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València 46022, Spain

e-mail: jtornero@isa.upv.es

Robust Hybrid Position-Force
Control for Robotic Surface
Polishing
This work presents a hybrid position-force control of robots for surface polishing using
task priority. The robot force control is designed using sliding mode ideas in order to
benefit from its inherent robustness and low computational cost. In order to avoid the
chattering drawback typically present in sliding mode control, several chattering-free
controllers are evaluated and tested. A distinctive feature of the method is that the sliding
mode force task is defined using not only equality constraints but also inequality con-
straints, which are satisfied using conventional and nonconventional sliding mode con-
trol, respectively. Moreover, a lower priority tracking controller is defined to follow the
desired reference trajectory on the surface being polished. The applicability and the
effectiveness of the proposed approach considering the mentioned chattering-free con-
trollers are substantiated by experimental results using a redundant 7R manipulator.
[DOI: 10.1115/1.4041836]

1 Introduction

Continuous advances in the manufacturing sector imply that
processes are progressively being partially or fully automated.
The inclusion of flexible machinery such as industrial manipula-
tors together with advanced sensing capabilities (cameras, force
transducers, etc.) has allowed step improvements in terms of cycle
times, operator safety, and comfort, as well as in the quality of the
end product over more traditional hand-made methods.

One of the least automated processes is the quality control of
surfaces [1]. This is primarily attributed to the fact that automated
processes remain elusive in meeting strict requirements when it
comes to short cycle time, low cost, and the high quality achieved
in other manufacturing industries [2,3]. As such, surface treatment
operations and quality control continue to be mainly a manual
process being carried out by skilled workers, which give rise to
issues such as subjectivity in the evaluation criteria and human
errors.

It is the view behind the contribution in this paper that the task
of automatically eliminating product anomalies from a given sur-
face can be handled automatically by incorporating robotic

systems equipped with the appropriate sensing and intelligent con-
trols. Since the robot tool has to be in contact with the product sur-
face to apply a specific treatment (e.g., polishing, deburring,
roughing, and grinding), both the tool position and the exerted
forces have to be moderated. Moreover, the tool must be kept per-
pendicular to the surface at all times to homogenize the pressure
on all contact points [4]. Many approaches can be found in the lit-
erature tackling this problem using robot manipulators with force
feedback, e.g., see Refs. [5] and [6], among others. Other robot
force control approaches are based on sliding-mode control
(SMC) theory [7,8].

This paper addresses the problem of robot surface treatment
using a hybrid position-force approach: force control is performed
using SMC in order to benefit from its inherent robustness and
low computational cost, whereas position control is performed
using a conventional continuous tracking controller. The proposal
presents several distinctive features and innovations:

(i) Instead of the classical compliance vector [9], this work
uses a task priority scheme to combine the force and posi-
tion controllers. The advantage of this approach is that it
allows the inclusion of other objectives besides tracking
reference forces and positions.

(ii) Beyond the more traditional equality constraints being
considered in SMC to undertake surface treatment [10]
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(i.e., to keep the desired tool pressure on the surface and to
keep the tool perpendicular to the surface), an inequality
constraint is also incorporated. This inequality constraint
becomes active when the robot tool makes contact with
obstacles or protrusions on the surface and the sensed
forces then exceed user-specified thresholds. Thus, the ful-
fillment of this inequality constraint allows to compliant
the tool position to the obstacles that may be encountered
on the surface during the treatment.

(iii) The inclusion of inequality constraints in mathematical
and engineering problems is nothing new. For instance,
optimization problems typically maximize or minimize an
index subject to both equality and inequality constraints.
Recently, this type of problems has been solved in the lit-
erature using the so-called barrier functions, see Refs. [11]
and [12], among others. In this sense, the equality and
inequality constraints proposed in this work could be eas-
ily solved analytically if a complete and accurate process
model is available. However, in this work, it is proposed
to use conventional SMC and a novel nonconventional
SMC to fulfill these constraints in order to benefit from
their inherent robustness and low computational cost, as
mentioned earlier.

(iv) One typical problem of conventional SMC is the chatter-
ing drawback. Since this phenomenon depends directly on
the sampling frequency, one way to alleviate it is to
increase the system sampling rate in order to obtain
smoother control actions. However, on the one hand,
industrial manipulators tend to operate at relatively low
control rates, typically over 1 ms, and on the other hand,
sensors such as force/torque transducers have significant
signal noise which is exacerbated at high sampling rates.
Due to these facts, a number of alternatives have been pro-
posed in the literature to obtain a so-called chattering-free
SMC without the need to increase the system sampling
rate. These approaches are typically based on softening the
discontinuous control law or using a dynamical or high-
order SMC [13,14]. Therefore, several chattering-free
alternatives are evaluated and comparatively tested for the
robot task tackled in this work not only for the conven-
tional SMC but also for the nonconventional SMC in order
to alleviate the chattering drawback.

It is worth noting that force control tasks have been typically
tackled in robotics using the classical impedance/admittance con-
trol, see Refs. [15] and [16], among others. These approaches
transform the force values measured by the sensor attached to the
robot end-effector to a continuous velocity signal that is com-
manded to the joint controllers of the robot in order to move the
robot end-effector. The approach proposed in this work is similar,
except that instead of a continuous velocity signal, a discontinu-
ous acceleration signal is considered.

The paper is organized as follows: Sec. 2 introduces some
preliminaries, while Sec. 3 presents the conventional and noncon-
ventional SMCs used in this work. The proposed approach is
presented in Sec. 4, while its feasibility and effectiveness are sub-
stantiated by experimental results in Sec. 5 using a redundant 7R
manipulator. Finally, some conclusions are given.

2 Preliminaries

Kinematics. The robot pose p and configuration q, and their
derivatives, are related by the following equations:

p ¼ lðqÞ (1)

_p ¼
@l qð Þ
@q

_q ¼ J _q (2)

€p ¼ J€q þ _J _q (3)

where l and J are the kinematic function and Jacobian matrix of
the robot, respectively.

Robot Control. This work assumes the existence of a low-
level robot controller in charge of achieving a particular joint
acceleration from the commanded acceleration €qc and that its
dynamics is fast enough compared to that of €qc. Hence, the
relationship

€q ¼ €qc þ dc (4)

holds approximately true, where dc represents inaccuracies due to
disturbances. Note that the dynamic model of the robot system
should be taken into account to properly design the mentioned
underlying joint controller.

