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“Science is shaped by ignorance. Great questions themselves evolve,
of course, because their answers spawn new and better questions in turn”

David Gross
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Resumen

A día de hoy, las redes de comunicaciones de fibra óptica están alcanzando su capacidad límite
debido al rápido crecimiento de la demanda de datos en la última década, generado por el auge
de los teléfonos inteligentes, las tabletas, las redes sociales, la provisión de servicios en la nube,
las transmisiones en streaming y las comunicaciones máquina-a-máquina. Con el fin de solventar
dicho problema, se ha propuesto incrementar la capacidad límite de las redes ópticas mediante el
reemplazo de la fibra óptica clásica por la fibra óptica multinúcleo (MCF, acrónimo en inglés de
multi-core fiber), la cual es capaz de integrar la capacidad de varias fibras ópticas clásicas en su
estructura ocupando prácticamente la misma sección transversal que éstas.

Sin embargo, explotar todo el potencial de una fibra MCF requiere entender en profundidad los
fenómenos electromagnéticos que aparecen en este tipo de fibras cuando guiamos luz a través
de ellas. Así pues, en la primera parte de la tesis se analizan teóricamente estos fenómenos
electromagnéticos y, posteriormente, se estudia la viabilidad de la tecnología MCF en distintos
tipos de redes ópticas de transporte, específicamente, en aquellas que hacen uso de transmisiones
radio-sobre-fibra. Estos resultados pueden ser de gran utilidad para las futuras generaciones móviles
5G y Beyond-5G en las próximas décadas.

Adicionalmente, con el fin de expandir las funcionalidades básicas de las fibras MCF, esta
tesis explora nuevas estrategias de diseño de las mismas utilizando la analogía existente entre las
ecuaciones que rigen la mecánica cuántica y el electromagnetismo. Con esta idea en mente, en la
segunda parte de la tesis se propone diseñar una nueva clase de fibras MCF usando las matemáticas
de la supersimetría, surgida en el seno de la teoría de cuerdas y de la teoría cuántica de campos como
un marco teórico de trabajo que permite unificar las interacciones fundamentales de la naturaleza
(la nuclear fuerte, la nuclear débil, el electromagnetismo y la gravedad). Girando en torno a esta
idea surgen las fibras MCF supersimétricas, las cuales nos permiten procesar la información de los
usuarios durante la propia propagación de la luz a través de ellas, reduciendo así la complejidad
del procesado de datos del usuario en recepción.

Finalmente, esta tesis se completa introduciendo un cambio de paradigma que permite diseñar
dispositivos fotónicos disruptivos. Demostramos que la supersimetría de mecánica cuántica no
relativista, propuesta como una serie de transformaciones matemáticas restringidas al dominio
espacial, se puede extender también al dominio del tiempo, al menos dentro del marco de trabajo
de la fotónica. Como resultado de nuestras investigaciones, demostramos que la supersimetría
temporal puede convertirse en una plataforma prometedora para la fotónica integrada ya que nos
permite diseñar nuevos dispositivos ópticos versátiles y ultra-compactos que pueden jugar un papel
clave en los procesadores del futuro.

Asimismo, con el fin de hacer los resultados principales de esta tesis doctoral lo más generales
posibles, se detalla cómo poder extrapolarlos a otros campos de la física como acústica y mecánica
cuántica.
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Resum

Avui en dia, les xarxes de comunicacions de fibra òptica estan aconseguint la seua capacitat
límit a causa del ràpid creixement de la demanda de dades duante l’última dècada, generat per
l’auge dels telèfons intel·ligents, les tablets, les xarxes socials, la provisió de servicis en la núvol, les
transmissions en streaming i les comunicacions màquina-a-màquina. Per a resoldre el dit problema,
s’ha proposat incrementar la capacitat límit de les xarxes òptiques per mitjà del reemplaçament de
la fibra òptica clàssica per la fibra òptica multinúcleo (MCF, acrònim en anglés de multi-core fiber),
la qual és capaç d’integrar la capacitat de diverses fibres òptiques clàssiques en la seua estructura
ocupant pràcticament la mateixa secció transversal que estes.

Tanmateix, explotar tot el potencial d’una fibra MCF requereix entendre en profunditat els
fenòmens electromagnètics que apareixen en aquestes fibres quan guiem llum a través d’elles. Així,
doncs, en la primera part de la tesi analitzem teòricament aquests fenòmens electromagnètics i,
posteriorment, estudiem la viabilitat de la tecnologia MCF en distints tipus de xarxes òptiques de
transport, específicament, en aquelles que fan ús de transmissions ràdio-sobre-fibra. Estos resultats
poden ser de gran utilitat per a les futures generacions mòbils 5G i Beyond-5G en les pròximes
dècades.

Addicionalment, a fi d’expandir les funcionalitats bàsiques de les fibres MCF, esta tesi explora
noves estratègies de disseny de les mateixes utilitzant l’analogia existent entre les equacions que
regixen la mecànica quàntica i l’electromagnetisme. Amb aquesta idea en ment, en la segona
part de la tesi proposem dissenyar una nova classe de fibres MCF usant les matemàtiques de la
supersimetria, sorgida en el si de la teoria de cordes i de la teoria quàntica de camps com un marc
teòric de treball que permet unificar les interaccions fonamentals de la natura (la nuclear forta,
la nuclear feble, l’electromagnetisme i la gravetat). Al voltant d’aquesta idea sorgeixen les fibres
MCF supersimètriques, les quals ens permeten processar la informació dels usuaris durant la pròpia
propagació de la llum a través d’elles, reduint així la complexitat del processament de dades de
l’usuari a recepció.

Finalment, esta tesi es completa introduint un canvi de paradigma que permet dissenyar dis-
positius fotónicos disruptius. Demostrem que la supersimetria de mecànica quàntica no relativista,
proposta com una sèrie de transformacions matemàtiques restringides al domini espacial, es pot
estendre també al domini del temps, almenys dins del marc de treball de la fotónica. Com resultat
de les nostres investigacions, demostrem que la supersimetria temporal pot convertir-se en una
plataforma prometedora per a la fotònica integrada ja que ens permet dissenyar nous dispositius
òptics versàtils i ultracompactes que poden jugar un paper clau en els processadors del futur.

Per tal de fer els resultats principals d’aquesta tesi doctoral el més generals possibles, es detalla
com poder extrapolar-los a altres camps de la física com ara la acústica i la mecànica quàntica.
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Abstract

To date, communication networks based on optical fibers are rapidly approaching their capacity
limit as a direct consequence of the increment of the data traffic demand in the last decade due
to the ubiquity of smartphones, tablets, social networks, cloud computing applications, streaming
services including video and gaming, and machine-to-machine communications. In such a scenario,
a new class of optical fiber which is able to integrate the capacity of several classical optical fibers
approximately in the same transverse section as that of the original one, the multi-core fiber (MCF),
has been recently proposed to overcome the capacity limits of current optical networks.

However, the possibility of exploiting the full potential of an MCF requires to deeply understand
the electromagnetic phenomena that can be observed when guiding light in this optical medium.
In this vein, in the first part of this thesis, we analyze theoretically these phenomena and, next, we
study the suitability of the MCF technology in optical transport networks using radio-over-fiber
transmissions. These findings could be of great utility for 5G and Beyond-5G cellular technology
in the next decades.

In addition, the close connection between the mathematical framework of quantum mechanics
and electromagnetism becomes a great opportunity to explore ground-breaking design strategies
of these new fibers that allow us to expand their basic functionalities. Revolving around this idea,
in the second part of this thesis we propose to design a new class of MCFs using the mathematics
of supersymmetry (SUSY), emerged within the context of string and quantum field theory as a
means to unify the basic interactions of nature (strong, electroweak, and gravitational interactions).
Interestingly, a supersymmetric MCF will allow us, not only to propagate the light, but also to
process the information of users during propagation.

Finally, we conclude this thesis by introducing a paradigm shift that allows us to design dis-
ruptive optical devices. We demonstrate that the basic ideas of SUSY in non-relativistic quantum
mechanics, restricted to the space domain to clarify unsolved questions about SUSY in string and
quantum field theory, can also be extended to the time domain, at least within the framework
of photonics. In this way, it is shown that temporal supersymmetry may serve as a key tool to
judiciously design versatile and ultra-compact optical devices enabling a promising new platform
for integrated photonics.

For the sake of completeness, we indicate how to extrapolate the main results of this thesis to
other fields of physics, such as acoustics and quantum mechanics.
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Introduction and objectives

Since the early 1970s, optical fiber has sparked a breakthrough in communications given that it
has significantly increased the data transmission capacity of communication networks. However,
in the last decade, the emergence of smartphones, tablets, social networks, cloud computing appli-
cations, streaming services including video and gaming, and machine-to-machine communications
has accelerated the growth of the data traffic demand. To date, communication networks based
on optical fibers are rapidly approaching their capacity limit (see Chapter 1).

In such circumstances, space-division multiplexing (SDM) has been proposed in recent years
to overcome the capacity limits of current optical networks. Specifically, the concept of SDM
leads to a new generation of optical communication systems using new types of optical fibers
and multiplexing techniques. The most attractive approach is the multi-core fiber (MCF). An
MCF is able to integrate the capacity of several classical optical fibers approximately in the same
transverse section. In this way, MCFs allow us to increase the data transmission capacity of our
communication networks. Moreover, MCF technology emerges as a great opportunity to uncover
novel applications in other branches of science such as medicine and astronomy, for instance, to
develop respectively new endoscopic techniques and to detect exoplanets, as discussed in Chapter 1.

Unfortunately, the possibility of exploiting the full benefits of an MCF is not as straightforward
as initially foreseen. The propagation of light through this medium involves new electromagnetic
phenomena that cannot be observed in classical optical fibers. These phenomena modify the
features of the propagated light and, consequently, they should be investigated in detail to exploit
the complete capacity of MCFs. In this vein, in the first part of this thesis, concretely in Chapters
2-4, we analyze theoretically the main propagation impairments of this new optical medium. Next,
using these results, we study in Chapter 5 the suitability of the MCF technology in optical transport
networks using radio-over-fiber transmissions. These findings could be of great utility for 5G and
Beyond-5G optical transport networks in the near future and in the next decades.

In addition, the close connection between the laws of quantum mechanics and electromagnetism
becomes a great opportunity to explore ground-breaking design strategies of these SDM fibers that
allow us to expand their basic functionalities. In such a scenario, the mathematics of supersymmetry
(SUSY), emerged in string and quantum field theory as a means to unify the strong, electroweak,
and gravitational interactions, are explored in the second part of this thesis to design a new class
of MCFs: the supersymmetric MCF (see Chapters 6 and 7). Interestingly, this kind of fibers
will allow us, not only to propagate the light, but also to process the information of users during
propagation. This opens up the possibility of enabling privileged communications in future SDM
systems, reducing at the same time the complexity of the digital signal processor at the receiver.

Next, motivated by the exotic ideas of SUSY in non-relativistic quantum mechanics, restricted
to the space domain, we contemplate the possibility of extending its foundations to the time domain,
at least within the framework of photonics. We conclude this thesis revolving around this idea in
Chapter 8. In this way, we show that temporal SUSY may serve as a unique tool to judiciously
design ultra-compact, reconfigurable and polarization-independent optical devices which define a
promising platform for integrated photonics.

Finally, in Chapter 9, we highlight the main results of this thesis, we indicate how to extrapolate
them to other branches of physics such as acoustics and quantum mechanics, and we discuss the
ongoing and future work.
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Formalism and notation
Before delving into the theory of multi-core fibers and supersymmetry, let us briefly discuss some
basic notes about the formalism and notation employed in this thesis:

• Slowly-varying function. This concept applies, for instance, to the refractive index profile in
gradual-index fibers. Given a complex-valued function f : Rn → C, we will say that f has
a slowly-varying evolution in the xi variable if, by definition, δif (x) ≪ |f (x)| in δxi ∼ xR,
where δif (x) := |f (x)− f (x+ δxiûi)| and xR is a positive-real value of reference. Thus
(∂/∂xi ≡ ∂i):

δif (x)

δxi
≪ |f (x)|

xR
⇒ |∂if (x)| ≪

|f (x)|
xR

.
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In addition, bearing in mind the slowly-varying nature of the above function in the ûi direc-
tion, we can also assume that if |∂if (x)| < |f (x)|, then

∣∣∂2i f (x)∣∣ < |∂if (x)|. As a result,
we conclude that:

|∂if (x)| ≪
|f (x)|
xR

⇒
∣∣∂2i f (x)∣∣≪ 1

xR
|∂if (x)| ≪

1

x2R
|f (x)| .

Finally, note that xi may also describe a time variable.

• The real representation or real wave function of a field will be denoted by using a calligraphic
notation. As an example, the real representation of the electric field strength will be written
as E (r, t).

• We define the one-dimensional temporal Fourier transform as:

E (r, t) :=
1

2π

ˆ ∞

−∞
Ẽ (r, ω) exp (jωt) dω;

Ẽ (r, ω) :=

ˆ ∞

−∞
E (r, t) exp (−jωt)dt,

using a tilde to denote the Fourier-transformed functions. In this context, E+ and E− account
for the positive and negative frequencies of the spectrum, respectively:

E (r, t) = E− (r, t)+E+ (r, t) =
1

2π

ˆ 0

−∞
Ẽ (r, ω) exp (jωt) dω+ 1

2π

ˆ ∞

0

Ẽ (r, ω) exp (jωt)dω.

Taking into account that E is real, then Ẽ (r, ω) = Ẽ
∗
(r,−ω) and, consequently E− = (E+)∗.

Therefore, E = 2Re
{
E+
}

.

• The analytic representation or analytic signal E (r, t) is defined as the complex function
which contains only the positive frequencies of E (r, t). More specifically, E (r, t) is defined
via its 1D temporal Fourier transform as:

Ẽ (r, ω) :=


2Ẽ (r, ω) ω > 0

Ẽ (r, 0) ω = 0

0 ω < 0

.

Interestingly, it can be shown that E (r, t) = E (r, t) + jĚ (r, t) where Ě is the Hilbert
transform of E.1 Hence, E = Re {E}, which leads to the relation E = 2E+. The analytic
representation of a signal was introduced by Dennis Gabor in 1946 [1]. In the monochromatic
regime (Chapter 2), we will write the analytic representation of the electric field strength
as E (r, t) = Eω0 (r) exp (jω0t), where Eω0 is the complex amplitude. In this way, the real
representation can be expressed as:

E (r, t) = Re {Eω0
(r) exp (jω0t)} =

1

2
[Eω0

(r) exp (jω0t) +E−ω0
(r) exp (−jω0t)] ,

with E−ω0 = (Eω0)
∗. In optical media operating in the monochromatic regime but perturbed

by temporal fluctuations of the refractive index (Chapter 3), and in the quasi-monochromatic
regime (Chapter 4), Eω0

is also assumed to be time-dependent to describe the slowly-varying
temporal perturbations of the medium or the slowly-varying temporal evolution of a pulse.

1The simplest example is the harmonic function exp (jωt) = cos (ωt) + j sin (ωt), where sin (ωt) is the Hilbert
transform of cos (ωt).
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• We define the two-dimensional Fourier transform as (Chapter 8):

E (r, t) :=
1

4π2

ˆ ∞

−∞

ˆ ∞

−∞
Ẽ (k, ω; rT) exp (−jk · r) exp (jωt)dkdω;

Ẽ (k, ω; rT) :=

ˆ ∞

−∞

ˆ ∞

−∞
E (r, t) exp (jk · r) exp (−jωt)drLdt,

where the vector position r = rT + rL = rT + rLûL is described as a function of the
transversal (rT) and parallel vectors (rL) to the propagation direction of the electromagnetic
energy (ûL). We contemplate two different scenarios: (i) the spatial scattering and (ii) the
temporal scattering. In both cases, a reflected and a transmitted wave can be observed as
a result of the interaction of an incident wave with a localized refractive index variation
in space [n (r)] or in time [n (t)]. In the former scenario, E+ and E− will be respectively
associated with the description of the positive and negative frequencies of the spectrum:

E (r, t) = E− (r, t) + E+ (r, t) =
1

4π2

ˆ ∞

k=−∞

ˆ 0

ω=−∞
Ẽ (k, ω; rT) exp (−jk · r) exp (jωt) dωdk

+
1

4π2

ˆ ∞

k=−∞

ˆ ∞

ω=0

Ẽ (k, ω; rT) exp (−jk · r) exp (jωt) dωdk.

In the latter scenario, E+ and E− will be respectively associated with the description of the
positive and negative wave numbers of the spectrum:

E (r, t) = E− (r, t) + E+ (r, t) =
1

4π2

ˆ 0

k=−∞

ˆ ∞

ω=−∞
Ẽ (k, ω; rT) exp (−jk · r) exp (jωt) dωdk

+
1

4π2

ˆ ∞

k=0

ˆ ∞

ω=−∞
Ẽ (k, ω; rT) exp (−jk · r) exp (jωt) dωdk.

In both cases, taking into account that E is real, then Ẽ (k, ω; rT) = Ẽ
∗
(−k,−ω; rT) and,

consequently E− = (E+)∗. That is, E = 2Re
{
E+
}

.

• Bearing in mind that E+ and E− have a different definition in the spatial and temporal
scattering problems, the analytic representation (or analytic signal) E (r, t) must be defined
in a different way in each case. Specifically, in the spatial scattering problem E (r, t) only
describes the positive frequencies of E (r, t) via its 2D Fourier transform:

Ẽ (k, ω; rT) :=


2Ẽ (k, ω; rT) ω > 0

Ẽ (k, 0; rT) ω = 0

0 ω < 0

,

and in the temporal scattering E (r, t) only describes the positive wave numbers of E (r, t):

Ẽ (k, ω; rT) :=


2Ẽ (k, ω; rT) k > 0

Ẽ (0, ω; rT) k = 0

0 k < 0

.

However, note that in both cases E = Re {E} and E = 2E+.

• A Helmholtz equation is a second-order homogeneous partial differential equation (PDE) of
the form: (

△+ k2
)
ϕ(r) = 0,

where △ is the Laplacian operator, k is a real number, and ϕ is a scalar field. In coherence
with the mathematical literature of PDEs [2–6], we will also refer to a Helmholtz equation
when:

4



– k is a function. In such a case, the PDE is usually termed as a Helmholtz equation with
variable coefficients.

– The right-hand side of the above equation is not null, in which case the PDE is referred
to as a non-homogeneous Helmholtz equation.

• In the second part of this thesis, we will usually refer to non-relativistic quantum mechanics
simply as quantum mechanics. In fact, the non-relativistic quantum-mechanical version of
supersymmetry is simply termed as supersymmetric quantum mechanics in the literature.

• In order to use a more economical notation, we will usually denote the limit of a real or
complex-valued function f at x→ a as:

lim
x→a

f (x) ≡ f (x→ a) .
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Chapter 1

Space-division multiplexing and
multi-core fiber

1.1 Introduction
Optical fiber has sparked a new paradigm in communications as it has significantly increased the
Shannon capacity of communication networks based on metallic waveguides [7]. Nowadays, the
data traffic carried on access and backbone networks is easily covered thanks to the development of
the optical fiber technology in the second half of the last century [8]. Figure 1 depicts the evolution
of the system capacity per optical fiber along with the underlying technologies employed during
the past four decades.

The birth of optical communications in the early 1970s produced an explosive growth in the
data traffic capacity [9]. In 1975, the first commercial fiber-optic cable system was developed
operating at 45 Mb/s. Two years later, in 1977, General Telephone and Electronics sent the first
live telephone traffic in Long Beach (California) using an optical fiber with a bit rate capacity of
6 Mb/s. Since these early systems were initially limited by multi-mode dispersion, the single-mode
regime was revealed as a fundamental feature to improve the system performance. At this first
stage, the bit rate was progressively increased by using on-off keying (OOK) modulation formats
and time-division multiplexed (TDM) transmissions. Unfortunately, the propagation distance of
these systems was limited by the fiber losses.

In order to overcome this issue, optical amplification was developed in the early 1990s [8].
Specifically, erbium-doped fiber amplifiers (EDFA) and wavelength-division multiplexed (WDM)
optical transmissions enabled to increase not only the propagation distance, but also the bit rate per
fiber from tens of Gb/s to few Tb/s [10]. During the next decade, the communication bandwidth
demand was economically covered in access and backbone networks by EDFA&WDM systems using
OOK signals and direct detection. Since the early 2000s, the efforts of the scientific community
were focused on increasing the spectral efficiency of optical networks to cover the data traffic
demand. Advanced modulation formats and coherent detection became a highly desirable technical
advancement [11]. In particular, the use of coherent optical receivers with the combination of digital
signal processing (DSP) algorithms has led to increase the long transmission distances and high
spectral efficiencies required for current commercial optical networks [8].

However, in the last decade, the emergence of smartphones, tablets, social networks,
cloud computing, streaming transmissions and machine-to-machine (M2M) communications has
accelerated the growth of the data traffic. To date, in spite of the fact that the data traffic demand
is easily covered by WDM systems using single-mode single-core fibers (SM-SCFs1), recent works
indicate that these WDM systems are rapidly approaching their Shannon capacity [12]. Aimed
to overcome this channel capacity limit, space-division multiplexing (SDM) has been proposed in
recent years [13].

1SM-SCFs are also termed as single-mode fibers (SMFs) in the literature.

9



CHAPTER 1. SPACE-DIVISION MULTIPLEXING AND MULTI-CORE FIBER 10

The term optical SDM refers to multiplexing techniques that establish multiple spatially
distinguishable data paths through a single or multiple parallel waveguides. This concept was
originally conceived in the decade of 1980 [14]. Unfortunately, the technology underneath optical
SDM was immature and extremely expensive, especially in the manufacturing process. Never-
theless, the fabrication methods have been extensively developed in the last decade reducing the
manufacturing cost of the SDM technology [8, 15]. In such a scenario, new types of optical fibers
supporting SDM transmissions have been proposed [13]. In the next section, we will review the
main SDM optical waveguides, focusing our attention especially on optical fibers comprising several
cores in a single cladding, the so-called multi-core fiber.

Figure 1.1. Historic evolution and growth trend of the system capacity per optical fiber in research and
commercial systems [16].

1.2 Space-division multiplexing in optical communications:
technical approaches

An SDM transmission comprising multiple individual spatial light paths can be performed by
using diverse technical approaches. Figure 1.2 depicts the cross-sectional area of different optical
waveguides proposed for realizing SDM. Specifically, although we have shown fiber designs with a
compact cladding, the same concepts here discussed can also be applied to microstructured optical
fibers [13].

Single-core fiber. A single-core fiber (SCF) with a normalized frequency set to guide several
modes can be employed to perform mode-division multiplexing (MDM) [Fig. 1.2(a)]. In such a
scenario, each mode is an individual data path [16]. Typically, since MDM transmissions have
significant mode-coupling and differential mode group delay (DMGD), we can observe inter-symbol
interference in these systems. To mitigate this physical impairment, DSP based on multiple-input
multiple-output (MIMO) techniques is required at the receiver [17], as in wireless systems with
multipath interference and multiple antennas at the transmitter and receiver.

In general, fiber manufacturing imperfections and external environmental factors such as floor
vibrations may increase the mode-coupling among the different SCF modes. In such circumstances,
the MIMO DSP complexity is found to be directly proportional to the total DMGD of the link [17].
This inherently implies that, unless there is a breakthrough in MIMO algorithms, multi-mode SCFs
(MM-SCFs2) are unsuitable for future real-deployed long-haul SDM transmissions due to the high

2MM-SCFs are also referred to as multi-mode fibers (MMFs).
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complexity required by the DSP at the receiver. Recent results have been reported by using MM-
SCFs with a low number of modes, termed as few-mode fibers (FMFs), with a reduced DMGD [18]
and on-line MIMO processing [19].

Fiber bundle. Early attempts to realize SDM were by means of the fiber bundle [13]. A fiber
bundle is composed of physically independent SCFs operating in the single-mode or multi-mode
regime [Fig. 1.2(b)]. In the former case, the fundamental mode of each SCF is an individual data
path. In the latter case, the data paths are composed by the different guided modes of each fiber
of the bundle. In both cases, the total number of distinguishable data paths is found to be the
number of guided modes/fiber × the number of fibers. Thus, this SDM solution may combine two
levels of spatial multiplexing.

In this scenario, the cable operators have the possibility of re-using the current SCF installa-
tions, but with a reduced core density given that this SDM solution includes a different cladding
per core. This entails a minimum integration level in the SDM system due to the requirement of
using independent network devices per core such as transmitters, amplifiers and receivers among
other examples. Along this line, it should be noted that the installation of independent optical
fiber amplifiers requires a different pumped laser per amplifier, which poses an incremental energy
cost in the SDM network, especially in long-haul transmissions [20]. In addition, the high cross-
sectional area of each cladding implies a reduced spatial efficiency. This increases the installation
cost [8,13], the visual impact, and becomes a fundamental drawback in SDM applications which re-
quire a high spatial efficiency, such as in biomedical images, astronomy or satellite communications
among others (see Section 1.4). On the other hand, an SCF bundle inherits the dissimilar thermal
properties of each individual fiber, which may give rise to a different bit error rate (BER) in each
SDM channel [21]. Cable operators such as Telefónica I+D are investigating this SDM solution as
a first step to migrate from the current SCF-WDM networks to the SDM technology [22].

Multi-core fiber. The natural proposal of an SDM waveguide is the multi-core fiber (MCF).
An optical MCF comprises an array of physically distinct cores in a single cladding [Fig. 1.2(c)].
As in the fiber bundle, an MCF may combine two levels of spatial multiplexing. The total number
of data paths is the number of cores × the number of guided modes/core. However, the core
density is found to be much higher than in the fiber bundle. More broadly, the high core density of
this proposal allows us to increase the integration level in peripheral network devices of the SDM
system. As a simple example, let us consider an MCF with N cores and M guided modes per core.
The corresponding SDM transmission only requires a single transmitter and a single receiver with
N ×M spatial data paths. In addition, a given optical fiber amplifier of the network should be
able to amplify the N ×M channels using a single pumped laser. Hence, an MCF system implies a
higher integration level and a lower energy consumption than the SDM solutions discussed before.
In this scenario, MCF transmitters, receivers and amplifiers have been extensively researched in
recent years [13,20].

The aforementioned features would also be of special interest in data centers, with an increasing
scalability of the channel capacity and a substantial reduction in space and energy cost [23]. On
the other hand, in the next decades, MCF technology could also provide a lower installation cost,
an easier civil construction and a smaller visual impact than the current SCF bundles [8].

As shown in Fig. 1.3 and we will see in more detail in the next section, there are different types
of MCFs. Remarkably, MCFs with similar cores and operating in the single-mode regime, the
so-called homogeneous single-mode MCFs, are of special interest in optical communications given
that the differential group delay between two different data paths is found to be lower in these
fibers than in an SM-SCF bundle [21] or in any other SDM proposal. Consequently, these MCFs
allow us to increase the current channel capacity of our optical networks by exploiting six signal
dimensions (time, wavelength, amplitude, phase, polarization and space) through spatial multi-
dimensional modulation formats and guaranteeing at the same time a reduced DSP complexity at
the receiver [24]. For these reasons, the first part of this thesis is mainly focused on the analysis
of the single-mode regime of this new kind of optical fibers.
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Figure 1.2. Different optical fibers for realizing SDM transmissions. (a) Single-core fiber (SCF). An SCF
only supports SDM transmissions when operating in the multi-mode regime. Each mode can be employed
as an individual light path performing mode-division multiplexing (MDM). (b) Fiber bundle composed
of physically independent SCFs. This solution allows us to re-use the current fiber installations with
a reduced core density and minimum integration levels in the optical network (transmitters, receivers,
amplifiers and additional optical devices). (c) Multi-core fiber (MCF) comprising several cores in a single
cladding. Each core can support a single or several guided modes (see next section). MCFs allows us to
reach high integration levels in the optical network. Although we have shown the typical cross-sectional
area of classical silica fibers with a compact cladding, the same concepts can be applied to microstructured
optical fibers [13].

Figure 1.3. Cross-section microscope image of fabricated MCFs. (a) 7-core homogeneous single-mode
MCF (reproduced from Ref. [25] c, 2017 Fibercore), (b) 4-core coupled-core MCF (reproduced from
Ref. [26] c, 2016 Optical Society of America), (c) 22-core trench-assisted single-mode MCF (reproduced
from Ref. [27] c, 2015 IEEE), (d) 7-core hole-assisted few-mode MCF (reproduced from Ref. [28] c, 2014
Springer Nature), (e) 7-core multi-mode MCF with hexagonal shaped cores (reproduced from Ref. [29]
c, 2015 IEEE), (f) 7-core photonic crystal fiber (reproduced from Ref. [30] c, 2013 IOPscience).
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1.3 Multi-core fiber types
MCF designs can be classified in different categories according to diverse fiber parameters and
characteristics. Table 1.1 shows the usual MCF designs employed for optical transmissions, laser
and sensing applications:

1. The refractive index profile of each core allows us to differentiate between step-index (SI)
and gradual-index (GI) MCFs. In the former case, the refractive index profile of all cores
has a step between two constant values at the interfaces that separate the cores and cladding
regions. However, in the latter case, an MCF is referred to as a GI-MCF if at least one core
has a continuous refractive index profile. Along this line, we can make a distinction with
a third type of MCF: a trench- or hole-assisted MCF (TA-MCF or HA-MCF). A TA- or
HA-MCF has a multi-step refractive index profile to reduce the mode-coupling (inter-core
crosstalk) between the linearly-polarized (LP) modes of adjacent cores [31]. Specifically, in
a HA-MCF, the multi-step index profile is fabricated by performing holes around the cores
in the cladding region.

2. A single-mode MCF (SM-MCF) supports only the LP01 mode group in each core. In contrast,
if a given core guides several LP mode groups, the fiber is known as a multi-mode MCF
(MM-MCF). Moreover, an MCF supporting only the first three or four LP mode groups
(LP01, LP11, LP21, LP02) is usually termed as a few-mode MCF (FM-MCF) [16,28].3

3. Attending to the spatial homogeneity of the MCF structure, we can make a distinction
between a homogeneous MCF (HO-MCF) or a heterogeneous MCF (HE-MCF). In the former
case, all cores present the same refractive index profile and, in the latter case, the MCF
comprises at least one core with a different refractive index profile.4

4. The core-to-core distance is one of the main fiber parameters which determinates the inter-
core crosstalk level among the LP modes of each core. Usually, if the core-to-core distance
between two homogeneous cores a and b (dab) is lower than seven times5 the core radius
R0, the MCF operates in the strong-coupling regime and supports supermodes6 [33]. In
such a case, the MCF is referred to as a coupled-core MCF (CC-MCF). On the contrary, in
the weak-coupling regime, supermodes cannot be generated and each core is considered as an
individual light path. This fiber design is termed as uncoupled-core MCF (UC-MCF). Recent
works have been reported with a mixed design based on coupled and uncoupled cores [34,35].

5. If the intrinsic linear birefringence of each core ∆n = |nx − ny| is lower than 10−7, the MCF
is referred to as a lowly-birefringent MCF (LB-MCF). Otherwise, if ∆n > 10−7 in a given
core, the MCF is known as a highly-birefringent MCF (HB-MCF). In general, an HB-MCF
comprises elliptical or panda cores for polarization-maintaining applications [36,37].

6. Additional MCF designs involve: photonic crystal MCFs [13], dispersion-shifted cores [38],
selective-inscribed Bragg gratings [39] and hexagonal shaped cores [40], among others.

3In a weakly-guiding fiber, an LPmn mode group without azimuthal variation (m = 0) includes 1 LP mode and
2 polarized core modes (2 polarizations). In contrast, an LPmn mode group with azimuthal variation (m > 0)
involves 2 LP modes and 4 different polarized core modes (2 LP modes × 2 polarizations). See Ref. [32] for more
details.

4Two cores a and b have a different refractive index profile if na(ra) ̸= nb(rb), where ra(b) is the local radial
coordinate of each core. Hence, two SI cores have a different refractive index profile if na(ra = 0) ̸= nb(rb = 0) or
they have a different core radius.

5The condition dab < 7R0 is only an approximation which is found to be valid in the third transmission window,
in the single-mode regime and with R0 ∼ 4 µm. In general, the criterion to reach the strong-coupling regime in a
given MCF depends on additional fiber parameters such as the refractive index profile and the wavelength of the
optical carrier, among others.

6A supermode can be defined as an exact eigenmode of the MCF structure which cannot be regarded as a mere
linear combination of the core modes in isolated conditions, i.e., when each core is completely uncoupled from the
others. In this way, supermodes can only be generated in the strong-coupling regime.
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Table 1.1. Classification of multi-core fiber types [BOOK 1].

Once the MCF cross-section design is established, the specific fabrication method is of key
importance for the final optical transmission performance. MCF fabrication processes have been
refined and optimized in the last years as a byproduct of an intensive research work [15, 41–43].
MCF fabrication can be addressed by microstructured stack-and-draw technology [43], a flexible
technology which allows us to fabricate very different fibers on the same machinery. Unfortunately,
MCF manufacturing is a complex process with nonlinear results on the process parameters. In
particular, some rods or capillaries configurations may be technically difficult to draw into the
designed form, which results in an MCF with higher crosstalk levels than in the theoretical design.
In this scenario, it is necessary to investigate the linear and nonlinear MCF propagation taking
into account these MCF manufacturing imperfections (≡ intrinsic perturbations) along with the
external (≡ extrinsic) medium perturbations (see Section 1.5).

https://www.intechopen.com/books/selected-topics-on-optical-fiber-technologies-and-applications/multi-core-optical-fibers-theory-applications-and-opportunities


CHAPTER 1. SPACE-DIVISION MULTIPLEXING AND MULTI-CORE FIBER 15

1.4 Current and emerging applications of multi-core fiber
Once we have reviewed the fundamentals of optical SDM and the different MCF types, we will
discuss in this section the main applications and opportunities of the MCF technology not only in
photonics, but also in other branches of science such as medicine and experimental physics.

1.4.1 Backbone and access optical networks using multi-core fiber
SDM systems using MCFs have been extensively investigated in recent years targeting to over-
come the exponential growth of data traffic in backbone and access networks [8, 12, 13]. The first
laboratory MCF transmission was demonstrated in May 2010 [44]. Zhu and co-workers used an
SI-SM-HO-UC-LB-7CF with a hexagonal lattice. A novel network configuration was proposed
for passive optical network (PON) based on a bidirectional parallel transmission at 1310 nm and
1490 nm using a tapered MCF connector (TMC) for injecting and extracting the optical signals
in the MCF.

Table 1.2. Summary of progress in MCF transmissions in recent years. The MCF type indicates only the
modal regime (additional characteristics of the MCF involving the index profile, the spatial homogeneity,
the core-to-core distance and the birefringence can be found in the corresponding reference). The channel
rate includes polarization-division multiplexing and the overhead for forward error correction (FEC). The
spectral efficiency (SE) and total capacity exclude the FEC overhead [BOOK 1].

