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Abstract

As the complexity of the world in which we live increases, system thinking is becoming
a major factor in success and even in survival. This is why robust tools of complex
dynamic systems can give answers to several problems and can be applied to many
different areas, such as business, society and ecosystems, as well as in ordinary life such
as compulsive shopping, drug abuse, tobacco addiction, obesity, etc. When experiments
to test the real world cannot be carried out, simulation becomes the best way to learn
about the dynamic of these systems. For this reason I am pleased to present this Ph.D.
Dissertation, in which theory and practice of the dynamic systems are combined. It also

embraces epidemiologic models of some parasitic diseases with transmission vector.

The Toxoplasmosis and the bovine Babesiosis are parasitic diseases (zoonoses), which
are spread through a transmission vector and affect both human beings and livestock.
As a public health problem, Toxoplasmosis causes high health care costs when treating
unborn and newborn babies. It also causes a great amount of sick leaves. In addition to
this, livestock economic sector in tropical countries, such as Colombia, must bear an extra
cost of millions of dollars due to the high mortality rates and to the low productivity

levels in by-products of farming.

Mathematical models try to describe and represent reality using mathematical tech-
niques. The importance of mathematical modeling when studying the way some diseases
can spread lies in forecasting the behaviour of these biological phenomena and their ef-
fects wherever they may occur. Thus mathematical models supply a valuable tool for
doctors to use for containment methods, estimation and safety, as well as many other

different decisions aimed to reduce economic costs.

Three mathematical models, which describe the behaviour of two parasitic diseases with
transmission vector, are presented in this dissertation. Two of these models are dedicated
to Toxoplasmosis and they explore the dynamic of the disease in relation to human
population and pet cats. In this model, cats play the role of infectious agents and carrier
of the protozoan Toxoplasma Gondii. The qualitative dynamic of the model is established
by the basic reproduction threshold Rg. If the parameter Ry < 1, then the solution
converges to the equilibrium point disease free. However, if Ry > 1, convergence leads to
the equilibrium point endemic. Numerical simulations of the models illustrate different
dynamics according to the threshold parameter Rg and show the importance of this
parameter. Finally, bovine babesiosis is modeled starting from a mathematical model,
which is composed of five ordinary differential equations that explain the influence of the
epidemiological parameters over the evolution of the disease. The stationary states of

the system and the basic reproduction number R are determined. The existence of the
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endemic point and the disease free point are calculated and they depend on the threshold

parameter Rg, which determines the local and global stability of the equilibrium points.



Resumen

A medida que la complejidad de nuestro mundo aumenta el pensamiento sistémico se
esta convirtiendo en un factor critico para el éxito, e incluso la supervivencia. Es por
eso que las herramientas robustas de los sistemas dindmicos complejos pueden dar res-
puesta a varios problemas, aplicindolas en: Negocios, poblaciones o ecosistemas y en la
experiencia cotidiana como: Compras compulsivas, la adiccién a las drogas, la adiccién
al tabaco, obesidad, etc. Cuando los experimentos en el mundo real son imposibles, la si-
mulacion se convierte en la principal forma de que podamos aprender de manera efectiva
sobre la dinamica de dichos sistemas. Por esta razén me complace presentar esta Tesis,
donde se combina la teoria y la practica de los sistemas dindmicos, abarcando a modelos

epidemiolégicos de algunas enfermedades parasitarias con vector de transmision.

La Toxoplasmosis y la Babesiosis bovina son enfermedades parasitarias (Zoonosis) que
se transmiten a través de un vector transmisor afectando a la poblaciéon de humanos y
al sector ganadero respectivamente. Como problema de salud publica la Toxoplasmosis
genera altos costes de atencién en salud prenatal y natal sin mencionar la perdida de dias
laborales; de igual manera la Babesiosis bovina le cuesta miles de millones de délares
al sector ganadero en paises tropicales como Colombia por la mortalidad bovina y baja

productividad de los derivados.

Los modelos matematicos pretenden mitigar, copiar, describir o representar la realidad
mediante el uso de técnicas matematicas. La importancia de la modelizacién matematica
de la propagacién de enfermedades radica en la prediccién del comportamiento de di-
chos fenémenos bioldgicos y sus efectos en el entorno donde suceden, proporcionando
una valiosa herramienta en los métodos de contencién, estimacién y seguridad para el
personal médico y en otras multiples decisiones encaminadas a la minimizacién de costes

econdmicos.

En esta tesis doctoral se presentan tres modelos mateméaticos que describen el compor-
tamiento de dos enfermedades parasitarias con vector de transmision; de los cuales dos
modelos estan dedicados a la Toxoplasmosis donde se explora la dinamica de la enfer-
medad a nivel de la poblacién humana y de gatos domésticos. Los gatos en este modelo
juegan un papel de agentes infecciosos y conductores del protozoo Toxoplasma gondii. La
dindmica cualitativa del modelo es determinada por el umbral béasico de reproduccion,
Ro. Si el pardametro Ry < 1, entonces la solucién converge al punto de equilibrio libre de
la enfermedad. Por otro lado, si Ry > 1, la convergencia es al punto de equilibrio endémi-
co. Las simulaciones numéricas de los modelos ilustran diferentes dindmicas en funciéon
del pardametro umbral R y muestra la importancia de este pardmetro. Y finalmente la

Babesiosis bovina se modela a partir de un modelo matematico constituido por cinco
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ecuaciones diferenciales ordinarias, que permiten explicar la influencia de los pardametros
epidemiolégicos en la evolucion de la enfermedad. Los estados estacionarios del sistema
y el niimero bésico de reproducciéon R son determinados. La existencia de los puntos de
equilibrio endémico y libre de enfermedad son calculados, los cuales depende del valor

del pardmetro umbral Ry y determina la estabilidad local y global de dichos puntos.



Resum

A mesura que la complexitat del nostre mén augmenta, el pensament sistémic esta
convertint-se en un factor critic per al éxit i inclds, la supervivencia. Es per aixo que
que les ferramentes robustes dels sistemes dinamics complexos poden donar resposta a
varios problemes aplicant-les en negocis, poblacions o ecosistemes i en la experiencia
quotidiana com les compres compulsives, adiccié a les drogues i al tabac, obesitat, etc.
Quant els experiments al moén reial sén impossibles, la simul.lacié es convertix en la
principal forma de que puguem ensenyarmos de manera efectiva sobre la dindmica dels
estos sistemes. Per eixa raé em complau presentar esta Tesi, on es combina la teoria i la
practica dels sistemes dinamics, abarcant models epidemiologics de algunes enfermetats

parasitaries amb vector de transmissio.

La Toxoplasmosi i la Babasiosi bovina son enfermetats parasitaries (Zoonosi) que es
transmiteixen a través d’un vector transmisor afectant a poblacé d’humans i al sec-
tor ramader. Com a problema de salut publica, la Toxoplasmosi genera alts costos
d’atencié en salut prenatal i natal, sense mencionar la pérdua de diez de treball; de
igual forma la Babesiosi bovina costa milers de milions de dolars al sector ramader en
paisos tropicals com Colémbia per la mortalitat bovina i la baixa productivitat dels
derivats. Els model matematics permitixen descriure i representar la realitat mitjan-
tant 'us de técniques matematiques. La impotancia de la modelitzacié matematica de
la propagacié d’enfermetats radica en la prediccié del comportament d’eixos fendmens
biologics i els seus efectes en el entorn on succeixen, proporcionant una valuosa ferra-
menta en els métodes de contencid, etimacié i seguretat per al personal metge i en altres

multiples decisions encaminades a la minimitzacié dels costos econdémics.

En esta tesi doctoral es presenten tres models matematics que descriuen el comportament
de dues enfermetats parasitaries amb vector de transmissio. Dos d’ells estan dedicats a la
Toxoplasmosi, on s’explora la dindmica de 'enfermetat a nivel de la poblacién humana i
dels gats domestics. Els gats en este model juguen el paper d’agents infecciosos i conduc-
tors del protozoo Toxoplasma Gondii. La dindmica qualitativa del model es determinada
per 'umbral basic de reproduccié Rg. Si el parametre Ry < 1, entonces la solucién con-
vergix al punt d’equilibri lliure d’enfermetat. Per altra part, si Rg > 1 la convergencia
és al punt d’equilibri endémic. Les simulacions numeriques dels modelos il.lustren difer-
ents dinamiques en funcié del parametre umbral Ry i mostra la importancia d’este
parametre. I finalment la Babesiosi bovina es model.la a partir d’'un model matematic
format per cinc equacions diferencials ordinaries, que permiteixen explica l'influencia
dels parametres epidemiologics en l’evolucié de 'enfermetat. Es determinen els estats

estacionaris dels sistemes i el nimero béasic de reproduccié Ry. La existencia dels punts
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de equilibri endemic i lliure d’enfermetat es calculen i depenen del parametre umbral

Ro, que determina ’estabilitat local i global dels punts d’equilibri.