Task-Priority Scheme. The task-priority strategy [17] allows
to tackle several objectives simultaneously assigning an order of
priority to each one. Let us consider M tasks which consist in cal-
culating the commanded joint acceleration vector €qc to fulfill the
following equality constraints:

Ai€qc ¼ bi; i ¼ 1;…;M (5)

where matrix Ai and vector bi of the ith task are assumed known
and index i represents the priority order (i¼ 1 for highest priority).
The solution €qc;M that hierarchically minimizes the error of equa-
tions in Eq. (5) is given by [18]

€qc;i ¼ €qc;i�1 þ ðAiNi�1Þ
†

ðbi � Ai €qc;i�1Þ (6)

Ni ¼ Ni�1ðI� ðAiNi�1Þ
†

ðAiNi�1ÞÞ;
with i ¼ 1;…;M; €qc;0 ¼ 0 and N0 ¼ I

(7)

where I and 0 denote the identity matrix and the zero column vec-
tor, respectively, of suitable size, superscript † denotes the
Moore–Penrose pseudoinverse, and €qc;i and Ni are the solution
vector and null-space projection matrix, respectively, for the set
of first i tasks.

3 Sliding Mode Control

This section presents the SMC algorithms considered in this
work: on the one hand, a conventional SMC is used to satisfy
equality constraints and, on the other hand, a nonconventional
SMC is proposed to satisfy inequality constraints. Figure 1 shows a
graphical two-dimensional example to illustrate both approaches.

3.1 Conventional Sliding-Mode Control to Satisfy Equality
Constraints. For conventional SMC (see Fig. 1, left), the state
space of the system is divided into two regions, A and B, sepa-
rated by the sliding surface. The value of the control action u
when the system state is in region A is such that it “pushes” the
system into region B, namely uB. Analogously, when the system
state is in region B, the value of control action is such that it
pushes the system into region A, namely uA. Hence, regardless of
whether the system starts in region A - xA(0), or B - xB(0), it
evolves to the sliding surface in what is referred as reaching mode
[19]. Once the system has reached the sliding surface, the system
is kept on it by a control action u that switches between uA and uB

at a theoretically infinite frequency, which is known as sliding
mode (SM) [19]. A continuous equivalent control [20] can be
obtained for the SM phase, i.e., the control required to keep the
system on the sliding surface. Hence, SMC produces such control
action without explicitly computing it and with low computational
cost, which is a typical advantage of SMC strategies [20].

The theorem below presents a conventional SMC designed to
satisfy equality constraints, expanded here for completeness:
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THEOREM 3.1. Consider the following dynamical system with nx

states and nu inputs given by

_x ¼ fðx;dÞ þ gðxÞ u (8)

where x(t) is the state vector, d(t) is an unmeasured disturbance
or model uncertainty, u(t) is the control input vector (possibly dis-
continuous), f is the so-called drift vector field, and
g ¼ ½g1 … gnu

�, where gi is a control vector field.
Consider also that the system state vector x is subject to equal-

ity constraints /eq;iðxÞ ¼ 0; i ¼ 1;…;Neq, where /eq,i(x) is the ith
equality constraint function. Thus, the region Ueq of the state
space compatible with the constraints on state x is given by

Ueq ¼ fxj/eq;iðxÞ ¼ 0g (9)

with i¼ 1,…, Neq.
Then, assuming that the constraint functions /eq,i are differen-

tiable, the control action u that fulfills the variable structure con-
trol below guarantees that the system converges to Ueq in finite
time and remains there henceforth

Lg/equ ¼ �Weqsignð/eqÞ uþeq (10)

uþeq > kLf /eqk1=diagminðWeqÞ (11)

where /eq is a column vector with all the constraint functions

/eq,i, the scalar Lf /eq;i ¼ ð@/T
eq;i=@xÞf and the row vector

Lg/eq;i ¼ ð@/T
eq;i=@xÞg denote the Lie derivatives of /eq,i(x) in

the direction of f and in the direction of g, respectively, column
vector Lf /eq contains the elements Lf/eq,i of all equality con-

straints, matrix Lg/eq contains the row vectors Lg/eq;i of all
equality constraints, sign(�) represents the sign function (typically
used in SMC), positive scalar uþeq is the so-called switching gain,

which can be either constant or varying in time, Weq is a diagonal
matrix representing the switching gain weights for the constraints,
k � k1 represents the 1-norm (also known as the Taxicab norm),
and function diagmin (�) computes the minimum value of the diago-
nal elements of a matrix.

Proof. The proof can be obtained straightforward from Proof
2.1 in Ref. [20] and its generalization. Details omitted for brevity.

3.2 Nonconventional Sliding-Mode Control to Satisfy
Inequality Constraints. The nonconventional SMC proposed in
this work is graphically represented in Fig. 1 (right) and is used to
satisfy inequality constraints. In this case, the state space of the
system is divided into the non-allowed region A and the allowed
region B, which are separated by the constraint boundary. Similar
to conventional SMC, when the system state is in the nonallowed
region A, the control action u¼ uB pushes the system into the
allowed region B. But in contrast to conventional SMC, when the

system state is in the allowed region B, no control action is
applied, i.e., u¼ 0. Hence, if the system starts in region A, i.e.,
xA(0), it evolves in reaching mode to the sliding surface. Never-
theless, when the system starts in the allowed region B, the system
state can “freely” evolve according to some other criterion, e.g., a
control law for reference tracking. Therefore, only when the state
trajectory tries by itself to leave the allowed region, the noncon-
ventional SMC will make u switch between 0 and uB at a theoreti-
cally infinite frequency, which can be seen as an ideal SM
behavior [19].

The theorem below presents the proposed nonconventional
SMC in order to satisfy inequality constraints:

Theorem 3.2. Consider the dynamical system given by Eq. (8)
and consider also that the system state vector x is subject to
inequality constraints /in;iðxÞ � 0; i ¼ 1;…;Nin, where /in,i(x) is
the ith inequality constraint function. Thus, the region Uin of the
state space compatible with the constraints on state x is given by

Uin ¼ fxj/in;iðxÞ � 0g (12)

with i¼ 1,…, Nin.
Then, assuming that the constraint functions /in,i are differen-

tiable, the control action u that fulfills the variable structure con-
trol below guarantees that the system converges to Uin in finite
time and remains there henceforth:

v2dmðposð/inÞÞLg/inu ¼ �Win posð/inÞ uþin (13)

uþin >
XNa

i¼1

ðmaxðLf /
a
in;i; 0ÞÞ=diagminðWinÞ (14)

where function v2 dm(�) converts a vector into a diagonal matrix,
function pos(�) represents the positive function (i.e., pos(x) is
equal to 0 if x< 0 and equal to 1 if x> 0), /in is a column vector
with all the inequality constraint functions /in,i, matrix Lg/in con-
tains the row vectors Lg/in;i of all inequality constraints, the
scalar Lf /in;i ¼ ð@/T

in;i=@xÞf and the row vector Lg/in;i ¼
ð@/T

in;i=@xÞg denote the Lie derivatives of the inequality con-
straints in the direction of f and in the direction of g, respectively,
positive scalar uþin is the switching gain, Win is a diagonal matrix
representing the switching gain weights for the inequality con-
straints, Lf /

a
in;i is used to represent the active inequality con-

straints, i.e., those with /in,i � 0, and Na is the number of active
inequality constraints.

