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Abstract

- Manuel Tur! - José Albelda® - Juan José Rédenas’

This paper proposes a method of solving 3D large deformation frictional contact problems with the Cartesian Grid Finite
Element Method. A stabilized augmented Lagrangian contact formulation is developed using a smooth stress field as stabilizing
term, calculated by Zienckiewicz and Zhu Superconvergent Patch Recovery. The parametric definition of the CAD surfaces
(usually NURBS) is considered in the definition of the contact kinematics in order to obtain an enhanced measure of the
contact gap. The numerical examples show the performance of the method.
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1 Introduction

The so-called immersed boundary Finite Element (FE)
methods have recently acquired notable relevance in the com-
putational mechanics field. The benefits of these methods
include: virtually automatic domain discretization, suitabil-
ity for efficient structural shape optimization and simplicity
performing multigrid analysis. The present paper is based on
the Cartesian grids Finite Element Method (cgFEM) [26], in
which the domain is discretized by Cartesian grids indepen-
dent of the geometry. The distinguishing feature of cgFEM is
its ability to take into account the exact CAD definition of the
geometry, given by NURBS. The development of a suitable
contact formulation for the immersed boundary framework
could be of interest for efficiently solving a number of dif-
ferent problems, e.g. wear simulation or fretting fatigue. In
[15] the cgFEM is applied to directly create FE models from
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medical images. The simulation of the contact interaction
between CAD defined prostheses and living tissue, of great
interest to the scientific community, can also be solved within
this framework.

In this work a formulation for solving 3D frictional con-
tact problems under large deformations is proposed, using an
immersed boundary method based on Cartesian grids. The
novelties of the present work are the use of a smooth stress
field to iteratively evaluate the stabilizing term and the inclu-
sion of the NURBS surface in the contact kinematics. The
work presented in this paper represents an extension of a pre-
vious work [41], in which a stabilized formulation for solving
frictionless contact problems was introduced and applied to
body-fitted Finite Element meshes.

In the standard Finite Element Method (FEM) the mesh is
conforming to the geometry. This means that the boundary is
approximated by element faces defined from nodes lying on
the boundary. Therefore, the geometry is approximated using
the FE approximation (FE interpolation functions) used to
define the solution. This provides a simple method of describ-
ing the domain in which the accuracy of the surface definition
will depend on the level of refinement of the mesh. In this case
the normal field is discontinuous between elements, which is
an issue to consider when it comes to solving contact prob-
lems, as the measures of the gap between contact bodies
are strongly influenced by the accuracy of the definition of
the surfaces [28,43]. Some studies have tried to improve the
quality of the contact kinematics description using various
approaches, such as an averaged normal field [34,46], the
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construction of smooth surfaces to evaluate the contact gap
[28,43], and the application of the isogeometric analysis [22]
to solve contact problems (see e.g. [10,11,39]). In this paper
we include the NURBS surfaces in the contact kinematics to
describe the reference configuration and enhance the accu-
racy of the gap measurements, while keeping the standard
Finite Element interpolation for the solution of the problem.

The mortar method [9] has been used to successfully solve
large deformation frictional contact problems [10,11,14,16,
34,39,42,46]. Its main advantage over node-to-segment for-
mulations is that the finite element optimal convergence
rate of the solution is guaranteed, as the Brezzi-Babuska
InfSup condition is fulfilled. However, the mortar method
cannot be directly applied to deal with immersed boundary
methods because it is cumbersome to find an appropriate
Lagrange multipliers field that fulfills the InfSup condition
[13]. The Vital Vertex method [7] can be used to find com-
patible displacement and stress fields, and was applied to 2D
large sliding contact with XFEM in [29]. Other attempts to
solve frictional contact using immersed boundary methods
were in the context of simulating crack propagation with the
eXtended Finite Element Method (X-FEM) [12,24,25,36].
Stabilized formulations are another alternative to overcom-
ing this problem. Several works on this topic have been
published, starting with stabilized Lagrange multipliers for-
mulations for body-fitted meshes to solve small sliding 2D
contact [21,35] and large deformation contact [30,33] in 2D
and 3D.

Stabilized formulations have been recently adapted to
embedded domains. In [18] a stabilized augmented Lagrange
formulation is developed for frictionless contact. A stabi-
lized formulation based on the Nitsche method is presented
in [4,5] for small sliding contact in 2D and 3D respectively.
In both formulations the stabilizing term involves the finite
element tractions. All these contributions indicate that devel-
oping contact formulations for immersed boundary methods
is an active research field. To the authors’ knowledge no pre-
vious work has considered 3D CAD geometries and large
deformation frictional contact for immersed boundary meth-
ods. A relevant difference between the proposed formulation
and other works is its use of a smooth stress field (o) as
stabilizing term, calculated by the Zienckiewicz and Zhu
Superconvergent Patch Recovery [37,47]. With this choice
there are fewer terms to evaluate in the tangent matrix, the
formulation is displacement-based and the optimal conver-
gence rate is maintained. It also eases the introduction of
plasticity into the problem, as the finite element stress is not
involved in the formulation (see [40]). The proposed for-
mulation consists of two nested loops, similar to an Uzawa
algorithm: the inner loop evaluates the contact active set and
the stabilizing term is updated in an external loop.