Chapter 1

Introduction

Parasitic diseases have been linked to the history of mankind and can be found in both
animals or plants. Some parasites have been found in fossils of foraminifera (Protozoa)
which are more than 530 million years old. The origin of parasites in humans comes from
ancient times and has been defined by different cultures as Greek, Egyptian and Chinese
[12]. Then we may say that the parasites have coexisted with humanity and the diseases
produced by them affect the health and economy of regions [55]. This is especially
noticeable, in tropical countries, where the spread among humans and their livestock is
becoming a public health problem with high rates of morbidity and mortality because

of the poor social and economic conditions of most of the people in these countries [12].

Different parasitic diseases have existed. Some of them are important problems because
of the difficulty to control them: Malaria, Esquistosomiasis, Leishmaniasis, Chagas’s dis-
ease, Toxoplasmosis, Babesiosis and the intestinal parasitosis are some examples [48].
Parasitic diseases constitute a problem in Colombia and are common in all the popula-

tion. The most vulnerable population are the to-be-borns and newborns [56, 61].

1.1. Toxoplasmosis

The etiological agent of Toxoplasmosis is Tozoplasma gondii, which is a protozoan of the
order Fucoccidiorida and family Sarcocystidae, characterized as an intracellular parasite
that lives in the host cell by regulating vital processes to acquire nutrients, guaranteeing
its survival and thus evading the host immune system [36]. It is common in warm-blooded
vertebrate animals in the world [31], including humans [36], and it is transmitted through

food chains, mainly through carnivores and scavengers [11].
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This parasite has a life cycle divided into three stages: The first is oocyst, when the
parasite can survive for long periods of time outside the host due to its high resistance
to environmental factors [34]; In the second, called bradyzoite, the latent form of
the parasite (chronic) is present in microscopic conglomerates and is found in infected
muscle and brain tissues [39]; And the third, tachyzoite, is a rapid multiplying stage
in the development of the tissue phase in acute infections of Toxoplasmosis, when cysts
in tissues infected by toxoplasma are formed by tachyzoites found in vacuoles within
infected cells [17].

Cats and some felines are the definitive hosts of T. gondii [38]. It can develop its life
cycle in the intestinal epithelium of these animal [36, 49]. Once infected cats excrete
their wastes (oocysts) to the environment, it may infect any vertebrate animal that
consumes the oocysts, including humans [12]. Ingestion and manipulation of raw or un-
dercooked meat, unwashed vegetables and fruits, the consumption of the unboiled water
and contact with cats are risk factors that increase the likelihood of ingesting oocysts and
consequently the development of Toxoplasmosis [37]. In humans, if the infection happens
during the stage of pregnancy, the Tozoplasma gondii can be transmitted vertically to
the fetus through the tachyzoites [40], invade the cells and infect all the organs of the
fetus [58], primarily retina, brain, muscle, heart, lung, etc., and thus cause congenital

Toxoplasmosis [53].

Congenital Toxoplasmosis [36] leaves irreversible sequelae in the infant at birth, such
as epilepsy, mental retardation, retinochoroiditis, macrocephaly, microcephaly, develop-
mental delay microphthalmia, strabismus and retinochoroiditis plates [12]. The disease
may be present in latent form, manifesting itself years later [53]. Toxoplasmosis can be
remarkably aggressive if it affects patients with AIDS, transplant, in steroid or antineo-

plastic therapy [27].

In the United States, Toxoplasma gondii the third most common cause of transmission
by oral ingestion. Health authorities, report 225000 cases of infection by Tozoplasma
gondii per year; caused 5000 hospitalizations and 750 deaths [41]. In Europe there is
variation in the sero-prevalence among pregnant women: in France it is around 54 %,
while in Sweden is 12 % [2]. In Latin America, Mexico has a prevalence of 35 % [2] and in
Brazil (Sao Paulo, Rio de Janeiro) reported different values, have been reported between
59 % and 78 % [7].

In a study done between 1977 and 1980 in Colombia [26], the seroprevalence rate ranged
between 42.5 % and 54.4 % in women of childbearing age. The prevalence was determined
by antibody detection techniques (IgG, IgM and IgA) [28, 42]. This study estimated that
between 2 and 10 live newborns have Toxoplasmosis out of every 1000 births in Colombia,

i.e., between 600 and 3000 children out of 300000 new live births per year would be born
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with the congenital infection, most of them totally asymptomatic (450-2250), only 150-
750 would display symptoms in the first months of life [28].

1.2. Bovine Babesiosis

The etiological agent of the Bovine Babesiosis and Babesia Bigemina is the Babesia
Bowis, which is an hemoparasite of order Piroplasm and family Babesiidae, discovered
in 1888 by Romanian biologist Victor Babes [6]. The first case documented in humans
occurred in 1957 in the former Yugoslavia [21]. Between 1982 and 2001 there were 200
reported cases in the EE.UU [21].

This disease takes on importance in the livestock sector due to the high economic impact,
especially in tropical regions. In Colombia there is an economic loss due to the high
bovine death, limiting the productivity increase of bovine derivatives and affecting the
Gross Domestic Product (GDP) [9].

The bovine babesiosis is a typical disease that is transmitted through the tick (trans-
mission vector) [62]. A bovine could be infected through a sting and if it is pregnant,
it is possible a vertical transmission [51]. Furthermore, the vector could be infected if it
has a direct contact with a bovine infected and vertical transmission is a fact [62, 64].
The parasite has a life cycle in the ticks: When a tick bites an infected cow, the gametes
fuse in the gut of the tick, resulting in a zygote; Zygotes become in mobile ookinete,
entering the salivary glands of the tick, then a cycle of sporogony starts, resulting in

new sporozoites, which can be re-injected into a bovine through a tick bite [62].

Thus, the parasite life cycle in the bovine begins when the sporozoites enter into the
blood of the bovine by the bite of an infected tick. This initial stage of sexual repro-
duction may cause infection in the bovine [6, 62]. Some of the most critical pathologies
in bovine are the acute anemia due to destruction of red blood cells and dehydration

caused by the vomiting due to retention of bile in the animal [13].

In the tropics zones there are approximately 1.3 billion of cattle at risk due to Babesiosis
[62] which may cause an economic bankruptcy for the livestock sector all over the world.
A study conducted in Colombia, in which 2909 blood samples of bovine from 104 farms
were analyzed, showed a prevalence of 4.1 % [20]. The detection techniques used were
real-time PCR [47].
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1.3. Epidemiological mathematical models

Mathematical models in epidemiology have been used since 1760, when Daniel Bernoulli
published a treatise on the smallpox epidemic [1]. In 1906 Hamer presented a discrete
model for mumps; shortly after Ronald Ross, in the edition of 1911 of his book The Pre-
vention of Malaria, formulated a simple mathematical model; According to Ross’ model,
the eradication of malaria would be achieved by decreasing the population of mosquitoes,
whose extinction would not be essential [57]. Later in 1927, Kermack and McKendrick
formulated a mathematical model to describe the bubonic epidemic of plague in India

in 1906 [3].

Mathematical models are helpful in different areas. One of them is epidemiology, which
has become an important tool used in the analysis and control of infectious diseases. A
classical technique to model diseases in the population is the use of systems of ordinary
differential equations describing the evolution of the number of individuals in different
subpopulations. In particular, mathematical models using first order nonlinear differen-
tial equations for parasitic diseases with vector of transmission have been presented
in [4, 5, 22, 23]. In these articles, the authors model the spread of parasitic diseases,
calculate the basic reproduction threshold Rg [46], estimate some unknown parameters,
carry out numerical simulations using Matlab packages with private data and study the

behaviour of analytical solutions.

The field of nonlinear dynamical systems provides powerful tools to analyze the dynamic
behaviour of diseases. The study of the eigenvalues of Jacobian associated to the linea-
rized system leads to the identification of local stability. Sometimes it is possible to

demonstrate the global stability using the Lyapunov function [5, 22].

Using the above tools, we tackle this research in the epidemiological mathematical mode-
ling in parasitic diseases such as Toxoplasmosis and Bovine Babesiosis in order to un-

derstand their spread and epidemiological behaviour over time and predict their impact.



Chapter 2

Mathematical Model of
Toxoplasmosis Disease in Varying

Size Population

The prevalence of Toxoplasmosis has increased dramatically around the world. Despite
the fact that congenital Toxoplasmosis cannot be considered a disease of epidemic pro-
portions, it may cause either death in humans or serious effects in developing fetus. In
this chapter we present an initial model with varying population size for the evolution of
the infected people with Toxoplasmosis. We explore the dynamics of the Toxoplasmosis
disease at population level by using an epidemiological model. Statistical data are used
to estimate some of the parameters of the model. Numerical simulations of the mod-
el, which have been carried out by varying parameters, show different scenarios of the

spread of the disease.