A set of MCF experiments were reported since 2011. Scaling in capacity demonstrations,
Refs. [46–48] should be mentioned. In [48] the authors demonstrated a 210 Tb/s self-homodyne
transmission system using distributed feedback (DFB) lasers and a 19-core TA-SM-HO-UC-LB-
MCF. Sakaguchi et al. reported in [47] a record capacity of 305 Tb/s over 10.1 km using the
same MCF as in [48], with an average value of crosstalk of −32 dB at 1550 nm. The authors also
fabricated a 19-channel SDM multiplexer/demultiplexer using free-space optics with low insertion
losses and low additional crosstalk. As another interesting example, Takara et al. reported in [46]
1.01 Pb/s transmission over 52 km with the highest aggregate spectral efficiency of 91.4 b/s/Hz by
using a one-ring-structured 12-core TA-SM-HO-UC-LB-MCF. They generated 222 WDM channels
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of 456 Gb/s PDM-32QAM-SC-FDM signals7 with 50-GHz spacing in the C and L bands. Thanks
to the significant efforts performed in the design and fabrication of MCFs, the demonstration
of long-haul SDM transmissions based on MCFs have shown an impressive progress in terms of
capacity, reach, and spectral efficiency, as detailed in Table 1.2.

On the other hand, cloud radio-access network (C-RAN) systems should also deal with this
huge future capacity demand in the next-generation wireless systems, i.e., 5G cellular technology
and Beyond-5G [56,57]. According to some telecom equipment manufacturers, it is expected that
5G cellular networks will be required to provide 1000 times higher mobile data traffic in 2025
as compared with 2013, including flexibility and adaptability solutions to maximize the energy
efficiency of the network [58, 59]. In this context, a new radio-access model supporting massive
data uploading will also be required including additional transport facilities in the physical layer.

Fronthaul connectivity performed by radio-over-fiber (RoF) transmission using single-input
single-output (SISO), MIMO, sub-Nyquist sampling, and ultra-wideband signals exceeding 400 MHz
bandwidth has been proposed for the 5G cellular generation [57,60–62]. The required channel ca-
pacity is further extended in the case of Beyond-5G systems, where a massive number of antennas
operating in MIMO configuration should be connected by using RoF. To overcome the massive
increment in the data capacity demand, MCF has been recently proposed by Prof. Roberto Llorente
and coworkers as a suitable medium for LTE-Advanced (LTE-A) MIMO fronthaul systems [63–65].

Figure 1.4. Next-generation optical fronthaul system using an MCF operating with a converged fiber-
wireless PON including optical polarization-division multiplexing (PDM) and mode-division multiplexing
(MDM) transmissions [BOOK 1].

MCFs open up attractive possibilities in RoF systems as different wireless signals can be si-
multaneously transmitted over the same optical wavelengths and electrical frequencies in different
cores of the optical waveguide to provide multi-wireless service using a single laser at the trans-
mitter. Thus, MCF technology can be proposed as an alternative to the classical SM-SCF [also
termed in the literature as standard single-mode fiber (SSMF)] to provide fronthaul connectivity
using multiple wavelength channels with multiple lasers. Additionally, MCFs with high core density
are suitable for connecting large phase array antennas performing multi-user MIMO processing.
Furthermore, network operators can offer a dynamic and scalable capacity in the next cellular
generation due to the aggregated channel capacity provided by the MCF technology. Moreover,
the possibility of combining MCF-RoF transmissions with additional multiplexing techniques such
as TDM, WDM, PDM and MDM should be considered. Figure 1.4 depicts the proposed fronthaul

7PDM: Polarization-Division Multiplexing, QAM: Quadrature Amplitude Modulation, SC: Single Carrier,
FDM: Frequency-Division Multiplexing.
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provision applied to converged fiber wireless PON including PDM to provide connectivity between
the SSMF and MCF media.

Interestingly, [65] investigates: (i) the tolerance of fully-standard LTE-A signals in MIMO and
SISO configurations to the random crosstalk fluctuations, and (ii) the demonstration of fronthaul
provision of both LTE-A and WiMAX signals using a 150-m SI-SM-HO-UC-LB-4CF. In order to
reduce the random fluctuations of the error vector magnitude (EVM) induced by the inter-core
crosstalk, the core interleaving nonlinear stimulation (CINLS) has been proposed to mismatch the
propagation constant of adjacent core modes reducing the temporal and spectral EVM fluctuations
of the MCF-RoF transmissions (see Chapter 5).

1.4.2 Signal processing
The potential application of the MCF technology is not only restricted to SDM transmissions. The
inherent capability of an MCF to modify the propagated signals allows us to investigate a myriad
of new applications for ultra-high capacity SDM transmissions and microwave photonics (MWP)
based on signal processing techniques. As we will see, the basic concept of MCF signal processing
is a far richer scope than initially foreseen.

In particular, in MWP, the use of MCFs to implement signal processing functionalities was
firstly proposed by Gasulla and Capmany in [66]. In this work, the authors investigated the
suitability of these new fibers to perform true-time delay lines (TTDLs), optical beamforming,
optical filtering and arbitrary waveform generation using heterogeneous cores. These applications
have been extensively researched in [38, 39, 67–70] with different MCF designs and experimental
set-ups. As an attractive example, it should be remarked the proposal reported in [39, 68], where
the inscription of selective Bragg gratings in a homogeneous MCF it was first introduced in
[68] and later experimentally verified in [39] to achieve compact fiber-based TTDL without using
heterogeneous cores. Along this line, other MWP applications such as optical beamforming can
also be performed by using homogeneous cores, as described in [71]. In this work, Llorente and
co-workers proposed a compact all-fiber beamformer based on an N -core homogeneous MCF.

Figure 1.5. Modal (de)multiplexer based on a 60-cm 3-core MCF [74]. (a) Schematic structure of the
optical device. (b) A 10 ps Gaussian pulse propagating through the: LP01, LP11 and LP21 modes of the
cores a, b, and c. Unlike in conventional demultiplexers, the mode-coupling between adjacent cores implies
no mode conversion: the modes are truly demultiplexed.

Otherwise, MCF signal processing also refers to additional applications and functionalities
such as pulse shaping, dispersion engineering, mode conversion and mode filtering applications.
Remarkably, the engineering of the refractive index profile allows us to implement these fashion
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features in MCF media. In this scenario, a fascinating proposal originally conceived within the
framework of string and quantum field theory [72] was profitably extrapolated to photonics to
design SCFs and MCFs [73, 74]: the supersymmetry (SUSY). Strikingly, one-dimensional SUSY
allows us to perform the aforementioned MWP applications. The specific details can be found in
Chapter 7. As an interesting example (among other applications), we include here the description
of a true mode (de)multiplexer (M-MUX/DEMUX) using a 3-core MCF. Figure 1.5 shows the
optical device and its functionality.

The device is designed using a 60-cm MCF comprising three cores a, b and c with a core-to-
core distance of 55 µm and a core radius of 25 µm operating in the third transmission window
at 1550 nm [Fig. 1.5(a)]. The index profile of the cores a and c was calculated by using SUSY
isospectral transformations. The index profile of the core b was taken to be the step-index profile.
The mode (de)multiplexer operates as follows. A 10-ps Gaussian optical pulse is launched to the
central core b, first in the LP01 mode, and later in the LP11 and LP21 modes with a peak power
of 0 dBm to operate in the linear regime of the MCF. The numerical simulation was performed by
using a beam propagation method. Figure 1.5(b) shows the numerical results of the optical pulse
propagating through each LP mode in the M-DEMUX. It is worth noting that, in contrast with
conventional mode (de)multiplexing strategies [75–77], a true mode demultiplexing is demonstrated
for each LP mode. At the device output, the pulse launched into the LP11 mode of the core b is
found in the LP11 mode of the core a, the pulse launched into the LP01 mode of the core b is
found in the same mode and core, and the pulse launched into the LP21 mode of the core b can
be observed in the LP21 mode of the core c. Moreover, pulse shaping and dispersion engineering
functionalities can be incorporated into the proposed device (see Chapter 7 for more details).

1.4.3 Multi-core fiber lasers, amplifiers and optical sensors
All-fiber designs of optical lasers, amplifiers and sensors using MCFs have been extensively in-
vestigated in recent years [78–88]. In particular, the multi-mode interference (MMI) which can
be observed through a chain SMF-MCF-SMF is widely employed in lasers, amplifiers and optical
sensors to improve the performance of classical designs based on SCFs [81,86].

As one can expect, the basic concept of an active MCF is the natural evolution for the cladding-
pumped rare-earth-doped fibers. The classical design using a single core offers an excellent com-
bination of high efficiency and beam quality. However, high output powers are limited by the
stimulation of nonlinear effects. In that case, the increment of the mode field area is the obvious
solution to decrease the nonlinear effects. In this scenario, active MCFs offer the possibility of re-
ducing the fiber nonlinearities using a coupled-core design to generate supermodes with large mode
field area [78,82]. Moreover, note that the gain medium is split at discrete regions (cores) inside the
cladding and, therefore, the thermal dissipation is higher than in the classical single-core design.
As a result, higher output powers can be achieved in MCF media [82]. On the other hand, in con-
trast with an SCF bundle, an N -core MCF laser/amplifier only requires a single pumped laser for
N optical paths, with the corresponding energy cost reduction for the network operators [83,84].

In this topic, an intense research work has been developed in the last decade [8, 13]. To date,
most CC-MCF lasers/amplifiers operate in the in-phase supermode combining high brightness
and near-diffraction limited far field profile. The selection of the in-phase supermode can be
performed by using diverse methods such as phase-locking and Talbot cavities [79]. As an example,
a monolithic fiber laser using a CC-MCF with highly- and lowly-reflective fiber Bragg gratings
(HR/LR-FBG) is shown in Fig. 1.6(a) [81]. The MCF segment is located between the HR-FBG
and the LR-FBG creating an active cavity, where the MMI allows us to obtain a high-contrast
spectral modulation. In addition, the uniform illumination of the cores is achieved by performing
a cladding-pumped scheme. Remarkably, this design demonstrates the direct correlation between
the MMI in few-mode SCF systems and in the laser operation when multiple supermodes oscillate
simultaneously. Following a similar approach, additional MCF laser and amplifier designs have
been proposed in [80, 82]. Nevertheless, in long-haul SDM transmissions, the usual design is the
multi-core erbium-doped-fiber-amplifier based on a cladding-pumped scheme [83,84].
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Figure 1.6. MCF laser and optical sensor operating on the principle of multi-mode interference [BOOK 1].
(a) MCF laser comprising a highly- and lowly-reflective fiber Bragg grating (HR/LR-FBG) [81]. (b) MCF
optical sensor with hexagonal shaped cores [86].

On the other hand, MCF sensors are also based on a similar concept as in the laser of the
previous example [see Fig. 1.6(b)]. The sensor comprises two SMFs spliced to a short MCF segment
with hexagonal shaped cores. The operating principle within the MCF segment is the MMI, which
induces a deep peak on the transmission spectrum. An external environmental change shifts the
spectral position of the minimum. As a specific example, let us consider a temperature change.
When increasing the temperature, the thermal expansion of the MCF medium will increase the
refractive index of silica cores and, consequently, the peak will be shifted to a longer wavelength [86].

In the past, fiber optic sensors using SCFs have been widely discussed for sensing in a broad
range of industrial and scientific applications to measure temperature, force, liquid level, and pres-
sure, among other physical variables. Nowadays, the MCF technology allows us to design and
fabricate new optical sensors providing accuracy, high resolution, compactness, stability, repro-
ducibility and reliability [85–88].

1.4.4 Biomedical applications
Multi-core optical fibers have also been studied in recent years within the context of medicine for
biomedical sensing and imaging applications [89–99]. Basically, biomedical sensors using MCFs
are based on the MMI technique previously described. Thus, let us now focus our attention on
biomedical imaging applications in the next paragraphs.

Nowadays, the main challenge in biomedical imaging is the study of cells in biological tissues. In
this scenario, the multiphoton microscopy and adaptive optics become fundamental technologies
because of their benefits in cellular resolution, high sensitivity, and high imaging rate [99]. In
particular, the two photon excited fluorescence (TPEF) microscopy requires the use of adaptive
optics to increase the imaging depth, in practice limited to 1 mm [100]. Remarkably, the so-called
lensless endoscope is based on the TPEF microscopy and adaptive optics adding at the same time
the use of an optical waveguide [99]. The waveguide should be capable of acquiring a multiphoton
image of an object located at its tip. To this end, MCFs have been proposed as a necessary
technology for the realization of ultrathin lensless endoscopes [89–99]. Figure 1.7 depicts different
MCF types proposed for biomedical imaging along with a basic scheme of adaptive optics using a
spatial light modulator (SLM).
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In general, MCFs used for image transport require a high number of cores (> 100) with weak
mode-coupling and low intermodal dispersion among cores. Therefore, the preferred design is an
SI-SM-HO-CC-LB-MCF, in line with the MCF shown in Fig. 1.7(a). Examples of this MCF type
fabricated for medical imaging purposes can be found in [90–92], with a core-to-core distance lower
than 20 µm and inter-core crosstalk levels lower than −20 dB/m. In spite of the fact that the
intermodal dispersion can be reduced with a homogeneous design, disordered MCFs based on the
transverse Anderson localization [101] have been reported in [93] to improve the image transport
quality [Fig. 1.7(b)]. Specifically, the transverse Anderson localization of light allows localized
optical-beam-transport through a transversely disordered medium. Interestingly, in disordered
multi-dielectric media, the resultant image quality can also be correctly described with perturbation
theory (see Section 1.5). Disordered arranged cores with different radius may exhibit a high phase-
mismatching between their optical modes. As a result, the inter-core crosstalk level between
adjacent core modes is lower than in a homogeneous and periodically arranged design [Fig. 1.7(a)].
In a similar way, additional highly-density MCF designs could be investigated from the coupled
local-mode theory using HB cores with a random orientation of the principal axes to minimize the
inter-core crosstalk (see Chapter 3).

On the other hand, adaptive optics is required in the TPEF microscopy to recover the ini-
tial imaging of the biological tissue [Fig. 1.7(c)]. The advance on wavefront shapers composed by
2D SLMs and deformable mirrors have spurred the main evolution in ultrathin endoscopes [99].
Thompson et al. were the first to report imaging with a lensless endoscope based on a waveguide
with multiple cores [89]. Later, in 2013, Andresen and co-workers realized a lensless endoscope
employing an MCF similar to Fig. 1.7(a) with extremely low crosstalk between adjacent cores [90].
In the same line, additional works have been reported by combining MCF and MM-SCFs with
adaptive optics [91, 92, 94–98]. At present, the major aim in lensless endoscopy using MCF media
is to increase the core density guaranteeing a reduced mode-coupling and intermodal dispersion
between neighboring cores [99].

Figure 1.7. MCFs and adaptive optics for medical imaging [BOOK 1]. (a) MCF with periodically arranged
cores [90], (b) disorder MCF based on transverse Anderson localization [93], and (c) wavefront shaping
with a single spatial light modulator (SLM) for an MCF based lensless endoscope [91].

1.4.5 Opportunities in experimental physics
In the past, fiber-optical analogies have been widely investigated to use SCFs as an experimental
platform for testing different physical phenomena in various fields, such as in quantum mechanics,
general relativity or condensed matter physics, among others [93,101–109]. In this context, MCFs
are potential laboratories that could extend the possibilities offered by SCFs. In fact, a specific
example of solid-state physics has already been discussed in the previous subsection, the Anderson
effect, relying on the immobility of an electron in a disordered lattice [93, 101]. As Anderson
localization involves an interfering phenomenon, this effect has been extended to optics. In [101],
Anderson localization has been discussed in two-dimensional photonic lattices, and in [93] its
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potential applications have been discussed for medical imaging using disordered MCFs, as detailed
before. More broadly, additional strong disordered phenomena in optics such as the self-organized
instability in MM-SCFs [107] can be generalized to MM-MCFs supporting supermodes.

Another interesting example can be found in fluid dynamics in the study of rogue waves on deep
water. The giant oceanic rogue waves emerge from the sea induced by many different linear and
nonlinear wave propagating effects [108]. Indeed, these nonlinear phenomena can be investigated
from a fiber-optical analogy [109]. The nonlinear wave propagation on deep water and in SM-SCF
media is described in both cases by a master equation: the nonlinear Schrödinger equation (NLSE),
as shown in Fig. 1.8. It can be seen that both propagating equations have a similar form and, there-
fore, the theoretical results can be directly extrapolated from one field to another. Significantly,
the emergence of rogue waves can be analytically studied from the solutions of the NLSE referred
to as solitons on finite background (SFB) [110]. As a specific example, we include in Fig. 1.8 the
Akhmediev breathers (ABs), the Peregrine soliton (PS) and the Kuznetsov-Ma (KM) solitons.8
In a similar way, the coupled NLSEs (CNLSEs) have also been discussed in the literature to gain
physical insight between interacting rogue waves [111–114]. In such a scenario, MCFs offer the
possibility of investigating the collision of these nonlinear solutions by using the coupled local-mode
theory reported in Chapters 3 and 4 of this thesis. In fact, MCFs can be employed to elucidate
the underlying wave propagation phenomena of any physical system with propagating equations
of the form of the CNLSEs, e.g., superposed nonlinear waves in coherently coupled Bose-Einstein
condensates [114] or turbocharge applications in acoustics [115]. Remarkably, in acoustics, the
coupled local-mode theory can play an essential role. Time-varying cylindrical acoustic ducts can
be engineered with the same modal properties as optical MCFs. Therefore, the theory presented
herein can also be employed to analyze the intermodal dispersion and the random medium pertur-
bations in such acoustic systems [116].

Figure 1.8. Analogy between fluid mechanics and optics. The NLSE describes the linear and nonlinear
wave propagation in different physical systems. Analytic SFB solutions of the NLSE: Akhmediev breathers
(ABs), the Peregrine soliton (PS) and the Kuznetsov-Ma (KM) solitons [BOOK 1].

8Many of these SFB solutions are termed in the literature as rogue waves. Nevertheless, the fundamental concept
of rogue waves, emerging unexpectedly from the sea, requires additional statistical criteria only fulfilled by higher-
order SFB solutions. In either case, the term rogue waves is commonly used for any analytic SFB solution of the
NLSE.
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On the other hand, additional exotic physical phenomena can also be explored in MCF media
expanding the possibilities of SCFs. For example, an optical pulse propagating through an SCF
establishes a moving medium analogous to a space-time geometry. Specifically, this gravitational
approach was employed in [105] to demonstrate a fiber-optical analogy of the event horizon in a
black hole. Along this line, additional gravitational anomalies could be investigated in an MCF
when adjacent cores perturb the space-time geometry created by an optical pulse propagating in
a given core of the fiber.

Finally, it is worth mentioning that MCFs are being explored in other branches of experimental
physics such as in astronomy [117]. The main advantage of these new fibers is the reduced core-to-
core distance which can be achieved in a single cladding. In particular, this property presents special
interest to create spectroscopic maps of galaxies or detecting exoplanets due to the superior fill
factor of MM-MCFs in comparison with other approaches, such as an MM-SCF or a fiber bundle
of SM-SCFs.9 The Sydney-AAO Multi-object Integral field spectrograph (SAMI) project [118],
responsible of performing a large spatial spectroscopy of galaxies, pioneered the introduction of
MCFs in astronomical observatories.

1.5 Linear and nonlinear wave propagation
in multi-core fiber: perturbation theory

The propagation of electromagnetic waves in an MCF can be modeled from Maxwell’s equations,
the essence of classical electromagnetism. They are able to describe the structure of the electro-
magnetic field and the fundamental interactions between the electric field strength (E) and the
magnetic induction (B). In their fundamental form, the macroscopic Maxwell equations read as
follows (we use the real representation of the fields and the notation ∂t ≡ ∂/∂t):

∇× E (r, t) = −∂tB (r, t) ; (1.5.1)

c20∇×B (r, t) =
1

ε0
J (r, t) + ∂tE (r, t) ; (1.5.2)

ε0∇ · E (r, t) = ρ (r, t) ; (1.5.3)
∇ ·B (r, t) = 0, (1.5.4)

where ρ and J are the total charge and current densities, respectively.10,11 Both terms include
the free and bound charges and currents, i.e., ρ = ρf + ρb and J = J f +J b [119].

As is well known, the fields E and B are able to modify the charge distribution of a medium
and induce currents in it. Such alterations act as new sources that generate additional electro-
magnetic fields. Therefore, it is necessary to know the electromagnetic response of the medium to
model theoretically the different electromagnetic wave propagation phenomena. These field-matter
interactions can be adequately described by defining two new auxiliary macroscopic fields, namely
D (electric displacement) and H (magnetic field strength), which account for the macroscopic
response of the medium charges and currents to the applied fields [120]. The connection between
the fundamental and auxiliary fields is given through the so-called constitutive relations:

D (r, t) := ε0E (r, t) +P (r, t) ; H (r, t) :=
1

µ0
B (r, t)−M (r, t), (1.5.5)

where P and M are the polarization and magnetization fields, and basically describe the density
of electric and magnetic dipole moments, respectively.

In an MCF, a multi-dielectric medium, the free charges and currents are found to be null,
ρ = ρb = −∇ ·P , J = J b = ∂tP , M = 0 and Eqs. (1.5.1)-(1.5.4) are reduced to:

9The fill factor is defined as the ratio
∑

k Sk/ST, where Sk is the transversal area of a given core k and ST is
the total transversal area of the waveguide. Typically, in MM-SCFs (105/125) the fill factor is of the order of 0.7.
Using an MM-SCF or a fiber bundle of SM-SCFs a lot of dead space cannot be observed.

10All the fields appearing in Eqs. (1.5.1)-(1.5.4) are volume-averaged quantities, expressed in S.I. units.
11c0 = 1/

√
ε0µ0 is the speed of light in vacuum. ε0 and µ0 are respectively the electric permittivity and the

magnetic permeability in vacuum.
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∇× E (r, t) = −∂tB (r, t) ; (1.5.6)
∇×H (r, t) = ∂tD (r, t) ; (1.5.7)
∇ ·D (r, t) = 0; (1.5.8)
∇ ·B (r, t) = 0. (1.5.9)

A rigorous electromagnetic analysis of the linear and nonlinear wave propagation in an MCF should
be performed by solving Eqs. (1.5.6)-(1.5.9) in each dielectric region of the fiber (cores+cladding)
and then applying the boundary conditions at the different core-cladding interfaces. Unfortunately,
the calculation of the exact MCF eigenmodes using the previous equations involves a high degree
of complexity and, usually, they should be numerically solved. In this vein, in order to study
analytically the wave propagation phenomena in MCF media, perturbation theory is commonly
employed.

Perturbation theory comprises mathematical methods for finding an approximate solution to
a non-exactly solvable problem from the exact solution of a simpler problem than the original
one [121]. Perturbation theory was originally conceived and developed by Lagrange and Laplace
in the 18th century within the context of astronomy to analyze the perturbation in the orbit of a
planet of our solar system induced by other planets or celestial bodies. Later, in 20th century, these
mathematical methods were extended to other fields of physics such as quantum mechanics [122],
string theory [123] and electromagnetism [124]. In particular, perturbation theory was firstly
applied to optical waveguides by Snyder, Marcuse and Kogelnik in the early 1970’s [125]. In the
late 1990s and early 2000s, the interest in this theory has been revitalized thanks to the field
of nanophotonics to study, among other notable examples, Fano resonances in photonic crystal
slabs [126], optical resonators [127] and MCFs [128].

In MCF media, our goal is to model analytically the wave propagation phenomena in each core
taking into account the mode-coupling effects from adjacent cores. In this context, perturbation
theory alleviates the theoretical work by approximating the exact MCF eigenmodes as a linear
combination of the isolated core modes. That is, the modes of each core are calculated from the
classical modal analysis of an SCF [32] by considering isolated cores. In the next chapters, we will
use perturbation theory to analyze the main propagation impairments in SM-MCFs. Figure 1.9
shows a flowchart of this method. Starting from Maxwell’s equations, our goal is to derive a set
of coupled first-order differential equations in terms of the complex envelopes of the polarized core
modes12 by performing the following steps:

Figure 1.9. Flowchart of perturbation theory applied to SM-MCF media [BOOK 1].

12In an N -core SM-MCF, a polarized core mode mi refers to the LP01,mi mode associated with core m and
polarization axis i, with (m, i) ∈ {1, ..., N} × {x, y}.

https://www.intechopen.com/books/selected-topics-on-optical-fiber-technologies-and-applications/multi-core-optical-fibers-theory-applications-and-opportunities
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1. First, we should propose the ansatz of the global electric field strength (E) of the MCF
structure following the assumption of perturbation theory [124]: the exact electric field
strength is approximated by a linear combination of the mi polarized core modes considering
isolated cores, that is, assuming that the geometry of each core m is not perturbed by the
presence of adjacent cores (E ≃

∑
mi Emiûi).13 In general, we will assume weakly-guiding

cores and, consequently, the longitudinal component of E can be neglected. At the same time,
we should decouple the rapidly and the slowly-varying temporal and longitudinal changes of
Emi. The rapidly-varying temporal changes are decoupled by using the slowly-varying com-
plex amplitude approximation with Emi ≃ Re{Emi,ω0 (r, t) exp(jω0t)}, where Emi,ω0 is the
complex amplitude and ω0 is the angular frequency of the optical carrier.14 In a similar way,
the rapidly-varying longitudinal variations are decoupled by writing Emi,ω0

as a function of
the complex envelopes Ami (z, t), i.e., Emi,ω0

(r, t) = f(Ami (z, t)). Thus, Ami comprises the
slowly-varying longitudinal and temporal variations of Emi. Along these same lines, note that
although Emi and Emi,ω0

are written assuming isolated conditions of the core m, Ami should
be assumed longitudinal dependent to describe, not only the usual longitudinal distortions
of the optical pulses in SCFs,15 but also the longitudinal fluctuations induced by the coupled
power from adjacent cores. Moreover, Emi,ω0

also involves fundamental information such
as the ideal16 propagation constant (−jβmi), the transversal eigenfunction (Fmi) and the
MCF perturbations (bending, twisting and additional spatial and temporal fiber birefringent
effects) encoded by the phase function β

(B+S)
mi (z; t).17

2. Each polarized core mode mi is written by assuming isolated conditions of each core. Hence,
Fmi and βmi can be expressed as indicated in [32] for the LP01 mode of an SM-SCF. Moreover,
taking into account that the nonlinear effects are not included either the modal solution of [32]
or in β(B+S)

mi , thus the eigenfunction Fmi exp(−j(βmi+β
(B+S)
mi )z) must satisfy the linear wave

equation depicted in the second step of Fig. 1.9 in δz ∼ λm = λ0/nm, where λ0 is the
wavelength of the optical carrier in vacuum, nm := (nmx + nmy)/2 and {nmi}i=x,y are the
principal refractive indexes of core m at ω0.18

3. In the third step, the wave equation of the MCF should be derived from Maxwell’s equations
for the complex amplitudes Emi,ω0

by including the cross- and nonlinear-polarization terms.

4. Finally, we derive the coupled equations of the complex envelopes by inserting the results of
the first and second step in the MCF wave equation of the third step. At this point, we should
assume the slowly-varying complex envelope approximation (SVEA), that is, δzAmi ≪ |Ami|
in δz ∼ λm and δtAmi ≪ |Ami| in δt ∼ 2π/ω0.19 More specifically:∣∣∂2zAmi

∣∣≪ km |∂zAmi| ≪ k2m |Ami| ;
∣∣∂2tAmi

∣∣≪ ω0 |∂tAmi| ≪ ω2
0 |Ami| , (1.5.10)

with km = 2π/λm. Thus, we can assume that ∂2zAmi ≃ 0 in δz ∼ λm and ∂2tAmi ≃ 0 in
δt ∼ 2π/ω0.20

13Since the electric field strength and the magnetic induction can be expressed in identical form, we will use
the former field for our theoretical discussions with straightforward extrapolation of the results to the magnetic
induction by using the intrinsic impedance of each dielectric region.

14In general, we should consider several optical carriers to model the wave propagation in WDM-SDM systems
using SM-MCFs. However, the interchannel nonlinearities (cross-phase modulation and four-wave mixing) should
only be taken into account for optical pulses with a temporal width higher than 50 ps (see Chapter 4 for more
details). Therefore, the assumption of a single optical carrier will allow us to simplify the theoretical discussions of
the major physical impairments in SM-MCFs.

15For instance, chromatic dispersion and polarization-mode dispersion among other phenomena.
16The ideal propagation constant is the unperturbed propagation constant, that is, without including medium

perturbations.
17In the introduction of the next chapter, we will describe in more detail the different spatial and temporal MCF

perturbations.
18In LB cores, nmx = nmy ≡ nm. However, in HB cores, nmx ̸= nmy .
19We define δzAmi := |Ami(z, t)−Ami(z + δz, t)| and δtAmi := |Ami(z, t)−Ami(z, t+ δt)|. It should be noted

that we will use the linear operators δz and δt along this thesis with different functions, such as the refractive index,
the MCF bending radius and the MCF twist rate among others.

20Later, in Chapter 4, we will discuss the approximations ∂2zAmi ≃ 0 and ∂2t Ami ≃ 0 in more detail (see page 129).
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Along these lines, an additional comment should be taken into account for future theoretical
discussions in relation with the optical power of each polarized core mode. Specifically, the optical
power propagated by a polarized core mode mi (Pmi) should be calculated by integrating the time
average of the Poynting vector (Smi = Emi × Hmi) in a period of the optical carrier and in an
infinite cross-sectional area of core m. In particular, Pmi can be expressed as a function of the
complex envelope as follows:21

Pmi (z, t) =

¨
⟨Emi ×Hmi⟩ · ûzdxdy = C

(P)
mi |Ami (z, t)|2 , (1.5.11)

where:22

C
(P)
mi :=

1

2ηm

¨
F 2
mi (x, y) dxdy, (1.5.12)

being ηm = η0/nm ≃ 120π/nm the intrinsic impedance of core m at ω0. For the sake of simplicity,
we set C

(P)
mi ≡ 1 in our theoretical discussions. Nonetheless, the exact value of C

(P)
mi (in m2/Ω)

must be considered when using the coupled-mode equations of this thesis to estimate the exact
value of Pmi (in watts).

On the other hand, the error assumed by approximating the MCF supermodes as E ≃
∑

mi Emiûi
depends on several fiber parameters: the core-to-core distance, the refractive index difference
among cores and cladding, or the frequency of the optical carrier among others. Hence, the limit
of the coupled equations cannot be straightforwardly established through a general mathematical
expression. Nonetheless, as discussed in [125], perturbation theory seems to be sufficiently accurate
to describe the mode-coupling when the distance between parallel waveguides (i.e. our core-to-core
distance in MCF) is much larger than the wavelength of the propagated waves.

In the following chapters, we will investigate the main physical impairments in SM-MCFs
using the aforementioned perturbation theory. First, we will describe in Chapter 2 the crosstalk
among cores by considering monochromatic electromagnetic fields and omitting polarization effects.
Second, we will discuss in Chapter 3 the intra- and inter-core crosstalk by including polarization
effects. And finally, in Chapter 4, we will analyze the intermodal dispersion and higher-order
coupling and nonlinear effects which can be observed in the non-monochromatic regime, and more
concretely, when propagating optical pulses through an MCF. For completeness, the multi-mode
regime is also discussed at the end of Chapter 4.

21Note that the complex envelope is assumed to be constant in a period of the optical carrier. Thus, in this case,
the time average operator only applies over the rapidly-varying exponential terms of the electromagnetic fields.
Moreover, we omit the integration limits to use a more economical notation.

22From Eq. (1.5.12) the following remarks are in order:
• In the single-mode regime, Fmi is a real function, that is, Fmi = F ∗

mi. In contrast, in the multi-mode regime,
the term F 2

mi must be replaced by |Fmi|2.
• In GI-MCFs, ηm is found to be spatial dependent and, therefore, it must be included in the integrand.
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Chapter 2

Linear and nonlinear inter-core
crosstalk

2.1 Introduction
In multi-dielectric media, we can observe mode-coupling among adjacent dielectric regions. The
continuity of the electromagnetic field in such media is the physical origin of the mode-coupling,
referred to as inter-core crosstalk (IC-XT) in MCFs.

Concretely, in these fibers, the behavior of the IC-XT depends directly on the longitudinal
and temporal medium perturbations, which may exhibit a deterministic or random nature. The
longitudinal medium perturbations include macrobends, microbends, fiber twisting and intrinsic
manufacturing imperfections [129]. The temporal medium perturbations are induced by external
environmental factors, such as temperature variations and floor vibrations induced by human
activity [130, 131]. All these fiber perturbations modify the propagation constant of the core
modes and, consequently, the IC-XT behavior is found to be dependent on these perturbations.

Despite the fact that the intrinsic manufacturing imperfections have a deterministic nature, the
remaining perturbations may present a random behavior and, therefore, the linear and nonlinear
IC-XT may have a stochastic evolution in the time and space domains (along the longitudinal
direction of the fiber, assumed the z-axis in this thesis). Hence, it is natural to ask how the
probability distribution is in each domain.

The first IC-XT models have investigated this question focusing their efforts on the linear and
single-mode regimes of the fiber and excluding the temporal perturbations of the medium [128–130,
132–136]. Specifically, these initial models have considered monochromatic electric fields, a single
identical polarization in each core, and longitudinal fiber perturbations, included heuristically in the
classical coupled-mode theory (CMT) [137]. These initial simplifications alleviate the mathematical
work simplifying the deduction of the spatial distribution of the linear IC-XT, at least in a first
approximation.

In this chapter, following a similar approach as in these initial works, we will investigate the
spatial probability distribution of the IC-XT in the nonlinear regime of SM-MCFs and we will unify
the theoretical description of this physical impairment in both power regimes with a simple and
intuitive mathematical model. On the other hand, the impact of the MCF temporal perturbations
on the linear and nonlinear IC-XT statistics will be discussed in the next chapter.

The chapter is structured as follows. In Section 2.2, the nonlinear CMT of the directional
coupler (an ideal MCF without perturbations) is extended to bent and twisted SM-MCFs. From
the newly derived CMT, the random longitudinal evolution of the linear and nonlinear IC-XT is
demonstrated in Section 2.3. In this scenario, the analysis of the linear and nonlinear IC-XT spatial
distributions is required to gain insight into the behavior of this optical impairment. To this end,
we previously derive in Section 2.4 a set of coupled equations in terms of the average value of the
optical power: the nonlinear coupled-power theory (CPT). Remarkably, the nonlinear CPT will

27
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allow us to obtain the closed-form expressions of the mean and variance of the IC-XT spatial dis-
tribution in both linear and nonlinear regimes. Next, in Section 2.5, we will perform the statistical
analysis in both power regimes discussing the probability density function, cumulative distribution
function, mean and variance of the crosstalk. In Section 2.6, the experimental validation of our
previous theoretical discussions is performed using a homogeneous four-core fiber (4CF). Finally,
in Section 2.7, the main conclusions of this chapter are highlighted.

