Document downloaded from:

http://hdl.handle.net/10251/120546
This paper must be cited as:

Cordero Barbero, A.; Guasp, L.; Torregrosa Sanchez, JR. (2018). CMMSE2017: On two
classes of fourth- and seventh-order vectorial methods with stable behavior. Journal of
Mathematical Chemistry. 56(7):1902-1923. https://doi.org/10.1007/s10910-017-0814-0

The final publication is available at

http://doi.org/10.1007/s10910-017-0814-0

Copyright - gpringer-Verlag

Additional Information



@ Springer
Dear Author,

Here are the proofs of your article.

* You can submit your corrections online, via e-mail or by fax.

* For online submission please insert your corrections in the online correction form. Always
indicate the line number to which the correction refers.

*  You can also insert your corrections in the proof PDF and email the annotated PDF.

* For fax submission, please ensure that your corrections are clearly legible. Use a fine black
pen and write the correction in the margin, not too close to the edge of the page.

* Remember to note the journal title, article number, and your name when sending your
response via e-mail or fax.

*  Check the metadata sheet to make sure that the header information, especially author names
and the corresponding affiliations are correctly shown.

*  Check the questions that may have arisen during copy editing and insert your answers/
corrections.

*  Check that the text is complete and that all figures, tables and their legends are included. Also
check the accuracy of special characters, equations, and electronic supplementary material if
applicable. If necessary refer to the Edited manuscript.

* The publication of inaccurate data such as dosages and units can have serious consequences.
Please take particular care that all such details are correct.

* Please do not make changes that involve only matters of style. We have generally introduced
forms that follow the journal’s style.
Substantial changes in content, e.g., new results, corrected values, title and authorship are not
allowed without the approval of the responsible editor. In such a case, please contact the
Editorial Office and return his/her consent together with the proof.

* If we do not receive your corrections within 48 hours, we will send you a reminder.

* Your article will be published Online First approximately one week after receipt of your
corrected proofs. This is the official first publication citable with the DOI. Further changes
are, therefore, not possible.

* The printed version will follow in a forthcoming issue.
Please note

After online publication, subscribers (personal/institutional) to this journal will have access to the
complete article via the DOI using the URL: http://dx.doi.org/[DOI].

If you would like to know when your article has been published online, take advantage of our free
alert service. For registration and further information go to: http://www.link.springer.com.

Due to the electronic nature of the procedure, the manuscript and the original figures will only be
returned to you on special request. When you return your corrections, please inform us if you would
like to have these documents returned.


http://www.link.springer.com

Metadata of the article that will be visualized in

OnlineFirst

Please note: Images will appear in color online but will be printed in black and white.

ArticleTitle

CMMSE2017: On two classes of fourth- and seventh-order vectorial methods with stable behavior

Article Sub-Title

Article CopyRight

Journal Name

Springer International Publishing AG
(This will be the copyright line in the final PDF)

Journal of Mathematical Chemistry

Corresponding Author Family Name Cordero
Particle
Given Name Alicia
Suffix
Division Instituto de Matematica Multidisciplinar
Organization Universitat Politécnica de Valéncia
Address Camino de Vera, s/n, 46022, Valencia, Spain
Phone
Fax
Email acordero@mat.upv.es
URL
ORCID http://orcid.org/0000-0002-7462-9173
Author Family Name Guasp
Particle
Given Name Lucia
Suffix
Division Instituto de Matematica Multidisciplinar
Organization Universitat Politécnica de Valeéncia
Address Camino de Vera, s/n, 46022, Valencia, Spain
Phone
Fax
Email luguaal@ade.upv.es
URL
ORCID
Author Family Name Torregrosa
Particle
Given Name Juan R.

Suffix
Division
Organization
Address
Phone

Fax

Email

Instituto de Matematica Multidisciplinar
Universitat Politécnica de Valéncia

Camino de Vera, s/n, 46022, Valencia, Spain

jrtorre@mat.upv.es



URL

ORCID
Received 25 July 2017
Schedule Revised
Accepted 21 September 2017
Abstract A family of fourth-order iterative methods without memory, for solving nonlinear systems, and its seventh-

order extension, are analyzed. By using complex dynamics tools, their stability and reliability are studied
by means of the properties of the rational function obtained when they are applied on quadratic
polynomials. The stability of their fixed points, in terms of the value of the parameter, its critical points
and their associated parameter planes, etc. give us important information about which members of the
family have good properties of stability and whether in any of them appear chaos in the iterative process.
The conclusions obtained in this dynamical analysis are used in the numerical section, where an
academical problem and also the chemical problem of predicting the diffusion and reaction in a porous
catalyst pellet are solved.

Keywords (separated by '-')

Nonlinear system of equations - Iterative method - Dynamical and Parameter planes - Stability

Footnote Information

This research was partially supported by Ministerio de Economia y Competitividad MTM2014-52016-
C02-2-P and Generalitat Valenciana PROMETEO/2016/089.

This is one of several papers published together in Journal of Mathematical Chemistry on the “Special
Issue: CMMSE 2017”.




S
o
o
il
[a W
-
o
=
+—
=
<

J Math Chem @ CrossMark
DOI 10.1007/s10910-017-0814-0

ORIGINAL PAPER

CMMSE2017: On two classes of fourth- and
seventh-order vectorial methods with stable behavior

Alicia Cordero!® - Lucia Guasp! -
Juan R. Torregrosa!

Received: 25 July 2017 / Accepted: 21 September 2017
© Springer International Publishing AG 2017

Abstract A family of fourth-order iterative methods without memory, for solving
nonlinear systems, and its seventh-order extension, are analyzed. By using complex
dynamics tools, their stability and reliability are studied by means of the properties

of the rational function obtained when they are applied on quadratic polynomials.
The stability of their fixed points, in terms of the value of the parameter, its critical

points and their associated parameter planes, etc. give us important information about

which members of the family have good properties of stability and whether in any of

them appear chaos in the iterative process. The conclusions obtained in this dynamical
analysis are used in the numerical section, where an academical problem and also the
chemical problem of predicting the diffusion and reaction in a porous catalyst pellet

are solved.

