaxation process.| 79
[7.1 My r.v. mitial condition.|. . . . . . .. .. ..., 79
[7.1.1 Calculating the 1-PDF My (mg)| . . . . ... ... ... 80

[7.1.2  Calculating the I-PDF M,(m,)] . ... ... ... ... 82

7.1.3 Calculating the 1-PDF My, (mg,).| . . . . ... ... .. 82

[7.1.4  Calculating the 1-PDF M. (m.)] . ... ... ... ... 85

715 1—PDFM,,(mg,) and M. (m,).|. . . ... ... .... 89

7.2 B r.v. magnetic flux density.| . . . . . . . .. ... ... .. 91
[7.2.1 Calculating the 1-PDF M,(mg)| . . .. ... ... ... 91

[7.2.2  Calculating the M,(m,)({) RV] . . .. ... ....... 94

[F3 T and 15 1.v. GIMES. . .« o v v v e e 95
[7.3.1 Calculating the 1-PDE My, (mgy) | - - . . . . . o .o . 96

[7.3.2  Calculating the 1-PDF M. (m.)] . ... ... ...... 99

I8 Introducing R.D.E.s in the RF process.| 103
[8.1 719 r.v. initial magnetization condition. . . . . . . . .. ... 103
8.1.1 Calculating the 1-PDF m,(n,).| . . . . .. ... ... .. 104

8.1.2 Calculating the 1-PDF m.(n,) . . . . . ... ... ... 104

8.1.3 Calculating the 1-PDF M, (m,).| . . . . ... ... ... 107

8.1.4 Calculating the 1-PDF M,(m,)| . . ... ... ... .. 109

8.1.5 Calculating the 1-PDF M,(m,).| . . ... ... ... .. 109

8.2 By r.v. generated RE pulse| . . . . .. ... ... 0. 112
8.2.1 Calculating the 1-PDF my(n,).|. . . . . . ... ... .. 112

8.2.2 Calculating the 1-PDF m.(n,)| . . . . . ... ... ... 112

8.2.3 Calculating the 1-PDF M (m,).| . . . . ... ... ... 113

8.2.4 Calculating the 1-PDF M,(m,)| . . ... ... ... .. 113

8.2.5 Calculating the 1-PDF M,(m.).| . ... ... ... ... 114

8.3  Bg r.v. magnetic flux density.| . . . . . .. ... ... 116
8.3.1 Calculating the 1-PDF M, (mg).| . . .. ... ... ... 116

8.3.2 Calculating the 1-PDF M,(m,)| . . ... ... ... .. 117
9__Conclusions| 119



I remember when I was 17 years old, where mathematics, physics and ma-
chines were so attractive to me, for this reason I decided to begging the Mas-
ter’s Degree in Industrial Engineering (electrical and mechanical fields) here
at the U.P.V. university. I have developed my professional profile into several
branches such as automotive, agri-food industry, aesthetic medicine, aquar-
iums, building sector and the last ten years within the hospital engineering
branch.

Motivated by educational maths due to, both my own children, I decided con-
tinue to learn advanced maths two years ago, I also took in mind embark into
a mathematical doctorate programme, so I enrolled and coursed the Master’s
Degree in Mathematical Research, INVESTMAT, at U.V. & U.P.V. located

in Valencia because of it I present the current work.

As we have told above, during the last ten years I have just dedicated my pro-
fessional adventure into the medical field. I participated as a MEP (Mechanical-
Electrical-Plumber) engineer manager in the construction of an Hospital near
Valencia. Over there, I had the opportunity to implant all different medical
equips including a 1,5T Magnetic Resonance, which was possibility the
most complicated and technological efforts so far taken in this regard. Phys-
ical, chemical and all engineering systems and installations take place in this
installation: electromagnetic homogeneity requirements, the magnetic shield of
the room for safety purposes, temperature and humidity specifications should
have high levels of accuracy and reliability, three different air cooling systems
for the room and a cryo-cooler compressor water cooling, for refrigerating the
superconductor magnet and gradients, the acoustic and vibration requirements
within the rooms in which the patients and technicians are impacted by the
noise of the MR system as the gradients are pulsed and the acoustic noise
transmitted to other spaces via airborne and structureborne paths, ventila-
tion and an exhaust fan set-up system for evacuating gas Helio from inside
the room, the slab stability for supporting the weight of the magnet (around
4.000 Kg/m?) and as well its composition to avoid external, internal magnetic
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interferences and other ones.

But after the commissioning of the Magnetic Resonance I observed at
the operator workspace several images related to brains and knees obtained
through the scanner and I asked myself: how is it possible to obtain these high
quality images only with a magnet or an electromagnetic field?, how does it
work?

The interest of these questions returned during this postgraduate, therefore
I took the decision to write a review and expose the maths significance in this
area and the recent researches, furthermore we introduce and solve the matrix
Bloch random equations system which govern this process computing the 1-
p.d.f. by using the Random Variable Transformation (R.V.T.) method.

I would like to thank my wife, Ana, for supporting me over this last years
on weekends, in the evenings, nights and holidays. Many thanks for the su-
pervisors Juan Cortés and Rafael Jacinto for all of their guidance through this
process.

I would also like to thank all academics, doctors and coordinators belong to
this Master’s Degree in Mathematical Research, INVESTMAT, which have
been motivating and encouraging me for these years in order to open me eyes
towards the mathematical research.



Chapter 1

Introduction.

The MRI (Magnetic Resonance Imaging) is a noninvasive diagnostic proce-
dure employed in the NMR (Nuclear Magnetic Resonance) scanner to obtain
detailed sectional images of the internal structure of the body. This technique
has played a major role in the revolution over the last 30 years. In this sense,
the influence and development of Mathematics are essential for making it pos-
sible understanding and eliminating the Artifacts of the images, quickly,
with accurate and efficiency. Thus, this is necessary for recovering as soon as
possible the investment of the medical equipments and make a diagnosis using
right and precise images.

In this work we will introduce the Bloch equation which govern the MRI
process and how the perturbation fields, inhomogeneities and dynamic flow
affect to the image results. We overview the tend researches to solve the non-
linear differential equation systems and some numerical, discretization and
convergence methods for modelling and resolving it [1], [2].

But the main purpose of this work is to introduce and solve the basic Bloch
equations model as a random differential equation systems and obtain conclu-
sions about of their possible applications.

Magnetic Resonance Imaging (MRI) is a method that generates exquisite
images of the soft tissue anatomy of the human body. The principle of MRI
is to record the variations of the nuclear magnetization of the biological tis-
sues by using different kinds of magnetic fields. A static magnetic field By is
used to generate a macroscopic nuclear magnetisation M in the body to be
imaged; typically By has a strength around 1,5 - 5 Tesla, but technology and
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8 CHAPTER 1. INTRODUCTION.

magnets are increasing quickly. To shift the magnetisation vector M from its
equilibrium position, a radio-frequency magnetic field (RF field) B is applied
at every characteristic pulsation determined by the Larmor frequency,

wo = 7|1 Bol (1.1)

where v is a constant called the gyro-magnetic ratio (y = 42.58 MHz by Tesla
for proton for the hydrogen atom), thus if we applied a magnetic field of 1 Tesla
(| Bo|| = 1 T), the Larmor frequency wo ~ 42.58 MHz for proton. In MRI this
phenomenon is known as resonance process. The position of the magnetisation
vector at the end of the resonance process is determined by the duration of
the RF field B. Typically this duration is chosen so that the angle between
the initial position and the resulting one is 5§ or m. When the RF field B
is stopped, the magnetisation tends to return to its equilibrium position in a
process called the relaxation. During the relaxation process the magnetisation
creates an induced electric signal in an antenna set in a plane perpendicular
to By. This signal is acquired for subsequent processing and gives rise to the
image. Moreover, magnetic field gradients (static magnetic field aligned with
]:3;0) are applied during the imaging process to set up a spatial correspondence
between position in the boy and position in the image through a frequency
encoding of the MRI signal.

Any perturbation of the magnetic fields involved in MRI can disturb the
imaging process. The result is a local deformation of the image (called arti-
fact) that may render the image inaccurate and useless for medical diagnostics.
Sources of perturbation of magnetic fields are various and can be classified
mainly in four groups: the one connected to the static magnetic field and the
gradients, the one connects to the RF field, the external one and those attached
to the dynamic of the fluids and tissues inside the body. Moreover one can
distinguish between defects that are properties of the MRI device (e.g. non
uniformity of the magnetic fields over the whole imaging area) and perturba-
tions of the magnetic fields due to the patient himself. Since they are fixed
properties of the MRI device, the first ones can handled with efficiency, either
by the use of additional components or by taking into account their effect in
the reconstruction of the algorithm. It is much more difficult to deal with the
other ones as they are no identical from one experiment to the other. Common
causes of such magnetic field perturbations are changes of magnetic properties
in the sample due to metallic implanted objects, such as dental prostheses,
hip prostheses, vascular clips, internal orthopaedic devices, metallic surgical
instruments used in interventional MRI, etc. On other hand the existing dy-
namic processes inside a body (vessels, heart, blood, angiographic techniques,
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etc.) require to introduce new phisical concepts for interpreting and reduce
the artifact images.

Artifacts produced by the magnetic susceptibility of metallic implants have
been widely studied in the literature using an experimental approach, as well
as using mathematical modelling and numerical simulation. In the last decade
attention has been paid to MRI artifacts caused by eddy currents in conduct-
ing metallic implants. Eddy currents may originate either from RF field ]§1,
from the field gradients or form external or electrical or magnetic field diver-
gences. However it has been found that artifacts due to eddy currents from
the magnetic field gradients are not significant.

For simple test objects (cylindersm spheres or ellipsoids) analytical expre-
sions for the RF perturbation are known. In general a precise calculation of the
RF field perturbation involves a boundary value problem with partial differ-
ential equation derived from Maxwell’s equations and requires the use of PDE
aproximations schemes. Among the classical methods are the finite element
method, the finite difference method and the boundary element method.

In we first explain and introduce the Bloch equation and the
processes involving MRI, in we expose an efficient and accurate
model for solving of RF artifacts due to eddy current [I] and at the end of this
chapter we will expose the well-possedness of the Bloch model for dinamical
flow and its associated semi-discrete equation [2].

1.1 The NMR history.

In 1946 nuclear magnetic resonance (NMR) in condensed matter was discov-
ered simultaneously by Edward Purcell at Harvard and Felix Bloch at
Stanford using different instrumentaton and techniques. Both groups, how-
ever, observed the response of magnetic nuclei, placed in an uniform magnetic
field, to a continuous wave (CW) radio frequency magnetic field as the field
was tuned through resonance. This discovery opened up a new form of spec-
troscopy which has become one of the most important tools for physicists,
chemists, geologists, and biologists.

In 1950 Erwin Hahn, a young postdoctoral fellow at the University of
Illinois, explored the response of magnetic nuclei in condensed matter to pulse
burst of these same radio frequency (RF) magnetic fields. Hahn was interested
in observing transient effects on the magnet nuclei after the RF burst. During
these experiments he observed a spin echo signal; that is, a signal from the
magnetic nuclei that occurred after a two pulse sequence at a time equal to
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the delay time between the two pulses. This discovery, and his brillant anal-
ysis of the experiments, gave birth to a new technique for studying magnetic
resonance. This pulse method originally had only a few practitioners, but now
it is the method of choise for most laboratories. For the first twenty years
after its discovery, continuous wave (CW) magnetic resonance apparatus was
used in almost every research chemistry laboratory, and no commercial pulsed
NMR instrument were available. However, since 1966 when Ernst and An-
derson showed that high resolution NMR spectroscopy can be achieved using
Fourier transforms of the transient response, and cheap fast computers made
this calculation practical, pulsed NMR has become the dominant commercial
instrumentation for most research applications.

This technology has also found its way into medicine, Paul C. Lauter-
bur (died in 2007) shared the Nobel Prize in Medicine in 2003 for developing
magnetic resonance imaging into a way to look inside living organisms.He was
a real pioneer in the study of the nucleus of the carbon atom. Dr. Lauterbur
became interested in possible biological applications of nuclear magnetic reso-
nance after reading a paper in 1971 by Raymond V. Damadian, who described
how some cancerous tissues responded differently to the magnetic fields than
normal tissue. Until then, most scientists placed the samples in a uniform
magnetic field, and the radio signals emanated from the entire sample. Dr.
Lauterbur realized that if a nonuniform magnetic field were used, then the
radio signals would come from just one slice of the sample, allowing a two-
dimensional image to be created. Dr. Lauterbur shared the Nobel Prize with
Sir Peter Mansfield of the University of Nottingham in England, who also
came up with the idea of using a non-uniform magnetic field and developed
mathematical techniques for analyzing the data. The images can be stacked
together to form a three-dimensional view.

When NMR imaging became common for medical uses, the name was
tweaked to magnetic resonance imaging (MRI), the nuclear dropped for fear
that patients might think radioactive elements are used. MRI (magnetic res-
onance imaging) scans are revolutionizing radiology. This imaging technique
seems to be completely noninvasive, produces remarkable three dimensional
imagens, and has the potential to give physicians detailed information about
the inner working of living systems. For example, preliminary work has al-
ready shown that blood flow patterns in both the brain and the heart can be
studied without dangerous catheterization or injection of radioactive isotopes.
Someday, MRI scans may be able to pinpoint malignant tissue without biop-



1.2. THE MR PHYSICAL PRINCIPLE. 11

sies. MRI is in its infancy, and we will see many more applications of this
diagnostic tool in the coming years [18].

1.2 The MR physical principle.

In clinical MRI the image is formed by the signals from protons in water and
lipid. At the atomic level, since a proton is a charged particle which spins
around an internal axis of rotation with a given value of angular momentum
]3, it also has a magnetic moment u, and therefore can be thought of as a very
small magnet with a north and south pole.

The internal rotation of a proton creates
a magnetic moment, and so the proton acts P H
as a magnet with north and south pole as '
shown in Figure ‘
The hydrogen nucleus with one proton
is the nucleus of choice in MRI because
it possesses the strongest magnetic mo-
ment and its abundance in organic tis-
sues.
The magnitude of the proton’s magnetic
moment is proportional to the magni-

tude of the angular momentum ||f| =
,YHIB‘H magnet.

Figure 1.1: proton acts as a

As a result, the magnitude of the magnetic moment has a single, fixed value
and in absence of an external magnetic field (ﬁo), as shown in Figure the
magnitude of the magnetic moment of every proton in our bodies is fixed,
but the orientation is completely random. Therefore, the net magnetization
(Mp), i.e. the sum of all the individual magnetic moments in our bodies is zero.

The situation changes with the application of an external magnetic field
(]:3;0). From quantum mechanics, the component of the magnetic moment in
the direction of (]§0) can have only two possible discrete values, which results
in the magnetic moments being aligned with respect to (BO) in the same di-
rection as we can see in Figure[l.3]

The relative number of protons in the parallel and anti-parallel configura-
tions depend upon the value of Bg. Protons in the parallel configuration are
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Figure 1.3: orientation of pro-
Figure 1.2: orientation of pro-  tons when a strong magnetic field
tons in absence of By. By is applied.

preferred because it guarantees the lowest energy state (see Figure and

the energy difference is given by

YhBo
0

It is possible to calculate the relative number of protons in each of the two
configurations with the Boltzmann equation:

AFE = with h = Plank’s constant = 6.63 - 1034.Js. (1.2)

Nanti—
“antizparallel _ —%7 (1.3)
Nparallel

with k = Boltzmann’s constant k = 1.38 - 10723 J/K and T is temperature in
K, and we notice that the exponent % is very small — ™% &~ 1 — x, therefore

Nanti—pa’/‘allel —1_ ﬁ’ (14)
Nparallel kT
thus AE LB
YnbHo
Nparallel - Nanti—parallel = Ntotalﬁ = Ntotalma (15)

where Nitq represent the total number of protons. Equation [I.5] shows that
the MRI signal depends upon the difference in populations between the two
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Figure 1.4: orientation of protons in absence of By.

energy levels. It is important to note that MRI can detect only the difference
in populations between Npgraiiier and Nantiparalier; and not the total number of
protons.

By superimposing all proton magnetic moments we can represent the net
magnetization in a simple vector form, with slightly more protons in the par-
allel than anti-parallel state. The total magnetization can be calculated by
a simple vector sum of the individual components ji;. The net magnetization
has only a z-component since the vector sum of the components has only a
z-component, since the vector sum of the components on the x- and y-axes is
Z€ro.