2.1. Introduction

The protozoan Toxoplasma Gondii is a prevalent parasite in wild and domestic animals
worldwide, transmitted through the food chain by carnivorous feeding and scavenging.
Toxoplasma normally divides asexually to yield a haploid form that can infect virtually
any vertebrate, but also has a well-defined sexual cycle that occurs exclusively in cats.
If the first contact happens during pregnancy, Toxoplasma Gondii can be transmitted

vertically by tachyzoites, which are passed to the fetus via the placenta [59].
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The Toxoplasma Gondii has become important as an opportunist pathogen in patients
with AIDS, although the 15 %-85 % of the adult human population that is chronically in-
fected with T. gondii is typically asymptomatic [59]. Infections in immunocompromised
hosts have variable outcomes. In the USA, recent outbreaks of acute Toxoplasmosis in
humans have been associated with oocyst contamination of the environment [59]. Over
the course of recent history, humans have domesticated many different animal species,
but the principal ones have been dogs, domesticated 12000 years ago, and cats, domesti-
cated 4000 years ago. However, from these modest and comparatively recent beginnings,
the cat is now on the verge of becoming the Western world’s most popular pet. Current
predictions state that cats will soon overtake dogs as the most commonly kept pet. Ac-
cording to the Pet Food Institute in Washington, DC, cats already outnumber dogs in
the United States, with 70.2 million, and in Spain with 5.5 million of cats [65].

In the United States there are approximately 225,000 cases of Toxoplasma Gondii infec-
tion per year. This results in 5000 hospitalizations and 750 deaths, making Toxoplasma
gondii the third most common cause of fatality. Since more than 90 % of primary Tox-
oplasmosis infections in immunocompetent persons are asymptomatic, the diagnosis of
maternal infection can be difficult. In asymptomatic women, the only sign of prima-
ry infection during pregnancy is seroconversion via detection of IgG or IgM by the
immunofluorescence antibody test, the enzyme-linked immune filtration assay, the im-
munosorbent agglutination assay (ISAGA), or other similar assays. IgG antibody levels
become detectable 1-2 weeks after infection and remain elevated indefinitely, while IgM
antibody levels increase within days and usually remain elevated during 2-3 months.
However, up to 27 % of women have IgM antibodies during more than 2 years, making
difficult to pinpoint the timing of infection. Thus, the detection of IgG in a woman at
the beginning of pregnancy indicates prior infection and eliminates the risk of congenital

transfer of tachyzoi [41].

In Colombia, in accordance with the National Research of Health, 47 % of the human
population have antibody vs Toxoplasma it shows that people have contact with proto-
zoan during their life goes unnoticed in people with an excellent immune system [28].
The most important health consequences affect newborns with the infection acquired
in uterus and immune deficiency in patients with AIDS. It is estimated that between
2 and 10 newborns have Toxoplasmosis out of 1000 births in Colombia. Therefore, be-
tween 600 and 3000 children of the 300,000 new births per year, would be born with the
congenital infection, most of them totally asymptomatic (450-2250), while only 150-750
would display symptoms in the first months of life [28].

We should mention that, as far as we know, this is the first mathematical model of the

evolution of Toxoplasmosis in the human population.
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In this chapter a first approach to model the evolution of the Toxoplasmosis disease
in human population is introduced using a SIC model (susceptible-infected-controlled).
In Section 2.2, we present the mathematical model for the evolution of Toxoplasmosis.
Section 2.3, is devoted to scale the model properly to match with available data. In
Section 2.4, mathematical simulations for three different scenarios are performed. Finally

in Section 2.5, conclusions are presented.

2.2. Mathematical model

In this section a first mathematical model for the evolution of the Toxoplasmosis in
the population is formulated. Following the basic ideas and structure of mathematical
modeling in epidemiology, the model for the Toxoplasmosis disease will be developed

under the next basic hypotheses [14, 29, 46].

1. The total population N(t) is divided into three subpopulations:

= Susceptible S(t): members of the population who may become infected.

» Infected E(t): members of population infected by the Toxoplasmosis parasite,

both asymptomatic and symptomatic.

= Controlled C(t): members of the population who have been treated for the

Toxoplasmosis.

2. A susceptible individual transits at a rate § to the infected subpopulation I(t).

An infected person transits to the controlled subpopulation C(t) at a rate ~.

3. The birth rate u is assumed time-independent as well as the natural death rate d.
The transmission rate ( is assumed to be dependent on the population of cats, the
accumulation of oocyst in the environment and the population of other animals
(birds, rats and mice), but also time-independent. A newborn has a probability p
to be healthy, i.e., to be born without Toxoplasmosis. The additional death rate

caused by Toxoplasmosis is €.

4. All members of the susceptible subpopulation S(¢) have the same probability to
be infected [14].

A summary of the description of parameters is presented in Table 2.1
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,:pI'(r) (1= pYN(®)
s() £SO, gy O, o
ds(@) (d+EE([) dC(r)

FIGURE 2.1: Diagram of the Toxoplasmosis disease on the population.

Parameter Description

Individuals with Toxoplasma controlled rate
Probability to be born without Toxoplasma
Death rate caused by Toxoplasma

Natural death rate

Transmission rate

T D &8 0T R

Birth rate

TABLE 2.1: Basic parameters of the mathematical model

Under the above assumptions, an epidemiological model for Toxoplasmosis is given by
the following linear system of ordinary differential equations.

S(t
t
t
t

= puN(t) —dS(t) - BS5(),
BS(t) + p(1 = p)N(t) — (d+e)E(t) — vE(),
VE(t) — dC (1),

(t) + E(t) + C(1),

.

(2.1)

Q-

2
|
N

(t)
(t)
(t)
(t)

where S(t), E(t) and C(t) represent the number of individuals in the three subpopu-
lations at time ¢. The schematic representation of the flow of individuals between the
different subpopulations is shown in Figure 2.1. This model is used to estimate some
unknown parameters related to Toxoplasmosis. Numerical simulations are carried out to

analyse the effect of different control measures against the disease.

2.3. Scaling the model

Since data available are in percentages, and the model in Eq. (2.1) is referred to number
of individuals, it leads us to scale the model into the same units as data. Therefore,

following ideas developed in papers [15, 44] about how to scale models with populations
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varying in size, adding the first three equation of the system (2.1) and using the last

one, we obtain that,

N(t) = (u—d)N(t) — eE(t). (2.2)
Dividing both members of (2.2) by N(t) one gets

E(t)

W:u—d—EN(t). (2.3)
If we define the ratios (dependent on time)
s(t) = ]5\;((2, e(t) = ff((?), c(t) = ]i’((?), (2.4)
the Eq. (2.3) can be transformed into
x&g = —d—ee(t). (2.5)
Now, let us calculate the derivative of s using (2.5). Then, we obtain that
o SON@E) - SEN(E) St St N S(t)
i) = NZ(2) SN0 NO N - Np D dmeeld),
(2.6)
and analogously, one gets that,
, E(t) . C(t)
{0 = G — = d—eelt). )= Tk —elu—d—ce(n). (27

Now, let us consider the first equation of system (2.1). If we divide by N(t), we have

S(t) S _ 550
=pu—d - 2.8
and substituting by the corresponding ratios defined in (2.4) and using (2.8) we obtain

the scaled equation.
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$(t) = ppu—s(t)(u+ B —ee(t)). (2.9)

Remaining parts of the system (2.1) can be scaled similarly to obtain

ét) = Bs(t)+pl—p)—(v+p+e—ee(l)e(t),
e(t) = ve(t) — (n—ee(t))c(t), (2.10)
1 = s(t) +e(t) + c(t).

Notice that, after scaling the model, it has been transformed into a nonlinear one. As

1 =s(t) + e(t) 4+ c(t) we can eliminate ¢(¢) and consider the two-dimensional system

$(t) = pp—st)(p+ B —ee(t)),

(2.11)
é(t) = Bs(t)+u(l—p) — (v + u+e - celt) elt).

Parameter Values
P 0.9898
£ 5.08 x 1076
d 0.00601
1 0.233

TABLE 2.2: Parameters of the model

Some of the model parameters can be estimated and summarized in Table 2.2 from the

following sources:

» Between 2-10 out of 1000 newborns in Colombia have Toxoplasmosis [28].

= In the United States there are 225,000 cases of Toxoplasmosis per year and 750
deaths caused by the parasite [41].

» National statistics from Colombia [45].

The parameters § and v are unknown and we vary them in the next section to simulate

different scenarios.
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2.4.

In this section, we simulate three possible scenarios and observe the effects of the pa-
rameters 0 and v on the transmission dynamics of the Toxoplasmosis disease. Taking
into account that in Colombia approximately 47.74 % of the population have antibodies

against the Toxoplasma Gondii [28], we assume as initial condition in all scenarios the

following values

s(0) = 0.5253

Population proportion

FIGURE 2.2: Dynamics of the different subpopulations 3= 0.0206055 and ~v = 0.000232.

TABLE 2.3: Equilibrium point when 8 = 0.0206055 and v = 0.000232 of system (2.11)

TABLE 2.4: Eigenvalues of the Jacobian J(s*,e*) when 3=0.0206055 and y=0.000232 of

0.9

0.8F

0.7+

0.6

051
0.4+
0.3F

0.2+

0.1

Numerical simulation

e(0) = 0.47

Infected
. Controlled

¢(0) = 0.0047.

—=— Suceplibles

50 100

Time t (Years)

150

Equilibrium point Values
s* 0.5253
e* 0.47
c* 0.0047

Eigenvalues Values
A1 -0.0439
A2 -0.0235

system (2.11)

200
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For the first simulation we consider that the spread of Toxoplasmosis in the population
of Colombia is in equilibrium, i.e., proportions of susceptible infected and controlled are

invariant over time. This fact is possible by taking the parameter values

B = 0.0206055 ~ = 0.000232. (2.13)

Thus, we can compute the equilibrium point (s*, e*) and the jacobian J(s*, e*) of system
(2.11). The eigenvalues of J(s* e*) are negative and therefore the equilibrium point
(s*,e*) is locally asymptotically stable [30] See Tables 2.3 and 2.4. In Fig. 2.1 it can be

seen that the solutions s(t), e(t) and ¢(¢) remain invariant over time.