Keywords Nonlinear system of equations - Iterative method - Dynamical and
Parameter planes - Stability

This is one of several papers published together in Journal of Mathematical Chemistry on the “Special
Issue: CMMSE 2017”.

This research was partially supported by Ministerio de Economia y Competitividad
MTM2014-52016-C02-2-P and Generalitat Valenciana PROMETEO/2016/089.

B4 Alicia Cordero
acordero@mat.upv.es

Lucia Guasp
luguaal @ade.upv.es

Juan R. Torregrosa
jrtorre @mat.upv.es

Instituto de Matemadtica Multidisciplinar, Universitat Politecnica de Valéncia,
Camino de Vera, s/n, 46022 Valencia, Spain

@ Springer

a Journal: 10910-JOMC Article No.: 0814 MS Code: JOMC-D-17-00191.0 [ TYPESET [ DISK [_|LE [_| CP Disp.:2017/9/26 Pages: 22 Layout: Small-X



http://crossmark.crossref.org/dialog/?doi=10.1007/s10910-017-0814-0&domain=pdf
http://orcid.org/0000-0002-7462-9173

J Math Chem

1 1 Introduction

15 To find the solution x* of a nonlinear equation f(x) =0, f : I C R — R, ora
16 nonlinear system F(x) =0, F : D € R" — R", is a classical and difficult problem
17 with many applications in Science, specifically in Chemistry, and Engineering. The
18 design and analysis of the stability properties of fixed point iterative schemes for
19 solving equations and systems of nonlinear equations is an important and challenging
20 task in the field of Numerical Analysis. Many problems from Chemistry consist in
21 finding chemical potentials that are basic for studying other thermodynamic properties:
22 the modeling of such potential leads to nonlinear integral equations that can be reduced
23 toasetofnonlinear algebraic equations (see [ 16] for example). In the reaction-diffusion
24 equations that arise in autocatalytic chemical reactions (see [15]), iterative methods
25 can be applied; also in the analysis of electronic structure of the hydrogen atom inside
26 strong magnetic fields (see [12]). Moreover, numerical performance of some chemical
27 problems allows us to check the models of observable phenomena [13].

28 Recently, many researchers have dedicated their effort to design iterative methods
20 for solving these type of problems, see for example [1] and [18] and the references
s therein. However, when a whole family of iterative procedures have similar numerical
a1 characteristics, as the order of convergence, optimality, ..., one important aspect to be
»2 taken into account is the stability of the involved schemes, that is, their dependence
a3 on the initial estimations and their tendency to be “attracted” by false solutions. These
s« aims can be managed by analyzing the dynamical behavior of the rational operator
35 associated to the iterative method on low degree polynomials, as have been done by
s other authors in, for example [2-5,8,14,17].

37 Our goal in this paper is to carry out a dynamical study of a parametric family
s of iterative methods designed for solving nonlinear systems of equations F(x) = 0,
s where F : D C R" — R", n > 1. The idea for constructing this class appears
40 in [9] where by using the method of undetermined parameters, a method of order 5
4 with three steps is presented. Also a general extension of order p + 3, where p > 5
42 is demonstrated when successive steps are added with the same structure. In this
43 manuscript, we present a parametric family including that fifth-order scheme and a
4 class of order of convergence seven including the family of order eighth from [9]. By
45 using tools of complex dynamics, we analyze the stability of the fixed points of the
4 rational operator that appears when our families are applied on an arbitrary second
47 degree polynomial. The parameter plane associated to each critical point gives us
4 important information about the stability of the elements of the family and which of
49 them have unstable behavior.

50 Many problems in chemical engineering are described by means of ordinary dif-
st ferential equations or partial differential equations with initial or boundary conditions
s2 [19,20]. In the numerical section, we transform, by means of divided differences, a
ss nonlinear boundary value problem with non-Dirichlet conditions in a nonlinear sys-
s« tem, whose solution is an approximation of the solution of the boundary value problem
ss in a set of discrete points of the domain. This problem allows us to predict the diffusion
s and reaction in a porous catalyst pellet.

57 In this manuscript we separate the analysis of the stability of two high-order fami-
ss  lies of iterative methods in two distinct sections: in Sect. 2, the behavior of the rational
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s function related to the fourth-order family is made, by calculating their fixed and crit-
e ical points, studying the stability of these fixed points, calculating the parameter plane
¢t associated to the family and representing some dynamical planes describing different
e2 behavior: stability, periodic orbits, .... In Sect. 3, a seventh-order parametric family
ss with one element of order eight is proposed and their stability properties are analyzed
e« 1in a analogous way. All this information will allows us to select those members of
es both classes with better stability properties, in order to be checked with a chemical
e problem on a porous catalyst pellet. Finally, some conclusions are stated.
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& 2 Fourth-order class: convergence and stability

es By adding anew step to Newton’s method, we construct the following two-step scheme

o0 yO =x® O FG®), k=0,1,...,
. D =y (o] + ol F/ O F ()
2
. a3 (IF O F @) ) FOOT PO,

72 where a1, o and a3 are free parameters.
73 The following result establishes the convergence of family (1), whose proof is
7+ similar to that presented in [9].

