Document downloaded from:

http://hdl.handle.net/10251/124295

This paper must be cited as:

Lépez Alfonso, S.; Moll Lopez, SE. (2019). The uniform bounded deciding property and the
separable quotient problem. Revista de la Real Academia de Ciencias Exactas Fisicas y
Naturales Serie A Matematicas. 113(2):1223-1230. https://doi.org/10.1007/s13398-018-

0543-7

The final publication is available at

https://doi.org/10.1007/s13398-018-0543-7

Copyright - gpringer-Verlag

Additional Information



RACSAM @ CrossMark
https://doi.org/10.1007/s13398-018-0543-7

ORIGINAL PAPER

The uniform bounded deciding property and the
separable quotient problem

S. Lépez-Alfonso! - S. Moll?

Received: 11 April 2018 / Accepted: 30 April 2018
© Springer-Verlag Italia S.r.1., part of Springer Nature 2018

Abstract Saxon—Wilansky’s paper The equivalence of some Banach space problems con-
tains six properties equivalent to the existence of an infinite dimensional separable quotient in
a Banach space with nice simplified proofs. In the frame of uniform bounded deciding prop-
erty, we prove that for an infinite dimensional Banach space (E, ||-||) the following properties
are equivalents: 1) The unit sphere Sg contains a dense and non uniform bounded deciding
subset. 2) The unit sphere Sg contains a dense and non strong norming subset. 3) (E, [|-]|)
admits an infinite dimensional separable quotient.

Keywords Banach space - Separable quotient problem - Strong norming subset -
Uniform bounded deciding subset
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1 Introduction

In 1932 Mazur asked whether an infinite dimensional Banach space admits an infinite dimen-
sional separable quotient. Saxon and Wilansky showed in their wonderful paper [10] six
properties equivalent to the existence of an infinite dimensional separable quotient. They
claim that most of these properties were known and they present simplified proofs to get
all equivalences. The new equivalence obtained in [10] states that an infinite dimensional
Banach space has a separable quotient if and only if it has a dense non-barrelled subspace.
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In this paper we present a direct proof of this equivalence in the context of uniform bounded
deciding sets introduced in [2] (see Proposition 1 and Theorem 1).

For this paper to be selfcontained we give some properties of uniform bounded deciding
subsets of a normed space in Sect. 2. In Sect. 3 we introduce the strong norming property
and we prove its equivalence with the uniform bounded deciding property (Proposition 4).

Finally, in the last section we present a direct proof of the characterization of the existence
of an infinite dimensional separable quotient in terms of uniform bounded deciding subsets.

2 Uniform bounded deciding sets

Unless otherwise stated we will suppose that each subspace F of a normed space (E, ||-||) is
endowed with the induced norm, denoted by ||-||, that the norm of the dual space (E*, ||-||) is
the polar norm and that the scalar fieldis Ror C. B (0, 1) := {x € E : ||x|| < 1}isthe closed
unit ball of center 0 and radius 1. The unit sphere of center O is Sg := {x € E : | x| = 1}.

Definition 1 A subset C of a normed space (E, |-||) is a uniform bounded deciding set (in
brief ubd set) if each C-pointwise bounded subset M of the dual space (E*, ||]|) is norm
bounded, i.e.,

sup |f(x)] <00, Vx e C = sup || fll= sup |f(x)| < oo.
feMm feM feM
xeBg(0,1)

The norm bounded condition of M may be replaced by M is uniformly bounded in a
bounded neighborhood of zero.

Example 1 By the Banach—Steinhaus theorem the unit sphere Sg of a Banach space (E, |-||)
is an ubd set. If (E, ||-]|) is a reflexive Banach space then the set of exposed points is an ubd
set [3], hence the set of extreme points of a reflexive Banach space E is an ubd set.

Example 2 Let <7 be an algebra of subsets of a set £2 and let (L (<), ||-||) be the linear span
of the characteristiques functions e4, A € 7. The dual of (L(<), ||-]|) with the polar norm
is isomorphically isometric to the normed space (ba(<), ||-||) of bounded finitely additive
measures with the variation norm. By the isomorphism we identify each measure ;€ ba(</)
with the linear form defined on L(.<7), named also by u, such that p(es) := u(A).