2.2 Coupled-mode theory for bent and twisted multi-core
fiber

The classical CMT (derived from Maxwell’s equations using the basic ideas of perturbation theory)
was originally formulated for the linear directional coupler by Allan Snyder in 1972 [137]. Later, in
1982, the CMT was extended to the nonlinear regime by Jensen [138], which proposed the nonlinear
directional coupler (NLDC) based on homogeneous rectangular waveguides for all-optical switching
and signal processing applications. In this section, the goal is to extend the nonlinear CMT
of Jensen to homogeneous and heterogeneous MCF media involving longitudinal perturbations.
First, we will revisit the nonlinear CMT by considering a NLDC based on heterogeneous circular
waveguides. Second, we will calculate the closed-form expressions of the mode-coupling coefficients
for the step-index case. Next, we will discuss the exact solution of the nonlinear CMT pointing
out the main differences with experimental measurements of IC-XT in real MCFs. Finally, we
will resolve the discrepancy between theory and experiments by including heuristically the MCF
longitudinal perturbations in the nonlinear coupled-mode equations.

2.2.1 Coupled-mode equations for ideal multi-core fiber
Consider a weakly-guiding 2-core SM-MCF with cores a and b and radius R0,a and R0,b, respec-
tively, a core-to-core distance dab and without longitudinal or temporal fiber perturbations (see
Fig. 2.1). In order to describe the linear and nonlinear mode-coupling between the LP01 mode of
each core, we assume monochromatic electric fields and the MCF is modeled as a lossless, nonlinear,
isotropic, heterogeneous, time-invariant and non-dispersive multi-dielectric medium. In addition,
a single polarization can also be assumed in each core mode (x-polarization) taking into account
the isotropic nature of the optical medium and the omission of the fiber perturbations. Thus, from
a point of view of perturbation theory, the real wave function of the global electric field strength
of the MCF can be approximated to (step 1 of Fig. 1.9):

E (r, t) ≃
∑

m=a,b

Em (r, t) ûx =
∑

m=a,b

Re {Em,ω0 (r) exp (jω0t)} ûx

=
∑

m=a,b

Re {Am (z)Fm (x, y, ω0) exp (−jβm (ω0) z) exp (jω0t)} ûx, (2.2.1)

where ω0 is the angular frequency of the optical carrier and Em,ω0 is the complex amplitude of
the electric field strength in the core m = a, b comprising: the complex envelope Am satisfying
the SVEA,1 the transversal Bessel function Fm [32] and the ideal phase constant βm [i.e., the
unperturbed phase constant (see footnote 16 on page 24)]. It should be noted that Fm and βm
depend on ω0. However, since we are considering monochromatic electric fields, the frequency
dependence will be omitted from now on, i.e., Fm(x, y, ω0) ≡ Fm(x, y) and βm(ω0) ≡ βm.

Moreover, as indicated in step 2 of Fig. 1.9, each core mode is written by assuming isolated
cores. Thus, Fm and βm can be calculated from the classical modal solution of an SM-SCF, that is,

1Note that we have employed a different function for the complex envelope in Eq. (2.2.1) from the one used in
Eq. (1.5.10). In this chapter, we will use the notation A (z) to describe the complex envelope in the monochromatic
regime (continuous waves). Later, in Chapter 3 (monochromatic regime with time-varying perturbations) and
Chapter 4 (non-monochromatic regime), we will recover the notation A(z, t) to include the temporal dependence of
the complex envelope.



CHAPTER 2. LINEAR AND NONLINEAR INTER-CORE CROSSTALK 29

Fm and βm must satisfy the Helmholtz equation [△+ k20εr,m(r)]Fm(x, y) exp(−jβmz) = 0, where
k0 = ω0/c0 and εr,m is the relative electric permittivity2 of the core m. Defining the global relative
electric permittivity distribution of the MCF as εr(r) := εr,c(r)+∆εr,a(r)+∆εr,b(r) (see Fig. 2.1),
we found from the aforementioned Helmholtz equation that:[

△T + k20εr(r)
]
Fa(b)(x, y) =

[
k20∆εr,b(a)(r) + β2

a(b)

]
Fa(b)(x, y), (2.2.2)

with △T := ∂2x + ∂2y the transverse Laplacian operator.

Figure 2.1. Heterogeneous 2-core MCF considered for theoretical discussions.

In step 3, the wave equation of the MCF should be derived from Maxwell’s equations in terms
of the complex amplitudes Em,ω0

by including the nonlinear polarization terms.3 As detailed in
Appendix A2 on page 53, the nonlinear wave equation of the MCF is found to be:

△Eω0 (r) + k20

[
εr (r) + γ |Eω0 (r)|

2
]
Eω0 (r) = 0, (2.2.3)

where Eω0 ≃ Ea,ω0 + Eb,ω0 and γ is the nonlinear coefficient of the fiber.
Finally, in step 4, we can find the coupled-mode equations by combining Eqs. (2.2.1) and (2.2.2)

into Eq. (2.2.3). After some algebraic work and using the SVEA, we obtain:4

Fa exp (−jβaz)
(
k20∆εr,b − j2βa

d
dz

)
Aa + Fb exp (−jβbz)

(
k20∆εr,a − j2βb

d
dz

)
Ab

+k20γ
{
Aa |Aa|2 F 3

a exp (−jβaz) +Ab |Ab|2 F 3
b exp (−jβbz)

+2 |Aa|2AbF
2
aFb exp (−jβbz) + 2Aa |Ab|2 FaF

2
b exp (−jβaz)

+A2
aA

∗
bF

2
aFb exp [j (βb − 2βa) z] +A∗

aA
2
bFaF

2
b exp [j (βa − 2βb) z]

}
= 0. (2.2.4)

The coupled-mode equation modeling mode-coupling from core b to core a is found by multiplying
Eq. (2.2.4) by Fa exp (jβaz) and integrating in an infinite cross section of the MCF:

j

[
dAa

dz
+ χa,b exp (−j∆βb,az)

dAb

dz

]
= caAa + κa,b exp (−j∆βb,az)Ab + q(1)a |Aa|2Aa

+ q
(2)
a,b

[
2Aa |Ab|2 +A∗

aA
2
b exp (−j2∆βb,az)

]
+ q

(3)
a,b

[
2 |Aa|2Ab exp (−j∆βb,az) +A2

aA
∗
b exp (j∆βb,az)

]
+ q

(4)
a,b |Ab|2Ab exp (−j∆βb,az) , (2.2.5)

2In gradual-index refractive index profiles, εr,m(r) = n2
m(r) is assumed slowly-varying in spatial variations of

the order of λm = λ0/nm, where nm := ⟨nm(r)⟩ and ⟨ ⟩ denotes the ensemble average operator. Usually, these
spatial variations only have radial dependence inside the core region.

3Note that the cross-polarization terms can be omitted when considering the MCF as an isotropic medium.
4For the sake of simplicity, the independent variables are omitted in some expressions of this thesis. In a similar

way, in spite of the fact that the derivative of a differentiable function f should be written by using the differential
as df (z) (dz) /dz, we will relax the notation writing df(z)/dz or df/dz.



CHAPTER 2. LINEAR AND NONLINEAR INTER-CORE CROSSTALK 30

where ∆βb,a := βb−βa; χa,b, ca and κa,b are the linear mode-coupling coefficients (MCCs); and q(1)a ,
q
(2)
a,b , q(3)a,b and q(4)a,b are the nonlinear MCCs (see below). A similar equation modeling mode-coupling

from core a to core b can just be obtained by multiplying Eq. (2.2.4) by Fb exp (jβbz).

2.2.2 Mode-coupling coefficients
The linear and nonlinear MCCs are defined as (all integrals apply over an infinite cross section):

χa,b :=
βb

βaNa

¨
Fb (x, y)Fa (x, y)dxdy; (2.2.6)

ca :=
k20

2βaNa

¨
∆εr,b (r)F

2
a (x, y) dxdy; (2.2.7)

κa,b :=
k20

2βaNa

¨
∆εr,a (r)Fb (x, y)Fa (x, y) dxdy; (2.2.8)

q(1)a :=
k20

2βaNa

¨
γF 4

a (x, y)dxdy; (2.2.9)

q
(2)
a,b :=

k20
2βaNa

¨
γF 2

b (x, y)F 2
a (x, y) dxdy; (2.2.10)

q
(3)
a,b :=

k20
2βaNa

¨
γFb (x, y)F

3
a (x, y) dxdy; (2.2.11)

q
(4)
a,b :=

k20
2βaNa

¨
γF 3

b (x, y)Fa (x, y) dxdy, (2.2.12)

with Na :=
˜
F 2
a (x, y) dxdy. The MCCs describe the linear and nonlinear mode overlapping

between the transversal functions Fm. The linear mode overlapping involves not only the cross-
coupling effect (χa,b and κa,b), but also the self-overlapping (ca) of the core modes. The nonlinear
mode overlapping can be classified in two different categories: intra-core and inter-core. The former
is related to the nonlinear self-coupling effect of the LP01 mode in each core, given by the MCC
q
(1)
a in core a. The latter is related to the nonlinear cross-coupling effects between the LP01,a and

LP01,b modes, modeled by the MCCs q(2)a,b , q(3)a,b and q
(4)
a,b . In step-index SM-MCFs, the MCCs can

be calculated by using the following closed-form expressions (see Appendix B2, on page 54):

χa,b ≃
2nb
na

J2
0 (ua)

[J2
0 (ua) + J2

1 (ua)]

[
J1 (ua)

uaJ0 (ua)

K0 (wbdab/R0,b)

K0 (wb)
+
R2

0,b

R2
0,a

J1 (ub)

ubJ0 (ub)

K0 (wadab/R0,a)

K0 (wa)

]
;

(2.2.13)

ca ≃ k0NA2
b

2na

R2
0,b

R2
0,a

J2
0 (ua)

[J2
0 (ua) + J2

1 (ua)]

K2
0 (wadab/R0,a)

K2
0 (wa)

; (2.2.14)

κa,b ≃
k0NA2

a

na

J0 (ua) J1 (ua)

ua [J2
0 (ua) + J2

1 (ua)]

K0 (wbdab/R0,b)

K0 (wb)
; (2.2.15)

q(1)a ≃ k0γH
2
a

8naR2
0,a

[
1− exp

(
−4R2

0,a/H
2
a

)]
J2
0 (ua) [J

2
0 (ua) + J2

1 (ua)]
; (2.2.16)

q
(2)
a,b ≃ k0γ

2na

{
K2

0 (wbdab/R0,b)

K2
0 (wb)

+
R2

0,b

R2
0,a

K2
0 (wadab/R0,a)

K2
0 (wa)

J2
0 (ua)

J2
0 (ub)

[
J2
0 (ub) + J2

1 (ub)

J2
0 (ua) + J2

1 (ua)

]}
; (2.2.17)

q
(3)
a,b ≃ k0γH

2
a

6naR2
0,a

K0 (wbdab/R0,b)

J0 (ua)K0 (wb)

[
1− exp

(
−3R2

0,a/H
2
a

)
J2
0 (ua) + J2

1 (ua)

]
; (2.2.18)

q
(4)
a,b ≃ k0γH

2
b

6naR2
0,a

J2
0 (ua)

J3
0 (ub)

K0 (wadab/R0,a)

K0 (wa)

1− exp
(
−3R2

0,b/H
2
b

)
J2
0 (ua) + J2

1 (ua)

 , (2.2.19)
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where na(b) and ncl are the refractive index of the core a(b) and the cladding; NAa(b) =
√
n2a(b) − n2cl

is the numerical aperture; Ha(b) ≃ R0,a(b)(0.65+1.619V
−3/2
a(b) +2.879V −6

a(b)) is the modal field radius
of the LP01,a(b) [139]; R0,a(b) is the core radius; Va(b) = k0R0,a(b)NAa(b) is the normalized frequency;
and ua(b) and wa(b) are the modal parameters [32]:

ua(b) =
(
1 +

√
2
)
Va(b)/

[
1 +

(
4 + V 4

a(b)

)1/4
]
; (2.2.20)

wa(b) =
√
V 2
a(b) − u2a(b). (2.2.21)

As was pointed out in [140], in homogeneous NLDCs with a distance between waveguides
much higher than the waveguide width [in our case uncoupled homogeneous MCFs (dab ≫ 2R0)],
κa,b and q(1)a are respectively the dominant linear and nonlinear MCCs, and the additional MCCs
can be neglected due to the weakly-coupling conditions. Nonetheless, this result should be revisited
in homogeneous and heterogeneous MCFs comprising coupled cores. As an example, let us consider
a 2-core MCF with R0,a = R0,b ≡ R0 = 4 µm, nb = 1.452, ncl = 1.444, γ = 1.5 · 10−22 m2/V2

and λ0 = 1550 nm. The linear MCCs χa,b and ca, and the nonlinear MCCs q(2)a,b , q(3)a,b and q
(4)
a,b

are respectively compared with the linear and nonlinear MCCs κa,b and q(1)a . The ratios χa,b/κa,b,
ca/κa,b, q(2)a,b/q

(1)
a , q(3)a,b/q

(1)
a and q

(4)
a,b/q

(1)
a are calculated using Eqs. (2.2.13)-(2.2.19).

Figure 2.2. Comparison of the linear and nonlinear mode-coupling coefficients (MCCs) for different values
of dab/R0 and ∆na,b. (a) χa,b/κa,b, (b) ca/κa,b, (c) q(2)a,b/q

(1)
a , (d) q(3)a,b/q

(1)
a and (e) q(4)a,b/q

(1)
a .

Figure 2.2 shows the behavior of these ratios when varying dab and the index mismatching
∆na,b := (na − nb)/nb. As can be seen, the MCCs χa,b, ca, q(2)a,b , q(3)a,b and q

(4)
a,b can be omitted

in homogeneous and heterogeneous MCFs with dab > 3R0. However, in coupled-core MCFs with
2R0 < dab ≤ 3R0, χa,b can be omitted but the MCCs ca, q(2)a,b , q(3)a,b and q(4)a,b should be retained in the
coupled-mode equations. These conclusions are found to be the same with ∆na,b < 0. Moreover,
in an MCF with R0,a ̸= R0,b, the condition is found to be dab > R0,a + R0,b + max {R0,a, R0,b}.
Along this line, note that our Eq. (2.2.15) allows us to estimate the MCC κa,b when cores with
dissimilar radius are involved, a scenario which cannot be modeled with the closed-form expression
of κa,b reported by Snyder [137] and Okamoto [124].
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2.2.3 Exact solution of the coupled-mode equations and discrepancy
with experimental measurements in real multi-core fiber

In this section, let us perform a brief analysis of the coupled-mode equation (2.2.5). To this end,
consider a simple case: an ideal homogeneous 2-core MCF with uncoupled cores (dab ≫ 3R0). In
such a case, the coupled equations are reduced to the equations of the homogeneous NLDC with
κa,b = κb,a ≡ κ, q(1)a = q

(1)
b ≡ q and ∆βb,a = 0:

j
dAa (z)

dz
= κAb (z) + q |Aa (z)|2Aa (z) ; (2.2.22)

j
dAb (z)

dz
= κAa (z) + q |Ab (z)|2Ab (z) . (2.2.23)

In [138], Jensen found the exact solution of this system of differential equations. Performing
the transformation Aa(b)(z) = aa(b)(z) exp(−jφa(b)(z)), with

(
aa(b), φa(b)

)
∈ F(R,R)2 and defining

the parameters PT := a2a(z) + a2b(z) and Γ := 4aa(z)ab(z) cos(φb(z) − φa(z)) − 2(q/κ)a2a(z)a
2
b(z),

the solution in the cores a and b in terms of optical power is found to be:5,6

Pa (z) = |Aa (z)|2 = PT − Pb (z) ; (2.2.24)

Pb (z) = |Ab (z)|2 =
PC

2
+

σρPC√
σ2 + ρ2

sd
(
κ
√
σ2 + ρ2 z + F (ϕ0|m)

∣∣∣m) , (2.2.25)

with:

σ2 = 4
P 2

T
P 2

C
− 2

(
1− Γ

PC

)
+ 2

√
1− 2Γ

PC
; (2.2.26)

ρ2 = −4
P 2

T
P 2

C
+ 2

(
1− Γ

PC

)
+ 2

√
1− 2Γ

PC
; (2.2.27)

m =
σ2

σ2 + ρ2
; (2.2.28)

PC = 4κ/q; (2.2.29)

ϕ0 = arcsin

{
[4Pb (0)− 2PT]

σ

√
σ2 + ρ2

[4Pb (0)− 2PT]
2
+ ρ2P 2

C

}
, (2.2.30)

where F (ϕ0|m) is an elliptic integral of the first kind, and sd(θ|m) is a Jacobi elliptic function.
The parameter PC is defined in [138] as the critical power of the NLDC, and describes the

behavior of the coupled power between cores. If Pa (0) = 0 and Pb (0) ≪ PC, then m ≪ 1 and
Eqs. (2.2.24) and (2.2.25) become:

Pa(b) (z) = Pb (0)
1∓ cos (2κz)

2
, (2.2.31)

with a coupling length of LC = π/2k. However, if Pa (0) = 0 and Pb (0) ≥ PC, the mode-coupling
shows a nonlinear response of the form:

Pa(b) (z) = Pb (0)
1∓ cn (2κz|m)

2
, (2.2.32)

where m = P 2
b (0) /P 2

C and cn (θ|m) is a Jacobi elliptic function with fundamental period 4K(m),
a simple zero in K(m) and a simple pole in jK(1−m), with K a complete elliptic integral of the
first kind defined as K(m) := F (π/2|m) [141].

5Note that dPT/dz = dΓ/dz = 0.
6Actually, the units of

∣∣Aa(b) (z)
∣∣2 are V2/m2. However, let us remember that the optical power is found to

be proportional to
∣∣Aa(b) (z)

∣∣2 [see Eq. (1.5.11)]. We set the constant C
(P)
a(b)

≡ 1 for simplicity in our theoretical
discussions. The same remark applies to Section 2.4.
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Figure 2.3 depicts Eq. (2.2.32) for different power launch levels [PL := Pb (0)] and setting the
linear MCC κ = 0.0072m−1 and L = 1 km, where L is the MCF length.7 As pointed out before, for
power launch levels much lower than the critical power, the ideal MCF exchanges power between
cores as the symmetric linear optical coupler [137] and the light is completely switched from core
b to core a (e.g. PL/PC = 0.5, red line). In contrast, with power launch levels equal or higher
than the critical power, the switching process is not complete (e.g. PL/PC = 1.2, purple line). The
Kerr effect induces a phase-mismatching between the LP01,a and LP01,b modes (∆βb,a ̸= 0) and,
consequently, the maximum value of the mode-coupling is significantly reduced.

Figure 2.3. Longitudinal evolution of the coupled optical power in an ideal homogeneous 2-core MCF for
different power launch levels in: (a) core b and (b) core a. (PL: power launch, PC: critical power).

Figure 2.4. Measured (M) and theoretical (T) linear and nonlinear IC-XT in a homogeneous 4-core MCF
Fibercore SM-4C1500(8.0/125). (a) Experimental set-up. (b) Inter-core crosstalk from core 3 to core 1.
The theoretical estimation was performed by using Eq. (2.2.32).

Next, we compare these theoretical results with experimental measurements performed using a
commercial MCF [Fibercore SM-4C1500(8.0/125)]. In particular, this fiber is an SI-SM-HO-UC-
LB-MCF with 150 m of length and 4 cores distributed in a square lattice. Figure 2.4(a) shows
the laboratory set-up. The MCF was spooled on a reel with an average value of the bending
radius (RB) and a twist rate of 67 cm and 4 turns/m, respectively. A tunable external cavity laser
(ECL) at 1550 nm with a linewidth of 50 kHz was used along with an erbium-doped fiber amplifier
(EDFA) to explore the nonlinear regime of the fiber. The EDFA gain was maximized to minimize
the noise factor, which allows us to reduce the crosstalk averaging due to amplified spontaneous
emission (ASE) noise [142]. A variable optical attenuator (VOA) was employed to modify the value
of PL taking into account the 2.2 dB of insertion loss of the 3D fan-in device. The optical power
was injected into core 3 and measured in core 1 with an optical power meter (Newport 1931-C). It
should be noted that the stimulated Brillouin scattering (SBS) does not reflect the power injected

7Specifically, the linear MCC κ was calculated from Eq. (2.2.15) taking R0,a = R0,b = 4 µm, ncl = 1.444,
na = nb = 1.452 and dab = 35.2µm.
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into the MCF when the condition PL < P
(SBS)
TH is satisfied, where P (SBS)

TH is the SBS threshold
power, estimated around 23.5 dBm in our MCF.8

Figure 2.4(b) depicts the comparison between the experimental measurements and the numer-
ical estimations of the IC-XT for different wavelengths and PL values. We used Eq. (2.2.32) with
the same fiber parameters as in Fig. 2.3 to estimate the crosstalk, also including the constants
C

(P)
a and C

(P)
b [Eq. (1.5.11)] to estimate the real optical power of each core mode at the MCF

output. As can be seen, the measured results are in absolute disagreement with the calculated
value of the IC-XT when using the classical nonlinear CMT. In addition, the parameter PC cannot
be estimated as PC = (4κ/q)C

(P)
b in real homogeneous MCFs given that this expression leads to

a theoretical value around 15 dBm in this example. Nevertheless, as we will see in Section 2.6,
the experimental work indicates that PC ≃ 2 dBm in silica MCFs. Therefore, at this point it is
natural to ask why the theoretical estimations are in complete disagreement with the experimental
measurements. The answer is found in the MCF perturbations.

2.2.4 The effect of the multi-core fiber perturbations:
a heuristic modification of the coupled-mode theory

At the beginning of Subsection 2.2.1, we assumed an ideal MCF, i.e., without perturbations.
Nonetheless, we found important discrepancies between theory and experiments given that the
phase constants βa(b) are modified by the perturbations of the optical medium: the fiber bending,
twisting, manufacturing imperfections, floor vibrations... Consequently, the phase-mismatching
terms and the MCCs are wrongly estimated by using the ideal phase constants. Moreover, the
fluctuation of the phase constants leads to the following fundamental questions about the initial
considerations assumed in the MCF to derive the coupled-mode equations:

Isotropy. The medium perturbations, in particular the fiber bending and twisting, may induce
linear and circular birefringence, respectively. Therefore, the initial assumption of
considering the MCF as an isotropic medium seems to be inaccurate to describe the
IC-XT in real-deployed MCF systems.

Time invariance. If external environmental factors induce physical changes in the MCF (e.g. tem-
perature variations modifying the refractive index or floor vibrations inducing slight
local changes in the bending radius and twist rate), we cannot assume a time-invariant
system to describe the constitutive relation between the polarization and the electric
field strength of the optical medium.

Ideal phase constants. Taking into account both longitudinal and temporal fiber perturbations, we
cannot assume the ansatz of the electric field [Eq. (2.2.1)] with ∂zβm = ∂tβm = 0. In
the same way, Am and Fm will also be found longitudinal and temporal dependent due
to these MCF fluctuations.

All in all, it is clear that the coupled-mode equations should be revisited to analyze the spatial
and temporal behavior of the IC-XT. Thus, how can we tackle this problem by taking into account
all these points with rigorous formalism? Although complex, this question will be solved in the
next chapter. Now, in a first approximation, let us analyze the spatial behavior of the IC-XT by
omitting the MCF temporal fluctuations and modifying heuristically the CMT [Eq. (2.2.5)].

8The threshold power of the SBS can be estimated in silica fibers as P (SBS)
TH ≃ 21Aeff/ (gBLeff) [139], where Aeff

is the effective area of the LP01 mode, gB is the SBS gain and Leff is the effective interaction length. In short
fiber distances where the optical attenuation can be neglected, we can approximate Leff ≃ L. In our 150-m MCF,
assuming Aeff ≃ 80µm2 and gB = 5 · 10−11 m/W at 1550 nm, we find that P (SBS)

TH ≃ 23.5 dBm.
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To this end, we replace the phase constant βm of a given core m by the equivalent phase constant
β
(eq)
m := βm + β

(B+S)
m , with β

(B+S)
m accounting for the longitudinal medium fluctuations in a short

fiber segment where these perturbations can be assumed spatially invariant.9 The superindexes ‘B’
and ‘S’ indicate, respectively, the phase perturbation induced by the fiber bending and additional
structural longitudinal fluctuations of the medium (microbends, fiber twisting and manufacturing
imperfections). Therefore, the phase-mismatching terms exp(±j∆βb,az) of Eq. (2.2.5) should be
replaced by exp(±j∆β(eq)

b,a z) in the MCF segment, where ∆β
(eq)
b,a := β

(eq)
b − β

(eq)
a .

Now, if we consider the complete MCF length, the phase-mismatching terms must include the
accumulative differential phase changes of β(eq)

a(b) along the different fiber segments. Hence, we should
rewrite the exponential terms as exp(±j

´ z
0
∆β

(eq)
b,a (ξ)dξ). Thus, defining the phase function:

ϕm (z) :=

ˆ z

0

β(eq)
m (ξ) dξ = βmz +

ˆ z

0

β(B+S)
m (ξ) dξ, (2.2.33)

with m ∈ {a, b} and ϕm ∈ F(R,R), Eq. (2.2.5) becomes:10

j
dAa (z)

dz
= caAa (z) + κa,b exp (−j∆ϕb,a (z))Ab (z) + q(1)a |Aa (z)|2Aa (z)

+ q
(2)
a,b

[
2Aa (z) |Ab (z)|2 +A∗

a (z)A
2
b (z) exp (−j2∆ϕb,a (z))

]
+ q

(3)
a,b

[
2 |Aa (z)|2Ab (z) exp (−j∆ϕb,a (z)) +A2

a (z)A
∗
b (z) exp (j∆ϕb,a (z))

]
+ q

(4)
a,b |Ab (z)|2Ab (z) exp (−j∆ϕb,a (z)) , (2.2.34)

with ∆ϕb,a := ϕb − ϕa and neglecting the MCC χa,b as discussed before. From now on, we will
refer to Eq. (2.2.34) as the modified CMT.

At this point, one can argue about whether the MCCs should also be assumed spatial dependent
along the z-axis. In general, as we will verify experimentally in Section 2.6, the theoretical
estimation of the IC-XT will be sufficiently accurate by using Eq. (2.2.34) with constant MCCs
when omitting polarization effects and the temporal perturbations of the MCF. Furthermore, the
use of constant MCCs allows us to minimize the computational time of Eq. (2.2.34).

2.3 Longitudinal evolution of inter-core crosstalk
Once we have presented the modified CMT, we will be able to investigate the evolution of the linear
and nonlinear IC-XT along the MCF length. We will analyze to different scenarios: (i) constant
and (ii) random bending and twisting conditions. Both situations can be described by using
Eq. (2.2.34) along with the equivalent refractive index model (ERIM) of Hayashi [133]. Specifically,
Hayashi and coworkers proposed the ERIM to calculate analytically the phase functions ϕm with
constant bending and twisting conditions. In that case, ϕm can be calculated as [129]:

ϕm (z) =

ˆ z

0

β(eq)
m (ξ) dξ = k0

ˆ z

0

n(eq)
m (ξ;RB, fT) dξ; (2.3.1)

n(eq)
m (z;RB, fT) ≃ nm

[
1 +

dm
RB

cos (2πfTz + θm + θ0)

]
, (2.3.2)

9Given that we will use the CMT to analyze the impact of β(B+S)
m on the IC-XT, the own concept of the complex

envelope Aa(b)(z) requires to use the SVEA in δz ∼ λa(b) = λ0/na(b). Therefore, the minimum segment length
which should be assumed must be higher than λa(b). This assumption is coherent with real MCFs [129]: the fiber
bending and twisting are found to be invariant in longitudinal distances of the order of λa(b) ∼ µm.

10Note that Eq. (2.2.34) is obtained by modifying heuristically Eq. (2.2.5). This strategy is mathematically ques-
tionable. Firstly, the phase constants βa(b) are assumed invariant to derive the coupled equations [Eq. (2.2.5)] and,
secondly, we assume that the MCF perturbations modify the phase constants in Eq. (2.2.5). Furthermore, these
perturbations may induce anisotropic effects, but we only consider a single polarization per core. We will address
these issues in the next chapter.
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where RB is the bending radius, fT is the twist rate, dm is the Euclidean distance of core m to
the MCF center, θm is the offset of the twist angle of core m (measured from the MCF reference
axis), and θ0 is the offset of the twist angle of the MCF reference axis at z = 0 [see Fig. 2.5(a)]. In
weakly-guiding GI-MCFs, we can replace nm by max {nm (r)}.

Remarkably, the ERIM can also be employed in the case in which RB and fT vary randomly
along the MCF, as reported by Macho et al., in [143]. In that case, the MCF length should be
divided into a series of segments where RB and fT can be assumed constant in each one. Thus,
in a given l-th segment (located between the points zl and zl+1), the phase function ϕm can be
calculated in a given z point as:11

ϕm (z) =

ˆ z

zl

β(eq)
m (ξ)dξ = k0

ˆ z

zl

n(eq)
m (ξ;RB,l, fT,l) dξ

≃ k0nm (z − zl) +
k0nmdm
2πfT,lRB,l

[sin (2πfT,lz + θm + θ0)− sin (2πfT,lzl + θm + θ0)] , (2.3.3)

with RB,l and fT,l the values of RB and fT in the l-th segment. If fT,l · (zl+1 − zl) ≃ 0, then we
can approximate ϕm (z) ≃ k0n

(eq)
m (z;RB,l, fT,l) · (z − zl).

Figure 2.5. Longitudinal evolution of the linear and nonlinear IC-XT. (a) Equivalent refractive index
model. (b) Simulated 4-core MCF (only the cores a and b have been considered in the numerical calcula-
tions). (c) Linear IC-XT with (c.1) deterministic and (c.2) random fiber bending and twisting conditions.
(d) Comparison of the linear and nonlinear IC-XT for different power launch levels (PL) and different
core-to-core distances (dab) considering: (d.1) dab = 10R0 and (d.2) dab = 2.5R0. The fiber bending and
twisting are described in the main text. [Green line: PL = 0 dBm. Black line: PL = 25 dBm simulating
only the nonlinear self-coupling effect (SC) neglecting the nonlinear MCCs q(2)a,b, q(3)a,b and q(4)a,b in Eq. (2.2.34).
Red line: PL = 25 dBm simulating the nonlinear self- and cross-coupling effects (SC+XC) retaining all the
nonlinear MCCs in Eq. (2.2.34)].

11We assumed fT,l ̸= 0 in the second line of Eq. (2.3.3).



CHAPTER 2. LINEAR AND NONLINEAR INTER-CORE CROSSTALK 37

As a first simple example, we simulate the longitudinal evolution of the linear IC-XT in a
homogeneous 4-core MCF with: R0 = 4 µm, na(b) = 1.452, ncl = 1.444, dab = 35.2µm and
λ0 = 1550 nm. The core distribution is shown in Fig. 2.5(b). The fiber twisting is fixed to
fT = 1 turn/m and the bending radius was evaluated for three different constant values with
RB ∈ {7.5, 35, 67} cm. We solve numerical the modified CMT [Eq. (2.2.34)] by assuming as initial
conditions Aa (z = 0) = 0 and Ab (z = 0) =

√
PL, with PL = 0 dBm to evaluate the linear regime.12

The crosstalk from core b to core a is defined as XTa,b := Pa(z = L)/Pb(z = L), where L = 3m is
the simulated length. Figure 2.5(c.1) depicts the numerical results. Discrete deterministic changes
can be observed in the longitudinal evolution of the IC-XT at every phase-matching point, i.e., the
zPM points along the MCF length where ∆n

(eq)
b,a (z = zPM) = 0. These results are in line with [133].

However, the IC-XT behavior is found to be absolutely different when varying randomlyRB and fT.
In the next example, we consider the same MCF of the first example but assuming RB and

fT randomly varying along 20 different fiber segments following a normal distribution (N) of
RB = N(µ ∈ {7.5, 35, 67} , σ2 = 2) cm and fT = N(µ = 1, σ2 = 0.1) turns/m. In this case, the
phase-matching points are randomly distributed along the MCF length and, consequently, the
crosstalk presents quasi-discrete random changes [Fig. 2.5(c.2)]. The quasi-discrete nature seems
to be continuous due to the reduced distance between adjacent phase-matching points. In addition,
we can note that the higher the bending radius, the higher the average value of the IC-XT.

Next, we analyze the nonlinear IC-XT in a heterogeneous 4-core MCF with the same core
distribution as in the previous examples and fiber parameters: R0 = 4 µm, na = 1.46, nb = 1.45,
ncl = 1.444, γ = 1.5 · 10−22 m2/V2 and λ0 = 1550 nm. Two different core-to-core distances were
evaluated with dab = 10R0 and dab = 2.5R0 to analyze both UC- and CC-MCF designs, respec-
tively. In this case, the bending radius was taken to be constant with RB = 50 cm, but the twist
rate is assumed randomly varying along 20 different fiber segments following a normal distribu-
tion of fT = N(µ = 1, σ2 = 0.1) turns/m. Equation (2.2.34) was numerically solved by assuming
as initial conditions Aa (z = 0) = 0 and Ab (z = 0) =

√
PL, with PL ∈ {0, 25} dBm to compare

the IC-XT behavior in the linear and nonlinear regimes. The numerical results are depicted in
Fig. 2.5(d.1) and (d.2) for the UC-MCF and CC-MCF, respectively. The green line describes the
longitudinal evolution of the linear crosstalk, the black line depicts the longitudinal evolution of the
nonlinear crosstalk when simulating only the nonlinear self-coupling effect neglecting the MCCs
q
(2)
a,b , q(3)a,b and q

(4)
a,b in Eq. (2.2.34), and the red line shows the nonlinear crosstalk retaining all the

nonlinear MCCs in Eq. (2.2.34).
As can be seen, the crosstalk has a random evolution in the linear and nonlinear regime along

the MCF length as a direct consequence of the random twisting conditions of the fiber. Specifically,
in the nonlinear regime, the crosstalk is found to be lower than in the linear regime because of the
additional phase-mismatching induced in core a by the Kerr effect. Furthermore, it should be noted
that we cannot observe any difference in the crosstalk evolution when the nonlinear cross-coupling
effects are simulated in UC-MCFs [Fig. 2.5(d.1)]. In contrast, in CC-MCFs with a reduced dab
value (dab < 3R0), the nonlinear cross-coupling effects (modeled by the MCCs q(2)a,b , q(3)a,b and q

(4)
a,b)

should be retained in Eq. (2.2.34), as was pointed out in Fig. 2.2 and is confirmed in Fig. 2.5(d.2).
Remarkably, the numerical solution shows that the nonlinear cross-coupling effects increase the
nonlinear crosstalk in CC-MCFs.

As demonstrated above, the linear and nonlinear IC-XT shows a random nature along the
MCF length inherited from the random bending and twisting conditions of the optical medium.
In such a scenario, a statistical analysis of the linear and nonlinear spatial distribution of the
IC-XT is required. Interestingly, the modified CMT allows us to estimate the spatial distribution
of the crosstalk performing a Monte Carlo simulation of Eq. (2.2.34) by assuming RB and fT as
random processes which fluctuate along different fiber segments. In each l-th segment, RB,l and

12Actually, Ab (z = 0) should be calculated as a function of PL as Ab (z = 0) =

√
PL/C

(P)
b . However, we take

C
(P)
b ≡ 1 for simplicity in the numerical simulations. Note that the value of the IC-XT does not depend on

the constants C
(P)
a and C

(P)
b . In homogeneous cores C

(P)
a = C

(P)
b and in heterogeneous cores we can assume

C
(P)
a ≃ C

(P)
b with weakly-guiding conditions.
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fT,l can be modeled as continuous random variables whose values will be modified in each Monte
Carlo iteration. Then, the probability density function, mean and variance of the crosstalk can be
numerically estimated if RB,l and fT,l are adequately randomized in each segment.