75 Theorem 1 Let F : D C R" — R", n > 1 be a sufficiently differentiable function in
% aconvexset Dandx* € D arootof F(x) = 0. Choosing an initial approximation x©
77 close enough to x*, the iterative scheme defined by (1) has fourth-order convergence
78 when ap = 2 — 201 and a3z = o1 — 1, being ay a free parameter. In particular, if
9 o] = %, then method (1) has order five.

so Proof In Theorem 1 of [9] it is proved that the error equation of this class is, under

a1 the hypothesis of the system and by using Taylor expansion of the involved functional
sz evaluations around x*,

5 R [all + a[F (") F (x®)
2
o a3 ([F G FD)) } [F' O~ Fo®)
85 =41 —a; —ay — Ol3)C2e(k)2 + [2(—1 +a; — ag)C%
86 +2(1l —a; —ap —053)C3:| e(k)3 + [4(—1 4+ a1 — a3)C2C3
o7 +3(—1 +ay — 3)C3Cy + (4 — 3a; + 302 + 53)C3
" £3(1—ay —ar —a3)Cale® 0 <e<k>5),

s where C; = (1/g)[F'(x)]7'F@D(x*), g > 2, e**D = x&+D _ x* and ¢, ® =
o y® — x* We observe that Cyh? € R" since F@(x*) e LR" x --- x R* R") and
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o [F'(x®]7! € L(R"). In order to achieve order of convergence four, the coefficients
2 3 .
e of e¢®” and ¢®~ must be simultaneously null and then parameters a1, o> and o3 must

o3 satisfy

"‘5‘ l—a; —ay—a3 =0,

o 94 1 _ O

5: —1l 4o —o3 =0.

E os From this system, it is straightforward that oy = 2 — 21 and @3 = o1 — 1 and the
< 96 thesis is proved. O
=

< o7 Once we know that all the methods of these class have, at least, order of convergence

es four, we want to analyze which is the relation between the values of the free parameter
e «p and the stability of the corresponding iterative method? By using the tools of
10 complex discrete dynamics, we are going to study the general convergence of the
101 families on quadratic polynomials. To get this aim, we firstly recall some dynamical
12 concepts (a wider revision of these aspects can be found in [6,11]). Given a rational
s function R : C — C, where C is the Riemann sphere, the orbit of a point zp € Cis
104 defined as:

10 {z0, R (z0), R*(z0),...,R" (20),...}.

106 We analyze the phase plane of the map R by classifying the starting points from the
107 asymptotic behavior of their orbits. A zg € Ciscalleda fixed point if R (zp) = zo. Itis
10e aparticular case of a periodic point zo of period p > 1isapointsuch that R?” (z9) = zo
e and R¥ (z9) # zo, for k < p. However, a pre-periodic point is a point zo that is not
1o periodic but there exists a k > 0 such that R¥ (z¢) is periodic. Also a critical point zg is
11 a point where the derivative of the rational function vanishes, R’ (zg) = 0. Moreover,
12 a fixed point zg is called attractor if |R'(z0)| < 1, superattractor if |R'(z9)| = O,
1s  repulsor if |R'(z0)| > 1 and parabolic if |R'(z0)| = 1.

114 The basin of attraction of an attractor z* is defined as:

115 A(a) ={z0 € C:R" (z0) =>z*, n—o0}.

1ns The immediate basin of attraction of an attractor is the connected component of its
117 basin of attraction that holds the attractor.

118 The Fatou set of the rational function R, F (R), is the set of points z € C whose
1o orbits tend to an attractor (fixed point, periodic orbit or infinity). Its complement in
120 C is the Julia set, J (R). That means that the basin of attraction of any fixed point
121 belongs to the Fatou set and the boundaries of these basins of attraction belong to the
122 Julia set.

123 The following theorem establishes a classical result of Fatou and Julia that we use
124 in the study of parameter space associated to the family.

125 Theorem 2 Let R be a rational function. The immediate basin of attraction of an
126 attracting fixed or periodic point holds, at least, a critical point.

127 By using this result, one can be sure to find all the stable behavior associated to a
128 rational function R, by analyzing the performance of R on the set of critical points.
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129 Itis known that, if the iterative method satisfies the Scaling Theorem (and family (1)
1o does, as it used first-order derivatives [2]), the roots of a polynomial can be transformed
131 by an affine map with no qualitative changes on the dynamics of the family. So, we

k= 132 can use a generic quadratic polynomial p(z) = (z — a)(z — b). The rational operator
o 13s  obtained when family (1) is applied on p(z) has the expression:
=y
—
o) (a—2)(b—2) 2 2
5 134 Tp,al,a,b(z) = m +z4+@—2)°(b—2)
> 4 14 3 3 2.2 3
< (@ +b*—4a’z —4b°z +4(1 + a1)b"z° — 81 bz
X
" (a +b —2z)(a? 4 b — 2az — 2bz + 272)3

4ozt — daz((—1 + 201)b? + (2 — da1)bz + 2012%)
(a+b—2z7)(a?+ b? —2az — 2bz +272)3
a’((=2 + 4a1)b? + (4 — 8ay)bz + 4(1 + a1)72))
" (a+b—27)(a®+ b2 — 2az — 2bz + 272)3 }

136

138 depending on parameter o1 and also on the roots of the polynomial a and b.
139 Blanchard in [6] considered the conjugacy map 4 (z) = %, (a Mobius trans-
7 —

10 formation) with the following properties:
11 1) h(oo) =1, 1ii) h(a) =0, iii) h(b) = oo,

122 and proved that, for quadratic polynomials, Newton’s operator is conjugate to the
us rational map z2, that is it satisfies Cayley’s test (see [5]). In an analogous way, operator
14s Ty 4 a,p(2) on quadratic polynomials is conjugated to operator Oy, (2),

5—day +277 + 4
—1 =222 + =574 + 4o 24

s Ou, (2) = (h 0 Tpoayap © h”) (@) = —z* )

s We observe that parameters a and b have been obviated in Oy, (z).

