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ABSTRACT
This Final Masters Project is oriented to the acoustics field, focusing on the
sound attenuation properties of an exhaust system for vehicles, putting special
attention on the monolith and its behaviour. The software used to simulate
these phenomena is called Comsol Multiphysics and it is a finite element-based
program. The core object of study is the catalyst which contains the monolith
but in the automotive industry, catalysts were not originally designed for noise
control but for environmental and pollution purposes. With constant interest for
development in the automotive industry and massive monetary input, the
industry used the current pollution controlling catalyst to adjust to certain noise
control parameters and here is where this branch of study began.
In this project there are two differentiated parts, one being simulation and FE
modeling and the other experimentation. Regarding the FE part, many different
models were simulated varying many parameters individually to see their effect
on the overall system. Such parameters are monolith resistivity, monolith
length, pipe positioning and inlet-outlet chamber geometry. To aid the plot
generating phase, an automatic program (script written in Matlab code) was
created, which allowed a fast processing of the big amount of data. Also, a
model without monolith was generated to see and verify the effectiveness of
this element and its true noise attenuation properties. It is to mention that
these studies have a previous base coming from the Final Masters project of a
fellow colleague of the university, who studied the effect of modelling the
monolith as a unidimensional transfer function (3D-1D) instead of a
conventional 3D model. The whole modelling process is detailed thoroughly so
any novel user can replicate the studies here carried out.
Regarding the experimental part, six different geometries are essayed at the
research centre at the Universitat Politècnica de València obtaining attenuation
curves. These then are compared with the FE model of this geometry and
compared to see how good the fitting and to verify the accuracy of the FE
software Comsol. An exhaustive explanation of the test bench setup is carried
out. The project ends with the comparison of these experimental and emptymonolith cases and a detailed study of the results. Also, some conclusions are
extracted from this project.

KEYWORDS
Acoustics, monolith, catalyst, Comsol Multiphysics, attenuation, finite element
method, test bench.
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RESUMEN
Este Trabajo de Fin de Máster está orientado hacia el campo de la acústica
centrándose en las propiedades de la atenuación acústica de un dispositivo de
escape para vehículos, prestando especial atención en el monolito y su
comportamiento. El software que se ha utilizado para simular este fenómeno es
Comsol Multiphysics y es un programa que se basa en el método de los
elementos finitos. El objeto de estudio es el catalizador que contiene el
monolito, pero en la industria automovilística, ya que los catalizadores se
diseñaron originalmente para el control del ruido, sino con fines
medioambientales y con la finalidad de reducir la contaminación. Con un
constante interés en el desarrollo de la industria automovilística y una gran
aportación económica, la industria utilizó el catalizador actual que controla la
contaminación para ajustarse a ciertos parámetros de control del ruido, y así es
como esta rama de estudio surgió.
Este proyecto tiene dos partes diferenciadas, estando la primera enmarcada en
el ámbito de la simulación y modelado mediante el método de los elementos
finitos, y la segunda relacionada con la realización de medidas experimentales
en un banco acústico de ensayos.
En cuanto a la parte de los elementos finitos, se ha desarrollado una
metodología completa en Comsol para la predicción del comportamiento
acústico de dispositivos de escape con monolito variando parámetros
individualmente para ver el efecto en el sistema general. Dichos parámetros
son la resistividad del monolito, la longitud de dicho monolito, el
posicionamiento de los diferentes conductos y la geometría de la cámara de
entrada y salida. Para ayudar a la fase de generación de las gráficas se creó un
programa automático (secuencia de comandos escrita en el código de Matlab)
lo que permitió un procesamiento rápido de la gran cantidad de datos. Además,
se generó un modelo sin monolito para ver y verificar la efectividad de este
elemento y sus verdaderas propiedades de atenuación del ruido. Cabe
mencionar que estos estudios tienen una base previa proveniente del Trabajo
de Final de Master de un compañero de la universidad, que estudió el efecto de
modelar el monolito como una función de transferencia unidimensional (3D-1D)
en lugar de un modelo 3D convencional. Todo el proceso de modelado se
detalla a fondo para que cualquier usuario nuevo pueda replicar los estudios
que aquí se llevan a cabo.
En cuanto a la parte experimental, se ensayaron seis geometrías diferentes en el
centro de investigación de la Universitat Politècnica de València con el fin de
obtener la atenuación sonora en un banco acústico de ensayos. Posteriormente,
se compararon con el modelo de elementos finitos de estas geometrías para ver
cuán bueno es el ajuste y para verificar la precisión del software Comsol de
elementos finitos. Además, se lleva a cabo una explicación exhaustiva de la
configuración del banco de pruebas. El proyecto finaliza con la comparación de
estos casos experimentales y del monolito vacío. Además, el trabajo finaliza con
un análisis de resultados y las conclusiones más relevantes.

PALABRAS CLAVE
Acústica, monolito, catalizador, Comsol Multiphysics, atenuación, método
elementos finitos, banco de ensayo.
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RESUM
Aquest Treball de Fi de Màster està orientat cap al camp de l’acústica centrant-se
en les propietats de l’atenuació acústica d’un dispositiu d’escap per a vehicles,
posant especial atenció en el monòlit i en el seu comportament. El software
emprat per a simular aquest fenomen és Comsol Multiphysics, un programa que
es basa en el mètode dels elements finits. L’objecte d’estudi és el catalitzador
que conté el monòlit, però en l’industria automobilística, ja que els catalitzadors
no es dissenyaren originalment per al control del soroll, sinó amb fins
mediambientals i amb la finalitat de reduir la contaminació. Amb un constant
interès en el desenvolupament de l’industria automobilística i una gran aportació
econòmica, la indústria va utilitzar el catalitzador actual que controla la
contaminació per ajustar-se a certs paràmetres de control del soroll, i així és com
va sorgir aquesta branca d’estudi.
El projecte té dos parts diferenciades, la primera part és una simulació i un
modelatge mitjançant elements finits, i la segona està relacionada amb
l’experimentació. Quant a la part dels elements finits, es varen simular diferents
models variant paràmetres individualment per veure l’efecte en el sistema
general. Aquests paràmetres són la resistivitat del monòlit, la longitud del
monòlit, el posicionament dels conductesi la geometria de la càmera d'entrada i
eixida. Per ajudar a la fase de generació de la gràfica es va crear un programa
automàtic (script escrita en el codi de Matlab), el que va permetre un
processament ràpid de la gran quantitat de dades. A més, es va generar un
model sense monòlit per veure i verificar l'efectivitat d'aquest element i les
propietats d'atenuació del soroll. Cal dir que aquests estudis tenen una base
prèvia provinent del Treball de Final de Màster d'un company de la universitat,
que va estudiar l'efecte de modelar el monòlit com una funció de transferència
unidimensional (3D-1D) en lloc d'un model 3D convencional. Tot el procés de
modelatge es detalla a fons perquè qualsevol usuari nou puga replicar els estudis
que ací es duen a terme.
Pel que fa a la part experimental, s'assagen 6 geometries diferents en el centre de
recerca de la Universitat Politècnica de València obtenint resultats en forma de
pèrdua de transmissió. Posteriorment, es van comparar amb el model d'elements
finits d'aquesta geometria per vore com de bo és l'ajust i per verificar la precisió
del programari COMSOL d'elements finits. Es porta a terme una explicació
exhaustiva de la configuració del banc de proves. El projecte finalitza amb la
comparació d'aquests casos experimentals i del monòlit buit. A més, s’estudien de
forma detallada els resultats i s’extrauen les conclusions més rellevants d’aquest
projecte.

PARAULES CLAU
Acústica, monòlit, catalitzador, COMSOL Multiphysics, atenuació, mètode element
finit, banc d'assaig.
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1. Objective
This Final master project has per objective the establishment of a methodology that can allow
a novel user of FE software to model the acoustic behaviour of a catalyst containing a noise
attenuation device called monolith. These types of exhaust systems are usually installed on
vehicles that run on an alternative internal combustion engine, mainly diesel fuelled ones. This
methodology will show how to simulate a real, physical part in a finite element software called
Comsol Multiphysics and furthermore, extensive studies will be carried out showing the
influence of many different geometrical and ambient variables. The hypothesis assumed for
modelling the monolith is adopting a unidimensional transfer function instead of the
traditional 3D modelling.
Secondly, moving into the experimental part of the project, a detailed explanation of how the
test bench and all its components work will be offered as well as the software (LabView) and
mathematical equations dictating the software. Once the experimental set up is explained it
will be put to the test by essaying six different geometries and comparing them to their
Comsol simulation counterpart. This comparison will establish the accuracy of the
experimental measurements as the finite element software.
Finally, conclusions will be extracted regarding both the experimental and simulation parts.

2. Scope
Required for the complete development of this project were three different softwares. The
first Comsol Multiphysics, which is the finite element program. MathCad is also used for aiding
Comsol in some property definition. The last software required is Matlab which is basically
used for automating the plotting tasks. The mechanical engineering and materials department
has provided this project with numerical and analytical codes developed by the investigation
team.
The fundamental idea is to verify that the methodology followed using Comsol is accurate and
matches with real life components. Also, modifying certain geometrical parameters will be
examined and the results will show which configuration or which parameter setting is optimal
for certain performance conditions. Main focus has been put on the positioning of the entry
and exit pipes, especially when talking about optimum off-centre.
Out of the scope of this project is the individual study of certain variables that could affect the
noise control behaviour, such as thermal related properties, porosity and the size and shape of
the capillary belonging to the monolith. Also, the scope of this project is framed within the
conclusions of the final master project of a fellow colleague from the same department. In his
project Contribución al modelado y simulación acústica mediante elementos finitos de
dispositivos con monolito en sistemas de escape de vehículos Ricardo García Sanz de Larrea
does a study comparing different ways of modelling the monolith element. As a conclusion of
his work, it was shown that modelling the monolith as a unidimensional transfer function
13

offered more accurate results. So out of scope stands the other manner of modelling the
monolith, as a 3D component.

3. Justification
The research group from the Departamento de Ingeniería Mecánica y de Materiales as done
numerous projects related with acoustics of noise control system, their behaviour and finite
element use in the resolution of these problems. Therefore, we can state that the group of
professionals that comprise this research centre is highly qualified and well-suited for the task
of modelling and characterizing the acoustic behaviour of exhaust systems. The professionals
mentioned have worked for years on the development, implementation and validation of
numerical, computational software based on solving three-dimensional wave propagation
problems.
These problems have been mainly focused on geometry and its modification and optimization
but on another level lies the, more complex cases such as thermal properties, average flows
and mainly any property dependant of temperature [6], [3], [12]
It is well known that the acoustic attenuation comes mainly from the mufflers but other
devices such as catalysts and particle filters can also play a key role in noise control. This is the
reason behind the increasing interest in the study and optimization of these devices.
In order to reduce computational cost, traditionally, analytical solution-based techniques have
been developed although this limits the geometrical spectrum of possibilities. A solution given
to this problem is the use of hybrid methods between analytical and numerical [1], [2], [5].
The main function of the catalyst is not to improve the acoustic behaviour of the exhaust
system in whole but to reduce or mitigate other problems such as pollution and environmental
contamination; although this does not take away the influence it has on noise control [4].

4. Introduction
4.1. Catalysis
Catalysis is the process by which the speed of a chemical reaction is increased, due to the
participation of a substance called a catalyst, and those that deactivate catalysis are called
inhibitors. An important characteristic is that the catalyst’s mass does not change during the
chemical reaction, which differentiates it from a reagent, whose mass decreases throughout
the reaction.
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4.2. Catalyst
The catalytic converter or catalyst is a component of the alternative internal combustion
engine and Wankel that serves for the control and reduction of harmful gases expelled by the
internal combustion engine. It is used in both the gasoline and Otto cycle engines and, more
recently, in the diesel engine. The catalytic converter is a very important application of
catalysis.
They are substances that in small quantities can modify the reaction speed without suffering
an alteration.
There are two types of catalyst:
If the catalyst is positive, it accelerates the reaction speed and decreases the activation energy.
If the catalyst is negative, the reaction rate decreases and the activation energy increases.

4.2.1. Constitution
It consists of a ceramic mesh with lengthwise channels covered with noble materials such as
platinum, rhodium and palladium, components located in the exhaust, upstream to the
silencer.

4.2.2. Functioning
Hydrocarbons (HC) and carbon monoxide (CO) before being expelled through the exhaust, are
converted into carbon dioxide and water vapour. Nitrogen oxides (NOx) are dissociated into
molecular nitrogen (N2), the main constituent of atmospheric air, and oxygen O2. For these
dissociation reactions to occur, the catalyst must be at a temperature of 500ºC.
In the combustion that occurs in an engine, gases are generated, and some are harmful, and
others are not. Nitrogen, carbon dioxide and water vapour are not harmful directly to people.
The harmful gases depend on the composition of the mixture, that is, the lambda factor. If the
operation is with rich mixture (excessive fuel in relation to the amount of air) unburned
hydrocarbons appear. If it is with a poor mixture (little fuel) nitrogen oxides are generated.
However, due to the impossibility of totally controlling the combustion process, noxious gases
continue to be generated. To reduce it (up to 75%) there is a catalyst. This is located very close
to the exhaust manifold (so that the gases exit at, at least, 500 ° C).
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4.3. Composition
The catalyst is composed of platinum, rhodium and palladium and when the harmful gases are
put in contact with it, chemical reactions are generated and accelerated that decompose and
oxidize these gases transforming them into gases that are harmless to the environment.

4.3.1. Functioning in closed cycle
The efficiency of the catalyst depends on the fuel / air ratio being closest to stoichiometric and
that is why the efficiency of the catalyst depends on the correct functioning of the lambda
probe. This is the responsibility of the engine control unit.

4.3.2. Double reaction
In a double-reaction catalyst, used mostly in the diesel engine, two simultaneous reactions
occur: Oxidation of carbon monoxide to carbon dioxide: 2CO + O2 → 2CO2
Oxidation of unburned or partially burned hydrocarbons to carbon dioxide and water: CxH2x +
2 + [(3x
+ 1) / 2] O2 → xCO2 + (x + 1) H2O
This type of catalyst is used in diesel engines because they work with excess oxygen,
generating very high rates of nitrogen oxides incompatible with the noble metal that
dissociates them.
In these engines the NOx is eliminated with the recirculation of exhaust gases (EGR).

4.3.3. Triple reaction
Three simultaneous reactions occur in a three-way catalyst:
Reduction of nitrogen oxides to nitrogen and oxygen: 2NOx → xO2 + N2
Oxidation of carbon monoxide to carbon dioxide: 2CO + O2 → 2CO2
Oxidation of hydrocarbons not or partially burned to carbon dioxide and water: CxH2x + 2 +
[(3x + 1) / 2] O2 → xCO2 + (x + 1) H2O.
The oxidation of the unburned is in the presence of platinum, while the process of oxidation of
carbon monoxide and reduction of N2 occurs in the presence of rhodium, or other catalysts
such as zirconium or palladium, cheaper than rhodium, but less efficient.
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In this second phase the real reaction is 2CO + 2NO → 2CO2 + N2
These catalysts belong to the Otto cycle engines since the proportion of NOx is much lower
than in diesel, not working with excess oxygen. For optimum performance, dosing should be
close to stoichiometric.

5. Physical Fundamentals
In order to start introducing the physical fundamentals, we must consider that this project is
based on acoustics, wave propagation and catalysts, so it would be interesting to see what
each of these terms are, how they will affect the development of the project and further
characteristics.

5.1. Wave Equations
5.1.1. Introduction
First, let us introduce the term acoustics, as it could be said to be the entire field of knowledge
that englobes this present project. Acoustics is the science that studies sound, its causes,
sources and its propagation throughout any medium. Now to clarify what a source could be, it
can be defined as any energy form that vibrates or moves. Then, to cut down to the definition
of propagation, it can have two or more typologies. Open regions, and this is self-explaining,
for example the outdoor world in which we live where a bird chirps or a plane flies through the
sky. Contrary to open regions we have closed regions, such as rooms, cabins, pipes… As the
reader can predict, this project is under the closed region types of propagation.
Sound is due to a pressure perturbation in an elastic environment with the ability to compress.
The perturbation is originated at the source which makes the adjacent atoms vibrate. This
vibration carries out to all atoms partnered until the energy implied comes to null.

Illustration 1. Wave length vs pressure increments plot
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Where the actual wave length is λ, c is propagation speed and f is frequency.

5.1.1.1. Types of waves according to particle movement
Basically, there are two manners of classifying waves by particle movement:
•

Lengthwise waves: characterised by having particle movement or displacement in the
same direction as perturbation propagation. These types of waves can spread through
all solid, liquid and air environments.

•

Transversal waves: particles can vibrate perpendicular to propagation movement. This
can only happen in solid objects because there is a need of shear stresses to carry out
the movement. Another fact is that there must be viscosity in the medium to have
these waves. An example if this phenomenon is having a rope and tying one end so it
cannot move. Grab the other end and move it up and down. The perturbation created
is a up to down movement but as it can be seen, the wave is propagating lengthwise to
the fixed end of the rope.

5.1.1.2. Progressive, regressive and stationary waves
The total sound field is a combination of regressive and progressive waves. This statement will
be clarified once both of these terms have been discussed. So first of all, a progressive wave
has the peculiarity of having propagation in the growing direction of the studied coordinate
and on the contrary, the regressive wave has propagation in the descendant direction of the
studied coordinate. In order to understand these concepts, refer to illustration 2. The
mathematical expression for the progressive wave can is equation (1) and the regressive wave
is equation [2].
𝑓 (𝑐 𝑡 − 𝑥)

(1)

𝑔 (𝑐 𝑡 + 𝑥)

(2)
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Illustration 2. Progressive and regressive waves

In some circumstances combining a progressive wave and a regressive wave can produce a null
net energy transport outcome, which in this case is called as a stationary wave.

5.1.1.3. Characteristics of acoustic propagation
The three main characteristics to work with will be pressure, density and speed.
Pressure (Pa) →𝑃𝑇 = 𝑃0 + 𝑃

(3)

Density (𝑘𝑔⁄𝑚3 ) →𝜌𝑇 = 𝜌0 + 𝜌

(4)

Speed (𝑚⁄𝑠) →𝑈𝑇 = 𝑈0 + 𝑈

(5)

Average values: 𝑃0 , 𝜌0 and 𝑈0
Acoustic values: P, 𝜌 and U
Total values: 𝑃𝑇 , 𝜌𝑇 and 𝑈𝑇
In all cases studied, average values are going to be bigger than acoustic values. If we now refer
back to speeds, in the case where having 𝑈0 = 0, then medium is at rest. Elsewise there is a
flow of energy, common in pipes, exhaust systems…
Another two important variables to consider when defining a wave are frequency and wave
length, both mentioned previously. To keep explanations short, frequency is the number of
cycles per second and it is measured in hertz and wave length has been talked about in the
introduction of this segment and it is measured in metres.
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5.1.2. The Fluid Environment
Environments or mediums of transmission are the support that propagation requires for a
sound perturbation. In the entire development of this project air is the material used, because
inside the chambers pre and post catalyst, air is the dominant material found, along with other
derivatives from the combustion processes. So further on, the utilities of air are presented:

5.1.2.1. Air
As one can imagine from studying thermodynamics, the main properties of any gas are density
(𝑘𝑔⁄𝑚3 ), pressure (Pa) and temperature (K or ℃). Then less important but worthy of
mentioning are specific heat (𝐽⁄𝑘𝑔 ∗ ℃), thermal conductivity (𝑊 ⁄𝑚 ∗ ℃) and viscosity (𝑃𝑎 ∗
𝑠).
Just as reference, throughout this project for all calculus using Comsol Multiphysics, air
temperature is set at 15℃ and the values of some of the previously mentioned parameters
are:

Sound speed = 340 m/s
Air density = 1.225 𝑘𝑔⁄𝑚3
Atmospheric pressure = 101325 Pa
Dynamic viscosity = μ = 1.802e-5 Pa*s
Thermal conductivity = κ = 0.02476 𝑊 ⁄𝑚 ℃
Specific heat = 𝐶𝑃 = 1007 𝐽⁄𝑘𝑔 ℃
Table 1. Values for min parameters with air at 15℃

Now, in order to calculate density, refer to the state equation for perfect gases, which is:
𝜌𝑇 =

𝑃𝑇 𝑀𝑚
𝑅𝑇

(6)

Where 𝑀𝑚 is air’s molecular mass (0.02897 kg/mol), 𝑃𝑇 ≅ 𝑃0 is 101325 Pa, R is a universal
constant set at 8.314 J/K mol and finally T is the temperature in Kelvin units.
Carrying on, if one desired to obtain the speed of sound, in order to simplify equations but still
keeping good precision of the output, consider the assumption that the process is adiabatic.
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𝑐2 = [

𝑑 𝑃𝑇
𝛾 𝑃𝑇 𝛾 𝑃0
=
≈
]
𝑑 𝜌𝑇 𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐
𝜌𝑇
𝜌0

(7)

This approximation can be stated because 𝑃𝑇 = 𝑃0 + 𝑃 and the acoustic value is neglected
against 𝑃0 . Now combine equation (6) with equation (7) to obtain:
𝛾𝑅𝑇
𝑐=√
𝑀𝑚

(8)

Where 𝛾 is a ratio of specific heats which throughout all this project will be fixed at 1.4.

5.1.3. Wave Equation in One Dimensional Space. Plane
Waves
The equation that reflects the behaviour of waves in 1D space can be considered as a linear
combination of three separate universal (known) equations and these are Navier-Stokes
(Dynamics Equation), mass conservation (which broken down is considered as the continuity
equation) and the perfect gas equation. Following up is the deduction off all three equations.

5.1.3.1. Navier Stokes / Dynamics Equation
Take a differential segment and apply a total pressure on one side and calculate the output
throughout the entire differential segment. Then apply the dynamics equation taught by
Newton which is force equals mass per acceleration. Develop this equation until obtaining the
results shown below.

𝑃𝑇 +

𝑃𝑇

𝜕 𝑃𝑇
𝑑𝑥
𝜕𝑥

dx

Illustration 3. Navier Stokes equation plot
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(𝑃𝑇 − (𝑃𝑇 +

𝐷𝑈𝑇
𝜕 𝑃𝑇
𝑑𝑥)) 𝑑𝑆 = 𝜌𝑇 𝑑𝑥 𝑑𝑆
𝜕𝑥
𝐷𝑡
−

𝐷𝑈
𝜕 𝑃𝑇
= 𝜌𝑇 𝑇
𝜕𝑥
𝐷𝑡

(9)

(10)

Now linearize this equation knowing that acoustic values are very small in comparison average
values and that average values are constant, so their derivatives are null.
−

−

𝜕 𝑃𝑇 𝜕 𝑃
=
𝜕𝑥
𝜕𝑥

(11)

𝜕𝑃
𝜕𝑢
= 𝜌0
𝜕𝑥
𝜕𝑡

(12)

5.1.3.2. Continuity Equation
Now consider the same illustration as before but now set as the continuity equation, where
both density and speed are involved as well as surface properties. In simple terms, whatever
enters the system must be the same as what exits the system plus whatever is stored inside or
lost in the process.

(𝜌𝑇 𝑈𝑇 +

𝜌𝑇 , 𝑈𝑇

𝜕(𝜌𝑇 𝑈𝑇 )
𝑑𝑥) 𝑑𝑆
𝜕𝑥

dS
dx
Illustration 4. Continuity equation plot

𝜌𝑇 𝑈𝑇 𝑑𝑆 − (𝜌𝑇 𝑈𝑇 +

𝜕(𝜌𝑇 𝑈𝑇 )
𝜕𝜌
𝑑𝑥) 𝑑𝑆 =
𝑑𝑥 𝑑𝑆
𝜕𝑥
𝜕𝑡

(13)
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Now linearize this equation and operate in order to obtain:
− 𝜌0

𝜕𝑢 𝜕𝜌
=
𝜕𝑥 𝜕𝑥

(14)

5.1.3.3. Perfect gas Equation
Using the help of the Taylor series and only acquiring up to two terms and then further on
linearizing the equation, one can work his way and simplify to the following expression:
𝑃𝑇 = 𝑃𝑇 (𝜌𝑇 ) → 𝑃𝑇 = 𝑃0 +

𝑑 𝑃𝑇
(𝜌 − 𝜌0 )
𝑑 𝜌𝑇 𝑇

𝑃 = 𝑐2 𝜌

(15)
(16)

5.1.3.4. Wave Equation Formulation and Solution
At the beginning of this section, it was mentioned that the wave equation for 1D cases was
going to be a combination of the three previous laws, so the following step is to substitute the
perfect gas equation into the continuity equation and derivate respect of the time variable.
Further on, derivate respect of x variable the combination of the perfect gas equation and the
continuity equation and compare both results. In this segment, the maths is neglected because
the end goal is not to demonstrate mathematically the equation but to present it. Finally, the
wave equation for 1D cases should have the following appearance:
𝜕2 𝑃
1 𝜕2 𝑃
=
𝜕 𝑥2
𝑐2 𝜕 𝑡2

(17)

Now, this is the equation in one-dimensional space but this equation needs solving, so that is
the next step in this unit. From previous reading, we can predict the appearance that the
equation will have because it is going to be the addition of a progressive wave and a regressive
wave. The solution will look like as follows:
𝑃 (𝑥, 𝑡) = 𝑓(𝑐 𝑡 − 𝑥) + 𝑔 (𝑐 𝑡 + 𝑥)

(18)

Moreover, f and g are functions (at this point unknown) but what will they look like? The
answer depends on many factors involving the geometry, boundary conditions… To make the
formulation simple, recall to trigonometric equations and the solution to the 1D wave
equation applied to a pressure field will have the following structure:
𝑃 (𝑥, 𝑡) = 𝐴 cos (𝜔 𝑡 − 𝑘 𝑥 + 𝜑1 ) + 𝐵 cos((𝜔 𝑡 + 𝑘 𝑥 + 𝜑2 )

(19)

Where ω is the wave number which is the inverse of the wave length (λ):
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𝑘=

𝜔
2𝜋
=
[𝑟𝑎𝑑/𝑚]
𝑐
𝜆

(20)

The equation above is a valid function but in order to make further calculus easier, it is
recommended to use complex notation, where cos (𝜔 𝑡 − 𝑘 𝑥 + 𝜑1 ) is the real part from the
imaginary expression 𝑒 𝑗 (𝜔 𝑡−𝑘 𝑥+ 𝜑1 )
Seeing this way of viewing the solution, apply to any field in interest and operate to obtain
some of the equations that are expressed next. For the pressure field, the solution is as so:
𝑃 (𝑥, 𝑡) = 𝐴 𝑒 𝑗 (𝜔 𝑡−𝑘 𝑥+ 𝜑1 ) + 𝐵 𝑒 𝑗 (𝜔 𝑡+𝑘 𝑥+ 𝜑2 )
= 𝐴 𝑒 𝑗 𝜑1 (𝜔 𝑡−𝑘 𝑥) + 𝐵 𝑒 𝑗 𝜑2 (𝜔 𝑡+𝑘 𝑥)

(21)

𝑃 (𝑥, 𝑡) = 𝐴̂𝑒 −𝑗 𝑘 𝑥 𝑒 𝑗 𝜔 𝑡 + 𝐵̂𝑒 𝑗 𝑘 𝑥 𝑒 𝑗 𝜔 𝑡

(22)

Where 𝐴̂ and 𝐵̂ are, from now on, complex amplitudes containing amplitude and phase
information. Although this equation could be stated as a valid solution, there can still be
another simplification which involves manipulating the temporal component. This is due to
that the frequency of study is always the same because particles vibrate with a temporal
amplitude, but it is not of interest to know where the particle is located at each t instant of
time. For these reasons, the 1D wave equation applied to a pressure field is:
𝑃 (𝑥, 𝑡) = 𝐴̂𝑒 −𝑗 𝑘 𝑥 + 𝐵̂𝑒 𝑗 𝑘 𝑥

(23)

Another interesting field to look at is the speed field. Starting from Navier’s and Stoke’s
equation, applying the same fundamentals as before, the speed field can be presented as:
𝑈 (𝑥) =

1
𝜌0 𝑐

𝑈 (𝑥) =

(𝐴̂𝑒 −𝑗 𝑘 𝑥 − 𝐵̂𝑒 𝑗 𝑘 𝑥 )

1
(𝐴̂𝑒 −𝑗 𝑘 𝑥 − 𝐵̂𝑒 𝑗 𝑘 𝑥 )
𝑍

(24)

(25)

Where Z is called as impedance (𝑍 = 𝜌0 𝑐).
In general, impedance can be settled as the relationship between pressure and speed,
although the concept is wider than this short definition.
𝑍=

𝑃 𝑘𝑔
[
= 𝑅𝑎𝑦𝑙]
𝑈 𝑚2 𝑠

(26)

For three-dimensional waves, there are other expressions and for any material that isn’t air,
such as foams, porous materials…, these have their own impedances and usually they consist
of a real part partnered with a complex part. Although through the entire development of this
project, the only material used is going to be air.
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The main idea that has to stand out looking at this equation is that for a pure progressive
wave:
𝑈 (𝑥) =

𝑃 (𝑥)
𝑍0

(27)

− 𝑃 (𝑥)
𝑍0

(28)

And for a pure regressive wave:
𝑈 (𝑥) =

And for further interest, the displacement field can be expressed as:
𝜉 (𝑥) =

1
(𝐴̂𝑒 −𝑗 𝑘 𝑥 − 𝐵̂𝑒 𝑗 𝑘 𝑥 )
𝑗 𝜔 𝑍0

(29)

5.1.3.5. Wave Energy
The previous sections were stating fundamental properties and defining some of the most
important fields which are used whereas in this current section, energy terms are introduced
to the reader. When a wave hits a particle, it transfers a kinetic energy term plus a potential
energy component due to the fluids’ compressibility. The addition of both is called energy
density, which stands per volume unit. However, in practical cases it is more useful to use
power or intensity instead of energy density.
Intensity is defined as energy per unit of time (which is power) that flows through a
perpendicular, unitary surface. Power is the integral of the intensity throughout that surface.
𝐼⃗ = 𝑝⃗𝑢
⃗⃗

(30)

𝑃𝑜𝑤𝑒𝑟 = ∫ 𝐼⃗(𝑡) 𝑑𝑆⃗

(31)

Even as before, the instantaneous vales are not that useful as the averaged values.
𝐼 ̅ = 𝑎𝑐𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦 =

̅̅̅̅̅̅̅̅̅ =
𝑃𝑜𝑤𝑒𝑟

2
̂2
𝑃𝑒𝑓𝑓
|𝑃|
1 𝑇
∫ 𝐼 (𝑡) 𝑑𝑡 =
=
𝑇 0
𝜌0 𝑐
2 𝜌0 𝑐

1 𝑇
∫ 𝑃𝑜𝑤𝑒𝑟 (𝑡) 𝑑𝑡
𝑇 0

(32)

(33)

Where |𝑃̂| is the power peak value.
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5.1.3.6. Decibel Scale
The previous section opened up on how to measure and use energy terms, but the question
now would be, how to capture and process all this information? Measuring sound can be
captured through logarithmic scales and in practical words, the scale used is decibels. The
reasons for this standard are:
•
•

To compress an existing scale or operation range to create a more manageable set of
numeric values.
Human hearing system tends to be a logarithmic function because hearing isn’t linear
with perturbation.