In the second simulation the transmission rate 3 is reduced to the half value of the pre-
vious simulation i.e. 8 = 0.0103027. This assumption considers a situation where health
institutions of Colombia take hygienic actions against the oocyst in the environment and
create health education programs. The value of v is maintained at the same value as the

first simulation. In Tables 2.5 and 2.6, the equilibrium point J(s*, e*) is shown.

1
~—— Suceptibles
08+ — — —Infected

+  Controlled

0.8+
0.7
06
05F
04t =

Population proportion

0.3} ) T
0.2+
0.1+

Qlossnsoasas TP leesassaaas Leaaaaaaaa -

Time t (Years)

FIGURE 2.3: Dynamics of the different subpopulations = 0.010327 and v = 0.000232.

Equilibrium point Values
s* 0.6863
e* 0.3105
c* 0.003092

TABLE 2.5: Equilibrium point when 8 = 0.010327 and v = 0.000232 of system (2.11)

The obtained eigenvalues are negative, therefore the equilibrium point is locally asymp-
totically stable. In addition, Fig. 2.3 shows that the solutions s(t), e(t) and ¢() converge

to the equilibrium point, despite initial condition being far from the equilibrium point
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TABLE 2.6:

FEigenvalues Values
A1 -0.0336
A2 -0.0235

Eigenvalues of the Jacobian J(s*,e") when $=0.010327 and y=0.000232 of

system (2.11)

(s*,e*,c*). The effectiveness of the hygienic actions have been achieved since the infected

population decreased (see Fig. 2.3).

Finally, for the third simulation, we consider a scenario where the health institutions

take more control on the infected people, doing more tests for seropositive Toxoplasmosis

and giving more treatment for seropositive individuals. In Tables 2.7 and 2.8, the equi-

librium point (s*, e*,¢*) and the eigenvalues of the Jacobian J(s*,e*) are shown. The

obtained eigenvalues are negative, therefore the equilibrium point is locally asymptoti-

cally stable. Additionally in Fig. 4 it is possible to see that the solutions s(t), e(t) and

c(t) converge to the equilibrium point, despite the fact that the initial condition is far

from the equilibrium point (s*,e*, ¢*). Since infected population decreases we conclude

that extreme preventive measures are good options to control the disease.

FIGURE 2.4: Dynamics of the different subpopulations 8= 0.0206055 and v = 0.1.

Population proportion

0.9

0.8+
0.7+
06+

0.5

0.4
0.3}

01

Suceptibles
Infected
Controlled

02f-,

50 100 150 200
Time t (Years)

Equilibrium point

Values

0.5252
0.08970
0.3851

TABLE 2.7: Equilibrium point when 8= 0.0206055 and v = 0.1 of system (2.11)
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Eigenvalues Values
A1 -0.1233
A2 -0.04390

TABLE 2.8: Eigenvalues of the Jacobian J(s*,e*) when 8= 0.0206055 and v = 0.1 of system
(2.11)

2.5. Conclusions

In this chapter, we propose a simple mathematical model to study the dynamics of
Toxoplasmosis disease in the population of Colombia. The model divides the total popu-
lation into three subpopulations: susceptible, infected and controlled. The initial model
is constructed using a linear system of ODEs, but since in the model size populations
are varying and data are in percentages, the model is transformed into relative values in
order to observe the qualitative behaviour. The transformed model is a nonlinear system
of ODEs where it is possible to do a better analysis of the transmission dynamics of the
Toxoplasmosis disease. Afterwards, three numerical simulations are performed in differ-
ent scenarios, which are based on some situations that could happen in real life. In the
last two scenarios it is possible to see the effect of some strategies for the control of Tox-
oplasmosis, such as hygienic actions, educations programs, more testing and treatments.
Finally it should be mentioned that, as far as we know, this is the first mathematical

model for the evolution of Toxoplasmosis disease in the human population.

This work has been published in Computers and Mathematics with Applications 56
(2008) 690 - 696.



Chapter 3

Dynamics of a model of
Toxoplasmosis disease in human

and cat populations

A mathematical model for the transmission of Toxoplasmosis disease in human and cat
populations is proposed and analyzed. We explore the dynamics of the Toxoplasmosis
disease at the population level using a type-epidemiological model. Discussion of the
basic concepts of Toxoplasmosis transmission dynamics on human and cat populations
are presented. The cats in this model play the role of infectious agents and host of the
protozoan Toxoplasma Gondii parasite. Qualitative dynamics of the model are deter-
mined by the basic reproduction number, Rg. If the threshold parameter Ry < 1, then
the solution converges to the disease free equilibrium point. However, if Ry > 1 the
convergence is to the endemic equilibrium point. Model numerical simulations illustrate
different dynamics depending on the threshold parameter Ry and show the importance

of this parameter.

3.1. Introduction

The protozoan Toxoplasma Gondii is a prevalent parasite in wild and domestic animals
worldwide. The life cycle of Toxoplasma is unusual, because this organism is capable of

indefinite replication using either sexual or asexual subcycles.

The asexual cycle is of special interest because it may occur in any warm-blooded animal,
especially in cats [50] and humans. The cats are considered immune to toxoplasma and

it can cast more than 20 million oocysts between 4 and 13 days after the infection and

15
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these may infect humans [35]. The asexual portion of its life cycle consists of just two
stages, the faster division of tachyzoites and the slower division of bradyzoites. The
bradyzoites may encyst in the brain, heart and other tissues. Theoretically, this asexual

life cycle could continue indefinitely, cycling around the food chain [10].

Transmission occurs when an animal ingests bradyzoite infected tissue through meat or
vegetables [8, 10]. It can also occur accidentally through contaminated food with animal
parts. In particular, vertical transmission is possible when tachyzoites enter into the

fetus via the placenta [58].

Throughout history, humans have domesticated different animals, mainly dogs and cats,
12,000 and 4000 years ago, respectively. However, the cat is now on the verge of becoming
the western world’s most popular pet. Current predictions state that cats will soon
overtake dogs as the most commonly kept pet. According to the Pet Food Institute in
Washington, DC, cats already outnumber dogs in the United States, with 70.2 million,
in Spain with 5.5 million cats [65] in Colombia 10 % of households have a cat as pet [70].

The cat is considered a transmission vector of the Toxoplasmosis disease, as it is consid-
ered the A. aegypti to dengue disease [22]. Moreover, in some small islands where there

are different kind of animals but not cats, the prevalence of Toxoplasmosis is null [8].

The oocysts released in the feces of infected cats contaminate the environment, including
vegetables and other kind of food. Therefore, the Toxoplasma gondii can be acquired
through ingestion. This type of transmission has been considered the main source of
infection in tropical countries [25]. The prevalence of the Toxoplasma gondii antibody in
some animals ranges from 12 % to 60 % and in pigs goes from 26 % to 78 %. These ranges
show the variability in different Latin American countries, such as Argentina, Brazil
and Colombia [32, 33]. Toxoplasma infection can be transmitted to humans either by
ingestion of tissue cysts in meat or by ingestion of oocysts in cat feces. Some researchers
have reported an increasing prevalence of infection of Toxoplasma gondii in the human
population [54]. Therefore, based on all the aforementioned facts, it is important to

construct models to study and prevent Toxoplasmosis disease.

Mathematical models, simpler than the reality, allow us to understand the global dynam-
ical behaviour of Toxoplasmosis disease in human and cat populations. An important
issue that is addressed here is the impact of the epidemics on the human population
taking the cat population as a transmission vector. In order to explore the dynamics of
the Toxoplasmosis disease in both populations, humans and cats, a type-epidemiological
model is used. A system of nonlinear differential equations to study the dynamics of
the human and cat infected populations is developed. This modeling approach is a stan-

dard way to investigate the dynamics of diseases in populations from a epidemiological
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point of view [14, 46]. The proposed system consists of modeling the interactions among
susceptible and infective individuals of the two species, assuming that the horizontal
transmission of the disease to humans happens only through the contact with infected
cats and vertical transmission in both cat and human populations. In the model, human
population is divided into three classes or subpopulations, susceptibles Sy (), infectious
I (t) and controlled Cj,(t) and the cat population into two classes, susceptibles S.(t)

and infectious I.(t).

The model is described by a system of nonlinear ordinary differential equations with
five equations, which allow us to discuss how the different epidemiological parameters
influence global behaviour in the evolution of Toxoplasmosis disease in human and cat
populations. The model includes the interactions among susceptible and infective indi-
viduals of the two species assuming that the horizontal transmission of the disease to
humans takes place through the contact with infected cats. This transmission is modeled
with a classical incidence rate, however it also may be modeled using another incidence
rate such a polynomial one [29, 66]. Additionally, vertical transmission in both cat and
human populations is considered. In human population vertical transmission is assumed
with probability 1. In the cat population, it is assumed that a cat borne from a infect-
ed one has a probability p. of not being infected. Furthermore, we assume that both
populations of cats and human are constant. This fact is reasonable in some environ-
ments where births are approximately balanced by the natural deaths and for short
time horizons. In [43] a computer simulation of the transmission of Toxoplasma Gondii

is developed considering equilibrium in the cat population size.