17 2.1 Analysis of the fixed and critical points

us  Firstly, we study the fixed points of the rational function Oy, (z) that are not related
1a9  with the original roots of the polynomial p(z) (called strange fixed points), and the
10 free critical points, that is, the critical points of Oy, (z) different from 0 and oo, which
151 are associated to the roots of p(z).

152 Fixed points of Oy, (z) are the roots of equation Oy, (z) = z, thatis,z =0,z = oo
153 and the strange fixed points ex (1) = 1 and the roots of the polynomial

154 r(Oll,Z)=1+Z+322+(—2~|—4a1)z3+3z4+15+z6,
15 that are denoted by ex;(x1), i = 2,3, ..., 7. By analyzing the common roots of the

16 polynomials involved in numerator and denominator of rational function Oy, (2), it
157 can be also stated which are the values of parameter o such that the number of fixed
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158 points decreases, as these are possible elements of the family with better stability, to
150 be analyzed later deeply. These results are summarized in the following result.

1o Proposition 1 Rational function Og,(z) has seven strange fixed points, ex)(«1) =

ug w1 1 (if a1 # 2) and the roots of the polynomial r(ay, z), denoted by exi(«y), i =

5: we  2,3,...,7, except in the following cases:

5 w (i) Ifay = 1, then the operator is 01(z) = z*, so there are no strange fixed points,

= 164 and the corresponding element of family (1) satisfies Cayley test.

2 1es (i) If oy = 2, then the operator is 03(z) = —14%. There are only five strange
166 fixed points as fixed point equation is reduced to z(z4+1)(1—z+4z%> —z23+z*) = 0.
w7 (i) Ifa; = =2, O_1(z) = Z4% and there are only five strange fixed point
168 (as ex> (1) = ex3(ay) = 1), that correspond to the roots of polynomial 1+ 3z +
169 822 + 373 + %

170 Of course, as the order of the iterative method is greater than two, z = 0 and z = oo
171 are superattracting fixed points but, which is the character of the rest of fixed points?
172 To answer this question, 0&1 (exi(er)), i = 1,2, ..., 7 must be analyzed. In case of
17s exy(ay),itis easy to check that O(;l (1 =-— 0“4—_2, so the following result can be stated.

172 Theorem 3 The character of the strange fixed point exi(a1) = 1 of the rational
175 function Oy, (2), a1 # 2, is as follows:

1we (1) If a1 — 2| > 4, then ex1(«1) = 1 is an attractor.
177 (i1) When |oy — 2| =4, ex1(a1) = 1 is a parabolic point.
w7s (i) If |ay — 2| < 4, then exi(a1) = 1 is a repulsor.

179 InFig. 1, the stability function | O, (1)|is represented in the complex plane, showing
180 a circle where this strange fixed point is repulsive, that is, where the original methods
181 will not diverge. Moreover, it can be checked that strange fixed points ex; (1), i =
w2 2,3,4,5 are repulsive for all complex values of o1 and exg(o) and ex7(xy) are
18a simultaneously attracting in a region close to the origin. The analysis of the stability
8¢ of strange fixed points ex;(«), i = 2, 3,4, 5 shows that they are repulsive for any
1ss  value of the parameter. As they have not explicit expressions, we plot in Fig. 2, their
16 stability regions of all strange fixed points ex; («1), i = 1, 2, ..., 7 (Fig. 3).
187 As we have stated previously, a classical result from Julia and Fatou establishes that
18 there is, at least, one critical point associated with each invariant Fatou component.
180 Due to the order of convergence of the methods under study, it is clear that z = 0 and
10z = oo (related to the roots of the polynomial by means of Mobius map) are critical
101 points and give rise to their respective Fatou components, but there exist in the family
1.2 some free critical points, some of them depending on the value of the parameter, that
1a can be held in other components of Fatou set and give rise to other attracting behavior.

194 By analyzing the equation Oy, (z) = 0, we obtain that it can be reduced to
3 2\? 2 4 2, .4
195 z (l+z) (—5+2Z — 5z +4a1(1—z —i—z)):O.
196 Then, z =i and z = —i are always free critical points but they must not be taken into

197 account to analyze the quantity of possible stable behaviors, in terms of Fatou—Julia
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(b)

Stability regions of some strange fixed points. a |0(’x1 (exi(a1))], i =6,7,b |O(§t1 (exi(a1))], i =
5

Fig.
2,3

2
.4,

Theorem, as both are pre-images of z = 1, that is a strange fixed point. As both critical
points “converge” to z = 1, they will be the responsible of its attractive behavior, when
it happens (see Theorem 3).

On the other hand, other four free critical points appear as roots of polynomial
—5 + 4o 4 (2 — 4a1)z% + (=5 + 4ay)z* that can be immediately obtained by the
change of variables t = Z2, as

14+ 2V3/=(2Fa) (=1 +aj) — 2a4

= 5 4oy and
o Tl 2V 2 e (ST ) + 20
*T =5+ 4o ’

resulting the rest of free critical points z = /71 and z = %./1;. These results have
been summarized in the following proposition.

Proposition 2 The number of free critical points of rational function Oy, (2) corre-
sponding to family (1) is:
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Fig. 3 Parameter plane Py associated to crj(«1),i =3,4,5,6

(a) None, if a1 =1, as there is no free critical points of operator Og, (2).