Some levels used in the acoustics field are:
Sound Intensity Level (SIL):
𝐿𝐼 = 10 log (

𝐼
𝐼𝑟𝑒𝑓

) [𝑑𝐵] 𝐼𝑟𝑒𝑓 = 10−12 𝑊⁄𝑚2 [𝑑𝐵]

(34)

Sound Power Level (SWL):
𝐿𝑊 = 10 log (

𝑃𝑜𝑤𝑒𝑟
) [𝑑𝐵] 𝑃𝑜𝑤𝑒𝑟𝑟𝑒𝑓 = 10−12 [𝑊]
𝑃𝑜𝑤𝑒𝑟𝑟𝑒𝑓

(35)

𝑃𝑒𝑓𝑓
) [𝑑𝐵] 𝑃𝑟𝑒𝑓 = 20 10−6 [𝑃𝑎]
𝑃𝑟𝑒𝑓

(36)

Sound Pressure Level (SPL):
𝐿𝑃 = 20 log (

In the following illustration the reader can appreciate the magnitude of the sound pressure
levels in real life daily chores or actions.
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Illustration 5. Sound pressure levels image for real life actions

5.1.4. Wave Equation in Three-Dimensions. Spherical
Waves
In order to simulate real case scenarios, it is adequate to talk about three-dimensional waves,
where one can imagine that a certain source can create a perturbation that spreads into the
three spatial dimensions. An example could be a car driving on the motorway, sending an
acoustic signal throughout its path in a spherical manner.
The next step would to obtain the equation for 3D waves. Recall the 1D wave equation and
notice that on one side of the equation there is a temporal term and on the other there is a
spatial term. For 3D cases, just extrapolate to this equation to the three spatial dimensions.
𝜕2 𝑃
1 𝜕2 𝑃
= 2
𝜕 𝑥2
𝑐 𝜕 𝑡2

(37)

𝜕2 𝑃 𝜕2 𝑃 𝜕2 𝑃
1 𝜕2 𝑃
+
+
=
𝜕 𝑥2
𝜕 𝑦2
𝜕 𝑧2
𝑐2 𝜕 𝑡2

(38)

This could well be a valid solution, but it is not practical. In order to make it more manageable,
it is convenient to work with spherical coordinates, transforming one into another by means of
a Laplace operator.
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Illustration 6. Spherical coordinate figure

In many situations in engineering, waves have spherical symmetry and there is no dependence
of the φ and θ parameters. Also, r is an independent variable that is several magnitudes
bigger than φ and θ, so in the long run, they can be neglected. The equation for 3D waves in
spherical coordinates can be mathematically simplified, producing the isotropic acoustic field
equation such as:
𝜕2 𝑃 2 𝜕 𝑃
1 𝜕2 𝑃
+
=
𝜕 𝑟2
𝑟𝜕𝑟
𝑐2 𝜕 𝑡2

(39)

As much as like before, this is the equation, but it has to be solved. Using the same principles
as in the 1D wave case, the solution can be obtained as:
𝑃=

𝑓(𝑐 𝑡 − 𝑟) 𝑔 (𝑐 𝑡 + 𝑟)
+
𝑟
𝑟

(40)

This current paragraph is going to analyse the previous solution. Exactly as in 1D cases, the
solution is a combination of some type of a progressive wave and a regressive wave. The first
term can be seen as a divergent wave (which would be the progressive wave) that possesses a
decreasing amplitude when the distance from the source increases, because r (distance)
belongs to the denominator division. The second term is a convergent wave (which would be
the regressive wave) that possesses an increasing amplitude when the distance from the
source decreases. This second wave isn’t important in terms of calculus, so it can be neglected.

5.1.4.1. Intensity and radiation
Copying the structure done in the 1D wave case, after explaining the equation that governs
this phenomenon, the solution was presented and finally, it comes down to energy
terminology, which is intensity and power. First of all, the distinction between free field
radiation and hemispheric radiation is explained in the following illustration:
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Illustration 7. Free radiation (left) and hemispheric radiation (right)

In the majority of the cases analysed in engineering, the most frequent situations are these
two. In one case, the perturbation strides in all 3 dimensions of space, while in the other, the
perturbation is limited by a reflecting or absorbing surface that cuts down the propagation
surface.
In general cases, the intensity can be expressed as the amount of power per surface unit. For
both of these cases, the expressions are presented below.
𝑃𝑜𝑤𝑒𝑟
𝑃𝑜𝑤𝑒𝑟
=
𝑆𝑝ℎ𝑒𝑟𝑒 𝑆𝑢𝑟𝑓𝑎𝑐𝑒
4 𝜋 𝑟2

(41)

𝑃𝑜𝑤𝑒𝑟
𝑃𝑜𝑤𝑒𝑟
=
𝑆𝑒𝑚𝑖 𝑠𝑝ℎ𝑒𝑟𝑒 𝑆𝑢𝑟𝑓𝑎𝑐𝑒
2 𝜋 𝑟2

(42)

𝐼=

𝐼=

As like before, it is interesting to find a possible link between intensity and pressure. Intensity
is the product of pressure and speed. For a divergent spherical wave, the pressure and speed
equations are as follows:
𝑃 (𝑟, 𝑡) =

𝐴
cos (𝜔 𝑡 − 𝑘 𝑟)
𝑟

(43)

𝑈 (𝑟, 𝑡) =

𝑃 (𝑟, 𝑡) 1
( + 𝑗 𝑘)
𝑗 𝜔 𝜌0 𝑟

(44)

Calculating the intensity throughout an entire period of time T, which mathematically equals
to doing an integral from T to 0, and the active intensity can be defined as:
𝐼 ̅ = 𝑎𝑐𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦 =

𝑃𝑒𝑓𝑓 2
𝐴2
𝒫2
=
=
2 𝜌0 𝑐 𝑟 2
2 𝜌0 𝑐
𝜌0 𝑐

(45)

Having this said, the intensity equations for the free field radiation case and the hemispheric
radiation would look like:
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Free field radiation:

𝑃𝑒𝑓𝑓 2
𝜌0 𝑐

Hemispheric radiation:

=

𝑃𝑒𝑓𝑓 2
𝜌0 𝑐

𝑃𝑜𝑤𝑒𝑟

=

4 𝜋 𝑟2
𝑃𝑜𝑤𝑒𝑟
2 𝜋 𝑟2

(46)

(47)

5.1.4.2. Sound levels
Finally, to conclude this unit, some sound levels are presented that are commonly used. 𝐿𝐼 and
𝐿𝑃 depend on the distance from the source.
For the case of free field radiation, the levels are:
𝐿𝑃 = 10 log (

2
𝑃𝑒𝑓𝑓

2 )
𝑃𝑟𝑒𝑓

= 10 log (

𝑃𝑜𝑤𝑒𝑟 𝜌0 𝑐
2 ) [𝑑𝐵]
4 𝜋 𝑟 2 𝑃𝑟𝑒𝑓

(48)

1
1
𝐿𝑃 = 10 log(𝜌0 𝑐 𝑃𝑜𝑤𝑒𝑟) + 10 log ( 2 ) + 10 log (
2 ) [𝑑𝐵]
𝑟
4 𝜋 𝑃𝑟𝑒𝑓

(49)

𝐿𝑃 = 10 log(𝜌0 𝑐 𝑃𝑜𝑤𝑒𝑟) − 20 log(𝑟) + 83 [𝑑𝐵]

(50)

𝐿𝐼 = 𝐿𝑊 − 20 log(𝑟) − 11 [𝑑𝐵]

(51)

For the case of hemispheric radiation, the levels are:
𝐿𝑃 = 10 log(𝜌0 𝑐 𝑃𝑜𝑤𝑒𝑟) − 20 log(𝑟) + 86 [𝑑𝐵]

(52)

𝐿𝐼 = 𝐿𝑊 − 20 log(𝑟) − 8 [𝑑𝐵]

(53)
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5.2. Propagation Phenomenon
5.2.1. Introduction
There are many different phenomena that can occur in sound wave propagation. Let us see
the case of a progressive wave in a certain environment. When it reaches a point where
existing conditions are modified, part of the wave is reflected and another part is transmitted.
Modifications in existing conditions can be different environments (like air, water, concrete…),
temperature variations or even geometry changes. A good example to display this idea is an
echo. As an addition to this image, some of the emitting sound would penetrate the material
of the wall and transmit to the next room.

Illustration 8. Echo image explains reflection

All the previous explanation is true but up to now, we haven’t taken account for energetic
dissipation, which is always present in one way or another. This is mainly when acoustic energy
is transformed into calorific energy. The magnitude of this amount of energy varies depending
on the boundary conditions of the problem, but it can’t always be considered as
unneglectable. For open areas, at the perfect conditions, the energy dissipation can be small,
but in other cases, it should be taken in calculus.

5.2.2. Reflection
In order to explain this phenomenon, this section will emphasize on environment changes,
which is a very common situation found in acoustics problems. To start of the explanation,
consider two different materials, which are defined by their impedances. Remember the
definition and the mathematical expression given of impedance in the previous sections. A
progressive wave is transmitted through environment 1 and collides perpendicularly on
environment 2.
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Illustration 9. Acoustic wave breakdown

For the sake of this explanation, the absorbed wave will not be considered (further on it will be
retaken).
𝑗 (𝜔 𝑡 − 𝑘𝑖,𝑟,𝑡 𝑥)
̂
𝑃𝑖,𝑟,𝑡 = 𝑃
𝑖,𝑟,𝑡 𝑒

(54)

Where the sub-indexes i, r and t are referred to impacting, reflected or transmitted wave. Also,
to the left of the wall, this is considered environment 1 with its own density and propagation
speed and the same goes for environment 2, with different density and propagation speed. All
three waves have the same frequency values but due to different speeds, the wave number k
will be different as well.
At the interphase area, pressure in environment 1 has to be equals to pressure at environment
2, as well as the speeds must be identical at this interphase to ensure continuity. This sentence
translated to number would look like:
𝑃1 = 𝑃2 → 𝑃𝑖 + 𝑃𝑟 = 𝑃𝑡

(55)

𝑈1 = 𝑈2 → 𝑈𝑖 + 𝑈𝑟 = 𝑈𝑡

(56)

̂𝑖 𝑒 𝑗 (𝜔 𝑡 − 𝑘1 𝑥) + 𝑃̂𝑟 𝑒 𝑗 (𝜔 𝑡+ 𝑘1 𝑥)
𝑃1 = 𝑃

(57)

𝑃2 = 𝑃̂𝑡 𝑒 𝑗 (𝜔 𝑡 − 𝑘2 𝑥)

(58)

𝑈1 (𝑥) =

1
̂ 𝑒 𝑗 (𝜔 𝑡 − 𝑘1 𝑥) − 𝑃̂𝑟 𝑒 𝑗 (𝜔 𝑡+ 𝑘1 𝑥) )
(𝑃
𝑍1 𝑖

(59)

1
(𝑃̂ 𝑒 𝑗 (𝜔 𝑡 − 𝑘2 𝑥)
𝑍2 𝑡

(60)

𝑈2 (𝑥) =

Now considering the interphase (x=0) conditions can be rewritten and a new term emerges
called reflection coefficient ®, which is the relationship between reflected and incident
pressures:
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𝑅=

𝑃̂𝑟
𝑍2 − 𝑍1
=
̂𝑖
𝑍2 + 𝑍1
𝑃

(61)

These impedances can be complex numbers and frequency dependant. If the impedances are
real numbers, then and for the sake of this example 𝑍2 = 𝑍1 then 𝑅 = 0 and there would be
no reflection.
As like previously commented, when using acoustic values, it is much more useful to use
power terms, so there now is a power reflection coefficient 𝛼𝑅 :
𝛼𝑅 =

̅̅̅̅̅̅̅̅̅𝑟
𝑃𝑜𝑤𝑒𝑟
𝐼𝑟̅
𝑍2 − 𝑍1 2
=
=
|
| = |𝑅|2
̅̅̅̅̅̅̅̅̅
𝑍2 + 𝑍1
𝑃𝑜𝑤𝑒𝑟𝑖
𝐼𝑖̅

(62)

5.2.3. Transmission
This section is also englobed under environment changes and here we find another new
variable to define the amount of energy that is transmitted:
𝑇=

𝑃̂𝑡
2 𝑍2
=
̂
𝑍2 + 𝑍1
𝑃𝑖

(63)

Say that 𝑍2 = 𝑍1 then 𝑇 = 1 and there would be total transmission. As done above, the utility
lies in the power terms, so there has to be a power transmission coefficient and it is defined
as:
𝛼𝑇 =

̅̅̅̅̅̅̅̅̅𝑡
𝑃𝑜𝑤𝑒𝑟
𝐼𝑡̅
𝑍1
𝑍2 𝑍1
|𝑇|2
=
=
=
4
̅̅̅̅̅̅̅̅̅𝑖
𝑍2
𝑃𝑜𝑤𝑒𝑟
𝐼𝑖̅
(𝑍2 + 𝑍1 )2

(64)

If energy conservation is considered, then incident power must be equals to reflected power
plus transmitted power.
Now comes one of the most important definitions of this physical phenomenon section, which
is the transmission loss.

5.2.4. Transmission Loss
There are many definitions for this variable depending on where it is applied. It can be found is
duct acoustics, sound level acoustics, SONAR measurements, optics, etc. but in general, it can
be said as the amount of accumulated decrease in the intensity of any wave that is propagated
from a sound source, or as it propagates through an enclosed rom or structure. The most
important applications where TL are used are sonars, mufflers, exhaust systems and
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monoliths, which is the main focus of this project. When moving on into the area of study of
this case, which is duct acoustics, TL is an indicator of the acoustic performance of an exhaust
system and in general, the higher this coefficient is, there will be a better noise cancellation.
Into the mathematics and the physics, it can be set as the difference between the incident
power and the transmitted (into an anechoic chamber). It does not depend of the source type
nor pressures although it can require a major setup station in order to obtain feasible results.
There are many mathematical expressions to define transmission loss (from now on TL) but
they are all equivalent. In some expressions, the reader can appreciate that TL is function of
the inlet and outlet cross-sectional area but in most of the cases treated in duct acoustics,
these two parameters are identical (this means that the catalyst or muffler chambers have a
constant cross section area throughout all its length). In perfect conditions, the pipes
terminate anechoically which is difficult to achieve under industry environments and this is
this reason why muffler or any exhaust system manufacturer measures their loss while with
performance tests that simulate nominal conditions. The expressions used during this project
are:
̅̅̅̅̅̅̅̅̅𝑖
𝑃𝑜𝑤𝑒𝑟
1
𝑇𝐿 = 10 log (
) = 10 log ( )
̅̅̅̅̅̅̅̅̅
𝛼𝑇
𝑃𝑜𝑤𝑒𝑟𝑡

(65)

𝑃̅𝑖𝑛𝑙𝑒𝑡
𝑇𝐿 = 20 log (
)
𝑃̅𝑜𝑢𝑡𝑙𝑒𝑡

(66)

Observing these expressions, since the transmitted power cannot exceed the incident power,
then it makes it impossible for TL to be negative. Further along in this project, TL plots will be
shown and commented.

5.2.5. Cross-sectional area modifications
Cross-sectional area modifications are common within air conditioning and ventilation systems
and they stand as the main impact possible on sound levels and transmission loss alterations.
They are also used in the automotive industry focusing on mufflers, exhaust systems and
catalysts, these last cases being the study in this project. In this unit, both reflection and
transmission effects are taken account for. See the following illustration for a visual insight.
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Illustration 10. Cross-sectional area plot

As the viewer can see there is an initial wave 𝑃1,𝑝𝑟𝑜𝑔 that propagates from a sound source
through section 1. Section 1 is supposed as uniform in geometry and properties, so this wave
travels until it reaches any type of modification, which is this cross-sectional area enlargement.
Here, part of this wave reflects and heads back to the source (𝑃1,𝑟𝑒𝑔 ) but the remaining energy
transmits through this section change and progresses further on (𝑃2,𝑝𝑟𝑜𝑔 ).
Again, looking at what happens at the interphase of this change (x=0), both pressure and mass
flow continuity conditions are sustained.
𝑝𝑟𝑜𝑔

𝑃𝑖𝑝𝑒 1:

𝑃1 = 𝑃1

𝑃𝑖𝑝𝑒 2:

𝑃2 = 𝑃2

𝑝𝑟𝑜𝑔

𝑟𝑒𝑔

+ 𝑃1

𝑝𝑟𝑜𝑔

= 𝑃̂1

𝑝𝑟𝑜𝑔

= 𝑃̂2

𝑒 𝑗 (𝜔 𝑡 − 𝑘 𝑥) + 𝑃̂1𝑟𝑒𝑔 𝑒 𝑗 (𝜔 𝑡+ 𝑘 𝑥)

𝑒 𝑗 (𝜔 𝑡 − 𝑘 𝑥)

(67)
(68)

𝑟𝑒𝑔
𝑃̂𝑟
𝑃̂1
𝑅 = = 𝑝𝑟𝑜𝑔
̂𝑖
𝑃
𝑃̂1

(69)

̅̅̅̅̅̅̅̅̅
𝑃𝑜𝑤𝑒𝑟𝑟𝑒𝑔
̅̅̅̅̅̅̅̅̅
𝑃𝑜𝑤𝑒𝑟𝑝𝑟𝑜𝑔

(70)

𝛼𝑅 =
At x=0, the conditions are:
•
•

Pressure continuity: 𝑃2 = 𝑃1
Mass flow continuity: 𝜌0 𝑆1 𝑈1 = 𝜌0 𝑆2 𝑈2 → 𝑆1 𝑈1 = 𝑆2 𝑈2

Doing the math, one can obtain the expressions for reflection and transmission coefficients:

𝛼𝑅 =

𝑅=

𝑆1 − 𝑆2
𝑆1 + 𝑆2

(71)

|𝑅|2

𝑆1 − 𝑆2 2
=(
)
𝑆1 + 𝑆2

(72)
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𝑇=
𝛼 𝑇 = |𝑇|2

2 𝑆1
𝑆2 + 𝑆1

𝑆2
4 𝑆2 𝑆1
=
𝑆1 (𝑆2 + 𝑆1 )2

(73)

(74)

Let us take a deeper look into the reflection coefficient and analyse it:

Illustration 11. Reflection insight

Now let us do the same for the transmission coefficient:

Illustration 12. Transmission insight

To finally conclude this section of cross-sectional area modifications, following up is shown the
energetic and sound level application to these ideas which is using transmission loss (TL). This
is very useful due to in this project, the main feature is to obtain and verify as series of
experimental transmission loss plots and verify the numerical method against it.
̅̅̅̅̅̅̅̅̅𝑖
𝑃𝑜𝑤𝑒𝑟
(𝑆1 + 𝑆2 )2
𝑇𝐿 = 10 log (
)
=
10 log (
)
̅̅̅̅̅̅̅̅̅𝑡
4 𝑆2 𝑆1
𝑃𝑜𝑤𝑒𝑟

(75)
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5.2.6. Sound Propagation in Partitions
In this case, the acoustic propagation is held throughout three different environments just as
can be seen in the following illustration:

Illustration 13. Three different sound partitions

As known up to now, this previous illustration applied to the case of this project can be
simplified into considering both environments 1 and 3 exactly the same (air). Then the middle
partition could be stated as the monolith with obviously different properties.
It can be seen that when a wave reaches the next partition, part of this wave is reflected as a
regressive wave in environment 1, while environment 2 receives a transmitted wave and the
same goes for environments 2 and 3. We can say then that the energy and acoustic pressure
transmitted to environment 3 will be smaller comparing to the incident energy of wave 1.
Applying he same fundamentals as in the previous sections, the equations for these partitions
will be:
𝑝𝑟𝑜𝑔

𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 1:

𝑃1 = 𝑃1

𝑝𝑟𝑜𝑔

𝑈1 = 𝑈1

𝑟𝑒𝑔

+ 𝑃1
𝑝𝑟𝑜𝑔 𝑗 (𝜔 𝑡 − 𝑘1 𝑥)
= 𝑃̂1
𝑒
+ 𝑃̂1𝑟𝑒𝑔 𝑒 𝑗 (𝜔 𝑡+ 𝑘1 𝑥)

=
𝑝𝑟𝑜𝑔

𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 2:

𝑟𝑒𝑔

+ 𝑈1

𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 1:
𝑃2 = 𝑃2

(76)

1
̂𝑒 𝑗 (𝜔 𝑡 − 𝑘1 𝑥) − 𝑃
̂1 𝑒 𝑗 (𝜔 𝑡+ 𝑘1 𝑥)
(𝑃
𝑍1 1

(77)

𝑟𝑒𝑔

+ 𝑃2
𝑝𝑟𝑜𝑔 𝑗 (𝜔 𝑡 − 𝑘2 𝑥)
= 𝑃̂2
𝑒
+ 𝑃̂2𝑟𝑒𝑔 𝑒 𝑗 (𝜔 𝑡+ 𝑘2 𝑥)

(78)
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𝑝𝑟𝑜𝑔

𝑈2 = 𝑈2

𝑟𝑒𝑔

+ 𝑈2

𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 2:

=

1
̂𝑒 𝑗 (𝜔 𝑡 − 𝑘2 𝑥) − 𝑃
̂2 𝑒 𝑗 (𝜔 𝑡+ 𝑘2 𝑥) )
(𝑃
𝑍2 2
𝑝𝑟𝑜𝑔

𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 3:

𝑃3 = 𝑃3

𝑝𝑟𝑜𝑔

𝑈3 = 𝑈3

𝑃𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 3:

𝑝𝑟𝑜𝑔

= 𝑃̂3

=

𝑒 𝑗 (𝜔 𝑡 − 𝑘3 𝑥)

1
̂𝑒 𝑗 (𝜔 𝑡 − 𝑘3 𝑥) )
(𝑃
𝑍3 3

(79)

(80)
(81)

Now taking a closer look at what is happening in the interphases, we can deconstruct both of
the as:
•

X=0

In this transition phase, both pressure and speed must be satisfied in order to ensure
continuity. So the following boundary conditions can be settled:
𝑝𝑟𝑜𝑔

+ 𝑃1

𝑝𝑟𝑜𝑔

+ 𝑈1

𝑃1 = 𝑃2 → 𝑃1

𝑈1 = 𝑈2 → 𝑈1

𝑟𝑒𝑔

= 𝑃2

𝑝𝑟𝑜𝑔

+ 𝑃2

𝑟𝑒𝑔

= 𝑈2

𝑟𝑒𝑔

𝑝𝑟𝑜𝑔

+ 𝑈2

𝑟𝑒𝑔

(82)
(83)

Following the same steps taken previously, basing this calculus on pressure and speed
continuity, one can state the pressure and speed conditions as:
𝑝𝑟𝑜𝑔

𝑃1

𝑝𝑟𝑜𝑔

𝑃1

•

𝑟𝑒𝑔

= 𝑃2

𝑟𝑒𝑔

𝑃2

+ 𝑃1

− 𝑃1
𝑍1

𝑝𝑟𝑜𝑔

𝑟𝑒𝑔

+ 𝑃2

𝑝𝑟𝑜𝑔

=

(84)

𝑟𝑒𝑔

− 𝑃2
𝑍2

(85)

X=L

The conditions established here are fundamentally the same as in x = 0:
𝑝𝑟𝑜𝑔

+ 𝑃2

𝑝𝑟𝑜𝑔

+ 𝑈2

𝑃2 = 𝑃3 → 𝑃2

𝑈2 = 𝑈3 → 𝑈2

𝑟𝑒𝑔

= 𝑃3

𝑝𝑟𝑜𝑔

𝑟𝑒𝑔

= 𝑈3

𝑝𝑟𝑜𝑔

(86)
(87)

Developing the equations similarly as in the previous case, the equations obtained are:
𝑝𝑟𝑜𝑔

𝑒 −𝑗 𝑘2 𝑥 + 𝑃2𝑟𝑒𝑔 𝑒 𝑗 𝑘2 𝑥 = 𝑃3𝑝𝑟𝑜𝑔

(88)

𝑝𝑟𝑜𝑔

𝑒 −𝑗 𝑘2 𝑥 − 𝑃2𝑟𝑒𝑔 𝑒 𝑗 𝑘2 𝑥

(89)

