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Abstract 
A thermodynamic model employing the UNIFAC (Dortmund) method was 
developed to determine the currently unavailable partial vapor pressures of 
the binary gas mixture of water and tert-butyl alcohol (TBA) in equilibrium 
with their frozen solid mixtures. The results agree satisfactorily with the 
experimental data and indicate that TBA has higher vapor pressures which 
lead to higher total pressures at the moving interface that could result in 
larger total pressure gradients and convective mass transfer rates in the 
dried layer during primary drying. But the higher total pressures reduce the 
magnitude of the bulk diffusivity of the gas mixture and combined with the 
smaller Knudsen diffusivity of TBA could significantly impact the competing 
mass transfer mechanisms during freeze drying. 
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1. Introduction 

The presence of organic solvents as co-solvents with water in pharmaceutical and 
biological solutions could reduce the degradation rate of the pharmaceutical/biological 
product in water and/or increase its solubility. It has been shown experimentally [1] to 
affect the freezing characteristics of the solution during the freezing stage as well as during 
the primary and secondary stages of the freeze drying process. In the production of a 
number of anti-cancer drugs, the tertiary butyl alcohol (TBA, or 2-methyl-2-propanol) 
represents the organic co-solvent in the water solutions with varying concentrations 
dependent on the biotechnology method of production and the nature of the anti-cancer 
drug. Currently due to strict quality and toxicity standards required by the Food and Drug 
Administration (FDA), most of TBA is removed prior to the freeze drying of the drug 
solution. In order to ascertain if this is the only or best strategy, it is of paramount 
importance to acquire both physical and quantitative knowledge of the unsteady state 
variations and their interactions that occur during the freeze drying process in the (i) 
temperature and heat transfer rates in the frozen and porous dried layers of the product, (ii) 
mass transfer mechanisms and rates in the porous dried layer, (iii) relative residual amounts 
of frozen water and TBA in the frozen solid layer which affect the partial pressures of the 
vapors of water and TBA at the moving interface separating the frozen and porous dried 
layers during the primary drying stage, and (iv) the amounts of sorbed (bound) water and 
TBA on the surface of the pores of the dried layer during the primary and secondary drying 
stages. Because these data cannot be measured experimentally during the freeze drying 
process, it becomes necessary to construct and solve an unsteady-state and multi-
dimensional in space mathematical model of the freeze drying process in order to 
determine, evaluate, and analyze the dynamic behavior of items (i) – (iv) for ascertaining 
whether or not the presence of TBA in the drug solution could reduce the drying times of 
the primary and secondary drying stages of the freeze drying process and, furthermore, 
whether the presence and distribution of the residual TBA in the three-dimensional space of 
the product being freeze dried could result in the violation of the strict quality and toxicity 
standards required by the FDA for the freeze drying of pharmaceuticals.  

The mathematical model required to be constructed and solved for the freeze drying process 
of frozen solutions of pharmaceuticals involving water and an organic co-solvent like TBA 
has now to consider the vapor pressures and mass transfer rates of a ternary gas mixture 
(inert gas, water, and TBA) in the porous dried layer of the product, which is more complex 
than the models [2-6] for a binary mixture (inert gas and water) system. The off-diagonal 
terms of the diffusivity tensor for the three species will require careful examination of the 
relative concentrations of water and TBA vapors in the pore structure of the dried layer at 
different temperatures, in order to ascertain whether or not these off-diagonal terms and 
their effects on the heat and mass transfer processes need to be included in the structure of 
the mathematical model. The construction and solution of this new class of freeze drying 
models and the achievement of its aforementioned purposes require the following two 
pieces of fundamental physical information: (a) the thermodynamic model whose 
expressions provide the partial pressures of water and TBA vapors in equilibrium with the 
binary frozen mixtures of water and TBA as a function of temperature and of the mole 
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fractions of water and TBA in the frozen solid phase, and this necessary information also 
provides the important partial pressures of the vapors of water and TBA at the moving 
interface separating the frozen and dried layers of the product being freeze dried during the 
primary drying stage of the freeze drying process, and (b) the equilibrium 
adsorption/desorption isotherms of the sorbed (bound) binary mixtures of water and TBA 
on the surface of the pores of the dried layer which provide the concentrations of water and 
TBA in the binary sorbed (bound) mixture as a function of the temperature and of the 
partial vapor pressures of water and TBA in the gas phase in the pores of the dried layer, 
and this provides in the mathematical model the quantitative expressions needed to 
represent binary competitive adsorption/desorption through which the residual amounts of 
sorbed water and TBA as well as their distributions in the three-dimensional space of the 
dried layer of the product at any given time and especially at the end of the secondary 
drying of the freeze drying process could be calculated, so that we can determine whether 
the strict quality and toxicity criteria of the FDA are properly satisfied. 