The paper is organized as follows: Sect. 2 describes the
continuum formulation to solve the contact problem. The
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contact kinematics and its features regarding the cgFEM
is described in Sect. 3. The FE stabilized formulation is
obtained in Sect. 4. In Sect. 5 we propose an iterative scheme
to solve the contact problem. Finally, some numerical exam-
ples are shown in Sect. 6. Appendices A and B provide with
details of the variation and linearization of some auxiliar
terms of the problem formulation.

2 Continuum formulation

Here we describe the continuum formulation of the frictional
contact problem and introduce all the notation used through
the paper. The basic scheme of the contact between two elas-
tic bodies, is shown in Fig. 1. We divide the boundary of each
body I'¥), into the Dirichlet boundary Fl()l ) the Neumann

boundary Fli,i ) and the area of the boundary where contact
may occur, FC(’).

2.1 Continuum contact kinematics

Let x(!) be the position of any point in the so called slave
contact surface, Fc(l). We use a ray-tracing technique [33,42]
to define the contact point pairs, i.e. we intersect the master
contact surface FC(Z) at x® with a line emanating from x(!
in the direction of the normal vector to the slave surface n(!).
Then the normal contact gap can be defined as

2) = (X(2> _ X(l)) .a® (1)

In order to enforce frictional contact constraints it is also nec-
essary to define an appropriate relative velocity, from which
the increment of the relative movement g dt is obtained
[23,44] between the bodies in contact. Details of the calcu-
lation are not shown here, as it will be explained in Sect. 3.3
for the FE discretization using cgFEM.

Fig. 1 Scheme of two deformable bodies in contact. The red and blue
lines depict the contact boundaries I"®)
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2.2 Weak formulation for frictional contact

The weak formulation of the Tresca frictional problem can
be derived from the augmented Lagrangian functional [33,
35], first proposed by Alart and Curnier [2] and Pietrzak and
Curnier [32]:

! m : 2
opt {1+ [ ([rn® +ign] = InE) ar
k1 JrY -

— — O 2
+2K1 FC(])”PB(n,s) A —K1g do)l df}

@

where u is the displacement field and A is the Lagrange

multiplier vectorial field. We assume a hyperelastic mate-
rial behavior so 7 (u) represents the potential energy of the
bodies, including the external forces applied. k1 > 0 is a
penalty constant that keeps the problem solution unchanged.
We define the projection operator onto the tangent plane with
normal n" as:

T, = (1-n" @n") 3)
We also use the negative part operator

—x ifx<0
[x]_ = 4
0 if x>0

and the projection operator Pg(, ) (X) which is defined as
the projection of x both on the tangent plane T, and on a
circle of radius s:

T,x if ITxx| <s

Proo =1 ®)
spriy A ITaxl > s

The stabilized Coulomb frictional contact formulation pro-
posed in this work will be obtained by modifying the
functional in 2. Taking variations in this equation and assum-
ing a Tresca friction model (i.e. s is constant) we obtain the
following expression:

811 (u, su) — /

)
FC

of the internal and external forces, so the formulation in
(6) can be applied to a general class of material behaviour.
The contact integral in the first equation in (6) is the virtual
work of the contact forces. The second equation contains the
Karush-Kuhn-Tucker conditions in normal direction, and the
frictional contact behaviour in the tangent plane. We can now
modify the projection Pp to consider Coulomb friction, i.e.
replacing the friction limit s with u [Axy + k1gn]_, as done
in [33].

After defining the weak form of the continuum problem,
we replace the displacement and the Lagrange multiplier
fields by appropriate finite element approximations, u” e
UM and A" € 4", to obtain a numerical solution. " is the
space of piecewise polynomials of degree p = 1 or p = 2
in our case. Details on the selection of the Lagrange multi-
plier approximation space are given in Sect. 4. For the sake
of simplicity of the notation we will omit the superscript /
when denoting the finite element variables from now on.

3 Finite element contact kinematics

In this section we will define all the kinematic variables
involved in the solution of the contact problem in the cgFEM,
the normal contact gap gy, the relative displacement g dr and
the gap vector g, and their respective variations.

In the cgFEM [26,27] the analysis domain §2 is fully
embedded in a regular cuboid £2;, which is much easier to
mesh than £2, see Fig. 2. This domain £2;, is meshed with a
sequence of regular Cartesian grids. There will be elements
completely inside the domain and elements intersected by
the boundary. The elements external to the domain are not
considered in the analysis.

The geometry is defined by NURBS surfaces. Figure 3
shows the undeformed configuration of an element inter-
sected by an arbitrary NURBS surface. Three different
reference systems appear in the Figure: these are the global
reference system Xo = {xo, yo, 20}, the parametric reference
system of the NURBS surface & = {£, n} and the local ref-
erence system of the finite element {¢ = [;f, {5, 85 ]

Due to the regularity of all the elements in the mesh, the
transformation from global coordinates in the undeformed

<[>~ a4 KlgN]_ 8gN + Ppn,s) A — k18 dt) 3g> dI' =0, Yéu

(6)

—L f N ([x a4 ;qu] nD 4 A — Py A — K18 dt)) SAdI =0, 8\
FC -

where the variations of g, g dt, and gy are a function of
du. The first term in the upper equation is the virtual work

configuration X to element local coordinates ¢ ¢ of any point
is performed with the following affine transformation:
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Fig. 2 Mesh creation with cgFEM. The analysis domain §2 (left) is embedded in a Cartesian grid 2, (right). Elements external to the geometry

are not considered in the analysis

y z
\I/i
Fig.3 Scheme of the different reference systems involved in the defini-

tion of the contact kinematics. The hexahedra represents a finite element
cut by an arbitrary NURBS surface

_XO_Xe

h/2 @

; e
where X, are global coordinates of the centroid of the element
in the initial configuration and # is the size of the element.