𝑃2
𝑃2

𝑍2

𝑝𝑟𝑜𝑔

=

𝑃3
𝑍3
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Combining equations [82], [83], [86] and [87] we can obtain the relationship between the
incident wave at environment 1 and the propagated wave at the end of environment 3. This
combination results in a transmission coefficient, which can be applied to complex
impedances:
𝑝𝑟𝑜𝑔
𝑃̂
1
3
𝑇 = 𝑝𝑟𝑜𝑔 =
𝑍
1 𝑍
𝑍
𝑃̂
0.5 (1 + 𝑍1 ) cos (𝑘2 𝐿) + 𝑗 2 (𝑍1 + 𝑍2 ) sin (𝑘2 𝐿)
1
3

2

(90)

3

In general cases, impedances will be complex numbers and therefore the power transmission
coefficient would look like:
2

𝑝𝑟𝑜𝑔
𝑝𝑟𝑜𝑔
𝑅𝑒 (1⁄𝑍 ∗ )
|𝑃̂3
| 𝑅𝑒 (1⁄𝑍 ∗ )
𝑃𝑜𝑤𝑒𝑟3
3
3
2
𝛼𝑇 =
= |𝑇|
𝑝𝑟𝑜𝑔 =
𝑝𝑟𝑜𝑔 2
1
1
𝑃𝑜𝑤𝑒𝑟1
̂
𝑅𝑒
(
⁄𝑍 ∗ )
|𝑃1
| 𝑅𝑒 ( ⁄ ∗ )

𝑍1

(91)

1

All this explained is for the case when the impedances are complex numbers but what if our
impedances are real numbers? Then the formula used is as follows:
𝑍1
𝛼 𝑇 = |𝑇|2 =
𝑍3

4
𝑍

𝑍1
𝑍3

2

𝑍

𝑍

2

(1 + 𝑍1 ) cos 2(𝑘2 𝐿) + (𝑍1 + 𝑍2 ) sin2 (𝑘2 𝐿)
3

2

(92)

3

From this current equation, some simplifications can be addressed and they are frequently
seen:
1. Environment 1 = Environment 3 (𝒁𝟏 = 𝒁𝟑 )
𝛼𝑇 =

4
𝑍

𝑍

2

4 cos 2(𝑘2 𝐿) + (𝑍1 + 𝑍2 ) sin2 (𝑘2 𝐿)
2

(93)

1

2. 𝒁𝟐 ≫ 𝒁𝟏 , 𝒁𝟑
𝛼𝑇 =

4
𝑍

2

4 cos2 (𝑘2 𝐿) + (𝑍2 ) sin2 (𝑘2 𝐿)

(94)

1

3. λ≫ L
𝛼𝑇 =

1
2

𝑍

1 + (2 𝑍2 𝑘2 𝐿)

(95)

1
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5.2.7. Acoustic Propagation in Capillary Pipes
Considering a null average flow of air, a set of capillary pipes can be characterised by an
equivalent density such as in the following equation:

𝑅𝜙
𝐺 (𝑠))
𝑗 𝜔 𝜌0 𝐶

𝜌𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 = 𝜌0 (1 +

(96)

Where R, 𝜔 and 𝜙represent the stationary resistivity, the angular frequency and the porosity
of the monolith. 𝐺𝐶 is a function predefined as:
𝐽 (𝑠√−𝑗)

𝑠

𝐺𝐶 (𝑠) =

− √−𝑗 1
4
𝐽 (𝑠√−𝑗)
0

1−

(97)

𝐽1 (𝑠√−𝑗)

2

𝑠√−𝑗 𝐽0 (𝑠√−𝑗)

Where 𝐽1 and 𝐽0 are the Bessel functions of first species with 0 and 1 corresponding to the
order. Also, s is the shear tangential wave number and its formulation is:

8 𝜔 𝜌0
𝑅𝜙

(98)

𝑠=𝛼√

In this equation, α is a factor that depends on the geometry of the transversal section or area
of the capillary pipe. In this case, these will have a squared shape so, α will adopt a value of
1.07.
On the other hand, we can also obtain an equivalent speed inside each capillary, obtained
directly from the expression of equivalent density.
𝐾𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡
𝑐𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 = √
=
𝜌𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡

𝑐0
√(1 +

𝑅𝜙
𝐺 (𝑠))
𝑗 𝜔 𝜌0 𝐶

(𝛾 − (𝛾 − 1) 𝐹)

(99)

Now 𝐾𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 and F are explained further on with all other undefined variables.
𝐾𝑎𝑣𝑒𝑟𝑎𝑔𝑒 =
𝐹=

𝛾 𝑃0
(𝛾 − (𝛾 − 1) 𝐹)

(100)

1
𝑅𝜙
1 + 𝑗 𝜔 𝜌 𝑃𝑟
0

𝐺𝐶 (√Pr 𝑠)

(101)

γ is the ratio of specific heats, which is normally considered as 1.4.
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𝐶𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 is the speed of sound in the air at a fixed set of environmental conditions.
𝐾𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 is the volumetric modulus.
Pr is Prandtl’s number and it is defined as Pr =

𝜇 𝐶𝑃⁄
𝜅

𝜅 is the thermal conductivity, set at 0.02476 W/m K
𝜇 is the dynamic viscosity, set at 1.802 10-5 Pa s
𝐶𝑃 is a specific heat at a constant pressure level, stated at 1007 J/(kg K)

5.2.8. Absorption
Beforehand we established both real and constant impedances but in some absorbing
materials such as fiberglass, rock wool and even foams, these impedances are complex and
dependant of frequency. This leads to pressure and speed mismatches due to friction and
viscous-thermal dissipation, held inside the air traps of the absorbent material. Sound energy
is dissipated in the form of heat.

Illustration 14. Absorbing material graph

The previous illustration shows how an absorbing material works with acoustic waves. The
energy required by a wave to pass through the absorbing material is higher when it presents
these holes. The holes act as a labyrinth forcing the wave to spend more energy to find the
exit. Therefore, the more energy spent trying to pass through the absorbing material, the less
energy is transmitted and this is the basic fundamental of all absorbing materials.
In mathematical terms this can be put as an energetic balance with dissipation 1 = 𝛼 𝑇 + 𝛼𝑅 +
𝛼𝐴𝐵𝑆
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5.2.8.1. Absorbing materials
The characteristics and physical properties of these materials are obtained by pure
experimentation or by a mathematical fitting. Focusing on the experimental part, the most
common is an experiment based on two microphones, combined with the transfer function
between them. This method bases on the use of pressure of the two microphones in order to
represent the acoustic fields either part of the absorbing material. In the following illustration,
the reader can see a real setup for this type of experiments (courtesy of the Mechanical
Engineering Department at Universidad Politécnica de Valéncia).

Illustration 15. Measurement of a catalyst

The illustration shows the setup with two speakers at both ends in order to capture the
acoustic properties needed for the field reconstruction. In the next illustration one can
appreciate a sample of vermiculite, object of experimentation.

Illustration 16. Vermiculite sample

Now the question is how to characterise an absorbent material? The impedance of an
absorbing material as well as the wave number are function of many variables, shown in the
next equations:
𝑍𝐴𝐵𝑆 = 𝑍𝐴𝐵𝑆 (𝑍𝑎𝑖𝑟 , 𝜌𝑎𝑖𝑟 , 𝑓, 𝐹𝑙𝑜𝑤 𝑟𝑒𝑠𝑖𝑠𝑡𝑖𝑣𝑖𝑡𝑦, 𝑎5 , 𝑎6 , 𝑎7 , 𝑎8 )

(102)
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𝐾𝐴𝐵𝑆 = 𝐾𝐴𝐵𝑆 (𝐾𝑎𝑖𝑟 , 𝜌𝑎𝑖𝑟 , 𝑓, 𝐹𝑙𝑜𝑤 𝑟𝑒𝑠𝑖𝑠𝑡𝑖𝑣𝑖𝑡𝑦, 𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 )

(103)

Where 𝑍𝑎𝑖𝑟 and 𝜌𝑎𝑖𝑟 depend on the fluid enclosed inside the holes and all the a constants (𝑎𝑖 )
depend on the properties of the material. To add, the flow resistivity is a static property and
not an acoustic one.
From this experiment, we can obtain the characteristic impedance and for the sake of an
example, for fibrous materials, it can be fitted to an expression just as:
𝑎6

𝑍𝐴𝐵𝑆

𝜌𝑎𝑖𝑟 𝑓
= 𝑍𝑎𝑖𝑟 (1 + 𝑎5 (
)
𝑅𝑓𝑙𝑜𝑤

𝑎

𝜌𝑎𝑖𝑟 𝑓 8
− 𝑗 𝑎7 (
) )
𝑅𝑓𝑙𝑜𝑤

(104)

In order to do simulations and calculus with absorbing materials, the complex wave number is
commonly used and its expression is as:
𝐾𝐴𝐵𝑆

𝜌𝑎𝑖𝑟 𝑓
= 𝐾𝑎𝑖𝑟 (1 + 𝑎3 (
)
𝑅𝑓𝑙𝑜𝑤

𝑎4

𝑎

𝜌𝑎𝑖𝑟 𝑓 2
− 𝑗 𝑎1 (
) )
𝑅𝑓𝑙𝑜𝑤

(105)

As said before, all the 𝑎𝑖 properties depend on a mathematical fitting to experimental results
and these fluctuate through different materials.
From 𝑍𝐴𝐵𝑆 and 𝐾𝐴𝐵𝑆 we can then furthermore calculate other equivalent properties such as
equivalent speed and equivalent density. Bear in mind that these are not real properties, only
equivalent values with complex number and complex notation and they depend on the
frequency. In the next illustration, the reader can see an example of a finite element mesh
used for the acoustic calculus in a muffler with an absorbing material in the inside [8]. Areas
where air is present can be represented by the standard 𝑐𝑎𝑖𝑟 and 𝜌𝑎𝑖𝑟 and the regions where
there is an absorbing material involved, we can assign equivalent acoustic values mentioned
before (𝑐𝑎𝑏𝑠 and 𝜌𝑎𝑏𝑠 ). This illustration is shown because the focus of this current project with
be similar to this idea but with different software, different materials and different objectives,
but the layout can be extrapolated.

Illustration 17. Exhaust system with absorbing material
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When the wave reaches the change of material from air to the absorbing material, the
transmitted wave dissipates progressively so this acoustic energy is translated into heat due to
friction. For this reason, the power transmission coefficient is frequently interpreted as an
absorbing coefficient. Although, there is a possibility where the absorbing material is preceded
by another material and this last one receives part of the acoustic energy. In this case, all
energy that penetrates the absorbing material is dissipated and therefore the quantification of
the absorption coefficient requires further procedures.

6. Finite Element Method
6.1. Introduction
In this day and age, the finite element method (from now on known as FEM) is one of the most
noticeable and best techniques when it comes to boundary problems in many engineering
fields. The current tendency is to solve complex problems in the easiest way possible,
especially nonlinear problems such as plasticity, contact… It is also possible to solve these
nonlinear problems combined with other problems that were previously treated separately,
and here we can include thermal stresses, fluid interaction and so on. The FEM solution is
approximated so the introduced error must be estimated and controlled. In the past decades,
error estimation and automatic redefinition techniques have been developed to guarantee the
smallest error possible, without user intervention. All this follows the stream of completely
automating the analysis process so that user can dedicate more time interpreting results.
A boundary condition problem is defined by one or more differential or integral equations. As
an example, structural analysis problems are governed by three equations, straindisplacement relationship, stress-strain relationship and equilibrium equation. The solution
can be obtained by minimizing the total potential energy.
In general, as a resolution method, we can use one of the following methods:
•

Analytic solution: Can’t be applied when geometry starts to complicate.

•

Approximated solution: As an analogy to many engineering problems, if we cannot
find the exact solution, it is enough obtaining an approximated solution where the
error is controlled. Here we can find three methods, finite differences, finite element
or boundary element.

Obviously, the one chosen is the finite element method, because it allows us to subdivide the
domain in a set of subdomains that are defined by nodes (which are basically points that
define the finite elements). The value of the local function at the nodes is unknown and it is
calculated by polynomic functions that depend on the discrete variables.
The approximated behaviour equations can be calculated assembling the behaviour equations
of each finite element. This is a great characteristic thus the majority of the calculus is done
systematically.
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6.2. Continuous vs discrete models
Any mechanism or system can be represented by either two ways, in a discrete or continuous
manner.
•

Continuous models: In simple terms, this is a representation of the system just as it is.
They describe the physics of the problem in a perfect way, obtaining an exact analytic
solution. Though, the price to pay for having an exact solution is that the equations
involved are normally differential equations with partial derivatives. The resolution of
these equations is not easy and simple and in some cases, we can’t obtain a solution.

•

Discrete models: on the other hand, we have an approximation of reality in discrete
models. These models are the transformation of the original problem into another one
with physical properties that are defined by a set of discrete variables represented by
a system of algebraic equations. The minimum number of discrete variables needed to
represent the configuration of our problem is called degrees of freedom (DOF’s).

In the following illustration is an example of a discrete system composed by several elements
(beams) and nodes at the end of these beams.

Illustration 18. Discrete representation of truss system

With the discrete models, the main advantage against the continuous models is that the
resolution of the problem is much easier, although the down side is a discretization error, due
to the transformation from differential to algebraic equations.

6.3. Finite Element Method Steps
This method transforms a differential problem into an algebraic problem by means of
discretization, converting the continuous system of infinite degrees of freedom into an
equivalent discrete one with N number of degrees of freedom.
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6.3.1. Model Discretization
The first chore to do is to swap our continuous system of infinite degrees of freedom into an
equivalent discrete one. This is done by decomposing the entire domain into a certain number
of elements all connected. Elements can be points, lines, surfaces or volumes, depending on
the number of dimensions encountered. The less amount of elements we have; more precise
the solution will be but it will take more time to solve due to the increase of the degrees of
freedom.
The elements that conform the domain are composed by nodes, which are points where the
solution will be solved. These nodes also act as a connection between elements. It is out of the
scope of this explanation but the same element structure can have a different number of
nodes that can increase the precision in the solution. But to keep it simple, we are going to
stay out of this differentiation and state that the nodes are the unknown of the problem,
which ends up being the number of degrees of freedom.
Let us go back to illustration 18. This truss structure has 9 nodes represented as circles and
each two nodes make a linear element, having in the end 14.

6.3.2. Nodal Approximation
The interpolation functions are the local functions that relate the behaviour inside the element
with the final value at the nodes. In other terms, say that our unknown is u (displacement),
using the interpolation function we can calculate its value, being the displacement of any point
desired. The interpolation function is as so:
𝑛

𝑢 = ∑ 𝑁𝑖 𝑢𝑖𝑒 = 𝑵𝑻 {𝑢𝑒 }
𝑒

(106)

𝑖=1

Where e is the element of study, n is the number of nodes that conform this element, 𝑵𝑻 is the
function vector transposed and {𝑢𝑒 } is the vector of the interpolation function at the nodes.

6.3.3. Assembly
In order to manage all the elements of the entire system (which can be a big number) we
adopt a matrix layout. We can establish a matrix for each element inside the domain, only
needing information material properties.
Once the matrices of each element have been established then all of them are assembled into
one matrix, named as global element matrix. This matrix represents the behaviour of the
system by means of an N number of algebraic equations form each element. Assembling the
global element matrix isn’t random and must follow an order defined by numeration given to
the nodes and elements when in the model discretization phase.
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6.3.4. Boundary condition definition
While saying that all steps in this method are key, boundary condition establishment is one of
the most important because it has a direct impact on the output. Going back to illustration 18
the boundary conditions are represented as triangles at nodes 8 and 9. This restrict the
movement of these nodes in both directions, only allowing rotation. Another boundary
condition is the external force applied on node 1.

6.3.5. Coordinate transformation
The entire system, including elements and nodes, are referenced to a set of global axes say for
example X, Y and Z. The matrices of each element can be calculated in this reference system
although each element has its own reference system. These reference systems are obviously
different and the resolution is more complicated. So in order to ease calculus, the shape
functions are calculated using the local reference systems of each element.
This operation isn’t automatic and free, requiring a coordinate transformation that depending
on the case studied can be more or less difficult.

6.3.6. Solution
The solution come from solving the global element matrix, that has the output of the values of
the degrees of freedom, in the case exposed previously being the displacements of each node.
Now we have the displacement of each node but what if we desired displacement information
at mid length of an element. There is no node so the solution doesn’t exist yet. However, this
is done by interpolation using the shape functions which are basically a polynomic expression
taking account for all surrounding nodes.
Going back to the solution, first we must establish a method to perform this task. There are
many ways to do this chore but here we will present a few. First, if the equation system is
rather small and doesn’t require much computational cost, there are direct application
methods that offer more precise solutions. Examples of this type of solver are the Gauss
method or the Cholesky factorization. For equation systems that are larger, we go to iterative
processes like Gauss-Siedel. Finally, if we are dealing with a nonlinear system of equations
then we still use iterative solvers such as Newton-Raphson or modified Newton-Raphson.
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6.4. FEM applied to monolith problem
In the previous section we presented the Finite Element Method to the reader in a very quick
overview and missed out on many topics that others may consider fundamental. The topic of
this project is not explaining in detail FEM but to introduce a few concepts to the casual reader
so that this project sustains on a better basis.
By contrary, the application of the Finite Element Method to this current project is more
interesting and can be more useful. We must change to a different engineering field, from
structure analysis to sound and acoustics.
In order to solve the current problem of the acoustic behaviour of the exhaust system, the
Finite Element Method will have to be applied directly to the wave equation. As it has been
hinted all along this project, we will adopt two different approaches and compare results: one
is the so called 3D-3D model which consists in modelling all components, including the
monolith, in a three dimensional space. The other approach is based on the idea of replacing
the monolith for a node to node relationship. This means connecting the entry and exit by
mathematical expressions defined by a transformation matrix named 𝑻𝒎 . In the following
illustrations, these ideas are shown:

Illustration 19. 3D pipe 1D monolith model
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Illustration 20. 3D pipe 3D monolith model

As it can be seen, the 3D-1D model lacks a physical contact to ensure property continuity, so
the solution is to include the transfer matrix, which is a 2x2 matrix as shown in the next
equation:

𝑇𝑚 = [

𝑚
𝑇11
𝑚
𝑇21

𝑚
𝑇12
𝑚]
𝑇22

(106)

The values of these 4 terms vary on the case studied but they can be seen in the annexes of
each case.

6.4.1. 3D pipe 3D monolith model
This model follows the steps shown by Selamet and the equation that governs the entry and
exit areas is given by Helmholtz:

∇2 𝑃𝑎 + 𝑘02 𝑃𝑎 = 0

(107)

Where 𝑃𝑎 is the complex amplitude of the air and 𝑘0 is the wave number also of the air. The
same goes for the equation that governs the monolith area, but we need to substitute 𝑃𝑎 for
𝑃𝑚 and 𝑘0 for𝑘𝑚 . Sub index m refers to the monolith instead of air.
Between both previous regions, there must be a connection equation linking both and it is
based on the continuity of both pressure and speed normal to the interphase. There are two
coupling condition and one is that pressure of the air at interphase must be equals to the
pressure of the monolith at the interphase, or what is the same, 𝑃𝑎 = 𝑃𝑚 . The other condition
is:

1 𝜕 𝑃𝑎
𝜙 𝜕 𝑃𝑚
= −
𝜌0 𝜕 𝑛
𝜌𝑚 𝜕 𝑛

(108)
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Where 𝜙 represents porosity of the monolith, which will also be addressed in the annexes.
Inside the boundaries of each element e we need to interpolate known a current solution for
both the monolith and air regions. As explained previously, the interpolation is done by shape
functions N.

𝑃𝑖 = 𝑵𝑃𝑖𝑒

(109)

Where i can be a or m, depending if we are studying air or monolith material.
Now applying the weighted residual method with Galerkin’s formulation, after rearranging
terms, for air we have:
𝑁𝑎𝑒

𝑁𝑎𝑒

∑ ∫ 𝑵𝑇
𝑒=1

𝜕 𝑃𝑎
𝜕 𝑃𝑎
𝑑Γ + ∑ ∫ 𝑵𝑇
𝑑Γ
𝜕𝑛
𝜕𝑛

(110)

𝑒=1

Analog for monolith, the equation is:
𝑒
𝑁𝑚

∑ ∫ 𝑵𝑇
𝑒=1

Now multiply equation 110 by

𝜙 𝜌0
𝜌𝑚

𝜕 𝑃𝑚
𝑑Γ
𝜕𝑛

(111)

and add the result to equation 111. Doing the math, the

first term of the sum will be:
𝑁𝑎𝑒

∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘02 ∫ 𝐍𝑇 𝑵 𝑑Ω ) 𝑃𝑎𝑒

(112)

𝑒=1

The second term of the sum will look like:
𝑒
𝑁𝑚

𝜙 𝜌0
2
∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘𝑚
∫ 𝐍𝑻 𝑵 𝑑Ω ) 𝑃𝑚𝑒
𝜌𝑚

(113)

𝑒=1

The result of the sum operation is:
𝑁𝑎𝑒

∑ ∫ 𝑵𝑇
𝑒=1

𝜕 𝑃𝑎
𝑑Γ
𝜕𝑛

(114)
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This equation can be written in a different manner such as:

(𝑲 − 𝜔2 𝑴)𝑷 = 𝑭

(115)

Notice that all term in capital letters and in bold are matrices. The previous equation should
remember the reader of dynamics or vibratory systems, where:
𝑁𝑎𝑒

𝑒
𝑁𝑚

𝑲 = ∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω +
𝑒=1

𝜙 𝜌0
∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω
𝜌𝑚
𝑒=1

𝑁𝑎𝑒

𝑴=

(116)

𝑒
𝑁𝑚

1
𝜙 𝜌0 1
𝑇
∑ ( ∫ 𝑵𝑇 𝑵 𝑑Ω
2 ∑ ( ∫ 𝑵 𝑵 𝑑Ω + 𝜌
2
𝑐
𝑐0
𝑚 𝑚
𝑒=1

(117)

𝑒=1

𝑁𝑎𝑒

𝑭 = ∑ ∫ 𝑵𝑇
𝑒=1

𝜕 𝑃𝑎
𝑑Γ
𝜕𝑛

(118)

6.4.2. 3D pipe 1D monolith model
Now we are going in depth into the case where the monolith is substituted by a transfer matrix
and the end goal will be to compare both methods and see which replicates the experimental
method. The difference from before is that now there are two separate volumes, instead of
one, so both will be studied separately.
•

Entry area:
𝑒
𝑁𝑎1

𝑒
𝑁𝑎1

𝑒
∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘02 ∫ 𝐍𝑇 𝑵 𝑑Ω ) 𝑃𝑎1
= ∑ ∫ 𝑵𝑇
𝑒=1

•

𝑒=1

𝜕 𝑃𝑎1
𝑑Γ
𝜕𝑛

(119)

𝜕 𝑃𝑎2
𝑑Γ
𝜕𝑛

(120)

Outlet area:
𝑒
𝑁𝑎2

𝑒
𝑁𝑎2

𝑒
∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘02 ∫ 𝐍𝑇 𝑵 𝑑Ω ) 𝑃𝑎2
= ∑ ∫ 𝑵𝑇
𝑒=1

𝑒=1

The other noticeable difference is that now, there is no interphase between both entry and
exit areas so the condition of matching pressure values at the interphase is not valid 𝑃𝑎 ≠𝑃𝑚 .
The both surfaces are now connected by the transfer matrix being the relationship of pressure
and speed as so:
𝑚
𝑚
𝑃𝑎1 = 𝑇11
𝑃𝑎2 − 𝑇12
(−

1 𝜕 𝑃𝑎2
)
𝑗 𝜔 𝜌0 𝜕 𝑛

(121)
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−

1 𝜕 𝑃𝑎1
1 𝜕 𝑃𝑎2
𝑚
𝑚
= 𝑇21
𝑃𝑎2 − 𝑇22
(−
)
𝑗 𝜔 𝜌0 𝜕 𝑛
𝑗 𝜔 𝜌0 𝜕 𝑛

(122)

Finally, developing he previous equations, and combining them into one, we have:

𝜕 𝑃𝑎1
𝑚
𝑚
𝑚 )𝑃
= −𝑗 𝜔 Π21 𝑇22
𝑃𝑎1 + 𝑗 𝜔 (Π22 𝑇22
− 𝜌0 𝑇21
𝑎2 = 𝑗 𝜔 Π11 𝑃𝑎1 − 𝑗 𝜔 Π12 𝑃𝑎2
𝜕𝑛
•

(123)

Entry area:

Now we must substitute equation [123] in equation [119] to obtain the behaviour equation of
this side. Notice that there is some mathematical development of the expressions leading to
the final solution.
𝑒
𝑁𝑎1

𝑒
∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘02 ∫ 𝐍𝑇 𝑵 𝑑Ω ) 𝑃𝑎1
𝑒=1

𝑒
𝑁𝑎1

= ∑ ∫ 𝑵𝑇
𝑒=1
𝑒
𝑁𝑎1

𝜕 𝑃𝑎1
𝑑Γ
𝜕𝑛

(124)

+ ∑ ( ∫ 𝑵𝑇 (𝑗 𝜔 Π11 𝑃𝑎1 − 𝑗 𝜔 Π12 𝑃𝑎2 )𝑑Γ
𝑒=1

𝑒
𝑁𝑎1

𝑒
∑[ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘02 ∫ 𝐍𝑇 𝑵 𝑑Ω ) 𝑃𝑎1
𝑒=1
𝑒
𝑁𝑎1

𝑒
𝑒
+ 𝑗 𝜔 Π11 ∫ 𝐍𝑇 𝑵 𝑃𝑎1
𝑑Γ − 𝑗 𝜔 Π12 ∫ 𝐍𝑇 𝑵 𝑃𝑎2
𝑑Γ ] = ∑ ∫ 𝑵𝑇
𝑒=1

(125)

𝜕 𝑃𝑎1
𝑑Γ
𝜕𝑛

As done before, we can compact this equation into one more familiar to the reader and
present it via matrices:

(𝑲𝒂𝟏 + 𝑗𝜔𝑪𝒂𝟏 − 𝜔2 𝑴𝒂𝟏 )𝑷𝒂𝟏 − 𝑗𝜔𝑪𝒂𝟏𝒂𝟐 𝑷𝒂𝟐 = 𝑭𝒂𝟏

(126)

Here we can see the stiffness factor along with the damping term and the mass factor, all
scaled to force units. The following definition for each factor is:
𝑒
𝑁𝑎1

𝑲𝒂𝟏 = ∑ ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω

(127)

𝑒=1
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𝑒
𝑁𝑎1

𝑴𝒂𝟏

1
= 2 ∑ ∫ 𝑵𝑇 𝑵 𝑑Ω
𝑐0

(128)

𝑒=1

𝑒
𝑁𝑎1

𝜕 𝑃𝑎1
𝑑Γ
𝜕𝑛

(129)

𝑪𝒂𝟏 = Π11 ∑ ∫ 𝑵𝑇 𝑵 𝑑Γ

(130)

𝑭𝒂𝟏 = ∑ ∫ 𝑵𝑇
𝑒=1
𝑒
𝑁𝑎1

𝑒=1
𝑒
𝑁𝑎1

(131)

𝑪𝒂𝟏𝒂𝟐 = Π12 ∑ ∫ 𝑵𝑇 𝑵 𝑑Γ
𝑒=1

•

Outlet area:

Now we must substitute equation [123] in equation [120] to obtain the behaviour equation of
outlet side:
𝑒
𝑁𝑎2