However, a Monte Carlo simulation of Eq. (2.2.34) requires a high computational time due
to the complex exponential terms. In this context, it would be of great interest to investigate
closed-form expressions which allow us to estimate the spatial statistics of the crosstalk without
performing numerical simulations. To this end, we should previously derive in the next section a
set of coupled equations in terms optical power: the coupled-power theory (CPT). Remarkably,
the CPT will allow us to obtain in Section 2.5 the closed-form expressions of the mean and variance
of the IC-XT.

2.4 Coupled-power theory for bent and twisted multi-core
fiber

The analytic estimation of the crosstalk by using the modified CMT involves a high degree of com-
plexity. In addition, we are rarely interested in the exact phases and amplitudes of the individual
core modes to perform a statistical analysis of this physical impairment. For most practical pur-
poses, it would be sufficient to know the average value of the coupled power from adjacent cores.
In this scenario, the coupled-power theory (CPT) will allow us to describe the mode-coupling in
terms of the average power of each core mode.

The CPT was originally proposed by Dietrich Marcuse for MM-SCFs omitting their nonlinear
nature [144]. Recently, Masanori Koshiba extended this theory to SM-MCFs to investigate the
IC-XT in the linear regime [128]. Unfortunately, the CPT has not been formulated by considering
the nonlinear effects, a fundamental requisite to analyze the behavior of the IC-XT mean when the
Kerr nonlinearities are stimulated in the optical medium. In this section, we will extend the CPT
to SM-MCFs operating in the nonlinear regime, which allows us to unify this theory in both power
regimes. Furthermore, in order to simplify the mathematical discussions, we will consider the usual
fiber design criterion dab > 3R0 in high-capacity MCF-SDM transmissions using uncoupled and
coupled cores [8, 16,31].

In the linear regime and omitting the fiber losses, the IC-XT from core b to core a can be
expressed as a function of the average optical power as [128]:

dP a (z)

dz
= ha,b

[
P b (z)− P a (z)

]
, (2.4.1)

where ha,b is the linear power-coupling coefficient describing the average value of the linear crosstalk
per unit of length (see below) and P a(b) is the average power of the core a(b), defined as:

P a(b) (z) : =
⟨
Pa(b) (z)

⟩
=
⟨∣∣Aa(b) (z)

∣∣2⟩ =
1

2LC (z)

ˆ z+LC(z)

z−LC(z)

∣∣Aa(b) (τ)
∣∣2 dτ, (2.4.2)

with LC (z) the coupling length between the cores a and b (see Section 2.2.3). From the above
equations the following considerations are in order:

• In ideal MCFs (i.e. optical couplers) the coupling length is found to be constant (see Fig. 2.3).
However, in real MCFs with longitudinal random perturbations, LC is found to be longitu-
dinal dependent (see Fig. 2.5). Hence, P a(b) inherits the longitudinal dependence and the
random nature from LC.

• In the weak-coupling regime (UC-MCFs), the crosstalk variance is much lower than the
crosstalk mean (see Section 2.5). In such a case, we can assume that Pa(b) (z) is approximately
constant in δz ∼ LC. Consequently, in a given z0 point P a(b) (z0 + δz) ≃ Pa(b) (z0 + δz) in
δz ∼ LC (z0). This approximation will be used later to discuss the crosstalk mean from the
CPT.
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• As was pointed out before in footnote 6, the units of
∣∣Aa(b) (z)

∣∣2 are V2/m2. Nonetheless,
we will use the same terminology as in the literature and we will refer to Pa(b) as the optical
power of the core a(b). This mathematical inconsistency is solved by taking C

(P)
a(b) ≡ 1 in

Eq. (1.5.11) to simplify the theoretical discussions.
Now, focusing our attention on the nonlinear regime, it should be noted that the nonlinear coupling
effects must be included in Eq. (2.4.1) and, therefore, the derivation of the coupled-power equations
from the CMT should be revisited. Along this line, it should be remember that, as demonstrated in
Sections 2.2.2 and 2.3, the predominant nonlinear effect in uncoupled- and coupled-core SM-MCFs
with dab > 3R0 is the nonlinear self-coupling effect, modeled by the MCC q

(1)
a in Eq. (2.2.34). In

such conditions, Eq. (2.2.34) can reduced to:

j
d
dz

A (z) = M (z) ·A (z) , (2.4.3)

with A (z) := [Aa (z) , Ab (z)]
T and the M matrix defined as:

M (z) := q ·P (z) + exp

(
j

ˆ z

0

b(eq) (ξ) dξ
)
· k · exp

(
−j
ˆ z

0

b(eq) (ξ) dξ
)
, (2.4.4)

where q := diag
(
q
(1)
a , q

(1)
b

)
, b(eq) := diag

(
β
(eq)
a , β

(eq)
b

)
, P (z) := diag (Pa (z) , Pb (z)) and:

k :=

[
0 κa,b
κb,a 0

]
. (2.4.5)

Considering that Eq. (2.4.3) describes the mode-coupling between modes of different cores, we
can assume crosstalk values much lower than 0 dB. In such a case, Eq. (2.4.3) admits a first-order
solution of the form:

A (z) ≃
(
I− j

ˆ z

0

M (ξ)dξ
)
·A (0) , (2.4.6)

where I is the identity matrix. Thus, analyzing an MCF segment located between the points z1
and z2, with |z2 − z1| larger than the correlation length of the MCF random perturbations,13 the
longitudinal evolution of the complex envelopes can be described as A(z2) ≃ T ·A(z1), where T
is the 2x2 matrix:

T := I− j

ˆ z2

z1

M (ξ) dξ ≡
[
Ta,a Ta,b
Tb,a Tb,b

]
. (2.4.7)

It can be noted that Ta,b describes the linear IC-XT from core b to core a, and Ta,a models the
linear propagation and the nonlinear self-coupling effect of the LP01,a mode. A similar description
applies to Tb,a and Tb,b coefficients. In particular, Ta,b is found to be:

Ta,b = −jκa,b
ˆ z2

z1

exp

(
−j
ˆ z

z1

∆β
(eq)
b,a (ξ) dξ

)
dz

= −jκa,b
ˆ z2

z1

fb,a (z) exp (−j∆βb,a (z − z1))dz, (2.4.8)

where fb,a is assumed an ergodic and strict-sense stationary spatial random process modeling the
longitudinal random perturbations:14

fb,a (z) := exp

(
−j
ˆ z

z1

∆β
(B+S)
b,a (ξ)dξ

)
, (2.4.9)

13This condition is required to analyze an ergodic fiber segment.
14We assume fb,a as an ergodic and strict-sense stationary random process for simplicity. However, in real deployed

MCF systems, the bending radius could have a different random distribution in different z points. Moreover, if
we include the temporal perturbations of the fiber, fb,a (z; t) cannot be assumed as an ergodic and strict-sense
stationary random process in the z variable if these temporal perturbations induce a different random distribution
of ∆β(B+S)

b,a (z; t) in different z points. In such a case, the spatial average of fb,a could be found different from the
corresponding statistical average.
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and Ta,a takes the form:

Ta,a = 1− jq(1)a

ˆ z2

z1

Pa (z) dz, (2.4.10)

with the first term of the RHS accounting for the linear propagation and the second term modeling
the self-coupling effect.

Remarkably, the power-coupling coefficients required to model the linear and the nonlinear
coupling can be derived from these coefficients. In particular, the linear power-coupling coefficient
ha,b can be calculated from Ta,b as follows:

ha,b =

⟨
|Ta,b|2

⟩
z2 − z1

=

⟨
Ta,bT

∗
a,b

⟩
z2 − z1

=
κ2a,b

z2 − z1

ˆ z2

x=z1

ˆ z2

y=z1

⟨
fb,a (x) f

∗
b,a (y)

⟩
exp (j∆βb,a (y − x))dydx

=
κ2a,b

z2 − z1

ˆ z2

x=z1

ˆ z2

y=z1

R
(f)
b,a (y − x) exp (j∆βb,a (y − x))dydx [τ ≡ y − x]

=
κ2a,b

z2 − z1

ˆ z2

x=z1

ˆ z2−x

τ=z1−x

R
(f)
b,a (τ) exp (j∆βb,aτ) dτdx, (2.4.11)

with R(f)
b,a the autocorrelation function15 (ACF) of fb,a. Now, considering the correlation length of

fb,a much lower than the segment length, the spatial frequencies of R(f)
b,a are well described in the

fiber segment and, consequently, we can extend the second integral on the full line (−∞ < τ <∞).
As a result, using the Wiener-Khinchin theorem [145], we obtain:

ha,b ≃ κ2a,b

ˆ ∞

−∞
R

(f)
b,a (τ) exp (j∆βb,aτ) dτ = κ2a,bS

(f)
b,a

(
υ =

∆βb,a
2π

)
, (2.4.12)

where S(f)
b,a is the power spectral density (PSD) of fb,a and υ is the spatial frequency.16 Note that

this result is in line with [31]. However, in contrast to [128], it is not necessary to include the
deterministic part of ∆β(B+S)

b,a along with ∆βb,a in Eq. (2.4.12).
Moreover, following a similar strategy, the nonlinear power-coupling coefficient ha can be written

in the MCF segment as (q(1)a ≡ qa):

ha =

⟨
|Ta,a|2 − 1

⟩
z2 − z1

=
q2a

z2 − z1

ˆ z2

x=z1

ˆ z2

y=z1

⟨Pa (x)Pa (y)⟩ dydx

=
q2a

z2 − z1

ˆ z2

x=z1

ˆ z2

y=z1

Ra (y − x) dydx [τ ≡ y − x]

=
q2a

z2 − z1

ˆ z2

x=z1

ˆ z2−x

τ=z1−x

Ra (τ) dτdx, (2.4.13)

with Ra the ACF of the real spatial random process Pa. As before, considering the correlation
length of Pa much lower than the segment length, we can assume that the PSD of Pa (Sa) is
well-defined in the fiber segment. Hence, Eq. (2.4.13) is reduced to:

ha ≃ q2a

ˆ ∞

−∞
Ra (τ)dτ = q2aSa (υ = 0) . (2.4.14)

15Since fb,a is a strict-sense stationary random process, then R
(f)
b,a is a Hermitian function.

16In a spatial random process {X (z) , z ∈ D}, where D ⊂ R, the PSD is defined as the spatial Fourier trans-
form of the ACF, that is, S(X) (υ) =

´∞
−∞R(X) (z) exp (j2πυz)dz. In contrast, in a temporal random process

{X (t) , t ∈ T}, where T ⊂ R, the PSD is defined as the temporal Fourier transform of the ACF, that is,
S(X) (f) =

´∞
−∞R(X) (t) exp (−j2πft)dt [145]. Although the sign convention is commonly changed in the space

and time domain, we could also use the same convention in both Fourier transforms.



CHAPTER 2. LINEAR AND NONLINEAR INTER-CORE CROSSTALK 41

Finally, taking into account that the nonlinear self-coupling effect reduces the power coupling
between cores (as demonstrated in previous sections), Eq. (2.4.1) is heuristically modified in the
nonlinear regime as follows:

dP a (z)

dz
= h

(eq)
a,b

[
P b (z)− P a (z)

]
, (2.4.15)

with:
h
(eq)
a,b = ha,b − ha = κ2a,bS

(f)
b,a

(
∆βb,a
2π

)
− q2aSa (0) . (2.4.16)

A similar expression is found in terms of dP b (z) /dz by exchanging the corresponding subindexes
in the above equations. As we will see in the next section, Eq. (2.4.15) will allow us to derive the
closed-form expressions of the crosstalk mean in both linear and nonlinear regimes.

Now, let us take a closer look at Eq. (2.4.15) by assuming as initial conditions P a (z = 0) = PL
and P b (z = 0) = 0. In a first approximation and considering that P a (z) is approximately constant
along the z-axis in the nonlinear regime (see Fig. 2.5, black line), we can replace the nonlinear
power-coupling coefficient ha by Lq2aP

2

a (z), where L is the MCF length. In addition, note that
P a(z) + P b(z) = PL when assuming the MCF as a lossless medium and, therefore, we found that
P

′
a (z) = −P ′

b (z). Hence, the coupled-power equations are only symmetric in the linear regime.
Along this line, it should be remarked that h(eq)

a,b > 0. In particular, this condition allows us
to infer the maximum value of PL where the nonlinear CPT provides a non-divergent solution:
PL,max =

√
ha,b/(Lq2a).

Figure 2.6. Normalized solution of the nonlinear coupled-power theory considering different optical power
launch levels (PL) [CONF 6].

Figure 2.6 shows the normalized solution of the nonlinear CPT considering a lossless homoge-
neous 2-core MCF with ha,b = hb,a = 5.2 · 10−5 m−1, qa = 2.7 · 10−13 m/V2 and L = 150 km. The
value of PL ranges from 0% to 100% of the maximum power PL,max. As can be seen, the higher
the power launch level, the higher the fiber length required to reach the same solution as in the
linear regime (black line). When the Kerr effect is stimulated with high power levels, the nonlinear
self-coupling effect reduces the power exchange between cores. However, after several kilometers
and excluding the attenuation effects, the power of the excited core is reduced due to the power
transferred to the adjacent core. In such a situation, the stimulation of the Kerr effect is reduced
in the excited core a and the solution of the nonlinear CPT tends to the same solution as the linear
CPT of Marcuse [144,146].

On the other hand, if we incorporate the fiber attenuation to this scenario, we should take
into account that the Kerr effect will cease to be stimulated after several kilometers in the excited
core a. As an example, if we assume a critical power PC in silica fibers around ∼ 2 dBm (see
Section 2.5), a power attenuation coefficient of α = 0.2 dB/km, and PL = 5 dBm; the IC-XT will
operate in the nonlinear regime for MCF distances around ∼ 15 km. More explicitly, the length of
the nonlinear interaction (LNL) can be calculated as LNL = (PL − PC) /α.

https://www.spiedigitallibrary.org/conference-proceedings-of-spie/9772/97720O/Impact-of-inter-core-crosstalk-in-radio-over-fiber-transmission/10.1117/12.2211300.short?SSO=1
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To summarize, the nonlinear CPT allows us to achieve a deeper understanding of the longi-
tudinal evolution of the average value of the IC-XT in both linear and nonlinear power regimes.
Especially, this feature will be exploited in the next section to infer the connection of the IC-XT
mean with the power launch level.

2.5 Statistical analysis of inter-core crosstalk
In this section, we perform the statistical analysis of the IC-XT in both linear and nonlinear regimes
when a single core or multiple cores are excited at the MCF input. First, we will investigate the
single-core excitation and, later, we will extend the model to the multi-core excitation by performing
a simple transformation of random variables.

2.5.1 Single-core excitation
Let us consider a 2-core MCF with cores a and b, where only the core b is excited at the MCF
input with an optical power PL. Moreover, in order to simplify the mathematical discussions,
the spatial random distribution of the linear and nonlinear IC-XT is discussed for UC-MCFs with
quasi-constant bending and twisting conditions (δzRB ≪ RB and δzfT ≪ fT)17 operating in the
phase-matching region, i.e., with an average value of the bending radius satisfying that ∆n

(eq)
b,a

becomes null at different z points along the MCF length [see Eq. (2.3.2)]. These points are referred
to as the phase-matching points, as mentioned on page 37. The number of phase-matching points
will be denoted as NL and NNL in the linear and nonlinear regime, respectively. In general, in
homogeneous SM-MCFs NL(NL) ̸= 0, but in the heterogeneous case, the phase-matching points can
only be observed in the phase-matching region. For instance, if the core b is located at the MCF
center, this corresponds to an RB value lower than the threshold value Rpk [31, 129]:

RB < Rpk ≃ dabna
|∆nb,a|

. (2.5.1)

These initial conditions facilitate the derivation of the crosstalk distribution from the modified
CMT. In such circumstances, since the crosstalk shows a quasi-discrete longitudinal random evolu-
tion (Fig. 2.5), Eq. (2.2.34) can be solved by using a discrete first-order solution (see below). And,
despite the fact that we have restricted our discussion to UC-MCFs operating in the phase-matching
region, interestingly, in the phase-mismatching region of these fibers, the crosstalk distribution is
found to be the same [31]. Nonetheless, in CC-MCFs, the analysis of the crosstalk distribution
requires to use a different formalism [147,148], which is out of the scope of this work.

Specifically, the random variable (r.v.) of the IC-XT from core b to core a is defined as the
ratio of the optical power in core a to the optical power in core b at the MCF output when only
core b is excited at the MCF input:

X
L(NL)
a,b :=

Pa (z = L)

Pb (z = L)
, (2.5.2)

with the superindex ‘L’ or ‘NL’ indicating the power regime (L: linear, NL: nonlinear). In the
phase-matching region and in the weak-coupling regime, assuming NL(NL) phase-matching points
along the MCF length (denoted by the discrete variable zP), we can approximate Eq. (2.5.2) to:18

X
L(NL)
a,b ≃

Pa

[
zP = NL(NL)

]
Pb

[
zP = NL(NL)

] ≃
P a

[
zP = NL(NL)

]
P b

[
zP = NL(NL)

] , (2.5.3)

where the overbar denotes the average power (see Section 2.4).
17The linear operator δz was defined in Chapter 1, on page 24.
18Writing Pa (z) and Pa (zP) simultaneously is a “sloppy” yet not so rare habit in the literature, just as writing

n (ω) and n (λ), for example. Obviously, it is mathematically wrong to use the same function name, Pa, for two
different functions. However, we relax the notation indicating the quasi-discrete nature of the second function as
Pa [zP]. The same remark applies to the Pb, Pa, P b, ∆ϕb,a, Aa and Ab functions in this section.
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2.5.1.1 Linear regime

Here, we perform a brief review of the main results reported by Hayashi and co-workers in the
linear regime [31]. The specific details of the mathematical derivations are not included in this
work. The reader can find the complete discussions in the corresponding references. In particular,
these results will be used later to derive the crosstalk distribution in the nonlinear regime.

Considering crosstalk values much lower than 0 dB, we can write a discrete first-order solution
of the modified CMT [Eq. (2.2.34)] as a function of the phase-matching points as follows:

Aa [zP = NL] ≃ Aa [zP = NL − 1]− jKa,bAb [zP = NL − 1] exp (−j∆ϕb,a [zP = NL])

≃ Aa [zP = 0]− jKa,b

NL∑
l=1

Ab [zP = l − 1] exp (−j∆ϕb,a [zP = l]) , (2.5.4)

neglecting the nonlinear effects and modeling the quasi-discrete changes of the linear IC-XT with
the MCC Ka,b [133]:

|Ka,b| =

√
2πκa,bRB

βadabfT
. (2.5.5)

Since Aa [0] = 0 and Ab [l − 1] ≃ Ab [NL] when omitting the optical attenuation19 in the weak-
coupling regime, the r.v. XL

a,b can be expressed as:

XL
a,b =

∣∣∣∣∣Ka,b

NL∑
l=1

exp (−j∆ϕb,a [l])

∣∣∣∣∣
2

. (2.5.6)

In order to infer the distribution of XL
a,b from the above equation, we should analyze the whole

of the contributions of the LP01,b mode to the crosstalk observed in the core a. In real MCFs,
with an underlying anisotropic nature inherited from the medium perturbations, this requires to
consider two polarizations and two different real solutions per polarization in Eq. (2.5.6): the sine
and cosine solutions of the exponential term. Consequently, if we assume that the coupled power
from the LP01,b mode is adequately randomized in these four solutions of the LP01,a mode, the r.v.
XL

a,b is found to be the linear combination of four independent and identically distributed r.v.’s,
that is, XL

a,b =
∑4

i=1Xi with:

Xi =
1

4
XL

a,b =

∣∣∣∣∣
NL∑
l=1

Ka,b

2
exp (−j∆ϕb,a [l])

∣∣∣∣∣
2

. (2.5.7)

Equation (2.5.7) involves a sequence of independent and identically distributed r.v.’s, each one with
zero mean and variance |Ka,b|2 /4. Hence, using the Central Limit Theorem [145], we infer that
the r.v. Xi is the square of a normal distribution (N) with zero mean and variance NL |Ka,b|2 /4.
Therefore:

XL
a,b ∼ N2

(
0, NL

|Ka,b|2

4

)
+ N2

(
0, NL

|Ka,b|2

4

)
+ N2

(
0, NL

|Ka,b|2

4

)
+ N2

(
0, NL

|Ka,b|2

4

)
.

(2.5.8)
Now, taking into account that a non-standard normal distribution N

(
0, σ2

)
can be expressed as

a function of the standard normal distribution as σ · N (0, 1), it is straightforward to demonstrate
that N2

(
0, σ2

)
= σ2 · N2 (0, 1) [145]. Thus, we find that XL

a,b is a chi-squared distribution with
four degrees of freedom (d.f.):

XL
a,b ∼ NL

|Ka,b|2

4

[
N2 (0, 1) + N2 (0, 1) + N2 (0, 1) + N2 (0, 1)

]
≡ NL

|Ka,b|2

4
χ2
4. (2.5.9)

19Note that the MCF has been assumed as a lossless multi-dielectric medium in this chapter. In any case, the
main conclusions of this section are found to be valid when the power losses are included in the theoretical analysis.
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From the last linear relation of r.v.’s, the expressions of the probability density function (p.d.f.),
cumulative distribution function (c.d.f.), mean and variance of the linear IC-XT can be derived:

fXL
a,b

(xL) =
4xL

N2
L |Ka,b|4

exp

(
− 2xL

NL |Ka,b|2

)
u (xL) ; (2.5.10)

FXL
a,b

(xL) =

ˆ xL

−∞
fXL

a,b
(y) dy =

[
1−

(
1 +

2xL

NL |Ka,b|2

)
exp

(
− 2xL

NL |Ka,b|2

)]
u (xL) ; (2.5.11)

µL = E
[
XL

a,b

]
= NL |Ka,b|2 ; (2.5.12)

σ2
L = E

[(
XL

a,b

)2]− E2
[
XL

a,b

]
= N2

L
|Ka,b|4

2
;

(
σ2

L = µ2
L/2
)
, (2.5.13)

where u is the unit step function and E is the expectation operator.
Unfortunately, the number of phase-matching points is usually unknown and, consequently,

the crosstalk distribution cannot be analytically estimated from the above expressions. This issue
was solved by Hayashi and Koshiba in [129,134]. Remarkably, these authors derived a closed-form
expression for the mean of the linear IC-XT as a function of the fiber parameters for different MCF
cases. Here, we remark two basic examples. In a heterogeneous MCF with small bending radius
satisfying that RB < Rpk, µL can be estimated using Eq. (26) of [129]:

µL ≃
2κ2a,bL

k0

√(
nadab/RB

)2 −∆n2b,a

, (2.5.14)

and for large bending radius with RB ≫ Rpk, µL can be estimated from Eq. (21) of [134]:

µL ≃
2κ2a,blcL

1 + (k0∆nb,alc)
2 , (2.5.15)

with lc the correlation length of the ACF modeling the MCF structural fluctuations (microbending,
fiber twisting and manufacturing imperfections). Equations (2.5.14) and (2.5.15) were derived from
the linear CPT and the ERIM by assuming the core b at the MCF center. Thus, the error of these
expressions increases when using them to estimate µL between non-central cores of the MCF.
Nonetheless, in such a case, this error can be neglected given that it is usually lower than the
crosstalk variance, as we have experimentally verified in Section 2.6.

On the other hand, it is interesting to remark the behavior of the mean with RB in a heteroge-
neous SM-MCF. We include an illustrative example in Fig. 2.7. In the phase-matching region, µL
increases with RB. However, in the phase-mismatching region, µL is reduced when RB increases
due to the effect of the structural fluctuations inducing an additional phase-mismatching ∆β

(S)
b,a

between the core modes [134].

Figure 2.7. Mean of the linear IC-XT as a function of the average value of the bending radius (RB) [134].
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2.5.1.2 Nonlinear regime

Once we have reviewed the distribution of the linear IC-XT, we detail the original results of
our investigations, focused on the nonlinear regime. Remarkably, the distribution of the nonlinear
IC-XT can also be found following a similar approach as in the previous section. Hence, the starting
point is a discrete first-order solution of the modified nonlinear CMT [Eq. (2.2.34)] restricted to
UC-MCFs with NNL phase-matching points along the fiber length:

Aa [zP = NNL] ≃ Aa [zP = NNL − 1]− jKa,bAb [zP = NNL − 1] exp (−j∆ϕb,a [zP = NNL])

− jq(1)a LNNL−1 |Aa [zP = NNL − 1]|2Aa [zP = NNL − 1] , (2.5.16)

where LNNL−1 is the fiber length between the last two phase-matching points. The last equation
is a recurrence relation which allows us to relate the input an the output of the core a (q(1)a ≡ qa):

Aa [NNL] ≃ Aa [0]− j

NNL∑
l=1

qaLl−1 |Aa [l − 1]|2Aa [l − 1] +Ka,bAb [l − 1] exp (−j∆ϕb,a [l]) . (2.5.17)

In the same way as in the linear regime, Aa [0] = 0 and Ab [l − 1] ≃ Ab [NNL]. Furthermore,
in the nonlinear regime, we can also assume that Aa [l] is approximately similar in each phase-
matching point. In this manner, we can approximate:

NNL∑
l=1

Ll−1 |Aa [l − 1]|2Aa [l − 1] ≃ L |Aa [NNL]|2Aa [NNL] , (2.5.18)

and Eq. (2.5.17) becomes:

Aa [NNL] ≃ −jqaL |Aa [NNL]|2Aa [NNL]− jKa,bAb [NNL]

NNL∑
l=1

exp (−j∆ϕb,a [l]) . (2.5.19)

Therefore, the ratio of the complex envelopes at the MCF output is found to be:

Aa [NNL]

Ab [NNL]
≃ −j

1 + jqaL |Aa [NNL]|2
Ka,b

NNL∑
l=1

exp (−j∆ϕb,a [l]) , (2.5.20)

and consequently, the r.v. modeling the nonlinear IC-XT from core b to core a [see Eq. (2.5.3)] can
be expressed as a function of the linear IC-XT [Eq. (2.5.6)] as follows:

XNL
a,b ≃ 1

1 + q2aL
2P 2

L

(
XNL

a,b

)2XL
a,b ⇒ XL

a,b ≃ q2aL
2P 2

L
(
XNL

a,b

)3
+XNL

a,b , (2.5.21)

where we have approximated |Aa [NNL]|2 ≃ PLX
NL
a,b .

Surprisingly, we have found a cubic relation between the r.v.’s XL
a,b and XNL

a,b , denoted as
XL

a,b = h
(
XNL

a,b

)
. Specifically, h is a bijective and positive-real function given that XNL

a,b ≥ 0. This
point allows us to use the one-to-one transformation of the corresponding p.d.f.’s [145]:

fXNL
a,b

(xNL) = fXL
a,b

(xL = h (xNL))

∣∣∣∣dh (xNL)

dxNL

∣∣∣∣ , (2.5.22)

with fXL
a,b

given by Eq. (2.5.10) with NL → NNL because of the r.v. XL
a,b is now calculated with

NNL phase-matching points in Eq. (2.5.21). Hence, the p.d.f. of the nonlinear IC-XT is:

fXNL
a,b

(xNL) =

(
12L4q4aP

4
Lx

5
NL + 16L2q2aP

2
Lx

3
NL + 4xNL

)
N2

NL |Ka,b|4
exp

(
−2L2q2aP

2
Lx

3
NL + 2xNL

NNL |Ka,b|2

)
u (xNL) .

(2.5.23)
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Bearing in mind the low nonlinear nature of silica MCFs (qa ∼ 10−13 m/V2), Eq. (2.5.23) can be
reduced to:

fXNL
a,b

(xNL) ≃
4xNL

N2
NL |Ka,b|4

exp

(
− 2xNL

NNL |Ka,b|2

)
u (xNL) . (2.5.24)

In general, the number of phase-matching points will be modified with the power launch level
(see below). In this vein, the nonlinear effects can be modeled by the parameter NNL in the
p.d.f. Specifically, Eq. (2.5.24) indicates that the nonlinear IC-XT is also a chi-squared distribution
with 4 d.f.’s. Nonetheless, to complete the statistical analysis we should calculate the closed-form
expressions of the c.d.f., mean and variance of the nonlinear IC-XT.

It is straightforward to derive the c.d.f. from Eq. (2.5.11) taking into account that h and h−1

are monotonic increasing functions with xL(NL) > 0:

FXNL
a,b

(xNL) = P
(
XNL

a,b ≤ xNL
)
= P

(
h−1

(
XL

a,b

)
≤ xNL

)
= P

(
XL

a,b ≤ h (xNL)
)
= FXL

a,b
(h (xNL))

=

[
1−

(
1 +

2L2q2aP
2
Lx

3
NL + 2xNL

NNL |Ka,b|2

)
exp

(
−2L2q2aP

2
Lx

3
NL + 2xNL

NNL |Ka,b|2

)]
u (xNL)

≃

[
1−

(
1 +

2xNL

NNL |Ka,b|2

)
exp

(
− 2xNL

NNL |Ka,b|2

)]
u (xNL) , (2.5.25)

and since XNL
a,b ∼

(
NNL |Ka,b|2 /4

)
χ2
4, the mean and variance can be approximated to:

µNL ≃ NNL |Ka,b|2 ; (2.5.26)

σ2
NL ≃ µ2

NL
2

= N2
NL |Ka,b|4 /2. (2.5.27)

As in the linear regime, it can be noted that the distribution of the nonlinear crosstalk cannot
be analytically estimated from the above expressions given that NNL is unknown. Nevertheless,
we can solve this issue by inferring a closed-form expression of µNL as a function of the fiber
parameters. At this point, we should recover the nonlinear CPT derived in Section 2.4. In this
way, we can estimate the average value of the optical power of core a from Eq. (2.4.15) as follows:

P a (z = L) = P a (z = 0) +

ˆ L

0

h
(eq)
a,b

[
P b (z)− P a (z)

]
dz. (2.5.28)

Thus, µNL can be calculated in the weak-coupling regime as [P a (0) = 0]:

µNL = E
[
XNL

a,b

]
= E

[
Pa (z = L)

Pb (z = L)

]
≃ E

[
P a (z = L)

P b (z = L)

]
= E

[
1

P b (L)

ˆ L

0

h
(eq)
a,b

[
P b (z)− P a (z)

]
dz

]

= E

[
1

P b (L)

ˆ L

0

ha,b
[
P b (z)− P a (z)

]
dz

]
− E

[
1

P b (L)

ˆ L

0

q2aSa (0)
[
P b (z)− P a (z)

]
dz

]
.

(2.5.29)

The former term of the RHS is the mean of the linear crosstalk (µL) and the latter term accounts
for the nonlinear self-coupling effect. Concretely, in the nonlinear and weak-coupling regimes, we
can perform the approximation P b (z)− P a (z) ≃ P b (z) ≃ PL. Hence:

µNL ≃ µL − Lq2aPLE

[
Sa (0)

P b (L)

]
= µL − Lq2aPLE

[
1

P b (L)

ˆ ∞

−∞
Ra (τ)dτ

]
= µL − Lq2aPLE

[
1

P b (L)

ˆ ∞

−∞
⟨Pa (z)Pa (z + τ)⟩dτ

]
. (2.5.30)
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Since Pa is an ergodic process (as can be directly deduced by using the modified CMT keeping in
mind that fb,a is ergodic, indicated on page 39), the spatial averages are equal to the statistical
averages. Accordingly, Eq. (2.5.30) can be rewritten as:20

µNL ≃ µL − Lq2aPLE

[
1

P b (L)

ˆ ∞

−∞
E [Pa (z)Pa (z + τ)]dτ

]
= µL − Lq2aPLE

[
Pa (z)

P b (L)

ˆ ∞

−∞
Pa (z + τ) dτ

]
. (2.5.31)

As demonstrated numerically in Section 2.3, the fluctuation of the crosstalk decreases in the
nonlinear regime [see Fig. 2.5(d)]. In this scenario, the random fluctuations of the coupled power
are minimized and, therefore, we can approximate Pa (z) /P b (L) ≃ µNL. As a result, Eq. (2.5.31)
becomes:

µNL ≃ µL − Lq2aPLµNLE

[ˆ ∞

−∞
Pa (z + τ) dτ

]
= µL − Lq2aPLµNLE

[ˆ ∞

−∞
Pa (x)dx

]
= µL − Lq2aPLµNL

ˆ ∞

−∞
P a (x)dx ≃ µL − Lq2aPLµNLP̃a (υ = 0) , (2.5.32)

where we have performed the dummy variable transformation x ≡ z + τ and P̃a is the spatial
Fourier transform of P a.

In general, P̃a (0) depends on different physical parameters such as the power launch level or the
fiber length. Nonetheless, as verified experimentally in Section 2.6, q2aP̃a (0) can be approximated
by a positive-real constant ρ when assuming a slowly-varying evolution of P̃a (0) with the power
launch level. From this assumption, we surprisingly find a linear relation between the linear
and nonlinear crosstalk mean: µL ≃ (1 + ρLPL)µNL. Moreover, since σ2

L(NL) = µ2
L(NL)/2 and

NL(NL) = µL(NL)/ |Ka,b|2, we can relate the mean, variance and the number of phase-matching
points of both power regimes using the following relations:

µNL ≃ µL

1 + ρLPL
; σ2

NL ≃ σ2
L

(1 + ρLPL)
2 ; NNL ≃ NL

1 + ρLPL
. (2.5.33)

It is worth mentioning that Eqs. (2.5.33) allow us to estimate the statistical parameters of
the crosstalk as a function of the fiber bending and twisting parameters when using the correct
expression of µL from Refs. [129, 134]. Remarkably, σ2

NL and NNL can also be estimated from µL
as:

σ2
NL ≃ µ2

L

2 (1 + ρLPL)
2 ; NNL ≃ µL

|Ka,b|2 (1 + ρLPL)
. (2.5.34)

On the other hand, it is noticeable that Eqs. (2.5.33) should be employed when PL ≥ PC. In real
MCFs, the critical power cannot be estimated by using a similar mathematical discussion as in the
NLDC of Jensen [138] due to the MCF random perturbations. Nevertheless, we can estimate the
threshold power between the linear and nonlinear regimes considering that the fiber nonlinearities
are stimulated when applying an electric field comparable to the characteristic atomic electric field
strength (EA). In silica media, EA is of the order of ∼ 105 V/m [149]. In such circumstances and
assuming an effective area of the LP01 mode of Aeff ≃ 80µm2 with λ0 = 1550 nm, the critical
power is found to be around 2 dBm [150]:

PC =
1

2
ε0c0AeffE2

A ≃ 1.58 mW ≡ 2 dBm. (2.5.35)

20The identity of the second line in Eq. (2.5.31) is performed by using the linear property of the expectation
operator.
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2.5.2 Multi-core excitation
The previous subsection unifies the statistical analysis of the IC-XT in the linear and nonlinear
regimes but assuming that a single core is excited at z = 0. Outstandingly, if we now assume
that multiple cores are illuminated at the MCF input, the previous analysis can also be used to
study the crosstalk distribution in both power regimes. In particular, this is straightforward to
demonstrate when the illuminated cores are homogeneous.