In this chapter we study the stability of the steady states of the system and we find
that the basic reproductive number R controls completely the dynamics of the infec-
tion. This basic reproductive number should be regarded as a measure of the capacity
of the cats to transmit Toxoplasmosis. We prove that the basic reproduction number R
is a threshold value that completely determines the global dynamics and the outcome
of the disease. If the threshold parameter Ry < 1, then the solution converges to the
disease free equilibrium point. Also, if Ry > 1 the solution tends to the endemic equi-
librium point. Numerical simulations of the model illustrate several different dynamics
depending on the threshold parameter Rg. Additionally, the importance of the vector
vertical transmission to the dynamics of the infection is studied through numerical sim-
ulations. It is important to remark that some prevention and control strategies against
the Toxoplasmosis can be modeled using numerical simulations. In [4] a first approach to
model the evolution of Toxoplasmosis disease in human population has been proposed,
but considering that cat population remains constant and has an uniform behaviour as
for the disease. However, in this chapter, we propose a model to study the evolution of

Toxoplasmosis in a human population taking cats as vector of transmission. This model
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is more complex because two populations with interactions are included. The organi-
zation of this chapter is as follows. In the next section we formulate the mathematical
model. Section 3.3 is devoted to analyse the steady states and find the threshold value
Ro which determines the global dynamics and the outcome of the disease. Section 3.4

contains numerical results and finally, in Section 3.5, we present the conclusions.

3.2. Mathematical model

In this section, we present a continuous mathematical model for the transmission and
evolution of Toxoplasmosis disease in human and cat populations. Following the basic
ideas and structure of mathematical modeling in epidemiology, the Toxoplasmosis disease

model will be developed under the next basic hypotheses [14, 46].

1. The total population Ny (t) is divided into three subpopulations:

Susceptible Sp(t): members of the human population who may become in-

fected.

Infected Ip(t): members of human population infected by the Toxoplasma

Gondii parasite.

Controlled Cj(t): members of the population who have been treated for the

Toxoplasmosis.
2. The total population of cats N.(t) is divided into two subpopulations:

» Susceptible S, (t): members of cats population who may become infected.

» Infected I.(t): members of cats population infected by the Toxoplasma Gondii

parasite.

3. A susceptible human can be infected through an effective direct or indirect contact
with an infected cat and transit to the infected subpopulation I.(¢). An infected

human transits to the controlled subpopulation C.(t) at a rate .

4. A susceptible cat can be infected through an effective contact with an infected cat

and transit to the infected subpopulation I.(t). A cat never recover from infection.

5. Both human and cat birth rate are assumed equal to their natural death rates,

therefore constant population sizes are assumed.

6. All members of the susceptible subpopulations Sp,(t) and S.(¢) have the same
probability to be infected.
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7. Vertical transmission is assumed in human population, but in cat population it
is assumed that occurs with probability 1 — p. where p. is the probability that a

susceptible cat can be born from an infected one.

The total population of humans is denoted by
Ni(t) = Sp(t) + In(t) + Cu(t),

and the total population of cats is denoted by
No(t) = Su(t) + L(2).

Under the above assumptions, the dynamic Toxoplasmosis disease model for human and
cat population is depicted graphically in Fig. 3.1 and it is given analytically by the

following first order nonlinear system of ordinary differential equations,

1 (5, () +C (1)) (1)
£.5,@ iﬁ ((?) Pl o(1)
Sh(t) e In(t) > Chlt) —s 1, (1)
h l
1S,(1) Y (1)
S LO
#(S.()+1.©Op,) PO
— Se(t) 1y le(t) —T )]

} I

£#.5,(1) (1= p ) (1)

FIGURE 3.1: Flow diagram of the Toxoplasmosis disease model for human and cat populations
as defined in system (3.1).

~

Sp(t) = unCh(t) — BuSh(t) clf)

N0’
Bt = BSO30 ~ 1)
Cu(t) = In(t) — pnCal(t), (3.1)
Sut) = nele(tpe — 55030 oy
1) = 802 (e

Ne(t)
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3.3. Stability analysis of the model

In this section, the model (3.1) will be dynamically analysed to investigate the existence
and stability of its associated equilibrium. This analysis allows us to study different
scenarios about spread of the Toxoplasmosis disease in the human population caused by

direct or indirect contact with infected cats.

3.3.1. Scaling model

Following the ideas developed in [15, 44] with regard to scaling population models,the

next ratios (depend on time) are defined,

. Sh(t) _ Ih(t) _ Ch(t) _ Sc(t) _ Ic(t)
W=Ne " me " e PO TN
(3.2)
Thus, using the system (3.1) and the equations (3.2) one gets,
X(t) = pZ(t) - BuX(1)B(t),
Y(t) = BX(t)B ( ) =Y (1),
Z(t) = VY (t) —m2(t ) (3.3)
Alt) = pepe B() BeA(t)B(1),
B(t) = BA[)B(t) — pepeB(1).

Since human and cat total populations have been normalised to unity, the following

equations are obtained,

and

B(t) =1— A(t). (3.5)

Thus, from (3.3), and using (3.4) and (3.5) we obtain the following simplified equivalent

system
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X(t) = p(1—-X(t)=Y(®) = B X ()1 - At)),
Y(t) = BX(1)(1— A1) =Y (), (3.6)
Ucpc(l - A(t)) - ﬁcA(t)(l - A(t))

N
—
~~
S~—

For the sake of clarity and without loss of generality, analysis of equilibrium points are
performed using the reduced system (3.6). Also, the dynamics of the system (3.6) are

restricted in the positive invariant subset €2 C Ri defined by

Q={(X,,A)TeR}| 0<X<1, 0<Y <1, 0<A<I1}.

3.3.2. Equilibrium points of the model

We denote by (X*, Y*, A*) the equilibrium points of system (3.6), i.e., the steady state
where X* = 0,Y* =0, A* = 0 for all ¢ > ty. Therefore, from the last equation of system
(3.6) one gets that

B(t) = (1 — A%)[ucpe — BA™]. (3.7)
Therefore,
At =1, (3.8)
or
HePe
A= 3.9
27 73, (3.9)

Now, if (3.8) holds, then from second equation of system (3.6) we can obtain that Y;* = 0,
and from first equation of system (3.6) one gets that X; = 1. Hence, the disease free
point is obtained as (X7, Y, A7) = (1,0,1).

Also, if (3.9) holds, then from second equation of system (3.6) it follows that

yy = XA (3.10)
v

and replacing in the first equation of system (3.6) it follows that
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P [y
2y + Bu(1— A3 (un +7)

(3.11)

and that

2y + Brin (1 — A3) + Bry(1 — Ab)

(3.12)

Indeed, the model has the endemic point of coordinates (X3, Y5", A%)

3.3.3. Stability analysis

Computing the Jacobian of system (3.6) evaluated at (X*, Y™, A*), one gets the following

matrix
—pn = Bp(1—=A")  —pup BrX*
J(X*, V" AY) = Br(1 — A*) - —BrX*
0 0 —pePe — Be + 2B.A*

Disease free point

In the absence of infection (I, = 0) the model (3.6) has a disease free point F} =
(X*,Y*, A*) = (1,0,1), and evaluating the Jacobian J(F}) it follows that

—[h —fh Bh
0 -7 —Bn
J(X* Y AY) =
0 0 /8(: — MePe

The stability of the equilibrium point F} is determined using the eigenvalues of J(FY}).
The disease free equilibrium point F7 is locally asymptotically stable provided that the
real part of eigenvalues are all negative. Thus, computing the eigenvalues of J(F}) we

obtain that all are negative if

Be < HePe- (313)

Therefore, if we define
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Be
HePe

Ro =

<1, (3.14)

the disease free point F7 is locally asymptotically stable for Ry < 1. Thus, we have

established the following Lemma:

Lemma 1. The disease free point F} is locally asymptotically stable if Ry < 1 and
unstable if Rg > 1.

In addition, it can be shown that the disease free point F| is globally asymptotically
stable for Ry < 1. The following theorem can be established,

Theorem 1. If Ry < 1 then the disease free point F} is globally asymptotically stable.