We define the position vector x\”) forany pointin £2¥) asin
Eq. (8), where X(()’) represents the undeformed configuration
and the displacement field u”) is evaluated using the finite
element interpolation.

xD =X +u® (8)

Equation (8) is valid for the whole domain, including the
particular case of the contact surface, Fc(l) . In this work we are
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interested in enhancing the definition of Fc(i) using the CAD
geometry. We therefore use the NURBS definition of the
boundary for the undeformed position for any point located at
I, c('). NURBS surfaces [31,38] are rational functions defined
in their own parametric space of coordinates [£, n] as

0 n m Ni(P) (s) MJ((I) (n) wi
S (EJ?)=ZZ - TG @ —Pij
i1 =1 i1 =1 NiT ) M () wi

€))

These functions are a result of a tensor product between one-
dimensional basis functions of order p and ¢ (Ni(p ), M](.q)).
The basis functions are defined along two knot vectors with
(n x m) control points and P; ; coordinates.

Finally, the definition of the position vector for any point
x) Jocated at Fc(i) results in:
x? e r®

x0 =89 @+ Y N (10)

J

where N; (£°) are the finite element shape functions and u?

J
are the nodal displacements of the discretization.
3.1 Normal gap

We recall here the definition of the normal gap gy, where the
position vectors have already been defined in (10):

gn = (X@)@(z)) _ X(l)) . (11)

A ray-tracing technique is used to find the contact point £,
i.e., given a certain point x(!) and its surface normal vector
n", we solve (11), rearranged as:

2
x4 gyn® = SPED) + 3N (12)
J
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This non-linear equation is solved using a Newton-Raphson
scheme where the unknowns are £? and gy. This solver
uses the derivative of (12) with respect to the NURBS
local coordinates. The relation between the surface para-
metric coordinates and the element local coordinates is
obtained considering that for a point located on Fc(i), X(()i ) =
S® (&, n), and substituting (9) into (7)

S ¢E ) -X

e (13)

CE

and taking derivatives with respect to the NURBS local coor-
dinates & = {£, n} we obtain:

9ge 208V & g 2098V (&) ”
Fr2 AT M S PR
The calculation of the first derivatives of the NURBS follows
a simple procedure (see [38] for example). The first deriva-
tives have a similar definition to (9) with a lower order basis
functions. Therefore the surface derivatives can be treated as
auxiliary NURBS surfaces, and the evaluation of the NURBS
derivatives is reduced to a standard NURBS surface evalua-
tion.

The normal vector n!) is constructed using the tangent
vectors to the surface, sél) and sf,l) (Egs. (15), (16) and (17)).

A(D
nh — o A — D

. _ (D
= “ﬁ(l)”’ n=s. xs, (15)
(o _ x_a8Y &
0 T 0¢
aNj 8§f BN]- 8{5 aNj 3{; ll(l)
7 agf 08 95 08 0Lg 08 )
(16)
s — ax(® _ aS® &, n)
T 9 n
BN,- 3§f 8Nj 8@'22 aNj 3{; )
—_ u.
—~ \ 9¢{ On 9¢y an aC5 on 7

a7

3.2 Variation of the normal gap

The contact problem formulation in (6) needs the definition of
the normal gap variation. Instead of using the exact variation
obtained from (11) we use an approximation which was also
used in [33,34], and can be written as

Sgn = (3u<2> - Su(l)> . (18)

where for simplicity the following notation has been intro-
duced:

su® =" N;)su)

J

(19)

The exact variation of §gx also requires the derivatives §&,
81, which will be omitted for the evaluation of the contact
force. However, the exact derivative of gy will be evaluated
for the linearization of the problem. The loss of symmetry
and angular momentum conservation that this choice implies
is also discussed in references [33,34].

3.3 Tangent contact

Figure 4 schematically shows the evolution of two bodies in
sliding contact from step ¢ to step # + 1. At time ¢ the slave
point xgl) is in contact with point xt(z) (&,). Since sliding has
occurred at time ¢ + 1 the contact point pair changes from
the previous &, to the new location &, ;. At that moment the
position of the Erevious and the current master points are
xfi)l(‘g' ,) and XE +) 1(&,,1) respectively. This variation of the
position is defined as A’g, which is depicted by the thick
blue arrow in Fig. 4:

gdr~ Mg = (x7) — 7 Er) 20)
This incremental definition of the relative velocity was first
proposed in [42] for the 2D case and here we extend the
details of its computation for 3D frictional problems and
Cartesian grids. Although we skip the 4 index, this variable
is defined for the finite element discretization and can only
approximate the continuum variable g dz, since the time step
increments used for the solution are not necessarily small.
This definition is objective (frame independent), as proven
in [17], and is similar to the one proposed in [46].