Figure 2.8. N -core MCF operating in multi-core excitation. The crosstalk in the unexcited core i is mainly
increased by the coupled power from adjacent cores [143].

Let us assume an N -core UC-MCF with N − 1 cores excited at z = 0. As depicted in Fig. 2.8,
the mode-coupling between the unexcited core i and the non-adjacent cores can be neglected. In
such a case, if we assume that the crosstalk is only increased by M adjacent cores (M < N), the
crosstalk in core i can be modeled by the r.v. Y defined as:21

Y :=
Pi (z = L)∑M
j=1 Pj (z = L)

. (2.5.36)

The total power Pi can be expressed as a function of the coupled power from each adjacent
core j to core i (Pi,j) at each z point, i.e., Pi =

∑M
j=1 Pi,j . Operating in the weak-coupling regime,

if we consider adjacent homogeneous cores with the same distance to core i and P1 (z = 0) ≃
P2 (z = 0) ≃ . . . ≃ PM (z = 0), we can assume that the terms Pi,j (z = L) are of the same order of
magnitude, i.e., Pi,1 (z = L) ∼ Pi,2 (z = L) ∼ . . . ∼ Pi,M (z = L). Hence, Pi (z = L) can be roughly
approximated as Pi (z = L) ≃M · Pi,j (z = L) and, consequently, the r.v. Y can be expressed as:

1

Y
=

∑M
j=1 Pj (z = L)

Pi (z = L)
=

M∑
j=1

Pj (z = L)

Pi (z = L)
≃

M∑
j=1

Pj (z = L)

M · Pi,j (z = L)
=

1

M

M∑
j=1

1

Xi,j
, (2.5.37)

where Xi,j are r.v.’s accounting for the one-to-one IC-XT from core j ∈ {1, . . . ,M} to core i. Once
we have expressed the global IC-XT as a function of the one-to-one IC-XT, we can find the p.d.f.
of Y by performing a series of mathematical transformations between different auxiliary r.v.’s.

Firstly, we define the r.v. Zi,j := 1/Xi,j . The corresponding p.d.f. can be written as:

fZi,j
(zi,j) = fXi,j

(
xi,j =

1

zi,j

) ∣∣∣∣ d
dzi,j

(
1

zi,j

)∣∣∣∣ = 1

z2i,j
fXi,j

(
1

zi,j

)
, (2.5.38)

where fXi,j (xi,j) is given by Eq. (2.5.10) in the linear regime and Eq. (2.5.23) in the nonlinear
regime. Secondly, we define a new r.v. W :=

∑M
j=1 Zi,j , with a p.d.f. of the form:22

21We omit the superindex ‘L’ and ‘NL’ in the r.v.’s of this section. The theoretical discussion is the same in both
power regimes.

22In weakly-coupling conditions, the r.v.’s {Xi,j}Mj=1 can be regarded as independent r.v.’s if we neglect the
fluctuation of the terms {Pj}Mj=1 induced by mode-coupling among the illuminated cores. In such circumstances,
{Zi,j}Mj=1 are also independent r.v.’s. This can be directly verified by demonstrating that the joint p.d.f. of {Zi,j}Mj=1

can be written as a function of the product of the marginal p.d.f.’s by using Eq. (4.31) of [145].
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fW (w) = fZi,1
(w) ∗ . . . ∗ fZi,M

(w) =

[
1

w2
fXi,1

(
1

w

)]
∗ . . . ∗

[
1

w2
fXi,M

(
1

w

)]
, (2.5.39)

where ∗ is the convolution operation. Thirdly, we introduce a new auxiliary r.v. U := 1/W , with
p.d.f.:

fU (u) = fW

(
w =

1

u

) ∣∣∣∣ d
du

(
1

u

)∣∣∣∣ = 1

u2
{[
u2fXi,1 (u)

]
∗ . . . ∗

[
u2fXi,M

(u)
]}
. (2.5.40)

Finally, the p.d.f. of the r.v. Y =M · U is found from the above equation:

fY (y) = fU

(
u =

y

M

) ∣∣∣∣ d
dy

( y
M

)∣∣∣∣ = 1

M2M−1y2

{[
y2fXi,1

( y
M

)]
∗ . . . ∗

[
y2fXi,M

( y
M

)]}
.

(2.5.41)
As inferred from Eq. (2.5.41), in uncoupled-core homogeneous MCFs operating in multi-core

excitation, the crosstalk distribution (fY ) can be estimated from the crosstalk distribution associ-
ated to the single-core excitation (fXi,j ). As we will verify experimentally in the next section, fY
can also be identified as a chi-squared distribution with a number of degrees of freedom which may
be higher than 4 due to the M − 1 convolution operations. However, in some cases, the crosstalk
distribution in multi-core excitation can also be approximated, with low error, by a chi-squared
distribution with only 4 degrees of freedom, as recently reported in [430].

In addition, the crosstalk variance may also be increased in multi-core excitation as a result of
the convolution operation (see below Fig. 2.11). Alternatively, we can also explain the increment
of the crosstalk variance by means of a physical interpretation of the multi-core excitation. Specifi-
cally, we can observe a higher crosstalk variance than in the single-core excitation scenario because
of the higher number of phase-matching points induced in core i by the simultaneous excitation of
adjacent cores.

On the other hand, a further theoretical analysis is required to estimate the crosstalk distri-
bution when operating in multi-core excitation in heterogeneous MCFs or in homogeneous MCFs
with cores illuminated by different optical power levels. In such circumstances, the assumption
Pi,j (z = L) ∼ Pi,k (z = L) [with j ̸= k and (j, k) ∈ {1, . . .M}2] performed in previous page does
not hold. In such scenarios, the work reported in [430] by T. M. F. Alves could be of valuable
interest to estimate the crosstalk distribution.

2.6 Experimental measurements
Laboratory set-up. In order to validate the theoretical analysis reported in previous sections,
experimental measurements are performed using a commercial homogeneous MCF [Fibercore SM-
4C1500(8.0/125)]. In particular, we analyze the crosstalk statistics as a function of the optical
power launch level by considering both single-core and multi-core excitations. The experimental
set-up is shown in Fig. 2.9 for both scenarios. The laser, optical amplifier, MCF and optical power
meter are the same as in Fig. 2.4. The statistical analysis of the crosstalk in single-core excitation
is evaluated from core 3 to core 1 with two different bending radius configurations of 67 and 100 cm.
The multi-core excitation is evaluated from cores 2, 3 and 4 to core 1 with a bending radius of
100 cm. The twist rate is selected around 4 turns/m. In all the analyzed cases, the bending and
twisting conditions are averaged quantities.

Measurement method. In single-core excitation, the optical power launched into the core 3
(PL) was increased from −3 dBm to 18 dBm. The EDFA gain was maximized to minimize the
noise factor, which allows us to reduce the crosstalk averaging due to the ASE noise [142]. The
VOA was employed to modify the value of PL taking into account the 2.2 dB of insertion loss of
the 3D fan-in device. Accordingly, the value of the optical power at the VOA output was varying
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from −0.8 dBm to 20.2 dBm. The IC-XT distribution was estimated for each PL value by using
the wavelength sweeping method [133] ranging the optical carrier from 1550 to 1580 nm with a
step of 10 pm between consecutive samples. Specifically, the wavelength sweeping method modifies
the value of the optical carrier (λ0) to change the random process β(eq) (z) along the MCF length
in each core mode. Remarkably, it should be noted that each iteration of the wavelength sweeping
method restarts the random process β(eq) (z) in each core mode, in complete analogy with an
iteration of a Monte Carlo simulation.

On the other hand, the crosstalk distribution in multi-core excitation was experimentally
evaluated by injecting 0 dBm of optical power in cores 2, 3 and 4 simultaneously. Three different
50/50 optical splitters and VOAs were employed to balance the optical power injected into each
core. We verified that the splitting ratio of the optical splitters remained unchanged when sweeping
the laser wavelength.

Figure 2.9. Experimental set-up employed to analyze the crosstalk statistics in: (a) single-core excitation,
(b) multi-core excitation [143].

Results. Figure 2.10 shows the measured results of the crosstalk statistics when operating in
single-core excitation. Figures 2.10 (a) and (b) depict the evolution of the c.d.f. and p.d.f. of
the crosstalk considering three different power launch levels PL ∈ {0, 9, 15} dBm for the bending
radius configuration of 100 cm. As can be seen, the higher the power launch level, the higher the
similitude of the c.d.f. with the unit step function and the p.d.f. with the Dirac delta function.
Furthermore, we can note that the measured p.d.f.’s and c.d.f.’s satisfy the closed-form expressions
given by Eqs. (2.5.23) and (2.5.25), respectively. The analytic estimation of these functions was
performed by calculating the MCCs κ1,3 and K1,3 from Eqs. (2.2.8) and (2.5.5) using the fiber
parameters: n1 = n3 = 1.452, ncl = 1.444, R0 = 4 µm, λ0 = 1550 nm and d13 = 35.2 µm. In
particular, we find κ1,3 = 0.0072 m−1, K1,3 = 5.13 · 10−4 with RB = 67 cm and K1,3 = 6.27 · 10−4

with RB = 100 cm. The number of phase-matching points in the linear and nonlinear regime (NL
and NNL) can be estimated by combining Eqs. (2.5.12), (2.5.14) and (2.5.34) with ρ = 1/2.

Figures 2.10 (c), (d) and (e) depict the measured IC-XT mean, variance and the number of
phase-matching points as a function of the optical power launched into core 3. In the linear regime,
the crosstalk statistical parameters are found to be constant with PL. However, in the nonlinear
regime, the Kerr effect mismatches the phase constant of the core modes as PL increases and,
therefore, the homogeneous MCF becomes heterogeneous. As a result, the mean, variance and
the number of phase-matching points are found to be monotonic decreasing functions with PL.
Accordingly, XNL

1,3 (z;PL) may also present temporal fluctuations if the power launch conditions
are temporally modified, which occurs, for instance, when propagating optical pulses through the
MCF.

The statistical parameters of the crosstalk can be estimated in both linear and nonlinear power
regimes by using two different strategies: (i) performing a Monte Carlo simulation of the modified
CMT and, (ii) using the closed-form expressions derived in the previous section. These two
strategies were validated in both power regimes with the experimental results.
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Firstly, a Monte Carlo simulation was performed using Eq. (2.2.34) over 500 iterations for each
power launch level considering longitudinal Gaussian random fluctuations in the bending radius
and twist rate around ∼ 1 cm and ∼ 0.2 turns/m, respectively. The random fluctuations of these
fiber parameters induce stochastic variations in the equivalent refractive index of each core of
the order of ∼ 10−6. The power launch level was increased from −3 dBm to 18 dBm. It can be
noted from Figs. 2.10(c)-(e) that the Monte Carlo simulation fits correctly with the experimental
measurements for each bending radius configuration. These results validate the modified CMT of
Section 2.2.4.

Secondly, we estimate analytically the crosstalk mean, variance and the number of phase-
matching points from Eqs. (2.5.12), (2.5.13), (2.5.14) and (2.5.33) with ρ = 1/2. We can note
that the theoretical estimations of the crosstalk statistical parameters are in good agreement with
the experimental measurements in both linear and nonlinear regimes. Along this line, it should
be remarked that the critical power PC is found to be constant around 2 dBm when varying the
average value of the bending radius, as predicted by Eq. (2.5.35).

Figure 2.10. Experimental results of the crosstalk statistics in single-core excitation from core 3 to core 1.
(a) cumulative distribution function, (b) probability density function, (c) mean, (d) variance and (e) number
of phase-matching points [143].

In multi-core excitation, the crosstalk distribution should be analytically estimated from
Eq. (2.5.41) by considering only the excited adjacent cores. Hence, if we illuminate the cores
2, 3 and 4 at the MCF input, the crosstalk in core 1 should be calculated by excluding the
mode-coupling from core 4. It can be noted from Fig. 2.11 that the measured p.d.f. of the crosstalk
fits correctly to Eq. (2.5.41) when using Eq. (2.5.10) to estimate the individual distributions fX1,2

and fX1,3
with NL = 136 and 206, respectively. The individual p.d.f.’s were estimated with a

different number of phase-matching points given that the mean of the r.v.’s X1,2 and X1,3 are
found to be different. In line with our theoretical discussions, the p.d.f. of the crosstalk in multi-
core excitation is identified as a chi-squared distribution χ2

s with s > 4 (degrees of freedom) due
to the increment of the crosstalk variance induced by the convolution operation. A chi-squared
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distribution with 4 d.f. is inset in Fig. 2.11 for comparison. The crosstalk variance in core 1 is
increased from 3.1 ·10−9 to 5.7 ·10−9 when cores 2, 3 and 4 are simultaneously excited at the MCF
input.

Figure 2.11. Probability density function of the IC-XT when operating in three-core excitation [143].

2.7 Conclusions
In this chapter, we have reported the theoretical unification of the linear and nonlinear IC-XT
in SM-MCFs perturbed by longitudinal random fluctuations (macrobending, microbending, fiber
twisting and additional manufacturing imperfections) by using perturbation methods. In order
to estimate the crosstalk when an MCF is excited with low and high optical power levels, the
coupled-mode and coupled-power theories were extended to the nonlinear regime. Remarkably,
the nonlinear coupled-mode theory allows us to estimate numerically the random behavior of the
crosstalk in MCFs with coupled and uncoupled cores. Along this line, we found that the linear
self-coupling and nonlinear cross-coupling effects can be neglected when the core-to-core distance
is higher than three times the core radius. On the other hand, the nonlinear coupled-power theory
allows us to reduce the computational time of the coupled-mode theory describing the crosstalk
behavior as a function of the average value of the coupled power, a fundamental feature that is
subsequently used to estimate analytically the crosstalk mean.

Using both coupled-mode and coupled-power theories, we unified the statistical analysis of the
IC-XT in both power regimes. The closed-form expressions of the cumulative distribution function,
probability density function, mean and variance of the crosstalk were derived and discussed by
considering two different scenarios: the single-core and multi-core excitation. Specifically, the
spatial distribution of the IC-XT is identified as a chi-squared distribution with 4 degrees of
freedom in single-core excitation. In multi-core excitation, the degrees of freedom are increased
as a direct consequence of the accumulative crosstalk from adjacent cores, modeled by means of a
convolution operation of the individual crosstalk distributions.

The theoretical analysis was experimentally validated using a commercial homogeneous MCF
[Fibercore SM-4C1500(8.0/125)]. As inferred from our theoretical discussions, the experimental
results confirm that the nonlinear self-coupling effect mismatches the propagation constants of the
core modes reducing the number of phase-matching points along the MCF length. As a result, the
mode-coupling is reduced and the mean and variance of the chi-squared distribution decreases as
the power launch level is increased. In such a scenario, the threshold power between the linear and
nonlinear regimes was experimentally measured around ∼ 2 dBm of power launch for silica MCFs.
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Appendix A2: Nonlinear wave equation
Combining Faraday’s and Ampère’s laws [Eqs. (1.5.6) and (1.5.7)] applying the curl operator in the
former, we obtain the following nonlinear wave equation for the real representation of the electric
field strength:

△E (r, t)− 1

c20
∂2t E (r, t) = µ0∂

2
tP

(1) (r, t) + µ0∂
2
tP

(3) (r, t) , (A2.1)

where P(1) and P(3) are the linear and nonlinear polarizations of the MCF, respectively. Note
that we have neglected the term ∇(∇ · (P(1) +P(3))) in the previous equation considering slowly-
varying refractive index profiles23 and isotropic MCFs [∇(∇·P(1)) ≃ 0] exhibiting a low nonlinear
nature [∇(∇ ·P(3)) ≃ 0], in line with our assumptions in Section 2.2.1. The linear and nonlinear
polarizations can be written as a function of their complex amplitudes as:

P(1) (r, t) = Re
{
P (1)
ω0

(r) exp (jω0t)
}
ûx; (A2.2)

P(3) (r, t) ≃ Re
{
P (3)
ω0

(r) exp (jω0t)
}
ûx, (A2.3)

where the nonlinear polarization in 3ω0 was omitted taking into account that the phase-matching
condition in this nonlinear term is not satisfied in silica fibers [139]. In the monochromatic regime,
the complex amplitude of the linear and nonlinear polarizations can be expressed as [139]:24

P (1)
ω0

(r) = ε0χ
(1)
xx (r)Eω0

(r) ; (A2.4)

P (3)
ω0

(r) =
3

4
ε0χ

(3)
xxxx |Eω0

(r)|2Eω0
(r) , (A2.5)

where Eω0
≃ Ea,ω0

+Eb,ω0
, and χ(1)

xx and χ(3)
xxxx are components of the first- and third-order electric

susceptibility tensors, respectively. It should be noted that χ(1)
xx is assumed spatially dependent to

describe the refractive index profile of the MCF, but χ(3)
xxxx is assumed to be constant taking into

account the low nonlinear nature of silica. Finally, defining εr (r) := 1 + χ
(1)
xx (r), γ := (3/4)χ

(3)
xxxx

and using Eqs. (A2.2)-(A2.5) in Eq. (A2.1), we obtain Eq. (2.2.3).

23That is, δrn≪ n in δr ∼ λ0/n, where δrn := |n (r)− n (r + δr)|.
24For optical frequencies well below the electronic and nuclear transitions, the nonlinear polarization can be

considered instantaneous with the incident electric field. Thus, in the monochromatic regime, Eq. (A2.5) can be
found from the nonlinear constitutive relation in the time domain [139]:

P(3)
i (r, t) = ε0χ

(3)
ijklEj (r, t) Ek (r, t) El (r, t) .
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Appendix B2: Mode-coupling coefficients in step-index
multi-core fiber
The closed-form expressions of the MCCs given by Eqs. (2.2.13)-(2.2.19) are derived by assuming
step-index cores.25 It can be noted that the MCCs depend on the general term

˜
F k
b F

s
adS∞,

with (k, s) ∈ {0, 1, 2, 3, 4}2 and dS∞ = dxdy being the differential surface of the cross section of
the MCF. In particular, this integral can be expressed by using a different cylindrical coordinate
system in each core as follows (see Fig. B2.1):
¨

F k
b F

s
adS∞ =

"
F k
b F

s
adSa +

"
F k
b F

s
adSb + I

(k,s)
cl

=

"
F k
b (r, φ)F s

a (r, φ) rdrdφ+

"
F k
b (r′, φ′)F s

a (r′, φ′) r′dr′dφ′ + I
(k,s)
cl , (B2.1)

where I(k,s)cl =
˜
F k
b F

s
adScl describes the mode overlapping in the cladding.

Figure B2.1 depicts the spatial modal distribution of the LP01,a and LP01,b core modes in the
cross section of the 2-core fiber. The cores a and b are respectively described by the reference
systems R = {O; {r̂, φ̂, ẑ}} and R′ = {O′; {r̂′, φ̂′, ẑ′}}, connected by the following relations:

r′ =
√
r2 + d2ab − 2dabr cosφ; (B2.2)

tanφ′ =
r sinφ

r cosφ− dab
; (B2.3)

z′ = z. (B2.4)

Note that both reference systems can be approximately related as r′ ≃ r − dab when φ → 0.
In Cartesian coordinates, this condition is fulfilled when |y| = |y′| ≪ R0,a(b), i.e., the cross-
sectional area where is located the evanescent field of the cores (see Fig. B2.1). In particular,
this approximation allows us to easily calculate the mode overlapping between adjacent cores.
Using the analytic expression of [32] for the LP01 mode in step-index SM-SCFs, Eq. (B2.1) can be
approximated to:

¨
F k
b F

s
adS∞ ≃

ˆ
r

ˆ
φ

Kk
0

(
wb

R0,b
(r − dab)

)
Kk

0 (wb)

Js
0

(
ua

R0,a
r
)

Js
0 (ua)

rdrdφ

+

ˆ
r′

ˆ
φ′

Jk
0

(
ub

R0,b
r′
)

Jk
0 (ub)

Ks
0

(
wa

R0,a
(r′ + dab)

)
Ks

0 (wa)
r′dr′dφ′ + I

(k,s)
cl

≃ 2π

[
Kk

0 (wbdab/R0,b)

Kk
0 (wb) Js

0 (ua)

ˆ R0,a

0

Js
0

(
ua
R0,a

r

)
rdr

+
Ks

0 (wadab/R0,a)

Jk
0 (ub)Ks

0 (wa)

ˆ R0,b

0

Jk
0

(
ub
R0,b

r′
)
r′dr′

]
+ I

(k,s)
cl . (B2.5)

Similar to [137], the modified Bessel function of second kind (K0) has been approximated to its
value in the center of the adjacent core due to the low slope of this function with r, r′ > R0,a(b). As
can be seen, the integrals in the RHS of Eq. (B2.5) can be directly solved with k, s ≤ 2. Nonetheless,
in the cases k, s > 2, the Gaussian approximation of J0 is employed with r, r′ ≤ R0,a(b):

J
s(k)
0

(
ua(b)

R0,a(b)
r

)
≃ exp

(
−r2/H2

a(b)

)s(k)
, (B2.6)

25In gradual-index MCFs, the MCCs should be numerically calculated. However, in trench- or hole-assisted MCFs
with step-index cores, the closed-form expressions presented herein can be revisited by using a similar approach as
in [151].
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where Ha(b) is the modal field radius of the LP01,a(b) mode [139]. Moreover, the denominator of
the MCCs can be approximated to:

Na =

¨
F 2
adS∞ ≃

"
F 2
adSa =

ˆ R0,a

0

ˆ 2π

0

J2
0

(
ua

R0,a
r
)

J2
0 (ua)

rdrdφ

= πR2
0,a

[
1 +

J2
1 (ua)

J2
0 (ua)

]
, (B2.7)

assuming highly-confined modes, with
!
F 2
adSa ≫

˜
F 2
adScl.

On the other hand, it should be noted that the optical power required to stimulate the Kerr
effect in the cladding is around ∼ 30 dBm when assuming a modal effective area of 80µm [152].
Therefore, considering optical power levels lower than 30 dBm, we can assume that the third-
order nonlinear polarization is not stimulated in the cladding. In other words, a silica MCF is
equivalent to an MCF where the nonlinear nature is only restricted to the cores, with γ (r) spatially
dependent and null in the cladding. As a result, we can safely assume I(k,s)cl ≃ 0 in the nonlinear
MCCs. Furthermore, in q(1)a , we have neglected the term K4

0 taking into account that
!
F 4
adSa ≫!

F 4
adSb; in q

(3)
a,b , we have neglected the term

!
FbF

3
adSb given that

!
FbF

3
adSa ≫

!
FbF

3
adSb;

and in q(4)a,b , we have omitted the integral
!
F 3
b FadSa considering that

!
F 3
b FadSb ≫

!
F 3
b FadSa.

Likewise, since ∆εr,a (r) and ∆εr,b (r) are found to be null in the cladding and in adjacent cores,
Eq. (B2.5) should be restricted to the corresponding region to calculate the MCCs ca and κa,b.
Finally, assuming βa ≃ k0na (weakly-guiding MCF) and using Eqs. (B2.5)-(B2.7), the closed-form
expressions of the linear and nonlinear MCCs are derived.

Figure B2.1. Transversal functions Fa and Fb in the cross section of the MCF [143].
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Chapter 3

Longitudinal and temporal
birefringence effects

3.1 Introduction
In the preceding chapter, we have investigated the probability distribution of the inter-core crosstalk
(IC-XT) in MCFs by assuming important simplifications in these media that should be carefully
revisited for the complete understanding of this physical impairment. Specifically: (i) we have
omitted the optical attenuation, the anisotropic nature and the temporal fluctuations of the MCF,
and (ii) the longitudinal perturbations have been heuristically inserted in the coupled-mode theory.
As a result, we have found a set of coupled-mode equations with important limitations to describe
crucial aspects such as the time-varying behavior of the IC-XT and intra-core coupling effects.

In the literature of this topic, we also find several fundamental limitations in the mathematical
models preceding our work. In [153–156], the intra-core and inter-core coupling effects of SM-MCFs
have been investigated by using the Manakov equations, where the longitudinal MCF perturbations
have been described by assuming unperturbed ideal modes and the temporal MCF perturbations
have been omitted. These temporal perturbations have been analyzed in [157, 158], but omitting
the intra-core effects and using a similar heuristic formalism as in Chapter 2 to model the medium
fluctuations.

In order to solve these problems, in this chapter we describe the longitudinal and temporal
birefringence effects of MCFs using a more rigorous formalism than in previous works. In particular,
we develop a coupled local-mode theory (CLMT) inserting both longitudinal and temporal MCF
perturbations along with the anisotropic nature of the fiber in Maxwell’s equations. As a result,
we obtain an accurate theoretical model able to predict the different types of crosstalk between the
polarized core modes in SM-MCFs: (i) the intra-core crosstalk (iC-XT) which describes the mode-
coupling between orthogonal polarizations in a given core; (ii) the direct inter-core crosstalk (DIC-
XT) modeling the mode-coupling between the same polarization axis in different cores; and (iii) the
cross inter-core crosstalk (XIC-XT) involving mode-coupling between orthogonal polarizations in
different cores. To complete our study, we perform extensive experimental measurements on a
4-core MCF, which are found to be in good agreement with numerical simulations of the proposed
CLMT. Remarkably, we will demonstrate that the spatial and temporal IC-XT fluctuations have
identical distributions when the temporal perturbations are only induced by slight floor vibrations
due to human activity and the temperature conditions are found to be constant.

The chapter is structured as follows. In Section 3.2, the CLMT is derived from Maxwell’s
equations. In Section 3.3, a numerical method to implement the CLMT is proposed. Next, in
Section 3.4, extensive numerical simulations of the temporal and longitudinal evolution of the
linear birefringence and its impact on the iC-, DIC- and XIC-XT are reported considering both
lowly- and highly-birefringent cores. The experimental validation of the CLMT is performed in
Section 3.5. Finally, in Section 3.6, the main conclusions of this chapter are highlighted.

57
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3.2 Coupled local-mode theory
In this section, we report the coupled local-mode theory (CLMT) for SM-MCF media modeling the
intra-core and inter-core coupling effects between the polarized core modes (PCMs) when operating
in the monochromatic regime and considering both temporal and longitudinal birefringent effects.
The theory presented herein is a general model which can be applied to SM-MCFs comprising:
coupled or uncoupled cores, lowly- or highly-birefringent cores, trench- or hole-assisted cladding
and gradual- or step-index profiles.

To this end, let us consider a weakly-guiding SM-MCF with two cores a and b with longitudinal
and temporal perturbations. As depicted in Fig. 3.1, each core m (with m ∈ {a, b}) can be
modeled as a series of birefringent segments with a different time-varying retardation and random
orientation of the local principal axes. Therefore, the first-order electric susceptibility tensor χ(1)

ij

of the MCF can slightly fluctuate in time and along the fiber length, as a consequence of external
perturbations such as bending, twisting, floor vibrations and temperature variations, as well as due
to manufacturing imperfections. As a result, in each segment of a given core m, the propagation
constant of the PCMs LP01,mx and LP01,my presents a different value due to the mentioned slight
changes and, therefore, the transversal function of each PCM mi (with i ∈ {x, y}) will also be
modified.

In order to analyze theoretically this scenario, the MCF of the previous example should be
considered as a multi-dielectric, lossy, nonlinear, anisotropic, heterogeneous, time-varying and
temporally dispersive medium. Nevertheless, note that we cannot observe temporally dispersive
effects when assuming incident monochromatic fields.

In addition, we introduce here the concept of local mode in perturbation theory. A local mode
is defined as an eigenfunction in a short core segment in which the perturbations of the ideal phase
constant and the transversal eigenfunction of the LP01 mode are approximately constant in both
orthogonal polarizations. Hence, each core and PCM can be modeled as a series of birefringent
segments and local modes where the longitudinal and temporal MCF perturbations are approxi-
mately invariant but can fluctuate between adjacent segments, as shown in Fig. 3.1. In this way,
in contrast with Chapter 2, where the longitudinal MCF perturbations are heuristically inserted
in the coupled-mode equations assuming ideal modes, we will be able to include both longitudinal
and temporal medium perturbations from the ansatz of perturbation theory (step 1 of Fig. 1.9)
considering the global electric field strength of the MCF as a linear combination of the local modes
of each core. The resulting coupled local-mode equations will include space- and time-varying ex-
ponential terms and mode-coupling coefficients. This formalism will allow us to describe accurately
the impact of the different longitudinal and temporal fiber random perturbations on the crosstalk
among the PCMs.

Figure 3.1. Multi-core fiber comprising different birefringent segments in cores a and b with random
orientation and longitudinal and temporal fluctuations in the principal refractive indexes of each core
nai(r; t) and nbi(r; t), with i ∈ {x, y}. The spatial dependence of nai and nbi also includes the radial
dependence of the refractive index profile in gradual-index MCFs [131].
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3.2.1 Multi-core fiber local modes
Our initial goal is to include the MCF random perturbations in step 1 of perturbation theory
(see Fig. 1.9). Hence, in contrast with Chapter 2, we should propose the ansatz of the electric
field strength of the MCF by taking into account these perturbations. In this way, assuming
monochromatic electric fields with both orthogonal polarizations and slowly-varying amplitude
functions, the exact real wave function of the global electric field strength of the MCF (E) can
be approximated as a linear combination of the electric field strength of each PCM mi (Emi)
considering isolated cores, that is, assuming that the geometry of each core m is not perturbed by
the presence of adjacent cores:

E (r, t) ≃
∑

m=a,b

∑
i=x,y

Emi (r, t) ûi =
∑

m=a,b

∑
i=x,y

Re {Emi,ω0 (r; t) exp (jω0t)} ûi, (3.2.1)

where Emi,ω0 is the complex amplitude of the PCM mi including the longitudinal and temporal
birefringence fluctuations, ω0 is the angular frequency of the optical carrier and ûi is the transverse
unit vector. Note that Eq. (3.2.1) allows us to decouple the rapid temporal oscillation of the optical
carrier from the slow temporal evolution of the complex amplitudes induced by the time-varying
fluctuations of the MCF.

The theoretical model we propose entails as an essential prerequisite to describe the fiber
perturbations in Emi,ω0 . Thus, the complex amplitude is expressed as follows:

Emi,ω0
(r; t) = Ami (z; t)Fmi (x, y, ω0; z, t) exp (−jΦmi (z, ω0; t)) , (3.2.2)

where Ami is the complex envelope, Fmi is the transversal eigenfunction of the PCM mi and Φmi

is the complex phase function of the PCM mi defined as:

Φmi (z, ω0; t) := ϕmi (z, ω0; t)− j
1

2
α (ω0) z, (3.2.3)

with α the power attenuation coefficient of the MCF modeling optical absorption generated from
Rayleigh scattering and assumed similar in each PCM,1 and ϕmi the real phase function involving
the longitudinal and temporal MCF perturbations:

ϕmi (z, ω0; t) :=

ˆ z

0

β
(eq)
mi (ξ, ω0; t) dξ = βmi (ω0) z +

ˆ z

0

β
(B+S)
mi (ξ, ω0; t) dξ, (3.2.4)

with β
(eq)
mi the equivalent phase constant of each local mode of the PCM mi, which comprises

the ideal phase constant βmi and the phase perturbation β
(B+S)
mi induced by macrobends (B) and

additional longitudinal and temporal fiber structural fluctuations (S). In addition, it should be
remarked for future mathematical discussions that (we use the notation ∂z = ∂/∂z):

∂zΦmi = β
(eq)
mi − j 12α; ∂2zΦmi = ∂zβ

(eq)
mi ; (∂zΦmi)

2 ≃
(
β
(eq)
mi

)2
− jαβ

(eq)
mi . (3.2.5)

Equations (3.2.1)-(3.2.4) allow us to describe the longitudinal and temporal MCF perturbations
in the electric field strength of the MCF. Along this line, the following considerations on the above
equations are in order:

• The longitudinal and temporal MCF perturbations define the birefringent segments and the
local modes in each PCM mi. These fiber perturbations are included in Emi,ω0

via the
functions Ami, Fmi and Φmi. Given that the longitudinal and temporal MCF perturbations
modify the ideal phase constant βmi as indicated by Eq. (3.2.4), Fmi and Ami should also be
assumed longitudinal and temporal dependent in order to satisfy Maxwell’s equations in the

1The optical attenuation induced by the resonant frequencies of fused silica can be neglected when the optical
carrier is located in the third transmission window.
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MCF segments. Specifically, the local mode Fmi exp(−jΦmi) should satisfy the Helmholtz
equation in each birefringent segment of the core m:(

△+ k20εr,mi (r, ω0; t)
)
Fmi(x, y, ω0; z, t) exp (−jΦmi (z, ω0; t)) = 0, (3.2.6)

where εr,mi is the relative electric permittivity in the core m and polarization axis i [see
below Eqs. (3.2.14) and (3.2.18)]. In particular, the above equation is step 2 of perturbation
theory depicted in Fig. 1.9.

• The longitudinal and temporal changes induced in β
(eq)
mi by the medium perturbations are

assumed to be slowly-varying in comparison with the spatial and temporal duration of a cycle
of the optical carrier in each core, i.e., in δz ∼ λm and δt ∼ 2π/ω0.2 In such circumstances,
the optical power reflected due to the longitudinal and temporal changes of β(eq)

mi can be
neglected.

• The semicolon symbol is used to separate explicitly the longitudinal and temporal changes
induced by the MCF perturbations. As an example, the slowly-varying longitudinal and
temporal fluctuations of the transversal local eigenfunction Fmi(x, y, ω0; z, t) are explicitly
separated by the semicolon symbol from the transversal changes given by the well-known
Bessel functions [32].

• The phase of the local modes is given by the complex function Φmi in each MCF segment.
Therefore, considering that the local modes must satisfy Eq. (3.2.6), Fmi should also be
assumed a complex function. Nevertheless, keeping in mind that the imaginary part of Φmi

(modeling the optical absorption) is much lower than the real part ϕmi (accounting for the
ideal phase constant along with the fiber perturbations), we assume Fmi as a real function
from now on. However, note that in the multi-mode regime, Fmi should be considered as a
complex function to include the azimuthal order of the corresponding LP mode group.

• Since we are assuming monochromatic electric fields, we cannot model dispersive effects
among the PCMs. Nonetheless, we will discuss the non-monochromatic regime in the next
chapter by considering pulsed waves. In this way, we will be able to include the chromatic
dispersion and higher-order dispersive effects in the coupled local-mode equations.

