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Abstract
The possibility of modulating the ultrasound beam produced by a transducer through lenses has
become an important task. The fact that these lenses are flat, facilitates their design, construction
and applications. If, in addition, the design itself incorporates geometries that affect differently the
foci profile on the axial axis of the lens, improvements become more significant. In this work the
design of a flat lens based on a Polyadic Cantor fractal geometries is presented. The influence of the
so-called fractal dimension on the modulation of the ultrasonic beam to obtain the foci is analysed.
In this paper, experimental results under controlled conditions are presented. The numerical solutions
obtained have been validated.
Keywords: polyadic cantor sets, fractal, lenses, ultrasounds

1. Introduction

In many fields of science, the ability to mod-
ulate energy beams is a requirement. Due to its
potential applications, one way to passively mod-
ulate the wave front and therefore the energy, are
lenses which achieve this objective using differ-
ent physics phenomena. Based on geometric op-
tics, lenses use concave-convex surfaces to focus
energy [1]. Another type of lens based on struc-
tures such as periodic systems or cylinders have
also been developed [2, 3]. In the last years, an-
other type of lenses with flat faces have been de-
veloped. They achieve the same effects as conven-
tional lenses [4–6]. In the acoustic field, specifi-
cally in ultrasounds, flat lenses allow the focusing
and modulation of the pressure beams facilitat-
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ing the use of different transducers [7, 8]. Fractal
geometries are suitable for modulating and focus-
ing beams. These geometries have been used in
several fields of science and engineering in order
to describe some phenomena that occur in these
areas [9, 10]. In optics and electromagnetism,
lenses based on fractal geometries have been im-
plemented due to their self-similarity focusing ca-
pabilities [11–13]. In acoustics, fractal distribu-
tion of rigid cylinders embedded in air enabled
higher attenuation bands than a periodic distribu-
tion [14, 15]. In this work, planar lenses based on
fractal geometries are presented. Numerical mod-
els have been validated by experimental measure-
ments in controlled conditions. A fractal struc-
ture based on a Cantor set is constructed by split-
ting the initial segment in several identical parts.
The ratio between the initial segment and the
number of split parts is called scaling factor (r).
When this ratio is between 0 and 1/2, this struc-
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ture is denominated Generalized Polyadic Can-
tor Sets (GPCS). The nature of the Cantor set is
maintained but different fractal dimensions (D)
are obtained and these lenses are called Polyadic
Cantor Fractal Lenses (PCFL)[16].

The paper is organized as follows: First, we
explain the numerical model (FEM) to the case
analysed here. Afterwards, the experimental set-
up used to validate the numerical results is pre-
sented. Numerical results as well as the compari-
son with the experimental ones are analysed and
discussed in the next section. Finally, the last sec-
tion contains the concluding remarks, where the
results are summarized.

2. Material and methods

Before designing the lenses, implementation
limitations must be taken into account. First,
mechanical construction limitations have to be
considered. The number of times that the ini-
tial segment is split (stage, s) is other limitation
due to the small slit that can not be milled. It can
also be noted that for the diffraction phenomenon
to occur, sizes comparable to the wavelength, λ ,
must be considered. It can be observed in Fig.1a
a fractal at stage 2 with central gap (gc) value
of gc = 0.4(1 − 4r), where r is the scaling fac-
tor [17]. The gap between blocks of elements when
the stage is increased is called ε. In this figure,
the complete set of fractal elements obtained is
shown. The lens can be obtained with a rotation
of π on the axis normal to the XR plane (Fig. 1b).

Fractal dimension, D, can be understood as a
measure of the space-filling capacity of a pattern
that reveals how a fractal scales differently from
the space it is embedded in and it is given by:

D = − ln 4

ln r
(1)

In this work, the influence of D in three differ-
ent PCFLs and their corresponding beam confor-
mations is presented. For manufacturing reasons,
the values of D chosen were D = 0.80, 0.85 and
0.90. Lenses have been mechanized by using 1

mm thick brass plates. An example of the lenses
implemented for the experimental measurements
is shown in Fig. 1c. The radius of the lens (R) is
12 cm.

The commercial software COMSOL Multi-
physics is used to study the physical phenomena
involved in the interaction between the ultra-
sound waves and the PCFL immersed in water,
by means Finite Element Method (FEM) [18].
For this purpose, it is necessary to define the
geometry, discretization the domain and solve
the Helmholtz given in equation (2).

∇
(
−1

ρ
∇p

)
=

ω2

ρc2
p (2)

Where the water density (ρ) is 1000 kg/m3 and
the sound propagation velocity, c, is 1500 m/s.
The working frequency (f ) of the PCFLs is 250
kHz and the angular frequency (ω = 2πf). Finally,
p represents the acoustic pressure.

As it has been presented in previous works [19,
20], the following boundary conditions have been
defined: the PCFL is considered infinitely rigid
marking the contours of the elements applying
the Newmann condition (the sound velocity in the
contour is zero). The contours of the model are
defined as wave radiation condition boundaries to
emulate an infinitely large medium and therefore
the Sommerfeld condition is satisfied. The axis of
rotation is defined as axis of axisymmetry to sim-
ulate the 2π rotation that makes up the PCFL in
3D. In Fig. 2a, the scheme of the model imple-
mented in FEM is shown.

Lenses have been measured by using an im-
mersion ultrasound high precision system pro-
vided by the Centro de Tecnologías Físicas at
the Universitat Politècnica de València in order
to validate and compare the proposed models as
explained in previous works [21].