For the frictional contact problem we only consider the
projection of this relative velocity onto the tangent plane in
the current step T,. We can use the following relation:

2 1
X§+)1(Ez+l) = Xf+)1 + 841 (21)
and g, | is normal to the tangent plane, so:
2 1
Tuxi ) = Tuxiy (22)

With this consideration we can use the alternative definition
of the projected relative velocity as:

2 2
TnAtg = Tn (X,S_,_)l (5;) - X,S+)1 (£t+l))

=T, (x}, - x2,@)) (23)
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t

Fig. 4 Sliding kinematics scheme. In the configuration ¢, a point x,(l)

occurs, the same point Xz(lr)l will be contacting with a point Xt(i)l &)

This definition will provide us with a simpler linearization
as it is shown in Appendix B. It is worth noting that, despite
using the previous contact coordinates &, to evaluate the rel-
ative velocity, only the current configuration is taken into
account. Note that in the case of sticking between the solids
there is no change of the contact coordinates, then &, , | = §,
and we can combine the normal gap and the tangent relative
velocity:

gV —T,A'g =x? &) —xV =g 24)
This simplification will be useful for the stick contact formu-
lation.

The variation of the gap vector is also used in the frictional
contact formulation for the stick case, and defined with the
simple expression:
sg = su@ &) — sul) (25)
Again the derivatives §&, §n will be omitted for the eval-
uation of the contact force, but will be considered for the
linearization of the problem.

4 Finite element stabilized contact
formulation

Itis difficult to find a Lagrange multiplier field that fulfills the
inf-sup condition in the immersed boundary framework [8].
The different methods of overcoming this problem include
new formulations of the contact problem, such as modi-
fications of the Nitsche method and stabilized Lagrangian

@ Springer

t+1

is in contact with a point with local surface coordinates &,. After sliding

formulations [3,18,20]. Here we extend the frictionless con-
tact formulation first proposed in [41] to deal with frictional
contact problems. Our proposed solution combines a sta-
bilized augmented Lagrange formulation with the use of a
smooth stress field T* = ¢* - n! in the stabilizing term.

The smooth stress field used to stabilize the formulation
must fulfill the following property [19,40] in order to obtain
an optimal FE formulation:

[ ri=c [ 1o
r Q

with C independent of the mesh size. This condition
states that the norm of the tractions on the boundary
must be bounded by the norm of the stress field on the
domain.

We use the field proposed in [42], which is based on
the Zienckiewicz and Zhu Superconvergent Patch Recovery
[37,47]. With this technique a smooth stress field is obtained
by solving a small minimization problem at each node of the
mesh. Once the displacements are known, the information of
the solution at all the elements attached to the node is used to
obtain *. As the stabilizing term has information not only
from the boundary elements but also from the surrounding
interior elements, it can be proven that the optimal conver-
gence rate for the FE solution is achieved, even if there are
elements cut by the boundary with a low ratio between the
intersected material volume and the whole element volume.
This definition requires an iterative procedure to solve the
problem, which will be detailed in Sect. 5.

(26)
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We modify the augmented Lagrangian functional (2) with
the addition of a stabilizing term [the last integral in (27)].

1 M) ? 2
opt {11+ > [ (%0 ® +eign] — i) ar
21 Jrw -

1 t 2
++ — P (A — k1 A'g)|I” AT
2k Jrfd

A — T*||2d1“} (27)

2icx Jr D

where the simplification Pp(X) = PR poy-+ergyl.) (x) is
introduced. This extra term penalizes the difference between
the multiplier A and the stress field using a penalty constant
k2 > 0. In [40] the penalty constant is defined as ko = C/h
with i being the mesh size and C a positive constant. It was
proved for Dirichlet boundary conditions that, for C greater
than a certain value depending only on the material properties
and the degree of discretization, the problem is stable and the
optimal convergence is reached.

Assuming that T* is known, the variation of (27) is now
written as:

tinuous piecewise interpolation, we define a multiplier for
each of the quadrature points used for the numerical integra-
tion. The Lagrange multipliers can the be condensed element
by element as described in [41] (or even for every quadrature
point), similar to the procedure followed in [6]. This elim-
ination has some advantages: (a) the number of degrees of
freedom of the problem does not increase, and (b) the system
remains positive definite.

Remark The contact integrals over FC(D are numerically
calculated on the integration points where the Lagrange mul-
tipliers are defined. This introduces an integration error,
which is small if the number of integration points is high
enough.

4.2 Frictionless contact formulation
The variational form for the Coulomb frictional contact in

(28) can be simplified for the particular case of frictionless
contact, yielding the following form:

511 (u, Su) — / . <[x - ;qu]_ sgn + P (A — k1 A'g) 5g) Al =0,  Véu
fe | (28)
-1 ([x @ 4 reigy| n0 4 h - P (- ;qug)) shdll—— [ (A=T*)6rdl =0, Vi
[0 - iy Jrm
C C
811 (u, su) — / 0 [Av +x1gn]_dgn dI’ =0, Vdéu
FC
(29)

1
—%/(1) (v +x188]- + An) SAy dT — —
Ie k2 Jre

0 (AN — pN)SAN dT =0,

VAN

Remark In this paper we will enforce the contact constraint
only on surface I C(l) for the sake of simplicity. However,
[41] shows how to use a double pass strategy to enforce the
contact constraint on both surfaces Fél) and FC(Z) without
additional complexity.