3.2.2 Coupled-wave equations
In step 3 of perturbation theory, the wave equation of the MCF should be derived from Maxwell’s
equations for the complex amplitudes Emi,ω0

. We start by combining Faraday’s and Ampère’s laws
[Eqs. (1.5.6) and (1.5.7)] applying the curl operator. Thus, using the constitutive relations given
by Eq. (1.5.5), the nonlinear wave equation of the electric field strength is found as:

△E (r, t)− 1

c20
∂2t E (r, t) = µ0∂

2
tP

(1) (r, t) + µ0∂
2
tP

(3) (r, t) , (3.2.7)

where P(1) and P(3) are the linear and nonlinear polarization of the MCF, respectively. Note that
we have neglected the term ∇(∇· (P(1)+P(3))) in Eq. (3.2.7) considering slowly-varying refractive
index profiles3 and the low birefringent and nonlinear nature of silica MCFs (including also the
case HB-MCF), in line with the assumptions performed in the classical modal analysis of SCFs
with an LB or HB design [139, 150, 159–161]. Unfortunately, this approximation has not been
rigorously verified in the literature. For the above reason, we include in Appendix A3 (on page 82)
a numerical verification of this point in LB- and HB-MCFs.

2As was pointed out in Chapter 1, note that the wavelength of the optical carrier is found to be different in
each core (λm). In particular, λm = λ0/nm, where λ0 is the wavelength of the optical carrier in vacuum, nm :=
(nmx+nmy)/2 and {nmi}i=x,y are the principal refractive indexes of core m at ω0. In LB cores, nmx = nmy ≡ nm.
However, in HB cores, nmx ̸= nmy .

3That is, δrnmi ≪ nmi in δr ∼ λm, where δrnmi := |nmi (r)− nmi (r + δr)|.
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Our goal is to rewrite Eq. (3.2.7) in terms of the complex amplitudes of the electric field strength.
Hence, we should take into account that we can write E, P(1) and P(3) as:

E (r, t) =
∑
i=x,y

Re {Ei,ω0 (r; t) exp (jω0t)} ûi; (3.2.8)

P(1) (r, t) =
∑
i=x,y

Re
{
P

(1)
i,ω0

(r; t) exp (jω0t)
}
ûi; (3.2.9)

P(3) (r, t) ≃
∑
i=x,y

Re
{
P

(3)
i,ω0

(r; t) exp (jω0t)
}
ûi, (3.2.10)

where Ei,ω0 ≃
∑

mEmi,ω0 , and P
(1)
i,ω0

and P
(3)
i,ω0

are the complex amplitudes of P(1) and P(3),
respectively. Note that the complex amplitude P

(3)
i,3ω0

of the nonlinear polarization in 3ω0 was
omitted taking into account that the phase-matching condition in this nonlinear term is not
satisfied in silica fibers [139]. In this scenario, the complex amplitude of the linear and nonlinear
polarizations can be expressed using the Einstein summation convention as (see page 86):

P
(1)
i,ω0

(r; t) = ε0χ
(1)
ij (r, ω0; t)Ej,ω0 (r; t) ; (3.2.11)

P
(3)
i,ω0

(r; t) =
3

4
ε0χ

(3)
ijklEj,ω0

(r; t)Ek,ω0
(r; t)El,−ω0

(r; t) , (3.2.12)

where the first-order electric susceptibility tensor χ(1)
ij is assumed to be spatial4 and temporal

dependent due to the MCF perturbations, and the third-order susceptibility χ
(3)
ijkl is assumed to

be constant taking into account the low nonlinear nature of silica fibers. Moreover, χ(3)
ijkl can be

expressed in silica fibers as follows [159]:

χ
(3)
ijkl = χNL

(
1− fR

3

)
(δijδkl + δikδjl + δilδjk) , (3.2.13)

where δij is the Kronecker delta function, χNL = 2.6·10−22 m2/V2 at the wavelength of 1550
nm and fR = 0.245. In the next chapter, the role of the constant fR will be described in detail.
Furthermore, we define:

εr,i (r, ω0; t) := 1 + χ
(1)
ii (r, ω0; t) ; (3.2.14)

σ (r, ω0; t) := χ(1)
xy (r, ω0; t) . (3.2.15)

The real part of these parameters gives information about the material dispersion and the MCF
perturbations, and the imaginary part accounts for the optical absorption of the medium. Bearing
in mind that Im

{
χ
(1)
ij

}
∼ α/k0 in silica when the optical carrier is located in the third transmission

window [149], the imaginary part of εr,i and σ can be neglected. Moreover, assuming that the
MCF can be regarded as a time-invariant medium in time intervals of the order of δt ∼ 2π/ω0,
we can infer from the Poynting theorem that χ(1)

xy = χ
(1)
yx [162]. Finally, taking into account that

Ei,−ω0 = E∗
i,ω0

, the coupled-wave equations of the MCF are found:

△Ex,ω0 + k20 (εr,xEx,ω0 + σEy,ω0) + k20γ

[(
|Ex,ω0 |

2
+

2

3
|Ey,ω0 |

2

)
Ex,ω0 +

1

3
E2

y,ω0
Ex,−ω0

]
= 0;

(3.2.16)

△Ey,ω0 + k20 (εr,yEy,ω0 + σEx,ω0) + k20γ

[(
|Ey,ω0 |

2
+

2

3
|Ex,ω0 |

2

)
Ey,ω0 +

1

3
E2

x,ω0
Ey,−ω0

]
= 0,

(3.2.17)

where γ (ω0) := (3/4)χNL (1− fR) = 1.5 · 10−22 m2/V2 with λ0 = 1550 nm.

4The longitudinal dependence of χ(1)
ij allows us to describe the MCF longitudinal birefringence effects and the

transversal dependence describes the intrinsic variations of the refractive index profile in gradual-index MCFs.
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3.2.3 Coupled local-mode equations
Once we have derived the coupled-wave equations of the MCF, we can obtain the coupled local-
mode equations in step 4 of perturbation theory by inserting Eq. (3.2.2) into Eqs. (3.2.16) and
(3.2.17). However, we should previously discuss some questions related to the MCF birefringence
and local modes.

First, we should describe the relative electric permittivity given by Eq. (3.2.14) and accounting
for the linear birefringence in each polarization axis:

εr,i (r, ω0; t) = εr,ci (r, ω0; t) + ∆εr,ai (r, ω0; t) + ∆εr,bi (r, ω0; t)

=


r ≡ core a εr,ai (r, ω0; t) = εr,ci (r, ω0; t) + ∆εr,ai (r, ω0; t) ≡

(
n
(eq)
ai

)2
r ≡ cladding εr,ci (r, ω0; t) ≡ n2cl

r ≡ core b εr,bi (r, ω0; t) = εr,ci (r, ω0; t) + ∆εr,bi (r, ω0; t) ≡
(
n
(eq)
bi

)2 ,
(3.2.18)

where εr,ai, εr,bi and εr,ci are the relative electric permittivity in the cores a, b and in the cladding,
respectively; and ∆εr,ai and ∆εr,bi are the difference between the relative electric permittivity of
the cladding and those of cores a and b, respectively. Since εr,ai and εr,bi give information about
the MCF perturbations in each core and polarization axis, the root square value is defined as the
equivalent refractive index, i.e., n(eq)

ai :=
√
εr,ai and n

(eq)
bi :=

√
εr,bi. The concept of the equivalent

refractive index was introduced in Chapter 2 with the ERIM (see page 35), but following a heuristic
formalism and omitting the polarization effects and time-varying fluctuations of the MCF. In this
chapter, we introduce this concept from Maxwell’s equations and we will complete the ERIM by
including the aforementioned effects in Section 3.3. Moreover, the circular birefringence is given by:

σ (r, ω0; t) =


r ≡ core a σa (r, ω0; t) = χ

(1)
a,xy (r, ω0; t)

r ≡ cladding σc (r, ω0; t) = χ
(1)
c,xy (r, ω0; t)

r ≡ core b σb (r, ω0; t) = χ
(1)
b,xy (r, ω0; t)

. (3.2.19)

Second, it should be noted that Eq. (3.2.6) allows us to obtain two fundamental relations to
describe the MCF perturbations in the coupled local-mode equations. As can be deduced from
the numerical model described in Section 3.3, ∂zFmi ≃ ∂2zFmi ≃ 0 in δz ∼ λm. As a result, the
following expressions emerge from Eq. (3.2.6):

(
△T + k20εr,i

)
Fai =

[
k20∆εr,bi +

(
β
(eq)
ai

)2
+ j (∂z − α)β

(eq)
ai

]
Fai; (3.2.20)

(
△T + k20εr,i

)
Fbi =

[
k20∆εr,ai +

(
β
(eq)
bi

)2
+ j (∂z − α)β

(eq)
bi

]
Fbi, (3.2.21)

with △T := ∂2x + ∂2y the transverse Laplacian operator.
Now, at this point we can start with the derivation of the coupled local-mode equations by

combining Eqs. (3.2.2), (3.2.16) and (3.2.17). After some algebraic work and using the SVEA
along with Eqs. (3.2.5), (3.2.20) and (3.2.21), we obtain the next coupled equations:
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k20∆εr,bxFax exp (−jϕax)Aax −
(
j2β(eq)

ax + α
)
Fax exp (−jϕax) ∂zAax

+k20∆εr,axFbx exp (−jϕbx)Abx −
(
j2β

(eq)
bx + α

)
Fbx exp (−jϕbx) ∂zAbx

+k20σ [AayFay exp (−jϕay) +AbyFby exp (−jϕby)]

+k20γ exp (−αz)



Aax |Aax|2 F 3
ax exp (−jϕax)

+Abx |Abx|2 F 3
bx exp (−jϕbx)

+2 |Aax|2AbxF
2
axFbx exp (−jϕbx)

+2Aax |Abx|2 FaxF
2
bx exp (−jϕax)

+A2
axA

∗
bxF

2
axFbx exp [−j (2ϕax − ϕbx)]

+A∗
axA

2
bxFaxF

2
bx exp [−j (2ϕbx − ϕax)]



+
2

3
k20γ exp (−αz)



Aax |Aay|2 FaxF
2
ay exp (−jϕax)

+Abx |Aby|2 FbxF
2
by exp (−jϕbx)

+ |Aay|2AbxF
2
ayFbx exp (−jϕbx)

+Aax |Aby|2 FaxF
2
by exp (−jϕax)

+AaxA
∗
ayAbyFaxFayFby exp [−j (ϕax − ϕay + ϕby)]

+AayAbxA
∗
byFayFbxFby exp [−j (ϕay + ϕbx − ϕby)]

+AaxAayA
∗
byFaxFayFby exp [−j (ϕax + ϕay − ϕby)]

+A∗
ayAbxAbyFayFbxFby exp [−j (ϕbx + ϕby − ϕay)]



+
1

3
k20γ exp (−αz)



A∗
axA

2
ayFaxF

2
ay exp [−j (2ϕay − ϕax)]

+A2
ayA

∗
bxF

2
ayFbx exp [−j (2ϕay − ϕbx)]

+A∗
axA

2
byFaxF

2
by exp [−j (2ϕby − ϕax)]

+A∗
bxA

2
byFbxF

2
by exp [−j (2ϕby − ϕbx)]

+2A∗
axAayAbyFaxFayFby exp [−j (ϕay + ϕby − ϕax)]

+2AayA
∗
bxAbyFayFbxFby exp [−j (ϕay − ϕbx + ϕby)]


= 0; (3.2.22)

k20∆εr,byFay exp (−jϕay)Aay −
(
j2β(eq)

ay + α
)
Fay exp (−jϕay) ∂zAay

+k20∆εr,ayFby exp (−jϕby)Aby −
(
j2β

(eq)
by + α

)
Fby exp (−jϕby) ∂zAby

+k20σ [AaxFax exp (−jϕax) +AbxFbx exp (−jϕbx)]

+k20γ exp (−αz)



Aay |Aay|2 F 3
ay exp (−jϕay)

+Aby |Aby|2 F 3
by exp (−jϕby)

+2 |Aay|2AbyF
2
ayFby exp (−jϕby)

+2Aay |Aby|2 FayF
2
by exp (−jϕay)

+A2
ayA

∗
byF

2
ayFby exp [−j (2ϕay − ϕby)]

+A∗
ayA

2
byFayF

2
by exp [−j (2ϕby − ϕay)]



+
2

3
k20γ exp (−αz)



Aay |Aax|2 FayF
2
ax exp (−jϕay)

+Aby |Abx|2 FbyF
2
bx exp (−jϕby)

+ |Aax|2AbyF
2
axFby exp (−jϕby)

+Aay |Abx|2 FayF
2
bx exp (−jϕay)

+AayA
∗
axAbxFayFaxFbx exp [−j (ϕay − ϕax + ϕbx)]

+AaxAbyA
∗
bxFaxFbyFbx exp [−j (ϕax + ϕby − ϕbx)]

+AayAaxA
∗
bxFayFaxFbx exp [−j (ϕay + ϕax − ϕbx)]

+A∗
axAbyAbxFaxFbyFbx exp [−j (ϕby + ϕbx − ϕax)]



+
1

3
k20γ exp (−αz)



A∗
ayA

2
axFayF

2
ax exp [−j (2ϕax − ϕay)]

+A2
axA

∗
byF

2
axFby exp [−j (2ϕax − ϕby)]

+A∗
ayA

2
bxFayF

2
bx exp [−j (2ϕbx − ϕay)]

+A∗
byA

2
bxFbyF

2
bx exp [−j (2ϕbx − ϕby)]

+2A∗
ayAaxAbxFayFaxFbx exp [−j (ϕax + ϕbx − ϕay)]

+2AaxA
∗
byAbxFaxFbyFbx exp [−j (ϕax − ϕby + ϕbx)]


= 0. (3.2.23)
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The coupled local-mode equations can be found by multiplying Eqs. (3.2.22) and (3.2.23) by the
corresponding terms Fmi exp(jϕmi) and integrating in an infinite cross-sectional area of the MCF.
As an example, the coupled local-mode equation modeling the mode-coupling from the PCMs ay,
bx and by to the PCM ax is found to be:

j
[
1− jα/

(
2β

(eq)
ax

)]
∂zAax = caxAax +max,ay exp (−j∆ϕay,ax)Aay + ηax,by exp (−j∆ϕby,ax)Aby

+exp (−j∆ϕbx,ax)
{
κax,bx −

[
j + α/

(
2β

(eq)
bx

)]
χax,bx∂z

}
Abx

+exp (−αz)



q
(1)
ax |Aax|2Aax + q

(2)
ax,bx

[
2Aax |Abx|2 +A∗

axA
2
bx exp (−j2∆ϕbx,ax)

]
+q

(3)
ax,bx

[
2 |Aax|2Abx exp (−j∆ϕbx,ax) +A2

axA
∗
bx exp (j∆ϕbx,ax)

]
+q

(4)
ax,bx |Abx|2Abx exp (−j∆ϕbx,ax)

+g
(1)
ax,ay

[
2
3Aax |Aay|2 + 1

3A
∗
axA

2
ay exp (−j2∆ϕay,ax)

]
+g

(2)
ax,b

[
2
3Abx |Aby|2 exp (−j∆ϕbx,ax)
+ 1

3A
∗
bxA

2
by exp (−j∆ϕby,ax) exp (−j∆ϕby,bx)

]
+g

(3)
ax,b

[
2
3Aax |Aby|2 + 1

3A
∗
axA

2
by exp (−j2∆ϕby,ax)

]
+g

(4)
ax,b

[
4
3Aay exp (−j∆ϕay,ax)Re

{
AbxA

∗
by exp (−j∆ϕbx,by)

}
+ 2

3A
∗
ayAbxAby exp (−j∆ϕbx,ax) exp (−j∆ϕby,ay)

]
+g

(5)
ax,b

[
2
3 |Aay|2Abx exp (−j∆ϕbx,ax)
+ 1

3A
2
ayA

∗
bx exp (−j∆ϕay,ax) exp (−j∆ϕay,bx)

]
+g

(6)
ax,b

[
4
3AaxRe

{
A∗

ayAby exp (−j∆ϕby,ay)
}

+ 2
3A

∗
axAayAby exp (−j∆ϕay,ax) exp (−j∆ϕby,ax)

]



,

(3.2.24)
where cax, max,ay, ηax,by, κax,bx, χax,bx, q(1)ax , q(2,3,4)ax,bx , g(1)ax,ay and g

(2,...,6)
ax,b are the mode-coupling

coefficients (MCCs) defined in the next section; and the phase-mismatching functions ∆ϕmi,nj are
defined as ∆ϕmi,nj := ϕmi − ϕnj , ∀ (mi, nj) ∈ {ax, ay, bx, by}2.

The theoretical model is completed by three additional coupled equations which can be obtained
just by exchanging the corresponding subindexes in Eq. (3.2.24). Remarkably, the coupled local-
mode equations allow us to describe accurately the linear and nonlinear crosstalk among the
PCMs by including the longitudinal and temporal MCF birefringent effects in the MCCs and
phase-mismatching functions. Despite the fact that these equations have complicated expressions,
we will be able to simplify them by analyzing the predominant MCCs.

3.2.4 Mode-coupling coefficients
The linear MCCs are defined as (all integrals apply over an infinite cross-sectional area):

χax,bx (z, ω0; t) :=
β
(eq)
bx

β
(eq)
ax Nax

¨
FbxFaxdxdy; (3.2.25)

cax (z, ω0; t) :=
k20

2β
(eq)
ax Nax

¨
∆εr,bxF

2
axdxdy; (3.2.26)

max,ay (z, ω0; t) :=
k20

2β
(eq)
ax Nax

¨
σFayFaxdxdy; (3.2.27)

κax,bx (z, ω0; t) :=
k20

2β
(eq)
ax Nax

¨
∆εr,axFbxFaxdxdy; (3.2.28)

ηax,by (z, ω0; t) :=
k20

2β
(eq)
ax Nax

¨
σFbyFaxdxdy, (3.2.29)
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and the nonlinear MCCs:

q(1)ax (z, ω0; t) :=
k20

2β
(eq)
ax Nax

¨
γF 4

axdxdy; (3.2.30)

q
(2)
ax,bx (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γF 2

bxF
2
axdxdy; (3.2.31)

q
(3)
ax,bx (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γFbxF

3
axdxdy; (3.2.32)

q
(4)
ax,bx (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γF 3

bxFaxdxdy; (3.2.33)

g(1)ax,ay (z, ω0; t) :=
k20

2β
(eq)
ax Nax

¨
γF 2

ayF
2
axdxdy; (3.2.34)

g
(2)
ax,b (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γFbxF

2
byFaxdxdy; (3.2.35)

g
(3)
ax,b (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γF 2

byF
2
axdxdy; (3.2.36)

g
(4)
ax,b (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γFayFbxFbyFaxdxdy; (3.2.37)

g
(5)
ax,b (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γF 2

ayFbxFaxdxdy; (3.2.38)

g
(6)
ax,b (z, ω0; t) :=

k20

2β
(eq)
ax Nax

¨
γFayFbyF

2
axdxdy, (3.2.39)

with Nax (z, ω0; t) :=
˜
F 2
axdxdy. Note that the definition of the nonlinear MCCs g(1,...,6) is

different from the one that we reported in [131].
A significant reduction of the complexity of Eq. (3.2.24) can be performed by analyzing the

predominant MCCs. The linear MCCs χax,bx, cax and κax,bx are identical to the linear MCCs
of Chapter 2 [Eqs. (2.2.13)-(2.2.15)] when omitting polarization effects. In such a scenario, it was
observed that χax,bx can be neglected, κax,bx is found to be the predominant linear MCC and
cax should only be retained when the core-to-core distance dab is lower than three times the
core radius R0 (assuming the same value in both cores). However, two new linear MCCs appear
when including polarization effects, max,ay and ηax,by, accounting for the iC-XT and XIC-XT,
respectively. In order to investigate whether these coefficients should be retained in the coupled
local-mode equations, we compare the ratios max,ay/κax,bx and ηax,by/κax,bx following a similar
mathematical discussion as in Section 2.2.2.

To this end, let us assume a straight SI-SM-HO-LB-MCF5 with a constant twist rate fT and
without temporal birefringence. In such circumstances, the ratios max,ay/κax,bx and ηax,by/κax,bx
are found to be only longitudinal dependent and are maximized. In addition, as can be deduced
from the ERIM detailed in the next section,

⟨
n
(eq)
ai (r, ω0)

⟩
≃
⟨
n
(eq)
bi (r, ω0)

⟩
≡ na and Fmx ≃ Fmy

∀ (i,m) ∈ {x, y} × {a, b}, where na is the material refractive index of core a at ω0 and ⟨a⟩ is the
spatial average operator in the longitudinal direction. As a result, the spatial average of the
aforementioned ratios can be calculated from Eqs. (3.2.27)-(3.2.29) using a similar derivation as in
Appendix B2:⟨

max,ay (z, ω0)

κax,bx (z, ω0)

⟩
≃ σa

2 (n2a − n2cl)

ua
[
J2
0 (ua) + J2

1 (ua)
]

J0 (ua) J1 (ua)

K0 (wb)

K0 (wbdab/R0)
; (3.2.40)⟨

ηax,by (z, ω0)

κax,bx (z, ω0)

⟩
≃ 2σa
n2a − n2cl

, (3.2.41)

5See Table 1.1 on page 14.
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where σa = πR0fTn
4
a |p11 − p12| is a constant value in this case (see next section for more details),

p11 and p12 are components of the photo-elastic tensor (|p11 − p12| = 0.149) [163], ncl is the
material refractive index of the cladding at ω0, and ua and wb are modal parameters given by
Eqs. (2.2.20) and (2.2.21). As an example, the ratios given by the above equations are calculated
with R0 = 4 µm, na(b) = 1.452, ncl = 1.444 and λ0 = 1550 nm.

Figure 3.2. Comparison of the linear mode-coupling coefficients (MCCs) max,ay and ηax,by with κax,bx

using the spatial average ratios given by Eqs. (3.2.40) and (3.2.41) for different values of dab/R0 and fT
(in turns/m). (a) ⟨max,ay/κax,bx⟩ and (b) ⟨ηax,by/κax,bx⟩ [131].

Figure 3.2 shows the behavior of the calculated ratios for different values of dab/R0 and fT
(in turns/m). As can be seen from Fig. 3.2(a), the MCC max,ay should be maintained in the
coupled local-mode equations, since this MCC is usually of the same order of magnitude or higher
than κax,bx. As expected, the higher the twist rate value, the higher the mode-coupling between
the x and y polarizations in a given core. Nonetheless, as depicted in Fig. 3.2(b), the linear MCC
ηax,by can be neglected for any value of dab. Remarkably, the XIC-XT will depend directly on the
iC-XT of both cores, as will be verified in the next sections. These conclusions are found to be
identical when repeating this analysis in heterogeneous MCFs.

On the other hand, it should be noted that the nonlinear MCCs q(1)ax and g
(1)
ax,ay account for

the nonlinear self-coupling in core a, and q(2,3,4)ax,bx and g(2,...,6)ax,b describe the nonlinear cross-coupling
effects between cores a and b. As was demonstrated in Chapter 2 (see Sections 2.2.2 and 2.3), these
nonlinear cross-coupling effects can be neglected when dab > 3R0.

Consequently, assuming an N -core MCF with a core-to-core distance satisfying this condition,
performing a transformation of the complex envelopes of the formAmi (z; t) ≡ Ami (z; t) exp (αz/2),
and taking into account that α≪ β

(eq)
mi ; Eq. (3.2.24) becomes:

j
(
∂z +

α

2

)
Aax = max,ay exp (−j∆ϕay,ax)Aay +

N∑
m ̸=a

κax,mx exp (−j∆ϕmx,ax)Amx

+

(
q(1)ax |Aax|2 +

2

3
g(1)ax,ay |Aay|2

)
Aax +

1

3
g(1)ax,ay exp (−j2∆ϕay,ax)A∗

axA2
ay.

(3.2.42)

Once we have derived the CLMT, it is natural to ask if we can infer from Eq. (3.2.42) a closed-
form expression to estimate the mean of the different crosstalk types, in the same way as the
discussion performed in Chapter 2 for the linear and nonlinear IC-XT without polarization effects.
The answer is investigated in Appendix B3, on page 88. Now, let us describe the numerical method
required to simulate the CLMT.
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3.3 Numerical method: equivalent refractive index model
The numerical simulation of the coupled local-mode equations requires to complete the ERIM of
Chapter 2 by including polarization effects and time-varying fiber perturbations. In this way,
the equivalent refractive index n

(eq)
mi of each PCM mi [defined in Eq. (3.2.18)] will allow us to

calculate the phase functions and the linear and nonlinear MCCs of Eq. (3.2.42) by considering
both longitudinal and temporal MCF perturbations. As a byproduct, we will be able to analyze
the longitudinal and temporal behavior of the crosstalk between the different PCMs of an MCF.
Figure 3.3 depicts the numerical model, detailed hereafter:

Figure 3.3. Equivalent refractive index model of the CLMT [131].

• Firstly, the MCF length is assumed to be composed by different birefringent segments in
each core. Each birefringent segment of a given core m is denoted by the subindex l, with
l ∈ {1, . . . , Nm}. The orientation of the local principal axes between adjacent segments will
be changed via the σm function [see below Eq. (3.3.12)].

• Secondly, we should define the time scale over which the linear birefringence of the MCF can
be assumed to be constant, i.e., the birefringence temporal change (BTC) unit. Specifically,
the BTC unit should be higher than 2π/ω0 in this model. In our case, we will consider a
BTC unit of one day, although it could be of the order of several minutes according to the
experimental observations reported in [158]. The numeration of each BTC will be described
by the subindex j ∈ N.

• Thirdly, in contrast to Chapter 2, we now assume that the bending radius (RB) and twist
rate (fT) can fluctuate, not only along the z-axis, but also in time due to the slight changes
induced by the floor vibrations. Hence, we have now two random processes with two variables
each one, RB (z; t) and fT (z; t), which will be assumed ergodic and strict-sense stationary
in z and t for simplicity.6 In such circumstances, the temporal changes of RB and fT along
the fiber length can be modeled by a different iteration s of a Monte Carlo simulation
(s ∈ {1, . . . S}). Interestingly, a Monte Carlo simulation is not far removed from the reality:
the floor vibrations induce slight local changes in RB and fT along the fiber length, which
corresponds in particular to different Monte Carlo iterations. Thus, the random processes

6This assumption should be specifically revisited in access networks, where RB and fT may have different
random distributions in different z points. Furthermore, an external environmental change may also induce a
different random distribution of RB and fT in different time intervals. However, our assumption is in line with our
experimental work and allows us to facilitate the comprehension of the main results of this chapter.
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RB (z; t) and fT (z; t) can be modeled in a given l-th segment and s-th iteration by the ran-
dom variables RB,l,s and fT,l,s.7 Concretely, the Monte Carlo method will be of great utility
to analyze the temporal evolution of the crosstalk mean between PCMs in different BTCs.

• Along these same lines, note that there are two different time scales (both higher than
2π/ω0) related to the temporal MCF perturbations: slower than the BTC unit (denoted by
the subindex j) and faster than the BTC unit (denoted by the subindex s). In general, the
temporal fluctuations of the former time scale are induced by temperature changes of the
optical medium and the latter are induced by floor vibrations (see below Section 3.5).

• Moreover, a fundamental remark which has not been observed in the IC-XT literature
about the bending radius distribution should be discussed. As detailed in Appendix C3 (see
page 92), the fiber twisting may induce a bending effect in each core (except maybe when the
core is located at the MCF center). As can be seen from Fig. C3.2, in highly-twisted MCFs
(fT ≥ 6 turns/m), the core bending effect induced by the fiber twisting (RBT,m) should also
be included in n

(eq)
mi . However, the effects of RBT,m on n

(eq)
mi can be neglected when fT < 6

turns/m. In general, a reduced average value of the twist rate allows us to minimize the
probability of damaging the MCF. In this vein, we can safely assume that fT < 6 turns/m
in future real deployed MCF systems. For this reason, we will not consider RBT,m in our
numerical model.

All in all, the phase function ϕmi can be calculated as a function of n(eq)
mi as follows [see Eq. (3.2.4)]:

ϕmi (z, ω0; t) =

ˆ z

0

β
(eq)
mi (ξ, ω0; t) dξ = k0

ˆ z

0

n
(eq)
mi (ξ, ω0; t) dξ; (3.3.1)

n
(eq)
mi (z, ω0; t) ≃ nmi (z, ω0; t)

[
1 +

dm
RB (z; t)

cos (2πfT (z; t) z + θ0 + θm)

]
, (3.3.2)

where nmi (z, ω0; t) describes the temporal fluctuation of the intrinsic linear birefringence along the
MCF length; θ0 is the offset of the twist angle of the MCF reference axis at z = 0; θm is the offset
of the twist angle of the core m measured from the MCF reference axis; and dm is the Euclidean
distance of the core m to the MCF center (see Fig. 3.3).

The above expressions can be rewritten in the l-th birefringent segment, j-th BTC and s-th
iteration using the random variables and random processes detailed before:

ϕmi,l,j,s (z, ω0) =

ˆ z

zl

β
(eq)
mi,l,j,s (ξ, ω0)dξ = k0

ˆ z

zl

n
(eq)
mi,l,j,s (ξ, ω0) dξ; (3.3.3)

n
(eq)
mi,l,j,s (z, ω0) ≃ nmi,l,j,s (ω0)

[
1 +

dm
RB,l,s

cos (2πfT,l,sz + θ0 + θm)

]
, (3.3.4)

where nmi,l,j,s (ω0) is the random variable which describes the temporal fluctuation of the intrinsic
linear birefringence in the l-th birefringent segment. In particular, the intrinsic linear birefrin-
gence in the l-th birefringent segment, j-th BTC and s-th iteration is given by the random variable
|nmy,l,j,s (ω0)− nmx,l,j,s (ω0)|, calculated from a Gaussian random process N

(
µ (ω0; t) , σ

2 (z, ω0; t)
)

along the MCF length. The mean µ (ω0; t) = ∆nm,j (ω0) is the longitudinal average value of the
intrinsic linear birefringence in core m the j-th BTC at ω0. The value of ∆nm,j (ω0) can be mea-
sured in each BTC by using the wavelength sweeping method (see Section 3.5 for more details).
Typically, ∆nm,j (ω0) ∼ 10−7 in LB-cores and ∆nm,j (ω0) ∼ 10−4 in HB-cores. The variance
σ2 (z, ω0; t) = δnm,l,s (ω0) includes the photo-elastic effect in the l-th segment [164]:

δnm,l,s (ω0) ≃ ξ + 0.011n3md
2
cl/R

2
B,l,s, (3.3.5)

7Consequently, we can expect that the spatial IC-XT distribution measured using the wavelength sweeping
method (see Chapter 2) will be in good agreement with the temporal IC-XT distribution experimentally measured
at z = L with constant temperature conditions (see Section 3.5). Note that both measurement techniques are in
complete analogy with a Monte Carlo simulation. In the former case, each spectral sample modifies the value of the
optical carrier restarting the random process ϕ(eq)

mi (z, ω0; t), and in the latter case, the floor vibrations restart the
same random process by changing the value of the random variables RB,l,s and fT,l,s.
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where ξ = 10−8, dcl is the cladding diameter, nm := (nmx + nmy) /2, and nmx and nmy are the
principal refractive indexes in core m at ω0.8 In LB-cores, nm = nmx = nmy. The parameter ξ is
included in the ERIM to describe the intrinsic longitudinal fluctuations of the linear birefringence
between adjacent segments, induced by the intrinsic manufacture imperfections. Finally, the value
nmi,l,j,s (ω0) is calculated as:

nmi,l,j,s (ω0) ∼ nmi (ω0)±
1

2
N (∆nm,j (ω0) , δnm,l,s (ω0)) , (3.3.6)

with ‘+’ if i = y and ‘−’ if i = x.
In spite of the fact that the above expressions assume step-index profiles, in weakly-guiding

GI-MCFs we can replace nmi by max {nmi (r)} in Eq. (3.3.6). Moreover, although we have consid-
ered RB (z; t) and fT (z; t) as strict-sense stationary random processes in both variables, in a real
deployed MCF system the environmental factors could induce longitudinal and temporal changes
in their statistical distribution. In such a case, we should replace RB,l,s and fT,l,s by the random
variables RB,l,j,s and fT,l,j,s, respectively. These new random variables should be modeled by
different distributions when changing the value of l and j, according to the real external conditions
of the MCF system.

On the other hand, the mode-coupling coefficients can be calculated numerically by using
Eqs. (3.2.25)-(3.2.39). To this end, the transversal local eigenfunction Fmi (x, y, ω0; z, t) can be
calculated by using the closed-form expressions detailed in [32] for the LP01 mode along with the
ERIM. More specifically, using a local polar coordinate system (r, φ, z) in the core m, Fmi can be
written in the l-th birefringent segment, j-th BTC and s-th iteration as:

Fmi,l,j,s (r, ω0; z) =

J0
(

umi,l,j,s(z,ω0)
R0,m

r
)
/J0 (umi,l,j,s (z, ω0)) ; r ≤ R0,m

K0

(
wmi,l,j,s(z,ω0)

R0,m
r
)
/K0 (wmi,l,j,s (z, ω0)) ; r > R0,m

, (3.3.7)

where R0,m is the radius9 of core m and umi,l,j,s (z, ω0) and wmi,l,j,s (z, ω0) are random processes
accounting for the classical modal parameters u and w of the LP01 mode in core m and polarization
axis i:

umi,l,j,s (z, ω0) =
(
1 +

√
2
)
Vmi,l,j,s (z, ω0) /

[
1 +

(
4 + V 4

mi,l,j,s (z, ω0)
)1/4]

; (3.3.8)

wmi,l,j,s (z, ω0) =
√
V 2
mi,l,j,s (z, ω0)− u2mi,l,j,s (z, ω0), (3.3.9)

where Vmi,l,j,s (z, ω0) is the random process modeling the normalized frequency Vmi (z, ω0; t):

Vmi,l,j,s (z, ω0) =
ω0

c0
R0,mCF,m

√(
n
(eq)
mi,l,j,s (z, ω0)

)2
− n2cl. (3.3.10)

In the last equation, ncl is the cladding refractive index and CF,m is an auxiliary parameter referred
to as the correction factor of core m, included in Eq. (3.3.10) to calculate the correct value of the
normalized frequency when using the nominal value of R0,m. In real MCFs, the core radius has
longitudinal variations along the fiber length due to manufacturing imperfections. Hence, the
average value of R0,m can be found to be different from the nominal value indicated in the MCF
datasheet. In order to consider these core radius imperfections, the constant CF,m should be
calculated by using the cut-off wavelength of each core (λC,m) as a reference:

CF,m =
2.405λC,m

2πR0,m

√
n2m − n2cl

. (3.3.11)

8Actually, we should use the effective principal refractive indexes neff,mi instead of nmi. However, we approximate
neff,mi ≃ nmi in weakly-guiding SM-MCFs with Vmi ∼ 2 to simplify the calculations. This approximation should
be revisited in the multi-mode regime.

9In elliptical cores, R0,m = (R0,mx +R0,my) /2.
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In our case, the correction factor is found to be CF,m ≃ 0.9 when assuming λC,m = 1410 nm,
R0,m = 4 µm, nm = 1.452 and ncl = 1.444 according to the datasheet of the commercial MCF
Fibercore SM-4C1500(8.0/125). Using Eqs. (3.3.7)-(3.3.11) it is straightforward to verify that
∂zFmi ≃ ∂2zFmi ≃ 0 in δz ∼ λm for usual average values of fT and RB in laboratory MCF
transmissions [45–55], in line with our initial assumptions indicated before in Eq. (3.2.20).