Proof. In order to prove this, we consider the following Lyapunov function V' :  — R,
defined by

1A

V(t) = V(X(t), Y(t), A(t)) b

(3.15)
It is clear that V € C1(Q) and V(X (t),Y (), A(t)) > 0 for all (X (t),Y (t), A(t))" € Q.
Next, taking the derivative of (3.15) with respect to time along of the solutions of system

(3.6) and using the third equation of (3.6), we have

V(t) = —(1 - A(t)) = RoA(t)(1 — A(t)) = —(1 — RoA(t))(1 — A(1)). (3.16)

Since 1 — A(t) > 0 and 1 — RoA(t) > 0 from (3.16) it follows that V(¢) < 0. Therefore,
the Liapunov-Lasalle theorem guarantees the global stability of the disease free point
(X*Y*, A%, if Rp < 1. O

Endemic point

Taking into account that, in this case, I, # 0, from (3.9) (3.11) and (3.12) the model
(3.6) has an endemic point E5 = (X*, Y™, A*). Evaluating the Jacobian J(E3) we obtain
that

I o By

H

L . By
h H

0 0 M
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where

= yun + (pn +7)6n <1 — 1) ,

Ro
1
- ().
o Ro (3.17)

1
L = —uy — 1—
Hh ﬂh( ?O)j
203
M = —ucpe— Be+ —.
HeD. B+RO

The eigenvalues of J(E3) are calculated using Det(J(E3) — Al3) = 0, i.e.,

I i Bry
H
BrY
—pn — L 7= A 5
Det =0.
0 0 M — )\

Then, it follows that an eigenvalue is A\ = M and the other two eigenvalues are, Ao, A3,

the roots of the polynomial

X2 — ML =) + pn(pn — L) — Ly = 0. (3.18)

Now, the Eq. (3.18) has negative solutions if L — < 0 and pp(up — L) — Ly > 0. On

one hand

1

N+ L= —y— oy, — 1-— ) <o,
v+ Y — Wh ﬁh< Ro)

since Rg > 1, and

Ph [Mh+ﬂh+ﬁh (1—7;0)] + [Nh+/3h (1—7;0)]7>0~

Therefore, if Ry = Be > 1 the endemic point will be locally asymptotically stable.
HeP
Then, the following Temma has been established.

Lemma 2. The endemic point Ej is locally asymptotically stable if Ry > 1 and unstable
if Rg < 1.
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Based on the previous analysis we can summarize and state that there are two realistic
equilibrium points: One is the disease free point and the other is the unique endemic
equilibrium. Ry is the unique threshold parameter which determines the behaviour of the
Toxoplasmosis spread. Assuming that the stability result for the endemic equilibrium is
also global and assuming that initially there is, at least, one infectious cat, if Ry < 1, we
expect the disease dies out, whereas if Rg > 1, then we expect the Toxoplasmosis disease

tends to the unique endemic equilibrium, thereby establishing itself in the region.

3.4. Numerical simulations

In this section, we simulate different possible scenarios in order to observe the effect that
some relevant parameters have on the dynamics of the Toxoplasmosis disease in human
and cat populations. This is important from an epidemiological point of view, since it
is possible to obtain the best strategy to tackle the disease. The first two scenarios are
computed to check dynamic consistency between the theoretical results obtained in the
previous section and the numerical simulations of the model. One scenario is the disease

free with Ry < 1 and the other is the endemic with Ry > 1.

Another scenario is simulated varying the cats vertical transmission parameter p.. This
numerical simulation allows us to observe the effect of this parameter on the transmission

dynamics of the Toxoplasmosis disease in human and cat populations.

In order to perform the numerical simulations, we take into account that in Chile ap-
proximately 55 % of the cat population have antibodies against the Toxoplasma Gondii
and that in Colombia approximately 47.74 % of the population have antibodies against
the Toxoplasma and only 1% is controlled [4, 28]. Parameter values of human birth rate
n, B, and transition to controlled population rate v were taken from [4]. The cats birth
rate . was obtained from zootechnic sources [16]. Thus, for numerical simulations, it is

assumed as initial condition in the simulated scenarios the following values,

X(0) =0.5253, Y(0)=047 and A(0)=0.45 (3.19)

The parameters of the model (3.6) are shown in Table 3.1.
Disease free point

Here, it is assumed a value for the parameter 3. such that Ry < 1. As it can be observed
in Fig. 3.2 and as expected from the theoretical results of previous section, the system

tends to the disease free equilibrium point (X7, Y7, A7) = (1,0,1).
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Parameter Values
1 0.233
On 0.0206
e 0.066
Pe 0.01
5 Transmission rate

TABLE 3.1: Parameters of the model

Endemic point

Here, it is assumed a value of the parameter . such that Rg > 1. As it can be observed
in Fig. 3.3, and as expected from the theoretical results of previous section, the system
tends to the endemic equilibrium point (X* = 0.0603, Y* = 0.9386 and A* = 0.825).

High vertical transmission in cat population

Here, it is assumed a value of the parameter 5. = 0.0008 and P. = 0.0001. As it
can be observed in Fig. 3.4, the system tends to the endemic equilibrium point X* =
0.0112,Y* = 0.9878 and A* = 0.00825. Notice that this equilibrium point has more
proportion of infected cats and infected humans at the steady state than the previous
case. This fact is expected because high vertical transmission leads to an increase in
the infected cats from one generation to the next. Consequently, since there are more

infected cats, transmission to humans increases.
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FIGURE 3.2: Dynamics of the different subpopulations when 3. = 0.00066, v = 0.000232 and
Ro =0.909. (X7 =1,Y7" =0and A7 =1)
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FIGURE 3.3: Dynamics of the different subpopulations when 3. = 0.0008, v = 0.000232 and
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3.5. Discussion and conclusions

In this chapter a mathematical model was proposed to study the dynamics of Toxo-
plasmosis disease in human and cat populations. The model consists of modeling the
interactions among susceptible and infective individuals of the two species assuming that
the horizontal transmission of the disease to humans happens only through the contact
with infected cats. Human population is divided into three classes or subpopulations,
susceptibles Sy (), infectious I (t) and controlled Cj(t) and the cat population into two
subpopulations, susceptibles S.(t) and infectious I.(t). We assume that both popula-

tions of cats and human are constant. Vertical and horizontal transmission in the cat
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population are considered. Transmission is assumed in the human population through
an effective direct or indirect contact with an infected cat and vertical transmission is
assumed with probability 1. However, vertical transmission in cat population is assumed

that occurs with probability 1 — p..

We show that the basic reproduction number Ry is a threshold value that completely
determines the global dynamics and the outcome of the disease. If the threshold param-
eter Rg < 1, then the solution converges, in long term, to the disease free equilibrium
point. Furthermore, if Ry > 1 the solution tends to the endemic equilibrium point. Ad-
ditionally, the importance of cats vertical transmission to the dynamics of the infection
is studied through numerical simulations. When a high vertical transmission is assumed
in cat population, the endemic equilibrium point has a higher proportion of infected cats
and infected humans at the steady state. This fact is expected from an intuitive point of
view, since high vertical transmission implies easier transmission from one generation of
cats to the next. Furthermore, since there are more infected cats, transmission to humans
is also higher. Therefore, the dynamics of Toxoplasmosis disease is strongly influenced
by vertical transmission in cat population. The numerical simulations show that this
transmission favors the establishment of a constant endemic level in both populations.
They also show an important increase in the endemic level of the cat and human popu-
lation. This last result reinforces the idea that vertical transmission can be an important

mechanism that favors the maintenance of the virus in areas with low human densities.

It is important to remark that the threshold number Rg is directly proportional to the
probability of effective infectious contact among cats and does not depend on direct
or indirect effective infectious contacts between humans and cats. Therefore, a control
strategy to reduce Toxoplasmosis prevalence should focus on reducing this probability.
One way of control is a vaccine program for cats. This also means that prevalence
in human population may be reduced, but not eradicated, with hygienic actions and
educations programs. In addition, probability of vertical transmission in cat population
is an intrinsic value that seems invariable to control strategies. Therefore, this mechanism
of transmission may be responsible for the permanence of the Toxoplasmosis infection

as has been suggested in [24] for dengue virus.

Finally, it is important to mention that our mathematical model considers the evolution
of Toxoplasmosis in human and cat populations with interaction among them, but it is
necessary to have further knowledge of the parameter values involved in order to have a
more accurate estimations of future health scenarios in the human and cat populations.
Moreover, the parameter values of the model vary depending on the environment be-
cause these parameters should be adjusted for different cities or regions in different real

world applications. Future work should include a model with vaccination and variable
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population size. More variables such as seasonal birth rate or oocyst survival time could

be considered.

These result have been published in Computers and Mathematics with Applications
57(2009)1692 — 1700.



Chapter 4

Modeling dynamics of Babesiosis
disease in bovines and ticks

populations

In this chapter we analyse the Babesiosis transmission dynamics on bovine and tick
populations. Ticks play the role of infectious agent and vector of the protozoan Babesia
hemo-parasite. Then, we set out a mathematical model with constant size population
for the evolution of the infected bovines with Babesiosis and analyse its qualitative
dynamics. Statistical data are used to estimate some of the model parameters. Numerical
simulations of the model varying the parameters show different scenarios about the

spread of the disease.

4.1. Introduction

Bovine babesiosis, caused by Babesia bovis and Babesia bigemina is one of the most
important vector-transmitted diseases. Babesia is transmitted by the sting of ticks [62].
At least 1.3 billion of bovines all over the world are at risk of being infected because of

their frequent exposure to Babesia bigemina [62].

Babesiosis has an important economic impact on the livestock sector of tropical regions.
In warm and hot regions there is economic loss due to high bovine death, limiting the
productivity increase of bovine derivatives [9]. Moreover, the climate conditions in these
kind of regions favour the survival and reproduction of ticks and, consequently, bovines

have a permanent contact with these vectors [9]. Furthermore, the vertical transmission

30
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in bovines and ticks is possible provided that the ovaries of the females are infected by

parasites [51].