𝑒
∑ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘02 ∫ 𝐍𝑇 𝑵 𝑑Ω ) 𝑃𝑎2
𝑒=1

𝑒
𝑁𝑎2

= ∑ ∫ 𝑵𝑇
𝑒=1
𝑒
𝑁𝑎2

𝜕 𝑃𝑎2
𝑑Γ
𝜕𝑛

(132)

+ ∑ ( ∫ 𝑵𝑇 (𝑗 𝜔 Π21 𝑃𝑎1 − 𝑗 𝜔 Π22 𝑃𝑎2 )𝑑Γ
𝑒=1

𝑒
𝑁𝑎2

𝑒
∑[ ( ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω − 𝑘02 ∫ 𝐍𝑇 𝑵 𝑑Ω ) 𝑃𝑎2
𝑒=1
𝑒
𝑁𝑎2

𝑒
𝑒
+ 𝑗 𝜔 Π22 ∫ 𝐍𝑇 𝑵 𝑃𝑎2
𝑑Γ − 𝑗 𝜔 Π21 ∫ 𝐍𝑇 𝑵 𝑃𝑎1
𝑑Γ ] = ∑ ∫ 𝑵𝑇
𝑒=1

(133)

𝜕 𝑃𝑎2
𝑑Γ
𝜕𝑛

As done before, we can compact this equation into one more familiar to the reader and
present it via matrices:

(𝑲𝒂𝟐 + 𝑗𝜔𝑪𝒂𝟐 − 𝜔2 𝑴𝒂𝟐 )𝑷𝒂𝟐 − 𝑗𝜔𝑪𝒂𝟐𝒂𝟏 𝑷𝒂𝟏 = 𝑭𝒂𝟐

(134)

And the definition for these terms is:
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𝑒
𝑁𝑎2

(135)

𝑲𝒂𝟐 = ∑ ∫ ∇𝑇 𝑵∇𝑵 𝑑Ω
𝑒=1
𝑒
𝑁𝑎2

𝑴𝒂𝟐 =

1
∑ ∫ 𝑵𝑇 𝑵 𝑑Ω
𝑐02

(136)

𝑒=1

𝑒
𝑁𝑎2

𝜕 𝑃𝑎2
𝑑Γ
𝜕𝑛

(137)

𝑪𝒂𝟐 = Π22 ∑ ∫ 𝑵𝑇 𝑵 𝑑Γ

(138)

𝑭𝒂𝟐 = ∑ ∫ 𝑵𝑇
𝑒=1
𝑒
𝑁𝑎2

𝑒=1
𝑒
𝑁𝑎2

(139)

𝑪𝒂𝟐𝒂𝟏 = Π21 ∑ ∫ 𝑵𝑇 𝑵 𝑑Γ
𝑒=1

To end this chapter, both compact equations for each side of the transfer matrix can be put
into a matrix form to ease calculus:

[[

𝑲𝒂𝟏
0

0
𝑪
] + 𝑗𝜔 [ 𝒂𝟏
𝑲𝒂𝟐
−𝑪𝒂𝟐𝒂𝟏

−𝑪𝒂𝟏𝒂𝟐
𝑴
] − 𝜔2 [ 𝒂𝟏
𝑪𝒂𝟐
0

0
𝑷
𝑭
]] { 𝒂𝟏 } = { 𝒂𝟏 }
𝑭𝒂𝟐
𝑴𝒂𝟐 𝑷𝒂𝟐

(140)

7. Modelling procedure
7.1. Previous considerations
Most of the information coming up is the practical part of this project, where all the previous
ideas and fundamentals are put to work. The main objective is to, first of all, experiment and
test the exhaust system that is located in the Mechanical Engineering Department of the
Polytechnic University of Valencia under the supervision of the tutor of this project, Francisco
David Denia.
This exhaust system is set up to adjust to different variables and parameters that can diversify
the experimentation process, which mainly include geometry features such as inlet and outlet
lengths and diameters, as well as their positioning. In order to follow the rest of this reading,
refer to the next illustration in order to comprehend the names given to all the different parts.
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Illustration 21. Part naming

Now, the experimental set up can change many geometrical parameters in order to see
different behaviours of different configurations, which is in one sense, the main objective of
this project. At the end of the project we will be able to identify the most influential
parameters that have a positive or negative response towards the exhaust system.
The main goal will be to obtain the transmission loss plot of all configurations and analyse the
results in order to detect the most favourable geometrical modifications. Transmission loss has
been stated and introduced in previous sections and for the sake of this project, it will be
considered as the primary parameter when studying the acoustic properties of the
experimental set up. But this is not exactly the focus of the project. The exhaust system is
already set up and functioning correctly. If we desired to validate the reliability of the
experimental set up, this would be a more technical and “hands on the job” project. Au
contraire, we will consider the output of the experimental set up to be completely reliable and
focus on trying to replicate the results with a numerical model. This will in one way validate
the precision and reliability of the software used and allow us to figure out a relative error
between both methods.
As mentioned previously in this project, there are two ways to model the monolith of the
catalyst. One is to physically model it just as another part of the exhaust system (like in
illustration 21). This consists in modelling all components, including the monolith, in a threedimensional space. The other approach is based on the idea of replacing the monolith for a
node to node relationship. This means connecting the entry and exit by mathematical
expressions defined by a transformation matrix named 𝑻𝒎 . To focus more on only one
method, we will only model the monolith as the mathematical expression 𝑻𝒎 . This involves
having to introduce the transfer matrix into the software, which will be explained later. What
is interesting is that the software needs to be fed the correct data and in an adequate form. All
this pre-processing is done with a mathematical, numerical software, in our case MathCad.
Attached to this project will be an annex section where the reader can see how this data is
managed and given to the software program. So, let us talk about the software used.
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7.2. Comsol Multiphysics
The software used for the acoustics modelling and simulation is called Comsol Multiphysics.
This software has been used frequently during many years in fields like acoustics thanks to the
simplicity it provides. It is currently used in the Mechanical Engineering Department of the
Polytechnic University of Valencia.
Comsol Multiphysics has its main focus on analysis and calculus via the finite element method
of physical applications, specializing on multiphysics and coupled phenomenon. This software
allows modelling and simulation in one-dimensional, two-dimensional and three-dimensional
spaces. In the case of this project, in some cases, only two-dimensions will be needed but, in
the majority, all three dimensions will be required. Each case will be explained separately
further on.
At the moment, Comsol Multiphysics is divided in different physic modules but as it seems
obvious, the module used will be the acoustics module. With this software we will be able to
model our geometry with the goal to calculate the transmission loss of the system, depending
on many geometrical factors. As all finite element method analyses, the process will have
three phases:
•

Pre-processing

This involves introducing the real, continuous geometry into a discrete software. The preprocessing phase is all about preparing the data and model for simulation and depending on
the case, this can have more or less features. In our case, some of the common elements of
pre-processing will be: geometry (can be imported from other CAD programs or modelled in
the same simulation software), coordinate system (the software program will automatically
generate a global reference system, as well as an individual reference system for every
element that comprises the mesh), properties (this refers to all features of the model and the
materials used. For example, all pipes will be modelled containing air though the monolith’s
properties will vary depending on the resistivity and porosity. Other properties can be
impedances and initial pressures…), boundary conditions (these are what fix the geometry and
set the initial pressures, so that our exhaust is not floating in mid-air) and finally meshing (This
operation divides the geometry into nodes and elements and the size, number, orientation
and form of meshing can be settled and changed depending on the geometry case. The
precision of the results will depend on the number of elements although simulation time will
also be affected).

•

Calculus

As mentioned in the first sections of this project, calculus has the task of composing and
solving a system of equations using and iterative method. Here we can include generating the
shape functions, calculating the matrices of each element, parameter configuration,
coordinate transformation, assembly of equations and implementing boundary conditions.
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•

Post-processing

This is the final step of the finite element method journey and it is where the results from the
simulations are viewed. This particular FEM software has a post-processing module where the
transmission loss plots will be shown. Probably the most crucial step in any FEM analysis is the
pre-processing because if this is incorrect, the entire model will be inaccurate, and hours of
calculus will be spent. In engineering, hours of simulations are equivalent to money, so wasted
time is wasted money. Therefore, it is key to ensure that the pre-processing steps are perfect.
After achieving the correct results, here is where the engineer must evaluate the results and
know how to interpret them. The engineer must be able to interpret the results in order to
identify possible mistakes and know where the model can be rearranged in a better manner.

7.3. Process Layout
As we have mentioned previously, the only catalyst modelling method used will be to model
the monolith as a transfer matrix, and this will from now one be catalogued as 3D-1D
modelling. This is, 3D coming from that the entire geometry and model is created in a threedimensional space. Then the 1D means that the monolith is not a 3D component, but it could
be said as a 1D transfer function element.
Throughout this project we will compare different load cases which will be differentiated by
geometry and resistivity. But before introducing the load cases, let us assign a nomenclature to
the different parts of the geometry. See the next illustration.

Illustration 22. Geometrical parameters

Obviously, the L parameters are lengths and the R parameters are radius. A conventional wave
would enter through the left side (pipe with R1 and L1) and exit through the pipe with L3 and
R3. In the middle of the exhaust, there is a void, and this is where we will implement,
numerically, the transfer matrix to simulate the monolith. Now combine the information from
Illustration 21 and Illustration 22.
•
•

Pipe with radius 1 and length 1 is called Entry.
Pipe with radius 2 and length Lb is called Inlet.
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•
•
•

Pipe with radius 2 and length L2 is called Monolith.
Pipe with radius 2 and length Ld is called Outlet.
Pipe with radius 3 and length L3 is called Exit.

Some of the parameters will vary but not all of them because there are too many and the
number of variations would be untreatable in this project, so in the following table are the
parameters that will not change throughout all the calculus:
Fixed parameters
L1 = L3 = 0.1 m
R1 = R3 = 0.0258 m
R2 = 0.1275 m
Porosity and capillaries
Table 2. List of fixed parameters

When talking about the variable parameters, first we are going to establish two, initial,
differentiations which are coming from the resistivity value of the catalyst. In real
experimentation, this variable can be modified by the capillary of the monolith or the actual
length. If the length increases, so will the transmission loss because the pressure wave has a
further stretch to cover when struggling through the pipe. So, the first distinction made is
referring to the monolith length, or according to illustration 22, L2. Some studies (which will be
later specified, will bear a L2 value of 0.075 m while others will have double that length, 0.15
m.
Now let us dive into the positioning of the entry and exit pipes. The entry and exit conducts
will vary their position from centered (which means sharing the same revolution axis as the
inlet and outlet pipes), a certain off-center from this axis (the exact amount will be detailed
further on) and finally from an optimum off-center that has previously been studied and
calculated (as like before, the motivation and purpose of this optimum off-center will be
detailed in the corresponding section). So just from this distinction, we have three different
study cases to perform.
Now let us study the lengths. We are going to conserve the total length from Lb + Ld and
obviously, this concerns keeping Lb + Ld + L2 constant. Now we are going to introduce two
new variations, one being where Lb and Ld are 0.1 m. The other variation is having Lb = 0.15 m
and Ld = 0.05 m. This last option concerns making the inlet longer than the outlet.
The next paragraph will be entirely dedicated to introducing a new parameter that was not
mentioned before and it is going to be called Angle Mismatch. The Angle Mismatch is the angle
difference, measured clockwise and in degrees, between the entry pipe and the exit pipe when
looking at the YZ plane. Positive angles will be considered measured clockwise starting from
entry pipe to the exit pipe, this is, from 1 to 3. See the following illustration for visual
clearance:
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Illustration 23. Angle Mismatch sketch

As said before, angles are positive when measured clockwise starting from entry pipe to exit
pipe in the YZ plane. Having clarified this concept, we can establish another three different
load cases which will be directly related to the off-centering variations. In the cases when both
the entry and exit pipes are offsetted, either 0.04 m or the optimum off-center, then we are
going to consider three different cases which are when angle mismatch is 0 degrees (θ13 = 0º),
angle mismatch is 90 degrees (θ13 = 90º) andangle mismatch is 180 degrees (θ13 = 180º). To
visualize these three cases, see the following illustrations.

Illustration 24. Angle Mismatch 0º
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Illustration 25. Angle Mismatch 90º

Illustration 26. Angle Mismatch 180º
Last but not least, the last variations are not geometrical but are a property of the exhaust
system. We will be varying the resistivity of the catalyst for each and every load case
mentioned previously consisting of a resistivity of 750 rayl / m, 1500 rayl / m and 3000 rayl /
m.
To summarize all the variations that we are going to analyse, follow this diagram:
•

Group 1. Monolith length 0.075 m. Entry and Exit centered:
Study 1: Offset 1 = Offset 3 = 0, Angle mismatch θ13 = 0º, Lb = Ld = 0.1 m.
Repeat for R = 750, 1500 and 3000 rayl / m
Study 2: Offset 1=Offset 3=0, Angle mismatch θ13 = 0º, Lb =0.15 m, Ld = 0.05m.
Repeat for R = 750, 1500 and 3000 rayl / m
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•

Group 2. Monolith length 0.075 m. Entry centered and Exit off-centered 0.04 m:
Study 3: Offset 1 = 0, Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb = Ld = 0.1
m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 4: Offset 1 = 0, Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb =0.15 m,
Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

•

Group 3. Monolith length 0.075 m. Entry centered and Exit optimum off-center:
Study 5: Offset 1 = 0, Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb = Ld
= 0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 6: Offset 1 = 0, Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb =0.15
m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

•

Group 4. Monolith length 0.075 m. Entry and Exit off-centered 0.04 m:
Study 7: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb = Ld = 0.1 m.
Repeat for R = 750, 1500 and 3000 rayl / m
Study 8: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 90º, Lb = Ld = 0.1
m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 9: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 180º, Lb = Ld = 0.1
m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 10: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb =0.15 m, Ld
= 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 11: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 90º, Lb =0.15 m,
Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 12: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 180º, Lb =0.15 m,
Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

•

Group 5. Monolith length 0.075 m. Entry and Exit optimum off-center:
Study 13: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb = Ld =
0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 14: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 90º, Lb = Ld
= 0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 15: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 180º, Lb = Ld
= 0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 16: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb =0.15
m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
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Study 17: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 90º, Lb
=0.15 m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 18: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 180º, Lb
=0.15 m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
•

Group 6. Monolith length 0.15 m. Entry and Exit centered:
Study 19: Offset 1 = Offset 3 = 0, Angle mismatch θ13 = 0º, Lb = Ld = 0.1 m.
Repeat for R = 750, 1500 and 3000 rayl / m
Study 20: Offset 1 = Offset 3 = 0, Angle mismatch θ13 = 0º, Lb =0.15 m, Ld =
0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

•

Group 7. Monolith length 0.15 m. Entry centered and Exit off-centered 0.04 m:
Study 21: Offset 1 = 0, Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb = Ld =
0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 22: Offset 1 = 0, Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb =0.15 m,
Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

•

Group 8. Monolith length 0.15 m. Entry centered and Exit optimum off-center:
Study 23: Offset 1 = 0, Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb = Ld
= 0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 24: Offset 1 = 0, Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb
=0.15 m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

This brings us to a total of 24 study cases. We must multiply that number by the resistivity
variations (which is three) to obtain the total number of load cases. The total amount of curves
we will have at the end of this project will be 24 times 3, which is 72. In order to clarify all this
information for the reader, a table summarizing all the previous groups and studies is shown.

R = 750 rayl/m
Lb = 0.1 m
Ld = 0.1 m
Group 1. Entry and
Exit centered

No Angle
Mismatch

R = 1500 rayl/m

Study 1

R = 3000 rayl/m
L2 = 0.075 m
R = 750 rayl/m
Lb = 0.15 m
Ld = 0.05 m

No Angle
Mismatch

R = 1500 rayl/m

Study 2

R = 3000 rayl/m
Group
2.
Entry
centered and Exit
off-centered 0.04 m

R = 750 rayl/m
Lb = 0.1 m
L2 = 0.075 m
Ld = 0.1 m

No Angle
Mismatch

R = 1500 rayl/m

Study 3

R = 3000 rayl/m
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R = 750 rayl/m
Lb = 0.15 m
Ld = 0.05 m

No Angle
Mismatch

R = 1500 rayl/m

Study 4

R = 3000 rayl/m
R = 750 rayl/m
Lb = 0.1 m
Group 3. Entry
centered and Exit
optimum off-center

Ld = 0.1 m

No Angle
Mismatch

R = 1500 rayl/m

Study 5

R = 3000 rayl/m
L2 = 0.075 m
R = 750 rayl/m
Lb = 0.15 m
Ld = 0.05 m

No Angle
Mismatch

R = 1500 rayl/m

Study 6

R = 3000 rayl/m
Angle
Mismatch =
0º

Lb = 0.1 m
Ld = 0.1 m

Group 4. Entry and
Exit off-centered
0.04 m

Angle
Mismatch =
90º

Angle
Mismatch =
180º

R = 750 rayl/m
R = 1500 rayl/m

Study 7

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 8

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 9

R = 3000 rayl/m

L2 = 0.075 m
Angle
Mismatch =
0º

Lb = 0.15 m
Ld = 0.05 m

Angle
Mismatch =
90º

Angle
Mismatch =
180º

R = 750 rayl/m
R = 1500 rayl/m

Study 10

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 11

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 12

R = 3000 rayl/m

63

Angle
Mismatch =
0º

Lb = 0.1 m
Ld = 0.1 m

Group 5. Entry and
Exit optimum offcenter

Angle
Mismatch =
90º

Angle
Mismatch =
180º

R = 750 rayl/m
R = 1500 rayl/m

Study 13

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 14

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 15

R = 3000 rayl/m

L2 = 0.075 m
Angle
Mismatch =
0º

Lb = 0.15 m
Ld = 0.05 m

Angle
Mismatch =
90º

Angle
Mismatch =
180º

R = 750 rayl/m
R = 1500 rayl/m

Study 16

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 17

R = 3000 rayl/m
R = 750 rayl/m
R = 1500 rayl/m

Study 18

R = 3000 rayl/m
R = 750 rayl/m

Lb = 0.1 m
Ld = 0.1 m
Group 6. Entry and
Exit centered

No Angle
Mismatch

R = 1500 rayl/m

Study 19

R = 3000 rayl/m
L2 = 0.15 m
R = 750 rayl/m
Lb = 0.15 m
Ld = 0.05 m

No Angle
Mismatch

R = 1500 rayl/m

Study 20

R = 3000 rayl/m
R = 750 rayl/m
Lb = 0.1 m
Group 7. Entry
centered and Exit
off-centered 0.04 m

Ld = 0.1 m

No Angle
Mismatch

R = 1500 rayl/m

Study 21

R = 3000 rayl/m
L2 = 0.15 m
R = 750 rayl/m
Lb = 0.15 m
Ld = 0.05 m

No Angle
Mismatch

R = 1500 rayl/m

Study 22

R = 3000 rayl/m
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R = 750 rayl/m
Lb = 0.1 m
Group 8. Entry
centered and Exit
optimum off-center

Ld = 0.1 m

No Angle
Mismatch

R = 1500 rayl/m

Study 23

R = 3000 rayl/m
L2 = 0.15 m
R = 750 rayl/m
Lb = 0.15 m
Ld = 0.05 m

No Angle
Mismatch

R = 1500 rayl/m

Study 24

R = 3000 rayl/m

Table 3: List of 24 cases

7.4. Load Cases
This is the part of the project where all the different load cases are going to be studied
separately and explained in detail.

7.4.1. Entry and Exit centered
Before diving in on the load cases there is an initial step common to all load cases and that is
firing up Comsol Multiphysics and setting the software for the analysis. In this section we can
also do an overview of the different windows.
So to get started, double click Comsol Multiphysics (in our case version 5.2) and this will lead
you to the primary setup window. Press File, New and here we have two options, create a
totally new file from a blank model or have some guidance from the mode wizard. Hit Model
Wizard. We now must choose a space dimension in which to create our model. The majority of
the cases are going to be set in a 3D space but when having the entry and exit centered, it is
much easier to use a 2D-axisymmetric space because there is a symmetry in the geometry.
This option is used to spare calculus time which decreases the number of elements in the
mesh, offering the same results as a 3D model.
One difference between choosing one or another will be the coordinate system. In the 2Daxisymmetric space, the axes will be R standing for radius and Z for length, so to define a point
in this space we only need to provide two parameters. On the other hand, in the 3D space
there are three axes which are X, Y and Z and to define the same point, we must provide a
value for each of these axes.
After choosing the space dimension, the following step is to select a Physics and a Study. The
option that we are interested in is the Acoustics. Of all the five options presented, the option
designated is Pressure Acoustics. Inside pressure acoustics we have three different options. To
see the characteristics of each option, click once and an information paragraph will appear at
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the right. The option required for our study is Pressure Acoustics, Frequency Domain (acpr).
After selecting this option press Add.
The next selection must be defining the type of study. At the bottom part of the screen press
the green box with an arrow that says study. Here select Frequency Domain. Check that both
the study and the physics has been added and press Done. This will bring you to the main
window display. Here there are three different section windows which are the tree model,
settings window and the graphics window. The tree model contains all the elements added to
a model in the Comsol language. Here we can modify the properties of our model, eliminate or
add characteristics etc. The settings window is complementary to the tree model. This is when,
for example, we add a new geometry to our model, the options relative to this geometry can
be modified through the settings window. The tree model is just a visual aid to seeing what the
model contains. Finally, the graphics window will represent the geometric model and can also
show plot, for example, transmission loss vs frequency. The three mentioned windows,
without any added components should be like:

Illustration 27. Model Builder and settings windows
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Illustration 28. Graphics window

As explained previously, the first load case is when both the entry pipe and exit pipe are
centered, meaning that there is no offset from the revolution axis of the catalyst. Due to this
fact, we can use the 2D-axisymmetric space that saves space, calculus time and number of
elements maintaining the precision compared to the 3D space. So for this case we choose the
2D-axisymmetric Space.
Remember that this load case contains studies number 1 and 2 and these are:
Study 1: Offset 1 = Offset 3 = 0, Angle mismatch θ13 = 0º, Lb = Ld = 0.1 m. Repeat for R = 750,
1500 and 3000 rayl / m
Study 2: Offset 1 = Offset 3 = 0, Angle mismatch θ13 = 0º, Lb =0.15 m, Ld = 0.05 m. Repeat for R
= 750, 1500 and 3000 rayl / m
As it can be seen, the only difference between both cases is the values of Lb and Ld.

7.4.1.1. Global Parameters
First of all, we are going to define a set of parameters that are going to act as global variables.
This way when we want to vary from one study to another we simply change the value of
these parameters and the model will change accordingly. Here we are going to have the
geometrical values of the load case plus some other fundamental variables. Go to the top of
the screen and find an 𝑃𝑖 symbol. It can also be found in the definitions section. Press
Parameters to add this box to the tree model. We need to insert a name for the parameter, a
value (with its units) and there is the option to add a description, which is highly
recommended for keeping track of all parameters. For this specific case we are going to add
the following parameters:
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Illustration 29. Global parameters

Notice that in the expression column the numerical value must be added preceded by the
units in between brackets. In the previous illustration, the Lb and Ld parameters are set at 0.1
m but this is just a visual aid for the reader but obviously, when going on to study 2, these
parameters must be changed to 0.15 m and 0.05 m respectively.

7.4.1.2. Geometry Creation
Now that we have established the geometrical parameters, it is time to create the geometry.
This is probably one of the easiest steps in the entire process because we only need to create
the geometry for the entry, inlet, outlet and exit (no monolith because this is a 3D-1D study).
Before typing in numbers, we must ensure that when clicking on Geometry, the length unit is
metres (m) and the angular unit is degrees. The rest can be left as default.
Although there are many ways to create the geometry, the method used in this case is to
handle a Bezier Polygon. This option can be found in Geometry, Primitives and Bézier Polygon.
Now we move onto the settings window. A label can be set (as a usual name) but because
there are not many of these functions, the name will stay as default (Bézier Polygon 1). In the
general and type label, select Solid and then move onto the important part of this section
which is Polygon Segments. Here is where the geometry will be introduced manually. Due to
the simplicity of the geometry handled, it can be created as linear segments, which once
revolved over an axis can create the circular pipe section. The idea here is to press Add Linear,
which will add a linear segment. When that segment is introduced, press Add Linear to add the
next segment. Keep on doing this process to complete the geometry. Bear in mind that the
horizontal coordinate is the R (radius) and the vertical coordinate is the length or depth of the
pipes (Z). The segments are introduced manually via control points. These control points are
basically the two points that define a linear segment, so in order to create the segment we
type in the R and Z coordinates of the points 1 and 2. See illustration 22 for an overview of
how the global variables play a part in the final creation of the geometry.
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Illustration 30. Global parameter overview

The Bézier Polygon window that appears when we want to create each linear segment should
look like as follows in illustration 31.

Illustration 31. Bézier Polygon window
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At the bottom part of the window, the two points that will create the linear segment are
required and that is where we must introduce the following information:

Entry and Inlet section
Point 1: R = 0, Z = 0
Segment 1
Point 2: R = R1, Z = 0
Point 1: R = R1, Z = 0
Segment 2
Point 2: R = R1, Z = L1
Point 1: R = R1, Z = L1
Segment 3
Point 2: R = R2, Z = L1
Point 1: R = R2, Z = L1
Segment 4
Point 2: R = R2, Z = L1+Lb
Point 1: R = R2, Z = L1+Lb
Segment 5
Point 2: R = 0, Z = L1+Lb
Point 1: R = 0, Z = L1+Lb
Segment 6
Point 2: R = 0, Z = 0
Table 4. Entry and Inlet segment points

Exit and Outlet section
Point 1: R = 0, Z = L1+Lb+L2
Segment 1
Point 2: R = R2, Z = L1+Lb+L2
Point 1: R = R2, Z = L1+Lb+L2
Segment 2
Point 2: R = R2, Z = L1+Lb+L2+Ld
Point 1: R = R2, Z = L1+Lb+L2+Ld
Segment 3
Point 2: R = R3, Z = L1+Lb+L2+Ld
Point 1: R = R3, Z = L1+Lb+L2+Ld
Segment 4
Point 2: R = R3, Z = L1+Lb+L2+Ld+L3
Point 1: R = R3, Z = L1+Lb+L2+Ld+L3
Segment 5
Point 2: R = 0, Z = L1+Lb+L2+Ld+L3
Point 1: R = 0, Z = L1+Lb+L2+Ld+L3
Segment 6
Point 2: R = 0, Z = L1+Lb+L2
Table 5. Exit and Outlet segment points
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Notice that these are two different Bézier polygons because there is no geometrical continuity
between the inlet and the outlet. Also, when the geometry wants to be changed from Lb = 0.1
m to Lb = 0.15 m, instead of redefining the linear segment, one only has to go to the global
parameters and change the value of Lb, update the geometry to apply the change and with
this method, one can vary the geometry only from the global parameter window. The Bézier
polygon window will remain untouched throughout the different cases, except for the offcentered cases.

7.4.1.3. Boundaries and Domains
Now that we have created the geometry, we must let the software know what the entry is,
what is the exit and so on. Later on, we will apply some properties to the model but
beforehand we must let the software know what each part of the geometry is. This is done by
establishing boundaries and domain (although the domain will not be required in these two
studies because there is no volumes).
In order to do this, we must go to Component 1, Definitions and Explicit. Here we are going to
create 4 different boundaries, which are entry, inlet, outlet and exit. This is telling Comsol to
assign a label to a certain linear segment created previously. Do not confuse the area that we
just called Inlet (which is the section between the entry area and the monolith) with the
boundary called Inlet. The difference will come clear further on.
The steps to the creation of the four boundaries are: first set a label, which is a name. The
names wil be entry, inlet, outlet and exit. The Geometrical Entity Level is asking for what we
want to create either a boundary or a domain. In this case, all four are boundaries. Finally,
below that, press the Active button and then go over to the Graphics Window and select, by
clicking once, the linear segment of choice. First create the Entry boundary and then hit the
Explicit button again to create the Inlet boundary. Carry on until Outlet and Exit are created.
The window that should appear is as like in illustration 32 and the linear segments for each
boundary are shown in illustration 33.