Thus the net magnetization vector M, for of the sample is defined as:

— N ’yhgo 2h2g0
MO = Z Hzn = ?(Nparallel - Nantz'—pa/rallel) = Ntotalllyﬁn_w- (16)

Vol(V)

1.3 The Larmor frequency.

We have determined that the proton magnetic moments are all aligned at an
angle # with respect to the direction of By. The motion of these magnetic mo-
ments can most easily be described using classical mechanics in a macroscoplc
scope, so the Bo field attempts to align the macroscopic magnetic moment M
with itself, and this action create a torque, C given by the cross product of
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the two magnetic fields:

—

C =M x By =|M||-||By| -sin6 - 7, (1.7)

where 7, is a unit vector normal to both M and Bg.The direction of the torque

is tangential to the M direction and so causes the proton to ”precess” around
the axis of the magnetic field Bg. See Figure

To calculate how fast a proton precesses, we use the fact that the torque
is defined as the rate of change of the proton’s angular momentum, thus

. 9P -
C= =M x B
ot 0
From Figure the magnitude of the
component of the angular momentum which Torque created
precesses in the plane perpendicular to By ¢ ®

(plane xy) is given by ||P|| - sinf. In a short
time Ot, M precesses through an angle da
resulting in a change dP in the angular mo-
mentum. By trigonometry in plane zy it is
possible to give the relationship that

[F|

_aP  C-ot
|P||sinf ||P||sin@’

sin(Oa) 1.8) IPlsing

thus, from equation (|1.8)) we use the approx- ) ) )
imation sin(da) &~ da to obtain the angular Iigure 1.5: precession motion.

precession frequency wg = %—? when a mag-

netic field By is applied.

w=—= — = — = =
Ot ||P|sinf ||P|sind | P|sing || P|| sin @

Ja C MxBy ~PxBy ~||P||Bolsiné -
= = = = = Boll

1.4 Bloch equation and the oscillator model.

As we will expose in the time evolution of the macroscopic magne-
tization, in presence of an external static magnetic field By can be obtained
from Bloch model (equation by averaging the magnetic moments over a
continuum volume (|1.6)).
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M — —
a&)t = M xB. (1.9)

Equation ([1.9) is based on the implicit assumption that the protons are non-
interacting.

So if we apply a radio frequency magnetic field By to "excite” a uni-
formly magnetized sample, the magnetization vectors tip over and experience
transversal precession at the know Larmor frequency.

The magnetization in the transverse plane is very often described using a
complex notation as

May(t) = Mo (t) +iMy(t) = || May (1) [ = My (). (1.10)

To get a response from an object going through an NMR, experiment, the
orientation of the longitudinal magnetization is altered by applying an oscillat-
ing magnetic field By(t) = Bi.(t)€x + B1y(t)€, from a nearby RF transmit coil.

If the resonance condition is fulfilled, the B field tilts the magnetization to-
wards the transverse plane (Figure .

The RF excitation field in the transverse plane is specified by the shape and
the duration 7, of the envelope function Bj(t), the excitation carrier frequency
wp and the initial phase 1)1 of the RF pulse, expressed in the complex notation
as

Bi(t) = Bia(t) + iByy(t) = || Bi()]| 1% = By (1)el@r+vn), (1.11)

Bj(t) determines the flip angle 6 of the magnetization due to the RF pulse by
the following relation

Tp
o(r) = / Bu(t)dt. (1.12)
0
Immediately after M is tilted from its equilibrium position, the spins inside the
excited volume mutually interact among themselves and with the surrounding

to precess towards the equilibrium state again.

The precession of the spins towards the equilibrium position, as depicted in
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Figure is characterized by two phenomenologically determined intrinsic
time constants called 77 and T5 times (see [section 2.1|) and initial Bloch equa-
tion ([1.9)) transforms into

oM - = Mgé,+ My, (M,+m)e.
—— =yMxB — A A .
o T T

(1.13)

After the RF excitations time evolution of magnetizations are governed by the
relaxation and the presence of the static magnetic field. The time evolution
of transverse and longitudinal magnetizations can be expressed and solved as
we expose in taking initial condition as the magnetization result
finishing the RF process, where Mo, = Mgy (7,) and My, = M.(1,) (see

chapter 4).

1.5 The gradient fields.

The amount and direction of the rate of change in space of the magnetic field
strength. In the magnetic resonance system, gradient amplifiers generated by
coils are used to vary the magnetic field strength in the x, y, and z planes.
Figure [1.6] shows three different coils used in the MR.

On top of that magnetic field gradients need

to be applied to obtain cross-sectional im-  iosgiudinacois ; e
ages. The location and thickness of the slice E
is determined by applying a slice-selection
gradient G,. After that, the object is spa-
tially encoded via the application of addi-
tional magnetic field gradients G, Gy in the
transversal directions. The magnitude and
time of application of magnetic gradients G
depend on the experimental requirements,
see [§] for the description of a typical pulse
sequence.

When we turn on a linear magnetic gra-
dient field, G, along the line segment at the instant we begin recording signal
in the current loop, thus a new magnetic field flux Bg, = ©G,, appears. There-
fore, for a time 7 we can measure this magnitude as

Figure 1.6: Gradient coils in
the MR.

Be.(t) = /O G (1.14)
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1.6 The signal.

Fundamentally, MRI is based on the following two steps:

(i) Manipulation of the equilibrium magnetization to create a detectable
signal from the object of interest.

(ii) The reconstruction of an image of the object from the detected signal
using a suitable reconstruction method.

When we exposed a tissue to Eo; the sample becomes polarized at a rate
determined by T37. Once the sample is polarized, a B, field, of the form given in
(indicar figura), is turned on for a finite time 7. This is called an RF-excitation
and is turned off, usually when the flip angle (6(7) = 7/2).

Definition 1. Faraday’s law
Faraday’s law states that the electromotive force (€) is also given by the rate
of change of the magnetic flow (in a loop of wire according to the relation):

0dp
= ——. 1.15
c ot (1.15)
Definition 2. Magnetic flux.

The magnetic fluz through a surface is defined by

@B:// BoS. (1.16)
2(t)

where S is the hypothetical surface X(t) whose boundary is a wire loop and B
s the magnetic fluxr density into the surface.

The transverse components of M are a rapidly varying magnetic field,
which, according to Faraday’s law, induce a current in a loop of wire. Moreover,
the reciprocity law indicates that ”the detector hears what the source sends”
and since all the vectors are oscillating ar frequency w by using several such
loops to form a receive coil, we can measure a signal of the form

sp(t) = M(t)e ™t (1.17)

Emitted energy due to the precession of the magnetizations is converted
into an electric signal in the receiver coil of an MRI system which is manipu-
lated further for image reconstruction. The received signal can be expressed
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as
s.(t) z/Mxy(r,t)e_mBOte_”fé(sz+yGy)der. (1.18)
Q

Let us suppose that we have a 2D sample in the xy plane which we would like
to image. We turn on the y-gradient G, for a time ¢, and, we turn on the
x-gradient G for a time t, so that the signal sent by the position oscillator at
time t after ¢, be applied is

~ ]é (zGg d+yGy)dT

. —2m
sp(t) = e_”BOt/QMxy(:E,y,t)e < o )dmdy. (1.19)

—ivBot

Up to the carrier frequency e , this is just a 2D Fourier transform.

Fourier analysis assumes an important role in functional analysis and signal
processing.

Definition 3. Let f: R — C be integrable. The Fourier transform is defined

as:
—+00

F(E) = f(&) = f(x)e > dz, £ € R. (1.20)

If f is also integrable, then f can by recovered by the inverse Fourier
transform according to the Fourier inversion theorem.

—1/F o i oo s 2mixé
F P @) = f(2) ._/_ Fz)e?m e, ¢ € R, (1.21)

The pair of analytical function and its Fourier transform that is relevant to
this work are the top-hat function x[_1/21/9) and the sinc function. We will
see them in

To obtain a sufficient collection of data for reconstruction, it is needed to
measure many values of this signal for several time (¢). There are many pos-
sible ways to do this. These rectangular partition is called the k-space.

For conceptual advantages, the spatial encoding is often expressed in a k-space
formalism as

Definition 4. k-space.
¢
iy = 7/ Gdr, (1.22)
2 0

o t
= — . 1.2
By = oL /0 G, dr (1.23)
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Therefore the receiver signal shows as
sp(t) = e_”BOt/ Mxy(x,y,t)e_%i(xkzﬂky)dxdy. (1.24)
Q

In principle, the k-space trajectories can be arbitrary. Figure |1.7] shows
only two popular k-space trajectories.

A ky Jlky
h [ 14
AL [ A
*y L L
: ~ e 3 7 /"“‘
ke CITTRRAAT
= - >
g 1 AR TPl
- AL L
- A AR
ATHN

Figure 1.7: Schematic illustration of typical k-space trajectories in MRI. (Left)
Cartesian. (Right) Radial [10].

To achieve these trajectories it is necessary to turn on the gradients G, and
Gy in different time sequences. In the real case, coils have physical character-
istics and it is needed to define the Cr(7) as the detection sensitivity of the
receiver coil. Remember we coils in several axes, so we define the sensitibity
of these coils with the complex notation as

Cray = Cra +1Cry, (1.25)

sp(t) = e_”BUt/ Cr,xnyy(x,y,t)e_%i(kawky)dxdy. (1.26)
Q

Equation (1.26) shows that the received signal in k-space is the Fourier trans-
form of the dot product between transverse magnetizations and the coil sensi-
tivity map.

Numerically, this is a fantastic situation since FFT algorithm give an extremely
fast, stable method for computing the approximate inverse Fourier transform
and well known results from discrete Fourier theory can be applied to improve
reconstruction and signal quality.
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Figure shows the MRI signal reconstruction process.

frequancy encoding

Figure 1.8: signal reconstruction process.

The received signals are typically demodulated in frequency by vBy us-
ing phase-sensitive detection before being used for image reconstruction. The
resultant signal expression after demodulation is

sq(t) = s (t)e1Bot, (1.27)

The demodulated signal corresponds to the solution of the Bloch equation in
a frame rotating clockwise about z-axis with an angular frequency wy = || Bo||.

We denoted the rotation frame with unitary vectors (€, €3, z) and the lab-
oratory frame with (&, 7, Z) unitary vectors, see Definition

1.7 The RF pulse. Slide selection.

An RF excitation pulse with limited bandwidth of Aw, will only excite spins
within a matching frequency range. For a slice selective excitation, a linear
field gradient is applied corresponding to the limited bandwidth of the RF
pulse as illustrated in Figure [I.9] The frequency bandwidth should be a rect-
angular function II(w) in order to get a perfectly rectangular slice profile so
that the excitation pulse will excite spins equally within the slice of the sample
leaving the surrounding spins in equilibrium state.

Although the RF excitation pulse Bj(t) is accurately proportional to the
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Figure 1.9: Schematic diagram depicting the relations of slice selection gradi-
ent, RF sinc pulse and the slice thickness. Different gradient strengths (G
and G3) create slices of different thickness at different positions (2L, and
2Lg2) for same envelope By (t) functions of a sinc pulse. F refers to the Fourier
transform [10].

Fourier transform of the frequency bandwidth for small flip angles (6), the
same relation is acceptable to a very good approximation even for high flip
angles. The identity éH(%) il sinc(at) implies that a sinc function which has
an unlimited support is necessary to get a perfectly rectangular slice profile.

As only pulses with finite durations are feasible, a truncated sinc pulse is
used which results in a distorted slice profile. Windowing functions are very
often used with the truncated sinc pulse to reduce the distortion of the slice
profile. The explicit expression of the envelope function of the sinc pulse is
given by

[ w(t)Bisinc[n(t — Ntg)/Ntg] 0<t <7,
Bi(t) = { 0 otherwise, (1.28)

where w(t) is a window function, N represents twice the zero-crossing of the
sinc-pulse and tp one half the width. Depending on the shape of the w(t)
function (see Table [1.1)) we have several shapes as we show in Figure [L.10]
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Table 1.1: Window functions.

window function w(t
rectangular

Hamming 0.50 + 0.50 cos(m(t — Nto)/Nto
Hanning 0.54 + 0.46 cos(m(t — Nto) /Nty
Blackman 0.42 + 0.50 cos(m(t — Nto)/Nto) — 0.08 cos(2m(t — Nto)/Nto

)
1
)
)
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Figure 1.10: Envelope function of the sinc-pulses with different window func-
tions for RF pulse duration of 4 ms and 4 zero-crossings [10].

To create a slice profile of thickness 2L, the required slice selection gradient
G, is given by

maf where Af = Awl (1.29)

G, = .
N YLy 2w to

1.8 MRI. Image sequence.

A generic spoiled GE sequence for 2D imaging is shown in Figure A
slice selection gradient is applied along with a w; pulse and ¢; RF phase
for selective excitations. After that a rewinder gradient is applied in the slice
direction to avoid undesirable signal loss as a result of the phase shift caused by
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the application of the slice selection gradient. A phase encoding gradient and
a pre-phasing gradient are applied in the direction of phase encoding (y) and
readout (z) respectively to accelerate the FID signal decay.Then the dephased
spins are rephased by applying a gradient of opposite polarity in the direction
of readout.
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Figure 1.11: Generic spoiled gradient echo sequence diagram. Gradients: (a)
slice selection (b) rewinder (c) phase encoding (d) prephasing in read direction
(e) readout. The colored line in the phase encoding direction corresponds to
the colored line in the k-space [10].

When the gradient moment of the readout gradient equals the gradient
moment of the prephasing gradient in the direction of readout gradient, the
spins are completely rephased and form an echo. The time between the center
of the RF pulse and the peak of the signal induced is known as echo time
(TE) and the time duration from RF pulse to the next RF pulse is defined as
repetition time (TR).

Each GE sequence consists of a train of excitation pulses separated by a TR
period. Between successive excitation pulses, the spatial encoding is performed
with switched gradients in read, phase and slice direction and one line in k-
space is acquired with each repetition of RF. Excitation pulse in the next TR
acts on the modified magnetization and the process of precession is repeated
again and again.

Figure illustrates a GE sequence with radial trajectories. The funda-
mental diference of radial with Cartesian trajectory is that radial trajectory
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consists of a readout gradient in two directions unlike one phase encoding and
one readout as in Cartesian trajectory.

An other difference is that in case of Cartesian sampling, the inverse Fourier
transform is applied directly to the sampled k-space data to obtain an image,
but in radial trajectories, however the sampled k-space data are neither on
a Cartesian grid nor equidistant. Thus, the image reconstruction with radial
sampled data require advance techniques like non-uniform fast Fourier trans-
form (NUFFT) or interpolation of the data onto a Cartesian grid.
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Figure 1.12: Generic spoiled gradient echo sequence with radial trajectory.
Gradients: (a) slice selection, (b) rewinder, (c) prephasing, (d) readout. The
colored line in the k-space corresponds to the current repetition [10)].

Radial encoding scheme is gaining interest in last decade because of a
number of interesting advantages:

e radial encoding is relatively more resistant to undersampling than Carte-
sian encoding. Moreover, undersampling artifacts appear as streaks at
the edge of the image while the main structure of the object is main-
tained.

e the readout gradient in radial GE allows oversampling along both read-
out directions without additional measuring time. This oversampling
enlarges the circular-supported FOV and hence reduces undersampling
artifacts.
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e radial encoding is intrinsically robust against motion. Due to the absence
of phase encoding, motion-induced ghost artifacts are eliminated as seen
very often in Cartesian trajectory.

Note: [section 1.6] |[section 1.7| |section 1.8| are basically a resume available
in [10].

1.9 FOV. field of view.

To avoid aliasing artifacts, the sample spacings Ak, and Ak, must be cho-
sen so that the excited portion of the sample is contained in a region of size
Ak, 1XAI<:; . This is called the field-of-view or FOV. Since we can only col-
lect the signal for a finite period of time, the Fourier transform is sampled at
frequencies lying in a rectangle with vertices (£Ak; !, Ak, 1Y where

Ak Ak
km,ma:c = nT7 ky,maac = ny2 ; (130)

The maximum frequencies sampled effectively determine the resolution avail-
able in the reconstructed image. Heuristically, this resolution limit equals half
the shortest measured wavelength:

1 FOV, 1 Fov,

Az =~ = S Ay =~ = , 1.31
2kmaz Ny Y 2kmaz Ty ( )

where n,,n, represents the number of time sample points (base resolution) in
a single data acquisition, ky,q, the maximal sampling distance from the centre
in the k-space.

1.10 Contrast and resolution.

The single most distinctive feature of MRI is its extraordinarily large innate
contrast. For two soft tissues, it can be on the order of several hundred percent.
By comparison, contrast in X-ray imaging is a consequence of differences in the
attenuation coefficients for two adjacent structures or tissues and is typically
on the order of a few percent.The contrast between two regions, A and B, with
signals S4; Sp respectively, could be defined as different options

fcontrast(x) = _‘Cl(x) - 02(1')|7 (132)

or

[Ci(@) - Ca(a)]
@

(1.33)

fcontrast (33) =



26 CHAPTER 1. INTRODUCTION.

where C7 and Cy are the contrast maps of the individual tissues and x is an
element of the set of relevant sequence parameters.

For practical purposes, it may be more interesting to investigate the contrast-

to-signal ratio as

_ 1Ci(z) = Co(=)|
|C1 ()] + [Ca(2))|

fcontrast (:L') = (134)

This way, the relative distinguish ability is maximized. A tissue combination
that produces low signal with a high relative difference is easier to distinguish
in practice than a tissue combination that produces high signals with low rel-
ative difference.