4.1 Lagrange multiplier interpolation

The requirements for the multiplier space to reach optimal
convergence is that A" be a piecewise interpolation in the
element of degree at least p — 1, where p is the interpolation
degree used to define u”. As there is no need to define a con-

where we have introduced the normal stabilizing stress py =
(T* . n(l)) -n). Taking into account the numerical inte-
gration, we have one equation for every quadrature point,
depicted with the subindex g. Then, the following result can
be obtained if we condense the Lagrange multipliers in the
second equation in (29):

K28Ng + PNg if [Ang +K1gNg]_ <0
Ang = (30)
0 if [)\Ng+K1gNg]_ >0

Substituting the Lagrange multiplier in (29) we will have the
following equation to solve the normal contact problem.
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Kk E
811 (u, du) — Z (pzvg + ngvg> Sgng
8

. KkE
|Jgng:07 if pNg_’_TgNg <0

E
S(u, 5u) =0, if [pNg + %gNg} >0 (D

where H, and ‘Jg| are the respective quadrature weight and
Jacobian of the transformation, and % = (k1 + kp) with E
being the Young’s modulus and /4 the mesh size. This result
is similar to the one obtained in [18] with the advantage
of having less integrals to evaluate as no derivatives of the
stabilizing traction are involved in the formulation. Further
discussion on the values of the stabilizing term can be found
in [41].

4.3 Frictional contact formulation

Here we extend the stabilized formulation to the Coulomb
frictional contact case with large deformations. We assume
that the contact condition is active, i.e. [ py + %g;v]_ <0,
otherwise the problem equation would remain as the sec-
ond equation in (31). We can again substitute the value at the
quadrature points of A y obtained in (30), so that the Coulomb
friction limit is written as p [ PN + %g N]_. It is also possi-
ble to condense element-wise the Lagrange multipliers using
the second equation in (28). In order to do that, we will distin-
guish between the different states during frictional contact,
the sticking case and the sliding case.

Starting with the stick state, we can substitute the corre-
sponding value Pg = T, (A — k1 A’g) inthe second equation
in (28):

1
——([k-n(l)+lqg1v] nY -1, (X—/thg)>
K1 -

1

_*=
L (=T =0

(32)
Hence, (32) can be simplified taking into account that A =
(x -n®) n® 4+ T, X. Therefore, the Lagrange multiplier can
be substituted at each integration point by:
A =T; + 2 (gnen” — T, 4'g, ) (33)
After substituting the value in the first equation of (28), and
taking into account the simplification of (24) g = gyn» —

T, A'g valid only for the stick case, the contact contribution
to the problem in the case of stick is written as:

Kk E
8Mcy, (u, Su) = Z (7gg + T*g> g, |Jg| Hy  (34)
8

@ Springer

The elimination of the Lagrange multipliers in the friction-
less and stick cases allows the problem to be transformed
into a modified penalty method, with the advantages men-
tioned above. However, the elimination of the multipliers for
the sliding case is cumbersome, as in this case the second
equation in (28) reads as:

T, (A1 A"
- ([A 0D +r1gn] 0V + A+ u(py + Egn) m?x—%)

& (A=-T)=0
(35)

We can project this equation on the normal direction n"
and the tangent plane T,. The first projection yields the the
same equation that was discussed in the frictionless case (30).
The projection on the tangent plane leads to the following
equation:

1 T4 ( +KE )T,,(X—/thg)
e TP TN T, =k Al
1

—— — * —
ST (=T =0

(36)

This is the slip condition that, roughly speaking, (neglecting
the stabilizing term, A = T*) forces the tangent projection
of the multiplier to have a modulus 1 (py + “E gy ) and the
direction of T, A’g. The addition of the stabilization term,
if pp = T, - T* is chosen in the direction of T, A’g and
modulus upy, becomes again the same constraint, so the
equation is redundant.

Only the direction of T, A is involved in the first equation
in (28). We formulate an alternative approach for the sliding
problem that will lead to the same solution by modifying
this equation. We consider that the direction of T, A is the
same as the direction of kT, A’g + py, which also has the
direction of T,, A’g in the problem solution. In order to avoid
convergence problems, the transition between stick and slip
has to be continuous. This is achieved with the following
substitution:

T,A = KZTnAtg +Pr 37
Introducing this substitution into the first equation in (28) we
obtain the final equation to solve the sliding problem:

kE
SMcg (u, du) =) [<7gzv + PN) Sgn

8

Kk E
— M TgN‘f‘PN

pr— ' Thd'g
Ipr — SET, Arg|

ag} 1| 1,

(38)
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Computational Mechanics

This approximation means the sliding problem can be for-
mulated with a modified penalty method similar to those
obtained for the frictionless and sticking cases. The numer-
ical examples in Sect. 6 show that the convergence is still
achieved.

The stabilizing smooth stress field py and py are consid-
ered independent of the solution u in the linearization step.
The values are iteratively updated in the problem solution as
shown in the next Section.

5 Problem solution

The formulation obtained to solve the frictional contact prob-
lem can be summarized as:

if [pvg +Fgng] >0
S (u, Su) =0
otherwise
if 1T (T3 + 5Ege ) < 1 (pvg + Eang)
8I1(u, du) + 8Icg, (u, du) =0,

if 1T (T5 + “Ee )l > 1 (prvg + Ew)

8I1(u, du) + 81lcg (u, du) =0
(39

The first equation corresponds to the case of no active contact
condition. The evaluation of §I1¢y, is found in (34), whereas
8¢y, is defined in (38).

5.1 Solution algorithm

The choice of the stabilizing term T* requires an iterative pro-
cess to solve (39). The proposed procedure, first introduced
in [41] is shown in Algorihm 1.

During the N-R loop the contact status for each integration
point on the contact boundary FC(I) is evaluated. When any
integration point becomes active, it is set to stick contact for
its first iteration. After that, the slip condition is evaluated and
the relative velocity is calculated for the sliding integration
points.