The parasite in bovines is detected by microscopical examination of blood [20]. A group
of 2909 blood samples of bovine from 104 farms were analysed and the results showed
a prevalence of 4.1 % and 1.65% with presence of the parasitic forms in milk. Further
analysis are required to generate new programs, prevention polices and control against

the disease.

In this chapter, we propose and analyse a mathematical model of the babesiosis disease
given by a system of nonlinear differential equations, in which the populations of bovines
and ticks are considered to study their transmission dynamics. This model allow us to
study the important role of ticks in the diseases dynamics. This modeling approach is
the standard way to study the dynamic behaviour of diseases in populations from an

epidemiological point of view (see [14, 29, 46]).

At the initial stages, the system is formed by five ordinary differential equations, which
allow us to explain the influence of the epidemiological parameters considered in the
evolution of the disease. Once the model is stated, steady states of the system and the
basic reproduction number Ry are calculated. Then, we prove that the existence of the
endemic equilibrium point depends on the value of threshold parameter Ry and demon-
strate that it determines the local and the global stability of the disease free equilibrium
point, as well as the endemic equilibrium point. This number should be regarded as a
measure of the capacity of the ticks to transmit babesia. The basic reproduction number
is a key concept in epidemiology and abundant literature has been devoted to R (see
[19, 60, 67]).

The chapter is organized as follows. In Section 4.2 the mathematical model is set out.
Section 4.3 is devoted to analyse the steady states and find out the threshold value
Ro. Moreover, conditions for local and global stability of the equilibrium points which
determine the dynamics of the disease are also proven. Some numerical simulations are

shown in Section 4.4. Finally, in Section 4.5, conclusions are presented.

4.2. Mathematical model

In this section, we introduce a continuous mathematical model for the transmission and
evolution of the Babesiosis disease in bovine and tick populations. Following the basic
ideas and structure of mathematical modeling in epidemiology, the Babesiosis disease

model will be developed under the next hypotheses [14, 46]:
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» The total bovine population Np(t) is divided into three subpopulations: Cattle who
may become infected (Susceptible Sg(t)), bovine infected by the Babesia parasite
(Infected Ip(t)) and bovine who have been treated for the Babesiosis (Controlled
Cp(t)).

= The parameter pp is the birth rate of the cattle. The birth rate pp is assumed
equal to the natural death.

» The total tick population Np(t) is divided into two subpopulations: Ticks who
may become infected S (t) and ticks infected by the Babesia parasite I (t).

= The parameter pr is the birth rate of the ticks and it is assumed that it is equal
to the death rate.

= A susceptible bovine can transit to the infected subpopulation I5(t) because of an

effective transmission due to a sting of an infected tick at rate Gp [52].

= A susceptible tick can be infected if there is an effective transmission when it stings

an infected bovine, at rate G [52].

» We assume hundred percent vertical transmission in the bovine population pp [63].
In the tick population it occurs with probability 1 — p where p is the probability

that a susceptible tick is born from an infected one [5].

= A fraction Ap of the infected cattle is controlled, i.e., they are treated against

Babesia parasite.
» A fraction ap of the controlled bovine may return to susceptible state [51].

» Homogeneous mixing is assumed, i.e., all susceptible cattle have the same prob-
ability to be infected and all susceptible ticks have the same probability to be

infected.

Under the above hypotheses, the dynamic transmission of Babesiosis disease for bovine
and tick population can be modeled by the following system of nonlinear first order

differential equations:

S'p(t) = up(Se(t)+ Cs)+ apCp(t) — neSp(t) — BSp(t) ]I;,I;((tt)),
Pult) =l + BuSat) 3o~ wnln — Aaln(o)
C'p(t) = ApIp(t) — (s +ap)Cp(1), (4.1)
S'r(t) = wr(Sr+plr) — BrSr(t) ]{,B(t) — urSr(t),
B(t)

Ip(t)
Np(t)

I'r(t) = PBrSr(t) + (L= p)urIr(t) — prlr(t).
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The diagram is depicted in Fig. 4.1
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FIGURE 4.1: Dynamics of the Babesiosis disease in bovine and tick populations

Simplifying the system (4.1), we have

$) = (un+ an)Cilt) - ISl

Palt) = GuSp(t)gc ~ AnTa(0)

C'p(t) = ApIp(t) — (u + ap)Cp(1), (42)
$i(0) = prple — GrSe() 3240

I'p(t) = prSr(t) 15(0) — prplr(t).

Np(t)

Adding, from the three first equations, we can obtain,

Ni(t) = S'g(t) + I'p(t) + C'p(t) = 0,

and therefore the bovine population is constant. Analogously, adding the two last equa-

tions we have that

Né«(t) = S_/T(t) +1I'r =0,

and likewise the tick population is also constant.

All parameters in this model are non-negative. It is easy to prove that (4.2) is well-posed,
i.e., if the initial data (Sg(to), Ig(to), Cr(to), St(to), IT(to)) are in the region R, then

the solutions are defined for all time ¢ > 0 and remain in this region.
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Introducing the following proportions in system (4.2),

_Ss

S I
Sp = _Sr . _Ir

Ip Cp
Ip=—,Cp=—,57= It = —
NB7 B NB7 B NB7 T NT7 T NT,
and using the relations Cp(t) =1 — Sp(t) — Ig(t) and Sy (t) = 1 — Ir(t), we can obtain
the following system that describes the dynamics of the proportion of cattle in each

subpopulation,

Sp(t) = (up+ap)(l—Sp(t) —15(t)) — BeSe(t)Ir(1),
Ip(t) = BeSpt)Ir(t) — Apls(t), (4.3)
Ip(t) = Br(l—Ir(t)Is(t) — prplr(t).

The region, Q = {(Sp,Ip,[})|0 < Sp+Ip < 1,0 < Iy <1} is a positive invariant set

for the system (4.3) and we consider it as the state space of this system.

4.3. Analysis of the model

In this section, we study the existence and stability of the equilibrium points of the
system (4.3). This analysis allows us to study different scenarios concerning the spread
of Babesiosis disease in the bovine population caused by direct contact with infected

ticks. In order to do that, we shall use the following threshold parameter:

Ro = Bslr '
ABUTP

(4.4)

4.3.1. Model equilibrium points

Proposition 1. The system (4.3) has a disease free equilibrium point and it is given by
(SB,s Ip,s I7,) = (1,0,0) for all the values of the parameters in this system and only if
Ro > 1, there is an endemic equilibrium point (unique) (Sp,, Ip,, I7,) in the interior of

Q.

Proof. We denote by (5%, I, IT,) the equilibrium points of system (4.3), i.e, the steady
state where S = 0, I; = 0, I, = 0 for all ¢ > to. Then, the disease free point is
(S, 15,,17,) = (1,0,0) and the endemic point is given by,

g Brip(ap + puB) + pAp(ap + A + up)ur
B2 Br(ap(Bs + Ap) + Asup + Bs(\p + uB))
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o (ap + uB)(BBSAT — PABUT) (4.6)
P2 Br(ap(Bs + Ap) + Asus + B(\p + uB)) '

o (ap + uB)(BBSAT — PABUT) (4.7)
7 BrBe(ag + 1) + pBelap + Ap + pp)pur '

Notice that if Ry > 1, then (Bpfr — pAppur) > 0. Then, taking into account that all

model parameters are positive, we have

St Iy Iy > 0.

Thus, there is a (unique) endemic equilibrium point (S%,, I5,, I7,) in the interior of .

Now, we are going to demonstrate that if Ry < 1 the unique equilibrium point in 2 is

the disease free point (53, I5 ,17,) = (1,0,0).

We distinguish two cases:

» Ro < 1: In this situation, Bpfr — pAppur < 0. Thus, looking at the fractions that
define the coordinates of the endemic point, it is easy to check that Iy , I7, <0,
except when pup 4+ ap = 0. However, this is not possible because the bovine birth
rate up > 0. Therefore, when pup + ap # 0 this point remains in the outside of

the region 2.

» Ro = 1: In this case, since Bpfr — pApur = 0, we have that Iy ,I7, = 0 and
Sh, = 1.

Observe that this last case has real sense because, when Ro = 1, we have Iy , I, =0,

i.e., the number of infected are 0, and therefore, the endemic point cannot exist.

4.3.2. Stability analysis

Computing the Jacobian of system (4.3) evaluated at the disease free point, one gets the

following matrix
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—(ap+upp) —(ap+ps) —Os
J(1,0,0) = 0 —AB B |
Br —HTp

and, consequently, the eigenvalues of J(F}) are

11 = —(aB+ug), (4.8)
—(AB + purp) £ \/4,BB,BT + A% — 2Apurp + pip? (4.9)
Y23 = :
’ 2

The stability of the equilibrium point F} is determined using the eigenvalues of J(FY).
The disease free equilibrium point F}* is locally asymptotically stable if the real part of

eigenvalues are all negative. In fact, the eigenvalues of J(F}) are negative, if

_ BBBr
ABHTP

Ro < 1. (4.10)

Thus, we can state the next result.

Lemma 1. The disease free point F} is locally asymptotically stable if Ryp < 1 and
unstable if Ry > 1.