Note that the expression v2dmðposð/inÞÞ on the left side of Eq.
(13) is used to obtain the trivial scalar equation 0¼ 0 for the non-
active inequality constraints (i.e., those with /in,i< 0) and, hence,
no degrees-of-freedom of the system are used by these
constraints.

Note also that pos(�) is a commutation function that plays the
same role as the sign function sign(�) typically used in

Fig. 1 Graphical comparison between conventional SMC (left) and nonconventional SMC (right)
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conventional SMC [21]. Hence, while by definition, the values of
pos(x) and sign(x) fall within the intervals [0, 1] and [�1], respec-
tively; at the commutation point x¼ 0, they are actually indeter-
minate. Although it is unlikely that x equals exactly zero, to be
conservative, pos(0)¼ 1 will be used in order to guarantee the ful-
fillment of the inequality constraints.

Proof. First, the inequality constraint vector is partitioned into
two subvectors /in ¼ ½/aT

in /naT
in �

T
, where the first subvector is

composed of the Na active inequality constraints (i.e., those with
/in,i � 0) and the second subvector of the remaining Nin�Na non-
active inequality constraints (i.e., those with /in,i< 0).

Assuming that /a
inð0Þ > 0, the goal of this proof is to show that

convergence to point /a
in ¼ 0 is achieved in finite time.

The column vector _/in composed of the constraint function
derivatives _/in;i is given by

_/in ¼
@/T

@x
f x;dð Þ þ @/

T

@x
g xð Þu ¼ Lf /in þ Lg/inu (15)

Premultiplying Eq. (15) by v2dmðposð/inÞÞ and substituting
Eq. (13) yields

v2dmðzinÞ _/in ¼ v2dmðzinÞLf /in �Win zin uþin (16)

where zin is a column vector with the ith-component zin,i¼ 1 if
/in,i> 0 and zin,i¼ 0 if /in,i< 0.

Let Vin ¼ zT
in v2dmðzinÞ/in be a Lyapunov function candidate.

Vector /a
in can be generically partitioned into two subvectors

/a
in ¼ ½/

bT
in /nbT

in �
T
, where SM occurs in the manifold given by

/b
in ¼ 0, whereas the components of vector /nb

in are greater than
zero. Obviously, one of these two subvectors may be empty at a

certain time. Since vectors znb
in ¼ 1 and zna

in ¼ 0 are constant, the
time derivative of V results in

_V in ¼

d

zb
in

1

0

264
375

T

v2dm

zb
in

1

0

264
375

0B@
1CA

0BB@
1CCA

dt

0

/nb
in

/na
in

264
375

þzT
in v2dm zinð Þ _/in ¼ zT

in v2dm zinð Þ _/in

(17)

Substituting Eq. (16) in Eq. (17) yields

_V in ¼ zT
in v2dmðzinÞ Lf /in � zT

in Win zin uþin (18)

Since zna
in ¼ 0 and the components of vector za

in range from 0 to 1,
the upper bound of the first term in Eq. (18) is given by za

in;i ¼ 1
when Lf /

a
in;i > 0 and za

in;i ¼ 0 when Lf /
a
in;i < 0, that is

zT
in v2dmðzinÞ Lf /in �

XNa

i¼1

ðmaxðLf /
a
in;i; 0ÞÞ (19)

Since uþin is a positive scalar and matrix Win is positive definite,
the second term in Eq. (18) is negative and its upper bound is
given by

�zT
in Win zin uþin � �diagminðWinÞ kzink2

2 uþin;
where kzink 2 � 1 8/in > 0

(20)

because if vector /nb
in is not empty at least one component of vec-

tor zin is equal to 1.
From Eqs. (19) and (20), the upper bound of the time derivative

of the Lyapunov function V results in

_V in �
XNa

i¼1

ðmaxðLf /
a
in;i; 0ÞÞ � diagminðWinÞ uþin (21)

Therefore, if uþin fulfills Eq. (14), the Lyapunov function decays at
a finite rate, it vanishes and collective SM in the intersection of
the na active inequality constraints occurs after a finite time
interval.

3.3 Sliding-Mode Control to Satisfy Both Equality and
Inequality Constraints. Combining the results of Secs. 3.1 and
3.2, the SMC to satisfy simultaneously both equality and inequal-
ity constraints is given by

Lg/eq

v2dm pos /inð Þð ÞLg/in

" #
u ¼ �

Weq 0

0 Win

" #
sign /eq

� �
pos /inð Þ

" #
uþ

Lg/ u ¼ �W
sign /eq

� �
pos /inð Þ

" #
uþ

(22)

where uþ is the switching gain for the global SMC, whose lower
bound is given by

uþ > kLf /eqk1=diagmin Weqð Þ

þ
XNa

i¼1

max Lf /
a
in;i; 0

� �� �
=diagmin Winð Þ

(23)

3.4 Modified Constraints. Approaching the constraints at
high speed is not advisable because, in general, large joint acceler-
ations €q would be required to slow down the robot motion in order
to keep it on the constraint manifold. Therefore, the actual con-
straints req,i and rin,i will be modified to include the speed of
movement as follows:

/eq;i ¼ req;i þ Keq;i _req;i ¼ 0 (24)

/in;i ¼ rin;i þ Kin;i _rin;i � 0 (25)

where Keq,i and Kin,i are free design parameters that determine the
rate of approach to the equality constraint manifold and to the
boundary of the inequality constraint, respectively.

3.5 Chattering-Free Sliding Mode Control. Discrete-time
implementations of the above SMC make the system leave the
ideal SM and oscillate with finite frequency and amplitude inside
a band around / ¼ 0, which is called chattering [19]. Several
approaches can be found in the literature [22,23] to theoretically
avoid this drawback, as discussed below. However, it is interest-
ing to remark that these approaches smooth the SMC behavior
and, hence, they may bring issues like “drift.”

3.5.1 Softened Discontinuous Control. The chattering issue
can be reduced by softening the discontinuous control part by a
continuous approximation. Two typical options used in the litera-
ture for this purpose are the saturation and the hyperbolic tangent
functions [19]. In particular, this work considers the following
continuous approximations for the discontinuous terms on the
right side of Eq. (22):

sign /eq

� �
! tanh /eq=Kss

� �
(26)

pos /inð Þ ! tanhp /in=Ksp

� �
(27)

where tanh �ð Þ is the hyperbolic tangent function, tanhp(�) is the
positive hyperbolic tangent function, i.e., tanhp(x) is equal to
tanh xð Þ if x � 0 and 0 otherwise, and Kss and Ksp are the softening
parameters that establish the smoothness of the commutation.

3.5.2 Dynamical Sliding Mode Control. The chattering draw-
back can also be avoided using a dynamical or high-order SMC.

011013-4 / Vol. 141, JANUARY 2019 Transactions of the ASME



In particular, instead of using the first-order SMC given by Eq.
(22) together with the modified constraints given by Eqs. (24) and
(25), a second-order SMC can be used. However, this option only
applies for the equality constraints since the SMC for the inequal-
ity constraints is only active for certain periods (see Fig. 1) and,
hence, it makes no sense to use a dynamical control law, i.e., a
control law with memory.