In this work the UNIFAC method coupled with the Dortmund parameter values for the 
subgroups of the binary mixture comprised of the species of water and TBA  is employed 
and a thermodynamic equilibrium model is constructed. This model can provide the partial 
pressures of the vapors of water and TBA in equilibrium with the frozen solid phase of the 
binary mixture of frozen water and TBA, as a function of the temperature and of the mole 
fractions of water and TBA in the binary mixture of the frozen solid phase. The results 
obtained from the thermodynamic equilibrium model constructed and solved in this work 
are compared with the experimental results of Kasraian and DeLuca [7] and the agreement 
between the theoretical and the experimental results is found to be good. Therefore, this 
work considered the necessary and very important research problem stated in item (a) 
above and provides a satisfactory solution to this important research problem. 

2. Thermodynamic Models and Methods 
The thermodynamic equilibrium of a species between its pure liquid phase and its frozen 
mixture can be represented by  

( ) tri tri tri tri

tri

ln 1 1
fus sl

P
i i

H T T TCx
RT T R T T

γ
 ∆ ∆   ≈ − − − +    

    

*

ln    ,                       (1) 

where xi and γi are the mole fraction and activity coefficient of species i, respectively, and 
l* represents its subcooled liquid state at a temperature below its triple point (Ttri). Equation 
(1) has also been used as a means to predict solid-liquid equilibrium for mixture systems. 
For the binary frozen mixture of water and TBA, its experimental solid-liquid equilibrium 
phase diagram as demonstrated by Kasraian and DeLuca [7] is quite complex and has two 
eutectic points. The water-rich region forming pure solid ice and the TBA-rich region 
forming pure solid TBA were first read from the phase diagram [7] to estimate γi based on 
Eq. (1) and compared with those estimated by the modified UNIFAC (Dortmund) group 
contribution method [8]. For this purpose, the needed triple point and molar heat of fusion 
at Ttri (∆Htri) are 273.16 K and 6004 J/mol for water and 298.96 K and 6700 J/mol for TBA 
(National Institute of Standards and Technology, NIST WebBook), respectively. Within the 
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temperature ranges, the heat capacity difference, sl l s
P P PC C C∆ = −* * , for water is correlated 

into ( )234 784 69 924 0 1051 8 323
229 760

T
T
 + − + − 

. . . .
.

 J/mol-K, T in K, while for TBA it is based 

on tri
l l
PC C= =* 2125.37 J/mol-K (NIST WebBook) and s

PC  interpolated from the reported 
experimental data [9]. The activity coefficients are shown in Fig. 1 where the levels of 
agreement could be considered practically satisfactory, especially for the water-rich region, 
when there is a lack of both experimental data and an alternative theoretical approach.  
 