Run time is a critical factor for the sequence, and parameters that are key
to the run time also often influence contrast. The desired trade-off can be
controlled through the weighting factors of the objective function and the op-
timization is still fast. In this case the objective function is

fcontrast(x) = _‘Cl(‘r) - CQ(m)’ + g(t(flf)), (135)

where t is the runtime and g is a function that applies a weighting.

See [11] for more information of this subject.
Figure shows differences between two tissues depending on the RF process
used.

Resulting image
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Figure 1.13: Contrast between tissues using different TE.
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Figure 1.14: Contrast with a Figure 1.15: Contrast with a long TR
short TR and TE parameters,[16]. and TE parameters, [16].

1.11 SNR. Signal to noise ratio.

In detecting an NMR signal, our primary goal is to use the induced EMF with
minimal addition of noise. In other words, we aim to maximize the signal-to-
noise ratio.A secondary goal when we are receiving comparatively large signals,
such as are given by our example, is to minimize radiation damping without
sacrifice of signal-to-noise ratio.

At a given spatial resolution, image quality is largely determined by the signal-
to-noise ratio (SNR) and contrast between the different materials making up
the imaging object. SNR in MRI is defined as the voxel signal amplitude
divided by the noise standard deviation. The noise in the NMR signal, in gen-
eral, is Gaussian distributed with zero mean [14]. Ignoring contributions from
quantization, for example, due to limitations of the analog-to-digital converter,
the noise voltage of the signal can be ascribed to random thermal fluctuations
in the receive circuit and the variance is given by (see [17])

02 mal = kBT RAV, (1.36)
where kp is Boltzmann’s constant (1,3806488(13)1023JK 1), T is the abso-
lute temperature measured in °K, R is the effective resistance resulting from
both receive coil R, and object R, (measured in Oms (2)). Av is the receive
bandwidth. Both R. and R, are frequency dependent, with R, w? and
R, o w. Their relative contributions to overall circuit resistance depend in
a complicated manner on coil geometry, and the imaging object’s shape, size
and conductivity. Hence, at high magnetic field, and for large objects, as in
most medical applications, the resistance from the object dominates and the
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noise scales linearly with frequency. Since the signal is proportional to w?; in
MRI, the SNR increases in proportion to the field strength.

As the reconstructed image is complex valued, it is customary to display the
magnitude rather than the real component. Doing so, however, has some conse-
quences on the noise properties. In regions where the signal is much larger than
the noise, the Gaussian approximation is valid. However, in regions where the
signal is low, rectification causes the noise to assume a Raleigh distribution,
see [20]. Random complex numbers whose real and imaginary components
are independently and identically distributed Gaussian with equal variance
and zero mean. In that case, the absolute value of the complex number is
Rayleigh-distributed, which has the following probability density function
x =@

fx(z;0) = ﬁe 202, (1.37)

Let be N, and N; the noise in the real and imaginary channels, when the signal

is large compared to noise, one finds that the variance o2, = 02, In the other

extreme of nearly zero signal, one obtains for the mean and variance,
P
w(X) = a\/; =~ 1.2530, (1.38)

o2(X) = o2(4 — g) =~ 0.65502, (1.39)

Of particular practical significance is the SNR dependence on the imaging
parameters. The voxel noise variance is reduced by the total number of samples
collected during the data acquisition process, i.e.

o2 =2 (1.40)

where N = N, N, in a 2d spin-warp experiment. Incorporating the contribu-
tions to thermal noise variance we obtain u = 4NkgT RA,

,  4kpTRAv

=_——— 1.41
" NgNyNgyg (141)

g

Here Ngyg is the number of signal averages collected at each phase-encoding
step. We obtain a simple formula for SNR per voxel of volume AV = A, A, d,

B NuNyNang
SNR = CpA,Ayd.y/ TiRAL (1.42)
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where A; A, are defined in d, is the thickness of the slab selected by
the sliceselective RF pulse, and p denotes the spin density weighted by effects
determined by the (spatially varying) relaxation times 77 and T, and the pulse
sequence timing parameters.

For advanced researches about SNR see [11].
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Chapter 2

The Bloch equation model
and the MRI process.

Time dependence of the macroscopic nuclear magnetization M under the in-
fluence of a magnetic flux density B is modelled by the following differential
equation proposed in 1946 by F. Bloch:

— -

- = MU+ M7 (M,+ 1)k
= —~MxB — v _
T T T

(2.1)

where M = (Mg, My, M) denotes the components of the magnetisation M we
want to solve, T is the named ”longitudinal relaxation time”, ”spin-lattice
relaxation time” or ”thermal relaxation time” and T9 is known as the ” trans-
verse relaxation time” or ”spin-spin relaxation time”. T is the time constant
for regrowth of longitudinal magnetization (Mz) and Tg is the time constant
for decay/dephasing of transverse magnetization (Mxy). 7 is the strength of
the equilibrium magnetisation.

This equation is valid during the resonance process as well as during the
relaxation process, provided that the correct form for the total magnetic
flux density B is taken. Show that B = Bo+ B, during the resonance process
and B = BB during the relaxation process when the RF field is stopped. As
well, Bloch equation is valid for time dependent fields and for whatever

—

perturbation fields (B'),
B=DBy+Bs+Bi+5. (22)

31
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We denote the vector components of B as (Bz, By, B;) and we consider the
magnet field By has (0,0, By) direction.

In the ideal case where no disturbance of the RF field ﬁl occurs, the
Bloch equation reduces to a ordinary differential equation (O.D.E.) system
with constant coefficients. Therefore the position of the magnetisation at the
end of the resonance process can be determined in a straightforward quickly
and with accuracy.

The differential equation system for Bloch equation is:

L) (My(1)B2 () — Ma(6)By (1)) — 252,
81\{%@) = (M. (t) By (t) — M.(t)B.(t) M%g(t)’ (23)
LD — (M (t)By(t) — My (t) By (t)) — M=

Therefore, defining 7 = T% and 7 = T% as "relaxation rates”, the matrix form
of the Bloch equation system can be expressed as

) Mx(t) —T2 ’YBz(t) _'VBy(t) M:c(t) 0
5 My(t) | = —B:(t) —T9 vB(t) M,(t) |+ 0 ,
M. (t) YBy(t) —vB:(t) -7 M. (t) TIT0

Thus, in matrix form the Bloch equation reads

al\gt(t) _ A(6)M(t) + b, 24
M(0) = My, (2.5)
with
M, (t) —Ty YB.  —By(t)
M= | Mt |, A= —vB, —T9 vB(t) ,
M, (t) vBy (t) —vBx(t) -7
0 MOx
b = 0 s 1VIO = MOy
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2.1 Magnitudes and domain.

Before assuming several hypothesis it is required to know the range and domain
of each one.

e By € [1,10] T. Superconducting scanner magnets are more and more
powerful, nowadays 3-5 Tesla is a standard level value for a supercon-
ducting magnet.

e My € [-10,10] T.
e 70 €[—10,10] T.

e G €[-0.05,0.05] T/m and Bg € [-0.025,0.025] T. We are interested
in create high gradient strengths for increasing constrast imaging.

e B; € [0.0001,0.01] T. Remember that B; is the magnetic field created
by the RF coils, which produce the RF signal and also can receive the
response signal.

e Ty € [0.1,2] s » 7 € [0.5,10]. For biologial tissues with By = 1 T,
T1 = 750 ms for muscle and 77 = 250 ms for fat. 77 experimental value
for By = 1.57 By = 3T can be showed in tables, see Table

e Ty € [0.05,0.5] s.— 7 € [2,20]. For biologial tissues with By = 1 T,
T» = 50 ms for muscle and T5 = 80 ms for fat).T» experimental value for
By = 1.5T By = 3T can be showed in tables, see Table

e 7 (giroscopic constat for hidrogen) = 42.58 MHz/T, thus wo € [42.575 -
10%,212.875 - 105] Hz. Remember that wy depends of the By magnet
field, see equation[I.1

2.2 Decay and recovery times. T} and T5.

Longitudinal, T, and transverse, T», relaxation time measurements are rele-
vant in understanding water molecular dynamics in biologic systems. 77 and
T5 relaxation time depend on the chemical and physical environments of water
protons in tissue. Moreover 17 and 15 provide quantitative assessment of tissue
pathology, in particular, they offer additional information about the processes
demyelination and axonal loss, inflammation, infarction, white matter edema,
tumor malignancy and ischemia. Both tissue relaxation parameter estimates
are important in designing MRI pulse sequences thataim to accentuate con-
trast between normal and pathological tissue.
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In the relaxation process M, (t) = Moe_T% and M, (t) = My(1— e_Til), there-
fore Ty can be viewed as the time required for the z-component of M, (M,), to
reach (1—1) or about 63% of its maximum value, My. T3 is the time required
for the transverse magnetization to fall to approximately 37% (1) of its initial
value, M.

Figure shows 17 and T5 graphical interpretation.

M,y 4 Al\gz
0
T recovery
T, decay —
d 0
0.371M0
| | |
1, T, Time

Figure 2.1: T; and T parameters interpretation.

To explain the experimental methods for measuring the relaxation and mag-
netization transfer we will refer to [I3] where they used the Carr-Purcell-
Meiboom-Gill (CPMG) sequence for calculating 77 and 75 into a 1.5T and
3T magnetic resonance equipment. In this article they expose several exper-
imental results that we are going to bear in mind and applied into Random
Bloch equation assuming that 77 and 75 are random variables:

1. T, relaxation time was found to be independent of magnetic field (see
Table .The measured values at 3 and 1.5T showed no significant
differences within experimental error.

2. Longitudinal 77 relaxation times increase with the strength of the mag-
netic field. Thus, 77 depend on the applied B.

Lars G. Hanson, [9], exposed clearly that the difference between T; and
T5 is due to a difference in the causes of relaxation. For the protons in firm
matter, the spins will rapidly be dephased after excitation, meaning that they
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Table 2.1: T5 and T} Relaxation Times at 3T and 1.57 Measured at 37C, [13].

TISSUE T1[ms]-3T | T2[ms]-3T TISSUE T1[ms]-1.5T | T2[ms]-1.5T
Blood 19324£85 275450 Blood 14414120 290430
Gray matter | 1820+114 99+7 Gray matter 1124450 9548
Muscle 1412413 50+4 Muscle 1008+20 44+6
Liver 812464 4243 Liver 576430 46+6

will point in all directions perpendicular to the field (have all kinds of phases).
This is caused by the small local contributions to the magnetic field that the
individual spins are making, and that make the neighbouring nuclei precess
at altered frequencies. In firm matter, these interactions are constant in time,
while they vary in fluids, since nuclei are constantly experiencing new neigh-
bours. Thus, the spins can remain in phase for relatively long (seconds) in
fluids, while they loose their common orientation in a matter of milliseconds
or less in firm matter. We can therefore conclude that T2 is short in firm

matter.

The described process affects the individual spins Larmor frequency, but does
not give rise to a change of the longitudinal magnetization, since the interaction
of just two nuclei cannot alter the combined energy, which is proportional to the
longitudinal magnetization. Therefore this type of nuclear interaction does not
contribute Tj-relaxation that requires more drastic nuclear interactions that
involve an exchange of energy with the surroundings. All processes that result
in Ti-relaxation also result in T5-relaxation, ensuring that 77 is never smaller
than T5.

Generally T5 becomes smaller with increasing firmness of the matter, but this
does not apply to 71, which is long in very firm matter and very fluid matter
(e.g., several seconds), but is short for semi-firm matter.

2.3 Inhomogeneity as a source of signal loss, T5.

Interactions between nuclei in the ever changing environment of molecules is
the cause of radio signal loss on a timescale T5 and longitudinal magnetization
recovery on a longer timescale T;. However, a loss of transversal magnetization
is also observed because of inhomogeneity in the field, B’, meaning variation
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in By. As expressed through the Larmor-equation, the nuclei precess at a fre-
quency depending on the magnetic field. If this varies over the investigated
area, the nuclei will after some time, point in all directions transversally, even
if they had some degree of alignment after excitation. This process is called
dephasing.

Since the measured signal is proportional to the transversal net magnetization,
inhomogeneity gives rise to a loss of signal. The larger the field inhomogeneity,
the faster the dephasing. How quickly this happens in denoted by the time con-
stant T (pronounced Th-star). The degree of inhomogeneity depends partly
on the scanners ability to deliver a uniform field (called a good ”shim”).7} and
Ts, are tissue-dependent parameters for which normal values are published.
This does not apply to 75 values, since they depend, for example, on the size
of the voxel since the inhomogeneity increases with this.

Loss of signal due to interactions of nuclei is irreversible, but through a sly
trick, signal lost due to inhomogeneity can be recovered. The inverse process of
dephasing is called refocusing, and it involves gradual re-alignment of nuclei in
the transversal plane. Refocusing is triggered by repeated use of radio waves.
The recovered signal is known as an echo.

Figure shows the graphical interpretation of T5.

TE
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=— T2* decay
—— T2 decay
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Pexc Prefoc SP in echo

Figure 2.2: T3 lost of signal.



Chapter 3

Bloch equation in the
relaxation process.

Remember the Bloch equation in matrix form:

Let us mention that during the relaxation process, the RF field ]§1 is
stopped (B = 0) and observe that if no perturbation fields are present (B’ = 0)
the matrix A(t) is reduced to the constant matrix A,

—T9 ’)/BQ 0 0
A=| —vBy -m» 0 |, b=| 0 |, (3.3)
0 0 —T1 T170

with

37
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3.1 Analytical solution into the relaxation process.

The equation differential system (3.1] and [3.2)) can be solved analytically using
standard results from differential equations theory [23]. Thus we obtain the
eigenvalues which result in one real and two complex:

)\O = —T1,
)\1 = —T9 — i’yBQ, (34)
)\2 =-—-To+ i’yBOa

and the eigenvectors associated to the three eigenvalues Ay, A1, Ao are

0 t —1
vo=|0],01=1],tb=1]1
1 0 0

The solution to the homogeneous differential system associated to (3.1)) and
" is: Mh(t) = Coq?)‘otl_)'o + 016/\”271 + 02€>‘2t172 with (Co, Cq, CQ) € C3.

The solution of the magnetization vector during the relaxation process is an
explicit and known solution and is given by

e~ (C cos(wot) + Oy sin(wot))
M = | e ™(Cycos(wot) — Cy sin(wot)) |, (3.5)
My — Cge_ﬁt

where the constants Cy, C5 and C3 are determined by the value of the mag-
netization vector at the beginning of the relaxation process.

We take the following initial conditions,

B.(t) 0 0
B=| B |=| o |, Mo(0) = | My |,
Bz(t) BO 0

and the analytical solution is:

M, (t) = My expt™ sin (tyBy),
M,(t) = My exp™'™ cos (tyBy),
M, (t) = 1o(1 — exp™'™).
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The strength of the transversal magnetization is defined as My, = || M, (t) +
iM,(t)|| and represent the decay process (transverse magnetization value) and
M., (t) represent the recovery process (longitudinal magnetization),

My (t) = Myexp ™,
—tT (36)
M, (t) = 19(1 — exp™'™).

As we show in Figures and the magnetisation field movement M (t) is
like an inverse spiral which has the origin on plane xy and the end aligned to
the magnetic field By.

These equations predict that M will exhibit a spiraling precession around
By at the Larmor frequency with decay of transverse components back to zero
and regrowth of the longitudinal component to its original maximum value
My. Because T5 is always shorter than T3, the transverse components typi-
cally decay completely before the longitudinal magnetization is fully restored.

Thus, we solve the Bloch equation with Mathematica software for different
tissues. Defining the particular and real values for the relaxation process :

e By=3T.
e My=3T.
OT():MQT.

e  (giroscopic constat for hidrogen) = 42.58 MHz/T.

Figure shows graphical interpretation for the M,, decay time 75 and M,
recovery time 77 of the magnetization vector into the relaxation process.

Figure shows graphical interpretation for the M magnetization vector and
My, decay movement located on xy-plane into the relaxation process.

Figure shows graphical interpretation for the M for several tissues (with
different T7 and T%) of the magnetization vector into the relaxation process.

Figure shows graphical interpretation for the transversal M,, vector for
several tissues (with different 75) into the relaxation process.

And Figure shows M, (t) and M,(t) all together.
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Mz (Recavery T1)

Mx - Decay T2

My- Decay T2

o Mz (Recovery T1)

——Mxy- Decay T2

08 10

(b) May(t),M-(1).

Figure 3.1: M,, M,, M,, decay time 15 and M, recovery time T7.
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(b) M(t) and My, (t).

Figure 3.2: Magnetization movement vector at relaxation process.
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—— Mz- recovery magnetization field

—— Mxy transversal magnetization

~
(a) M(t) and My, (t)-muscle.

— Mz- recovery magnetization field

—— Mxy transversal magnetization

— Mz- recovery magnetization field

—— Mxy transversal magnetization

(¢) M(t) and M,,(t)-blood.

Figure 3.3: Magnetization movement vector at relaxation process for several
tissues.
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My muscle o H : H e [ My gray matter

Mxy muscle
My blood AR My gray matter

Mxy blood

-1 0 1 2 o -1 0 1

(¢) Mgy(t)-blood. (d) Mgy(t) all together.

Figure 3.4: Transversal magnetization vector at relaxation process for several
tissues.