This work considers three typical second-order SMCs for the
equality constraints: quasi-continuous [24], twisting [25], and
super-twisting [26]. In particular, the discontinuous term
sign /eq

� �
of the equality constraints on the right side of Eq. (22)

is replaced by

sign _req þ Kqc

ffiffiffiffiffiffiffiffiffi
jreqj

q
sign reqð Þ

� �
quasi-continuous (28)

sign _reqð Þ þ Ktsign reqð Þ twisting (29)

ffiffiffiffiffiffiffiffiffiffi
j/eqj

q
sign /eq

� �
þ Kst

ð
sign /eq

� �
dt super-twisting (30)

where Kqc, Kt, and Kst are the design parameters of the quasi-
continuous, twisting, and super-twisting SMC algorithms,
respectively.

4 Method

4.1 Overview of the Method. The following three prioritized
tasks are considered:

� The first level (high-priority task) includes the equality and
inequality constraints that must be satisfied at all times to
properly accomplish the treatment on the surface with the
robot tool. In particular, equality constraints are defined to
exert the desired pressure between the tool and the surface
being treated, and to keep the tool orientation perpendicular
to the surface. Moreover, an inequality constraint is defined
to make the tool compliant with respect to any surface
obstacles (e.g., protrusions, screws, and nuts) when applying
the treatment.

� The second level (medium-priority task) is designed for ref-
erence tracking in order to apply the treatment with the tool
on a specific area of the surface: deviations from the refer-
ence trajectory are allowed if such deviations are required to
satisfy the above constraints.

� The third level (low-priority task) is considered only for the
case of redundant robots (e.g., the one used in the experi-
ments in Sec. 5) in order to keep the robot close to the home
configuration.

The input to these tasks is the robot state fq; _qg, and the vector
F of forces and torques detected by a sensor located at the robot
tool, whereas each task gives an acceleration equality whose
square error must be minimized.

4.2 Lie Derivatives. The acceleration equality for the first
level is obtained below using the SMC presented in Sec. 3. In
order to use this theory, a dynamical system in the form of Eq. (8)

is considered with the state vector x ¼ qT _qT
� �T

, the disturb-

ance vector d ¼ dc, and the input vector u ¼ €qc. Hence, the
model is a double integrator, and from Eq. (4), the state equation
results in

_x ¼ O I

O O

	 

xþ 0

dc

	 

þ O

I

	 

u (31)

and, therefore, the Lie derivatives for the constraint function /i

are given by

Lg/i ¼ r/T
i g ¼ @/i=@ _qð ÞT (32)

Lf /i ¼ r/T
i f ¼ @/i=@qð ÞT _q þ @/i=@ _qð ÞT dc (33)

4.3 Level 1: Constraints

4.3.1 Force Model. The constraints for surface treatment are
defined below depending on the vector F of forces and torques
between the tool and the environment, which are measured by a
force sensor located at the robot end-effector. In many applica-
tions, the interaction forces between the tool and the environment
can be represented by

F ¼ Ks Ds q;psð Þ þ ds ¼ Fx Fy Fz Fa Fb Fc
� �T

(34)

where vector F is relative to the tool coordinate system, Ks is a
positive definite matrix with the stiffness coefficients, vector D s
is the mechanical deformation of the sensor relative to the tool
coordinate system, which depends on the robot configuration q
and the position and orientation ps of the object in contact with
the robot, i.e., the object being treated, and vector ds represents
the dynamics not modeled by the classical elastic model [27]
given by the first term in Eq. (34).

4.3.2 Equality Constraints. Three equality constraints are
defined for the surface treatment as follows:

req;z q; tð Þ ¼ 0 0 1 0 0 0
� �T

F� Fz;ref ¼ 0 (35)

req;a q; tð Þ ¼ 0 0 0 1 0 0
� �T

F ¼ 0 (36)

req;b q; tð Þ ¼ 0 0 0 0 1 0
� �T

F ¼ 0 (37)

where the first equality constraint is used to attain the desired
force Fz,ref between the tool and the surface being treated in the
tool Z-axis (which is longitudinal to the robot end effector),
whereas the last two equality constraints are used to keep the tool
orientation perpendicular to the surface, since the torques in the
tool X- and Y-axes (i.e., Fa and Fb) are zero if the tool is perfectly
perpendicular to the surface. Note that the torque in the Z-axis is
not constrained and can be used for the specific treatment applica-
tion: polishing, grinding, etc.

Taking into account Eqs. (24), (32), and (34)–(37), the Lie
derivative Lg/eq required for the SMC in Eq. (22) is given by

Lg/eq ¼ @/eq=@ _q
� �T ¼ Keq @req=@q

� �T

¼ Keq

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

264
375KsJn ¼ Keq Heq Ks Jn

(38)

where req is a column vector composed of all equality constraints
req,i, Keq is a diagonal matrix composed of all parameters Keq,i,
and Jn is the geometric Jacobian relative to the tool coordinate
system [27], i.e., the Jacobian matrix relating the joint velocities _q
and the linear and angular velocities of the end-effector relative to
the tool coordinate system.

4.3.3 Inequality Constraint. The following constraint is used
to adapt the tool position to the surface obstacles:

rin;xy q; tð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

x þ F2
y

q
� Fxy;max ¼ Fxy � Fxy;max � 0 (39)

where Fxy is the linear force measured by the sensor in the tool XY
plane and Fxy;max is the maximum allowed value for this force.
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Taking into account Eqs. (25), (32), (34), and (39), the Lie
derivative Lg/in for the SMC in Eq. (22) is given by

Lg/in ¼ @/in;xy=@ _q
� �T ¼ Kin @rin;xy=@q

� �T

¼ Kin
�Fx

�Fy 0 0 0 0
� �

KsJn ¼ KinHinKsJn

(40)

where Kin¼Kin,xy is the approaching parameter to the original
constraint in Eq. (39), and �Fx ¼ Fx=Fxy and �Fy ¼ Fy=Fxy repre-
sent the normalized linear forces in the tool X- and Y-axes,
respectively.

4.3.4 Acceleration Equality for Level 1. The stiffness coeffi-
cients of matrix Ks are typically not known. However, since the
nondiagonal elements of Ks are significantly smaller than those in
the main diagonal, it is assumed below that matrix Ks is diagonal
in order to avoid computing these coefficients. The computation
of the Lie derivatives Lg/eq and Lg/in in Eqs. (38) and (40),
respectively, using this assumption implies that the result will not
be completely accurate. However, although the Lie derivative
Lg/i provides the gradient vector perpendicular to the sliding sur-
face or constraint boundary given by /i¼ 0, a similar direction
can also be used by the SMC to switch the value of the constraint
functions /i from positive to negative or vice versa, see Fig. 1.
For instance, experimental results are shown in Ref. [28] for con-
ventional SMC introducing a 30% error in the gradient computa-
tion and the control system works properly. Although the
minimum required value for the switching gain uþ is reduced if
the actual value of Lg/i is used.