A subset Z of the algebra <7 has Nikodym property ([8] and [12]) if for each subset M
of (ba(<), |I-1)

sup [u(A)| < oo, YA € = sup |u(A)| < oo.
neM neM
Aed

By [11, Propositions 1 and 2] we have

sup (A < lull = sup  |u(g)l <4 sup |u(A)],
Aed 8€B(7)(0,1) Aed

hence a subset Z of the algebra o7 has Nikodym property if and only if
sup |u(ea)l <oo, VAe =  sup  |u(g)l < oo.
neM neM

8€B (7 )(0.1)

This prove that a subset Z of the algebra ./ has Nikodym property if and only if the set of
characteristiques functions {e4 : A € %} is an ubd subset of (L(<7), ||-||). In [6,8,12] there



The uniform bounded deciding property and...

are examples of algebras <7 of subsets of a set §2 that have Nikodym property and then the
set {es : A € o} is an ubd subset of (L(), ||-]|)-

Example 3 The classical Nikodym—Grothendieck theorem states that each o -4 lgebra o7 of
subsets of a set £2 has Nikodym property. Valdivia proves in [11] that if {e, : n; € N}
is an increasing covering of a o-algebra .o/ then there exists a natural number m such that
<7y, has Nikodym property; this property is named strong Nykodym property in [4] and [5],
where additionally it is proved that if {7, 4, ... » , 1N € N, i € N}is an increasing web of a
o-dlgebra o7, i.e., o = U{e,, : n; € N} and Dy g,y = {,;af,,l,nz,.“,,11,,,,[7+1 inpy1 € N}
for each (n1,n2, --- ,n,) € U{N’ : s € N}, there exists a sequence {m, : ¢ € N} such that
each | my,.m,» q € N, has Nikodym property. Then each set

fea : A € Dy my, o my}s

is an ubd subset of (L(<7), ||-||).

From ubd definition it follows that if two subsets C and D of a normed space (E, ||-||)
have the same linear span then C is ubd if and only if D is ubd. In particular, for a subset C
of a normed space (E, |-||) the following three conditions are equivalent:

1. Cisubd.
2. C\{0} is ubd.
3. (x|~ x s x € C\{0}} is ubd.

Hence we may restrict our attention to the ubd sets that are subsets of the unit sphere
Sg :=={x € E : ||x|| = 1} of a normed space (E, ||-]).

Note that if C is an ubd set of a normed space (E, [|-]|) then span C is a dense subset of
(E, |Ill), because if there would exists x € Bg (0, 1)\span C then, by Hahn—Banach theorem,
there exists f,, € E* such that f,(x) = n and f,(span C) = {0}, for each n € N. Then

sup | f(x)] =0, Vx € C and sup || f || = oo,
neN neN
is a contradiction with the fact that C is an ubd set.

The following proposition gives a natural characterization of ubd sets by barrelledness.
Recall that a normed space (F, ||-||) is barrelled if (F, ||-||) verifies the Banach Steinhaus
theorem, i.e., each F pointwise bounded subset H of the dual space (F*,|-]|) is norm
bounded. By polarity this property is equivalent to the fact that each absorbent, absolutely
convex and closed subset of (F, ||-||) is a neighborhood of zero in (F, |-||). Each absorbent,
absolutely convex and closed subset of a topological vector space is called a barrel. Therefore
a normed space (F, ||-||) is barrelled if each barrel is neigborhood of zero.

In the proof of the next proposition we will use the well known fact thatif F' := span C is a
dense subspace of (E, ||-||) thenthe map ¢ : (E*, ||-]) = (F*, ||| ) defined by the restriction
to F is an isomorphism isometric. Therefore we may identify (E*, ||-||) and (F™*, ||-|| )

Proposition 1 A subset C of a normed space (E, |-||) is ubd if and only if (span C, ||-||) is
a dense and barrelled subspace of (E, ||-||).