Illustration 32. Explicit boundary creation window
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Illustration 33. Boundary definition

Once the boundaries are created, the rest of the tree model will be much easier to complete.
Another boundary condition we are going to establish is the boundary symmetry between the
inlet and outlet boundaries. The path to create this symmetry is to go to Component 1,
Definitions, Component Coupling and Boundary Similarity. The option window is as in
illustration 34.

Illustration 34. Boundary symmetry window
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Two of these boundary symmetries are required, one establishing the inlet as the source
boundary (master) and the outlet as destination boundary (slave) and the other one vice versa.
Set a label name for the first as Boundary Symm 1 and leave the operator name as default (this
should not be modified as it is needed further on). Select as the source boundary Inlet and set
the destination boundary Outlet (both previously created). Now repeat this process to create
Boundary symm 2 with outlet as source and inlet as destination.

7.4.1.4. Functions and Operators
In this section, the main goal is to be able to calculate the Transmission Loss of the catalyst.
The numerical equations have been reviewed in the Physical Fundamentals chapter, so go back
and recall the needed information. The transmission loss depends on the speed and pressue of
both the entry and the exit, so we need to estimate these variables at these points. The most
appropriate manner is to average the values. Go to Component 1, Definitions, Component
Coupling and Average. The window that comes up should be as:

Illustration 35. Average window

Two different averages are needed, one at the entry and one at the exit. Illustration 35shows
the example of the entry. For the entry end, stipulate a name such as aveop_entry and leave
the operator name as default as it will be required further on. The Geometrical Entity Level is
a boundary and then select or choose the entry boundary. Leave the remaining options as
default. This has now created the entry average, so now repeat for the exit boundary, which
will have per name aveop_exit, operator name aveop2, and the boundary selected will
obviously be the exit.
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Having set the two averages, we can proceed to calculate the transmission loss of the catalyst.
This is done via a variable that we shall call TL. Go to Component 1, Definitions and Variables.
The window that emerges is very similar to the Global Parameters one shown in illustration 29.
The transmission loss is dependant of the incident pressure and the exit pressure by means of
a logarithm. Recall equation 66 to visualize the formulation of TL. Before formulating the
equation in Comsol, we must identify the two pressure terms needed. The incident pressure
(which is the pressure at the entry of the catalyst) was defined as a global variable in the
Global Variable section and it has per name per (entry pressure) and value 1 Pascal. Now, the
exit pressure has just been calculated via the average operator called aveop_exit. Having this
said, see illustration 36 to view the local variable window.

Illustration 36. Local variable transmission loss

Notice the nomenclature of the equation in Comsol language. A regular logarithm needs to be
set as log10 and instead of typing aveop_exit (which is the label) one must introduce the
operator name (aveop2). Therefore, the emphasis on not changing any operator name.

7.4.1.5. Material definition
The next step in this process is to set the materials involved. In our case, the material inside
the catalyst is going to be air but in real life and for a more exact calculus, that is not true.
Inside the monolith there are combustion fumes, high levels of oxygen and nitrogen, so
stipulating that inside the catalyst there is barely air is not a precise statement. But for the
sake, the precision and the objective of this project it is sufficient.
The material inside the entry, inlet, outlet and exit is going to be air, but one could ask what
about the monolith. Well, the material definition of the monolith will be imposed through the
transfer matrix, which will be shown in the final annexes. So for the moment, the only material
introduced will be air. In order to add this material, go to the Materials section and find Add
material. Once that is done, a new window will appear on the right-hand side of the screen.
There are many options of materials but because air is so common, there is no need to create
a new material. Press the Built In option to select from the materials library, search Air and
Add to Component. The window that will pop up is as illustration 37.
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Illustration 37. Defining air material

As like before set a name or the material in the Label option. Then in Geometrical Entity Level
we need to tell Comsol what is air so choose Domain and by any means select all the geometry
created (which is the entry, inlet, outlet and exit that form two symmetrical L’s). Just to add
extra information to the explanation, scroll down to Material Contents. Here one can see that
we can vary the properties of the Air material created and notice the first two parameters
which should show in a green ticked box. These are Density and Speed of Sound. In the Name
column are the names by which Comsol identifies these variables and they are rho and c. Go
back to illustration 29 and see that we previously gave a value to rho and c. If this weren’t
done, Comsol would not know the value the user desires and would set a value by default.

7.4.1.6. Transfer Matrix
In this section we are going to introduce the transfer matrix that will simulate the monolith
with all its properties. The first detail that needs to be explained is that Comsol requires a
specific format of input and in our case, it is a table or point to point plot. This is a column full
of one variable (which will be frequency) and another column full of the other variable
corresponding to the first variable (which is the transfer matrix component). Put in other
words, the input must have a column full of x values and the other will be function of x, f(x).
One simple way to input these variables into Comsol is via a .txt document. We are going to
create a .txt file containing two columns full of data [7], [10]. Now the question would be how
to create these files and one answer would be typing the values one by one but a much more
precise way and also time saving is to be supported by a numerical, mathematical software
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such as MathCad. This software will allow us to obtain, easily and in an automatic way, all the
.txt files needs ready to feed them to Comsol. But before diving into MathCad, let’s recall some
details about the transfer matrix.
The monolith is no longer a physical element of our geometry, so it is swapped for a transfer
matrix that will simulate its properties. Then, why choose the transfer matrix over the
geometrical conventional way? The answer is, in previous studies based on the same software
and same principles, it was shown that the 3D-1D cases were slightly more precise in the
results than the 3D-3D cases. The original studies that demonstrate these statements will me
mentioned in the bibliography of this project.
The transfer matrix components are directly related to the pressure and speed of the entry
and exit to the monolith chamber and the formulation goes as so:

𝑝1
𝑇𝑚
( ) = ( 11
𝑚
𝑇21
𝑣1

𝑚
𝑝2
𝑇12
𝑚) ( )
𝑇22 𝑣2

(141)

The components of this transfer matrix can be obtained from the equation stated in the Finite
Element Method section of this project and they depend on the properties of the monolith,
which will be explained further on. The transfer matrix can be written as:
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cos(𝑘𝑚 𝐿𝑚 )
)

As we can see, this matrix depends on the following parameters:

Parameter

Description

Comments

𝒌𝒎

Monolith’s wave number

None

𝑳𝒎

Monolith’s length

Will adopt either 0.075 m or 0.15 m

𝝆𝒎

Monolith’s density

Formulation further on

𝒄𝒎

Monolith’s speed

Formulation further on

𝝓

Ratio porous and total surfaces

None

Table 6. Transfer matrix parameters

This is all seen in a better manner through the actual MathCad file used. Bear in mind that the
original MathCad file was generated by the Mechanical Engineering Department in the
Polytechnic University of Valencia, meaning that this file is in Spanish. The MathCad file will be
attached to the whole of this project and can be found in the annex section.
The first parameter to calculate will be the equivalent density and speed belonging to the
monolith.
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Illustration 38. Equivalent density calculus in MathCad

As we can see, the monolith’s density (and speed) are dependant of the air’s density and
speed so we must establish a value for these two parameters. The formulation is simple but
consists of many terms that can easily be calculated. The capillary of the monolith must be
seta also and for the sake of this project, we have said that the capillary are square sections,
which is not a bad estimation. Now we can see the equivalent speed calculus.

Illustration 39. Equivalent speed calculus in MathCad

In this section, the dynamic viscosity, thermal conductivity and specific heat coefficients are
set, allowing us to calculate Prandtl’s number, which further on is required for the monolith’s
speed calculus.
The following illustration is showing the frequency sweep. The objective of creating this file is
to obtain a list of values of transfer matrix depending on the frequency. But the frequency
77

study is not pin pointed down to one frequency value, it is rather sweep from one initial value
to a final target value. The frequency range in which we are going to operate is from 0 Hz to
3200 Hz. The increment in this frequency range is going to be 10 Hz. So, we are going to start
at 0 Hz and in steps of 10 Hz leap up to 3200 Hz. This involves having 320 different steps and
therefore this many calculus. This frequency sweep is shown in the next part of the MathCad
file in illustration 40.

Illustration 40. Frequency sweep in MathCad

As it is shown, we have created an index called kk that will run from 0 up to 319, then the
frequency values from 0 to 3200 in steps of 10 is captured in the variable 𝑓𝑟𝑒𝑐𝑘𝑘 . From here
on we can calculate other parameters that will all be arrays with the same length as 𝑓𝑟𝑒𝑐𝑘𝑘 .
Then highlighted in red is the R parameter. This is one of the key variables in our file and in
fact, it is the only parameter that will needed to be changed once the MathCad file is
completed. The R is the resistivity and as said previously on this project, the resistivity will
adopt three different values, being 750, 1500 and 3000 rayl / m. In illustration 40, the value set
is 750 rayl / m just for show casing. When these parameters have been set, we can proceed to
calculate the equivalent density of the monolith for each frequency value from 0 to 3200 in
steps of 10 Hz. This array of data is stored in the variable 𝜌𝑚 𝑘𝑘 .
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Illustration 41. Equivalent speed frequency sweep

With the previous information we can now calculate the array for the equivalent speed, which
is stored in the array 𝑐𝑚 𝑘𝑘 and the wave number array, which will have the same dimensions
as the previous arrays.

Illustration 42. Transfer matrix in MathCad

Reaching to the end of this chapter, if we recall equation 142 from pages above, to evaluate
the transfer matrix components, all the parameters have been calculated and stored in the
form of arrays, except for the monolith’s length. We have established the monolith’s length as
a variable, in some cases adopting a value of 0.075 m and in other cases 0.15 m. In the case of
the previous illustration, the length is 0.075 m. Once L2 is defined, we can evaluate the
transfer matrix components and store it all in an array of 320 elements.
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Illustration 43. Exporting T11 and T21 from MathCad

Illustration 44. Exporting T12 and T22 from MathCad
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The final part of this MathCad file breakdown is the process of extracting from MathCad the
arrays and all necessary data and creating an output in a .txt format. In the two illustrations
above what is happening is we are writing in one column the frequency values from 0 to 3200
in steps of 10 Hz. In the other column are the transfer matrix component values depending on
if it was T11, T12, T21, T22 and then if it is the real part or the imaginary part. So as a final
output we should have 8 files of 320 rows.
Reached this point, we now have in our computer the 8 .txt files of the transfer matrix, but we
have not introduced them into Comsol, so this is the next step. This is done in Comsol through
an interpolation. Acknowledge that we have created a discontinuous set of variables point to
point, but Comsol needs to be fed a continuous pattern, so the software automatically does
this via interpolation. Go to Component 1, Definitions and Interpolation. Set a name for this
function which in this case is Interpolation 1 but this name has no importance. As Data Source
select Local Table and then comes the Function Name. This is very important as further on it is
required and if this name does not match in further steps, the calculus will not run. For
example, we are going to show a case where resistivity is 750 rayl/m and we are going to load
the real part of T11.

Illustration 45. Loading real part of T11 with R = 750 rayl/m

This is the window that should appear. All the Function Name are going to be Tij (being ij 11,
12, 21, 22) followed by _real or _im. In this case we are loading the real part of T11 for R = 750
rayl/m, so the name is T11_real.
Next, to load the data from the .txt we must hit the folder icon, which is highlighted in red in
the previous illustration, and then choose the path to wherever we have saved the .txt file.
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Once loaded, the t column should show the frequency values from 0 to 3200 in steps of 10 Hz
and in the other column, the values of T11_real should be visible. There is an option to plot the
T11_real function and one can double check that the function is continuous, and the
interpolation has been done in a correct way.
Before closing this window down, there is a final, important aspect to address. This is the units
of these numbers. Up to now, Comsol only knows the numerical value but we need to
introduce the units. This equation shows the relationship between entry pressure and speed
with the exit pressure and speed via the transfer matrix. Knowing that pressure is measured in
Pascals and speed is measured in meters per second, with simple calculus we can obtain the
units of each part of the transfer matrix.

Transfer matrix component

Units

T11

Adimensional [-]

T12

Pa*s/m

T21

m/(Pa*s)

T22

Adimensional [-]

Table 7. Transfer matrix component units

The way to insert these units in Comsol is shown in illustration 46. While still in the
Interpolation window, scroll down to Units and one will see two empty spaces. The first is
Arguments and this refers to the t column, which for us is the frequency column. Introduce Hz
or 1/s. The second space is Function, which refers to f(t) in Comsol, and this is the T11_real
column. Here we must introduce the units of the Tij component and in the specific case of the
illustration T11 has no units, so it is left in blank.
This would be the example for T11_real. Repeat the process for all the remaining components.
After this, in the tree model, we should have 8 different interpolation functions (T11_real,
T11_im, T12_real, T12_im…).
Now that the interpolation functions are loaded, we are going to create a local variable where
we can store this information, so it can be managed in a simple way. We do not need to create
a new set of variables because there is one already created, containing the TL equation. Go
back to this variable set so we can include these new ones.
The main goal of creating some new variables relative to the transfer matrix is to combine in
one variable, the real and the imaginary parts. Go to Variables in the tree model and we are
going to create four new variables, which will be T11, T12, T21 and T22. These are the names
so put those into the Name column. If we remember imaginary numbers from basic calculus,
they can be expressed as:
𝑍 = 𝑎+𝑏𝑖

(143)

Where a is the real part, b is the imaginary part and i is the imaginary unit.
Following this analogy, we can create T11, T12, T21 and T22 from the real and imaginary parts
imported from MathCad. The result of adding these variables should be as in illustration 46.
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Illustration 46. Transfer matrix variables

This operation finishes the transfer matrix insertion although we are going to use these terms
further on.

7.4.1.7. Inlet and Outlet Boundary Conditions
In steps ahead, we will set pressure and speed values for the entry and the exit of the catalyst
but before we are going to define variables containing pressures and speeds for the inlet and
for the inlet. This does not mean we are applying them, only defining them for the pressure
acoustics section.
We must go back to the Variables option in the tree model and create four new variables,
which will stand for the inlet pressure, outlet pressure, inlet speed and outlet speed. For a
more simplistic name, use p for pressure and s for speed, i for inlet and o for outlet. Then the
expression is purely Comsol language, so reader might want to investigate the Comsol help or
manual for further information. The final result should look like what is in illustration 47.

83

Illustration 47. Pressure and speed boundary conditions

The expression starts with bndsim 1 or 2 depending on if we are talking about the inlet or
outlet. This is why is it very important to maintain coherence when creating the boundary
symmetry conditions. Then in brackets we have acpr which stands for acoustics pressure
followed by .p_t if we are in pressure terms or .vz if we are in speed terms. p_t stands for total
pressure and vz (v is velocity) means that the wave travels along the z axis, which is lengthwise
in this case. Be aware of using the correct units and add a description if desired to help.

7.4.1.8. Pressure Acoustics
The purpose of this step is to define some other boundary conditions relative to the physics of
the catalyst. All these boundary conditions are included via the Pressure Acoustics, Frequency
(acpr) section. The first incorporation to the model is checking the Pressure Acoustics tag and
setting the correct base for further parameters. Inside this option check that in Domain
Selection, all the domains are selected so that the physics is applied to the whole geometry. All
domains selected will appear in blue. Scroll down to Model Inputs, set the Temperature as
User Defined and then insert a value of 293.15 [K]. Check that Absolute Pressure is User
Defined and set at 1 [atm].
Finally, scroll to the bottom at Pressure Acoustics Model and make sure Fluid Model is Linear
Elastic. Speed of Sound and Density should also be defined From Material.
The next option to check is the Axial Symmetry. This is applied by default because it is built
into the 2D-axisymmetric model when we first created the file with Wizard Model. The only
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segments where the axial symmetry should not be applied are the two that form the
revolution axis.
Beneath we have the Sound Hard Boundary (Wall) tag and it refers to defining all exterior
walls and walls where there is an additional boundary condition applied as rigid. This ensures
that when introducing a sound wave into the catalyst, the wave cannot simmer through the
exterior walls. The only way for the wave to enter or exit should be via the entry, inlet, outlet
or exit.
Following is the Initial Value tag. There is no need to use this tag so make sure that All
Domains are selected and scroll down to the Initial Value dropdown. Check that Pressure and
its derivative are null.
It is time to set the sound wave at the entry of the catalyst. This is done through the following
path: Pressure Acoustics, Frequency (acpr), Boundaries and Plane Wave Radiation. We
choose this option because the type of wave desired is a plane one, although in further future
studies, testing with spherical waves could be interesting. As always, set a name for this
boundary condition (it is not important so select whichever). For this case we chose Entry
Plane Wave Radiation. Select the appropriate boundary, which is the entry. Right click Entry
Plane Wave Radiation and press Incident Pressure Field to let Comsol know what the wave
looks like. In the Boundary Selection dropdown, all boundaries must be unselected except for
the entry, where we do want to apply the plane wave radiation. Drop to the bottom and open
up the Incident Pressure Field option and select the Incident Pressure Field Type as Plane
Wave. The Pressure Amplitude is going to be pe, which is a global variable set at 1 Pascal and
for the Wave Direction we must indicate a unitary vector so type in -acpr.nr for the r direction
and -acpr.nz for the z direction. This tag should be exactly as in illustration 48.
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Illustration 48. Incident Pressure Field for entry boundary

This was the boundary condition for the entry but now we want a boundary condition for the
exit and it is an impedance. Impedance was defined as the product of density and speed.
Logically, the exit is in contact with the exterior air, so the impedance applied will be 𝑍 = 𝜌0 𝑐0
where the subindex 0 refers to air. Therefore, if we go back to the MathCad importation
chapter we can see the values of density and speed which were 1.225 [kg/m^3] and 340 m/s.
The product of both gives us a value of 416.5 rayl. In order to do this in Comsol, go to Pressure
Acoustics, Frequency (acpr), Boundaries and Impedance, set a name, which in our case is
going to be Exit Impedance and in the Boundary Selection dropdown, choose Exit. Scroll down
to Model Inputs, set the Temperature as User Defined and then insert a value of 293.15 [K].
Check that Absolute Pressure is User Defined and set at 1 [atm]. Below unfold the Impedance
option and introduce 1.225[kg/m^3]*340[m/s].
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Illustration 49. Exit impedance

To put an end to the pressure acoustics, only two boundary conditions remain. We have
established the pressure for the entry and, in a certain way, for the exit but nothing has been
said about velocities. Go back to equation X. It is from this equation where we must extract the
speed terms. We simply need to clear the v1 and v2 variables with matrix calculus. In this
equation, v1 is the inlet speed and v2 refers to the exit. To simplify the model, it is much easier
to apply a velocity normal to the surface (in each case inlet or outlet).
Once again follow the following path: Pressure Acoustics, Frequency (acpr), Boundaries and
Normal Velocity. Set a name such as Inlet Normal Velocity and in the Boundary Selection,
choose Inlet manually or via the dropdown. Scroll down to Normal Velocity to modify the
characteristics and in Type, select Inward Velocity. Then in the Vn box type in (T21*p_o+T22*s_o) which, if one can recall, has the nomenclature of the global variables and
the variables defined in the definition section. Due to the fact that we set an inward velocity,
the minus sign is needed to indicate that the velocity travels along the positive Z axis.
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Illustration 50. Inlet Normal Velocity

Finally, we need to create another Normal Velocity tag for the outlet. The process is identical
to the inlet one, but the label name will be Outlet Normal Velocity and in the Boundary
Selection, choose Outlet. Then in the Vn box type in -T21*p_i+T11*s_i. This finalizes the
boundary condition definition and so we now move onto the meshing.

Illustration 51. Outlet Normal Velocity
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7.4.1.9. Meshing
This is one of the easiest steps in the modelling process due to it is almost automatic. The
mesh system is simple and does not require expertise, all at the cost of a lower quality mesh.
Hit the Mesh section and set a name for instance, Mesh 1 and then unfold the Mesh Settings.
In Sequence Type select User-controlled mesh. We could have chosen another option for the
mesh, but this would automatically create a mesh based on the current info such as the
physics. Knowing that the problem is a plane wave radiation one and based on the boundary
conditions, Comsol would create the most effective mesh given by its algorithm. But in this
case, we do want to have certain control over the mesh, such as size and element distribution.
Once this is done, right click the Mesh 1 tag to show all the possible variations and mesh
parameters Comsol allows. Notice that all these options can also be found at the top part of
the display window. In any case, first we are going to set a size for the elements. Once in the
size options, inside the Element Option Size, go to Calibrate for, select General Physics and
tick the Custom box. Afterwards, in Element Size Parameters we are going to set a Maximum
Element Size equals 0.0045 and a Minimum Element Size equals 1.29E-4. Leave all other
option by default.
This might seem a small element size but take account for the 2D-axisymmetric model, which
allows us to use more elements. This is a big convenience when creating the model. Then
another question that could be asked is why this mesh size and not another. Well, the answer
is, these sizes have been reached via experimentation. It is a trial and error process (iterative
process). First you set the element size and write down the number of elements. Run the
simulation and write down calculus time. Obtain results. Then do it again for another mesh
size. Once a couple simulations are done, we can compare the number of elements with spent
time and precision in results. It has to be said that for simulation times over 20 hours, the
precision does not increase substantially, so it is not worth it. Then, simulations under 30
minutes do not have good results and may vary a lot from the real solution. All this
information is relative to the 3D spaces and this isn’t our case. For the 2D-axisymmetric space,
calculus times are fine under 3 minutes. Size options are shown in illustration 52.
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Illustration 52. Mesh size settings

Now we are going to add another property to our mesh and it is going to be related with the
manner the mesh is created. Once again right click the Mesh 1 tag and press Free Quad. Free
quad stands for a free mesh, which means that there is no pattern followed and quad stands
for quadrilateral elements. In the Domain Selection we can choose what part of the geometry
we desire to mesh with this characteristic and in this case we are going to mesh all the
geometry the same, so choose from the dropdown Remaining. Finally, to create the mesh,
press the Build All icon, which is highlighted in illustration 52. The final result should be as in
illustration 53.
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Illustration 53. Mesh

7.4.1.10. Simulation
The final step before running the simulation is to set a frequency range to let Comsol know at
what frequency to start and stop the simulation. All these options are managed in the Study 1
tag. Leave the Label name as default and go to Study Setting, which is the only options we are
going to change, the rest stay as default. Go to Frequency Unit and ensure that it is in Hz.
Below that Is the Frequencies box. At the end of the option box, to the right-hand side is an
icon. Press it to open a new window, which will allow us to modify the frequency range for the
study. We want a step function, that goes from 10 to 3200 in steps of 10 Hz. Options should be
as in illustration 54.

91

Illustration 54. Frequency range

Once this is done, press the Compute button at the top part of the window and wait until the
simulation ends. While it is running, we can check on what is happening with our calculus (in
case some errors pop up) at the Messages or Progress tabs at the bottom of the screen. If all
the steps were followed correctly, there should not be no errors.

7.4.1.11. Post-process. TL plots
Once the simulation is done, we can view whatever result desired, such as acoustic pressure,
sound level…These are the default options that Comsol offers, but obviously, many more plots,
graphs and data in general can be extracted. In illustration 55 we can see the acoustic pressure
and sound level for the catalyst, in the 2D-axisymmetric planes and in illustration 56 the same
graphs are shown but Comsol recreates the 3D space using the axisymmetric condition.
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Illustration 55. 2D-axisymmetric pressure acoustics and sound level

Illustration 56. 3D pressure acoustics and sound level

These plots are useful to see if the simulation ran in a, roughly, good way, meaning that the
values are reasonable, and the physics of the problem is accordingly to what the boundary
conditions set. Although, these are not the plots that we are interested in. The plots desired
are the transmission loss vs frequency plots.
In Comsol we can map a 1D, 2D or a 3D plot of any parameter available and in this case, the TL
vs frequency is a 1D plot, so hit the Results tag and either right click or find above the 1D Plot
icon. Once selected this option, there are many different 1D plot available, such as a point
plot, histogram, Nyquist… but the type of plot for us is the Global plot. As always, set a name
for the plot or leave by default as Global 1, and in Data, select From Parent. This option tells
Comsol from where to extract the data for the plot. Below Data will be y-axis data and here is
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where we are going to tell Comsol to plot the transmission loss. There are three columns,
expression, unit and description. Go to the Expression column and type in TL (because
previously in the local variables we defined transmission loss and its equation with the name
TL). Press enter and automatically the other two columns will be filled in due to Comsol has
this information stored. The unit column will remain empty because TL has no units and the
description box will show the description from the local variable tag, which is transmission
loss. Comsol now knows that it has to plot TL in the y axis, so the further options shown are
optional, but they do help make the plots understandable ad tidier.
Scroll down to the Title dropdown and choose from Title Type the Manual option. We are
going to manage 54 curves so when opening one, we want to know in one glance what
information it contains and to what study it belongs. The title for this plot is going to be: Entry
and Exit centered, Lb = Ld = 0.1 m, Resistivity = 750 rayl / m. First we have the disposition of
the entry and exit pipes, then the geometrical features that vary, being Lb and Ld and finally
the resistivity. Now we have to go back to the 1D Plot tag to set some other configuration
parameters to the plot. Go to the Plot Settings dropdown and activate both the x-axis and yaxis label boxes to set the titles for each axis. For the x-axis set the name as Freq [Hz] and for
the y-axis the name is Transmission Loss [-].
Below the Plot Settings is the Axis dropdown and here is where are going to set the limits of
the plot so that all information is captured. Also, for the same study case, when we only vary
the resistivity, it is helpful to have the same axis limits so that it is easier to see the evolution
from one case to another. Activate the Manual Axis Limits box so that we can set our own
limits. For x-minimum we have 0 and for x-maximum 3200 (which are the limits set for the
simulation), for y-minimum 0 and for y-maximum it will depend on the case. Looking at this
plot, a good maximum number would be 50. Finally, go down to the Legends dropdown and
make sure to disactivate the Show Legends box because there is only one data source plotted
and there is no need for it. There are many other plot options that one can use but for the
sake of this plot, we will stick to these configuration parameters. If the simulation ran perfectly
and the plot configurations were followed, the result should be identical to in illustration 57.
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Illustration 57. Entry and Exit centered, Lb = Ld = 0.1 m, Resistivity = 750 rayl/m plot

Now, this is the study 1 case where the resistivity is 750 rayl/m but now we would have to
repeat the process for a resistivity of 1500 rayl/m and another for 3000 rayl/m. An easy way to
do this is to save the current plot, go to the MathCad file and change in illustration 40 the
resistivity value. Create the new .txt files and load them as interpolation functions in the
Definition tag (previously deleting the former interpolation functions). This way, the new
resistivity is loaded, and the same model is in place and ready for simulation. Once running
these two other simulations, the study 1 cases will be finished, having three plots. In
illustration X is shown the case where the entry and exit are centered, Lb and Ld is 0.1 m and
resistivity is 750 rayl/m but the other cases are not going to be shown in this section of the
project. This section is dedicated to showing how the process is done. For all the other results,
go to the Results chapter further on.
Once Study 1 cases are done, we can pass onto the Study 2 cases. Recall that Study 1 cases
were identical to Study 2 cases only bearing the difference of the Lb and Ld. In Study 2, Lb is
0.15 m and Ld is 0.05 m. So in order to execute these three other simulations, the process is
exactly the same except that in the Global Parameters, we need to change the Lb and Ld
values. Either create another new Comsol file and repeat the process, save on top of the
current file with the modifications (once having extracted the plot information) or create a
copy of the Comsol file and make the modifications. Independent of the path followed, the
study is identical as shown in previous pages with the only difference of changing Lb from 0.1
m to 0.15 m and Ld from 0.1 m to 0.05 m. For study 2 cases, the Global Parameters tag should
be as in illustration 58.
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Illustration 58. Global parameters for study 2

As explained before, repeat the process for all three different resistivity variations to finally
have another three plots. This ends the subchapter of the geometrical variations of when the
entry and exit are centered, adopting a 2D-axisymmetric space, including different values for
Lb, Ld and resistivity.