() Two, ifa; =2 or o) = %, as in this case z = —i and z = i are the only free
critical points. Moreover; the order of convergence of the method corresponding
5 6 (242%)

to ay = 7 increases to sixas Os(z) =z G

(c) In any other case, the free critical points are:

cri(ay) = —i,

cra(ay) =i,

1 — 201 +2+/3,/—2 + 31 — o 1

cr3(ar) = — 5 _ 4, =—C’"4(051)=m,
—1 4201 +2¢/3,/—2+3a; — o
cre(og) = =5 4o =—Crs(a1)=m~
Let us remark that cri(o;) and crp(oq) are pre-images of z = 1 and cr3(oq)
and crs(ap) are conjugated, as well as cra(a1) and crg(o1). Moreover, the rational
function Oy, (z) has only even powers and it is satisfied crg(ct;) = —crs(aq) and
cr3(ay) = —cra(ay). So, we only have one independent free critical point, whose
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asymptotic behavior will determine if can be some attracting elements in the phase
space, apart from those coming from the roots of the polynomial.

2.2 The parameter and dynamical planes

The parameter space associated with an independent free critical point of operator is
obtained by associating each point of the complex plane with a value of «1, i.e., with
an element of family. Every value of the parameter belonging to the same connected
component of the parameter space gives rise to subsets of schemes of the family with
similar dynamical behavior. So, it is interesting to find regions of the parameter plane
as much stable as possible, because these values of the parameter will give us the best
members of the family in terms of numerical stability.

When we consider the independent free critical point of operator Oy, (z) as a starting
point of the iterative scheme of the family associated to each complex value of o1, we
paint this point of the complex plane in red if the method converges to any of the roots
(zero and infinity) and they are black in other cases. The color used is brighter when
the number of iterations is lower. Then, the parameter plane Pj is obtained. A mesh of
1000 x 1000 points has been used, 500 has been the maximum number of iterations
involved and 1073 the tolerance used as a stopping criterium (see [7]).

We obtain an only parameter plane due to the fact that cr4 (1) is equal in module
to cre(oe1) and the operator’s powers are even numbers. We can observe that the best
real values of the parameter o] are between 1 and 2, as the only allowed convergence
of the methods is to the roots of the original polynomial (to 0 and oo after Mobius
transformation), and a complex region of values of the parameter associated to stable
elements of the family (in red in the parameter plane) is identified.

Now we show, by means of dynamical planes, the qualitative behavior of the differ-
ent elements of the family. We select these elements by using the conclusions obtained
by analyzing the parameter plane and the stability analysis made on fixed points.

The dynamical plane associated to a value of the parameter, that is, obtained by
iterating an element of family, is generated by using each point of the complex plane
as initial estimation (we have used a mesh of 400 x 400 points). We paint in blue
the points whose orbit converges to infinity, in orange the points converging to zero
(with a tolerance of 1073), in other colors (green, red, etc.) those points whose orbit
converges to one of the strange fixed points (all fixed points appear marked as a white
star in the figures) and in black if it reaches the maximum number of 40 iterations
without converging to any of the fixed points. In Fig. 4 (obtained by using the software
in [7]), we show the dynamical planes corresponding to stable values of the parameter,
specifically oy = 1, oy =2 and o1 = 0.5.

On the other hand, unstable behavior is found when we choose values of o in the
black region of parameter plane. In Fig. 5, dynamical planes corresponding to values
of parameter & = 3, «; = 3.5 and oy = —1.5 are presented. In Fig. 5a, b we can
observe periodic orbits of period two, while in Fig. Sc four basins of attraction appear,
two of them corresponding to 0 and oo (associated to the roots of p(z)) and the other
ones are the basins of attraction of the strange fixed points ex; («1), i = 5, 6, that are
attracting for this value of the parameter, as &y = 0.5 has been selecting in size of the
disk defined by the stability function of these fixed points (see Fig. 2a).
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Fig. 4 Some dynamical planes with stable behavior. ao; = l,ba; =2, ca; =0.5
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Fig. 5 Dynamical planes with unstable behavior. a«; =3,ba; =3.5,ca; = —1.5

3 Increasing the order: How does the stability changes with the order of
convergence?

Now, our aim is to improve the order of convergence of family (1) with a new step
with a similar structure as the last one of fourth-order. Once its order is stated, we
analyze its stability and compare with that obtained in the previous section. We take
a] = ?T in (1) (fifth-order of convergence for any nonlinear function and only two
critical points in the dynamical analysis that are pre-images of the strange fixed point
z = 1, on quadratic polynomials) and add one step to increase the order of the method
to seven or eight, obtaining the following expression

D = — (/311 + Bl F DI F (D)
+ B3 ([F’<y<k>)]‘F/<x<")))2> FOO )3

fork = 0,1,..., where y® = x® — [F/(x®)]71F(x®) and +® are the first and
second steps, respectively, of class (1). The following result gives us the values of the
parameter that highly improve the order of convergence.
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231 Theorem 4 Let F : D C R" — R", n > 1 be a sufficiently differentiable function in
22 aconvex set D and x* € D aroot of F (x) = 0. Choosing an initial approximation x©
;s close enough to x*, the iterative scheme defined by (3) has seventh-order convergence
e8¢ when By = —2(B1 — 1) and B3 = B1 — 1, being By a free parameter. Specifically, if
e85 P = % then method (3) has order eight.