Proof Let’s suppose that C is an ubd subset of (E, ||-||). Then F := spanC is a dense
subspace of (E, ||-]]). Let ¢ : (E*, ||-]) = (F*, || ) be the restriction to F and H a subset
of F* pointwise bounded in C. As C is an ubd subset then ¢ ' (H) is norm bounded in
(E, |I-ll), hence H is a norm bounded subset of (F, ||-]]) = (spanC, [|-]|) and we get that
(span C, ||-||) is barrelled.
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To prove the converse, let us suppose that (F, ||-||) = (span C, ||-||) is a dense and bar-
relled subspace of (E, ||-||). If H is a subset of (E*, ||-||) pointwise bounded on C then, by
barrellednes, ¢ (H) is norm bounded in (F*, ||-]|). As ¢ is an isometry H is a norm bounded
subset of (E*, ||-||). Therefore C is an ubd subset. ]

3 Strong norming sets

Let D be an absorbing absolutely convex subset of a normed space (E, ||-]). It is well known
that the Minkowski functional pp of D

pp(x) :=inf{x: x € RT, x € AD},

verfies that
(xeE:ppx)y<l1l}CcDC{xeE:pplx) <1}

Hence pp defines in E a norm equivalent to ||-|| if and only if D is a bounded neighborhood
of (E, [I-1).
Recall that the polar of a subset C of (E, ||-||) is the set

Co:={x"e E*: |x*(x)| < L,Vx € C},

and the bipolar
C®:={x € E:|x*"(x)| < 1,Vx* € C°},

verifies that C°° = abcx C, i.e., the closure of the absolutely convex hull of C, where the
absolutely convex hull of C is the set

abex C :={X] | Ajx; 1x; € C, XL 4] < 1,n e N}

From the trivial fact that in a dual pair (E, E*) a set is bounded if and only if its polar
is a neighborhood of 0 and from the equality C°°° = C?° it follows that for a subset C of a
normed space (E, ||-]|) the following equivalent conditions are equivalent:

1. C° = abcx C is a bounded neighborhood of (E, ||-])), i.e., there exists 0 < r < R such
that
(x:x€ekE, |x|l<r}cC®°cCi{x:x€ckE, |x| <R} (1)

2. The polar set C° is a bounded neighborhood of (E*, ||-|]).

By polarity, this equivalence also follows by the equivalence between (1) and the next
relation (2)

{x* x* e E, Hx*” < R_l} CcC°cC {x* x* e E¥, Hx*” < r_l}. ?2)
These properties motivated the following definition.

Definition 2 A subset C of a normed space (E, ||-]|) is a norming set if its bipolar, C°° =
abex C, is a bounded neighborhood of zero in (E, ||-]|).

Hence C is norming if and only if it verifies (1) and if and only if the Minkowsky functional
Ppcoe is a norm equivalent to the norm of (E, ||-||). From the equivalence between (1) and (2)
it directly follows the next proposition.

Proposition 2 For a subset C of a normed space (E, |-||) the following conditions are
equivalent:
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1. C is norming.

2. C° is norming.

3. C and C° are bounded subsets of (E, ||-||) and (E*, ||-]|), respectively.

4. C°° and C° are neighborhoods of the origin in (E, ||-||) and in (E*, ||-||), respectively.

The next proposition proves that the projection of a norming set on the unit sphere is a
norming set.

Proposition 3 If C is a norming subset of a normed space (E, |-||) then {||x||_1 X :Xx €
C\{0}} is a norming subset of the unit sphere Sg.

Proof We may suppose that C verifies (1). Then
(x:x€E, |x| <rRTYCRIC®°Cix:xeE, |x| <1}

hence R~! ||x|| < 1, foreach x € C°°, and, in particular R ||x||_1,f0r eachx € C\{0}.
Then

RTIC = RN CO\OD®° C{llx[ ' x :x e OO} C {(x :x € E, [Ix] < 1},
and we get that {||x [7'x:xeC\[0}}isa norming subset of the unit sphere S because:
(x:x€E, |'l<rRYc{lxl™'x:xeC\[O}° Ci{x:xe€E, |-|<1}).

m}

Definition 3 A subset C of a normed space (E, ||-||) is strong norming (s-norming, in brief)
if each increasing covering (C,, ), of C contains a norming set Cj,.