An additional loop is needed for the solution of the
problem to update the stabilizing stress field. Here it is
called augmentation loop because of the similarities with
the augmented Lagrange multipliers approach. Our experi-
ence shows that the number of augmentations is usually low,

Algorithm 1 Problem resolution scheme

Update boundary conditions
Update py and py from previous converged step
Set all previous contact points to stick state.
&, < previous step’s &
while Residual > T ol do Augmentation loop
while ||r||/|/fin/]| > Tol do N-R loop
AN < %gzv + PN
Check active quadrature points. (Ay < 0)
for all Active stick points do
Ar < T, (“Eg+T7)
if [A7ll > w|ry| then
Change status to Slip
else
Evaluate contact using (34) (Stick)
end if
end for
for all Active slip points do
Evaluate A’g,
Evaluate contact using (38) (Slip)
end for
Evaluate residual of (39)
Solve Au in (39)
end while
Update py and py
Evaluate residual of (39)
end while

so the computational cost of the solution is not substantially
increased.

5.2 Linearization

The Newton—Raphson solver needs the linearization of the
equations that solve the contact problem. This work will only
describe the linearization of § I1¢ for both stick and slip cases.
The linearization of the contact contribution in the stick case
is

E
AdMeg,, =Y. [%Ag : 8gi| || Hy (40)

8

The definition of the linearization Ag is in this case equiv-
alent to its variation (25), as there is no change of contact
coordinates during the stick state. The linearization of the
contact contribution in the slip state is shown in (42). For the
sake of simplicity, the following definition has been included
in the linearization:

E t
pr — 5 TaA'g
Alg = o (41)
Ipr — - TaA'gll
kE kE
ASHCSH]) = Z TAgN . (SgN + TgN +pN
g
KkE p
xXAdgN — n=mAgN (A'g, - 5g)
@ Springer
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kE p

o e 2 (aA'g, - 5g)
Kk E p

- u TgN‘f‘PN (A'g, - Asg) | |Jg| H,

(42)

In this case Agy, Adgn, AA'g, and ASg have to be eval-
vated. As stated in Sect. 3.1, the exact derivative must be
calculated for the linearization terms. To evaluate Agy we
rearrange (1) and take variations:

x@(E®) = xD 4 gyn® (43)
9x@ (@ ax@ (@
Au® 4 X (& )Aé x(§ )An
0 an
= AuD 4+ AgynD 4 gy AnD (44)

Note that as we are using a ray-tracing scheme to define the
contact point pairs, the fixed point is located on the slave
body, and the coordinates of the master body are variable.
This is contrary to the case of using a closest projection
scheme to define the contact point pairs.

As n is a unit vector, then AnY - nV = 0 and n .
n) = 1. Therefore, if we multiply (44) by n(")

+ s -nMap (45)

where the variables A¢ and An can be calculated solving the
linear system of Eqs. (46) resulting from multiplying (44) by
vectors sél) and s,gl), taking into account that sél) .M =0,

s,(71) .n =0.
2) () (2 (D
Se cSg Sn S {As}
sgz) -sgl) 5572) ~s,(71) An

gNSél) - AnD = (Au® — Au®)y. Sé”
- M A @ My . ¢ (10)
gnsy - AnYY — (Au” — Aut?Y) - s

The terms A&, An are considered for the calculation of Adgy

and Adg. Therefore, starting from (18) and (25) these incre-
ments are respectively written as

Asgy = (8s -nM)Ag + (65 . nD) Ay

+ (u® —suM) . An (47)
Asg = (3sy -nD)Ag + 35s? -nD)ay
+ ((u® —suM) . An (48)

The details of the calculation of 8s22) s 855,2) and An» and
A'g, are shown in Appendices A and B.
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Fig.5 Example 1. Sketch of the contact problem between two elastic
cubes in contact

The linearizations of the Jacobian is also considered, but
not shown in this paper as they are standard terms. Its calcu-
lation can be easily performed using the tools developed in
Appendix A.

6 Numerical examples
6.1 Contact between plane surfaces

Figure 5 left shows a 2D sketch of the first numerical exam-
ple, which is the contact simulation between plane surfaces,
represented by two elastic cubes. The orientation of the
reference system is also shown in the figure, x being the
out of plane direction. The separation in the sketch is only
for the sake of clarity, as the contact surfaces are overlap-
ping at the initial configuration. A vertical displacement
d = —1.6 x 107%m is applied on the upper face of body
2. The displacements along y direction are constrained on
the upper face of body 2 and on the lower face of body 1.
Finally, symmetry conditions are applied to the faces parallel
to the yz plane, i.e. this problem can also be analyzed as a
plane strain problem. The values of the pressure applied on
two lateral faces of body 1 are p, = 4 x 101(0.01 — 2)z Pa
and p, = 10 x 10'1(0.01 — z)z Pa. Material properties
are common for both bodies, the Young modulus being
E = 115G Pa and the Poisson coeficient v = 0.3.

First we will test the convergence of the solution solving
a frictionless contact case. Although there is no analytical
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Fig.6 Example 1. Refinement process for the study of the convergence of the solution. Meshes 1 to 3 are shown from left to right

Error in energy norm
T T T

10!

T T T
Lol

Error in %
.