286 In a similar way as it was made in Sect. 2, the rational function of the operator on
27 p(z) = (z —a)(z — b) is denoted by T), g, 4,»(2z) and it depends on parameter 8 and
288 also on the roots of the polynomial @ and b. However, by means of the Mobius map

w0 h(z) = S Z, operator T g, 4,5(z) is conjugated to operator Op, (z) on quadratic
200 polynomials, where

G
]
]
S
(=W}
-
o
=
+—
=
<

291 0/31 () = (h o Tp,al,a,b o h_l) (2)

s QHzDO+1822+ 1824 415204624210 —4p, (142:%))
(14222)(—1—622— 1524 — 1820+ 2(—9+4B1)z8+ (—6+4B1)z10)’

292 =

203 Where the parameters a and b have been obviated. Let us remark that, although the
204 order of convergence of the members of the family is, in general, seven, the eighth-
205 power of the rational function shows us that, on quadratic polynomials, the order is
206 at least, eight. In an analogous way as it has been done for the fourth-order family in
207 the previous section, we analyze in the following the fixed and critical points, in order
208 to detect those elements of the class with better stability properties and compare the
209 Obtained results.

a0 3.1 Analysis of the fixed and critical points

asor  Inthis case, the fixed points of the operator are the roots of equation Og, (z) = z, thatis,
a2z = 0,z = oo and the strange fixed points ex1(81) = 1 and the roots of the polynomial
ws (Bl z) = 1424922 +923 +36z% +362° +84z° + (72 +8B1)2 + 12628 + (84 +
so0 2081)2° + 126210+ (724 8B1)z' +84712 436713 436214 +9715 497104717 4 218,

305 Therefore, there exist nineteen strange fixed points, except if f; = — %, the
sos rational function is there are sixteen strange fixed points.
307 In order to classify them depending on their asymptotic behavior, we calculate the

as  first derivative of Og, (2):

g7 P @PIB + 922 — 1627 4920 + 82F) — 38+ 1922 4 102 + 19:° + 82F))
(1+222)2(—1 4+ 22z + 22)(—=3 — 622 — 62* + (—6 + 41)2%))?

309 0231 (2) =

a0 which has only even powers, as in the fourth-order case.
311 As it is proven in the following result, the stability of the first strange fixed point
sz of Op, (z) depends on the value of the parameter, existing a disk in the complex plane
a3 where it is repulsive and, therefore, the original methods will not diverge (see Fig. 6).
a4 Let us remark that this area is much bigger than that obtained in case of order four.

16
3 »

sis  Theorem S The character of the strange fixed point ex1(f1) = 1, B1 # is as

316 follows:
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Fig. 6 Stability function |Og, (ex1(B1)) |

(i) When |,81 32| > @ , ex1(B1) = 1 is an attractor.
(i) If |pr — 32| =%° exl(ﬂl) = 1 is a parabolic point.
(iii) When |,31 32| < @ then ex1(B1) = 1 is a repulsor.

Proof 1Tt is easy to see that

256

/
= —"1.
O (D 48 — 98,

So,

256
48 — 9B,

<1 isequivalentto 256 < [48 —9f].

Let us consider 81 = a + ib an arbitrary complex number. Then,

256% < 48% — 864a + 81a> + 81b>.

By simplifying
81a® — 864a + 81b% — 63232 > 0,
that is,
322 65536
Ny~ pr> ——.
(“ 6 ) =
Therefore,
32| 256
|0ﬂ (1)‘ <1 ifandonlyif |Bi— = 5. -
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Fig. 7 Stability functions of the different strange fixed points of Og, (z). a |0g, (ex16(B1)) 1,
b |0g, (ex17(B1)) |, ¢ |0p, (ex18(B1)) |, d |Op, (ex19(B1)) |, € |Og, (ex;(B1)) ], i €1{2,3,..., 14,15},
f union of the stability functions

InFig. 7, we represent the stability regions of the rest of strange fixed points ex; (81),
i =2,3,...,19. We observe that strange points ex;(f1),i = 2,3,..., 14,15 are
repulsive for any value of the parameter 1, and only four of them can be attracting
in an area surrounding f; = —15, with approximate radius 5. They are shown in
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sss  different colors (grey for exi6(B81), blue for ex;7(B1), orange for ex1g(f1) and purple
a9 forexi9(B1). In this way, itis easy to observe that ex16(81) is simultaneously attracting
a0 with only one of the other three points, whose union of their respective stability
a1 functions coincide with the stability function of ex16(81).

342 On the other hand, it is clear that z = 0 and z = oo (related to the roots of the
a3 polynomial) are critical points. The rest of critical points are found by solving the
s equation O (z) = 0, that is, the roots of (1 + z%)%(21(8 + 92> — 16z* + 92° +
a5 828) — 3(8 + 1922 4 10z* + 19z° + 8z%)). Some of them coincide with those of the
ss  fourth-order family, as the roots of (1 4+ z?), that are again pre-images of z = 1 and
a7 then do not have independent stability to be considered in the parameter planes. These
as and the rest of critical points are summarized in the following result.

G
]
]
S
(=W}
-
o
=
+—
=
<

a9 Proposition 3 For the family of order seven (3), the free critical points are:

350 cr1(B1) = —i,
351 cra(B1) =i,

ss2 Cr3(,31)=—1\/; (57—y+3\/65—2ﬂ1(9+\/65))

4\ —644p
353 = —cr4(B1) = crs(Br) - C%(ﬂl)’
1 1 !
354 cro(B1) = _Z\/m (57 Ty = 3v6e 2B (-9 + \/68)> ~ er(Br)
1
355 = _Crl()(ﬁl) = _Crg(ﬂl)’

356

w7 wheree = /W, y = \/4977 — 9348, + 442087, 0 = —165+ 10887 — 19y +
s 2B1(74 4+ 3y) and 6 = —165 + 108,312 — 19y + B1(148 — 6y). Moreover,

o (a) If Bp1 = 1, then cr1(B1) = cr3(B1) = —i and cry(B1) = cra(f1) = i. So, there

360 are only six free critical points.
w (b)) If B1 = 13—6, crs(B1) = cr7(B1) = —1 and crg(B1) = crg(B1) = 1. Then, there
362 are only six free critical points.
363 Let us also remark that cri(B81) and cra(B1) are pre-images of z = 1 and the

a4 following pairs are conjugated: cr3(81) and crs5(B1), cra(B1) and cre(B1), cr7(B1) and
s cro(Br), crg(B1) and crip(B1). Therefore, due to the fact that the operator of the family
a6 has only pair powers, there are only two independent free critical points.