7.4.2. Entry centered and Exit off-centered 0.04 m
To start these new studies, follow the Getting Started with Comsol sectionand the only
difference being that instead of choosing the 2D-axisymmetric space, now we want the 3D
space. The reason for this is explained next. The rest of the procedure, belonging to the
configuration and window set up, is identical as the mentioned section.
This current subchapter bears another two different studies, which are:
Study 3: Offset 1 = 0, Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb = Ld = 0.1 m. Repeat for R
= 750, 1500 and 3000 rayl/m
Study 4: Offset 1 = 0, Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb =0.15 m, Ld = 0.05 m.
Repeat for R = 750, 1500 and 3000 rayl/m
As it can be seen, these two studies are the same except for the change in the geometrical
features Lb and Ld. On the other hand, both of these studies have the entry pipe centered (like
studies 1 and 2) but now the exit pipe is off-centered 0.04 m from the catalyst’s revolution
axis. This condition unables the use of the 2D-axisymmetric space so we are forced to move to
a 3D space.
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7.4.2.1. Global Parameters
The steps followed from now on, and for all further cases, will share the order shown for the
entry and exit centered case but all the peculiarities of each case will be explained. The first
step was to define all global parameters and for studies 3 and 4, these remain as in illustration
29 (remember to change Lb and Ld when needed), except for one simple addition. Now the
exit pipe is off-centered from the revolution axis an amount of 0.04 m so we are going to
define a global parameter that defines this off-center, so it can later on be used to define in an
easier way the full geometry. The new parameter will be named Offset (for the Name column)
and in the Expression column introduce 0.04 [m]. Finally type in a description, in this case
Offset. The global parameters list should be as in illustration 59, having in mind that these
options correspond to the case where Lb is 0.15 m and Ld is 0.05 m.

Illustration 59. Inclusion of the Offset in global parameters

7.4.2.2. Geometry Creation
The next step is to create the geometry and, obviously, this step differs from the one in
previous pages due to the fact that now we work in a 3D space. Before typing in numbers, we
must ensure that when clicking on Geometry, the length unit is metres (m) and the angular
unit is degrees. The rest can be left as default. In spite of using the Bézier polygon, we now
have to find a suitable alternative in 3D space and although there are many different ways of
achieving this geometry, the simplest is using cylinders. To achieve this, go to the Geometry
tag and either right click or find above the Cylinder option. We are going to need four different
cylinders, entry, inlet, outlet and exit. It is also better to separate these cylinders because
further on we will want to modify certain geometrical parameters without modifying the
entire model. Once we have hit the Cylinder button, the option window will pop up and the
first option to set is the Label. For the first cylinder, set a Label name like Entry. Immediately
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beneath the label we have the Object Type, which will be established as Solid. The following
option is the Size and Shape asking for the Radius and Height. For the entry pipe, the Radius is
R1 and the Height (which is length in the x-axis) is L1. The next option tag is the Position,
which demands the coordinates of the middle point of the circumference where the pipe
starts. For the entry pipe, meaning that it is the first duct created, the starting point will be X
Position 0, Y Position 0 and Z Position 0. The rest of options such as Axis and Rotation Angle
are to be left as default because no rotation is needed, and the Axis is already set in the X
direction. The option window for the entry pipe should be as in illustration 60.

Illustration 60. Entry pipe cylinder geometry

Instead of showing illustration of all the three-remaining option windows, go repeat the
process followed for the entry pipe, changing some minor features. All these features are
captured in Table 7. Once all pipes have been created, press the Build All Objects and the
result should be as in illustration 61.
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Pipe

Size and Shape

Position

Label

Radius

Height

X position

Y position Z position

Entry

R1

L1

0

0

0

Inlet

R2

Lb

L1

0

0

Outlet

R2

Ld

L1+Lb+L2

0

0

Exit

R3

L3

L1+Lb+L2+Ld

0

Offset

Table 8. Values for geometry creation

Illustration 61. 3D geometry creation

There are a couple extra details worth mentioning regards to the geometry creation. First of
all, the one pipe that differs from the rest is the exit pipe and it is due to the offset. We want
to create the off-centering and it is introduced via the global parameter offset, which is applied
to the positive Z-direction. This is because of the disposition of the axis. It could have been set
in the negative Z-direction, but the result is the same because there are several symmetry
planes. Also, illustration X is for the case where Lb is 0.15 m and Ld 0.05 m. Finally, introducing
the geometry function of global parameters is very useful for when the geometry modifies
slightly, and one does not desire to repeat the entire model. The whole geometry
configuration can be changed easily just by going to the Global Parameter window and
changing the value of Lb or Ld for example. This type of set up is also useful when changing the
offset. The off-center can be rearranged depending on where the offset value is positioned.
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7.4.2.3. Boundaries and Domains
Moving onto setting the boundaries and domains, we are going to need to tell Comsol what
the entry surface is, the inlet surface, the outlet surface and the exit surface. This step is
identical to illustration 32 but changing the boundaries from lines to surfaces. Remember the
path was Component 1, Definitions and Explicit and from here on, we must select the surfaces
desired. See illustration 32 for further information.

Illustration 62. 3D boundaries

Now that these boundaries have been defined it is much easier to set the following ones. The
boundary symmetry is the next step to take and we are not going to extend on it much
because it is the same step as followed for the 2D-axisymmetric case. Instead of selecting lines,
we now select the surfaces just created. For an easier approach, just choose the boundary
name from the dropdown. Remember not to change the operator name because it is used
later. The path to the boundary symmetry was: Component 1, Definitions, Component
Coupling and Boundary Similarity. Check illustration 34 for help.

7.4.2.4. Functions, Operators and Material Definition
Regarding the two next steps, which involve Functions and Operators and Material Definition
(only the air compartments), nothing changes from the 2D-axisymmetric case to the 3D case.
Follow the previous information and use illustrations 35, 36 and 37 for aid. The difference still
is swapping from linear boundaries to surfaces and areas.
One of the most important steps, which is the transfer matrix insertion, is identical for 2daxisymmetric and 3D cases. The only details to have in mind are the explained in previous
pages: the variable parameter that must change from one study to another is the resistivity
and this is done via MathCad. Although, to make this process much easier, it is recommended
to create a new folder that contains all the transfer matrix (MathCad) data and furthermore
create three independent subfolders, one for each resistivity value. This way, we can have all
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the .txt files available jut for choosing from instead of opening MathCad many times. Just
remember to load the correct .txt files to Comsol and change the interpolation functions when
swapping through resistivity values. Recall information from illustrations 35, 36, 37.

7.4.2.5. Inlet and Outlet Boundary Conditions
For the inlet and outlet boundary conditions we must follow the section hat is explained in
detail for the 2D-axisymmetric case but with one slight modification. We are still using the
Comsol language for syntaxes but notice a new change in illustration 63 from illustration 47.

Illustration 63. 3D space variables

The expression starts with bndsim 1 or 2 depending on if we are talking about the inlet or
outlet. Then in brackets we have acpr which stands for acoustics pressure followed by .p_t if
we are in pressure terms or .vx if we are in speed terms. p_t stands for total pressure and vx (v
is velocity) means that the wave travels along the x axis, which is lengthwise in this case. The
difference is in the inlet and outlet speeds. Now the travel direction is the x axis not the z axis.
This condition will be applied for all the 3D space cases.
Previous to the meshing, we have the pressure acoustics configuration window. Nothing new
is said because the process is identical to the 2D-axisymmetric case where it is all explained in
detail. Follow the instructions given in these pages and see the pertinent illustrations.

7.4.2.6. Meshing
The meshing process will be a bit different from the previous studies because we are going to
adopt a new meshing strategy and different element sizes. Hit the Mesh section and set a
name for instance, Mesh 1 and then unfold the Mesh Settings. In Sequence Type select Usercontrolled mesh. Right click the Mesh 1 tag to show all the possible variations andwe are going
to set a size for the elements. Once in the size options, inside the Element Option Size, go to
Calibrate for, select General Physics and tick the Custom box. Afterwards, in Element Size
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Parameters we are going to set a Maximum Element Size equals 0.025 and a Minimum
Element Size equals 0.02. Leave all other option by default. This is where the model differs
because now we are working with a 3D space which involves 3D elements, and this
consequently increases the number of elements and calculus time. This is the reason why we
have to increase the minimum and maximum element sizes. As said before, these numbers
come from many iterations and seeing how the simulation went. For the readers interest, we
first ran this simulation with max size 0.02 and min size 0.015 and it took just over 4 hours of
calculus. Then we did the same model but with a max size of 0.03 and 0.02 for min size. This
took around 20 minutes. Both results were compared and the difference as significant enough
to choose a mesh in the middle of these two studies. Max size 0.025 and min size 0.02 takes
over an hour to simulate and the results are virtually identical to the four-hour study.
Now we are going to add another property to our mesh and it going to be related with the
manner the mesh is created. Once again right click the Mesh 1 tag and press Swept. In the
Domain Selection we can choose what part of the geometry we desire to mesh with this
characteristic and in this case, we are going to mesh all the geometry the same, so choose
from the dropdown Remaining. Beneath this option we can find the Source Faces and the
Destination Faces but we are going to leave them by default because Comsol automatically
detects the entry face as the source face and the exit as the destination face. Under these
options is the Sweep Method dropdown, which allows us to choose the type of elements in
the sweep operation. We are going to set the Face Meshing Method to Quadrilateral, so it
generates hexahedrons and leave the rest as default. Finally, to create the mesh, press the
Build All icon.

Illustration 64. 3D swept mesh option window

First of all, the Swept mesh is technique used to mesh a component in a uniform way,
choosing one direction to follow. This way we can control the number of elements and
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divisions in the model. Although the main reason why the sweep option is chosen is because,
based on trial and error experiences, the Free Quad meshing technique does not work
appropriately on the 3D spaces and with the transfer matrices. After doing some simulations,
the results with Free Quad and the 3D-1D model were not satisfactory. The TL plots were not
coherent, showing negative values and jumps in the TL value that did not make sense. When
choosing the Swept option, when creating hexahedrons or triangular prisms, the results were
optimum. The conclusion is that when using 3D-1D models, the Free Quad option does not
respond well, and it is rather better to use the Swept option, which gives no problem what so
ever the element type is.
When hitting the Build All button, the mesh should look like as in illustration 65.

Illustration 65. 3D mesh for entry centered and exit off-centered 0.04 m

Nothing regarding the simulation aspect needs to be commented because the parameters and
the process is as in studies 1 and 2 so recall information from illustration 54 and this section
for more details.

7.4.2.7. Post-process. TL plots
Now we reach the point where we want to extract the data from the simulation in a plot way.
As like in the previous two studies, we can obtain many different plots and graphs of any kind
of parameter available. We are once again going to show the sound level pressure graph and
the acoustic pressure field. The simple viewing of these two parameters gives us a rough idea
if the simulation ran correctly but as always, the main plot desired is the frequency vs
transmission loss plot.
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Illustration 66. 3D entry centered and exit off-centered 0.04 m graphs

For obtaining the TL vs frequency plot, follow the steps mentioned in the study cases 1 and 2,
as it is identical for any case, independent of what the geometry, space or parameters may be.
The only differences were when setting the title and axis limits. In this case, the Title will be
Entry centered and Exit off-centered 0.04 m, Lb = 0.15 m and Ld = 0.05 m, Resistivity = 750
rayl / m. For x-minimum we have 0 and for x-maximum 3200 (which are the limits set for the
simulation), for y-minimum 0 and for y-maximum it will depend on the case. Looking at this
plot, a good maximum number would be 45. For all the other display options recall
information from the previous pages and if all steps were followed appropriately, the result
should be as in illustration X. Again, for this specific case we are only showing the load case
where resistivity is 750 rayl/m and Lb is 0.15 m and Ld is 0.05 m. This case would correspond
to study 4. Run this simulation 5 more times to complete studies 3 and 4. Study 3 had Lb = 0.1
m and Ld = 0.1 m, for all three resistivities (750, 1500 and 3000). Then study 4 had Lb = 0.15 m
and Ld = 0.05 m, for all three resistivities. These gives us the 6 total plots for these two studies.
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Illustration 67. Exit off-centered, Lb = 0.15 m and Ld = 0.05 m, Resistivity = 750 rayl/m plot

7.4.3. Entry centered and Exit optimum off-center
Now we move onto another two different studies which are studies 5 and 6.
Study 5: Offset 1 = 0, Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb = Ld = 0.1 m. Repeat
for R = 750, 1500 and 3000 rayl / m
Study 6: Offset 1 = 0, Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb =0.15 m, Ld = 0.05 m.
Repeat for R = 750, 1500 and 3000 rayl / m
As we can appreciate, these two studies are identical to studies 3 and 4 but with the only
exception of changing the exit off-center from 0.04 m to an optimum off-center. Study 5
differs from study 6 in the Lb and Ld values, like we have been doing all this project. And also,
when the model is set, repeat for the three resistivities proposed.
The question is how to obtain the optimum off-center of a catalyst. The answer to this
question comes from the Mechanical Engineering Department of the Polytechnic University of
Valencia. They proposed to situate the exit pipe on the nodal line of a certain frequency mode
related to the pressure distribution. A study done by this Department, related to the
improvement in acoustic attenuation, reached to the conclusion that, starting from a generic
pipe of radius 1 (R1), the pertinent mode to the concentric radial pressure distribution
achieves a null value at a radius of 0.6276. This gives us the idea that the optimum off-center
form the revolution axis of the catalyst acquires a value of 0.6276 times the monolith’s radius.
This means that the optimum off-center for our catalyst is going to be:
0.6276 ∗ 𝑟2 = 0.6276 ∗ 0.1275 = 0.080019 𝑚

(143)
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The only variation from chapter 7.4.2. is that in the global parameters, instead of having the
offset as 0.04 m, we now need to change it to 0.6276*r2. This minor adjustment is shown in
illustration 68.

Illustration 68. Global parameters for optimum offset

Notice that the optimum offset is approximately two times the distance of the previous offset,
which was 0.04 m. To complete these two studies, follow the exact same steps as in chapter
7.4.2. with the only modification of the optimum off-center [1]. The transmission loss vs
frequency plots are not displayed in this chapter. They can be found in the Results chapter
coming up in the next pages. Just to appreciate the difference in the off-centering, in
illustration 69 we can find the geometry. Notice the difference between offsets of 0.04 m and
the optimum.

Illustration 69. Entry centered and Exit optimum off-center geometry
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7.4.4. Entry and Exit off-centered 0.04 m
The next type of models we are going to study are the case where both the entry and exit
pipes are off-centered 0.04 m. The difference from previous studies is that, before the exit
pipe was the only pipe off-centered. Now we take the approach to off-center both entry and
exit and compare the results to the experimental ones. The manner of off-centering the pipes
was explained in the previous chapter and it was done via changing the value of the global
parameter Offset. Now, although the value is going to be set at 0.04 m, we are going to have
to make some additional, minor, adjustments to the model. What will be explained further on
is the differences between the previous model and the current one. All the other steps are
necessary to make a complete model, but they will be mentioned again. Recall information
from previous illustrations and chapters.
Let us remember the amount of studies that are involved in this chapter:
•

Entry and Exit off-centered 0.04 m. Monolith length 0.075 m:
Study 7: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb = Ld = 0.1 m.
Repeat for R = 750, 1500 and 3000 rayl / m
Study 8: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 90º, Lb = Ld = 0.1
m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 9: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 180º, Lb = Ld = 0.1
m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 10: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 0º, Lb =0.15 m, Ld
= 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 11: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 90º, Lb =0.15 m,
Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 12: Offset 1 = Offset 3 = 0.04 m, Angle mismatch θ13 = 180º, Lb =0.15 m,
Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

Here are 6 studies but each containing three sub-studies due to the three resistivity variations,
so really, we are dealing with 18 plots. But now we have to have in mind an important aspect,
which is the fact that the entry and exit pipe (viewed lengthwise) can have an angle mismatch.
We defined this angle mismatch as θ13 . For further information go back to previous pages in
chapter 7.3Process Layout. Here is explained all the information relative to the angle
mismatches, what the 0º, 90º and 180º mismatches look like and the fundamentals behind
them all. For a visual aid, got to illustrations 23, 24, 25, 26.
Now that we know what the angle mismatch is, we need to implement it in Comsol. For this
specific case, both the entry and the exit have an off-center of 0.04 m. The way to set the
value is going to Global Parameters and setting the Offset value as 0.04 m. This will be used
for both the entry and exit. This step has been shown multiple times before in illustration 29.
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The difference now from only off-centering the exit is In the Geometry tag. Because all
geometrical factors have been introduced as variables, the geometry modification process is
going to be simple. First of all, the geometry modification changes for the three different angle
mismatches.

7.4.4.1. Angle Mismatch 0º
Go to Geometry and when creating the Entry cylinder, we must set the Z-Position as Offset.
This way, we are setting the entry pipe 0.04 m in the positive Z direction. The inlet and outlet
cylinders are to remain the same as in previous studies and for the exit pipe, go to Geometry,
Exit and set the Z-Position as Offset. This way we have both the entry and exit pipes offcentered 0.04 m in the positive Z direction and they are aligned when viewing the YZ plane.
Being aligned means that the angle mismatch does not exist and therefore it is null. In
illustration X we can see the entry and exit cylinder option windows and how they should be
(the inlet and outlet ones are not shown because they are exactly the same as in previous
chapter).

Illustration 70. Entry and Exit cylinder window options for angle mismatch 0º

Recall the information from sub-chapter 7.4.2 Entry centered and Exit off-centered 0.04 m and
instead of taking the parameter from Table 7, change them for Table 8.
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Pipe

Size and Shape

Position

Label

Radius

Height

X position

Y position Z position

Entry

R1

L1

0

0

Offset

Inlet

R2

Lb

L1

0

0

Outlet

R2

Ld

L1+Lb+L2

0

0

Exit

R3

L3

L1+Lb+L2+Ld

0

Offset

Table 9. Values for geometry creation. Angle mismatch 0º

7.4.4.2. Angle Mismatch 90º
In this case the angle mismatch desired is to be 90 º clockwise. In this case, we have to create
the entry pipe exactly as before but then create the exit pipe with the angle mismatch. This is
done by looking at the established global axis and then setting the offset in the correct
direction, either negative or positive. In order to set a 90º angle mismatch, we have to set the
Offset in the negative Ydirection.

Illustration 71. Angle mismatch 90º entry and exit off-centered
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Pipe

Size and Shape

Position

Label

Radius

Height

X position

Y position Z position

Entry

R1

L1

0

0

Offset

Inlet

R2

Lb

L1

0

0

Outlet

R2

Ld

L1+Lb+L2

0

0

Exit

R3

L3

L1+Lb+L2+Ld

-Offset

0

Table 10. Values for geometry creation. Angle mismatch 90º

7.4.4.3. Angle Mismatch 180º
Finally, to end this chapter, we need to cover the last angle mismatch variation, which is the
180º mismatch. The process is the same as in the 90º mismatch but just adjusting the exit pipe
according to the global axis. If the 0º angle mismatch had the offset in the positive Z direction,
then it is obvious that 180º more is going to be in the negative Z-direction. In illustration 72 we
can see the geometry (in the XZ plane). Go to Table 10 to see the values for the Geometry tag.
Follow the path Geometry, Entry or Exit cylinder, Position.

Illustration 72. Angle mismatch 180º, XZ plane
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Pipe

Size and Shape

Position

Label

Radius

Height

X position

Y position Z position

Entry

R1

L1

0

0

Offset

Inlet

R2

Lb

L1

0

0

Outlet

R2

Ld

L1+Lb+L2

0

0

Exit

R3

L3

L1+Lb+L2+Ld

0

-Offset

Table 11. Values for geometry creation. Angle mismatch 180º

These are all the differences from the Entry centered and Exit Off-centered 0.04 m chapter.
The rest is identical, so the recommendation is to follow the previous chapter step by step and
when you reach the Geometry part, come to the sub-chapter 7.4.4. Entry and Exit off-centered
0.04 m and make these minor adjustments. Remember to create, for example, the 0º angle
mismatch and don’t forget to do all three resistivity variations before moving onto the next
angle mismatch case. At the end of sub-chapter 7.4.4. we should have 18 plots. The plots for
each case and resistivity variation are shown in the Results chapter further on.

7.4.5. Entry and Exit optimum off-center
Finally, we reach the last sub-chapter of the modelling procedure which is having the entry and
exit off-centered the optimum amount explained in pages before. We concluded that the
optimum off-center is 0.080019 m. which is 0.6276*r2. Now, the process is exactly the same
as the Entry centered and Exit Off-centered 0.04 m chapter except for changing the 0.04 m offcenter for the 0.080019 m. This has been done multiple times now during this project and the
way was to go to Global Parameters and change the Offset expression to 0.6276*r2. Then
press the Build All button and the geometry will be created because the angle mismatches
have been discussed in the previous chapter and are identical for both cases. Again, the results
are not shown in this chapter but in the Results one. No illustrations are shown either
regarding this chapter because all the details have been explained deeply in previous sections
and pages. Let us recall the studies that this section comprises:
•

Entry and Exit optimum off-center. Monolith length 0.075 m:
Study 13: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb = Ld =
0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 14: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 90º, Lb = Ld
= 0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 15: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 180º, Lb = Ld
= 0.1 m. Repeat for R = 750, 1500 and 3000 rayl / m
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Study 16: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 0º, Lb =0.15
m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 17: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 90º, Lb
=0.15 m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m
Study 18: Offset 1 = Offset 3 = 0.080019 m, Angle mismatch θ13 = 180º, Lb
=0.15 m, Ld = 0.05 m. Repeat for R = 750, 1500 and 3000 rayl / m

There are again 6 studies, each having three variations, so a total of 18 plots should come from
this chapter. Now, one could think or believe that these last studies are going to be the best
when talking about transmission loss, because we have the entry and the exit pipes situated at
an optimum off-center. The results and conclusions on whether this statement is true will be
treated in the results and conclusion pages further on, as well as the reasons for this
phenomenon.
Finally, we are missing groups 6, 7 and 8, which comprise another 18 curves but these cases
are exactly the same as groups 1, 2 and 3 with the only exception that the monolith’s length is
0.15 m. Recall chapters 7.4.1, 7.4.2 and 7.4.3 and change in the annexes the value of L2 when
required. The remainder of the process is identical as groups 1, 2 and 3.

8. Post processing
After having ran all the simulations of each study, including the pertaining geometrical and
resistivity modifications, the output is a fairly big amount of data that needs to be processed in
order to see decent results.
The first idea that comes to mind is what do we want to do with all this data. Many different
approaches could be taken but what is done in this project is various comparisons of the
different studies in a plot or graph. Plots were chosen due to their obtention simplicity and
quick reads. In a couple of seconds, the reader is able to judge towards a comparison or at
least have an idea of the tendency of the data, plus it is a visual presentation that doesn’t
require expertise on the subject.
At this current point, all simulations are done and, although Comsol allows a plot output, it is
not of the best quality and the author cannot compare different study cases in an efficient
way. So, the data is stored in Comsol and the path chosen was to extract the data and take it
to another platform for post processing. There is many different software that incorporate plot
management, such as Excel, but to automate the plotting process MATLAB was the chosen
software, although Excel will be used as an intermediate step where MATLAB will extract the
information from.
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8.1. Extracting data from Comsol
Firstly, what is required is to extract the data from Comsol to an Excel document. Go back to
Comsol and enter the Results tab. Either go to the Export sub-tab or go to the top of the
screen and Data. Once into the Export section another window will appear to the right. Here is
where the parameters are set for the operation. As the Label, set a name or leave by default.
The Data Set must reference to the current study (in case of having multiple studies in one
model, be aware of choosing the correct study). Parameter values should be the values of
frequency running from 10 Hz to 3200 Hz in steps of 10 Hz. Following up is the Expressions
section, where the data content is required, and in this case, what is desired to extract are the
transmission loss for each frequency value. The first part of this explanation is shown in
illustration 73.

Illustration 73. First part of data exporting

Further down in the settings window is the Output dropdown. Select a Filename which is the
path where Comsol should save the output. Next there are multiple different manners of
saving the data, such as in rows, in columns, showing total data or only certain information.
What was done in this project was outputting, only, the transmission loss values in one single
column with no other information. This can be achieved by the settings shown in illustration
74.
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Illustration 74. Second part of data exporting

What is achieved with all this process is a .txt file saved in the specified path containing a
single column with the transmission loss values. Obviously do this for all the cases and this
concludes the Comsol part of the project.

8.2. Creating the Excel sheet
As mentioned before, now we have exported all data from Comsol and it is saved in .txt files.
All this data needs to be sorted and post processed using, in the case of this project, Microsoft
Excel and MATLAB. For this project an Excel document was created with the name Data
Plots.xlsx. This will be the platform, so all data can be organized for MATLAB. This Excel
documents has 12 different sheets: 1. Entry and Exit centered, 2. Entry Cent and Exit off-cent,
3. Entry Cent Exit opt off-cent, 4. Entry and Exit off-centered, 5. Entry Exit opt off-center, 6.
Entry and Exit centered, 7. Entry Cent and Exit off-cent, 8. Entry Cent Exit opt off-cent,
Experimental measurements 1, 2, 3, Experimental measurements 4, 5, 6, Empty Catalyst and
Validation. As it can be seen, one sheet for each group of studies performed. All sheets are
similar so one or two will be overviewed and the rest can be found in the annex section, where
the entire document will be attached. With this report, the .xlsx file will be attached.
Let us see the example of group number 1. Set a title for the sheet, such as 1. Entry and Exit
centered. Make a distinction or separation from study 1 and study 2. Below, make a further
distinction for each resistivity value, in this case one for R = 750 rayl / m, R = 1500 rayl / m and
R = 3000 rayl / m. Beneath, two more columns were created, one for the frequency values
(from 10 to 3200 in steps of 10) and the other for the corresponding transmission loss value.
The frequency values can be created manually if desired but concerning MATLAB, this
information is not necessary. What is indeed necessary is the TL data and this is retrieved from
the .txt file recently extracted from Comsol. Go to each separate file and copy the values in the
corresponding column. Do this for all studies concerning groups 1, 2 and 3 (studies 1 to 6), and
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the sheets should look like as in illustration 75. Notice that sheets for 2. Entry Cent and Exit
off-cent, 3. Entry Cent Exit opt off-cent are not shown because they are analogue to
illustration 75. See the entire Excel document for any problems regarding this data.

Illustration 75. Entry and Exit centered Excel sheet

The 4. Entry and Exit off-centered and 5. Entry Exit opt off-center sheets are very similar but
introducing an extra row determining the angle mismatch case. The method followed is exactly
the same as before and to show the reader an example of how the sheets comes out, see
illustration 76. Only a fraction of the sheets can be shown due to the vast amount of data
processed.

Illustration 76. Entry and Exit off-centered Excel sheet
Sheets 6. Entry and Exit centered, 7. Entry Cent and Exit off-centand8. Entry Cent Exit opt offcentare identical to sheets number 1, 2 and 3 but with a minor difference. These sheets
contain the data for the cases where the monolith length is 0.15 m. Next is the
Experimentation sheets which bears (in the same format) the data collected from the
experimentation set ups. This will be explained in detail in further chapters although all the
reader needs to know is that we have results from Comsol and experimentation in the same
sheet. In these sheets, we can separate data in two columns, one for Comsol and another for
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Experimentation. Analog to the Experimentation sheets, we can create another sheet as
Empty Catalyst and just as before, the reader doesn’t know about any empty catalyst data but
it is just taken for granted and will be clarified in further chapters.
Finally, we have the Validation sheets, which has the data from the analytical modal fitting.
Once this is done for all the study cases, the Excel document should be complete and all
columns full of the transmission loss data. The final plots could have been created in Excel
format but to automate the process and to make it quicker and easier, MATLAB was chosen.