100

T T T T
[}
ol

T

| | | |
10—3,5 10—3 10—2.5

—B— Linear elements —5— Quadratic elements

Fig.7 Example 1: Evolution of the error in the energy norm as a func-
tion of the element size for the frictionless contact case. Analysis of the
convergence of the solution. The element size is referred to the lower
body

solution for this problem, we will use the solution of a 2D
overkill mesh from [42] as a reference to measure the dis-
cretization error. Non-conforming Cartesian grids are used
on both bodies. Figure 6 shows some of the meshes used for
the analysis. The initial mesh consists in a 3 x 3 x 3 grid
for the upper body and a 4 x 4 x 4 grid for the lower body.
In order to avoid nodes over the boundary for this test, the
initial grids are built adding a small offset to the cubes. A set
of uniformly A-refined meshes is then built by subdividing
each element into 8 new elements. Figure 7 shows the rela-
tive error in energy norm for a sequence of 5 meshes using
linear elements, 773, and 3 meshes using quadratic elements
, J050. The results show that the theoretical convergence rate

of the error in energy norm, represented by the triangles, is
achieved both for /% and % elements.

The recovered contact stress py is shown in Fig. 8 for
the solution of the finest mesh. In this figure, positive values
of stresses represent compression. The graph on the right
shows the evolution of the contact stress on the yz plane (this
profile remains constant along the x direction) for meshes 2
to 5. The results show that the values of the contact pressure
appropriately converge to the reference solution from [42].

Now the same problem is solved considering frictional
contact with a friction coefficient £ = 1.0. In this case we
have used non-conforming manually /-adapted meshes for
both bodies, as depicted in Fig. 9. Starting with the initial
mesh of Fig. 5, we refined the elements over the contact sur-
face multiple times. The surrounding elements were refined
as well to keep the difference of the refinement level between
adjacent elements below or equal to one.

The results of this problem are shown in Fig. 10. The
graph on the left shows the values of the multipliers Ay =
PN + %g;v and A7 = pr + %gT. The blue dashed line
represents the values of —Ay. We can observe the slip and
stick areas, with ||A7] = w|Ay]| over the sliding area and
IA7 |l < w|An| over the adhesion area. All these results are
similar to those obtained in [42]. The values of the smoothed
stress field py and ||py|| are represented in the graph on the
right. This smoothed field is evaluated without taking into
account any constraint, hence the differences between the
multiplier values. The imposition of the contact constraints
to evaluate this smoothed field to get a better solution using
the SPR-C technique [37] will be considered in future work.

6.2 Hollow sphere under internal pressure

The second example consists of a hollow sphere under inter-
nal pressure, which is divided into two independent volumes.

@ Springer
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Fig.8 Example 1. Frictionless contact. Left: Normal stress on the contact area (positive values of the stress stand for compression). Right: Evolution

of values of the normal stress, along a path that follows the y direction, with mesh refinement

Fig.9 Example 1. Frictional contact h-adapted mesh. The image on the right shows a detail of the refinement of the mesh along the contact surface

of the bottom body

In this problem we have curved contact surfaces. We can r=/x2+y?+22
exactly evaluate the discretization error, as there is an analyt- 0 — arccos °
ical solution. It is easy to express the analytical solution of r
the problem in spherical coordinates (r, 6, ¢). The transfor-

t i ) ; . ¢ = arctan J
mation from Cartesian to spherical coordinates is as follows: X
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Fig.10 Example 1. Frictional contact along a path that follows the y direction. Left: values of the augmented Lagrange multipliers. Right: smoothed

stress field recovered using SPR

Fig. 11 Example 2. First calculation meshes. The sphere is divided into two volumes, which are discretized using non-conforming Cartesian grids

Then, the analytical stress field corresponding to this problem
is:

a’ b
=P a\a!
a’ b
0'9:0'¢=P—b3_a3 (F-i-l)

P being the value of the compressive load applied to the
internal surface of the sphere, a the inner radius and b the
outer radius of the complete hollow sphere. For this example
the smaller sphere has an inner radius a = 5, the outer radius
of the bigger sphere is b = 20 and the contact interface is
located at radius ¢ = 15. One eighth of the hollow spheres
with the appropriate symmetry conditions has been used to
create the analysis model, as shown in Fig. 11. The material
properties chosen for the problem are £ = 1000, v = 0.3.
The applied internal pressure is P = 1.

Following the procedure used in the previous example, a
series of non-conforming, uniformly /-refined meshes were

(50)

Error in energy norm
T T T

10t

Error in %
.
.

10°

Az

10—0.2

1
100

100.2

h

—B— Linear elements —5— Quadratic elements

Fig. 12 Example 2. Energy norm error of the solution as a function
of the element size. Analysis of the convergence of the solution. The
optimal convergence rates are depicted by the triangles below the curves
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Fig. 13 Example 3. Scheme of the ironing problem
Table 1 Parameters of the ironing problem
Young modulus of the slab Esiap 100 (GPa)
Poisson coefficient of the slab VSiab 0.3
Young modulus of the sphere Esphere 1000 (GPa)
Poisson coefficient of the sphere VSphere 0.3
Vertical displacement of the sphere Aug, —0.3 (mm)
Horizontal displacement of the sphere Auy, 5 (mm)
Friction coefficient n 0.3

solved to test the convergence of the solution. The first calcu-
lation mesh is shown in Fig. 11. Figure 12 shows the evolution
of the relative exact error in energy norm of the solution
with 3 and 773 elements. The optimal convergence rate,
depicted by the triangles in the graph, is again achieved for
both element types.

6.3 Frictional contact under large deformations

The last example in this paper is an ironing problem under
large deformations, similar to the ones solved in [42] and
[17]. Figure 13 shows the dimensions of the bodies in contact.
Material properties and displacements of the problem are
shown in Table 1. The ironing block consists of a sphere

Reaction Forces

Reaction forces (N)

Load step number

F,, refined 73
—— F., ANSYS coarse
- - - Fy, uniform J3
Fy, ANSYS®ref.