Despite their importance to the freeze drying operation as well as to the intended 
mathematical modeling, the partial pressures of the water and TBA vapors above their 
frozen binary mixtures appear not to have been measured experimentally or reported in the 
literature. Instead, only the total pressures of the eutectic mixtures at 90 wt% TBA (xTBA = 
0.6863) have been measured and correlated [10]. In order to further verify the practical 
usefulness of the thermodynamic methods and models employed and presented in this 
work, the UNIFAC (Dortmund) method was applied in the following approach to estimate 
the total eutectic pressures,           

( )tot W TBA W W W TBA W TBA1l lP P P x P x Pγ γ= + = + −* *    .                                (2a) 

( )W
45054 1 1Pa 612exp

273 16
lP

R T
  = − −    

*

.
    ,   T in K   .                  (2b) 

( )TBA
5583 5Pa exp 27 925lP

T
 = − + 
 

* . .     ,    T in K   .                            (2c) 

It is clear from the results presented in Fig. 2 that the thermodynamic approach presented 
here is able to produce the eutectic pressures satisfactorily within the ranges measured by 
experiments. The approach presented here could thus be considered a useful and reasonable 
one, especially in the absence of experimental thermodynamic data as currently is the case, 
for estimating the partial pressures of water and TBA vapors at other compositions in 
equilibrium with their  binary frozen solid mixtures. 
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Fig. 1 Activity coefficient as a function of 
the TBA concentration    

Fig. 2 Total pressure of eutectic mixtures at 
xTBA = 0.6863 
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The partial pressures of water and TBA vapors resulting from the approach presented here 
at different temperatures and water mole fractions in the binary frozen solid phase are 
plotted in Fig. 3, while the total pressure resulting from adding the two partial pressures 
together is plotted in Fig. 4. It should be noted that the highest temperature selected to be 
considered here is -8.3 °C because this is the lower eutectic temperature below which the 
binary mixtures are frozen solids over the entire compositional range [7,10]. To incorporate 
the results of the partial vapor pressures into a future mathematical modeling study of the 
freeze drying process, well-correlated analytical expressions are much more desirable. For 
this purpose, only the activity coefficients, as indicated by Eqs. (2a)-(2c), need to be 
correlated. The functional form of the Non-Random Two-Liquid (NRTL) activity model 
was found to provide excellent correlations for the partial pressures with the following 
temperature-dependent parameters where R is the ideal gas constant and T is in K, 

( )

2
2W 21 21 12 12

W TBA 2
W W TBA 21 TBA W 12

/ln ln P b G G b RTx
x RT x x G x x G

γ
    
 = = +   + +     
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It is worth noting here that, as pure species or as components with the same mole fractions 
in the frozen solid mixtures, water has noticeably lower sublimation partial pressures (see 
Fig. 3) than those of TBA vapor and the resulting total pressure in the porous dried layer of 
 

 

 

 

 

 

 

 

 

 
Fig. 3 Partial vapor pressure as a function of 
temperature and water mole fraction in the 
binary frozen solid mixture    

  Fig. 4 Total vapor pressure as a function of 
 temperature and water mole fraction in the  
binary frozen solid mixture 
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the product being freeze dried is significantly higher than in the case where water was the 
only solvent and, thus, the resulting total pressure gradient between the moving interface 
and the drying chamber pressure could be larger and provide an increase in the total 
convective mass transfer rate of the water and TBA gas mixture due to the presence of 
TBA. Therefore, TBA could sublime faster during primary drying and facilitate the mass 
transfer of water vapor from the frozen product and possibly reduce the primary drying 
time. But there are additionally two diffusion mass transfer mechanisms occurring 
simultaneously with convective mass transfer in the porous dried layer of the product, 
namely Knudsen and bulk diffusion. The Knudsen diffusivity is independent of total 
pressure, but it has dependencies on temperature and molecular mass. Taking a 
representative pore radius of 1000 Å, the Knudsen diffusivities [11] of water and TBA 
vapors in the porous dried layer were calculated and plotted in Fig. 5. As expected, water 
being lighter than TBA  by a factor of approximately 4, has a Knudsen diffivisity about two 
times larger than that of TBA. The binary bulk diffusivity [11] is affected by both 
temperature and total pressure, which are both varying during freeze drying. Given the low 
total pressure condition (see Fig. 4) and considering the effective collision diameters of 
water and TBA being 2.64 Å [12] and 5.40 Å [13], respectively, the binary bulk 
diffusivities were calculated [11] and are represented by solid curves in Fig. 6 where the 
total vapor pressures are also included (dashed curves) for reference. Even the lowest bulk 
diffusivity in the range occurng at -8.3 °C and xTBA ≈ 0.85 is still 50-100 times greater than 
the Knudsen diffusivities of water and TBA vapors.       