8.3. MATLAB script and generating plots
As said before, MATLAB is used to generate all the plots necessary in a quick an efficient
manner. Plotting with Excel is a manual task that takes time for each plot and, from plot to
plot, many stylistic features and part of the process is always the same. Creating a script is
quicker and more efficient when generating plots because the foundation of the script will not
change. From one plot to a different one, the user may only need to change a few lines of the
code and in a shorter time frame, a vast number of plots can be generated.
The script here shown is far from perfect and could have been improved dramatically but the
objective of plot generating is accomplished, and the level of programming used is basic. The
full script (in .m and .txt files) will be attached to this report but in this section, some
illustrations will be shown with a quick explanation of how the script works. The illustrations of
the script correspond to a comparison of resistivity of study 1. Recall that study 1 is when entry
and exit are centered, Lb and Ld are 0.1 m. The plot should present all three resistivities (R =
750 rayl/m, R = 1500 rayl/m and R = 3000 rayl/m) in the same axis format.
The first part of the script is setting a title and clearing the workspace and variables, if there
were any at all. This step is merely aesthetic and comes in the form of comments, so
computationally, it doesn’t do anything. Below that we are going to set a pre-calculus section,
where all the parameters that remain the same throughout all the script are set. These are the
constants of the script. In this case there is only one used and it is an array containing the
frequency values from 10 Hz to 3200 Hz in steps of 10 Hz. This array is called Freq. The script
up to this point looks like in illustration 77.

Illustration 77. Initial part of script
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The following part of the script involves retrieving the necessary data from Excel and providing
it to MATLAB. This can be done in many ways but here, the information is stored in arrays
called TL1, TL2, TL3… depending on how many curves are desired in the same plot. This step is
key because, just by adding another line, we can introduce another curve onto the same plot.
The function used is xlsreadwhich allows inputting data from Excel documents. In brackets the
settings are specified. First select the Excel document where to read from. In this case the
name was Data Plots.xlsx. Then specify the sheet where MATLAB must go. This document
contains 12 sheets as said before, and in the case of the example here given, the sheet is 1.
Entry and Exit centered. Finally, from this sheet, select the boxes where the transmission loss
values are. Recall illustration 75 and choose the corresponding boxes.
The document name and the sheet name have to be exactly the same as the original, including
spaces in blank, dots, commas, etc. What is recommended is to copy from the Excel document
and paste in the script. Also, another major key factor is that the Excel document has to be
saved in the same path as the script. The xlsread command doesn’t incorporate changing paths
so, it can only reach documents set in the same path.
After this we are going to introduce another variable, which is constant but depends on the
previous TL arrays, so it cannot be considered as pre-calculus. The variable created is called
MAX_TL_AXIS and it is a number that helps later on for setting the maximum value of the
transmission loss axis. This is an aesthetic issue. First we get the maximum value of each TLi
array. All the maximum values of each TLi are now stored in another array. Last, of all these
maximum values, we obtain the maximum and this number is saved as MAX_TL_AXIS.

Illustration 78. Retrieving data from Excel to MATLAB

The next part of the script corresponds to the actual frequency vs transmission loss plot. Here
are some aesthetic settings that set the size and position of the output.

Illustration 79. Size and position settings
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The last part of the script are some additional plot settings like title, subtitle and the axis
labels. The most important variables here are the plot, axis, title and legend functions. The plot
function tells MATLAB to plot whatever the input is. In this specific case, we wanted to plot
comparison of resistivity of study 1, where there were 3 curves. Then set a title and subtitle for
the graph and finally the legend. Remember to maintain the same order in the plot function as
well as in the legend function to have coherence.

Illustration 80. Additional plot settings

After running the script, the output should be as in illustration 81.

Illustration 81. Resistivity comparison study 1. Example given.

This is only for this plot case but just by changing a few lines of the script such as the TL arrays,
title and legend, all the necessary plots can be generated in a short timeframe and in an
efficient manner.
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8.4. Analysis of results
8.4.1. Introduction
In this section, a comparative study of all the results obtained through the finite elements
program will be carried out.
The developments carried out in this Final Master's Project will be validated with results
obtained through an analytical programme based on the modal adjustment technique,
implemented by the research team of the Polytechnic University of Valencia. Furthermore,
some results obtained with Comsolwill be compared with experimental measurements carried
out in the acoustic test bench available at the research centre.
With all this, it is going to corroborate that the results of the programme of finite elements
have validity in practice and that the 3D-1D model is closer to the real acoustic behaviour
within the monolith than the 3D-3D.

8.4.2. Pressure colour maps
It is mandatory to have a modal description of the acoustic behaviour in pipes with circular
section, as they represent the clear majority of exhaust systems. For an easier solution of the
following up equations, the coordinate system must be cylindrical and set in a specific way in
order to solve the Helmholtz equation. In cylindrical coordinates, Helmholtz equation is:
𝜕2 𝑃 1 𝜕 𝑃
1 𝜕2 𝑃 𝜕2 𝑃
+
+
+
+ 𝑘02 𝑃 = 0
𝜕 𝑟2
𝑟𝜕𝑟
𝑟2 𝜕 𝜃2 𝜕 𝑧2

(144)

After doing some variable changes, we reach an expression that contains the circumferential
field where m is designated as the circumferential modal number, indicating the number of
diameter nodal lines. From here we can obtain Bessel’s equation of order m, which has per
solution:
𝑅 (𝑟) = 𝐶1 𝐽𝑚 (𝑘𝑟 𝑟) + 𝐶2 𝑌𝑚 (𝑘𝑟 𝑟)

(145)

Where 𝐽𝑚 and 𝑌𝑚 are Bessel’s functions of both first and second species (order m). The part of
the equation referred to 𝑌𝑚 is neglected for circular pipes. Now we must calculate the
autovalues of
𝛼𝑚,𝑛

𝜕 𝐽𝑚 ((

𝑅0

𝜕𝑟

) 𝑟)
|

=0

(146)

𝑟 = 𝑅0
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For the case where m = n = 0, Bessel’s function is 1 and the pressure distribution is constant,
obtaining the propagation of the plane wave. See in illustration 82 table with the solutions to
this equation:

Illustration 82. Autovalues of α_(m,n) for circular section

Now, studying pipe configuration, we can have two different possibilities, one where there is
no revolution symmetry (asymmetrical) and another where there is symmetry. Both have
different equations and are shown in the following equations.
𝑓𝑐,1,0 =

1.84 𝑐0
2 𝜋 𝑅0

(147)

𝑓𝑐,0,1 =

3.83 𝑐0
2 𝜋 𝑅0

(148)

As for the exhaust system of this project, the main pipe to look at is the monolith. The
monolith has a radius of 0.1275 m and the propagation speed is set at 340 m/s. Knowing that
there is complete symmetry in the duct, we must opt for the equation 148 and substitute
these parameters. The output is 𝑓𝑐,0,1 = 1625.5 Hz. This is the frequency range we are look at
when visualizing pressure levels.
In the following illustrations, the change from positive to negative pressure values can be seen.
Because the simulation was done in steps of 10 Hz it is impossible to see acoustic pressure at
1625 Hz, instead we must go to 1620 Hz and 1630 Hz.
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Illustration 83. Acoustic pressure field. Entry and Exit centered. Lb = Ld = 0.1 m. 1620 Hz.

Illustration 84. Acoustic pressure field. Entry centered and Exit off-centered 0.04 m. Lb = Ld =
0.1 m. 1620 Hz.

121

Illustration 85. Acoustic pressure field. Entry centered and Exit optimum off-center. Lb = Ld =
0.1 m. 1620 Hz.

8.4.3. Theoretical validation
The results obtained will be presented through this analytical programme based on the modal
adjustment technique, implemented by the aforementioned research team. The abscissa being
the frequency in Hz and the ordinate the value of the TL in dB.
Beforehand it is interesting to mention how the validation plots are achieved. The validation
technique is based on multidimensional analytical techniques, in particular, the modal fitting
technique and solving the previous mentioned Bessel functions for circular section pipes. In
the following illustrations we can see some plots of the comparison between what Comsol
provided and the validation technique based on the solution of Bessel’s functions. All of the
plots could have been done, but in order to show the correlation between both methods, only
a few graphs will be shown.
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Illustration 86. Validation vs Comsol. Study 2. R 3000 rayl / m

Illustration 87. Validation vs Comsol. Study 19. R 750 rayl / m

Before assessing the conclusions of this subchapter, ideally, the correlation has to be perfect
between both plots but as it can be seen in these illustrations, for low frequencies, the
correlation is identical but for high frequencies (over 1500 Hz), the correlation differs. At the
peaks near 3000 Hz, there is an offset or displacement of the plot in the horizontal coordinate
and this phenomenon has its explanation. First, we have the plot due to the analytical
validation. We can affirm this plot is perfectly fitted to the desired solution because all
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parameters were introduced correctly by the investigation team, so this is the plot we want to
adjust to. On the other hand, we have the Comsol plot, which was done by the author of this
document. The slight deviation is due to the fact that there is a mistake when assessing the
temperature values in Comsol software. We stated that the air inside the monolith was at 15
ºC (with its corresponding propagation speed and density) but the monolith (pipes and
surrounding environment) the temperature was set at 20ºC by default and was not changed to
15ºC. This leads to a temperature variation and an inconsistency in the corresponding
propagation speed and density properties, which explains the deviation. Anyway, this is a
minor error that has hardly no influence on the grand scheme of results, which is seeing the
influence of certain parameters on transmission loss and of course, the experimental side of
the project.

8.4.4. Justification of 3D-1D over 3D-3D
It was mentioned in the initial chapters of this project, but it is now when more emphasize is
put on the type of modelling chosen. We only have cases where the monolith was not
physically modelled but was substituted by a transfer matrix, which properties were achieved
via Mathcad annexes. The question is why to go for this particular configuration and not the
other way around. The answer has two breakdown parts, one being that considering only 3D1D modelling, the amount of data is extensive, so imagine managing double the information in
the case that we decided to do both 3D-3D and 3D-1D. This leaves us down to choosing one
type of modelling. Some research was done and in the same Mechanical Engineering
Department, a fellow colleague was undergoing (in parallel) his final master’s project based on
Comsol and exhaust systems, so we both engaged and exchanged opinions, data and results.
My colleague Ricardo García Sanz de Larrea (check out his final master’s project added to the
bibliography) led me to some interesting comparisons done in his project called
“CONTRIBUCIÓN AL MODELADO Y SIMULACIÓN ACÚSTICA MEDIANTE ELEMENTOS FINITOS DE
DISPOSITIVOS CON MONOLITO EN SISTEMAS DE ESCAPE DE VEHÍCULOS” where he compared
experimental data against both 3D-1D and 3D-3D models of the same nature. The results of his
study are discussed following up [10].
What Ricardo did was, choose an experimental configuration of exhaust system and obtain the
TL plot. Then we went to Comsol and created a 3D-3D model and obtained the pertaining TL
plot, and finally did the same creating a 3D-1D model and obtaining the corresponding TL data.
He plotted all this into one plot to see how each case adapted to the experimentation. Ricardo
did two different experiments with different geometry conditions, what he called Geometry 1
and Geometry 2 [9], [10].
Geometry 1 is when both entry and exit are centered and Geometry 2 has an offset of 0.04 m.
Refer to his project in order to see the environmental conditions and the exact geometry
parameters that he adopted when doing these experiments and Comsol modelling. The results
that he obtained are shown in illustrations 88 and 89. Bear in mind that his research was done
in Spanish.
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Illustration 88. Comparison 1. 3D-3D, 3D-1D vs experimentation from Ricardo’s project [10]

Illustration 89. Comparison 2. 3D-3D, 3D-1D vs experimentation from Ricardo’s project [10]

There is good agreement between the results obtained by numerical calculation with the finite
element program and the experimental measurements carried out in the acoustic test bench
available in the research centre.
As can be seen, the 3D-1D model is more realistic, since its results are closer to the
experimental curves in most of the frequency range of interest and this is the main reason why
we have opted for only modelling in 3D-1D.
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8.4.5. Resistivity influence
Now that whatever plot desired can be generated quickly with barely any effort, we can
perform multiple studies and comparisons focusing on one certain parameter to see how it
affects the entire exhaust system. This is in one way, the objective of the project, to see how
the system varies depending on certain parameters and factors. Obviously, all parameters and
variable have not been analysed in this project and are therefore out of scope.
Putting the attention on this section, we are going to perform an analysis and study on the
influence of the resistivity on the exhaust system and in special, on the transmission loss. As
defined the physical fundamentals chapter, resistivity is the opposition of a certain
environment towards any pressure wave, in this case, of an exhaust system. It therefore has
relationship with the ability of the material to reduce the transmitted acoustic energy,
decreasing the speed of sound of the environment. This is a property related to the catalyst
material, not with its surroundings being the conducts and the units used in this project are
rayl per meter.
If the reader has a basic knowledge in acoustics or even has comprehended perfectly the
previous paragraph, one can come to the conclusion that this comparison/study is
unnecessary. If resistivity is opposition against a pressure wave and this parameter increases,
then the transmitted energy will decrease. This translated into transmission loss terms means
that it will increase because TL is defined as lost energy when comparing the input versus the
output. So, as said, the transmission loss should increase with the resistivity (being directly
proportional). This statement will now be tested to see if the model generated follows this
law. For obvious reasons, not all the plot comparisons are going to be shown in this chapter.
Only a few random ones will be selected just to illustrate that the model is correct, and the
tendency is followed throughout all load cases. The following illustrations are for the L2 =
0.075 m load cases.

Illustration 90. Resistivity comparison. Study 4.
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Illustration 91. Resistivity comparison. Study 8.
As it can be seen in these two illustrations, the 3000 rayl/m resistivity curve is above these
other two with less resistivity, at least for most of the frequency values. This initial comparison
shows us that in this aspect, the models are correct. It is not shown in these illustrations, but
resistivity values of 3000 rayl/m produce a higher transmission loss for monolith lengths of
0.075 m and 0.15 m. This parameter does not affect the outcome of this analysis.

8.4.6. Monolith length influence
The next study is to see how the monolith length parameter affects the system, with all other
variables fixed. This study could be unnecessary if one thinks about it. Here we have two
different cases, one where the monolith length is 0.075 m and another where L2 is 0.15 m,
double the distance. The monolith is where the main transmission loss effects are produced
due the capillary and it’s properties, so it is logical to affirm that what should happen is that if
the length increases, so will the transmission loss. More length means more friction area and
therefore more transmission loss. So what should be shown in this study is that in the cases
where L2 is 0.15 m, the transmission loss should be higher than the L2 = 0.075 m cases.
In all three illustrations shown (Illustration 92, Illustration 93 and Illustration 94) what has just
been mentioned is proven to be true. For all cases, TL levels are higher for L2 = 0.15 m. We can
also see that double the monolith length does not translate into double transmission loss
levels, which can be understood referring to the Physical Fundamentals chapter of this project
where the TL and sound pressure levels are measured in dB. The relationship between
pressure levels is logarithmic, not direct. One plot per group has been shown (Entry and Exit
centered, Entry Centered and Exit off-centered 0.04 m and Entry Centered and Exit optimum
off-center).
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Illustration 92. Comparison L2 = 0.075 m vs L2 = 0.15 m. Entry and Exit centered

Illustration 93. Comparison L2 = 0.075 m vs L2 = 0.15 m. Entry centered and Exit off-centered
0.04 m
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Illustration 94. Comparison L2 = 0.075 m vs L2 = 0.15 m. Entry centered and Exit optimum offcenter

8.4.7. Inlet-Outlet length comparison
Another interesting study to perform is to see the influence of having symmetrical chambers
connecting to the monolith or having asymmetrical chambers. In the nomenclature set for this
project, this has been set as comparing Lb and Ld = 0.1 m (symmetrical chambers) against Lb =
0.15 m and Ld = 0.05 m (asymmetrical chambers). Lb was named as the inlet pipe and Ld as
outlet pipe. Obviously, Lb is nearest to the entry and Ld is closer to the exit of the catalyst. The
comparison done in this subchapter is represented in the following illustration.
Many studies and comparisons have been done in many separate plots and the tendency in all
is the same, so in order not to show all 26 plots, only two will have been selected to reflect the
tendency of this study case. In illustration 96, a random plot is shown which concerns the L2 =
0.075 m case (Entry centered and Exit optimum off-center. R = 3000 rayl/m) and in illustration
97, another plot is selected which belongs to the L2 = 0.15 m family (Entry and Exit centered. R
= 3000 rayl/m).
From both plots, no configuration shows a major effect on the TL levels, so we could conclude
that symmetrical chambers against asymmetrical chambers is not important. Choosing one
configuration or another will not have a great effect, all this not discarding that in some
random configuration the effect can be noticed but in general terms, the transmission loss
levels are not changed. On the other hand, what has been noticed is that at low frequencies
(below 1500 Hz), there is a slight improvement when having Lb and Ld = 0.1 m. As said, the
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improvement in the transmission loss is in the range of 2 to 6 dB, which is not a major
difference, but symmetrical chambers seem to be the better option for low frequency values.

Illustration 95. Lb and Ld = 0.1 m vs Lb = 0.15 m and Ld = 0.05 m

Illustration 96. Lb and Ld = 0.1 m vs Lb = 0.15 m and Ld = 0.05 m. L2 = 0.075 m
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Illustration 97. Lb and Ld = 0.1 m vs Lb = 0.15 m and Ld = 0.05 m. L2 = 0.15 m

8.4.8. Angle mismatch influence
The next study looked at is one concerning the angle mismatch which was established in the
Modelling Procedure chapter. Recalling information from this chapter, the angle mismatch is
only attained to groups 4 and 5, being these where both the entry and the exit pipes have an
offset and are off-centered from the main revolution axis. The angle mismatch was the angle
between these two pipes in a certain axis direction (x axis) and for this project only 3 different
angle values were adopted. One where both entry and exit were aligned but off-centered, one
where the angle mismatch was 90º and finally another where the angle difference is 180º.
Refer to Modelling Procedure chapter to have a better understanding of this definition.
So the core focus of this study is to compare which configuration provides a better and higher
transmission loss value and to analyse the influence of this parameter. In the following
illustrations some plots are shown of the angle mismatches.
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Illustration 98. Angle mismatch comparison plot. Studies 7, 8 and 9.

Illustration 99. Angle mismatch comparison plot. Studies 10, 11 and 12.

132

Illustration 100. Angle mismatch comparison plot. Studies 13, 14 and 15.

Illustration 101. Angle mismatch comparison plot. Studies 16, 17 and 18.

As it can be seen, for the 0.04 m off-centering cases (studies 7 to 12) at lower frequencies,
there seems to be a slight TL increment for the 180º mismatch while at higher frequencies the
higher transmission loss values are found within the 90º angle mismatch cases. All this is
independent of the inlet-outlet lengths which vary from 0.1/0.1 to 0.15/0.05. Now, for these
configurations, the operation range is going to be key when selecting the appropriate setup.
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Mainly, catalysts perform at frequencies over 1500 Hz, considered high frequency, so the
nominal operation range would benefit from a 90º mismatch in this case.
On the other hand, in the optimum off-center cases (studies 13 to 18), the better solution is
not that clear. All three mismatches are similar although at frequencies below 1500 Hz, the
better angle mismatch is the 90º case. At higher frequencies the better configuration is harder
to pick out due to the fact that in some small frequency ranges, one configuration seems
better but within a 50 Hz difference window, the optimum solution changes to a different
configuration. What is clear from all graphs is that the transmission loss plots are not so
uniform as in other studies. The plots are more irregular presenting spikes and valleys in short
frequency windows specially for the 180º degree cases. So a conclusion reached here is that
with a higher angle mismatch, the irregularity, uniformity and the number of spikes and valleys
increases.

8.4.9. Pipe position influence
The pipe position study is going to be a straight up, obvious study that reflects the veracity of
what has been mentioned in the beginning of this project. The comparison made in this
subchapter is to see which configuration is better, no off-centering (entry and exit centered),
the 0.04 m off-centering cases or the optimum off-centered cases. If one has read the previous
pages and understood them, the conclusion is going to be that the best configuration is the
optimum off-centered cases, therefore the name given to these studies. The discussion could
be made about the efficiency of non-off-centered vs the 0.04 m off-centered cases but
according to what is mentioned about the optimum off-center, this will be the best
configuration to choose. Although the output of this study is quite clear it will serve as a check
tool to see if our model is correct.
As always, the only parameter varied will be the pipe position, maintaining the other
parameters fixed so that the influence of the pipe position can be seen in a purer manner.
Only a few illustrations will be shown to illustrate the idea but this sample of plots will be
representative of what occurs to all other cases, so the conclusions extracted can be attained
to all configurations regarding the pipe position influence.
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Illustration 102. Pipe position plot. L2 = 0.15 m. Groups 6, 7 and 8.

Illustration 103. Pipe position plot. L2 = 0.075 m. Groups 1, 2 and 3.

As it is seen in both illustrations, the plot presenting the higher transmission loss value is the
optimum off-center cases and with a significant difference over the two remaining plots. So,
what was mentioned theoretically about the optimum off-center and the pressure zones is
true and has been verified by means of a finite element analysis software such as Comsol [11].
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Now, the debate was comparing entry and exit centered vs 0.04 m off-centering. As shown in
Illustrations 102 and 103, clearly the better solution in terms of TL is the 0.04 m off-centered
cases. Where the major differences are shown is for high frequencies (over 1500 Hz).
As a conclusion we can say that the optimum off-center cases have a significant (improved)
difference over the other two cases and that any off-center is better than non at all. Also, in
terms of length, the optimum off-center is double the distance in comparison to 0.04 m cases
but this does not translate into double the transmission loss.

9. Experimental measurement
9.1. Summary
This chapter presents the different experimental measurement techniques previously
developed by the research group to characterize the absorbent material and measure the
muffler’s acoustic behaviour. They are used as a starting point in the improvement of
analytical-numerical prediction models, they also analyse the system’s overall behaviour and
they verify if it meets design requirements. Subsequently, they will be compared for the
evaluation of the most convenient one and based on it, we will proceed to characterize the
absorbent material used. Furthermore, the acoustic test bed is described, in which the
experimental measurements are made, both muffler’s acoustic behaviour and the absorbent
materials’ characterization.

9.2. Introduction
The experimental measurement development complements the theoretical analysis presented
so far. They are useful as a starting point in the analytical-numerical prediction models’
improvement, they analyse the system’s overall behaviour and they verify if it meets design
requirements. Thus, the approach of a physical model or measurement system, which
simulates real characteristics, is fundamental in obtaining the necessary data for its study and
comparison of the theoretical predictions.
From the extensive already existing bibliography, this chapter studies some of the most
commonly used experimental methods which allow estimating the acoustic properties of
mufflers and the components that will be added to acoustic systems. Given the characteristics
of fibrous type material, it is suggested that the experimental characterization of the
absorbent material is based on the macroscopic behaviour model, which evaluates the
propagation of a compressional wave and that the material can be modelled through two main
parameters, impedance Z and wave number k.
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9.3. Absorbent material characterization
The absorbent materials are widely used for noise abatement. However, additional knowledge
of other characteristics related to the structure of the material, such as acoustic absorption
coefficient and surface impedance, will make possible to complete the prediction of its
acoustic behaviour.
As it was described previously, a homogeneous and porous material is characterized according
to its structural properties: the complex characteristic impedance Zand the complex wave
number k. Now, we will explain some of the existing experimental models used for the
acoustic characterization of dissipative materials and for the measurement of the acoustic
behaviour of mufflers. Basically, the mostly used are the Transfer Matrix method and Song and
Bolton.

9.4. Characterization of the device in the absence of
average flow
9.4.1. Introduction
The methods discussed so far have been used to acoustically characterize the absorbent
materials which are part of the dissipative devices. As said in the name of the method,the
Transfer Matrix method makes use of the transfer function. The Two Cavities method can be
improved if, instead of making use of the wave decomposition, previously exposed, it is
modified using the transfer function.
The characterization of a muffler involves the design of an experimental system that includes
the possibility of reproducing the acoustic system in a combustion engine. The design should
study the complete linear characterization of silencers in a reasonable time, with precision and
low computational cost, through a single measurement process which avoids the need to
make two sets up.