Under the foregoing assumption, the stiffness coefficients of the
diagonal matrix Ks can be included without loss of generality in
the switching gain weight matrix W, so that the SMC given by
Eq. (22) is modified as follows:

KeqHeq

v2dm pos /inð Þð ÞKinHin

" #
Jn€qc

¼ �
�Weq 0

0 �W in

" #
sign /eq

� �
pos /inð Þ

" #
uþ ¼ � �W

sign /eq

� �
pos /inð Þ

" #
uþ

! A1€qc ¼ b1

(41)

where A1 and b1 are, respectively, the matrix and vector for the
first task in Eq. (5) and

�Weq ¼
Weq;z=Ks;z 0 0

0 Weq;a=Ks;a 0

0 0 Weq;b=Ks;b

24 35 (42)

�W in ¼ Win=Ks;xy (43)

where {Ks,xy, Ks,z} are the stiffness coefficients for the linear X/Y-
and Z-axes, respectively, and {Ks,a, Ks,b} are the stiffness coeffi-
cients for the rotational X- and Y-axes, respectively. Note that it
has been assumed the same stiffness coefficient for both linear X-
and Y-axes and, hence, when the inequality constraint is active,
the XY-component of the tool motion given by Eq. (41) is in the
opposite direction to the force vector Fx Fy

� �T
detected by the

sensor, see Hin in Eq. (40).
The SMC given by Eq. (41) only requires the control parame-

ters fuþ; �W eq;i; �W in;Keq;i;King, the robot Jacobian, and the con-
straint functions f/eq;z;/eq;a;/eq;b;/in;xyg, which are computed
from the force sensor measurements and their first-order time
derivatives.

For the case of the chattering-free alternatives described in Sec.
3.5, the commutation functions sign /eq

� �
and pos(/in) on the

right side of Eq. (41) are replaced by the expressions in Eqs.
(26)–(30). Note that, in this case, the following additional control
parameters are introduced: {Kss, Ksp, Kqc, Kt, Kst}.

4.4 Level 2: Reference Tracking. The following equality is
considered for this level:

J€qc ¼ €pref þ KT;v _e þ KT;peþ sign _e þ KT;pK�1
T;ve

� �
uþT

! A2€qc ¼ b2 (44)

where pref is the reference for the tool pose, e¼ pref� p is the tool
pose error, KT,p and KT,v are the correction gains for the position
and velocity errors, respectively, the tool speed _p is obtained from
the first-order kinematics (2), uþT is the switching gain for the last
term, and A2 and b2 are the values for the second task in Eq. (5).
In this hybrid control law, the switching term represents a conven-
tional SMC used to compensate the term _J _q of the robot second-
order kinematics (3), which yields two advantages: the Jacobian
derivative is not required; and, due to the other continuous terms
in the control action, the switching gain uþ3 can be relatively
small, reducing the chattering effects.

4.5 Level 3: Home Configuration. This level is considered
only for the case of redundant robots since otherwise there are no
remaining degrees-of-freedom at this level. While there are vari-
ous options described in the literature [29], this work considers
“pushing” the robot to a home configuration q0 for increasing
safety, away from critical areas due to, e.g., joint limits, singular
configurations, or possible obstacles in the robot workspace. To
achieve this purpose, the following equality is considered:

€qc ¼ �K3;v _q þ K3;p q0 � qð Þ ! A3€qc ¼ b3 (45)

where K3,v and K3,p are the gains used for the velocity and position
corrections, respectively, and A3¼ I and b3 are the values for the
third task in Eq. (5).

4.6 Additional Remarks

4.6.1 Control Action. In this work, the joint accelerations are
considered as the SM discontinuous control action, which yield
two advantages: the joint velocities are continuous (smoother con-
trol) and it allows to reach smoothly the boundary of the con-
straints in the high-priority level. If the actual control action are
the joint velocities, a pure integrator can be applied to the discon-
tinuous control signal to compute the actual continuous control
action. Similarly, if the actual control action are the joint posi-
tions, a double integrator can be applied between both signals.

4.6.2 Nonstatic Constraints. The proposed approach can also
be used if the constraints in level 1 are nonstatic, e.g., a moving
target object for the equality constraints or moving obstacles for
the inequality constraint. In this case, /i also depends explicitly
on time and, therefore, the derivative of /i is replaced by
_/i ¼gLf /i þ Lg/i u, where gLf /i is equal to Lf/iþ @/i/@t, and

Lg/i and Lf/i are given again by Eqs. (32) and (33), respectively.
Thus, all developments keep unchanged except for changing Lf/i

to gLf /i. Hence, only the value of the lower bound for the switch-

ing gain uþ is changed when non-static constraints are considered
and, therefore, the iterative computation of the algorithm remains
the same.

4.6.3 Stability. The stability of the SMC in the first task is
guaranteed if uþ fulfills Eq. (23) and matrix Lg/ (excluding the
nonactive inequality constraints) is full row rank. That is, taking
into account Eq. (41), the row rank of the robot Jacobian has to be
equal to the number of equality constraints plus the number of
active inequality constraints. If this is not satisfied at a certain
time, e.g., the current robot configuration is singular, the robot
operation should be aborted since the fulfillment of the constraints
cannot be guaranteed. For the second and third levels, which rep-
resent classical kinematic and inverse kinematic control
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algorithms, the reader is referred to Ref. [30], where the stability
of this kind of algorithms is analyzed in a task prioritization
framework. Note also that the limitation of degrees-of-freedom
for the tracking controller is the common situation in hybrid
position-force control [9].

4.6.4 Time Derivatives. The proposed approach requires
derivative of the force F measured by the sensor located at the
robot tool. The simplest way to deal with this issue consists in
using numerical differentiation, e.g., the well-known backward

Euler approximation. However, some kind of filtering should be
previously applied to the actual variable when non-negligible
noise is present. In particular, in this work, the force signal meas-
ured by the sensor is filtered with a discrete first-order low-pass
filter, where xc is used to represent its cutoff frequency, that is
implemented in the sensor electronics (Net F/T interface). Note
that the low-pass filters used for noise reduction must not limit the
bandwidth of the control law.

4.7 Advantages of the Proposed Method. There are two
main advantages of using SMC to satisfy the constraints for the
robot task:

� Robustness: The SMC algorithm is robust against the Lie
derivatives Lf/i since they are collinear [19] with the discon-
tinuous control action. Therefore, it is not affected by the
terms included in Lf/i, such as the inaccuracies dc of
the low-level control loop, the position and orientation ps of
the object being treated by the robot and its derivative, the
nonmodeled part ds of the force elastic model, the derivative
of the Jacobian matrix, and the joint velocities. Even more,
as discussed in Sec. 4.3.4, the computation of the Lie deriva-
tives Lg/i does not need to be completely accurate (e.g., due
to considering stiffness Ks as a diagonal matrix instead of a
positive definite matrix, see Sec. 4.3.4), since a similar direc-
tion can also be used by the SMC to switch the value of the
constraint functions /i from positive to negative or vice
versa, see Fig. 1.