—— F, uniform 3% F, uniform 7%
F., ANSYS ref. --- Fy, refined J¢3
- - - Fy, uniform %o - - - F,, ANSYS®coarse

Fig. 15 Example 3. Reaction forces on the lower face of the block

modelled by four surfaces. The upper surfaces of the sphere
are moved towards the slab in 5 time steps, after which a
motion along the y direction is applied using 80 time steps.
We used a Neo-Hookean material model [45] to consider
large deformations of the solids.

This problem was solved with three different meshes. Fig-
ure 14 shows the mesh for the first two analyses on the left,
with 72§ elements for the first analysis and .75 elements for
the second. A manual i-adaptive refinement was performed
on the contact surface of the slab to create the third analy-
sis mesh (Fig. 14 right), using only 773 elements this time.
Two different meshes with .73 elements were solved using
ANSYS®[1] in order to compare the results. The first of the
meshes was created using a discretization similar to the one
used in the first mesh in Fig. 14. The second was an overkilled
mesh which served as a reference.

Figure 15 shows the sum of the vertical and horizontal
reaction forces measured on the lower face of the slab for all

Fig. 14 Example 3. Calculation meshes of the ironing problem. Left: uniform initial meshes. Right: manually adapted mesh on the lower body
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Fig.16 Example 3. Deformed configuration and vertical displacements
u for the ironing problem for different load steps. On the top, the last
load step with only vertical displacement is represented. On the bottom,

the analyses. The results are similar to those obtained with
ANSYS®, with the values of the reaction forces tending to
the reference value with refinement of the mesh. It should
be noted that the use of a coarse mesh with 7%, elements
provides a smooth evolution of the reaction forces, close to
the reference values. This is thanks to the definition of the
exact geometry, which is independent of the resolution of
the mesh. In all cases the wave lengths of the oscillations
that appear in the reaction forces are equal to the size of
the mesh and are caused by the interaction of the discretized
surfaces, which vary with the element size. The deformed
configuration for two different load steps is represented in
Fig. 16.

7 Conclusions

This paper has extended the formulation first proposed in
[41] to the case of large deformation frictional contact. In
this method a stabilization term that is iteratively computed is

results from load step 45. These results correspond to the analysis of a
coarse mesh using quadratic .7 elements

added to an augmented Lagrangian formulation, after which
the Lagrange multipliers are condensed for the stick and slide
case, ensuring a smooth transition between both states.

The formulation was implemented within the three dimen-
sional version of the Cartesian grid Finite Element Method
(cgFEM). For this purpose the deformed configuration was
defined as a combination of the NURBS surface definition
and the finite element displacement field, which allows the
exact definition of the boundaries to be taken into account,
an important factor in defining the contact kinematics.

Some numerical examples were solved to test the method,
using linear 8-node and quadratic 20-node elements. The
results show that the appropriate convergence rates are
achieved, and the transition between sticking and sliding
states is sufficiently smooth. Although the present work
may not outperform the more established body-fitted con-
tact formulations in terms of precision or efficiency, it allows
solving large sliding contact problems within the embedded
domain framework and would be of interest for the solution
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of problems like contact wear simulation, fretting fatigue or
prosthesis-tissue interaction.
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A Variation of normal and tangent vectors

We recall here (15) for the calculation of sn‘!.

A= ™ q

- (1
= ”ﬁ(l)” ; n=s." X8, 6n
(1 (n (1 (e8]
8s. ' X 8y  +8. 7 X 88y
sn) = % " §
A H
n® 2D 55D 5 g 4 gD ()
T[ (5s X8, 8 X Ssn )] (52)
|

For the calculation of the variation of the tangent vectors

él) and s,(71) we start from (16). We will only describe the
calculation of Ssg) as the other term, 855,1), has an identical
procedure:
(o _ xD_asE m
¢ 0% 08
+Z<8Nj 8§1€+3Nj 9¢5 8N,-8_§§>u(v1)
I gy 0& gy 0& 9y 0 J
(53)
55 (1) —s Bx(l) 88u(1)
9E 0§
4 ON; 34

—Z<8N j 96t %%)aum
o o ocs og oz ok )

(54)
The linearization of all these variables has the same struc-
ture as the variation, so the variations sn‘, (Ssg) and 8521)

can be directly substituted for the increments An(!) | Asél)
and As,gl).

B Linearization of A’g,

We recall the definition of A’g, here:

@ Springer

b — T, () —x (5,))
[pr = 510 (xV = x (&/))|

If we use the simplification of (56), the linearization of
Alg, can be expressed as in (57)

Atgt =

(55)

d A Kk E
ST L (x® (&) —x)
(56)
Ad Al ~
AA'g, = —ag’ [a'g, - 4d] (57)

Finally, for the linearization of d we can rearrange Eq. (56)
as:

d=p; + % [(x@ =)~ [(x® = x) -]

(58)

With this definition we have a clearer linearization term,
which is the following:

A E
Ad = = {Au — [Au .M 4 (x(2)

h

+ [(Xa) _X(1>) _n(1>] An(l)}
where Au = Au® (51) — Au'M. Notice that the local
coordinates of the master body are not unknowns, but the
coordinates from the last converged step.

_ x“)) , An(”] D

(59)
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