Mxy [T]. Mz [T]
3.0

iy muscle
- M7 muscle

25 IMxy gray metier

MR s K7 gray matier
20Q - My blood

(a) Myy(t) and My(t).

Figure 3.5: Transversal and longitudinal magnetization vector in the relaxation
process for several tissues.
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Chapter 4

Bloch equation in the
radio-frequency pulse process.

Remember the Bloch equation in matrix form:

During the RF pulse B is not a null value (|| B || # 0) and the main mag-
netic field of the magnet is activated (Bp). We observe that if no perturbation
fields and gradient are present the matrix A(¢) is reduced to:

( —T 7By ’YBy(t)) B ( 0 )
A= —vBy —T ~vB,(t) , b= 0 , (4.3)

7170

M, Moy By cos(wit)
M = My(t) y MQ = MOy N B1 = —B1 sin(wlt) .
Mz(t) My, 0
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Thus, matrix A could be written as:

-T2 vBg vB1 Sin(wlt)
A = —vBy —Ty vBj cos(wit) | . (4.4)
—vBj sin(wit) —vBj cos(wit) -7

We are going to define the A matrix form. In this way we will introduce the
rotation frame and the laboratory frame.

Definition 5. Laboratory and rotation frame of reference.

We denote the laboratory frame of reference a coordinate frame whose ref-
erence point in a fived Cartesian coordinate system. It is represented with the
orthonormal vectors (¥,9, Z).

We denote the rotation frame of reference a coordinate frame of reference
that rotates with the magnetization vector whirling at a Larmor frequency, wp.
It is represented with the orthonormal vectors (€1,€5,2). A frequency rotating
clockwise correspond positive frequencies.

S. Balac and L. Chupin [1] proposed to split the A matrix into a product
of two different matrix’s. In this way the coefficients a1o = a1 = vBy are of
magnitude ~ 10° whereas the others are of magnitude ~ 1 (see Section 2.1).

Definition 6. We define M (t) = R(t)m(t), with R(t) the following orthonor-
mal and so on, invertible matriz rotation around axe z.

cos(wot)  sin(wot) 0O
R = —sin(wot) cos(wot) 0 |, (4.5)
0 0 1

then 1m = (mq, ma, m3)? satisfies the generalised differential system:

R(t)%? = <A(t)R(t) - %}f) m(t) + b.
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= 0 —T9 wb(t) s (4.8)

with
cos(wot) + vBx(t)sin(wot),
cos(wot) — vBy(t)sin(wot). (4.9)

S
S5
—~

~+
S~—

I
=2

™
8
—~

~
S—

As w, and wy, are regular functions os time, by Cauchy-Lipschitz theorem (see
[23]) that the first order linear differential system (equations and [4.7)) has
unique solution under the initial condition m(0) = My = Mp.

4.1 Analytical solution of Bloch equation in the RF
process.

Let us observe that without RF perturbation (||B'|| = 0) and as a consequence
of the previous magnitude values, since By is greater than Bj, it is possible
to assume that B, ~ Bg. Then matrix’s A(t) and b reduce to the following
constant matrix’s

—T2 vBo _'YBy<t)
A=1| 1B —77 vB:(t) |, (4.10)
YBy(t) —vBi(t) -7

Let us assume the RF pulse has the form
El (t) =B COS(WOt)f - B sin(wot)yj’. (4.11)
The Larmor frequency wy is the frequency we want to send out into the scanner

with an RF pulse (51) so that the signal energy produced by the hydrogen
protons reaches its maximum value.
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Let us observe that without RF perturbation, the matrix fl(t) reduces to
the following constant matrix

5 —1T9 0 0
A = 0 —1T9 w1 s (4'12)
0 —-w -7

where w; = vB1, and the differential system with initial condition
can be solved analytically using standard results from differential equations
theory [23]. Thus we obtain the eigenvalues which result in one real and two
imaginaries:

Ao = —72,
)\1 = —3 7'1 +T2 21\/4w1 7'1 - 7'2)2 (4.13)
)\2:—5 T1—|—7’2 1\/40.)1 7'1—7'2)2

\ —

._\

We can show that 4w% — (11 —72)? is always a positive value (w; >>> 71, 72)
and the eigenvectors associated to the three eigenvalues Ay, A1, Ao are

1 0 0
o=[0],"1=|-T1+M |, T2=|—-T1+X
0 —Ww1 —W1

The solution to the homogeneous differential system associated to equation
is: 1 (t) = CoeMthy + CreMt Ty 4+ Coe?tiy,  with (Cp, Oy, Cy) € C3;

whereas a particular solution (for ¢t = 0) is

0
my(t) = | __win
7'172+wf

T1T:
122M0

T1T2 w7

My

The global solution to the differential system (4.6)-(4.7) is then m(t) = my,(¢)+
myp(t) where the constants Co, Cy and Cy are determlned through the initial
magnetization value M,. We supposed M, = (0,0,7), thus

Co =0,
O, = 1 ( WiTITO T1TOT2(T1+)\2))
1 A1—A2 T1T2+w% w1(T1T2+Ld%) )
_ niToT2(TitAe)
Cr = wi (112 +w?) Cr.

(4.14)
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If we compare the physical magnitude of 71 given in (10), 72 given in (50)
with w; magnitude value (10%), we show that it is possible to neglect 71 and
7o, thus

Ao = —T2,
A1 :—%(Tl—i-TQ)—i-iwl, (4.15)
Ao = —3(11 + 72) — iwy,

and the 77(t) solution for system of differential equations (4.6) for My =
(0,0, 79) can be expressed as

0
m(t) = | 7osin(wit) |. (4.16)
7o cos(wit)

Figure shows the error value between taking exact solution and approxi-
mation. This error was calculated as 1m(t) — mqp(t). m(t) solution can be in-
terpreted as a rotation around the x axis with an angular frequency wy = vBy.

The magnetization vector start to flip out of the z axis from its equilibrium
position My = 792z under the influence of the RF field (]§1) The angle between
the magnetization vector and the z axis is a function of time and is defined as
flip angle, 6 = wit.

There are two flip angles commonly used in MRI § = 5 and 6 = 7 both
can be obtained when we applied a RF magnetic field during Trr = 2”71 and

Trr = ;- Then, if we applied a high RF perturbation frequency wy, which is

equal to 7By, we will reduce the time to take lecture of the RF signal and the
process become more efficient.

Consequently, we can calculate the global solution for the magnetisation
vector as M(t) = R(t)m(t) (see Definition [f]), thus

cos(wot)  sin(wpt) 0 0 7o sin(w1 t) sin(wopt)
M= | —sin(wot) cos(wot) 0 Tosin(wit) | = 7o sin(ws t) ,
0 0 1 7o sin(ws t) T sin(wqt)
then
7p sin(w1 t) sin(wot)
M = | 7osin(wit)cos(wot) | - (4.17)

70 cos(w1t)
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Figure shows graphical interpretation for m vector into the RF process

for an angle of § = 5 and 0 = 7.
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—— Magnetization vector evolution in the RF process:
flip angle = 7T, muscle

—— Magnetization vector evolution in the RF process:
flip angle = /2, muscle

=2
-

_2 Ei
"),’ Flipangle(8) = "f MU MO
05 1.0 15 20 75 Tho 2 -
(a) mz(t),me, (t)-muscle. (b) m(t),me, (t)-muscle.

— Magnetization vector evolution in the RF process: flip angle = 7T, muscle

4

(c) mz(t),me, (t),me, (t)-muscle.

Figure 4.1: Magnetization vector into the RF process. § = 5 and 0 = 7.
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Figure shows the m(t) vector into the RF process for a flip angle 6.

— Magnetization vector evolution with a RF (B, pulse):

flip angle = 7T, muscle —— Magnetization vector error neglecting 1;,1; & w,, muscle
{z. 8y} {z. ey}
_RF my - RF ==
o= - 0001 e \\
2 / \
5 — - . . L L g (flip angle)
L -1 My error #RF 2 3 4 5
L \ M. g fip angle)
1 1 P 3 @ (flip angle) _0o04 [
b
-2t -0.002 |
-3 Mz error - RF

(a) mz(t),me, (t)-muscle. (b) m.(t),me, (t)-error.

Figure 4.2: Magnetization vector m, and me, into the RF process. § = % and

2
0 =m.
Figure shows m and error (7i(t) — Mqp(t)) for 6 = 5 and 6 = .
—— Magnetization vector evolution in the RF process:
flip angle = 5T, muscle
. — Magnetization vector error neglecting 74, 7> & wy, muscle

L L L en
0.00020 00050.00080.00100.00120.0014 ©

-0.0005 \

-0.0010 \

-0.0015 /
-0.0020 | —/

(a) mz(t),me, (t)-muscle. (b) m.(t),me, (t)-muscle.

Figure 4.3: Magnetization m(t) and me,(t) and error m — myg, into the RF
process.
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Figure shows magnetization M approximation into the RF process for
an angle of § = 5 and ¢ = 7 for different By magnitudes.

Magnetization vector evolution with a RF (B, pulse):

fiip angle = 71/2, muscle Magnetization vector evolution with a RF pulse (B,=10"2T)

flip angle = /2, muscle

(a) M(t),Me, (), Me, (1). (b) M (t),Me, (t),Me, (t)-

Magnetization vector evolution with a RF pulse (B,=102T)
flip angle = 11/2, muscle Magnetization vector evolution with a RF pulse (B,=10"" T)
flip angle = /2, muscle

(¢) M (t),Me, (£),Me, (). (d) M (t),Me, (£),Me, (t).

Figure 4.4: Magnetization vector M for different B; RF amplitude process.
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Chapter 5

Recent research trends.

For solving an ODE system such as equation , multiple numerical meth-
ods have been proposed and are widely available in the literature. If the RF
excitation field amplitude, phases and magnetic field gradients are constant
and smooth, and there are not eddy currents fields nor inhomogeneities which
are not present, the Bloch equations are a linear ODE system with constant
coefficients. In this conditions different analytical solutions are available for
solving Bloch equations for MR experiments [23], 24} 25].

In a previous studies several authors used explicit 4—5 order adaptive Runge-
Kutta (RK45) for Bloch equations simulations.

In contrast, non linear equations are complex problems and require much more
efforts. S. Balac and L. Chupin [I] published a method for solving non linear
differential Bloch equation with an analytical approach for non-homogeneous
fields due to eddy currents. We expose this method in

But one of the greatest problems is to solve the magnetization transport phe-
nomena. In order to study the effect of fluid flow in a MRI experiment, the
transport of magnetizations due to flow field u(¢, #) must be taken into account
and is modelled by the modified and well-posed Bloch equation:

OM S - o MyE+ M,y (M. +1)7
“— 4 (@- V)M =~yMxB — vl .
gt T (@ VIM =M T T

(5.1)

The modified Bloch model was solved using multiple numerical strategies
previously e.g., Jou et al. [30], first solved the flow field in a computational
mesh using finite volume method (FVM) softwares and then studied the effect

95
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of flow on magnetization using finite difference method (FDM).

As A. Hazra exposed in its doctoral programme [10], multiple utilities of nu-
merical simulations have been combined to produce a few general purpose MRI
simulators. Accurate simulation of this initial-value problem is still challenging
for the following reasons: very tiny time steps, sufficiently fine spatial resolu-
tion, and non-smooth data (e.g. gradient field G). To overcome this difficulty,
the execution speeds were improved using parallelization with message passing
interface (MPI)[27] or graphic process unit (GPU) [2§].

Jurczuk etal. [15] solved equation by splitting the transport and the
MR terms [29]. In their work, the magnetization transport was calculated
using lattice-Boltzmann method (LBM) and the reaction part was calculated
using operator splitting techniques.

A semi-analytical technique based on operator splitting [29] has the follow-
ing advantages [10]:

e different numerical methods can be used to treat different sub-problems
with optimal numerical methods for the each subproblems.

e it is easy to change numerical algorithms for different sub-problems in
order to achieve improvements of the codes.

e different time-scales can be used to resolve different subproblems which
helps in reducing computational load. In many cases, the splitting pro-
cedure leads to better parallel implementation.

However, these initial studies lack a proper analysis of the Bloch model for
flowing objects. A. Hazra [10] proved the well-posedness of the modified Bloch
model and the spatial semi-discretization with Discontinuous Galerkin for-
mulation. The basic idea of this method is exposed in

5.1 Dealing with perturbation fields.

Under RF field perturbations the Bloch equation can not be reduced to a ODE
system with constant coefficients in an appropriate frame and neither it is not
possible to compute analytically. It means that for each voxel the Bloch equa-
tion needs to be solved using a numerical discretization scheme and it is then
enough costly to obtain a good resolution image.
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Therefore, under perturbations the matrix A is not constant and solving the
differential system becomes inefficient. We want to stand out the fact that the
more time we expend in solve the Bloch equation the more time we waste in
interpreting artifacts and recover the scanner investment.

As we show in equation ([2.2), it is possible to express the total magnetic

field as B = By + Bg + B, + B and we can also split up perturbation fields,
B', in four different perturbation fields depending on their origin behaviour:

- =, y =
where notation is:

° BB = (B(,):B,B(I)y,B(l)Z), represents the magnetic field perturbations gen-
erated by the magnet, due to its physical inhomogeneities and depends
basically on the production processes and its precise installation require-
ments.

° B_)G = (B,ch7 B/G’y’ B,GZ), represents the magnetic field perturbations gen-
erated by the action of the coil gradients located inside the scanner.

e B = (Bllm,Blly,Bllz), represents the magnetic field perturbations gen-
erated by the RF pulses.

° é;; = (B;Ew, B;Ey, B;EZ), represents the magnetic field perturbations gen-
erated by whatever external elements o physical phenomena located out-
side the magnet or the scan room. Usually, they are due to high variations
of intensity on wires (e.g. when a TAG is located near the MRI room)
or even with traffic of undergrounds or trains near the hospital.

Faraday’s law (equation [1.15) states that the electromotive force e(t) is also
given by the rate of change of the magnetic flow.

Therefore, this €(t) generates eddy currents which induce magnetic fields
associated to them and perturb the initial magnetic fields created by the MRI.
The conductive material in which eddy currents are induced may be any metal-
lic component of the MRI scanner (other coils, shields, tubes, and housing),
wires or devices within the patient.

Within the MRI scanner, eddy currents are induced any nearby conducting
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media, which include inside the gradient coils themselves, the main magnet
and shim coil windings, cryoshields, liquid helium vessel, and RF shields. Eddy
currents create new magnetic fields which caused two undesired phenomena:
unwanted time-varying gradients and shifts in the main magnetic field (]§0).

As per Faraday’s Law, the magnitude of eddy currents depends on the rate
of change of the inciting magnetic field. Thus fast imaging sequences (where
gradients are pulsed on and off quickly and where RF pulses are on-off repeat-
edly) produce the largest and most severe eddy current problems.

Several techniques are available to minimize the effects of eddy currents :

1. design methods that interrupt potential current loops (e.g. use of slotted
coils and shields into the scanner),

2. passive shields or coils installed into the scanner room to compensate
external perturbation (e.g to compensate traffic signals);

3. active shielding of gradients (secondary coils outside to constrain mag-
netic flux changes induced by primary gradients);

4. pre-emphasis (modifying the input current to the gradients to account
for expected eddy-current distortions); or

5. image post-processing (to correct for spatial non linearities and fre-
quency/phase shifts due to eddy currents).

The first four techniques could be physically made by modifying the magnet,
gradients or RF coils and the last one by solving the associated non-linear
differential Bloch equation system which corrects the artifacts and shows the
true images.

In this way S.Balac and L. Chupin [I] presented in 2007 an original method
to compute solution M to the Bloch equation under RF field inhomogeneities
(only for B] originated just by Eddy currents) at a given time T directly, with-
out any discretisation of the time interval [0,7]. The method is based on a
series expansion of the solution. Through those transform, the Bloch equation
is changed of into an infinite ODE’s system with constant coefficients.