� Low computational cost: Only partial information of the
system model is used, i.e., the Lie derivatives Lf/i are not
needed (see the terms listed above), only the Lie derivatives
Lg/i are required. In particular, the SMC given by Eq. (41)

Fig. 2 Experimental setup: 7R serial manipulator with a force
sensor attached to the robot end-effector, a tool consisting of a
cylinder and a flat rectangular plastic object as target

Table 1 Algorithm executed at sampling time of Ts seconds

1 q; _q;F½ � ¼ GetRobotStateAndForce;
2 p ¼ l qð Þ; // Eq. (1)
3 _p ¼ J _q; // Eq. (2)
4 _pref ¼ pref � pref;prevð Þ=Ts; // Derivative
5 €pref ¼ _pref � _pref;prev

� �
=Ts; // Derivative

6 _F ¼ F� Fprevð Þ=Ts; // Derivative

7 /eq ¼
Fz � Fz;ref þ Keq;z

_Fz

Fa þ Keq;a _Fa

Fb þ Keq;b _Fb

2664
3775; // Eqs. (24), (35)–(37)

8 /in ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

x þ F2
y

q
� Fxy;max þ Kin

_FxFxþ _FyFyffiffiffiffiffiffiffiffiffiffi
F2

xþF2
y

p ; // Eqs. (25), (39)

9 A1 ¼
KeqHeq

v2dm pos /inð Þð ÞKinHin

" #
Jn; // Eq. (41)

10 b1 ¼ � �W
sign /eq

� �
pos /inð Þ

" #
uþ, where the commutation functions sign /eq

� �
and pos /inð Þ are replaced

with the expressions in {(26), (28), (29), (30)} and (27), respectively, for the chattering-free alternatives;

// Eq. (41)

11 A2 ¼ J; // Eq. (44)
12 b2 ¼ €pref þ KT;v _e þ KT;peþ sign _e þ KT;pK�1

T;ve
� �

uþT ; // Eq. (44)
13 A3 ¼ I; // Eq. (45)
14 b3 ¼ �K3;v _q þ K3;p q0 � qð Þ; // Eq. (45)
15 €qc;1 ¼ A

†

1b1; // Eq. (6), i¼ 1
16N1 ¼ I�A

†

1A1; // Eq. (7), i¼ 1

17 €qc;2 ¼ €qc;1 þ A2N1ð Þ
†

b2 � A2 €qc;1

� �
; // Eq. (6), i¼ 2

18 N2 ¼ N1 I� A2N1ð Þ
†

A2N1ð Þ
� �

;
// Eq. (7), i¼ 2

19 €qc;3 ¼ €qc;2 þ A3N2ð Þ
†

b3 � A3 €qc;2

� �
; // Eq. (6), i¼ 3

20 SendToJointControllers(€qc;3);
21 pref;prev ¼ pref ; // For next iteration
22 _pref;prev ¼ _pref ; // For next iteration
23 Fprev ¼ F; // For next iteration
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only requires the robot Jacobian and the constraint functions
/eq,i and /in,i which are computed from the force sensor
measurement F and its time derivative. Hence, the proposed
approach only requires a few program lines and has reduced
computation time, see Sec. 5.1.

Like in other SMC applications, the main disadvantage of the
proposed method is the chattering drawback and, hence, several
options are considered in the real experimentation of next section
to alleviate this issue, see Sec. 3.5.

5 Real Experimentation

The setup used for the experiments consists of (Fig. 2) a Sawyer
collaborative robot, a force/torque sensor Nano25 SI-25-25
attached to the robot end-effector, a tool consisting of a cylinder
of 43� 43� 10 mm attached to the sensor to emulate a surface
preparation operation, and a flat rectangular plastic object as
target.

The controller is implemented in an external PC (Intel Core i5-
3470 processor at 3.2GHz) using Ubuntu 16.04 as O.S., ROS
Lunar distribution, Intera 5 SDK from Rethink Robotics, and the
netft_rdt_driver ROS package provided by ATI Industrial Auto-
mation. All Sawyer robot, force sensor, and external PC are con-
nected to a router and communicate via UDP protocol.

5.1 Controller Implementation. The pseudo-code of the
proposed method is shown in Table 1. The algorithm is executed
at Ts seconds sampling time and incorporates the following auxil-
iary functions: kinematic function l(q); Jacobian matrices J and
Jn; Moore-Penrose pseudoinverse (�)†, using a tolerance to set to
zero the very small singular values [31] in order to avoid
extremely large values for the commanded accelerations; GetRo-
botStateAndForce, which returns the current robot state fq; _qg
and force vector F, which has been already filtered by the sensor
electronics; and SendToJointControllers €qcð Þ, which sends the
current commanded joint acceleration vector to the joint control-
lers. The computation time per iteration of the algorithm in a mod-
ern computer using compiled C code was around 15 ls for the
experiment in Sec. 5.

5.2 Guidelines to Design the Control Parameters. The pro-
cedure followed in the real experimentation to design the control

parameters of the conventional and nonconventional SMCs in
level 1 is very similar. In particular, the steps to design the control
parameters of the proposed control method are as follows. First,
the cut-off frequency of the force sensor filter has to be selected to
effectively remove the measurement noise. Then, the control
period Ts must be selected guaranteeing that the SM frequency

fSM ¼ 2Tsð Þ�1
is lower than the bandwidths of the sensor filter

and low-level joint controllers, otherwise changes in the SM con-
trol action would not be properly “followed.” Moreover, the band-
width of the kinematic control performed in level 1 (given by Keq,i

and Kin), level 2 (given by KT,p and KT,v), and level 3 (given by

Table 2 Values of the controller parameters used for the real experimentation

General parameters Ts ¼ 20 ms, xc¼ 73 Hz

Level 1 Fz;ref ¼ �15N; Fxy;max ¼ 20N; Keq;i ¼ Kin ¼ 0:15,
uþ ¼ 0:06; �W eq;z ¼ 0:33; �W eq;a ¼ �W eq;b ¼ 16; �W in ¼ 1

Level 2 KT;v ¼ 5:0; KT;p ¼ 3:0; uþT ¼ 0:01,
Reference: cref¼�p/2 and a 2D circle (radius¼ 80 mm, period¼ 10 s)

Level 3 K3;v ¼ 0:5; K3;p ¼ 1:0; q0 ¼ ½ 0:003 �0:577 0:002 2:044 0:104 �0:067 3:382 �T rad

Table 3 System performance comparison using the standard and several chattering-free SMC algorithms