Moreover, we can prove the following Theorem.
Theorem 1. If Ry < 1, then the disease free point F7 is globally asymptotically stable.

Proof. First of all, we are going to move the origin of the coordinate system to the
position of our disease free point. To do that, we only have to make the change of

variables

Xp=1- 9,
and the system (4.3) becomes
Xp(t) = —(us+ap)Xs(t)+ (ks +as)ls(t) + Belr(t) — BeXb6(t)Ir(t)
Iz(t) = —Aplp(t)+ Belr(t) — BeXp(t)Ir(t) (4.11)

~

)i\

—~
N
Il

Brip(t) — prplr(t) — Bris(t)Ir(t)
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To abbreviate, we refer F(Xp(t),Ip(t), I7(t)) as the function defining this system of

ordinary differential equations, that is, the system (4.11) can be expressed as

(Xp(t), Ip(t), Ip(t)) = F(XB(t), Ip(t), In(t)).

At this point, we consider the function V : 2 — Ry defined by

V(t) =V(Xp(),Is(t), Ir(t) = Brip(t) + Aplr(t).

This function V € C1(2) and the escalar product VV (Xp, I, IT)-F(Xpg, Ig, IT) is given
by

Br(=Aplp(t) + B(t)Ir(t) — BeXp(t)Ir(t)) + AB(Brip(t) — prplr(t) — Bris(t)Ir(t)).

Simplifying this last expression, we have,

(BrBB — Aprp)Ir(t) — BrBeXp(t)Ir(t) — ABBrip(t)Ir(t)).

Under the hypothesis Rg < 1, we have that 8r8p — Apurp < 0. Taking into account

that all the parameters and variables appearing are greater than 0, we get

VV(XB,IB,IT) . F(XB,IB,IT) <0.

Consequently, the LaSalle-Lyapunov theorem guarantees the global stability of the di-

sease free point (S% , I ,57,) if Ro < 1.

4.4. Numerical simulations

In this section, we simulate different possible scenarios in order to observe the effect that
some relevant parameters have on the dynamics of Babesia disease in bovine and tick
populations. This is important from an epidemiological point of view, since it is possible
to simulate strategies to tackle the disease. The first two scenarios are computed to illus-
trate the dynamic consistency between the theoretical results obtained in the previous
section and the numerical simulations. One scenario is the disease free equilibrium with

Ro < 1 and other is the endemic equilibrium with Ry > 1.
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Additionally, another scenario is simulated by varying the transmission parameters (g
and Gp; if the value of the parameter Gp is bigger than 0.005, then there is a growth of
the infected bovine subpopulation [18]. This numerical simulation allows us to observe
the effect of these parameters on the transmission dynamics of Babesiosis disease in

bovine and tick populations.

In order to perform the numerical simulations we take into account that 60 % of ticks
in North Colombia are infected by Babesia, approximately 51.84 % of the bovines are
infected by Babesia, only 10 % are controlled [68] and the vertical transmission is 90 %

[63]. Thus, we assume these figures as initial condition for numerical simulation,

Sp(0) =0.3816 Ip(0) =0.5184 I7(0)= 0.60. (4.12)

The parameters of the model (4.3) are positive, and the following Table 4.1 shows its

values for North Colombia.

‘ Parameter ‘ 1B ‘ ur ‘ AB ‘ ap ‘ P ‘ OB ‘ Br ‘
[ Values [ 0.0002999 | 0.001609 | 0.000265 | 0.001 | 0.1 | 0.00061 [ 0.00048 |

TABLE 4.1: Parameters for simulation. The values 8p, O8r and ap have been calculated
assuming an ecologic stability.

Parameter values of bovines birth rate pup and transition to controlled population rate
Ap have been provided by Efrain Benavides Ortiz Ph.D, Group of research Animal
Biotechnology GIBA, Faculty of Agrarian Sciences, Politécnico Colombiano Jaime Isaza
Cadavid, October 2008, Medellin-Colombia (not published data). The tick birth rate pr
has been obtained in [69].

Ecologic stability

For the first simulation we assume that the spread of Babesiosis in the populations of
cattle and ticks in Colombia is in equilibrium (ecologic stability), i.e., proportions of the
subpopulations (susceptible cattle, infected cattle and infected ticks) are positive and
constant over time. This scenario is possible taking the parameter original values (up,
ur, ap and p) constants over time and estimate or fit the parameters (g, fr and ap)

to obtain the ecologic stability. See Fig. 4.2.

In this case, the initial condition is the same as the endemic equilibrium point (0.3816,
0.5184, 0.60) and the eigenvalues of its Jacobian are (—0.7489, —0.7480, —0.7058), all

negative. Therefore, the equilibrium point is locally asymptotically stable.
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FIGURE 4.2: Ecologic stability, when 85 = 0.00061, 87 = 0.00048, ap = 0.001 and Ry = 6.8.
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FIGURE 4.3: Dynamics of the different subpopulations when 8 = 0.0003, A\g = 0.0265,
p=0.1and Rp = 0.33

Here, we assume a scenario where the transmission of Babesia is downturn G5 = 0.0003 in
the bovine subpopulation, a value for the parameter Ag = 0.0265 that shows appropriate
control measures against the disease. The other parameters remain constant over time,
and then Rg < 1. We can see in Fig. 4.3 that, as expected from the theoretical results

of previous section, the model solution tends to the disease free equilibrium point.
Endemic point stability

In these two simulations, we take different values for initial conditions that simulate en-
demic situations of the disease and that show both tend to the same endemic equilibrium

point. This exhibits the global asymptotic stability of the endemic point. We simulate a
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FIGURE 4.4: Dynamics of the different subpopulations when g = 0.006 and p = 0.1, with
initial condition Sg(0) = 0.3816, I5(0) =0.5184, Sr(0) = 0.60 and Ro = 67.54.
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FIGURE 4.5: Dynamics of the different subpopulations when g = 0.006 and p = 0.1, with
initial condition Sg(0) = 0.70, Ip(0)=0.10, S7(0)=0.20 and R = 67.54.

scenario of high rate of transmission of Babesia in bovine population with a g greater
than 0.005 [18] and high rate of vertical transmission in the tick population with a value
for the parameter p = 0.1. The other parameters remain constant over time and Rg > 1
(see in Figs. 4.4, 4.5). In both cases, the endemic equilibrium point is (0.0498, 0.7893,
0.70).

The sensitivity of the transmission parameters

In these numerical simulations, the variation of the transmission parameters G and Gr
allows us to observe the effect of these parameters on the dynamics of transmission of

the disease in the bovine and tick population. The results can be seen in Fig. 4.6



Conclusions 41

0.85

-
=]

-
——
-

on

0.75

@
i

0.65 ——-Bovines Infected, with By = 0.006

Population proporti

——Bovines Infected, with ﬁB =0.06
------- Bovines Infected, with ﬁB =0.0001

o
o 2
LR

0 50 100 150 200 250 300 350 400
Time t (Years)

0851
06+
e /
o]
T g e e el o e i i g e
2 ey S e el
o
o 045"
o
5 o4t ‘
O gagl | Bovines Infected, with BT=0.00000048
— —-Bovines Infected, with BT=O.00038
03| ___ Bovines Infected, with £=0.048
025 L L Il L 1
0 2000 4000 6000 8000 10000

Time t (Years)

FIGURE 4.6: The dynamics of the subpopulations is sensitive to the parameters 35 and Sr.

4.5. Conclusions

We proved that the basic reproduction number Ry is a threshold value that completely
determines the global dynamics and the outcome of the disease. On one hand, if the
threshold parameter Ry < 1, then the solution converges to the disease free equilibrium
point. On the other hand, if Rg > 1 the solution converges to the endemic equilibrium
point. When a high rate of vertical transmission in the tick population and a high
rate of transmission of the parasite in the bovine population are assumed, the endemic
equilibrium point has a higher proportion of infected ticks and infected bovines. These
facts are expected from an intuitive point of view. Furthermore, if there are more infected
ticks, transmission to bovines will be greater. Therefore, the dynamics of Babesiosis
disease are influenced by the sensitivity of the parameters transmission Sp and (r.
Because of this, it is possible to state that this transmission helps to establish a constant

endemic level in both populations.

It is worthwhile to remark that the threshold number Ry is directly proportional to
the probability of effective contacts among bovines infected and among ticks infected.

Therefore, a control strategy to reduce Babesiosis prevalence should focus on reducing
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this probability. One way of control could be to fumigate with tick killer insecticides.
In this form, prevalence in bovine population may be reduced. However, probability of
vertical transmission in tick population is an intrinsic value that seems to be invariant
to control strategies. Therefore, this mechanism of transmission may be responsible for

the permanence of the Babesiosis infection as it has been suggested in [23] for dengue.

Finally, it is important to mention that our mathematical model considers the evolution
of Babesiosis in the bovine and tick populations with interaction among them, but it
is necessary to have further knowledge of the parameter values involved in order to
have more accurate estimation of future scenarios in the bovine and tick populations.

Moreover, the parameter values of the model may vary depending on the environment.

Paper accepted in Mathematical Methods in Applied Sciences, March 2011, doi 10.1002-
/mma .1544.
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