9.4.2. Transfer function method
This method was originally proposed by Chung and Blaser for the analysis with no average flow
of an acoustic system, and subsequently modified upon the incorporation of average flow. As
part of the theory of wave decomposition, the method is characterized by its computationally
efficiency and ease of implementation. The main objective is to obtain the transfer Hij function
of the acoustic pressure recorded between two microphones i, j. Once calculated, it is easy to
determine the complex reflection coefficient R. Finally, based on this data, the muffler’s TL can
be evaluated or of an element which composes it.
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The acoustic pressure of each measuring point is the sum of the progressive and regressive
components. Refer to previous chapters where regressive and progressive waves were
explained. Chung and Blaser use convolution integrals to obtain the impulsive response of the
incident and regressive waves and their superposition at the measuring points. From the
general expression of a standing wave in a conduct the final expressions of interest can be
easily evaluated.
Using the Fourier Transform two new equations will be obtained, fundamental for calculating
the transfer function between both points of measuring and the transfer function 𝐻12
between both points is as so:
𝐻12 (𝑓) =

𝑃2 (𝑓) 𝑃𝑝𝑟𝑜𝑔 (𝑓)𝑒 −𝑗 𝑘0 𝑧2 + 𝑃𝑟𝑒𝑔 (𝑓)𝑒 𝑗 𝑘0 𝑧2
=
𝑃1 (𝑓)
𝑃𝑝𝑟𝑜𝑔 (𝑓)𝑒 −𝑗 𝑘0 𝑧1 + 𝑃𝑟𝑒𝑔 (𝑓)𝑒 𝑗 𝑘0 𝑧1

(149)

The reflection coefficient R at the measuring point z1 is the relationship between the
amplitude of the regressive and the incident wave at that point
𝑅1 (𝑓) =

𝑃𝑟𝑒𝑔 (𝑓)𝑒 𝑗 𝑘0 𝑧1
𝐻12 (𝑓) − 𝐻𝑖𝑛𝑐 (𝑓)
=
−𝑗
𝑘
𝑧
0 1
𝐻𝑟𝑒𝑓 (𝑓) − 𝐻12 (𝑓)
𝑃𝑝𝑟𝑜𝑔 (𝑓)𝑒

(150)

This last expression represents the basis of this procedure and from it, the acoustic impedance
and other parameters are determined. The relationship between the reflection coefficient for
the first microphone R1 and for the second R2 is
𝑅1 (𝑓) 𝐻𝑖𝑛𝑐 (𝑓)
=
𝑅2 (𝑓) 𝐻𝑟𝑒𝑓 (𝑓)

(151)

Assuming that the propagation is in the form of a flat wave, there is no average flow and losses
are disregarded in the duct wall, Hi and Hr can be expressed as
𝐻𝑖𝑛𝑐 (𝑓) = 𝑒 −𝑗 𝑘0 𝑠 𝐻𝑟𝑒𝑓 (𝑓) = 𝑒 −𝑗 𝑘0 𝑠

(152)

where s is the distance between the measuring points z1 and z2. Expressions 150 to 152 show
that the magnitude of the reflection coefficient is independent of the point at which it is
measured.
The distance between the measuring points deserves special attention. The choice of distance
s must be such that it prevents the equation 152 from being indeterminate. The denominator
of this expression is annulled when
𝑘 𝑠 = 𝑚 𝜋, 𝑚 = 1, 2, 3, …

(153)

or,

𝜆
2

𝑠 = 𝑚 ( ) , 𝑚 = 1, 2, 3, …

(154)
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These terms indicate that the distance s between microphones must be different to half the
length of a wave or multiples of it at a certain frequency f. If the maximum working frequency
is 𝑓𝑚𝑎𝑥 , said separation must comply
𝑠≤

𝑐0
𝑓𝑚𝑎𝑥

(155)

Equation 155 is applied to calculate the reflection coefficient at a point other than the
measuring points
𝑅1 (𝑓) 𝐻′𝑖𝑛𝑐 (𝑓)
=
𝑅(𝑓) 𝐻′𝑟𝑒𝑓 (𝑓)

(156)

where, 𝐻′𝑖𝑛𝑐 (𝑓) = 𝑒 −𝑗 𝑘0 𝑙, 𝐻′𝑟𝑒𝑓 (𝑓) = 𝑒 𝑗 𝑘0 𝑙and l is the distance between the surface of
the element and the measuring point 1. By means of the previous expressions R (f) is
𝑅(𝑓) =

𝑅1 (𝑓)𝐻′𝑟𝑒𝑓 (𝑓)
𝑒 𝑗 𝑘0 𝑙
𝑗 𝑘0 𝑙
= 𝑅1 (𝑓) −𝑗 𝑘 𝑙 = 𝑅1 (𝑓)𝑒2
0
𝐻′𝑖𝑛𝑐 (𝑓)
𝑒

(157)

The complex acoustic impedance as a function of the reflection coefficient R (f) in any section
of the duct at a l distance from the first measurement point is
𝑍(𝑓) = 𝜌0 𝑐0

1 + 𝑅(𝑓)
1 − 𝑅(𝑓)

(158)

Substituting equations 150 and 157 in 158, it turns into
𝑍(𝑓) = 𝑗 𝜌0 𝑐0

𝐻12 𝑠𝑒𝑛 (𝑘0 𝑙) − 𝑠𝑒𝑛 (𝑘0 (𝑙 − 𝑠))
𝑐𝑜𝑠 (𝑘0 (𝑙 − 𝑠)) − 𝐻12 𝑐𝑜𝑠 (𝑘0 𝑙)

(159)

whose real part is
(𝑅𝑒 (𝐻12 ) 𝑠𝑒𝑛(𝑘0 (2𝑙 − 𝑠)) − 0.5 𝑠𝑒𝑛(2𝑘0 (𝑙 − 𝑠)) + |𝐻12 |2 𝑠𝑒𝑛 (2𝑘0 𝑙))
𝜃 = 𝜌0 𝑐0
𝐻𝑑

(160)

and the imaginary part
𝜒 = 𝜌0 𝑐0

(−𝐼𝑚 (𝐻12 ) 𝑠𝑒𝑛(𝑘0 𝑠)
𝐻𝑑

(161)

being 𝐻𝑑
𝐻𝑑 = 𝑐𝑜𝑠 2 (𝑘0 (𝑙 − 𝑠) − 2 𝑅𝑒(𝐻12 ) 𝑐𝑜𝑠(𝑘0 𝑙) cos(𝑘0 (𝑙 − 𝑠)) + |𝐻12 |2 𝑐𝑜𝑠 2 (𝑘0 𝑙)

(162)
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This way, the acoustic impedance of an element is easily evaluated by determining the transfer
function 𝐻12.
The transmission loss index, TL, is achieved by using the reflection coefficients calculated
upstream and downstream of the acoustic element. Assuming that the above is equivalent to
the determination of the transfer function upstream of the element between microphones 1
and 2, the approach is analogous downstream, between microphones 3 and 4 whose transfer
function is𝐻12.
𝐻34 (𝑓) =

𝑃4 (𝑓)
𝑃3 (𝑓)

(163)

Being the reflection coefficient upstream of the element 𝑅𝑢 (𝑓) the acoustic power of the
incident wave 𝑊𝑖 is calculated by
𝑊𝑖 =

𝑆𝑢𝑢 𝐴𝑢
𝜌0 𝑐0 |1 + 𝑅𝑢 |2

(164)

where 𝑆𝑢𝑢 and𝐴𝑢 are the power spectral density and cross-sectional area, respectively,
upstream of the muffler. On the other hand, the transmitted acoustic power𝑊𝑡 , downstream
of the element is
𝑊𝑡 =

𝑆𝑑𝑑 𝐴𝑑
𝜌0 𝑐0 |1 + 𝑅𝑑 |2

(165)

where 𝑆𝑑𝑑 and 𝐴𝑑 represent the power spectral density and cross-sectional area, respectively,
downstream of the silencer. As described in the propagation phenomenon chapter, the
Transmission Loss Index, TL, is calculated by the expression there presented and if one
develops it according to the previous equation, we have:
𝐻𝑟𝑒𝑓 − 𝐻12 (𝑓)
𝐴𝑢
𝑇𝐿 = 20 log (|
|) + 10 log ( ) − 20 log|𝐻𝑡 |
𝐻𝑟𝑒𝑓 − 𝐻34 (𝑓)
𝐴𝑑

(166)

in which
|𝐻𝑡 | = |

𝑆𝑑𝑑 0.5
|
𝑆𝑢𝑢

(167)

9.4.3. Experimental system
In this section a description of the existing test bed is made, by means of which the tests
carried out that have allowed acoustic characterization of the absorbent materials, and in turn,
to know the acoustic behaviour, depending on the transmission losses, of the mufflers that are
contemplated in the project. The current assembly allows the study of acoustic
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characterization by means of the three procedures analysed without the presence of medium
flow.
Illustration 104 shows the experimental system available in the test bed and used in the
determination of the transfer function. The configuration is similar to that used by Denia and
Selamet. The speaker signal is generated by a Brüel & Kjaer signal generator and amplifier
module that provides adequate bandwidth. Two impedance tubes whose diameter is 0.04859
m which are connected upstream and downstream of the muffler.
The propagation will be in the form of a flat wave if the relationship. For a duct of these
characteristics and assuming c0 = 340 m / s, the cut-off frequency is
𝑓𝑐,0,1 =

1.84 𝑐0
1.84 ∗ 340
=
= 4000 𝐻𝑧
2 𝜋 𝑅0
2 ∗ 𝜋 ∗ 0.02495

(168)

This value exceeds the frequency range adopted in the project. The duct upstream of the
muffler connects the loudspeaker with the muffler. The downstream pipe, the silencer, 4.5 m
long, has an anechoic termination. Two pairs of ¼ inch microphones (Brüel & Kjaer 4135) are
flush with the inner surface of the ducts. The separation s is similar in both pairs being 0.03556
m, fulfilling the expression 155 for the fixation of the upper limit of the 𝑓𝑚𝑎𝑥 analysis
frequency. The signals coming from the four microphones are pre-amplified and treated by a
multichannel signal analyser (Brüel & Kjaer 3550).

Illustration 104. Experimental set-up
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9.4.4. System calibration
Once the system is installed, the calibration of the measurement system must proceed. The
most used calibration technique when there are pairs of microphones is the switching
technique. The determination of the transfer function requires a methodical check of both the
gain and the phase of the measurement channels. By means of this technique it is not only
possible to eliminate the error associated with the phase difference between both
microphones, and additional elements that may be connected to them, but it is independent
of the gain factors of the two measurement channels.
By means of this method the transfer function is measured with an initial configuration of
microphones. Subsequently, the microphones are exchanged and evaluated again. The
transfer function is calculated from the geometric mean of the results of the initial and final
(switched) measurements.
Being𝐻11 y 𝐻12the complex frequency responses associated with the channels of the
microphones 1 and 2. From the linear theory, the transfer function measured by the two
microphones with the initial configuration is
𝐻 𝑜12 =

𝑆12 𝑜
𝐻 𝐼
𝑆11

(169)

𝐻𝑜 𝐼 =

𝐻 ∗ 𝐼1 𝐻𝐼2
|𝐻𝐼1 |2

(170)

where

where * denotes complex conjugate and superscript or equivalent to the initial configuration.
When exchanging or switching microphones, the measured transfer function is
𝐻 𝑠12 =

𝑆12 𝑠
𝐻 𝐼
𝑆11

(171)

𝐻𝑠𝐼 =

𝐻 ∗ 𝐼2 𝐻𝐼1
|𝐻𝐼2 |2

(172)

and

where the superscript s indicates the later configuration.
As 𝐻 𝑜 𝐼 𝐻 𝑠 𝐼 = 1, the transfer function 𝐻𝐼2 is calculated from the geometric mean of 𝐻 𝑜12 y
de𝐻 𝑠12 , that is to say
𝐻12 = √𝐻 𝑜12 𝐻 𝑠12 =

𝑆12 √( 𝐻 ∗ 𝐼1 𝐻𝐼2 )( 𝐻 ∗ 𝐼2 𝐻𝐼1 )
𝑆12
=
|𝐻𝐼1 ||𝐻𝐼2 |
𝑆11
𝑆11

(173)
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From this last expression 𝐻12 is the frequency response function expressed as the quotient of
the cross-spectrum density 𝑆12 and the density of the auto-spectrum 𝑆11 without considering
the effect of the gain and phase factors of the instrumentation, because 𝐻𝐼1 and 𝐻𝐼2 They are
independent. This indicates that a possible change in the amplitude and phase in the
characteristics of the response of the measurement system will not affect the results. This
characteristic is important because in practice, the error induced by the gain and phase in the
evaluation of the transfer function can produce alterations in the results of the absorption
coefficient, the acoustic impedance and the Transmission Loss, TL.
In the following illustrations one can find photos of the experimental set-up at the research
centre in the Polytechnic University of Valencia.

Illustration 105. Full test bench setup

Illustration 106. Acoustic element
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Illustration 107. Termination with absorbent material

Illustration 108. Elements inside a catalyst

Illustration 109. Elements inside a catalyst
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9.5. Experimentation vs simulation
Before even mentioning the experimental cases, first we are going to state that the method
used to register TL signals is the transfer function method, as said above. This method is
programmed into a software in the PC named as LabView, which is going to be treated as a
black box. The user will introduce the input and LabView will generate an output, being
transmission loss data. The user does not have any control over the algorithms governing
LabView regarding the transfer function method.
Now that we know how to use the experimental test bench, we can run experimentation on
any geometry desired, as long as the equipment is available. Six different geometries were
experimented (and simulated in Comsol) in order to check the fitting between both methods.
These were called as Geo 1, Geo 2, Geo 3, Geo 4, Geo 5 and Geo 6. Details of each one can be
found in table 11.
•
•
•
•
•
•

Geo 1: Entry centered and Exit off-centered 0.04 m. Monolith length 0.075 m. Lb and
Ld = 0.0475 m. Temperature 25.9 ºC.
Geo 2: Entry centered and Exit off-centered 0.04 m. Monolith length 0.075 m. Lb =
0.049 m and Ld = 0.096 m. Temperature 26.0 ºC.
Geo 3: Entry centered and Exit off-centered 0.04 m. Monolith length 0.075 m. Lb =
0.049 m and Ld = 0.146 m. Temperature 26.0 ºC.
Geo 4: Entry centered and Exit optimum off-center. Monolith length 0.075 m. Lb and
Ld = 0.0475 m. Temperature 26.4 ºC.
Geo 5: Entry centered and Exit optimum off-center. Monolith length 0.075 m. Lb =
0.049 m and Ld = 0.096 m. Temperature 26.8 ºC.
Geo 6: Entry centered and Exit optimum off-center. Monolith length 0.075 m. Lb =
0.049 m and Ld = 0.146 m. Temperature 26.7 ºC.

Other performance conditions relative to the Geo’s and test bench site:
•
•
•
•
•
•

Resistivity = R = 1500 rayl/m
Porosity = ϕ = 0.88
Dynamic viscosity = μ = 1.785 e-5 Pa*s
Capillary = α = 1.14 (triangular shape)
Thermal conductivity = κ = 0.02534 W/(m*K)
Specific heat = Cp = 1005 J/(kg*K)

145

Geo

Disposition

Lb [m]

Ld [m]

Temperature [ºC]

0.0475

0.0475

25.9

0.049

0.096

26

0.049

0.146

26

1

Entry centered
centered 0.04 m

and

Exit

off-

2

Entry centered
centered 0.04 m

and

Exit

off-

3

Entry centered
centered 0.04 m

and

Exit

off-

4

Entry centered and Exit optimum
off-center

0.0475

0.0475

26.4

5

Entry centered and Exit optimum
off-center

0.049

0.096

26.8

6

Entry centered and Exit optimum
off-center

0.049

0.146

26.7

Table 12. Geo parameters for experimentation

As it can be seen, Geo 1 and Geo 4 are identical, except for the off-center of the exit pipe (and
obviously the room temperature). The same happens with geo’s 2 and 5 and 3 and 6. This
should demonstrate once more that the optimum off-center proves to enhance transmission
loss.
The following illustrations show the comparison between the experimentation plots and the
corresponding Comsol plot. Notice that the experimentation plot has a slight noise component
to it, making it not perfectly continuous, although this phenomenon is normal, even after
applying a Hanning window to the signal. The Hanning window eliminates most of the noise,
forcing the signal to be null at the beginning and the end.
Paired with each plot comparison are the LabView output screenshots. Here we can find three
output windows. The first window contains information relative to each channel or terminal (4
in this case, one for each microphone). This is a temporal signal, voltage in time received by
the mics. The yellow and green signals belong to mics 1 and 2, being the ones upstream. These
two mics should present higher values because they are registering a noise that hasn’t yet
been attenuated by the catalyst. On the other hand, signals from mics 3 and 4, in colours blue
and white, present hardly no value because they have been attenuated by the exhaust system.
Below this window we have the transmission loss output, after averaging the signals, which is
the most important window here. Finally, below that is the coherence signal against
frequency. This is mainly to show that the measurement is reasonably correct.
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Illustration 110. Comsol vs Experimentation. Geo 1.

Illustration 111. LabView output window Geo 1.
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Illustration 112. Comsol vs Experimentation. Geo 2.

Illustration 113. LabView output window. Geo 2.
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Illustration 114. Comsol vs Experimentation. Geo 3.

Illustration 115. LabView output window. Geo 3.
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Illustration 116. Comsol vs Experimentation. Geo 4.

Illustration 117. LabView output window. Geo 4.
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Illustration 118. Comsol vs Experimentation. Geo 5.

Illustration 119. LabView output window. Geo 5.
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Illustration 120. Comsol vs Experimentation. Geo 6.

Illustration 121. LabView output window. Geo 6.
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In all graphs, the tendency is the same; there is a slight mismatch between both plots. This is
due to many factors and here are explained the most important and relevant ones. The first
question about these plots should be if the geometries are, at least, very similar, i.e, is there
any big mistake in any of the geometrical parameters. This is answered by looking at the
number and shape of the domes, specially at lower frequencies. It is appreciated that the
number and size of each dome is according to the experimentational geometry as well as the
frequency at which these domes mitigate and change direction. The slight offset in the
frequency direction (x axis) is due to the discrepancy between properties such as temperature
and other heat related properties like thermal conductivity. Bear in mind that it is virtually
impossible to replicate the same room conditions and conductivity properties.
The main discrepancy can be faulted on the difficulty of controlling, in a precise way, the
geometrical dimensions of each chamber and the actual monolith model. Modelling a real
component always introduces some degree of error because the analyst can never know the
real exact properties. We must mention also that the model in Comsol is very simplistic in
terms of geometrical features. Our model consists of three chambers, entry, monolith and exit
but the physical prototype has more features such as some folds at either side of the monolith,
which were not taken account for. The connection between elements can not be taken for
granted, as well as the possible gaps between elements, like mics and plastic tubes. We can
never assure that all the sound is being transmitted to the catalyst and not being diverted or
lost through voids or neighbour elements. It was rather difficult to control Lb and Ld lengths.
Although measured plates are available, placing them in the exact position is almost
impossible. Even if they were placed exactly in position, when closing the hatchet of the
exhaust system, there are minor, relative movements between components, so the initial
distance differs. In Comsol it is easy to set Lb as 0.049 m but, in the prototype, this is incredibly
difficult and for all experimental set-ups, measurements are never perfect and never be. So, in
general, there are slight differences in the plots for certain frequency values, which is taken as
valid.

9.6. Proving the monolith’s worth
All the experimentation and simulation has been done considering two chambers, entry and
exit and between both, a monolith. Now, catalysts and the monolith’s properties have been
explained and we have assumed that the bibliography and literature on these elements is
correct, but we haven’t yet proved its worth.
In this subchapter we are going to simulate and plot transmission loss values for identical
geometries as mentioned above but removing the monolith from the inside, this is, having a
hollow exhaust system. According to what has been explained throughout this project, the TL
values should drastically drop due to the lack of sound attenuation, which mainly comes from
the monolith. In the following illustrations, we can see the comparison of the same geometry
but in one case with the normal monolith and in the other removing the monolith.
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Illustration 122. Empty catalyst vs monolith. Geo 1.

Illustration 123. Empty catalyst vs monolith. Geo 2.
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Illustration 124. Empty catalyst vs monolith. Geo 3.

Illustration 125. Empty catalyst vs monolith. Geo 4.
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Illustration 126. Empty catalyst vs monolith. Geo 5.

Illustration 127. Empty catalyst vs monolith. Geo 6.

The TL without monolith corresponds to a single expansion chamber muffler. This TL is
basically a succession of attenuation domes; the longer the camera, the more domes appear
since they are narrower; in addition, the domes have a maximum value that depends on the
ratio of areas between the tubes (entry and exit) and the central chamber. Between two
domes there is a zone (undesirable) of very low attenuation (can reach zero dB) that is called
"pass band" since most of the acoustic energy passes from the entrance to the exit and it is
156

emitted to the outside, so that at the frequencies of the pass bands, the device is not effective
for noise control.
This TL behaviour dimming domes is maintained provided that in the inlet and outlet ducts,
and in the central chamber, the propagation is fundamentally from a flat wave. This behaviour
of the TL disappears when there starts to be three-dimensional waves in the camera, starting
from an approximate frequency of value f = 3.83 * c / (pi * D) = 3.83 * 340 / (pi * 0.25) = 1658
Hz if the geometry is axisymmetric. Once the propagation of three-dimensional waves in the
camera begins, in general the TL is very irregular and with low value, which is transmitting a lot
of energy to the output and the performance of the device to control the noise are worse. The
presence of three-dimensional waves gives rise to the sharp peaks and valleys and this is what
is called the "effect of the propagation from higher order modes”.
The propagation of three-dimensional waves in the chamber (or propagation of higher-order
modes) can be delayed or shifted to higher frequencies by changing the location of the exit
tube and keeping the entry tube centered. What is sought is that the exit tube is in the area
where those higher order modes are zero (this area is known as the nodal line).

10.Conclusions
As for the final conclusions of this project, we can say that, at first, a short introduction was
given about the fundamentals and physics behind some of the acoustic propagation
phenomenon’s that happen within an exhaust system. Then the project was subdivided into
two separate parts, one being the simulations and the other as experimentation. Regarding
the simulation part, a methodology was set to simulate the acoustic behaviour for a catalyst
containing a monolith, with a specific software called Comsol Multiphysics. This general
method can guide a novel user through a finite element simulation. Many different variations
were ran to see the influence of the variables involved such as entry and exit pipe positioning,
monolith resistivity, inlet and outlet pipe geometry and monolith length. After retrieving the
data, a simple post processing method was established in order to obtain plots that would
compare and show the tendency of transmission loss. This parameter is the main factor
studied as it will verify the efficiency of the sound attenuation properties from the monolith.A
simple script was generated in Matlab code to support the plotting actions.
A study was performed to verify that the methodology used in this project was accurate
enough. This study was put under the name of validation, which basically compares the
transmission loss curve of a random geometry with the transmission loss curve obtained
through a modal fitting method, developed previously by the research centre. This validation
method is highly precise as it solves the differential equations involved. The comparison shows
an almost identical matching between both methods.
Also, a previous investigation project was done by a fellow colleague which uses the same
software, so a mention to this project was made. In this project a separate study was
developed comparing the accuracy of modelling the monolith as geometry or substituting the
geometry for a transfer matrix, some mathematical expressions that simulate the monolith’s
function. It was found that the transfer matrix substitution gave better results, due to the
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likeliness with the capillary and their size and shape. This is the reason why in this current
project; the monolith was only modelled as a transfer matrix.
Afterwards, as for post processing, some parameters were isolated and measured to see how a
single variable could affect the entire system. Such parameters were monolith resistivity (750,
1500 and 3000 rayl/m), monolith length, inlet-outlet length, angle mismatch and pipe position.
Some had excellent transmission loss effects on the catalyst (such as increasing the monolith
resistivity or positioning the exit pipe at the optimum off-center radius) and others were
irrelevant and were more dependent on the overall exhaust system, being unable to decide if
the effect was positive or negative.
This concluded the simulation part of the project and led us to the experimentational part.
First of all, a short explanation of how the experimentational test bench works was given. This
mainly included the mathematics behind the PC involved in the transfer function method. This
method is embedded directly into the software called LabView where is was treated as a black
box: we gave an input (signal) and received an output (transmission loss curve). Also, a part by
part explanation was given regarding the parts and their overall performance. Then, the
system was put to the test. Six new different geometries were brought together at the
research centre with the available acoustic elements and then these exact geometries were
modelled in Comsol. This comparison showed that in general terms, the experimentation
setup and the FE modelling were according, save for some minor details. It was concluded that
the tendency showed a good correlation, but it is extremely difficult to control ambient and
geometrical parameters in a precise manner and replicate them in a FE simulation.
Finally, the monolith itself was questioned as, throughout all the project, it was assumed that
the monolith was providing better transmission loss results, but this was never questioned or
put to the test. Using the same six geometries as before, the same model was compared
against its equivalent without the monolith, an empty exhaust pipe. The results showed a
dramatically drop in TL values without the monolith in certain areas of the frequency
spectrum. In overall speaking, without the monolith presented bad TL results and only at low
frequencies (comprehended between 0 Hz and 500 Hz) did it seem to follow it equivalent with
monolith. This is explained because at low frequencies, the transmission loss effects are due to
the expansion chamber and not to the actual catalyst and monolith. In the middle of the
frequency spectrum there are some high spikes in TL values that are explained by the ratio of
the entry and exit pipes. In definitive, the configuration without monolith is not effective for
noise control.
To conclude this section, some additional and independent remarks are mentioned:
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10.1. Future studies
This project was focused on the academic point of view and separated from the applicable and
hands on duties. This means that no external funding was received for this project and
therefore the equipment used was limited to what the research centre had available at the
moment. As explained before, TL mismatch in experimental and simulation curves was partly
due to the inconsistency and difficulty in assuring and measuring the geometrical and ambient
variables. With more and better equipment, these errors could have been reduced.
Other future studies could focus on improving the plot generating script in terms of efficiency,
number of lines and possibly add more features. Another interesting improvement would be
setting a smaller resolution time step. This translates into decreasing the frequency time step
from 10 Hz in this project to 5 Hz or even 2 Hz. It would be interesting to see if this would show
more precise results and of not, finding the optimum time step that provides the best results
in less computational calculus time.
Finally, the last proposed improvement area would be the study of other variables and
parameters and their effect on the overall exhaust system. Other variables could be finding
optimum monolith and catalyst length, vary porosity and other thermal related properties.
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Annex
Annex 1. Calculus of the monolith’s properties with
MathCad. 3D-1D.
Here is explained how the MAthCad file works, file that allows us to obtain equivalent pressure
and speed values all function of the frequency. These values will then be imported into Comsol
in order to be put to use. This annex is specifically applied to the 3D-1D case (monolith
modelled as a unidimensional transfer function) and it generates three different files
depending on the value of the monolith’s resistivity, featuring three possibilities, 750 rayl/m,
1500 rayl/m and 3000 rayl/m. This annex was developed by the research centre and therefore
is written in Spanish.
MathCad outputs an equivalent speed value and an equivalent density value due to the fact
that the monolith’s material is absorbent and has both real and imaginary components, being
the equations:
𝑣𝑒𝑞 = 𝑣𝑟𝑒𝑎𝑙 (𝑓) + 𝑖 𝑣𝑖𝑚 (𝑓)

(174)

𝜌𝑒𝑞 = 𝜌𝑟𝑒𝑎𝑙 (𝑓) + 𝑖 𝜌𝑖𝑚 (𝑓)

(175)

First of all, a temperature of 15 ºC is established.

Illustration 128. Annex. Equivalent density calculus in MathCad
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As we can see, the monolith’s density (and speed) are dependant of the air’s density and
speed so we must establish a value for these two parameters. The formulation is simple but
consists of many terms that can easily be calculated. The capillary of the monolith must be
seta also and for the sake of this project, we have said that the capillary are square sections,
which is not a bad estimation. Now we can see the equivalent speed calculus.

Illustration 129. Annex. Equivalent speed calculus in MathCad

In this section, the dynamic viscosity, thermal conductivity and specific heat coefficients are
set, allowing us to calculate Prandtl’s number, which further on is required for the monolith’s
speed calculus.
The following illustration is showing the frequency sweep. The objective of creating this file is
to obtain a list of values of transfer matrix depending on the frequency. But the frequency
study is not pin pointed down to one frequency value, it is rather sweep from one initial value
to a final target value. The frequency range in which we are going to operate is from 0 Hz to
3200 Hz. The increment in this frequency range is going to be 10 Hz. So, we are going to start
at 0 Hz and in steps of 10 Hz leap up to 3200 Hz. This involves having 320 different steps and
therefore this many calculus. This frequency sweep is shown in the next part of the MathCad
file in illustration 129.
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Illustration 130. Annex. Frequency sweep in MathCad

As it is shown, we have created an index called kk that will run from 0 up to 319, then the
frequency values from 0 to 3200 in steps of 10 is captured in the variable 𝑓𝑟𝑒𝑐𝑘𝑘 . From here
on we can calculate other parameters that will all be arrays with the same length as 𝑓𝑟𝑒𝑐𝑘𝑘 .
Then highlighted in red is the R parameter. This is one of the key variables in our file and in
fact, it is the only parameter that will needed to be changed once the MathCad file is
completed. The R is the resistivity and as said previously on this project, the resistivity will
adopt three different values, being 750, 1500 and 3000 rayl / m. In illustration 130, the value
set is 750 rayl / m just for show casing. When these parameters have been set, we can proceed
to calculate the equivalent density of the monolith for each frequency value from 0 to 3200 in
steps of 10 Hz. This array of data is stored in the variable 𝜌𝑚 𝑘𝑘 .

Illustration 131. Annex. Equivalent speed frequency sweep
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With the previous information we can now calculate the array for the equivalent speed, which
is stored in the array 𝑐𝑚 𝑘𝑘 and the wave number array, which will have the same dimensions
as the previous arrays.

Illustration 132. Transfer matrix in MathCad
Reaching to the end of this chapter, to evaluate the transfer matrix components, all the
parameters have been calculated and stored in the form of arrays, except for the monolith’s
length. We have established the monolith’s length as a variable, in some cases adopting a
value of 0.075 m and in other cases 0.15 m. In the case of the previous illustration, the length
is 0.075 m. Once L2 is defined, we can evaluate the transfer matrix components and store it all
in an array of 320 elements.

Illustration 133. Annex. Exporting T11 and T21 from MathCad
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Illustration 134. Exporting T12 and T22 from MathCad

The final part of this MathCad file breakdown is the process of extracting from MathCad the
arrays and all necessary data and creating an output in a .txt format. In the two illustrations
above what is happening is we are writing in one column the frequency values from 0 to 3200
in steps of 10 Hz. In the other column are the transfer matrix component values depending on
if it was T11, T12, T21, T22 and then if it is the real part or the imaginary part. So as a final
output we should have 8 files of 320 rows.
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