Controller Metrics

Equalities Inequalities TEC MCA CCA CCF Ein,xy (N) Eeq,z (N) Eeq,ab (N mm) ERT (mm)

sign pos 1531 0.499 0.0349 10.54 1.57 3.18 92.5 1.301
sign tanhp 1474 0.494 0.0336 10.13 2.38 3.65 87.1 1.470
tanh pos 794 0.185 0.0213 7.91 1.48 2.65 73.7 1.279
tanh tanhp 564 0.064 0.0184 7.12 1.26 2.39 70.5 1.239
Quasi-continuous pos 1178 0.489 0.0297 9.57 1.97 4.89 88.9 1.233
Quasi-continuous tanhp 1026 0.365 0.0293 9.05 1.92 4.63 72.5 1.248
Twisting pos 902 0.303 0.0235 8.57 1.76 2.83 81.8 1.218
Twisting tanhp 762 0.446 0.0237 8.25 1.21 2.56 82.3 1.293
Super-twisting pos 919 0.232 0.0235 8.58 1.81 4.59 60.7 1.294
Super-twisting tanhp 693 0.130 0.0221 9.54 1.17 4.38 52.6 1.205

Fig. 3 Comparison of the constraint functions ri for the stand-
ard (dark blue) and chattering-free (light green) SMCs
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K3,v and K3,p) should be significantly lower than the SM frequency
fSM for stability reasons. Note that the bandwidth of the controlled
system corresponds to the bandwidth of the aforementioned kine-
matic controller. Reference force Fz,ref can then be established
depending on the requirements of the actual surface treatment
task. Moreover, force Fxy,max can be established as small as possi-
ble to be sensitive to the surface obstacles but not too small to
avoid the accidental activation of the inequality constraint due to
the pressure between the tool and the surface and the movement
of the tool on the surface (in practice, one-time accidental activa-
tion is admissible, full-time accidental activation is not). Finally,
the switching gains fuþ; uþT g, weights f �W eq;i; �Wing, and

chattering-free parameters fK�1
ss ;K

�1
sp ;Kqc;Kt;Kstg can be empiri-

cally tuned to be as small as possible in order to reduce the chat-
tering effect while guaranteeing that the SM behavior of the
control action remains effective for the task at hand.

5.3 Experiment Conditions. The commanded joint accelera-
tions €qc computed by the proposed algorithm are integrated to
obtain the commanded joint velocities _qc sent to the robot control-
ler. Moreover, the parameter values used for the real experimenta-
tion are shown in Table 2. Furthermore, for the SMC in level 1,
which is given by Eq. (41), several implementations have been
considered for the experiments:

� Five options have been tested for the conventional SMC
(which is used to satisfy the equality constraints): standard
SMC, i.e., using the commutation function sign /eq

� �
on the

right side of Eq. (41) and other four chattering-free SMCs,
which consist in replacing the term sign /eq

� �
with the

expressions in Eqs. (26) and (28)–(30).
� Two options have been tested for the nonconventional SMC

(which is used to satisfy the inequality constraint): standard
SMC, i.e., using the commutation function pos /inð Þ on the
right side of Eq. (41) and another chattering-free SMC,
which consists in replacing the term pos(/in) with the expres-
sions in Eq. (27).

Therefore, ten combinations have been tested for the SMC in
level 1, whose parameters have been empirically tuned to obtain a
good performance in each case. The complete list of parameter
values used for each case is omitted for brevity.

5.4 Remark About the Comparison Study. The experimen-
tal results shown below for the proposed SMC approach present a
comparison between several chattering-free options available in
the literature. The objective of this study is not to establish the
best alternative to alleviate the chattering issue. In fact, a fair
comparison cannot be easily guaranteed since the results are very
dependent on the controller parameters, the reference trajectory,
the robot task, etc. Probably, none of the tested methods would
get the best results for all possible cases and tasks. Therefore, the
objective of this study is just to show how the chattering drawback
can be partially mitigated by slightly modifying the standard
SMC.

5.5 Results. The first comparison experiment consists in
tracking a circular trajectory with a fixed obstacle that limits the
progress of the tool along the reference trajectory in the X-axis at
a certain point. The following metrics will be used to study the
quality and robustness of all the control cases:

(a) Total energy consumption (TEC):
Ð tend

0
uTu dt.

(b) Maximum control action (MCA): Average value of kuk1.
(c) Magnitude of the chattering for the control action (CCA):

Taking into account that the chattering frequency is equal
to 2Tsð Þ�1 ¼ 25Hz, which also corresponds to the Nyquist
frequency of the controlled system, it will be obtained com-
puting the average value of the magnitude of the harmonics
ranging from frequency 5 Hz to 25 Hz, i.e.,

20�1
Ð 25

5
khu;Fk2dF, where hu;F is the vector magnitude of

the harmonics with frequency F for the vector signal u.
Note that the harmonics of a signal, i.e., its frequency com-
ponents, can be readily obtained using the fast Fourier
transform.

(d) Magnitude of the chattering for the constraint function /
(CCF): Similar to the previous case, it will be obtained
computing 20�1

Ð 25

5
h/;F dF, where h/;F is the magnitude of

the harmonic with frequency F for the signal /.
(e) Error of the inequality constraint (Ein,xy): Average error of

the inequality constraint rin,xy when it is unfulfilled.

Fig. 4 Comparison of the commutation functions for the
standard (dark blue) and chattering-free (light green) SMCs

Fig. 5 Trajectory followed by the robot tool and circular refer-
ence trajectory (thick red line): left, standard SMC (dark blue);
right, chattering-free SMC (light green)
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(f) Error of the linear equality constraint (Eeq,z): average error
of the equality constraint req,z.

(g) Error of the Angular Equality Constraints (Eeq,ab): Average
error of the equality constraints req,a and req,b.

(h) Error of the reference tracking (ERT): Average error of the
reference tracking when the reference trajectory is not in
the obstacle area.

Table 3 shows the results obtained for each control case. From a
global point of view, the worst case is given by the standard SMC,
i.e., using the commutation functions sign(�) and pos(�) for the
equality and inequality constraints, respectively, followed by the
second case, which uses the commutation functions sign(�) and
tanhp(�) for the equality and inequality constraints, respectively.

On the one hand, the commutation functions tanh(�) and
tanhp(�) for the equality and inequality constraints, respectively,

provide the best performance in terms of control effort and chat-
tering reduction: the metrics TEC, MCA, CCA, and CCF are
reduced to about a 63%, 84%, 47%, and 33%, respectively, with
respect to the standard SMC. On the other hand, in general, the
super-twisting algorithm for the equalities together with the com-
mutation function tanhp(�) for the inequality provides the best per-
formance in terms of errors: the metrics Ein,xy, Eeq,ab, and ERT are
reduced to about a 26%, 43%, and 8%, respectively, with respect
to the standard SMC.