We are going to review this method.
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The RF field perturbation vector components generated by eddy currents
due to a B; RF signal with w; = || B1|| frequency is given in a general case
by

By (r,t) = ((w1(r) cos(wot) + v1 () sin(wot))
((uga(r) cos(wot) + vao(r) sin(wot))
((us(r) cos(wot) + v3(r) sin(wot)) Z,
where u;,v; ¢ = 1,2,3 are unknown values and wy is the perturbation fre-

quency which is the same as Bj because the eddy current effects has the same
frequency as the magnetic field By has (see equations (|4.11|), (]1.15[), (]1.16[)).

z+
v+ (5.3)

According to Floquet theory [23], the fundamental solution X (¢) for the
differential system (|4.6)) has the following expression:

X(t) = Qt)e'r, (5.4)

where Q(t) is a matrix with continuous and periodic (7p) coefficients and F is
a constant matrix. There are two ways of exploiting the Floquet structure of
X (t), the first one consist in performing a Fourier expansion of the fundamen-
tal solution, leading to an infinite system of linear differential equations with
constant coefficient. When the constant coefficients have adequate properties,
resolution of a truncated system furnishes an approximate solution. The sec-
ond approach is of perturbative nature and deals with the Floquet form by
expanding the two matrices ) and F' as

+oo +oo
Q)= Qu(t), F=)Y F,, (5.5)
n=1 n=1

where every term F,, is chosen in order to ensure the matrix @, (t) is periodic
and in turn @, (t) is fixed so as to guarantee the Floquet structure at any order
of truncation. S. Balac and L. Chupin [I] proposed approach not directly using
the Floquet form of a fundamental solution but exploiting some of the ideas of
them. First, let us observe that the matrix A(t) admits the following Fourier
decomposition:

1

A(t)ijaier Z €2ikzwot _ A_2€2iw0t+A0+A262iw0t,
with
—To 0 fwgo) 0 0 7w((l2)
Ao = 0 -7 w) |iA=As| 0 0 W |

—wéo) wl()o) -7 wc(lQ) —wl()Q) 0
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and
wéz) = $y(uz +v1), wi?) = Jr(on = + i + ),
wy) = 37(2B1 +up — vy), wy) = 1Y+ vz +i(up + v1)),

and Ay = A_, is the conjugate matrix of As. As the solution m(t) of (3.113.2)) is
not periodic it is not possible to compute it through its Fourier series expansion.
Thus, we look for a formal solution of the the following type:

m(t) = my(t)e* ! (5.6)

keZ

which looks like a Fourier series expansion but with non constant coefficients
my(t). This decomposition is not unique since no condition is imposed on the
functions my. If we use the expansion (5.6]) in the differential system (3.1}}3.2))
we obtain

Z T,k(t)€2ikwot — 07
keZ
P 1 (5.7)
ri(t) = 5 omi(t) - > Agjmyj(t) + 2ikwomy(t) — oxb,
j=—1

with the sequence (0 )k given by dp = 1 and 6 = 0 for k € Z*. Contrary to a
standard Fourier expansion, it can not be deduced that ri(t) = 0 for all k € Z.
Nevertheless, if we can solve all equations r;(t) = 0 under appropiate initial

conditions so that the series > my(t)e?*“0! converges then the series expan-
kEZ
sion m(t) as given by (5.6) will be solution of the differential system (3.1)). If

> my(0) = My then m(t) will be the solution of the differential system 1j
kEZ

under the initial condition m(0) = My (3.2).

S. Balac and L. Chupin [I] introduced a suitable mathematical framework

to proof theorem 1. Next, we will expose several theorem, lemma, corollary
and proposition. You are be able to show their proofs in [I].

Theorem 1. The following finite equation system

0 1 )
P amk(t) = j;l Agymp_j(t) + 2ikwomy(t) — 6, (5.8)
mk(O) = Mo,

admits a unique solution and that for a given time t the sequence (my(t))kez
converges very quickly towards zero when k tends to +oo.
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The analysis of the behaviour of the solution to the sequence of differential
equations will justify the fact that an approximation of the solution to
the Bloch equation can be computed by solving a truncated finite differential
system deduced from by taking k € {—N, ..., N}.

Definition 7. A given sequence (ui)rez of vectors in C3 can be seen as an
infinite vector,denoted by U in the sequel, with the kth component given by
U, =, € C3. It is denoted by (*(Z) the space summable series

(Z) ={U € (C)% D ug|* < 400}, (5.9)
keZ

and by ¢1(Z) denotes the corresponding space of absolute convergent series
where |uy| denotes the euclidean norm of uy, in C3.

Definition 8. For any positive number p it is defined the following space of
weighted square summable series:

C(Z) ={U € P(Z); > (K + 1)|ug|* < 400}
keZ

This space is equipped with the scalar product <, >e2(z) and its associated norm

[Ulle2(z) defined as follows: for U,V € 2(z)
UV) @) = Z(kzp +1)(ug - vg) and HUHEQ(Z) = U, U)p(z).
keZ

Definition 9. It is also introduced the space of fast decreasing series
defined by
(5(Z) = () 6(Z).

peEN p

Lemma 1. The spaces Ef,(Z) have the following properties
1. 63(Z) = 3(Z) and U722y = V2IUl () for allU € 3(Z).

2. The inclusion EIQ)(Z) C KS(Z) holds for all (p,q) € (RT)? with p > q and
we have |\U||§3(Z) < ||z,1|y§%(z) for allU € (3(Z).

3. The inclusion (2(Z) C £*(Z) holds for all (p > 1) and we have U2 ) <
V1+ 2((2p)\|1/{||§2(z) for allU € L2(Z) where ¢ is the Riemann function.
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4. If S denote the shift operator on ¢*(Z) defined by (SU)i = up_1 for all
k € Z then for all p € N we have

_ 2
ISUZ 2y < 2 Uy and |87 Uz < 2 U172 -

Proposition 1. There exists a unique solution U € C>(Z*, (>, (7)) to the
differential system

0
{ oY) = AMDU) + B, (5.10)

U(0) = M(0),

where linear operator A(t) is time dependant and defined using the shift oper-
ator S and the identity T in (*(Z) as follow

A(t) = Age®™0tS + Ag + A_ge?™0tS™1,
Moreover, for all p € N and for all t € R, the solution satisfies
b
()]l 22y < D[ M| + () — 1)%;
where Cp, = 2P| As||+| Ao|| is a constant.
Corollary 1. There exists a unique solution (my)icz to the system of
differential equations @; it satisfies
VteRY +VpeN  (myp(t))iez € Z,
i.e. my(t) tends towards zero as k tends to £oo faster than any power of 1/k.

Proposition 2. About the asymptotic behaviour: the sequence of functions
(END yew where ENT 2 ¢ € RY v U(t)—UN(t) belongs to LS (RT; 2 (N, (2,(Z))).
This means that for any t € RT, the sequence of complex vectors (ENV)(t)) yen
tends towards zero faster than any power of 1/N. In other words, for all

t € Rt the sequence UN(t) converges very quickly to U(t) as N tends to
infinity.

Corollary 2. We can see an overview of the accuracy and efficiency of the of
the method:

By =1T,B; = 10737, My = 1,
Ty = 750ms, Ty = 50ms and 6 = 5.

WITHOUT PERTURBATIONS

Comparison of accuracy and CPU times for 16® executions [1).
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N=0 N=1 N=2 N=38 | ode4d
CPU seconds 3.82 9.17 17.56 29.58 | 69.21
Error % 0.0089 | 0.0089 | 0.0089 | 0.0089 | 0.01
WITH RF PERTURBATIONS
Seconds 4.36 12.1 25.97
Mx -0.24326287201152 -.24326289631217 -.24326289631192
My 0.96630713580637 0.96630713685089 | 0.96630713685049
Mz 0.07993334331631 0.07993336879906 0.07993336879932

Corollary 3. The evolution of the magnetization vector m under the assump-
tion that ™ and T can be neglected compared to wy and the solution ml% ¢o

under the initial condition 1\7[0 = MyZ reads:

— 222 M sin(at)
Bt =vs Vo sin(at) |,
My sin(at)

ml = (5.11)

where b= \/(2B1 +u1 —v2)? + (v1 +u2)?, o= 37b.

Figure 5.1 shows the comparison with and without considering the effect
of the RF perturbation magnetic field.

0.54

T T T T T

-0.54

Figure 5.1: Comparison of the magnetisation vector evolution for a /2 pulse
with and without RF perturbation [I].
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5.2 Well-posed Bloch equation under flow fields.

A. Hazra, G.Lube and H.G. Raumer [2] studied the modified Bloch problem as
a model of MRI for flowing spins in an incompressible flow field. They estab-
lished the well-posedness of the corresponding evolution problem and analyse
its spatial semi-discretization using discontinuous Galerkin methods.

Due to signal demodulation, see equation (|1.27)), the signal acquired from the
object in an MRI process is equivalent to an equation where magnetizations
M’ and the magnetic field

eff(t) = By(t)er + By(t)éx + B.(t)Z,
(t) = M'y(t)er + M'y(t)ér + M.(1)Z, (5.12)

are written in the rotation frame but with velocity (¢, r) kept in the laboratory
frame. In order to study the effect of fluid flow in MRI, the transport of the
magnetization due to flow field (¢, ) must be taken into account and equation
b1 becomes:

8M/ N —/ — / —
W + (u . V)M = ’)/M XBeff —

Mye + My (M. + )7

5.13
T2 2 (5.13)

For notational simplicity, authors usually omit the ’. Hereafter magnetization
M will always be expressed in the rotating frame and the velocity, @ rep-
resents the velocity of the magnetic flow field in the laboratory frame. This
equation assumes that no diffusion term exist as effect of diffusion is negligible.

A. Hazra, G. Lube and H.G. Raumer [2] define in their work the well-posedness
of the Bloch equation, therefore problem ([5.13)) can be rewritten with appro-
priate boundary and initial condition. Let show the main ideas of their work.

Proposition 3. Well-posedness of the Bloch model.

Let Q C R? be the flow domain with piecewise smooth Lipschitz boundary T
and outer normal n. The compressible flow field u(t,r) introduces the splitting
' =T_UT'yuUTly whereI'- ={r eTllu-n<0},I'y ={rellu-n> 0}
and 'y = {r € I'|lu-n = 0} represent the inflow boundary, outflow boundary
and solid wall, respectively. We assume that inflow and outflow are separated,

dist(I'—,T'y) := minpgyer_xr, |[P—Q| > 0 ,see figure . Then differential
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system can be written as

oM
M = My, (t,r)el[0,T]xT_,
M = M (tr)e{0}xQ,
(5.14)
where Begy = B = (By, By, B.)T , D = diag(t2, 72, 71) and the constant source

term f = (0,0, 7170)7.

Under this new variational model, A.
Hazra, G.Lube and H.G. Raumer [2] anal- -
yse its spatial semi-discretization using dis-
continuous Galerkin methods and es-

tablished the error estimates. An explicit r. Q ! it
Runge-Kutta method and an operator — {
splitting between advection and magneti- Q "\\

zation can be applied. They made a nu- AN

merical experiment for validating this ap-
proximation and the computation can be

strongly accelerated via GPU comput-
ing. Figure 5.2: Leipzig Boundary

condition assumptions [2].

Consider the space H := [L*(Q)]* with inner product (u,v)mg = [, u - vdr,
norm ||v| g := /(v,v) and defining the space

X={NeH:(u-V)NeH} (5.15)

with graph norm
1
INIx = (l(u- V)N + [INIF)? - (5.16)

Multiplying by arbitrary test function N € X, integrating over Q and
imposing weakly it is possible to obtain

Definition 10. Variational form of the Bloch equation [2].
The variational formulation of the Bloch problem treat to find M : (0,T] — X

s.t.

{ (M, N)g +a(t; M,N) = I(N), VNeX, (5.17)

M’t:O = M07
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where (5.17)) is a Friedrichs system (see [31], section 7). Unfortunately,
theory is not applicable since some coefficients are time-dependent.Therefore
we set for 0 < e < 1 X, := [WH2(Q)3

Definition 11. Considering an elliptic regularization [2].
Then the variational formulation of the Bloch problem treat to find M,
(0,7 — Xc s.t.

(M., N)g + ac(; M, N) = I(N), VN e X, (518
Me‘tZO = M07 ‘
with
ac(t; M,N) :== a(t; M,N) + ¢(VM, VN) i (5.19)

It’s noted that variational formulation of the regularized Bloch problem
incorporates do-nothing boundary conditions eVM,-n =0on I'gUT.

Theorem 2. Well posed problem.

For all € > 0, for given u € [L>(0,T; W1°(Q))] with divu = 0 and B €
[L>(0,T; H)]3, there exists a unique solution M. € L>(0,T; H)N L*(0,T; X.)
to problem . Fort € (0,T] and with o := 71, the following a-priori
estimate is valid

S + [ et [eHVMe(T)H%I +3 [l wion M€><5,T>ds] ar
MO+ o [ 170

Finally, it is possible to pass to the limit ¢ — +0, i.e. to the Bloch model.

M\H

Theorem 3. Well posed problem. ¢ — +0.

The variational Bloch model equation admits a unique solution M €
L>®(0,T; H) N L%(0,T; X). The kinetic energy of the magetic field is bounded
by:

sl + [ ][ r<u-n>1<M-M><s,T>ds] i
IM(0) e + / ()t

the result of Theorem [2] and a-priori estimate of last Theorem [3] remains
valid for case u = 0, i.e. Bloch equations for spacially stationary objects.

<

N |
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The next step authors suggest is the use of discontinuous Galerkin finite ele-
ment method (dG-FEM) for a spatial discretization of the problem. In this
way it’s necessary to formulate the problem.

Notation. Discontinuous Galerkin formulation.

e admissible mesh Ty, := {Qi}le into complex simplicial subdomains {;}

(see figure (5.5)).

o discontinuous FE space:
[Pr(Tn)]" = {Nh € H; Nylo, € [Pr(Q)]7 V4, I =1,2,- I},
where P, denotes the set of polynomials of degree k € N
o Xp,=[Pu(Th)]*N X

o for adjacent subdomains §2;,Q; with interface £ = 1';; = Q; N Qj and
unit normal vector n;; define the average and jump of N € X across
Lij by

(N, () = 3(Nalo, () + Nalo, (),

[Nilr,, () = Nala,(r) = Nala, (r),

ij

(5.20)

o Let ]-",i be the set of all the interior interfaces E C ) and define the
upwind form

Su(t; M, N) Z/( u-ng)| ]-<N>+;]u-nE|[M]'[N]>ds.

EeF;

e gradient jumps over the interior faces are penalized

p(MN) =& S0 0 [ JunplVMIp: (VN]pds, €20
EeF}

e all the involving terms together

a”(t; M, N) := pe(M,N) + a(t; M, N) + S (; M, N).  (5.21)
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Figure 5.3: Left: 2D-simplicial mesh. Right: 1D-example of average and jump
operators. [2].

Thus, the transformed equation ([5.18) shows

Corollary 4. upwind dG-FEM.
Then the upwind dG-FEM reads: find My : (0,T] — Xp.

(O:Mp, Np)u + a??V(t; My, Np) = I(Ny), VN € Xy, (5.22)
Definition 12. Let us define the norm |Ny||v via

INully =& 3w [ fu-nall[VNelg, +
EcF}

1 1
/|u-nHNh|2ds+ 3 / (- ng| [N 2ods. (5.23)
2 ). 2 2,

EeFy

Theorem 4. The semi-discrete problem (Corollary ) is well-posed
and admits the a-priori estimate.
t

1 .
1M+ [ <IN o)

—0 1 ! o\T—
< SO e+ 5 [ eIl (524

N =

The existence and uniqueness proof follows the lines of the proof of Theo-
rem [3| and application of the Gronwall lemma yields the a-priori estimate. See
[2] for a complete guidance.
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Theorem 5. Spatial discretization error My — m,M with L?-ortogonal
projection M — mp M € X.

1 1 [t o
2||M—Mh(t)|!?f+2/0 e TI|(M — My) (7)|||dr

I(M — M) (0)|[7e=" +/0 T TI(N(M = m, M) (7)1

+O|(M = 7, M)(7)|| 1 + pe(M, M)(7))dT  (5.25)

<

N

with § := || Bl|e + || D|| L~ and

|”Ih”|%f,b = max {15 ”UHLOO(O,T;WLOO(Q))} 1T 1] + HUHLOO((ST)HIhH%? aT)"
(9T)
TeTy,

For smooth solution M € L>(0,T;[W*+t12(Q)]3), the last term is of order
O(h2k+1).

For finish the article, authors [2] alluded to a temporal discretization, so
the starting point is the spatially discretize and find M}, : (0,7] — V}, s.t
VN, € Xp,

{ (0¢Mp(t), Nu) g + ac” (t; My (t), Ni) = 1(Ny),

M}y (0) = Mhpo. (5.26)

But equation have still several problems to deal with:

a) Multiscale character: magnetization much faster than advection.
b) Restricted temporal smoothness of data, in particular G= G T+Gyy+G. 7.

To solve these problems we can applied the fully coupled approximation or the
operator splitting approach.

Definition 13. Fully coupled approximation.

Define a discrete operator APY © X + Xp — Xp via (AP (t)v,w)y =
ac? (tv;w).

Let L be a functional (constant in time) on Xy with L = l(w).

We denote M]' = My(t"), etc..

Low-order explicit Runge-Kutta sheme on 0 = t° < t' < 2 < ...tV with
time steps T, :=t"tt —t", n=0,1,...,N — 1. Therefore,

MM = MP - T, AU M+ 7, L (5.27)

1 1
M = (M M) = ST ASUM - Sr L (5.28)

1
2
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RK2-analysis provides in case of smooth data in time, an error of order O(72+
hk+%) with polynomial degree k of spatial discretization.

Definition 14. Operator splitting.
We can write semi-discrete problem (equation ) formally as a ODE-
system
dMp(t)
dt

= Fadv(tv Mh(t)) + Fmag(tv Mh(t))a (5'29)
with

Fog(t, M) ==V - (uM),
Frag :=7B x M+ DM — f.