An additional fundamental remark should be made from Fig. 3.3. As mentioned before, the local
orientation of the principal axes fluctuates between adjacent birefringent segments. In particular,
this is modeled through the longitudinal dependence of the first-order susceptibility tensor χ(1)

ij .
The diagonal terms are modified when varying n(eq)

mi , and the off-diagonal terms are given by the
σ function [Eq. (3.2.19)], which can be calculated in a given core m as [165]:

σm (r, ω0; t) = πR0,mfT (z; t)n4m |p11 − p12| , (3.3.12)

where p11 and p12 are components of the photo-elastic tensor (p12−p11 = 0.149 [163]). As a result,
the orientation of the principal axes of each birefringent segment is changed as a consequence
of the longitudinal fluctuations of the twist rate. For short MCF distances, a low variance of
the fT distribution seems to be sufficiently accurate to describe the MCF birefringence, as it is
experimentally demonstrated in Section 3.5. Nonetheless, when large MCF distances of several
kilometers are involved, the orientation of the principal axes should be adequately randomized by
increasing the variance of the fT distribution to include the intrinsic circular birefringence of each
core, or combining this approach with additional strategies such as the phase plates [155,166,167].
In this fashion, the computational time may also be reduced by inserting phase plates between
birefringent segments and reducing the variance of the fT distribution.

In addition, in order to reduce the computational time of the numerical simulations in step-index
MCFs, the MCCs of Eq. (3.2.42) can also be calculated by combining the closed-form expressions
of Chapter 2 [Eqs. (2.2.15) and (2.2.16)] and the ERIM. Thus, the next random processes can be
employed in each l-th birefringent segment, j-th BTC and s-th iteration to calculate the MCCs
(we omit the independent variables due to space restrictions):

max,ay,l,j,s ≃
π

2
k0 |p11 − p12| fT,l,sR0,a

n4a

n
(eq)
ax,l,j,s

; (3.3.13)

κax,bx,l,j,s ≃ 2k0

(
n
(eq)
ax,l,j,s − ncl

)
J0 (uax,l,j,s) J1 (uax,l,j,s)

uax,l,j,s [J2
0 (uax,l,j,s) + J2

1 (uax,l,j,s)]

K0 (wbx,l,j,sdab/R0,b)

K0 (wbx,l,j,s)
; (3.3.14)

q
(1)
ax,l,j,s ≃ g

(1)
ax,ay,l,j,s ≃

1

8
k0

γH2
ax,l,j,s

R2
0,an

(eq)
ax,l,j,s

[
1− exp

(
−4R2

0,a/H
2
ax,l,j,s

)]
J2
0 (uax,l,j,s) [J

2
0 (uax,l,j,s) + J2

1 (uax,l,j,s)]
, (3.3.15)

with Hax,l,j,s = R0,a(0.65+1.619V
−3/2
ax,l,j,s+2.879V −6

ax,l,j,s) and γ = 1.5 ·10−22 m2/V2 in silica fibers.
Finally, it should be taken into account that the Kerr effect could also be modeled in ϕmi as a

modal perturbation of the LP01 mode by including the nonlinear changes of the material refractive
index in n

(eq)
mi . Nonetheless, this approach could increase the computational time of the CLMT,

since the nonlinear changes of the refractive index depend on the absolute square of the complex
envelopes. It is a less time-consuming approach to model the nonlinear effects only by the nonlinear
MCCs.

3.4 Numerical simulations
In this section, we study the impact of the temporal and longitudinal MCF birefringent effects on
the mean of the iC-XT, DIC-XT and XIC-XT. The numerical analysis of the crosstalk between
the PCMs was performed in line with the MCF simulation model detailed in the previous section.
Two different 150-m homogeneous 2-core MCFs comprising LB and HB cores were considered in
the numerical simulations, as depicted in Fig. 3.4. The number of simulated segments and the
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temporal average value of ∆nm,j is indicated in Table 3.1 by the parameter ⟨∆nm,j⟩ for each core
m ∈ {a, b}.10 In order to compare the simulation results with the experimental measurements of
the next section, we have considered a BTC unit of one day and we have assumed the cores a and
b with different ⟨∆nm,j⟩ and a different number of segments in the LB-MCF case. Furthermore, as
we will also verify experimentally, the higher the value of ⟨∆nm,j⟩ in a given core m, the lower the
number of segments Nm that should be considered. Additional MCF parameters were employed:
dab = 36 µm, dcl = 125 µm, R0,a = R0,b = 4 µm, na = nb = 1.452, ncl = 1.444, θ0 = 0 and
λ0 = 2πc0/ω0 = 1550 nm. In an HB-core m with elliptical shape, R0,m is the average value of the
minor and major axis dimensions, nmx = nm − 0.5 ⟨∆nm,j⟩ and nmy = nm + 0.5 ⟨∆nm,j⟩.

Figure 3.4. Schematic cross-sectional area of the simulated MCFs: (a) lowly-birefringent (LB) cores and
(b) highly-birefringent (HB) cores [131].

Table 3.1. Number of birefringent segments (Nm) and longitudinal and temporal average value of the
intrinsic linear birefringence (⟨∆nm,j⟩) of each core [131].

Figure 3.5 shows the simulation results of the iC-XT, DIC-XT and XIC-XT mean between
the PCMs of the LB-MCF when varying ∆na,j and ∆nb,j throughout a 10 BTCs, that is, in a
10-day period (j ∈ {1, . . . , 10}). According to Chapter 2, the crosstalk mean from a PCM ξ to
a PCM ν is defined as µν,ξ (t) := E [Pν (z = L; t) /Pξ (z = L; t)], where L is the MCF length and
(ν, ξ) ∈ {ax, ay, bx, by}2. The Monte Carlo method was performed over 100 iterations (S = 100)
considering a constant bending radius of RB = 100 cm. In addition, two different twist rate
Gaussian distributions of fT = N(0.05, 0.02) and fT = N(1, 0.02) turns/m were simulated along
the MCF length (i.e., the random variable fT,l,s is calculated from these distributions in each l-th
birefringent segment and s-th iteration). The simulation results are shown in Figs. 3.5(a1)-(c1) and
Figs. 3.5(a2)-(c2) for each twist rate distribution, respectively (we denote the average value of the
twist rate as fT). The temporal evolution of ∆na,j and ∆nb,j (the longitudinal average value of
the intrinsic linear birefringence of each core the j-th day) is assumed as a Gaussian distribution
with mean ⟨∆nm,j⟩ and variance 10−7 [see Figs. 3.5(a1) and (a2)]. Note that we have considered
a similar temporal evolution of ∆na,j and ∆nb,j , in line with the experimental results of the next
section.

10In this section, we will omit the dependence of the fiber parameters with ω0 for the sake of simplicity.
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As seen from Figs. 3.5(a1) and (a2), the higher the value of ∆nm,j , the lower the iC-XT mean
observed in a given core m. The main reason for this comes from the higher phase-mismatching
between the intra-core PCMs LP01,mx and LP01,my. If ∆nm,j increases, the phase-mismatching
between both orthogonal polarizations increases reducing the iC-XT mean. Furthermore, increas-
ing the value of fT from 0.05 to 1 turns/m, the iC-XT mean is also increased in both cores due to
the increment of the circular birefringence, as it is observed when comparing the iC-XT levels in
Figs. 3.5(b1) and (b2). In this second case, as the global birefringence (linear+circular) increases
and prevails over the temporal fluctuation of ∆nm,j (∼ 10−7), the temporal fluctuation of the
iC-XT mean decreases. This is confirmed in Fig. 3.5(b2) with a minimal excursion of 2 dB in the
iC-XT mean.

On the other hand, as depicted in Figs. 3.5(c1) and (c2), the XIC-XT mean presents the same
temporal evolution as the iC-XT mean. This indicates that the XIC-XT is mainly generated by
the intra-core mode-coupling, as it was pointed out before. It should be noted the XIC-XT mean
is lower than the DIC-XT mean when the iC-XT mean of both cores is lower than 0 dB. However,
increasing fT from 0.05 to 1 turns/m, the iC-XT mean increases higher than 0 dB in the core a
the 1st, 3rd,5th, 6th and 8th days. As a result, the XIC-XT mean is higher than the DIC-XT these
days, as shown in Fig. 3.5(c2).

Figure 3.5. Simulation results of the crosstalk behavior between the PCMs in a 150-m 2-core MCF with
lowly-birefringent cores, considering the temporal fluctuation of the linear birefringence of each core with
a twist rate average value of fT = 0.05 and 1 turns/m: (a) Simulated temporal evolution of the linear
birefringence in the cores a and b throughout a 10-day period; (b) intra-core crosstalk ; and (c) direct and
cross inter-core crosstalk. (iC-XT: intra-core crosstalk, IC-XT: inter-core crosstalk) [131].

Figure 3.6 shows the simulated results considering the 150-m HB-MCF of Fig. 3.4(b), with
⟨∆nm,j⟩ = 4 · 10−4 in both cores (see Table 3.1). The crosstalk behavior in the HB-MCF was
also calculated over 100 iterations assuming the same bending and twisting conditions as in the
LB-MCF. Figures 3.6(a1)-(c1) and Figs. 3.6(a2)-(c2) show the simulated results for each twist rate
distribution. It should be noted from Figs. 3.6(a1) and (a2) that we cannot observe a significant
temporal variation of ∆nm,j , since it was assumed to be of the same order of magnitude as that in
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the LB cores (∼ 10−7), much lower than ⟨∆nm,j⟩ = 4 · 10−4 in this case. Therefore, the temporal
evolution of the iC-XT mean was found approximately similar in both cores with a maximal
excursion of 1 dB, approximately. In addition, note that the iC-XT mean is much lower than in
the LB cores due to a higher phase-mismatching between the intra-core PCMs. Increasing fT from
0.05 to 1 turns/m, the iC-XT mean increases from −33 dB to −20 dB, as shown in Figs. 3.6(b1)
and (b2). The XIC-XT is found to be much lower than the DIC-XT for both fT values due to
the low average value and temporal fluctuation of iC-XT in both cores [Figs. 3.6(c1) and (c2)].
Nevertheless, when fT increases from 0.05 to 1 turns/m, the difference between the DIC-XT and
the XIC-XT mean is reduced from 30 to 17 dB due to the increment of the iC-XT mean in both
cores.

Figure 3.6. Simulation results of the crosstalk behavior between the PCMs in a 150-m 2-core MCF with
highly-birefringent cores, considering the temporal fluctuation of the linear birefringence of each core with
a twist rate average value of fT = 0.05 and 1 turns/m: (a) Simulated temporal evolution of the linear
birefringence in the cores a and b throughout a 10-day period; (b) intra-core crosstalk; and (c) direct and
cross inter-core crosstalk. (iC-XT: intra-core crosstalk, IC-XT: inter-core crosstalk) [131].

An additional comment on the results of Figs. 3.5 and 3.6 is in order. It should be noted that,
in a given numerical simulation, the different cases of DIC-XT and XIC-XT have approximately
the same mean. As an example, the XIC-XT mean between the PCMs ax-by is similar to the
XIC-XT mean between the PCMs ay-bx. This is to be expected given that |∆ϕax,by| ≃ |∆ϕay,bx|
when cores with similar ellipticity are involved, as can be verified from the ERIM.

In order to further analyze the longitudinal MCF random perturbations induced by the fiber
bending and twisting conditions, a multi-parameter simulation of the CLMT was performed over
S = 80 Monte Carlo iterations considering a 2-m LB-MCF with cores a and b comprising a single
birefringent segment with ⟨∆na,j⟩ = ⟨∆nb,j⟩ = 10−7. The additional MCF parameters such as the
cores and cladding material refractive index are found to be the same as in the previous examples.
Furthermore, the temporal fluctuation of the linear birefringence was omitted in this simulation.
The numerical results are shown in Fig. 3.7.
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Figure 3.7 depicts the mean of the: iC-XT ay-ax (similar to by-bx when assuming cores with
a linear birefringence of the same order of magnitude), DIC-XT bx-ax and XIC-XT by-ax when
changing the bending and twisting conditions of the fiber. As it can be noted from Fig. 3.7(a), we
cannot observe intra-core mode-coupling between ay-ax with fT = 0 in only 2 m of fiber length.
Macrobending increases the phase-mismatching between the PCMs ax and ay without inducing
iC-XT due to the photo-elastic effect [164]. As a result, significant XIC-XT cannot be observed for
short MCF lengths when fT → 0, as in the case of Fig. 3.7(c). Nevertheless, an average level of DIC-
XT between −100 and −50 dB can be seen from Fig. 3.7(b) in non-twisting conditions depending
on the bending radius. In addition, the higher the twist rate and the bending radius, the higher the
iC-XT, DIC-XT and XIC-XT mean due to the reduction of the phase-mismatching between the
different PCMs. Note that the mean of the DIC-XT and XIC-XT is balanced when the iC-XT mean
reaches the value of 0 dB in Fig. 3.7(a). Therefore, MCF twisting can be proposed as a potential
strategy for birefringence management to balance the inter-core crosstalk between the different
PCMs for short MCF distances. For MCF distances of several kilometers, the iC-XT mean will
be increased due to the circular birefringence induced by fiber manufacturing imperfections. This
intrinsic circular birefringence may be simulated by increasing the variance of the fT distribution
or by inserting phase plates between birefringent segments [167], as commented before.

Figure 3.7. Multi-parameter simulation of the crosstalk between PCMs varying the bending radius (RB)
and twist rate (fT) parameters in a 2-m homogeneous 2-core MCF with LB cores. (a) intra-core crosstalk
mean ay-ax, (b) direct inter-core crosstalk mean bx-ax, and (c) cross inter-core crosstalk mean by-ax [131].

Finally, we analyze the crosstalk behavior between the PCMs when operating in the nonlinear
regime. To this end, we simulated a 2-core LB-MCF with parameters: L = 5m, fT = 0.08 turns/m,
RB = 100 cm, Nm = 2, S = 80 and a constant linear birefringence of ⟨∆nm,j⟩ = ∆nm,j = 10−7 in
each core a and b. The additional MCF parameters are found to be the same as in the previous
examples. The power launch level injected into the PCM ax was increased from 0 to 140 dBm.
The behavior of the mean of the iC-XT (ay-ax), DIC-XT (bx-ax) and XIC-XT (by-ax) is shown
in Fig. 3.8.

It should be noted from Fig. 3.8(a) that the iC-XT mean remains almost unchanged for a power
launch level PL = Pax(z = 0) lower than 140 dBm. In contrast, considering a hypothetical condition
of PL > 140 dBm (omitting the SBS and silica fiber burning effects), the iC-XT mean increases due
to the additional birefringence induced by the nonlinear polarization. Moreover, the mean of the
DIC-XT and XIC-XT is reduced as PL increases due to the additional phase-mismatching induced
by the Kerr effect between the PCMs, as was extensively discussed in Chapter 2. However, an
additional consideration can be pointed out from these results. The difference between the DIC-XT
and XIC-XT mean is constant when the nonlinear birefringence can be neglected, specifically when
PL < 140 dBm [Fig. 3.8(a)]. Nevertheless, considering higher power launch levels, the nonlinear
fiber birefringence increases the iC-XT mean (as commented above) and, therefore, the difference
between the DIC-XT and XIC-XT mean is reduced from 5 to 2.6 dB [Fig. 3.8(b)].11

11These unrealistic power launch levels have been simulated only for the academic value of the conclusions.
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Figure 3.8. Numerical results of the nonlinear crosstalk as a function of the optical power injected into
the PCM ax in a homogeneous 5-m 2-core LB-MCF: (a) nonlinear iC-XT mean between ay-ax, and (b)
nonlinear DIC-XT and XIC-XT mean between bx-ax and by-ax [131].

3.5 Experimental measurements
The experimental work is focused on the analysis of the temporal MCF perturbations, specifically,
floor vibrations induced by human activity and environmental temperature excursions.12 Floor
vibrations modify the value of the bending radius and twist rate along the fiber length, and an
environmental temperature fluctuation may induce changes in the intrinsic linear birefringence
of each core. In this section, we study experimentally the impact of such perturbations on the
crosstalk between the PCMs. In addition, we validate the theoretical analysis of previous sections.

3.5.1 Floor vibrations
Floor vibrations induced by human activity inside a room emerge from walking and machinery.
This kind of vibrations may involve frequencies ranging from few Hz to several KHz [168]. Despite
the fact that these floor vibrations are usually not perceptible for humans, the crosstalk is extremely
sensitive to this temporal perturbation of the optical medium, especially when the MCF is without
the inner and external coating. In such circumstances, the bending radius and twist rate of the
MCF vary in time and along the fiber length due to these vibrations. As a result, we can observe
a random behavior of the crosstalk in the space and time domain.

Remarkably, we will demonstrate here that, with constant temperature conditions, the temporal
IC-XT distribution observed at the MCF output is found to be the same as its spatial distribution,
measured in Chapter 2 using the wavelength sweeping method. The reason was pointed out before.
Both measurement techniques are in complete analogy with a Monte Carlo simulation where each
iteration obtains a random sample of the random process ϕ(eq)

mi in each PCM. In the time domain,
the floor vibrations restart the random process ϕ(eq)

mi by modifying temporally the value of RB,l

and fT,l in each l-th birefringent segment, i.e., each temporal change of these parameters is similar
to a Monte Carlo iteration. In the space domain, each spectral sample of the wavelength sweeping
method modifies the value of the optical carrier restarting the random process ϕ(eq)

mi , i.e., each
change of λ0 corresponds to a Monte Carlo iteration. If the temperature conditions are invariant
and the frequency of the floor vibrations is approximately constant, the distribution of ϕ(eq)

mi and
the IC-XT are found to be the same in z and t. In this scenario, the statistical analysis of the IC-XT
can be restricted to the space domain and the main results of Chapter 2 can be extrapolated to
study the temporal distribution of the IC-XT.

To illustrate this, we omit the polarization effects in this subsection for simplicity and we mea-
sure the temporal variations of the IC-XT from core 3 to core 1 of the Fibercore SM-4C1500(8.0/125)

12There are temporal perturbations of our system (transmitter+MCF+receiver), such as polarization fluctuations
of the laser, which cannot be considered MCF perturbations, but can modify the statistical parameters of the IC-XT.
Concretely, the impact of the polarization fluctuations of the laser on the IC-XT has been studied in [130].
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at z = L = 150 m during 16 hours with quasi-constant temperature conditions in the laboratory
room (T ∼ 24.5 ºC, maximal excursion of 0.5 ºC). The experimental set-up is found to be exactly
the same as in Fig. 2.9(a), but using a constant optical carrier of λ0 = 1550 nm. Figure 3.9(a)
shows the temporal evolution of the linear and nonlinear IC-XT. We can note that the nonlinear
IC-XT is found to be much lower than the linear IC-XT due to the additional phase-mismatching
induced by the Kerr effect between the LP01 mode of cores 1 and 3, in line with our observations in
Chapter 2. Next, we compare the p.d.f. measured from the temporal evolution of the IC-XT and
the p.d.f. measured using the wavelength sweeping method between 1550 and 1580 nm [Figs. 3.9(b)
and (c)]. As expected, we obtain the same p.d.f. from both measurement techniques (t-method and
λ-method) verifying that the temporal perturbations induced by the floor vibrations do not change
the spatial distribution of the IC-XT. Nonetheless, these conclusions could be found different in
real deployed MCF systems where RB and fT cannot be regarded as strict-sense stationary random
processes in z and t. Additional experimental work is required to improve our understanding about
this question.

Figure 3.9. (a) Measured temporal evolution of the IC-XT induced by core 3 in core 1 at z = 150 m
of the commercial MCF Fibercore SM-4C1500(8.0/125) considering different optical power launch (PL)
levels in core 3. The rapidly-varying temporal excursions of the IC-XT are found to be faster than 1 ms.
Probability density function (p.d.f.) of the IC-XT in the (b) linear and (c) nonlinear regime estimated
from the temporal profile (t-method) and from the wavelength sweeping method (λ-method).13

13It can be noted that the p.d.f. of the linear IC-XT [Fig. 3.9(b)] presents a non-zero value at the origin of the
crosstalk-axis. The reason can be found in the temporal evolution of the linear IC-XT between the fourth and
fifth hours [see Fig. 3.9(a), blue line]. In this time interval, the IC-XT reached an experimental value lower than
the minimum detectable power of the photodiode of the power meter (around −100 dBm). Since the same event
took place when measuring the p.d.f. of the linear IC-XT by using the λ-method, both p.d.f.’s were found to be
in excellent agreement in Fig. 3.9(b). Along this line, it should be remarked that the impact of this zero-crosstalk
interval observed in Fig. 3.9(a) was irrelevant to estimate experimentally the crosstalk distribution in the linear
regime. The decorrelation time (half-width at 1/e of the autocorrelation function of the IC-XT) was found to be
much higher (around 11 hours) than this zero-crosstalk interval.
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3.5.2 Temperature fluctuation
Environmental temperature fluctuation induces changes in the linear birefringence of each core
(see below). In such conditions, the crosstalk becomes a non-stationary random process in the
time variable. For this reason, we introduced in the numerical model the concept of the BTC unit:
the time scale over which the linear birefringence of the MCF and the crosstalk mean between the
PCMs can be assumed time-invariant functions. Therefore, our goal is to investigate the BTC unit
and analyze the impact of the temperature fluctuations on the crosstalk mean between the PCMs,
a fundamental problem so far unexplored in the literature.

Laboratory set-up. A tunable continuous-wave14 external cavity laser (CW-ECL) at 1550 nm
with a linewidth of 50 kHz was used along with two polarization controllers (PC1 and PC2). The
first polarization controller (PC1) was employed to align the polarization axes of the ECL and
the polarization beam splitter (PBS) in a back-to-back (B2B) connection, as detailed in Fig. 3.10.
A polarization analyzer (Optellios PS2300) was used to verify that the output light of the PC1
was linearly polarized along the x-axis by maximizing the upper branch of the PBS in the B2B
connection. The second polarization controller (PC2) was inserted to modify the polarization
launched into a given core of the MCF. The additional EDFA followed by a variable optical
attenuator (VOA) was employed only for the nonlinear crosstalk analysis between the PCMs. A 3D
fan in/fan-out device with 2.2 dB insertion losses was employed in order to inject and extract the
optical power launched into a 150-m homogeneous 4-core MCF [Fibercore SM 4C1500(8.0/125)]
spooled on a reel inside a methacrylate box with an average value of the bending radius and twist
rate of 100 cm and 1 turns/m, respectively. In addition, the laboratory room was isolated and the
air cushions were inflated in our active optical table to minimize the floor vibrations induced by
human activity.

The crosstalk behavior between the PCMs of cores 1 and 3 was analyzed in the linear and
nonlinear regime by injecting into a given PCM an optical power launch level of 0 dBm and
6 dBm, respectively. In the nonlinear regime, the EDFA gain was maximized in order to reduce
the crosstalk averaging due to ASE noise, as recommended in [142], and the power launch was
controlled by the VOA. The optical power of the two PCMs (LP01,mx and LP01,my) of a given
core m (with m ∈ {1, 3}) was separated with the PBS and measured with a power meter compris-
ing two different channels (Thorlabs PM320E).

Figure 3.10. Experimental set-up for the intra- and inter-core crosstalk evaluation between the PCMs of
cores 1 and 3 of a 4-core MCF [Fibercore SM-4C1500(8.0/125)], considering the temporal fluctuations of
the linear birefringence induced by temperature excursions of the laboratory room [131].

14We employed a continuous-wave source with a reduced linewidth to minimize the impact of the dispersive effects
of the propagated optical signal on the temporal dependence of the crosstalk [158].
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Measurement method. The mean of the linear and nonlinear iC-XT, DIC-XT and XIC-XT
between the PCMs of cores 1 and 3 was estimated by using the wavelength sweeping method from
1540 to 1590 nm with 5 pm step. The ECL was previously tested to confirm that the polarization
remains unchanged when sweeping the laser wavelength. Interestingly, it should be noted that the
wavelength sweeping method can also be used to estimate the value of the linear birefringence and
the first-order polarization-mode dispersion (PMD) of each core, as detailed in [169]. Here, we will
focus on the analysis of linear birefringence. The first-order PMD will be discussed in Appendix
D3 (see page 94).

It was experimentally verified that the linear birefringence of each core (∆nm,j) remained
unchanged during more than 10 hours. As a result, we selected a BTC unit of one day and we
performed measurements during several consecutive days in different months (see Fig. 3.11).

Results. Figure 3.11 shows the temporal fluctuation of the average temperature in the laboratory
room, the temporal fluctuation of the linear birefringence (∆nm,j) in cores 1 and 3, and its impact
on the crosstalk mean between the PCMs. Specifically, we measured six consecutive days in October
2015, four consecutive days in January 2016, and five consecutive days in March 2016.

As shown in Fig. 3.11(a), the higher the average temperature is, the higher the intrinsic linear
birefringence measured in each core. In particular, cores 1 and 3 have a different temporal average
value of the linear birefringence, estimated in ⟨∆n1,j⟩ = 4.9 · 10−7 and ⟨∆n3,j⟩ = 1.2 · 10−6,
respectively. It can be noted that the temporal average value of the linear birefringence is found
to be approximately constant in each core the three measured months because of the average
temperature is similar (∼ 25 ºC). Moreover, although ⟨∆n1,j⟩ ̸= ⟨∆n3,j⟩, the temporal evolution
of the linear birefringence presents a similar shape in both cores, in line with our assumptions in
Section 3.4. This point is a fundamental difference between an MCF and an SCF bundle. In an SCF
bundle, in general, the linear birefringence of each fiber may have a different temporal evolution [21]
and, therefore, the compensation of the PMD should be performed by using individual digital signal
processing in each fiber.

Furthermore, as depicted in Figs. 3.11(b) and (c), the higher the linear birefringence in a given
core, the lower the mean of the iC-XT. In this scenario, it should be noted that the iC-XT in
core 3 is lower than in core 1 due to a higher phase-mismatching between orthogonal polarizations.
In line with the simulations of Section 3.4, the iC-XT mean has a lower temporal fluctuation in
the more birefringent core (i.e. core 3) given that ⟨∆n3,j⟩ ∼ 10−6 is much higher than the order
of its temporal fluctuation, around 10−7. Along these lines, we can also observe from Figs. 3.11(d)
that the temporal evolution of the XIC-XT mean presents the same behavior as the iC-XT mean,
indicating that the XIC-XT depends directly on the iC-XT of both cores. As a result, the DIC-XT
is higher than the XIC-XT when the iC-XT is lower than 0 dB in both cores, as it was observed the
3rd and 4th days (October 2015), the 7th day (January 2016), and the 13th and 14th days (March
2016). In addition, note that the experimental measurements fit correctly with the numerical
simulation of the CLMT when using the ERIM with the parameters indicated in Table 3.1 for the
LB-MCF with N1 ≡ Na = 8, N3 ≡ Nb = 6, ∆n1,j ≡ ∆na,j and ∆n3,j ≡ ∆nb,j . Therefore, we
conclude that the more birefringent a given core is, the lower the number of segments that should
be assumed to simulate the crosstalk by using the CLMT, as commented before.

On the other hand, the nonlinear crosstalk between the PCMs 1y-1x, 3y-3x, 3x-1x and 3y-1x
was also measured the 5th, 6th and 15th days with a power level of 6 dBm launched into the
corresponding PCM, taking into account the insertion losses of 2.2 dB of the 3D fan-in device.
As it was previously observed in Section 3.4, the iC-XT mean has the same value in the nonlinear
regime taking into account that the nonlinear birefringence can be neglected for realistic optical
power launch levels lower than 40 dBm. In addition, the DIC-XT and XIC-XT mean is reduced
around 1 dB keeping constant the difference between both inter-core crosstalk types as a direct
consequence of the constant behavior of the iC-XT mean in the nonlinear regime.
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Figure 3.11. Experimental results of the temporal evolution of the linear birefringence over different days
and months of a 150 m 4-core MCF, and corresponding intra- and inter-core crosstalk mean between
cores 1 and 3. A power launch level of PL = 0 dBm was used in the linear regime (NL: nonlinear regime
with PL = 6 dBm). (a) Average temperature of the laboratory room, (b) linear birefringence ∆nm,j of
cores 1 and 3, (c) intra-core crosstalk 1x-1y and 3x-3y, and (d) direct- and cross-inter-core crosstalk 1i-3j
with (i, j) ∈ {x, y}2 [131].
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Moreover, although the crosstalk analysis between the PCMs is restricted only to cores 1 and 3,
the linear birefringence ∆nm,j was also measured in cores 2 and 4 (see Appendix D3). Specifically,
we found that ⟨∆n2,j⟩ ≃ ⟨∆n4,j⟩ ≃ 7 ·10−7. In such a scenario, we also analyzed the average value
of the iC-XT mean of each core as a function of ⟨∆nm,j⟩. Figure 3.12 shows the simulated results
of the iC-XT mean evolution when increasing the value of ⟨∆nm,j⟩ in a given core m considering
80 Monte Carlo iterations and the same fiber parameters as the simulation of the 2-core LB-MCF
depicted in Fig. 3.5. The bending radius and twist rate were assumed with the same value as in the
experimental set-up, with RB = 100 cm and fT = 1 turns/m, neglecting the random fluctuations of
these parameters taking into account that δzRB ≃ δzfT ≃ 0 (see the definition of the linear operator
δz on page 24). It can be noted that the iC-XT mean is reduced when ⟨∆nm,j⟩ increases inducing
a higher phase-mismatching between orthogonal polarizations. Furthermore, it was confirmed that
the simulated results are in good agreement with the experimental measurements of each core,
validating the theoretical analysis reported in previous sections.

Figure 3.12. Experimental measurements and simulated results of the evolution of the intra-core crosstalk
(iC-XT) mean with the longitudinal and temporal average value of the intrinsic linear birefringence
⟨∆nm,j⟩. Solid points: measured data of cores 1, 2, 3, 4 of the 4-core MCF employed in the experi-
mental work. Dashed line: simulation results using the CLMT [131].

The experimental analysis reported in this section addresses a non-real deployed MCF system
with quasi-constant bending and twisting conditions. For real deployed MCF systems, the results
presented herein should be revisited by considering higher fiber distances and a random bending
radius and twist rate along the fiber length. Likewise, the PMD and the dispersive effects of
the optical medium should also be investigated in this scenario. To this end, the CLMT will be
extended to the non-monochromatic regime in the next chapter.

3.6 Conclusions
In this chapter, we have reported the theoretical and experimental analysis of the intra- and
inter-core crosstalk behavior in SM-MCF by including the temporal and longitudinal birefrin-
gence perturbations of the optical medium. In order to propose an accurate analytical model with
a lower computational time than numerical simulations of Maxwell’s equations based on FDTD
(Finite-Difference Time-Domain) calculations, the coupled local-mode theory (CLMT) was derived
from Maxwell’s equations by using perturbation theory. As a result, both temporal and
longitudinal MCF birefringence perturbations were included with a rigorous formalism in the phase
functions and mode-coupling coefficients (MCCs) of the polarized core modes (PCMs). The
theoretical analysis shows that the MCC modeling the cross inter-core crosstalk (XIC-XT) can be
neglected, which indicates that the XIC-XT depends directly on the intra-core crosstalk (iC-XT)
mean observed in the cores of the MCF, as it was verified numerically and experimentally.

In addition, the simulation model of the CLMT was proposed by using the equivalent refractive
index model (ERIM) of Chapter 2, which was completed by including polarization effects and the
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time-varying fiber perturbations. Our numerical simulations, comprising lowly-birefringent and
highly-birefringent cores, indicate that the higher is the linear birefringence in a given core, the
lower is the value and the temporal fluctuation of the iC-XT mean. Furthermore, the XIC-XT mean
follows the same temporal evolution as the iC-XT mean, which indicates that the XIC-XT is mainly
generated due to intra-core mode-coupling effects. As a result, the XIC-XT mean is lower than the
direct inter-core crosstalk (DIC-XT) mean when the iC-XT mean of both cores is found to be lower
than 0 dB. Both DIC-XT and XIC-XT are balanced when the iC-XT mean reaches the value of 0
dB in each core. Hence, MCF twisting was proposed as a birefringence management strategy in
short MCF distances to balance the DIC-XT and XIC-XT. However, when higher MCF distances
of several kilometers are considered, the iC-XT mean increases reducing the difference between the
mean of the DIC-XT and XIC-XT. In nonlinear regime, it was observed that the nonlinear iC-XT
mean remains unchanged when the power level launched into a given PCM increases (assuming
realistic values lower than 40 dBm). In contrast, the DIC-XT and XIC-XT mean is reduced
showing a similar evolution. Outstandingly, these results can be used to design highly-birefringent
MCFs with a random orientation of the principal axes of each core to reduce the mode-coupling
between the PCMs of the fiber. This concept is similar to the crosstalk behavior in disordered
MCFs, exhibiting transverse Anderson localization [93].

For completeness, extensive experimental measurements were performed using a homogeneous
4-core MCF with constant and time-varying temperature conditions. In the former case, we demon-
strated that the spatial and temporal IC-XT random fluctuations have identical distributions when
the temporal perturbations are only induced by slight floor vibrations. In the latter case, we demon-
strated that environmental temperature fluctuation induces changes in the linear birefringence of
each core modifying the mean and variance of the iC-XT and IC-XT distributions. Specifically,
we performed experimental measurements in several consecutive days of three different months.
Our experimental results pointed out that the linear birefringence of each cores is found to be
approximately constant during more than 10 hours. In addition, we observed that, in contrast to
a fiber bundle, the temporal evolution of the linear birefringence is found to be similar in different
cores of our MCF.

Along these lines, it should be remarked that the time scale over which the linear birefringence
of the MCF can be assumed to be constant [i.e. the birefringence temporal change (BTC) unit] is
difficult to estimate theoretically. Note that the time-varying temperature conditions will mainly
depend on the geographic region. The experimental work of this chapter was performed in Valencia
(Spain). In particular, this geographic region presents a reduced temperature contrast between
day and night. In this way, we observed constant birefringent conditions in a long time interval.
Thus, we cannot extrapolate these experimental results as general conclusions to any real deployed
MCF scenario. In our personal opinion, the analysis of the crosstalk temporal distribution requires
additional experimental work in different geographic regions with diverse climatic conditions.
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Appendix A3: Notes on the coupled-wave equations
In this appendix, we discuss several fundamental aspects on the nonlinear coupled-wave equations
derived in Subsection (3.2.2). Firstly, we will discuss the omission of the term ∇(∇· (P(1)+P(3)))
in the nonlinear fiber wave equation [Eq. (3.2.7)] and, secondly, we will take a closer look at the
constitutive relations Eq. (3.2.11) and (3.2.12).