Each s-norming is norming, hence it is bounded and the next proposition characterizes
strong norming subsets as bounded subsets with ubd property.

Proposition 4 A subset C of a normed space (E, |-||) is strong norming if and only if C is
a bounded ubd set.

Proof Let C be an s-norming subset of (E, [|-]|). We know that C is bounded. If M is a
C-pointwise bounded subset of (E*, ||-]|) and

Cn={xeC:[fxX)|<m, V[feM)}

then
m='M c c°, 3)

and {C,, : m € N} is an increasing covering of the s-norming set C, hence there exists C,
that is a norming set and then, by Proposition 2, the polar set C, is a bounded subset of
(E*, |I-]). By (3) with m = n we get that M is a bounded subset of (E*, |-]|), hence C is an
ubd subset of (E, ||-|]).

Let’s suppose that C is not a s-norming subset of (E, ||-||). If C is unbounded the proof is
done. Therefore we may suppose that C is a bounded set with an increasing covering (Cy,),
of non norming subsets. By Proposition 2 each C;, is an unbounded subset of (E*, ||-|),
hence there exists f;, € Cy, such that || f;, || > m. As the norm unbounded sequence ( f;)m
is pointwise bounded on C then C is not an ubd subset of (E, [|-||). m]

This Proposition implies that if C is a non ubd subset of the unit sphere of a normed space
then C contains a non norming subset.
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4 Application: a note on the separable quotient open problem

As mentioned in the Introduction, in the next theorem we present a direct proof of the
characterization of the existence of an infinite dimensional separable quotient in a Banach
space in terms of uniform bounded deciding subsets.

Theorem 1 For an infinite dimensional Banach space (E, ||-||) the following properties are
equivalents:

1. (E, ||I'll) contains a dense subspace F that is non-ubd.
2. (E, |I-) admits an infinite dimensional separable quotient.

Proof Letus suppose that F is adense and non-ubd subspace of (E, ||-||). Then there exists an
unbounded subset H in (E*, ||-||) thatis pointwise bounded in F. Hence the closed absolutely
convex set B := HZ° is not neighborhood of 0 in (E, ||-||) and span B is dense in (E, |-])),
because F C span B.

It is well known that the codimension of span B in (E, ||-||) cannot be countable, because
if {x, : n € N} were a cobase of spanB in E then the equality

E = U{nabcx (B U {x1,x2,...,x,}) :n € N},

and Baire theorem imply that there exists p € N such that B U {x1, x2, ..., x)} is a neigbor-
hood of O in (E, ||-||). Then B is a neighborhood of 0 in spanB. Therefore, as B is a closed
subset of (E, ||-||) and span B is dense in (E, ||-||), we get the contradiction that B would be
a neighborhood of 0 in (E, ||-||), which is a contradiction.

The infinite codimension of span B in E and the Hahn—Banach separation theorem enables
us to obtain two sequences {x, : n € N} in Sg and {f, : n € N} in E* such that:

1. fulxp) =1,forn > 1.

2. x1 € Sg\span B and x,, € (SEﬂfllﬂleﬂn'ﬂfnl_])\span (BU{x1,x2,+, Xn—1}),
forn > 1.

3. 1fix)] < 271, foreach x € B, and | f,,(x + aix1 +axxy + -+ + ap_1x4—1)| < 277,
foreachx € Bandeach |g;| < 1,1 <i <n.

In fact, we select x; € Sg\span B and apply Hahn—-Banach separation theorem to {x;}
and 2B to determine f; € E* such that fj(x;) = 1 and | f1(v)| < 1, for each v € 2B. The
first step of the inductive process is done, because

1
[ f1(0)] < E,foreachx € B. 4)

Let us suppose that we have determined {x,, : m < n}and {f,, : m < n} for somen > 1.
As the codimension of span B in (E, ||-||) is infinite we may select

X, € (SE N flJ‘ N fzJ‘ ﬂu-ﬂfn{l) \span (B U {x1,x2,...,X,-1}),
and apply Hahn—Banach separation theorem to {x,} and
2" {B4aixi +axy+ - +ap—1x,—1 :ai| < 1,1 <i <n},
to determine f,, € E* such that f,(x,) = 1 and | f;,(v)| < 1, for each

ve2'"{B4+aixi +axy+ - +a_1x,-1: lai| <1,1 <i <n}.
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Then the inductive process is done because