The simplest sequential operator splitting on t" < t < t"+1 gives

dﬂﬁ(w: Faao(t, Mi(1),  Mj(t) = My(t"), (5.30)
C%;:(t): Finag(t, My (1)), My (t) = My (¢"). (5.31)

An inspection of [5.30 shows for the splitting error at t = "
1 2 aFadU aFmag

€g = iTn[ oM Fmag - oM Fad’U] + O(Ts) (532)
The commutation error [Fygy, Finag] = %Fmag—%ﬂbdv can be written as
. ameag

[Fadvs Frnag) = (V1) [Fnag(t, Ma(t))

ot (t, Mh)Mh(t)]—f-(u'v?«)Fmag(t, Mh).

Error vanished if either Fiqqg s independent of v and divu = 0 or Fqg is
independent of r and linear in My, (this is not our case).

See that it is possible to apply a symmetric or Strang-Marchuk splitting which
reduces the splitting error to O(7?2).



Chapter 6

Introducing R.D.E.s into
Bloch model.

The aim of this chapter and second part of this work is to introduce the uncer-
tainty into the basic Bloch model and into the MRI process (equation . As
we already know, Bloch model was created under physical processes, in special
inside the magnetic and chemical spin-interactions. On one hand, we have
seen longitudinal Ty and transverse Ty magnetization times (see section [2.2])
which have a strong relationship into Bloch equation due to the interactions
between nuclei and the environment of molecules, thus these magnitudes have
certain randomness due to the collision and interactions existing inside tissues.
In fact, the existence of Ty — start (T%) (see [2.3) invites us to introduce an
uncertainty into the relaxation process to Ta.

On the other hand magnetic magnitudes such as ]§0, 1§1, ﬁg, B’ not only de-
pend on a physical process but e.g. in the non-homogeneity constructions
of: room, magnets, gradients or coils, thus they have associated an internal
variability and it is possible to calculate mean and deviation in the manufac-
ture processes, after commissioning or at the end of the equip assembly process.

Magnetization vector (M) and initial value problem (IVP) (M) is conse-
quently produced by randomized magnitudes.

Bloch equations in relaxation and RF-process have been exposed and solved
analytically in [chapter 3| and |chapter 4] respectively.

Therefore, we are able to transform Bloch equations into a system of ran-

71
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dom differential equation (RDEs).

Bloch equation in the relaxation process:

My (t) = Moe' ™ sin (yBot),
My(t) = Moe ™) cos (vByt),
Moy (t) = Moel ™72,
M) = m(l—e )

Bloch equation in the RF process. Rotation frame:

my(t) = 7osin(yBit),
m,(t) = 7pcos(yBit).

Bloch equation in the RF process. Laboratory frame:

M,(t) = 7osin(yBit)sin(yBot),

M, (t) = 7osin(yBit) cos(yBot),
My (t) = 7o sin(yBit),

M, (t) = 7o cos(yBit).

S & @
© o N
NN AN

S~ —~

From now on, the data My, 19 = My, By, T1, To> and B; are assumed to
be continuous random variables (RVs) defined on common probability space

(Q, F,P), whose domain are assumed to be:

Dy, = {mo= Mp(w),w € Q:mg1 <mg<mpg,},mo1,mo2 € R,
Dp, = {bo= Bo(w),w € Q:by1 <by <boa,},bo1,b02 €R,

Dp, = {bi=B1(w),weQ:b1g <b <bia},bi1,b12€R, (6.11)
Dr, = {ti=T1(w),we:t11 <t1 <tio},t11,t12 €RT,

Dr, = {ta=Th(w),w € Q:tag <ty <tsa,},ta1,t20 € RT.

Hereinafter, we will omit the w sample dependence when written domains of
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continuous RVs. As we have shown in [section 2.1|interval of domains are,

—00 <Mmp,1 < Moz < OO,
—00 < 5071 < bo’g < 00,
—00 < b171 < b1’2 < 00,

0< t171,t1’2 < 00,
0 <toq,ta2 < oo.

Do not confuse mg RV with m,, m, magnetization values in the rotation time.

R.D.E. Notation:
We denote probabilistic density functions (PDFs) and random vectors as,

o fr,(mo), fBy(bo), fB,(b1), fry(t1) and fp,(t2) the probabilistic density
function PDFs of the continuous RVs My, By, B1, 11 and T5, respectively.

o fapm(mo,t2) and fag, 1, (Mo, t1) will denote the joint PDFs of the ran-
dom vectors (My,T») and (Mo, T1), respectively. Domains of these two
dimensional PDFs can be written directly as product of the sets Dyy,-Dr,
and Dy, - D7, respectively.

o far,(me), fu,(my), far,y(Mmaey), fr.(m:), the 1-PDF of the unknown

solutions for Bloch equations ([6.1)-(6.4) and (6.7)-(6.10)) into the labo-

ratory frame.

® fm,(ny), fm.(n:), the 1-PDF of the unknown solutions for Bloch equa-
tions (6.5)) and into the rotational frame.

In order to simplify graphical notation in Mathematica software in plots we
will be denoted:

® Myy(ny), as the 1-PDF of the stochastic process (SP) defined by My, (t)
with My as a random variable (equation ,

® My, as the 1-PDF of the stochastic process (SP) defined by M,(t)
with T5 as a random variable (equation ,

® M (5, as the 1-PDF of the stochastic process (SP) defined by m.(t) with
7o as a random variable (equation [6.6),

® My (My,T2), @8 the joint PDF of the stochastic process (SP) defined by
My (t) with (Mo, T») as a random vector (equation [6.3)),
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e in general SPx (gy;) will be denoted the 1-PDF of the stochastic, process
SPx(t), with RV} as a random variable.

e in general SPx(ry; Rry,) Will be denoted the 1-PDF of the stochastic
process, SPx(t), with (RVy, RV,) as a random vector.

Note that obtaining the first probability density function (1-PDF) of the solu-
tions (equations to[6.10]) is more desirable since, from it, we can compute
the previous statistical functions as simple particular cases and it provides a

comprehensive probabilistic characterization of the solution for each fixed time
t*.

To introduce and solve a system of differential equations in this work, we
are going to use the Random Variable Transformation (RVT) technique. This
method states as follows in its general form (see [19]). Thereafter we will cal-
culate and plot all 1-pdf random variables of Bloch equation and so on we
will obtain means and variability through theirs variances.

Theorem 6. Multidimensional RVT method.

Let us consider X = (X1,...,Xpm) and Y = (Y1,...,Y.) two m-dimensional
absolutely continuous random vectors defined on a complete probability space
(Q; A; P).

Let r : R™ — R™ be a one-to-one deterministic transformation of X into Y,
i.e., Y = r(X). Assume that r is continuous in X and has continuous partial
derivatives with respect to X. Then, if fx(x) denotes the joint probability den-

sity function of vector X, and s = vt = (s1(y1,-- -, Ym); - »Sm Y15+ > Ym))

represents the inverse mapping of v = (r1(x1,...,Zm)s- -, 'm(T1, ..., Tm)),
the joint probability density function of vector Y is given by
W) = fx(s@)[Jml, Dy ={y:y <y <y}, (6.12)

where |Jp,| , which is assumed to be different from zero, denotes the absolute
value of the Jacobian defined by the determinant

951 (Y1,--,Ym) 0sm (Y1,-.,Ym)
oy T oY1
T = det : : : (6.13)
051 (Y1,--,Ym) O3m (Y1,--Ym)
dym T OYm

Therefore, RVT is a probability technique that allows us to calculate the
PDF fy(y) of a RV, Y, resulting after the transformation of another RV, say
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X, whose PDF, fx(x) is known.

We consider several cases of study in this work. Relaxation equations ([6.1)),
(6.2) are similar because of wy variable represents the magnetic rotating vector
around z-axe, thus we only solve for one of them. In the same way we operate

with RF process equations (6.7)) and .

C. Casaban, J.C. Cortés, J.-V. Romero, and M.-D. Rosellé (]20]) established
the first probability density function to the solution of several linear random
initial value problems of ODE. Equations and of relaxation process
can be solved using this result (see [20], Table 1: cases 1.1, 1.2 and 1.3).

Theorem 7. RVT technique in the simplest scalar formulation.

If X is a continuous RV lying on the domain or support Dx = {x : x1 <
x < xz2}, whose PDF is fx(z) >0 and Y = r(X) beingr : Dx CR - R a
monotone mapping on Dx, then

9s(y)
Jy

fy(y) = fx(s(y)) ., Dy =y:y1 <y<uo, (6.14)

where s(y) = x is the inverse function of r on Dx, which is assumed to have a
continuous derivative on D, and |$| denotes the modulus of the derivative
of s(y). In the particular case that r increases (decreases) on Dy, the domain
DyofY = r(X) is determined by D, = {y : y1 = r(z1) < y < r(z) =
y2}(Dy ={y : y1 = r(w2) <y <r(x1) = ya}).-
Theorem 8. RVT technique in the two-dimensional version.

Let X = (X1, X2) be a two-dimensional RV with joint PDF fx, x2.Let

y1 = rl(xl,xg), (6.15)
y2 = 72(71,72),

be a one-to-one deterministic map from R? to R?; that is, there exists its
inverse transformation:

r1 = s1(y1,92), (6.16)

ze = S2(y1,Y2),

on the range of the previous map . Let one assume that both maps
(r1,72) and (s1, s2) are continuous. Let further assume that be following partial
derivatives

8%1 8%1 8x2 8$2

Oxy 0wy Oy Oy 6.17
Oy1” Oya’  Oy1  Oya (6.17)
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exrist and are continuous and the Jacobian Jo of the inverse map satisfies

—

9z Ox2)
Jo = det % &i 40, (6.18)
dy1  Oy2

on the range of the transformation . Then, the joint PDF' fy, y,(y1,y2) of
the two-dimensional RV, Y = (Y1,Y2) = (r1 (X1, X2),7m2(X1, X2)) is given by

viva(W1,92) = fxy,x,(81(y1,92), 52(y1, y2))| 2| (6.19)

If we applied Theorem [§]in the particular case that transformation r; only
depends on variable 21 and 79 only depends on variable x5. As it will be seen
latter, this result can be applied to someone of Bloch equations ((6.1))-(6.4)).

Proposition 4. RVT technique in the two-dimensional version. Sin-
gle dependence.
Let X = (X1, X2) be a two-dimensional RV with joint PDF fx, x,. Let

o= ri(z), (6.20)
Y2 = r2(z2),

be a one-to-one deterministic map from R? to R?; that is, there exists its
inverse transformation:

rT = sl(yl), (6.21)
Ty = s2(y2),

on the range of the previous map . Let one assume that both maps (r1,72)
and (s1, s2) are continuous and satisfy

(91‘1 81'2
) 6.22
Oy1 Oy2 (6.22)

on the range of the map (6.20) and (6.21)). Then the joint PDF fy, v, (y1,y2)
of the two-dimensional RV, Y = (Y1,Ys2) = (r1(X1),r2(X2)) is given by

8%1 8562

—_— . 6.23
Oy1 Oyo (623)

i yva(W1,92) = fx,x2(s1(y1), s2(y2))

Proposition 5. RVT technique: product of two-continuous RVs.
Let (X1, X2) be a continuous random vector with joint PDF fx, x,(x1,2)
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with respective domains Dx, = {x1 #0: 211 < x1 <212} and Dx, = {x2 1 vo1 < z2 < xg2}.
Then the PDF fy,(y1) of their product Y1 = X1 X5 is given by

1
I (1) / Ix1,%, <1171, y1> —dx. (6.24)

1]

Equivalently, if Dx, = {z1: 211 <21 <x12} and Dx, = {2 #0: 221 < 23 < 295}

then
2,2 Y1 1
fri(y) = fxix, | = 22 ) —dao. (6.25)
x2,1 o’

|22

If X1 and X5 are independent continuous RVs with PDF’s fx,(x1) and fz,(x2),
respectively, then and become

fri(yr) = /rw fxi(@1) fx, <iﬁ> idscl, (6.26)

1,1

vi(y) = /IL2 Ix, (y1) fXg(%Z)id[L‘Q. (6.27)

1,1 ;2 |x2|

Once we have calculated the 1-PDF of the solutions through a random
variable or a random vector, we are be able to characterize them by means,
variance and moments of higher order with respect to the origin.

Definition 15. Ezpectation, variance and moment of order n with respect to
the origin of a RV, respectively.

ux = E[X]= /D o fx (x)dz, (6.28)

B = VI =E(X - = [ - fx(@ds, (629
Dx

ap, = E[X”]:/D " fx(z)dx. (6.30)

E[X], E[X"] and V[X] have been calculated and plotted in and

chapter 8| for each Bloch equation solutions (6.1]) to (6.10) with Mathematica
software. In this way, the so-called Konig theorem V[X] = E[X?] — E[X]?, has

been applied to calculate V[X].
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Chapter 7

R.D.E.S. into relaxation
process.

This chapter shows the 1-PDF formulation for each equation involved in the
relaxation process. After that we show the results graphically the plots gen-
erated via Mathematica software. For some RVs it was necessary a numerical
integration to calculate the expectation and the variance. ’NIntegrate’ func-
tion with a high ’MinRecursion’ value option was applied and several specific
exclusions domains was required to avoid errors. As well it was required to
reduce the ’'PlotPoints’ value below 30 units in some RVs. ’Method’ option
was set in automatic state.

7.1 M, r.v. initial condition.

Thus, we will assume Mg be a random variable and the system of Ordinary
Differential Equation (O.D.E.) (equation [4.1]), becomes a system of Random
Ordinary Differential Equation (R.O.D.E.).

Let assume Mg ~ Nuo, o], (seelchapter 6)), therefore the probability density
function of My RV, is defined as:

1 <m0 - /’LM0>2
1 B
fag(mp) = ————e O Mo .

1/ 2%0]2\40
In order to show and present the results achieved we will consider a7, = Mo

79
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as the deterministic value proposed in the initial value problem (IVP) and oy,
value as a dispersion of the mean fpz, value, thus o = 0.1y, .

7.1.1 Calculating the 1-PDF M, (m,).

We can calculate the M, (m;) 1-PDF using Theorem 7} with X = M, Y = M,,
mx67—2t

r(z) = My, s(y) = mg = sin (yBot)’

8?77,0

Pty = Fato () ]

omy

(NI

M eiTQ _ 2
sin(yBot) KMo

f 1 O'MO etTQ (7 1)
M”c(mac) = —F—€ T 5 | .
A /271'0]2\/[0 sin(yBot)
Mg

VIM,] = /D (M — s, )2 far, () . (7.3)
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Mx(My~Nlugy .08, 1(T]

81

3_.
2';
1{- -_ Mx(Mo~N[t1g,05, )T
L A Mx+ Gy,
| f\ AN, . . L t[s) M=
: H VA E: 03 04 05
—15 wh
oW
(a) 1-PDF Mg (mg,t) with Mo RV Muscle.
MX[MD”NWBD'GBD]][T]
Mx(My~NI[pigy .08, 1)T]
----- Mx+ 0y,
t[s] Mx—ay,
b) 1-PDF M, (my,t) with Mo RV Gray matter.
(
Mx(Mg~N[gy .08, 1 T]
<1 I
Ht o
20 Al Al &
H H N A ., Mx(Mo~N[1ig, 05, DIT]
1 T " A a .
\ A A A o M
lll/\/\|\” AWAWAW WA Nkl
ENRCa \?.2\ [\ \peV Vs MX= G
-1 \/ \. [ VIR Y B - SR S
VR "ER A A
2p Y ¥
1

(¢) 1-PDF M, (m.,t) with M, RV Blood.

Figure 7.1: 1-PDF M, (ms) with My RV Relaxation process.
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7.1.2 Calculating the 1-PDF A/, (m,).

We can calculate the M, (m,) 1-PDF using Theorem 7, with X = My, Y = M,,
myem! dmy

m’ fMy(my) = fMO(S(my)) ‘(‘MJ

T(x) = Myv s(y) =moy =

tTo 2

mye
1 (COS(’yBot) — KMo
2
1
(&

O M, etTg
Iaaymy) = 7%%0]2\4 s Bof) | (7.4)
E[M,] = /D my far, (my)dmy, (7.5)
VL) = [ my = o, (7.6)

Note that fas,(m,) are graphically equivalent to fys,(m,) with a 5 phase
difference.

7.1.3 Calculating the 1-PDF A, (m,,).

We can calculate the M, (mg,) 1-PDF using Theorem (7} with X = M, Y =
My, 7(z) = Myy, s(y) = mo = mgye™'

d(mg
ot on) = oo = ) | 0|
_1 ml’yeth*:uMo ’
foy(mzy) — \/1726 2 O M, ‘etm" (7_7)
27TO'MO
E[sz] = /D mmnyxy<mzy)dmmya (7.8)
Mgy

VM, = /D (mxy_/‘sz)Zszy(mxy)dmmy- (7.9)
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(pdf Ty muscle)

df Iulaow T
P I 0

t/s
(a) 1-PDF Mgy (mqy,t) with Mo RV Muscle.
(pdf -y gray matter)

200 B

150
pef My T) 100
a0

b) 1-PDF My (Mg, t) with Mo RV Gray matter.
( y y

(pdf -y blood)

Al

41
pof By T
i

Iy NI,-‘BD,-'BD T

3 s
0o

(¢) 1-PDF M,y (may,t) with My RV Blood.