367 3.2 The parameter and dynamical planes
s When we consider the free independent critical points of the family, we obtain the

s0 parameter plane P> (for cr;(B1),i = 3,4, 5, 6) in Fig. 8a, b and P; for cr;i(B1),i =
a0 7,8,9,10, in Fig. 8c, d. As it has been stated in the previous section, a mesh of
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Fig.8 Parameter planes of the family of order seven. a Parameter plane P>, b parameter plane P, (a detail),
¢ parameter plane P3, d parameter plane P3 (a detail)

ann 1000 x 1000 points has been used, the maximum number of iterations is 500 and the
sz tolerance used has been 1073 (in the software presented in [7]). Similarly as in the
a3 fourth-order family, the parameter space has reduced dimension because the operator
a4 of the family has only pair powers, that is its main advantage. Moreover, it can be
ars  observed in the detail of Fig. 8b that the region with stable behavior has increased
are  its size with the increased order of convergence compared with Fig. 3. So, the best
a7 (clearest red areas) real values of the parameter ; are approximately located in [1,6],
a7 with much wider areas of complex values with stable behavior. As a result, the number
a7 of best values of the parameter, in terms of the stability of the corresponding iterative
a0 methods, is bigger with order seven than order four.

381 Now, in Fig. 9, we show the dynamical planes with stable numerical behavior,
a2 corresponding to values of B; painted in red in the parameter planes. In this figure
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Fig. 9 Some dynamical planes with stable behavior. a g1 = %6, b g = %, cp =2,dp =6,e
B1=2+10i,f By = —15i

different dynamical planes with only two basins of attraction appear: those of z = 0
and z = oo, that is, only convergence to the roots happens.

On the other hand, unstable behavior is found when we choose values of B in some
of the black regions of parameter planes.

Different kinds of unstable behavior can be found in Fig. 10: in Fig. 10a, two
strange fixed points (whose basins of attraction appear in red and green, respectively)
are attracting, meanwhile in Fig. 10e the parameter is inside the area of the complex
plane where ex1(81) = 1 is slightly attracting and its basin is shown in green. The
black color around the green one means that the initial estimations in this area need
more that 40 iterations to reach the attracting strange fixed point. The rest of figures
correspond to different periodic orbits painted in yellow color: in Fig. 10b the black
region corresponds to the basin of attraction of a 2-periodic orbit; in Fig. 10c, d two
orbits of period 5 and 6, respectively, are shown. In the dynamical plane appearing in
Fig. 10f a periodic orbit of period 3 appears; by applying Sharkovskii’s Theorem, it is
proved that there exist orbits of any period.

4 Numerical performance

Now, we are going to apply different elements of families (1) and (3) for solving an
academic nonlinear system of arbitrary size. The values of parameters «; and S are
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LY,

Reo{z) Reu(z) R;(z)
(d) (e) ®

Fig. 10 Dynamical planes with unstable behavior.a 81 = —15,b 1 = 20,¢ 1 = 8.75,d 1 = —8+23i,
e =20+ 25i,f g1 =19 —23i

a1 chosen from the dynamical results obtained in the previous sections. The numerical
a2 results have been obtained by using software Matlab 2015a, with variable precision
w3 arithmetics of 100 digits of mantissa and stoping criterium || F(x**D)|| < 1070 or
we Jlx®HD — x® ) < 10750,

405 We show, for each method, the number of iterations, the residual of the function at
ws  the last iteration, || F(x*tD)|, the difference in norm between the two last iterations
wr Jlx%* D — x®| and the approximated computational order of convergence AC OC
a8 defined in [10] by

In (||x(k+1) _ x(k)||/||x(k) _ x(k—l)”)

409 p~ACOC = in (||x(k) — x(k*1)||/||x(k*1) — x(k72)||) '

410 The value of ACOC that appears in Tables 1 and 2 is the last coordinate of vector
411 ACOC when the variation between its values is small. Otherwise, it is marked with

412 .

s1s Example 1 Let us consider the nonlinear system of size n x n, n = 20,

(xixit)?—=3=0, i=12,...,n—1

414 2
xpxy —1=0,
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Table 1 Numerical tests for Example 1 and family (1)

Parameter Tter ACOC | F e ®+Dy) x®+D — )y
| O =@, T
e o) =5/4 4 4762 5.55¢—104 8.16e—26
‘:: ap =1 5 3.9996 2.97e—107 1.70e—43
g a; =2 5 4.0079 1.48¢—96 1.50e—24
5 a) = —3/2 8 4.0101 5.11e—108 4.79e—46
< ap =10 - - > 100 <
o) = —20 - - > 100 -
@ =8,...,087T
a; =5/4 5 - 1.70e—108 1.36e—39
ap =1 5 4.0526 3.41e—108 6.93¢—27
a;p =2 - - > 100 -
a) = —3/2 - - > 100 -
ap =10 - - > 10° -
o) =20 - - > 10° -

a5 The solution of this system obtained in any convergent case is x* ~ (0.575, 0.575, ...,

s 0.575)7.

417 In Table 1 we show the numerical results obtained for Example 1 by using some
#s members of the fourth-order family (1) that have been presented in Sect. 2 as stable and
419 unstable elements. Let us observe the bad numerical behavior foroy = —3/2, 10, —20.
420 Similar results have been obtained for some members of seventh-order family (3)
421 that correspond to stable (81 = 3/2, 2, 6) and unstable (8; = —15, 40, —20) cases,
422 as can be seen in Table 2.