From a reliability and stability point of view, it is always pref-
erable to minimize any mechanical chattering that may be present
in the system in order to reduce undesirable stresses in the physi-
cal components, hence the chattering-free SMC used below for
level 1 is the hyperbolic tangent approximation for the equalities
together with the positive hyperbolic tangent approximation for
the inequality. However, it is important to remark that this does

Fig. 6 Frames of the video of the dynamic experiment: the time instant is indicated for each frame: (a) video: 0 m 33 s; graph:
21 s, (b) video: 1 m 15 s; graph: 63 s, (c) video: 2 m 02 s; graph: 110 s, (d) video: 2 m 06 s; graph: 114 s, (e) video: 4 m 13 s;
graph: 241 s, and (f) video: 4 m 17 s; graph: 245 s
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not mean that this case gets the best results from a global point of
view (e.g., see the metrics in Table 3); rather, this case is suitable
to show how the chattering problem is partially mitigated, which
is the objective of the comparison study presented in this work.

Figures 3–5 show a comparison between the standard SMC and
the chattering-free SMC (approximation tanh for the equalities

and tanhp for the inequality) in the first experiment. In particular,
Fig. 3 shows the constraint functions, where it can be seen that the
inequality constraint is fulfilled, i.e., max(rin,xy) � 0, and that it
becomes active during five phases, which is due to the five times
that the circular reference trajectory (period¼ 10 s) reaches the
obstacle area during 50 s of the experiment. However, the main

Fig. 7 Signals in the dynamic experiment as a function of time. First to fourth plots: original
and modified constraint functions (ri in light cyan and /i in dark blue). Fifth plot: activation of
the inequality constraint. Sixth plot: tool position {x, y, z} and reference signals {xref, yref}. Sev-
enth plot: tool orientation {a, b, c} in roll-pitch-yaw angles and reference signal cref. The refer-
ence signals are in solid thick line, {x, a} in thin dark line, {y, b} in thin light line, and {z, c} in
dashed line.
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purpose of this figure is to show that the chattering is signifi-
cantly smaller for the chattering-free SMC, especially for the
equality constraints, which gives rise to a smoother behavior as
can be seen in the commutation functions depicted in Fig. 4 and
in the trajectory followed by the tool shown in Fig. 5. A video
of this comparative experiment can be played at the website
link.2

In order to verify the robustness and performance of the pro-
posed approach, a more dynamic experiment has been conducted
introducing different perturbations during the tracking task:
changes in the object position and orientation together with
dynamic obstacles along the trajectory. The video of this experi-
ment can be played at the website link,2 whereas Fig. 6 shows
several instants of the experiment: Figs. 6(a), and 6(b) (interval 0
m 33 s–1 m 15 s) show the system behavior when surface varia-
tions are present; Figs. 6(c) and 6(d) (interval 2 m 02 s–2 m 06
s) show the robot behavior when the obstacle comes upon and
the flat object is held above the table; and Figs. 6(e) and 6(f)
(interval 4 m 13 s–4 m 17 s) show how the tool skirts the corner
of the obstacle and returns to the reference path once it has been
overcome.

Figure 7 shows the performance of the system in terms of con-
straints. It can be seen that the inequality constraint is fulfilled,
i.e., max(rin,xy) � 0, and that it becomes active during 13 phases.
In this regard, it is important to consider the following rationale.
The appearance of obstacles in a totally random way along the ref-
erence trajectory is a relevant issue from a practical point of view.
When the tool comes upon an obstacle (e.g., a protrusion on the
surface), the inequality constraint becomes active and the tool
does not continue in the same direction to prevent the tool break-
age. However, it neither stops the execution of the task but contin-
ues in a direction similar to that given by the reference path and
satisfying the inequality constraint. This behavior is reflected in
the inequality constraint functions shown in Fig. 7. For instance,
at 110 seconds, an obstacle has come up. However, rin,xy does not
overcome the zero value, meaning that the inequality defined in
Eq. (39) is fulfilled and, hence, the force exerted never exceeds
the maximum value Fxy,max chosen by the user, protecting thus the
integrity of the tool. This behavior is accomplished during the
whole experiment, even when the flat object is held above the
table.

Moreover, it can also be seen in Fig. 7 that the equality con-
straints are switching around zero as expected. This means that
the surface treatment is being done properly: the tool orientation
is perpendicular to the surface and the pressure with the tool on
the surface is being kept around the desired value regardless of
changes in the surface position or orientation and when obstacles
are introduced along the reference trajectory. This can be better
perceived in the videos of the experiments referenced earlier in
this section.

Figures 7 and 8 show the Cartesian trajectory followed by the
reference pose and the tool pose as a function of time and the
corresponding 3D representation, respectively. Note that the
tracking error for the reference circular trajectory is not zero
when an obstacle comes upon the trajectory (see the video),
although the robot tool retrieves the reference when the obstacle
is overcome.

In order to show the adaptation capability of the proposed
approach, another experiment has been conducted introducing
quick changes in the position and orientation of the target object.
The video of this experiment can be played at the website link,2

where it can be seen that the controller is able to dynamically
adapt the tool position and orientation for wide range of values:
six snapshots of this experiment are shown in Fig. 9 to illustrate
that the robot tool is kept perpendicular to the surface in very
challenging cases. This experiment clearly shows that the robot
does not have prior knowledge about the shape and movements of
the surface, and must infer them from the forces and torques
measured by the sensor in order to properly accomplish the robot
task. In fact, this moving target object gives rise to nonstatic
equality constraints (see Sec. 4.6) that are successfully fulfilled by
the proposed SMC. Obviously, the limit for the moving con-
straints that can be properly handled by the SMC is given by the
value of the switching gain uþ.

6 Conclusions

A hybrid position-force control approach has been developed in
this work for polishing tasks using task priority and sliding mode
control. In particular, conventional and nonconventional sliding
mode controls have been used to satisfy equality and inequality
constraints, respectively, in order to perform the surface polishing
task. In order to avoid the chattering drawback typically present in
sliding mode control, several chattering-free controllers have been
considered. Furthermore, two more tasks have been considered: a
medium-priority task defined to track the desired reference trajec-
tory on the surface being polished and, for the case of redundant
robots, a low-priority task used to keep the manipulator close to
the home configuration.

A significant contribution of this research is the development of
a novel nonconventional sliding mode control to fulfill inequality
constraints. In this regard, the inclusion of inequality constraints
in mathematical and engineering problems is nothing new, e.g.,
optimization problems typically maximize or minimize an index
subject to both equality and inequality constraints (recently, this
type of problems has been solved in the literature using barrier
functions). In fact, the inequality constraints proposed in this
work could be easily solved analytically if a complete and accu-
rate process model is available. Therefore, the novelty of the pro-
posed approach consists in using sliding mode control to fulfill
inequality constraints in order to benefit from its inherent robust-
ness and low computational cost.

The applicability and effectiveness of the proposed approach
have been substantiated by experimental results using a redundant
7R manipulator. In particular, an experimental comparison has
been conducted among all the chattering-free controllers to evalu-
ate their performance. However, it is important to remark that the
objective of this comparison study was not to establish the best
alternative (note that a fair comparison cannot be easily guaran-
teed); rather, the objective was to show how the chattering draw-
back can be partially mitigated by slightly modifying the standard
SMC.
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