Figure 7.2: 1-PDF of M, transversal magnetization into the relaxation process
for several tissues.
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(pdf-Ily muscle)

pdf NWxy(T

2
Wl iy N|,.—BD By T

Figure 7.3: 1-PDF M, (myy,t) transversal magnetization into the relaxation
process for muscle, gray matter and blood.

Mxy(Mp~N[1ig, 0, 1)
WMoy rov. [T]

Mxy(Mp~N[ug, 05, 1)
Mxy+aoy,, muscle

Mxy (Mo ~N[1ig,, 05, 1)
- Mxytay,, gray matter

Mxy (Mo ~N[1ig, 0z, 1)
Mxy+tay,, blood

t [s]

Figure 7.4: My, (mgy) RV mean and variance.
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7.1.4 Calculating the 1-PDF M, (m,).

We can calculate the M (m.) 1-PDF using Theorem[7] with X = M, Y = M.,

z

r(z) = My, s(y) =mo = 1_ et

d(mo)
It my) = fag(mo = s(m)) ’ iy |
1 ( (1—efT1t) - :UMO)
1 2 O My 1
i,y = —F—¢ ‘ — |, (7.10)
\ /277012\40 1—emt
E[MZ] = / meMz (mz)dm27 (711)
Dy,

VM, = /D (M — pias )2 far. (m2)dm. (7.12)
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|pdf Iz ranscle

(a) 1-PDF M. (m.,t) muscle.

(pdf -1z gray matter)

30

20

pdf MzT
10

Mz Ni.:gD By T

(b) 1-PDF M. (m.,t) gray matter.

Figure 7.5: 1-PDF M, (m.,t) into the relaxation process.
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pdf -z blood)

pdf Mz T

Tl iy - Nl'l'IBD By T

(a) 1-PDF M. (m.,t) of blood.

Figure 7.6: 1-PDF for M,(m.,t) into the relaxation process.

And we can calculate the mean and the variance. The results are shown in

Figure [7.7]



88

Mz r
35

3.0

v
v

(7

CHAPTER 7. R.D.E.S. INTO RELAXATION PROCESS.

Mz(Mo~N[Uig, .08, )

Mz (M ~N[Lig, , 08, 1)

Mz = gy, muscle

"
v

1 | P | L Its
2 3 4 b =

(a) E[M.(m:)] £1.960s, , muscle.

Mz(My~N[tig, ,0g,))

Mz(My~N[t1g, ,0g,1)

Mz + gy, gray matter

Mz r.v

35

30

1 L PR | L ItS
2 3 4 5 £

(b) E[M:(m.)] £1.960 s, , gray matter.

Mz(Mo~N[pig,,05, )

Mz(My~N[Ug,,05,]1)
Mz % oy, blood

L I P | I ItS
2 3 4 b []

(c) E[M.(m.)] £1.960 s, , blood.

Figure 7.7: Mean and variance of M,(m;,t) for different tissues.
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Mz(My~N[uig,,05,)

Mz r.v. [T]

MZ(MD"N[MBU :UBU]}

3l e Mz + gy, muscle

MZ(MD"N[“BD :UBD]}
Mz t gy, gray matter
MZ(MU"N[HBU :UBU]}

Mz + gy, blood

- t[s]
5

Figure 7.8: Mean and variance of M,(m.,t) for all tissues.

7.1.5 1— PDFM,,(m,,) and M.(m.).

Figure shows the 1-PDF of the transversal and longitudinal magnetization
vector M altogether, into the relaxation process for different tissues.
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pdf Wy & Wz muscle)

(a) 1-PDF M. (m.,t) and 1-PDF M, (mqy,t) muscle.

(pdf-Ilxy & MW gray matter)

pdf Mlxy & MWz T
0

(b) 1-PDF M. (m.,t) and 1-PDF My, (may,t) gray matter.

pdf Wy & M blood)

pdf Wy & Lz (T

(¢) 1-PDF M. (m.,t) and 1-PDF Mgy (may,t) blood.

Figure 7.9: 1-PDF Mgy (may,t) and M, (m.,t) into the relaxation process.
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7.2 By r.v. magnetic flux density.

As in we will assume M be a random variable and the system of
Ordinary Differential Equation (O.D.E.) (equation [4.1]), becomes a system of
Random Ordinary Differential Equation (R.O.D.E.).

Let assume Bg ~ N[up,,08,], (see [chapter 6)), therefore the probability den-
sity function of By RV, is defined as:

1 1(50 _MB(])Q
)
fBo(bo) = ——¢ 9Bo

)
/ 2
271'030

In order to show and present the results achieved we will consider pup, = By
as the deterministic value proposed in the initial value problem (IVP) and op,
value as a dispersion of the mean fps, value, thus og, = 0.1up,.

7.2.1 Calculating the 1-PDF M, (m,).

We can calculate the M, (mg) 1-PDF using Theorem[7] with X = By, Y = M,,

arcsin( e g2t
o) = My, s(y) = by = - SmGRE™).
vyt
ob,
ttney = Ffome)) | .

2
1 : mg 1T
57 arcsin (ﬁée )) — KB,

NI

1 9By ot
fu,(mg) = ———e ;
1/ 27‘(’0’230 ~t My \/W
E[MJE] = /D m:):sz (mx)dmza (7.13)
Mgy

VM, = /D (e — s, )2 far, () dms.
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{pdf =Ml r v W [T]- Decay T1 Muscle}

151078

1.x1078
t[s) pdf M [T)

5 1078

i
-2 hix(Bn Mgy .oy 1T

Figure 7.10: 1-PDF M, (mg,t) muscle, during the first cycle.

{pdf-Mx r v W [T]- Decay T1 blood}

pdf Wi [ T)

-2 0

M By ~Mluey o8, 11T

Figure 7.11: 1-PDF M, (mg,t) blood, during the first cycle.
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Mx(Bo~N[1,,05, DIT]
M rov. [T]
30p

MX(BQ-N[,UBU ,O'BU])[—r_l

15¢ ' - Mx £ gy muscle

. . . . t[s]
0 2 %1079 4 %1072 6.x 1079 8.x1079

(a) E[M,] £+ 1.960s, muscle.

Mx(Bo~N[a, .0, )[T]

Mxr.v. [T]
3

MX(BU"NLUBU raBU])[—r.I

........ Mx = gy gray matter

. : : : : : — t[s]
0 21077 4.x107% 6.x107% B.x107% 1.x107% 1.2x1078

(b) E[M,] £ 1.960, gray matter.

Mx(Bo~N[ 15,08, DIT]
Mz rov. [T)
3.0

_ —— Mx(Bo~N[s, .05, 1)[T]
15f . o - Mx % gy blood

: : : : : — t[s]
0 2.x1079 4.x107% 6.x1072 8.x1079 1.x1078 12x1078

(C) E[M(I:(B(])(t)] :|:1.960’M (t) blood.

z(Bo)

Figure 7.12: 1-PDF M, (mg,t) in the relaxation process.



94 CHAPTER 7. R.D.E.S. INTO RELAXATION PROCESS.

7.2.2 Calculating the M,(m,)(t) RV

We can calculate the M, (m,) 1-PDF using Theorem[7], with X = By, Y = M,,
arccos(%e”t)

r(x) = My, s(y) = by = T’

dbg
omy |

Faty (my) = Fiy(s(my) ‘

1 My otm2)) _
1 ¢ arccos (Moe )) KB,

1 5o

f; =
My V2mopg, ¢

tTo

2
~t My 1*(%6”2)
E[M,] — /D e far, (my)dim, (7.14)
My

V(M) = /D (my — pia, ) Fag, (my)dimy.
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———— Mx(Bo~N[pizy.08,])[T]

Mx + gy, muscle

Mx,My(Bo~N[1ig, .08, )]

M My rv. [T] Mx(Bo~N[Hg,. 08, D]
30
e Mx £ gy, gray matter
25F
h ——— Mx(Bo~N[ug,,ag,])[T]
20F Mx + gy blood
15¢ ———— My(Bo~N[g,.08,])[T]
1 UE ————— My + gy, muscle
0.5 My(By~N[ug, .05, T]
[ . . . . g My + gy, gray matter
0 2x1077  4.x1077  6.x1077  8.x1077 1« 10‘g

———— My(Bo~N[uiz, 08, )[T]

My * gy blood

Figure 7.13: E[M(my,t)] £1.960s, ,E[M,(my, )] £ 1.960, in the relaxation
process.

7.3 1) and 75 r.v. times.

Thus, we will assume M, be a random variable and the system of Ordinary
Differential Equation (O.D.E.) (4.1, becomes a systema of Random Ordinary
Differential Equation (R.O.D.E.).

Let assume To ~ U[T5 — €2, T5 + €2], (see [chapter 6]), therefore the probability
density function of M,y RV, is defined as:

1
2 %?
and let assume Ty ~ U[T} — €1,T1 + €1, (see , therefore the proba-
bility density function of M,y RV, is defined as:
1
= 5

Thus, we will assume T and Ty be random variables and the system of
Ordinary Differential Equation (O.D.E.) (4.1)), becomes a system of Random

fr

fr,



96 CHAPTER 7. R.D.E.S. INTO RELAXATION PROCESS.

Ordinary Differential Equation (R.O.D.E.) and we are able to consider Ty ~
U[Ty — €1,T1 + €1] RV in the analytical solution of Bloch equation.

7.3.1 Calculating the 1-PDF M,,(m,).

Let assume Ty ~ U[T — €2, T + €3], therefore its PDF is defined as:

fT2 = 5

where €2 is and experimental value obtained for different By magnet values
and can be shown in Table And we can calculate the 1-PDF as

f o 1 t
i) = g o |
E[Mmy} = / mmnyxy(mmy>dmmy7 (715)
Mgy

V[sz} = /D (Magy — Msz)Qszy(mmy)dmy'
Mgy
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-y muscle)

pdf Moy T

My Ty 1Ty o3, Tg o3 T

(a) 1-PDF for Muy(mqy) muscle.

pdf Wy gray matter]

i Mu(T

MuyTy-UlT3 -, Ty s T

(b) 1-PDF for My (msy) gray matter.

pdf My blood)

pif M)

Wiy Ty Uy 9,73 g (T

3
an s

(c) 1-PDF for Mgy (may) blood.

Figure 7.14: 1-PDF Mg, (may,t) into the relaxation process.
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Mxy(T,~U[ Tp—€p, To+65))

Mxy r.v. [T]
3.0

I'v']X}' r.v
3.0

Mxy(To~U[To-65, T +6;])

Mxy £ gy, muscle

0.0

- — t[s]
0.2 03 04

(a) E[Msy] & 1.96 - oar,,, muscle.

0.1

Mxy(To~U[ To—€2, To+€3])

Mxy(T2~U[T2-€2, T2 +€2])

Mxy * Oy gray matter

25[ )

2.0

-t " N t[S]
04 0.6 0.8

(b) E[May] £1.96 - orr,, gray matter.

0.2

Mxy(To~U[T5-€5, To+65])

Mxy(T2~U[T2-€2, T2 +€2])
Mxy * Oy blood

R t
v [s]

(c) E[Myy] £1.96 - o, blood.

Figure 7.15: E[Myy| £1.96 - o1y, into the relaxation process.
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Mxy(T,~U[ T-€5, Tp+65))

Mxy(To~U[To-65,T5+6;])

Mxy * gy muscle

Mxy(To~U[To-65,T5+6;])

Mxy £ gy, gray matter

Mxy(To~U[To-65,T5+6;])

Mxy £ gy, blood

0.0 0.2 04 0.6 0.8 1.0 12 14

Figure 7.16: E[My,]4+1.96-01y,, for different tissues into the relaxation process.

7.3.2 Calculating the 1-PDF M., (m,).

Let assume T ~ U[T1 — €1, T1 + €1], therefore its PDF is defined as:

where € is and experimental value obtained for different By magnet values
and it can be shown in Table So we can calculate the 1-PDF as

1 t
PUm) = e o = maylog? (B |
B = [ mfur ), (7.16)

VM. = /D (s — par. 2 for, (m2)dm.
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pdf-Mz muscle)
pdf-Mz gray matter|

MzTy-U[T} g} 0T

(a) 1-PDF for M. (m.) muscle. (b) 1-PDF for M.(m;) gray matter.

pdf Mz blood)
0

(c) 1-PDF for M. (m.) blood.

(pdf -z muscle)

pdf Mz T|

(d) 1-PDF for M. (m.) all tissues.

Figure 7.17: 1-PDF M, (m;,t) for longitudinal magnetization vector into the
relaxation process.
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Mz(To~U[To-6, T2 +65])

Mz r.v. [T]
251

200

MZ(T2~U[T2—E2 . T2+Eg])

- Mz = gy; muscle

y tls]
05 1.0 15 20 25 30

(a) E[M.] £1.96 - o, gray matter.

Mz (T5~U[ To-€5, To+65))
Mz r.v. [T]
251

20

15[ g . —— Mz(T2~U[T2-€2, Ta+E2])

Mz + gy, muscle

g t[s]
05 1.0 15 20 25 30

(b) E[Mzy] £1.96 - o, blood.

Figure 7.18: E[M,] £1.96 - o5, of the longitudinal magnetization vector into
the relaxation process.

I\:'1Z(T2~U[T2—EQ,T2+&_2])
Mz r.v. [T]

Mz(To~U[T2-€2, To+€2])

Mz + gy, muscle

Mz(To~U[T2-€2, To+€2])

-------- Mz + oy, gray matter

Mz(To~U[T2-€2, To+€2])

Mz *+ gy, blood

5 U]

0.5 1.0 15 2.0 25 3

Figure 7.19: E[M.]£1.96 - o), for different tissues into the relaxation process.
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Chapter 8

Introducing R.D.E.s in the
RF process.

This section shows the 1-PDF formulation for each equations involved in the
radio-frequency process both in the rotation and laboratory frames. After that
we show the results graphically the plots generated via Mathematica software.
In some RVs it was necessary a numerical integration to calculate the expecta-
tion and the variance. ’NIntegrate’ function with a high ’MinRecursion’ value
option was applied and several specific exclusions domains was required to
avoid errors. As well it was required to reduce the ’PlotPoints’ value below 30
units in some RVs. "Method’ option was set in automatic state.

8.1 7 r.v. initial magnetization condition.

Thus, we will assume 79 = My be a random variable and the system of differ-
ential equation (D.E.) (4.1), becomes a system of random differential equation
(R.D.E.).

Let 70 = My ~ N|pa,, o], (see chapter 6)), therefore the probability density
function (p.d.f.) of 79 RV of the Bloch equation into the RF process is defined

as
LMo = pagp )
1 2 0_7
I (mo) = ——=¢ Mo :
,/2%0%/[0

In order to show and present the achieved results we will consider pyr, = My
as the deterministic value proposed in the initial value problem (IVP) and oy,

103
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value as a dispersion of the mean fpz, value, thus o, = 0.1pa, .

8.1.1 Calculating the 1-PDF m,(n,).
We can calculate the my (n,) 1-PDF using Theorem [7, with X = Mo, Y = m,,

r(@) = my, s(y) = mo = —

sin (yBqt)’
87710
Fnon) = ) [ 572
Ny 2
1 sin(yBit) H Mo
fglng) = ——e \ O R S
e ,/2%0%40 sin(yBit) |’
Elm,] = / Ny fm, (Mg )dny, (8.1)
my
V{my] = /D (ny_ﬂmy)2fmy(”y)dny-
my

Figure shows 1-PDF fy,, (n,) magnetization vector in the rotating frame
into the RF process for a flip angle of § = 7. Figures and show the
mean and the variability of m,,.

8.1.2 Calculating the 1-PDF m_(n,).
We can calculate the m.(n.) 1-PDF using Theorem|[7] with X = My, Y = m.,

r(@) = m., s(y) = mo = —=

~ cos (yBit)’
amo
For = P01 [ 572
Ny 2
1 2 O Mo 1 ‘
m, (T = ———€ _,
Fome () 271'0]2\/[0 cos(yBit)
E[mz] = / nzfmz(nz>dna:a (8.2)
D,

VWAzLL<memmmm?
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Figure [8.] shows 1-PDF magnetization vector in the rotating frame into the
RF process for a flip angle of 6 = .

| pdf-myimg NI""D’ = [T and pdf - mzimg -N|,e.0,-~.0 T muscle!

pdf my(T,pdf mzT

(a) my(t),m=(t).

Figure 8.1: 1-PDF my(ny) and 1-PDF m;(n.) in the rotating frame 75 ~
Nlpiry, 01 Flip angle () = 7.