423 In the following, we will show the performance of the best element of the fourth-

224 order family (1) on a relevant chemical problem.

s2s  Example 2 An important problem in chemical engineering is to predict the diffusion
a6 and reaction in a porous catalyst pellet. The goal is to predict the overall reaction rate
a7 of the catalyst pellet. The conservation of mass in a spherical domain gives

1 d d
428 D|:r_2d_r<r2d_:>j| =kf(c), O<r<rp

420 where r is the radial coordinate, D the diffusivity, c¢ is the concentration of a given
a0 chemical, k the rate constant and f(c) the reaction rate function, and the conditions

dc
431 5(0) =0 and c(rp) = C(Q-

432 Now consider a sphere (5 mm in diameter) of y-alumina upon which Pt is dispersed
a3 in order to catalyze the dehydrogenation of cyclohexane. At 700 K, the rate constant
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Table 2 Numerical tests for Example 1 and family (3)

Parameter Tter ACOC [ F Dy x®+D — )y

@O =@a, ..., »T

B1 =3/2 3 6.6805 1.15e—68 7.11e—12
B =2 3 5.5302 2.41e—68 7.17e—12
B =6 4 - 3.41e—108 8.37e—29
B =—15 5 6.2807 3.41e—108 5.51e—36
B1 =40 6 - 3.41e—108 1.74e—34
B =—20 5 - 1.70e—108 1.57¢—20
x@ =38,...,087
B =3/2 4 - 2.97e—107 6.88¢—27
B =2 4 - 2.97e—107 2.95¢—25
B =6 - - > 100 -
B =-15 - - > 100 -
Bl =40 - - > 10° -
B =—-20 - - > 100 -

k is 4 s7!, and the diffusivity D is 5 x 10~2cm?/s. Set up the equations necessary

to calculate the concentration profile of cyclohexane within the pellet and also the

effectiveness factor for a general f(c). Next, solve these equations for f(c) = c.
We define

c concentration of cyclohexane

concentration of cyclohexane at the surface of the sphere
and R = dimensionless radial coordinate based on the radius of the sphere (r, = 2.5
mm).

Let us assume that the spherical pellet is isothermal. The conservation of mass
equation for cyclohexane is

d*c 2dc
m_|_Eﬁ=q)2C2, 0<R<1, “4)

with conditions

dc

—(@©0) =0, C1) =1,

7 R( ) (D
where

k .
D =rp D’ (Thiele modulus)

that, in this case is @ = 2.236.
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449 By using central divided differences, we transform the boundary value problem (4)
s0 in a system of nonlinear equations, which will be solved by applying the methods
a5t object of this work. We use

C(R+h)—-2C(R C(R—nh C(R+h)—C(R—-h
w Ry~ CREM Z2CR +CR=I) (0 CR+I) = CR=)
h? 2h
43 Where h = ﬁ is the mesh spacing. If we denote by C; = C(R;), with R; = 0+ ih,
e 1 =0,1,...,n+1,the mesh points, the boundary value problem can be approximated
455 by the nonlinear system

G
]
]
S
(=W}
-
o
=
+—
=
<

1 1 2 522 .
456 1+E Ciy1 —2C; + 1—; Cl;]:hCDCI-, i=1,2,...,n

i i

as7 - with Cp41 = 1. For R = 0, the second term in the differential equation is evaluating
458 taking into account that

/

459 lim — = C”,
R—0 R

w0 0, the differential equation becomes 3C” — ®2C? = 0. Therefore, the corresponding
a1 difference replacement is

1
w2 Cy —2Co+C_y — §h24>2c3 =0.

ws  Using central divided differences in the boundary condition C’(0) = 0 we obtain that
a4 C1 = C_yq, so the first equation of our system is C; — Cp — éh2¢2C§ =0.

465 Problem (4) has been approximated by the nonlinear system F(C) = 0, where
ws  F R — R s defined by

172522
Ci1 — Co — ¢h*@2CE,
w F(C)=3 1 +1/i)Cit1 —2Ci+ (1 —1/i)Cimy —h?®2C?, i=1,2,...,n—1

1+ 1/n—2C, + (1 = 1/n)Cy_y — h?®2C2,
48 Whose Jacobian matrix is

apdp 0 ... 0 O
biardy ... 0 0

, Obzaz... 0 0
469 F(C) = Coe : : )

o o
oo -
o o
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Table 3 Solution for different

. R n=10 n =20 n =100
size of the system
0.0 0.5934 0.5924 0.5921
ua 0.2 0.6053 0.6043 0.6039
8 0.4 0.6425 0.6415 0.6412
A 0.6 0.7108 0.7099 0.7096
—
2 0.8 0.8223 0.8216 0.8214
’5‘ 1.0 1.0 1.0 1.0
<
a0 where
— 2p2 —
an ap=—1—(1/3)h"P°Cy, dop =1
472 bi=1—1/i,i=1,2,...,n
473 ai:—2—2h2¢2C,-, i=1,2,...,l’l
474 d=14+1/i,i=1,2,...,n—1
475
476 In Table 3, we show the approximated result for some values of R, using the element
477 of family (1) corresponding to o1 = 5/4 and different sizes of the system. We use
ws  the initial estimation x©@ = 0.5,05, ..., O.S)T and in any case the method has

479 converged to the presented solution in three iterations.

s0 5 Conclusions

a1 A dynamical study on quadratic polynomials of two parametric families of iterative
s methods for solving nonlinear problems has been presented, in order to detect their
483 most stable elements or those with bad stability properties. From the parameter planes
as¢  associated to both classes, it has been proved that there are more values of the param-
a5 eter, that is, elements of the family, with good stability properties when we increase
a6 the order of this family. About the family of order seven, we have observed in the
s7  parameter plane that unstable values of the parameter are located in small and sparse
a8 regions of the complex plane. Except in these small regions of the parameter planes,
a9 the behavior of schemes in the class is very stable. These results have been numeri-
a0 cally checked on an academic example and on the chemical problem of predicting the
01 diffusion and reaction in a porous catalyst pellet.
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