1
[fu(x +aixy +axx2 + - +ap—1x,-1)| < o )

foreachx € Bandeach |a;| < 1,1 <i <n.
Again, with a new induction, we determine for each x € B a convergente series X~ i°:° 1Gi X
with |a;| < 27%,i € N, such that

x+ X2 a;x; eﬂ[fnl:neN}.
In fact, from f1(x;) = 1 and (4) we deduce that
fix+aix) = filx) +a1 =0,

is verified if and only
ar = — fi(x), with |a;| <27

Suppose that a;, 1 < i < n, has been determined such that |a;| < 2~ and
fi (x +ajx; +---+ajx;) =0, foreachi < n.
Then, from f,(x,) = 1 and (5) we deduce that the equality
fox+aixi+- Fan x| Fapxy) = fu(x +arx; +--+ap_1x,-1) +a, =0, (6)
is verified if and only if
an = —fu(x +a1x1 + - + an_1x,—1), with |a,| <27".

To finish the induction we only need to notice that by construction X;°,  a;x; € fit, for
each n € N, hence, by (6) we deduce that

folx + 22 aix;) = fu(x + 2/l aixi) + f(E2, 1 aix;) = 0.

Finally, let
Zp i=x+ Ei°:°p+1a,-x,-.

Then
< XX | < ! =i
”Zp _x” S “i=p+1 |al| NS 27 =X = l;an.
Let F := ({f;* : n € N}. From
zp ==X aix; + x + X2 a;x; € span{x;,i € N} + F,

we deduce that

B Cspan{x;,i € N} + F.

This relation and the density of span B in (E, |-||) imply that span{x;, i € N} + F is a dense
subspace of (E, ||-||). Consequently, if ¢ is the quotient map of (E, ||-||) onto the quotient
space (E/F, ||-llg/r) then (p(span{x;,i € N}), |-l g,F) is a separable infinite dimensional
subspace of (E/F, ||-|lg/F), where |-|| g, F is the quotient norm.

Conversely, suppose that F' is a closed subspace of (E, [|-]|) such that (E/F, ||-Ilg,F) is a
separable infinite dimensional Banach space. Then there exists in Sg a sequence {x, : n € N}
of linear independent vectors such that the sum of span {x, : n € N} and F is direct and
span{x, : n € N} @ F is dense in (E, |-||). By the Hahn—Banach theorem for each n € N
there exists f, € E* such that f,(x,+1) = nllx,|l and f,({x1,---,xx} + F) = {0}.
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Then span{x, : n € N} @ F is a non-ubd subset, because the norm-unbounded sequence
{fn : n € N} is pointwise bounded in span {x, : n € N} @ F. O

From this theorem and Proposition 4 follows the next corollary.

Corollary 1 For an infinite dimensional Banach space (E, ||-1) the following properties are
equivalent:

1. The unit sphere S contains a dense and non ubd subset.
2. The unit sphere Sg contains a dense and non strong norming subset.
3. (E, |I-) admits an infinite dimensional separable quotient.

A sequence (y,), in the dual E* of a Banach space (E, ||-||) is pseudobounded if it is
point-wise bounded on a dense subspace F of E and sup,, ||y, || = oo [9]. Itis obvious that E*
contains a pseudobounded sequence if and only if Sg contains a dense and non ubd subset.
Therefore from last Corollary we get that an infinite dimensional Banach space (E, ||-||) has
an infinite dimensional separable quotient if and only if its dual E* contains a pseudobounded
squence. This equivalence is contained in [9, Theorem 3].

In [1, Theorem 15] is proved that every infinite dimensional dual Banach space (E*, |-|))
has an infinite dimensional separable quotient. From Theorem 1 follows that the unit sphere
Sg+ contains a non ubd subset. This result motivates the following problem.

Problem 1 Obtain a direct method to determine a dense and non ubd subset in the unit
sphere Sg= of the dual of a Banach space (E, ||-|).
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