The measurement system is composed by a
fixed emitter and a hydrophone coupled to the
robotic system. This system obtains reliable and
precise results that allow evaluating the acoustic
phenomena involved in this type of lenses. As
shown in Fig. 2b, the lens is immersed in a tank
of distilled water.
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Figure 1: Schematic section diagram of the generation for (a) Polyadic Cantor Fractal Lens (PCFL) with stage 2 (s=2).
The gc is the width of the central gap and ε is the width of lateral gap. (b) Generation of the PCFL. (c) PCFL lens
considered and implemented in brass.

Figure 2: (a) Schematic diagram of the configuration simulated in the numerical domain where the solution are obtained.
(b) Experimental Set-up

A plane immersion piston transducer built by
Imasonic with 250 kHz of central working fre-
quency and an active diameter of 32 mm has been
used as emitter. The hydrophone is a Polyvinyli-
dene fluoride (PVDF) needle transducer (model
MPM1/1, Precision Acoustic Ltd.) and has a di-
ameter of 1.5 mm with a flat transfer function
between 0.2 and 15 MHz ±4 dB. It has been
used as receiver. Acoustic waves emitted by the
piston transducer are detected by the needle hy-

drophone. The pre-amplifier is used to amplify
with low noise the hydrophone input signal be-
fore it is digitalized by the oscilloscope. This
PC oscilloscope is a digital Picoscope Model 3224
from Pico Technology Co. When the data ac-
quired are received by the computer, a time do-
main averaging with 100 different measurements
is realized. The acoustic plane is obtained by au-
tomated scanning using steps of 1 x 1 mm2.
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Figure 3: PCFLs implemented in brass (a) D=0.80, (b) D=0.85, (c) D=0.90; It is observed that when the fractal
dimension increases, the PCFL becomes more opaque.

3. Results

The influence of the fractal dimension param-
eter D on the modulation of the ultrasonic beam
produced by the PCFL is analyzed. For this, a
fractal dimension of value 0.80 is taken as start-
ing point. The lens designed in metal with this
fractal dimension is shown in the Fig. 3a, and
Fig. 4a shows the numerical result obtained by
the simulation model performed with FEM. It is
observed that the main focus is located around Z
= 8λ of the center of the PCFL. This bulb has an
absolute acoustic pressure in the order of 150% of
the acoustic pressure emitted by the piston. Sec-
ondary foci are also seen near the PCFL, although
these are of low power.

In the PCFL, two zones can be distinguished
that will influence the modulation of the ultra-
sonic beam. These are the central hole, which is
controlled by the central gap factor gc and the
intermediate ring, whose width is defined by ε.

Maintaining the size of the PCFL (radius 12
cm), when the width of the central gap and that
of the lateral gap diminish, the fractal dimension
D increases, causing the PCFL to become more
opaque to the incident beam, then the diffraction,
of each zone at stage 2, contributes to a focal-
ization at different points. This fact produces a
multi-foci profile in the nearfield. Therefore, when
the fractal dimension of the designed lens, shown
in Fig. 3b, acquires the value D = 0.85, the power

of the focus that was located in Z = 8λ decreases,
and the secondary approaches become more rel-
evant. Therefore, the energy is distributed along
the longitudinal axis Z. The intermediate ring has
a diffraction edge that contributes to the closest
area of the PCFL. The numerical result corre-
sponding to this case, is shown in Fig. 4b.

When the fractal dimension increases to the
value D = 0.90, shown in Fig. 3c, the width of
the nearest transparent zones is less than λ/2 of
the signal. In this situation, the transmitted sig-
nal has been filtered and a well defined multi-focus
has been achieved in the nearfield, as can be seen
in the numerical result shown in Fig. 4c. As the
central and lateral gaps of the PCFL are closed,
a tendency to the periodicity of the transparent
zones occurs, producing a change in the way in
which the PCFL modulated the ultrasonic beam
emitted by the piston. It is important to high-
light it, the effect is similar to those in optics and
signal processing with the phase apodization of
aperture.

The numerical results obtained with FEM
have been reproduced in controlled conditions
following the set-up explained above. The figures
4d, 4e and 4f show the results obtained for the
three cases analyzed in numerical form: D =
0.80, 0.85 and 0.90, respectively. This experimen-
tal set up have been used successfully, providing
experimental results in good agreement with the
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numerical or analytical predictions obtained us-
ing the piston wave. The numerical simulations
presented, supported by accurate experimental
results allow us to validate the model.

4. Conclusions

In conclusion, three lenses based on Polyadic
Cantor sets with three different fractal dimensions
have been implemented. In addition, numerical
models based on FEM have been validated. The
results are in quite good agreement. PCFLs al-
lows multi-foci beam profile with focal length vari-
ations depending on the fractal dimension. One
of the benefits of these lenses is that can be built
to work under several frequencies, other flat lenses
are design and built for a single frequency. If the
frequency is increased holding D, the focus shifts
away. Such structures can be used in acoustics
as phase apodization structures are used in op-
tics and signal processing. In such a way, this
type of lens construction opens another typologi-
cal domain of flat lenses in the ultrasonic field for
applications such as biomedical engineering.
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Figure 4: Absolute pressure maps normalized to λ: Numerical solutions (a) D=0.80, (b) D=0.85, (c) D=0.90. Experi-
mental results: (d) D=0.80, (e) D=0.85, (f) D=0.90
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