Figures [8:2] and show magnetization vector in the rotating frame into
the RF process for a flip angle of 6 = 7.
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my(Tg~M[tiry,0])

my r.v. [T]
35F
aof
2o my(to~Nigzy . 7,)
20 my + Oy muscle
15E
10F
05F _
- L | L . | | Y & [rad]
L 05 1.0 15 20 25 3.0
(a‘) my(t)ag
mZ(TD“-‘N[{J;—D:U;—D])
mz r.v. [T]
3 .
2F
9 ; mZ(TU"N[buTg ra]'g])
6 [rad] mz t g, muscle
F
_of
-3F —_
(b) m(t),0.
my(To~N[Hz .0 o ) T] and Mz (7o ~N[pizy .07, ) T] In @ RF pulse
my[T],mz[T]
3_-_..__.... sl
e my(1o~N[p/z, .0, )
1 my % O, muscle
: : & [rad] mz(Ta~N[Liy,07,])
05 1.0
-1f - MZ + Op; muscle
—2r
-3k |

Figure 8.2: E[m,] 4+ 1.96 - 0,,, and E[m_] £1.96 - 0y, into the RF process.
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— Magnetization vector evolution in the RF process (1y~N[uy,,07,]1): flip angle = 1T, muscle

(a) ma(t),my (t),m=(t).

Figure 8.3: Mean and variability of the magnetization vector (0, E[m,]+1.96 -
Om,, E[m;] £1.96 - 01, ) in the rotating frame.

8.1.3 Calculating the 1-PDF M, (m,).

We can calculate the M, (m,) 1-PDF using Theoremm, with X = My, Y = M,,
My

T(.’L‘) = My, S(y) = Mo

" sin (vBit) sin (yByt)’

8m0

Frtaio = Fao(s(ma)) ]

omy,
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My 2
1 [ sin(vBit)sin(vBot) H My
1 2
= e

O M, 1
Jur(me) = \/2mo3, sin(yBit) sin(yBot) |

V(M) = /D (1m0 — piag, ) for, ().

Figureshows 1-PDF M, (m;) of the magnetization vector in the laboratory
frame into the RF process for a flip angle of § = 7.

(pdf -z muscle)

Figure 8.4: 1-PDF M, (mg,t) in the laboratory frame.
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8.1.4 Calculating the 1-PDF A, (m,).
We can calculate the M, (m,) 1-PDF using Theorem |7} with X = My, Y = M,,
My

r(x) = my, s(y) = mo =

sin (yBit) cos (yBot)’

omy

Ity (my) = Fap(s(my)) ‘

omy,

D=

my 2
( sin(yB1t) cos(vBot) 'U’MO)

[T R — 7 :

M) /2W0%40 sin(yBit) cos(yBot) |’
E[M,] = /D mnyy(my)dmy, (8.4)
VL) = [ (g  fa, (my m,

Note that faz,(my) is graphically equivalent to fyr, (m;) only with a § phase
difference in wy.

Figure shows mean and variability M, (mg), My(m,) RVs in the labo-
ratory frame into the RF process for a flip angle of § = 7.

8.1.5 Calculating the 1-PDF M, (m,).
We can calculate the M, (m,) 1-PDF using Theoremm with X = My, Y = M.,
r(z) =mz, s(y) = mo :

~ cos (yBit)’

8m0

Pty = Fany((m2)) \

om,

. 2
B COS(;LBlt) — KMo
1 0 Mo
(&

N

1
fa.(mz) = \/ﬁ COS(VBlt)' )
E[MZ] = /D meMz (mz)dmz; (85)

VM. = /D (s — pag. 2 for () dm.
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MX( ID"N[.HID ’UID]]

MX(Tg~N[py,07,])

Mx £ oy, muscle

MY(rﬂ"'N[pmagtn])
My + gy, muscle

(b) My(t),0.

mx,my and mz(Tg~N[p/r, .07, 1)[T] in a RF pulse
my(T],mz(T]
S Mx(rﬂ"N[f‘maarﬂ])

........ Mx £ oy, muscle

. MY(rﬂ"N[pmlom])
-------- My + gy, muscle

—_— MI(TDHN[}ITD,O}“])
........ Mz £ gy, muscle

(c) Mo (t),M,y(t),M.(t),6.

Figure 8.5: E[M;(m,)] £1.960,, E[M,(m,)] +£1.960y, and E[M,(m.)]
+1.960, in the laboratory frame for 79 ~ Nz, 0r].
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(c) E[M,(my)] £ 1.960,, Bi* =10 - By.

Figure 8.6: E[M,(mg)] £ 1.960);, in the laboratory frame for different B; RF

pulse amplitude.
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8.2 B r.v. generated RF pulse.

Thus, we will assume B; be a random variable and the system differential equa-
tion (D.E.) (4.1)), becomes a system of random differential equation (R.D.E.).

Let By ~ N[up,,0B,], (see|chapter 6]), therefore the probability density func-
tion (p.d.f.) of By RV of the Bloch equation into the RF process is defined

as,
Sl
[, (1) = ———=¢ 75

[NIES

1 —

)
2
A /27031

In order to show and present the achieved results we will consider up, = B
as the deterministic value proposed for the generated pulse and op, value as
a dispersion of the mean pp, value, thus op, = 0.1up,.

8.2.1 Calculating the 1-PDF m,(n,).

We can calculate the my(n,) 1-PDF using Theorem 7}, with X = By, Y = m,,
arcsin %

r(x) = my, s(y) = b1 = T

by

any

.ony 2
arcsin ﬁ
_1 Ft KB
1 2 o'Bl 1
fmy (ny) = € )
9 2 2 _ 2
TOp, Y/ Ty — 1y

Eim,] = /D Ny frm, (N )dny, (8.6)

fwmzﬁmmw

VWA—(L(%—MfMNmWy

8.2.2 Calculating the 1-PDF m_(n,).

We can calculate the m,(n,) 1-PDF using Theorem |7}, with X = By, Y = m,,
arccos 2=
70

vyt

)

r(r) =mg, s(y) =b1 =

ob;
on, |

mwfhﬁmw
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arCCOSnfy 2
1(%‘%_“31)
1 2 °Bq _1
fm.(nz) = ——e —F—,

\/270 %, vty /TG — N2
E[mz] = / nzfmz(nz)dnza (8'7>

D,
Vimd = [ (e = . 12

8.2.3 Calculating the 1-PDF M, (m,).
We can calculate the M, (m;) 1-PDF using Theorem[7] with X = By, Y = M,,

arcsin Mg

() = g, 5(y) = by = ekt
b,
2
[ e (st ) — vtu,
f ( ) 1 ’ '}’tO’Bl .
(myg) = ——e |
M, \/@ vt/ T3 sinwgt? — m2
My
Mg

Figure shows magnetization RV, M, (m;), in the laboratory frame into the
RF process for different B; RF amplitude values an angle of 8 = 7.

8.2.4 Calculating the 1-PDF A, (m,).
We can calculate the M, (m,) 1-PDF using theorem 7} with X = By, Y = M,,

arcsin | —2z
70 cos(wot)

vt

r(z) =my, s(y) = b1 =

9

Ob;
omy

faty(my) = fBl(S(my))'
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2

) arcsin (7_()#&1)015)) — ’ytlLLBl
2

1 1B 1

e

fMy (my) = 9
\/27m0%, Yty /73 sinwgt? — m?

E[My] = /D mnyy(my)dmyv

v[M,] = /D (my — poas, )2 s, ().

Figure shows magnetization RV, M, (m,), in the laboratory frame into the
RF process for different B; RF amplitude values an angle of 8 = 7.

8.2.5 Calculating the 1-PDF M,(m,).

In the laboratory frame M, (m;) is identical to m,(n.) in the rotation frame
by definition.

Figure shows 1-PDF fyr, (m,) magnetization vector in the rotating
frame into the RF process for a flip angle of 8 = 7.

(8.9)
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Figure 8.7: 1 — PDF of M,(my), My(my), M.(m.) in the RF process. Labo-

ratory frame.
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8.3 DB r.v. magnetic flux density.

Thus, we will assume By be a random variable and the system of differen-
tial equation (D.E.) (4.1), becomes a system of random differential equation
(R.D.E.).

Let By ~ Nup,,0B,), (see [chapter 6)), therefore the probability density
function (PDF) of By RV of the Bloch equation into the RF process is defined

as,
()
1 2\ on
fBo(bo) = ——=¢ Bo

)
2
A /27‘(0'30

In order to show and present the achieved results we will consider pp, = By
as the deterministic value proposed for the generated pulse and op, value as
a dispersion of the mean pp, value, thus og, = 0.1up,.

8.3.1 Calculating the 1-PDF M,(m,).

We can calculate the M, (m;) 1-PDF using Theorem([7] with X = By, Y = M,,

arcsin Mg

7o sin(w1t)

vt

r(z) = mg, s(y) =bo =

by
omy

Pty = F0(s(ma)) \

2

arcsin <m$@lt)) — ytug,

N

1 Ytog, 1
sz m = ——€ ’
) \/@ yt\/ T sinwit? — m2
0
Dy,

V(M) = /D (Mo — 3t ) far, (g )dmg.
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8.3.2 Calculating the 1-PDF A/, (m,).
We can calculate the M, (m,) 1-PDF using Theorem 7} with X = By, Y = M,,

my
arccos | —=—7+—
70 sin(wit)

r(z) = my, s(y) = bo =

i

vt

b,
ot = Tt )

My

2

arccos Dy —~t
70 sin(wi t) LB,

N|=

1 ’thBl -1
fag, (my) = ———e ,
27r(7]230 vty /78 sinwyt? — ms
E[M,] = / my far, (My)dmy, (8.11)
Dy,

V(M) = /D (my — pia, ) Fag, (my)dimy.
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Chapter 9

Conclusions

Bloch equation based on MRI simulators were developed for optimizing MR
sequences, artifact detection, testing image reconstruction techniques, design
of specialized RF pulses and also for educational purposes. The hardware
computational technologies have advanced during the last decades but despite
mathematical modelling are necessary to accelerate and make accurate
simulations and imaging processes.

MRI is nowadays a very rapid process which is done in real-time. Neverde-
less, there are still unsolved problems in understanding how the quantitative
o dynamic alteration of magnetic field are involved. Researchers carry
on with the aim of accelerate it, making more and more efficent the MRI pro-
cess. Numerical simulation for solving the Bloch model can help in a better
understanding of such dynamic processes are affected inside our body and
organism. As well it is necessary to know about artifacts in real-time and also
for improving the quality images.

Apart from the controlled experiments with precise input data, numerical sim-
ulators can also be used to simulate various limiting experimental conditions
which are either improbable or difficult to reproduce in experiments.

The cost of a MRI diagnostic test is around 150€ and time-processes are be-
tween 10-20 minutes each one depending on the complexity of the test. There
are more and more medical request for these technology in order to interpret
and improve a diagnostic, therefore the time reduction process is a great value
for saving money. Do not forget the future perspectives around the MRI which
remains as a non-invasive technique.
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All thinks considered, mathematician have the opportunity to contribute and
research in this field for the following decades.

In this way we decided to introduce variability into the MRI and cal-
culate the 1-PDF of all Bloch equations, both into the relaxation time and
into the RF pulse process, thus we can contribute to design components such
as coils, pulses, gradients and other parts of the integrated MR based on pre-
dicting contrast, resolution or determining SNR.

Accurate simulation of the initial value problem (IVP) is a chal-
lenging due to the very tiny steps, the fine spatial resolution, the gradient
field shapes (non-smooth gradients) or the originated perturbations fields this
is a great reason to consider the IVP with uncertainties. Perturbations and
minor physical effects in a very short time increases randomness.

Furthermore, if we consider 75 as a random variable (see Sections and
2.3]), it could be considered as a mixture of tissues. Figure shows variabil-
ity into Mg, considering 75 as random variable.

As we showed T7 and T5 relaxation times are experimental values (see sec-
tions and , which have internal variability for some physical and
chemical properties. Therefore, we can suppose to be random variables.

As well, it would be interesting to consider the variability of the random vari-
ables involving the Bloch model to achieve better results in the TE and TR
selection parameters, predicting the contrast, resolution and SNR. See Figure
9.0l

Introducing variability into the RF pulse process inform us about IVP of the
magnetization vector and its error position. In (remember figures
and where we shown magnetization vector variability) we have introduced
this variability into the flip angle which determine the initial position of the
relaxation time. Bear in mind this is a very short process and impact directly
in the TR and TE times selection.
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Figure 9.1: Variation of contrast, T and spatially varying image.
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As we show in Figure[0.2] the error between means and deterministic values
from Bloch equation can be neglected.
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Figure 9.3: My, (myy) error for My rv.

Figure shows the spin density weighted which affect to the SNR and
the selection of TR and TE times.
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Figure 9.4: E(M,) £+ oar,, My rv. Blood tissue.

Dealing with the RF process we can show in Figures[8.2] and [8.3| that initial
condition My treated as a random variable will affect in the flip angle position,
f, and so on into the consequent IVP, M of the relaxation process.
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Beyond this, Figure shows the consequent persistent rise of variation if
we increase the B; RF pulse amplitude.

To finish this work we attach all 1-PDF of random Bloch equations in order
to provide an easy location and understanding.

Table 9.1: far, (mg). Relaxation process.

RV Mz(my) 1-PDF Relaxation process

2
mzetrg

sin(yBot) H Mo

1
1 ? 0 My
Mo My (my) = ——=¢
2%012\/10

tTo ‘

sin(yBot)

2
1 ; mg StT2) ) _
~f arcsin (Mge )) 1B,

1 5o

NI

etTQ

B = —
o\ ey vt (gpe)
Mo

Table 9.2: fis, (my). Relaxation process.

RV M,(my) 1-PDF Relaxation process
myetTQ 2
1| cos(vBot) HeMo
B R
1 O M, el
M = — -
0 fary(my) o2 € COS(’)/Bot)‘
\V Mo
2
1 % arccos (%em)) — B,
B f 1 _2 0 By _etTQ
0 | Sy = g 2
B
° ytMoy /1 — (%6”2)
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Table 9.3: fu,, (May). Relaxation process.

RV My (myy) 1-PDF Relaxation process
L (Mxyet” — Ky > ’
Mo IMxy (may) = #6 2 7 Mo e
A /27r<7]2\/[O
Ta~ UlTs — €2, T + €] Moy (may) = 2i %
€2 | Mgy log Moy

Table 9.4: fr, (my). Relaxation process.

RV M,(m,) 1-PDF Relaxation process
P 2
L (177:77—115) - MMO
1 g M, 1
To I m) = ¢ P
27TUMO
Ty U — e, T1 + 1] Far(m2) = — !
~ — €1, € (my) = — —
1 1 1,11 1 M, z 261 (7_0 _mz) log2 (%)
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Table 9.5: f,, (ny). RF process. Rotation frame.

RV ‘ my(ny) 1-PDF RF process. Rotation frame

N|=

Ty 2
- (Si“(vBlt) _ MMO)
1 O M,

70 fmy (ny) = € °

2
2ro Mo

arcsinﬁ—y 2
0
_1| T By
1 2 7By 1
B:1 | fm,(ny) = ————c¢

210}, Yty /76 —n2

Table 9.6: fi,.(n.). RF process. Rotation frame.

RV ‘ m.(n,) 1-PDF RF process.Rotation frame
N, 2
1 (C"S(VBM) _ MMO)
1 2 oM, 1 '
70 | fm.(ny) = ——e
ms (1) 202, cos(yBit)
0
arccosfy 2
1 (%m_”Bl)
1 2 7By _1
B1 | fm.(n:) = ——e ——
2%0%1 Yty /16 — N2
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Table 9.7: fur, (mg). RF process. Laboratory frame.

RV ‘ M;(m,) 1-PDF RF process. Laboratory frame
Mg 2
1 sin(yB1t)sin(yBot) HeMo
Fap () = 1 ? O My 1
o Mo AT ) = Vo2 ‘ sin(yB;t) sin(yBot)
My
. m 2
) arcsin (770 Sin(”wl t)> —ytup,
1 2 ~ytop, 1
Bo | fum, (ma) = ——c¢ .
’ 210, vt/ sinwt? — m2
. m 2
) arcsin (m) —ytup,
1 2 ~ytop, 1
B1 | fu,(mg) = ——¢ .
\/ 270, yt\/ ¢ sinwot® — m2




129

Table 9.8: fas,(my). RF process. Laboratory frame.

RV ‘ My(m,) 1-PDF RF process. Laboratory frame
my 2
1 sin(yBit) cos(yBot) HeMo
) = ———e T 1
T my) = ——e
0 My Ty 202, sin(yBit) cos(yBot)
0
m 2
) arccos (m) —ytup,
1 2 ~ytop, 1
Bo fMy (my) €
27701230 vt Tg sin? w12 — my
. m 2
) arcsin (770 Cosé’wo t)> —vtup,
1 2 ~ytop, 1
B: fMy (my) €
2770%,1 ~t \/ 73 cos? wot — m?

Table 9.9: fur,y(Mmay). RF process. Laboratory frame.

RV ‘ Mgy (mgy) 1-PDF RF process. Laboratory frame

o ‘ the same as f,, (ny)

B: ‘ the same as fi,, (ny)
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Table 9.10: far, (m;). RF process. Laboratory frame.

RV ‘ M.(m,) 1-PDF RF process. Laboratory frame

ms, 2
1 cos(yBit) — KMy
1 ? O M,
= e

1
I el

B, ‘ the same as fp,.(n.)
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