Enthalpically, water and TBA have very similar heats of sublimation, both around 51 
kJ/mol [10,14], so their frozen binary mixtures also require a similar heat of sublimation 

[10].  This fact likely reduces the number of variables to control when devising an optimal 
heating strategy for the freeze drying process. In this respect, the system temperature cannot 
exceed -8.3 °C as it is the lowest melting temperature of the frozen water-TBA mixtures 
over the entire compositional range, which is also an eutectic point [7] occurring at 17.8 wt% 
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Fig. 5 Knudsen diffusivity of water and  
TBA as a function of temperature    

Fig. 6 Binary bulk diffusivity and total vapor 
pressure as a function of temperature and water 
mole fraction in the binary frozen solid mixture 
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TBA (xTBA = 0.05). Similar heats of sublimation also attest, from the viewpoint of the 
Clausius–Clapeyron equation, the constantly higher pressures of TBA vapor over those of 
water vapor, and hence faster removal of TBA than water could occur during the primary 
drying stage of the freeze drying process. But the above data still point to water being a 
major process controlling species with respect to system constraints that have to be satisfied 
in the freeze drying process of pharmaceutical water solutions with TBA as a co-solvent. 

3. Conclusions 

Due to the limitations of current experimental techniques, a new class of physicochemical 
mathematical models is needed in order to enable rational physical and quantitative 
evaluation of the freeze drying process of pharmaceutical water solutions involing tertiary 
butyl alcohol (TBA) as a co-solvent. The construction and solution of such models require 
knowledge of the vapor pressures of water and TBA in equilibrium with their binary frozen 
solid mixtures, but these pressure data were not available to date. A thermodynamic 
approach based on the UNIFAC method coupled with the Dortmund parameters was 
developed to provide the needed pressure data as a function of temperature and of the mole 
fraction of the binary frozen solid mixture of water and TBA. The results have further been 
correlated into analytical expressions using a NRTL type model function. The results 
indicate the TBA vapor pressues to be constantly higher than those of water vapor and this 
leads to higher total pressure gradients in the porous dried layer of the product that could  
increase the convective mass transfer rates and support the experimental observation that 
TBA is removed relatively faster than water during the primary drying stage. When the  
bulk and Knudsen diffusion coefficients were evaluated under the temperatures and total 
vapor pressures that could be encountered in freeze drying, the former was found to be at 
least 50-100 times higher in magnitude than the latter. But the higher in magnitude total 
pressures of the binary gas mixtures of water and TBA which are due to the significantly 
larger vapor pressures of TBA, reduce the magnitude of the bulk diffusion coefficient. 
Furthermore, the Knudsen diffusion coefficient of TBA vapor is significantly smaller than 
that of water vapor. These effects on the magnitudes of the diffusivities could affect the 
mass transfer rates due to bulk and Knudsen diffusion during the primary and secondary 
drying stages. To ascertain the relative importance of the competing mass transport 
mechanisms of convection and bulk and Knudsen diffusion on the drying rates, one has to 
construct and solve an unsteady-state and spatially multi-dimensional freeze drying model 
that accounts for the effects of TBA presented here, while the thermodynamic expressions 
developed and presented in this work are a necessary component of the mathematical 
physics structure of such a model.  
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