A3.1 Analysis of the term ∇(∇ · (P (1) +P (3)))

The exact nonlinear wave equation of an SCF or an MCF reads as follows:(
△− 1

c20
∂2t

)
E (r, t) = µ0∂

2
tP

(1) (r, t) + µ0∂
2
tP

(3) (r, t)− 1

ε0
∇
(
∇ ·
(
P(1) +P(3)

))
, (A3.1)

where E, P(1) and P(3) are respectively the electric field strength, and the linear and nonlinear
polarizations of the fiber. In the photonics literature, the approximation ∇(∇ · (P(1) +P(3))) ≃ 0
is usually performed without including any mathematical proof or numerical verification [139,150,
159–161].

Here, we will discuss if the source ε−1
0 ∇(∇ · (P(1) + P(3))) can be neglected in the RHS of

the above equation when considering optical fibers with a lowly-birefringent (LB) or a highly-
birefringent (HB) design. In the following, we will first discuss the linear term ε−1

0 ∇(∇ ·P(1)) for
the LB and HB cases and next, we will analyze the nonlinear term ε−1

0 ∇(∇ ·P(3)).

Linear polarization (LB case)

In an isotropic step-index fiber, the constitutive relation between E and P(1) can be written in
a given dielectric region (cores or cladding) as P(1) (r, t) = ε0χ

(1)E (r, t), with the first-order
electric susceptibility being a scalar and omitting the temporally dispersive effects for simplicity.
In such circumstances, the fields E and P(1) are parallel and ∇ · P(1) = 0 as can be deduced
from the Gauss’s law ∇ ·D = 0. In isotropic gradual-index fibers, P(1) (r, t) = ε0χ

(1) (r)E (r, t)

and ∇ ·P(1) ̸= 0. However, we can safely assume slowly-varying radial variations of χ(1), that is,
δrχ

(1) ≪ χ(1) in δr ∼ λ and δrχ
(1) :=

∣∣χ(1)(r)− χ(1)(r + δr)
∣∣. In this vein, we can approximate

∇ ·P(1) ≃ 0 in δr ∼ λ.
Nonetheless, in real step-index or gradual-index fibers, we should also consider the effect of

the longitudinal fiber perturbations (macrobends, microbends, fiber twisting and manufacturing
imperfections) in the term ∇ · P(1). Specifically, a longitudinal fiber perturbation will induce an
anisotropic response in P(1) due to the photo-elastic effect [164]. Consequently, we should analyze
the impact of this anisotropic response on the term ε−1

0 ∇(∇ ·P(1)) of Eq. (A3.1).
As a first example, consider a step-index LB core with an incident monochromatic electric field

strength E (r, t) = Re {Eω0
(r) exp (jω0t)} with a complex amplitude of the form:15

Eω0 (r) = (aûx + bûy)F (x, y) exp (−jβz) , (A3.2)

and (a, b) ∈ R2. Now, let us assume a given perturbation at z = zP. The complex amplitude of
the linear polarization P (1)

ω0
generated by this perturbation obeys the expression:16

P (1)
ω0

(x, y, zP) = ε0


[
χ
(1)
xx (zP) a+ χ

(1)
xy (zP) b

]
ûx

+
[
χ
(1)
xy (zP) a+ χ

(1)
yy (zP) b

]
ûy

F (x, y) exp (−jβzP) . (A3.3)

It should be remarked that we have only modeled the fiber perturbation in the tensor χ(1)
ij . Here,

we assume that F and β are longitudinal invariant functions to facilitate the analysis.

15We omit the dependence of F and β with ω0 to use a more economical notation.
16Note that χ(1)

xy = χ
(1)
yx as discussed on page 61.
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In particular, we will analyze the anisotropic response induced by the fiber perturbation in two
different ways:

1. From the misalignment angle between P (1)
ω0

and Eω0
, given by the Θ function:

Θ(a, b) :=

∣∣∣∣∣arctan
(
χ
(1)
xy (zP) a+ χ

(1)
yy (zP) b

χ
(1)
xx (zP) a+ χ

(1)
xy (zP) b

)
− arctan

(
b

a

)∣∣∣∣∣ . (A3.4)

We will assume that the fiber perturbation inducing the linear birefringence is a macrobend.17

In this scenario, we will consider that the macrobend modifies only the principal y-axis18 as
χ
(1)
yy (zP) = χ

(1)
xx +∆χ(1) (zP), where ∆χ(1) can be calculated from the ERIM [Eq. (3.3.5)] or

using the birefringent model reported in [165]:19

∆χ(1) (zP) ≃ Cfnco
d2cl
R2

B
, (A3.5)

with Cf ≃ 0.022n3co in silica fibers and nco the material refractive index of the LB core.
Moreover, we will assume that the circular birefringence χ(1)

xy (zP) is induced by an external
constant twist rate fT. Hence, χ(1)

xy (zP) can be calculated from the ERIM as [Eq. (3.3.12)]:

χ(1)
xy (zP) = πR0fTn

4
co |p11 − p12| , (A3.6)

where |p11 − p12| = 0.149 in the case of fused silica.

2. From the ratio of sources
∣∣∣ε−1

0 ∇(∇ ·P(1))
∣∣∣ / ∣∣∣µ0∂

2
tP

(1)
∣∣∣ at z = zP, which can be calculated

by using the complex amplitude P (1)
ω0

as:

R(1) (x, y; zP) :=

∣∣∣ε−1
0 ∇

(
∇ · P (1)

ω0
(x, y, zP)

)∣∣∣∣∣∣µ0ω2
0P

(1)
ω0

(x, y, zP)
∣∣∣ . (A3.7)

In order to verify if ∇(∇ ·P(1)) can be neglected in Eq. (A3.1), it is suitable to analyze a critical
case with a reduced value of RB and a high twist rate, e.g., RB = 1 cm and fT = 5 turns/m. In such
circumstances, taking nco = 1.452, R0 = 4 µm and dcl = 125 µm, we found that ∆χ(1) ≃ 1.5 ·10−5

and χ
(1)
xy ≃ 4.2 · 10−5.

Figure A3.1(a) shows Eq. (A3.4) for different values of a and b. We can observe that the
maximum misalignment angle between P (1)

ω0
and Eω0 is around 2.2 · 10−3 degrees when a or b

are null. In such a case, the ratio R(1) is found to be lower than 2% with
√
x2 + y2 < R0 and

λ0 = 2πc0/ω0 = 1550 nm [see Fig. A3.1(b)].

Linear polarization (HB case)

In the next example, we analyze the HB case. To this end, let us assume an incident monochromatic
electric field strength E (r, t) = Re {Eω0

(r) exp (jω0t)} in a step-index HB core with:

Eω0
(r) = aFx (x, y) exp (−jβxz) ûx + bFy (x, y) exp (−jβyz) ûy, (A3.8)

and (a, b) ∈ R2. For simplicity, let us assume Fx ≃ Fy and βy = βx + ∆β renaming βx ≡ β. In
this way, Eq. (A3.8) is reduced to:

Eω0
(r) ≃ [aûx + b exp (−j∆βz) ûy]F (x, y) exp (−jβz) . (A3.9)

17The contribution of microbends and manufacturing imperfections to the linear birefringence can be omitted if
we consider a bending radius inducing a linear birefringence much higher than 10−7.

18We set the reference system {O; {ûx, ûy , ûz}} in line with the principal axes established by the macrobend.
19Equation (A3.5) is retrieved from Eq. (13) of [165] taking into account that ∆χ(1) (zP) ≃ 2nco∆n (zP) and

assuming to be null the rate of the axis deformation induced by the macrobend (ζ = 0).
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Figure A3.1. Analysis of the term ε−1
0 ∇(∇ ·P(1)) in the nonlinear wave equation [Eq. (A3.1)] considering

lowly-birefringent (LB) and highly-birefringent (HB) cores. LB case: (a) Eq. (A3.4) and (b) Eq. (A3.7).
HB case: (c) Eq. (A3.4) and (d) Eq. (A3.7).

Once again, if we consider a fiber perturbation at z = zP, the complex amplitude of the linear
polarization P (1)

ω0
takes the form:

P (1)
ω0

(x, y, zP) ≃ ε0


[
χ
(1)
xx (zP) a+ χ

(1)
xy (zP) b exp (−j∆βzP)

]
ûx

+
[
χ
(1)
xy (zP) a+ χ

(1)
yy (zP) b exp (−j∆βzP)

]
ûy

F (x, y) exp (−jβzP) .

(A3.10)
Let us assume zP ∼ λ to simplify the numerical calculations. In such a case, exp (−j∆βzP) ≃ 1
and Eq. (A3.10) is reduced to Eq. (A3.3). In this way, we can study the anisotropic response of
the linear polarization in an HB core by using the same expressions as in the LB core [Eqs. (A3.4)
and (A3.7)] but now considering the intrinsic linear birefringence of the HB core, of the order of
∆χ(1) ∼ 10−3. The circular birefringence will be assumed of the same order of magnitude as in
the LB case (χ(1)

xy ≃ 4.2 · 10−5), induced by a twist rate of 5 turns/m.
Figure A3.1(c) depicts Eq. (A3.4) for different values of a and b. Now, the maximum misalign-

ment angle between P (1)
ω0

and Eω0
is found around 2.5 · 10−2 degrees when a = b. In this case,

R(1) is found to be lower than 1.5% with
√
x2 + y2 < R0 and λ0 = 1550 nm [see Fig. A3.1(d)].

In spite of the fact that the maximum value of R(1) is lower than in the LB case, note that its
average value is increased around 0.1% in the HB core. In any case, we finally conclude that the
source ε−1

0 ∇(∇·P(1)) can be neglected in the nonlinear wave equation when LB and HB cores are
involved in the theoretical analysis.
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Nonlinear polarization

In general, the nonlinear effects of an optical fiber have an anisotropic response with the incident
electric field [149]. In order to analyze the impact of their anisotropic nature in the nonlinear
wave equation [Eq. (A3.1)], let us now assume an incident monochromatic electric field strength
E (r, t) = Re {Eω0

(r) exp (jω0t)} in a step-index LB core of the form:20

Eω0 (r) = (aûx + jbûy)F (x, y) exp (−jβz) , (A3.11)

and (a, b) ∈ R2. The optical power launched at z = 0 is found to be PL = C (P)
(
a2 + b2

)
, where:

C (P) :=
1

2ηco

¨
F 2 (x, y) dxdy, (A3.12)

and ηco = η0/nco ≃ 120π/nco. In this case, we will assume that P (1)
ω0

(r) = ε0
(
n2co − 1

)
Eω0 (r),

i.e., ∇·P (1)
ω0

= 0 to analyze only the anisotropic response of the global polarization P = P(1)+P(3)

induced by the nonlinear effects. Concretely, using Eq. (3.2.12), the complex amplitude of P(3)

takes the form:

P (3)
ω0

(r) = ε0γ

[
a

(
a2 +

1

3
b2
)
ûx + jb

(
b2 +

1

3
a2
)
ûy

]
F 3 (x, y) exp (−jβz) , (A3.13)

with γ = 1.5 · 10−22 m2/V2 in the third transmission window. As a result, in a transversal plane
of the fiber the fields E, P(1) and P(3) describe ellipses with the axes aligned with our reference
system {O; {ûx, ûy, ûz}} and with an ellipticity given respectively by the angles:

ΨE = ΨP(1) = arctan

(
b

a

)
; (A3.14)

ΨP(3) = arctan

(
b
(
b2 + 1

3a
2
)

a
(
a2 + 1

3b
2
)) . (A3.15)

Consequently, we can observe that the nonlinear polarization has an anisotropic response given
that, in general, ΨP(3) ̸= ΨE . In this scenario, the complex amplitude P ω0

of P is found to be:

P ω0 (r) = ε0

{
a
[(
n2co − 1

)
+ γF 2 (x, y)

(
a2 + 1

3b
2
)]
ûx

+b
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)
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(
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3a
2
)]
ûy

}
F (x, y) exp (−jβz) . (A3.16)

Thus, the difference between the ellipticity of the ellipses described by E and P is:

∆Ψ(x, y; a, b) =

∣∣∣∣∣arctan
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)∣∣∣∣∣ . (A3.17)

The anisotropic response of the nonlinear effects should be investigated at each (x, y) point of R2

by analyzing ∆Ψ for the specific values of a and b where this function is maximized. In order
to simplify the problem, let us analyze the point (x, y) = (0, 0), where we can expect that the
nonlinear effects are maximized for the LP01 mode group. Therefore, Eq. (A3.17) is reduced to the
function ∆ψ (a, b) := ∆Ψ(0, 0; a, b), with ∆ψ ∈ F

(
R2,R+

)
.

Figure A3.2(a) indicates that ∆ψ = 0 when a = 0 (linear polarization), b = 0 (linear polariza-
tion) or a = b (circular polarization).21 Nevertheless, the nonlinear birefringence is maximized by
taking b = a/2 or a = b/2, which corresponds with an elliptical polarization in the incident electric
field with ΨE = 27º and 63º, respectively. Next, we calculate the value of ∆ψ as a function of PL

20In the nonlinear regime, we only report the LB case for the sake of simplicity. The HB case was also discussed
in our personal study finding the same conclusions as in the LB case.

21Here, we refer to the linear polarization as the linear trajectory described by E in a transversal plane of the
fiber. The context should avoid any confusion with P(1).
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by taking b = a/2. As can be seen from Fig. A3.2(b), the difference of the ellipticity between E and
P reaches its maximum value ∆ψmax ≃ 12º for optical powers higher than 140 dBm. Nonetheless,
considering realistic optical power launch levels lower than 40 dBm, ∆ψ ∼ 10−8 degrees, much
lower than the misalignment angle between E and P(1) in the previous numerical examples.

For completeness, we analyze the ratio of the nonlinear sources:

R(3) (x, y;PL) :=

∣∣∣ε−1
0 ∇

(
∇ · P (3)

ω0
(x, y, z = 0;PL)

)∣∣∣∣∣∣µ0ω2
0P

(3)
ω0

(x, y, z = 0;PL)
∣∣∣ . (A3.18)

We evaluated the above ratio by considering a hypothetical optical power of PL = 140 dBm. In
that case, the maximum value of R(3) was observed near the cladding (

√
x2 + y2 → R0) with

R(3) < 3%. Therefore, for realistic values of PL (≪ 140 dBm), we can safely assume that the term
ε−1
0 ∇(∇ ·P(3)) can be omitted in Eq. (A3.1). In conclusion, in all the analyzed cases, the source
ε−1
0 ∇(∇ · (P(1) +P(3))) can be neglected in the nonlinear wave equation, in line with the classical

assumption usually indicated in the optical fiber literature [139,150,159–161].

Figure A3.2. Analysis of the term ε−1
0 ∇(∇·P(3)) in the nonlinear wave equation [Eq. (A3.1)]. (a) Behavior

of the ∆ψ function with the parameters a and b. (b) Evolution of ∆ψ with the optical power launch level
when b = a/2.

A3.2 Linear and nonlinear constitutive relations P-E
The constitutive relation between the linear polarization P(1) and E in an anisotropic, heteroge-
neous, time-varying and temporally dispersive dielectric medium is given by the expression:

P(1)
i (r, t) = ε0

ˆ ∞

−∞
χ
(1)
ij (r, t, τ) Ej (r, τ)dτ, (A3.19)

where χ
(1)
ij is the first-order electric susceptibility tensor accounting for the linear and circular

birefringence of the MCF in the time domain. Concretely, ε0χ(1)
ij (r, t, τ) is the time-varying impulse

response of the system, i.e., the response of the system at time t for a homogeneous input at time
τ of the form Ej (r, t) = δ (t− τ). If we assume that the temporal birefringence is approximately
constant in δt ∼ ⟨T ⟩ ∼ λmax/c0, with λmax := max {λm}m, the linear and time-varying system
can be regarded as a linear and time-invariant system in a time interval of the order of ⟨T ⟩:

P(1)
i (r, t) ≃ ε0

ˆ
⟨T ⟩

χ
(1)
ij (r, t− τ) Ej (r, τ)dτ. (A3.20)
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Thus, applying a short-time Fourier transform (FT) in a temporal window W (t) defined in a time
interval δt ∼ ⟨T ⟩, Eq. (A3.20) can be expressed in the frequency domain as (we use a tilde to
denote the Fourier-transformed fields):22

P̃(1)
i (r, ω; t) = ε0χ̃

(1)
ij (r, ω; t) Ẽj (r, ω; t) , (A3.21)

where:

χ̃
(1)
ij (r, ω; t) = FT

[
χ
(1)
ij (r, t)

]
: =

ˆ ∞

−∞
χ
(1)
ij (r, τ)W (τ − t) exp (−jωτ) dτ

=

ˆ t+T/2

t−T/2

χ
(1)
ij (r, τ) exp (−jωτ)dτ, (A3.22)

and:

Ẽj (r, ω; t) = FT [Ej (r, t)] = Re {2πEj,ω0
(r; t) δ (ω − ω0)} ; (A3.23)

P̃(1)
i (r, ω; t) = FT

[
P(1)
i (r, t)

]
= Re

{
2πP

(1)
i,ω0

(r; t) δ (ω − ω0)
}
. (A3.24)

At this point, remember that Im
{
χ̃
(1)
ij

}
≃ 0 in silica when the optical carrier is located in the

third transmission window. Therefore, using Eqs. (A3.23) and (A3.24) in Eq. (A3.21), taking into
account that:

χ̃
(1)
ij (r, ω; t) δ (ω − ω0) = χ̃

(1)
ij (r, ω0; t) δ (ω − ω0) , (A3.25)

and renaming χ̃
(1)
ij (r, ω0; t) ≡ χ

(1)
ij (r, ω0; t),23 we finally obtain Eq. (3.2.11). Now, it is obvious

why the dispersive nature of the MCF cannot be observed in the monochromatic regime.
On the other hand, the nonlinear constitutive relation given by Eq. (3.2.12) can be derived from

the constitutive relation between the nonlinear polarization P(3) and E in the time domain:

P(3)
i (r, t) = ε0χ

(3)
ijklEj (r, t) Ek (r, t) El (r, t) . (A3.26)

It can be noted that the nonlinear response of P(3) is assumed instantaneous with E because the
delay response induced by the electronic and nuclear transitions of silica atoms can be omitted
when the incident electric field is a continuous wave [159]. In this context, using Eqs. (3.2.8) and
(3.2.10) along with the intrinsic permutation symmetry of χ(3)

ijkl, we find Eq. (3.2.12).

22We can safely assume that the short-time Fourier transform and the classical Fourier transform share the same
mathematical properties in δt ∼ ⟨T ⟩ given that we have assumed slowly-varying temporal changes of the optical
medium. The same remark applies to Chapter 4.

23Writing χ(1)
ij (r, t) and χ

(1)
ij (r, ω0; t) simultaneously is a sloppy notation. Although it is mathematically wrong

to use the same function χ(1)
ij to describe two different functions, let us relax the notation to employ exclusively the

tilde in the frequency domain.
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Appendix B3: Coupled local-power theory
The numerical estimation of the crosstalk mean between PCMs by using the CLMT requires a
high computational time. In such circumstances, it is natural to ask if we can derive a closed-form
expression to estimate the crosstalk mean between two given PCMs of the MCF. The answer
requires to investigate previously a set of coupled equations in terms of the average power of the
local modes by using a first-order solution of the CLMT. Therefore, our first goal is to analyze the
suitability of a first-order solution of Eq. (3.2.42) to estimate the mean of the iC-XT, DIC-XT and
XIC-XT.

To this end, let us consider an SM-2CF with cores a and b, dab > 3R0, and operating in the
linear regime. In such a scenario, the mode-coupling from the PCM k to the PCM i can be modeled
by the following equation when omitting the fiber losses and the interaction with other PCMs:

j∂zAi (z; t) = Υi,k (z, ω0; t) exp (−j∆ϕk,i (z, ω0; t))Ak (z; t) , (B3.1)

where Υi,j is the MCC and (i, k) ∈ {ax, ay, bx, by}2. Equation (B3.1) allows us to describe the
iC-XT, DIC-XT and XIC-XT by replacing Υi,k by the corresponding linear MCC (see Section 3.2.4).
Hence, in a fiber segment located between the points z1 and z2, with |z2 − z1| larger than the
correlation length of the fiber longitudinal perturbations and sufficiently short to assume the MCC
approximately constant along the segment, a first-order solution of Eq. (B3.1) can be written as
Ai (z2; t) ≃ Ti,k (ω0; t)Ak (z1; t), with:

Ti,k (ω0; t) = −j
ˆ z2

z1

Υi,k (ξ, ω0; t) exp (−j∆ϕk,i (ξ, ω0; t))dξ

≃ −jΥi,k (z1, ω0; t)

ˆ z2

z1

exp (−j∆ϕk,i (ξ, ω0; t))dξ. (B3.2)

Unfortunately, Eq. (B3.2) cannot be employed to estimate the iC-XT in LB-MCFs due to the
high mode-coupling between orthogonal PCMs of the same core. In this scenario, the rapid
variations of the iC-XT along the fiber length cannot be estimated from a first-order solution
of Eq. (B3.1). As an example, we show in Fig. B3.1(a) the random longitudinal evolution of the
iC-XT between the PCMs ax-ay along 40 m of the same MCF simulated in Fig. 3.5(b2) for the
second day, with an iC-XT mean of −2.5 dB.

Figure B3.1. (a) Longitudinal evolution of the iC-XT between the PCMs ax-ay calculated from the CLMT.
(b) Numerical estimation of the iC-XT mean at z = 150 m by using a first-order solution of the CLMT.
Each point corresponds to a different Monte Carlo simulation with 100 iterations.

As seen, the use of a first-order solution of the CLMT to describe these rapidly-varying
fluctuations may be inaccurate. This is confirmed in Fig. B3.1(b), where the iC-XT mean of
this example is calculated at z = 150 m by using the same numerical method of Section 3.3
but now applying a first-order estimation of the CLMT [Eq. (B3.2)]. Each birefringent segment is
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divided in several small fiber segments where the first-order solution of the CLMT is applied. We
performed different Monte Carlo simulations of 100 iterations each one varying the total number of
small fiber segments along the MCF length from 1000 to 7000. Each Monte Carlo simulation corre-
sponds to a different point in Fig. B3.1(b). It can be noted that, despite the fact that we use a high
number of segments, the numerical solution does not converge to the expected value of −2.5 dB.
The reason is found in the rapid variations and the high variance of the iC-XT. Consequently, we
cannot investigate a closed-form expression to estimate the iC-XT from a coupled-power theory
which requires to use a first-order solution of the CLMT. In a similar way, Eq. (B3.2) cannot be
employed to estimate the DIC-XT in MCFs with coupled cores due to the high mean and variance
of this crosstalk type.

Nevertheless, the use of Eq. (B3.2) could be an attractive strategy in HB-MCFs with uncoupled
cores. In this scenario, the mean and variance of the iC-XT, DIC-XT and XIC-XT are signifi-
cantly reduced in comparison with the lowly-birefringent and coupled-core cases. In this vein, the
corresponding mean of each crosstalk may be estimated from a first-order solution of the CLMT.
As a byproduct, we can investigate a set of coupled equations in terms of the average power of
the local modes, the so-called coupled local-power theory (CLPT); and later, the corresponding
closed-form expressions to estimate the crosstalk mean between the PCMs can be derived from
the CLPT, which could be of extreme utility to engineer the crosstalk in HB-MCFs comprising
uncoupled cores.

In order to estimate analytically the crosstalk between the PCMs i and k, it would be sufficient
to know the average value of the coupled power. To this end, we introduce here the concept of
local power, defined as the power24 of a local mode, i.e., Pi(k) (z; t) =

∣∣Ai(k) (z; t)
∣∣2. Proceeding in

a similar manner as in Chapter 2 (see page 38), we define the average value of Pi as:

P i (z; t) := ⟨Pi (z; t)⟩ =
1

2LC (z; t)

ˆ z+LC(z;t)

z−LC(z;t)

|Ai (τ ; t)|2 dτ, (B3.3)

where LC (z; t) is the coupling length between the PCMs involved in the theoretical analysis, in
our case, the PCMs i and k. The coupling length is the minimum fiber distance required to
observe the maximum coupled power between both PCMs when a single PCM is excited at the
MCF input and assuming an MCF without perturbations. In such circumstances, this parameter
is found to be constant. However, in real MCFs, LC and P i inherit the longitudinal and temporal
dependence of the medium perturbations. Furthermore, taking into account that in MCFs with
dab > 3R0 the crosstalk variance is much lower than the crosstalk mean (see Chapter 2), we can
safely assume that Pi (z; t) is approximately constant in δz ∼ LC. Thus, in a given z0 point
P i (z0 + δz; t) ≃ Pi (z0 + δz; t) in δz ∼ LC (z0; t). Later, we will use this approximation to derive
the closed-form expression of the crosstalk mean between the PCMs i and k.

Our goal is to derive a partial differential equation modeling the longitudinal evolution of P i.
To this end, we will use a first-order solution of the CLMT by selecting an MCF segment close
to the origin (z1 ≡ 0 and z2 ≡ z) with a length satisfying the same conditions as in Eq. (B3.2).
Hence, this equation can be restated as:

Ti,k (ω0; t) ≃ −jΥi,k (0, ω0; t)

ˆ z

0

fk,i (ξ, ω0; t) exp (−j∆βk,i (ω0) ξ)dξ, (B3.4)

with:
fk,i (z, ω0; t) := exp

(
−j
ˆ z

0

∆β
(B+S)
k,i (ξ, ω0; t) dξ

)
. (B3.5)

Note that fk,i can only be assumed as an ergodic and strict-sense stationary random process in
the z variable in time intervals where the temporal perturbations do not induce changes in its
statistical distribution along the MCF segment. Accordingly, we can write:

24Actually, Pi(k) = C
(P)
i(k)

∣∣Ai(k) (z; t)
∣∣2 where C

(P)
i(k)

is given by Eq. (1.5.12). Nonetheless, we take C
(P)
i(k)

≡ 1 for
simplicity.
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∂zP i (z; t) = ∂z ⟨Pi (z; t)⟩ = ∂z ⟨Ai (z; t)A∗
i (z; t)⟩

= ⟨∂zAi (z; t)A∗
i (z; t) +Ai (z; t) ∂zA∗

i (z; t)⟩
= ⟨−jΥi,k (z, ω0; t) exp (−j∆ϕk,i (z, ω0; t))Ak (z; t)A∗

i (z; t) + c.c.⟩
≃ −jΥi,k (z, ω0; t) exp (−j∆βk,i (ω0) z) ⟨fk,i (z, ω0; t)Ak (z; t)A∗

i (z; t)⟩+ c.c., (B3.6)

with the abbreviation c.c. indicating the complex conjugate terms of the RHS. Now, applying
a first-order solution in Ak (z; t) and A∗

i (z; t) as detailed before, neglecting the terms Υ3
i,k due

to the weak mode-coupling conditions, assuming that fk,i is adequately randomized25 along the
MCF segment, and performing a similar mathematical discussion as in Chapter 2 (see page 40) to
derive the linear power-coupling coefficient, it is tedious but straightforward to demonstrate that
Eq. (B3.6) can be reduced to:26

∂zP i (z; t) = hi,k (z, ω0; t)
[
P k (z; t)− P i (z; t)

]
, (B3.7)

where hi,k is the linear power-coupling coefficient:

hi,k (z, ω0; t) = Υ2
i,k (z, ω0; t)S

(f)
k,i

(
υ =

∆βk,i (ω0)

2π
; t

)
, (B3.8)

with S
(f)
k,i the power spectral density (PSD) of fk,i and υ the spatial frequency.27 It is worthy

to note that, in contrast to the CPT of Chapter 2, the CLPT includes space- and time-varying
power-coupling coefficients.

Outstandingly, the mean of the iC-XT and DIC-XT can be analytically estimated in HB-MCFs
from Eq. (B3.8) taking into account that P i (z = 0; t) = 0, P k (z; t) ≫ P i (z; t), and P k and hi,k
have an average value much higher than their random fluctuations along the MCF length:28

µi,k (ω0; t) = E

[
Pi (z = L; t)

Pk (z = L; t)

]
≃ E

[
P i (z = L; t)

P k (z = L; t)

]
≃ Lhi,k (z = L, ω0; t) . (B3.9)

The iC-XT mean can be calculated as in SCFs, that is, assuming a Gaussian PSD [145]:

S
(f)
k,i (υ; t) =

√
πlk,i (t) exp

[
− (πlk,i (t) υ)

2
]
. (B3.10)

In addition, it is noticeable that the random behavior of the DIC-XT is mainly induced by the
random bending and twisting conditions of the MCF. Thus, in coherence with [31], we calculate
the DIC-XT by using an exponential ACF [145], which corresponds to a Lorentzian PSD:

S
(f)
k,i (υ; t) =

2lk,i (t)

1 + (2πlk,i (t) υ)
2 . (B3.11)

In both cases, lk,i is the correlation length of the random process fk,i, which can also vary in time
due to the temporal perturbations of the medium.

25That is,
⟨
fk,i (z, ω0; t)

⟩
= 1, see the final note at the end of this appendix.

26A similar mathematical discussion of this section can also be found in Chapter 5 of [146] for MM-SCFs operating
in the linear regime and omitting their temporal perturbations, i.e., modeling the optical medium as a linear and
time-invariant (LTI) system.

27The PSD is calculated as S(f)
k,i (υ; t) =

´∞
−∞R

(f)
k,i (z, ω0; t) exp (jυz)dz, where R(f)

k,i is the autocorrelation function

(ACF) defined as R(f)
k,i (z, ω0; t) :=

⟨
fk,i (x, ω0; t) f∗k,i (x+ z, ω0; t)

⟩
. The dependence of the PSD with ω0 is implicit

in the spatial frequency υ ∝ ∆βk,i (ω0).
28Note that we can write P i (z = L; t) from Eq. (B3.7) as P i (z = L; t) =

´ L
0 hi,k (z, ω0; t)

[
Pk (z; t)− P i (z; t)

]
dz.

Moreover, the expectation operator only applies on the z variable.
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However, the XIC-XT cannot be directly estimated from the CLPT because of the linear MCC
modeling the XIC-XT in Eq. (B3.1), i.e.Υi,k ≡ ηi,k, is negligible (see Fig. 3.2). As demonstrated
in this chapter, the XIC-XT depends directly on the iC-XT of the cores propagating the PCMs i
and k. This is not the case for the iC-XT and DIC-XT, which can be roughly estimated from the
MCCs mi,k and κi,k by omitting additional interactions with other PCMs of the fiber. Obviously,
these considerations should be revisited when the estimation of the DIC-XT requires to consider
the mode-coupling with other adjacent cores, e.g., in HB-MCFs with coupled cores.

Specifically, the XIC-XT can be calculated from the DIC-XT and the global IC-XT observed
in both polarizations. As an example, the crosstalk mean between the PCMs ax and by can be
found from the relation:

µax,by (ω0; t) = E

[
Pax (z = L; t)

Pby (z = L; t)

]
= E

[
Pa (z = L; t)− Pay (z = L; t)

Pby (z = L; t)

]
= µa,by (ω0; t)− µay,by (ω0; t) . (B3.12)

The term µa,by is the crosstalk mean observed in both polarizations of the core a when only
the PCM by is stimulated at the MCF input. Thus, µa,by ≡ µa,b, which can be estimated from
Eqs. (2.5.14) or (2.5.15). Furthermore, µay,by can be calculated by combining Eqs. (B3.8), (B3.9)
and (B3.11).

This theoretical model must be completed in future works by estimating the correlation lengths
of the different crosstalk types as a function of MCF parameters such as the material refractive
index of each core, the core-to-core distance, or the average value of the bending radius and twist
rate, among others. In this way, we will be able to engineer the crosstalk in HB-MCFs without
requiring numerical simulations.

Additional note on the derivation of the CLPT

It is important to remark that the derivation of the CLPT requires that fk,i is found to be
adequately randomized along the MCF segment. This implies to assume that ⟨fk,i (z, ω0; t)⟩ = 1,
with the possibility of retaining the deterministic part of ∆β

(B+S)
k,i in the definition of fk,i.

As a result, in contrast to [128], the linear power-coupling coefficient of the CPT of Chapter 2
[Eq. (2.4.12)] and the CLPT [Eq. (B3.8)] can be calculated without the necessity of including the
deterministic part of ∆β(B+S)

k,i along with the ideal phase-mismatching ∆βk,i.
Let us be more specific. In the mathematical derivation of Eq. (B3.7) from Eq. (B3.6), we found

a term of the form:

Im {⟨fk,i (z, ω0; t)⟩ ⟨|A∗
i (0; t)| |Ak (0; t)| exp (j∆φk,i (0; t))⟩} , (B3.13)

where ∆φk,i is the phase of A∗
i (0; t)Ak (0; t). As in [146], we can assume that fk,i (z, ω0; t) and

Ai(k) (0; t) are uncorrelated given that the segment length has been selected higher than lk,i. Hence,
Eq. (B3.13) is reduce to:⟨

|A∗
i (0; t)| |Ak (0; t)| sin

(
∆φk,i (0; t)−

ˆ z

0

∆β
(B+S)
k,i (ξ, ω0; t) dξ

)⟩
. (B3.14)

Now, separating the deterministic (∆B(B+S)
k,i ) and the random part (δβ(B+S)

k,i ) of the MCF pertur-
bations as ∆β

(B+S)
k,i (z, ω0; t) = ∆B

(B+S)
k,i + δβ

(B+S)
k,i (z, ω0; t), Eq. (B3.14) can be rewritten as:⟨

|A∗
i (0; t)| |Ak (0; t)| sin

(
∆φk,i (0; t)−∆B

(B+S)
k,i z −

ˆ z

0

δβ
(B+S)
k,i (ξ, ω0; t)dξ

)⟩
, (B3.15)

which is found to be null when considering that δβ(B+S)
k,i is adequately randomized between 0 and

2π along the MCF segment. Therefore, the condition ⟨fk,i (z, ω0; t)⟩ = 1 does not require to impose
that ∆B

(B+S)
k,i = 0 in Eq. (B3.5) to derive the CLPT.
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Appendix C3: Twisting-induced core bending effects
Let us consider a straight 4-core MCF (RB = ∞) with a constant twist rate fT. As can be seen
from Fig. C3.1, a non-central core (e.g. core a) has an intrinsic bending radius (RBT,a) induced
by the MCF twisting. Specifically, RBT,a will depend on fT and the location of the core a. As an
example, if the core a is located at the MCF center (da = 0), then RBT,a = RB = ∞. However,
RBT,a < ∞ when da ̸= 0 and, therefore, its effects should be included in the ERIM. In this
appendix, we will analyze the case of the 4-core MCF depicted in Fig. C3.1, we will demonstrate
that RBT,a should be considered when fT ≥ 6 turns/m, and we will indicate the modification of
the ERIM to include this birefringent effect in n

(eq)
mi .

Figure C3.1. Core bending induced by the MCF twisting. (a) 3D image and (b) lateral view.

Firstly, we should derive the mathematical relation between RBT,a, fT, and da = dab/
√
2 in

the 4-core MCF. As can be inferred from Fig. C3.1(b), we can write:

sinφT,a =
ΛT/4

RBT,a
; cosφT,a =

RBT,a − dab
RBT,a

, (C3.1)

where ΛT = 1/fT. Hence, from the relation sin2 φT,a + cos2 φT,a = 1, we obtain:

RBT,a =
1

32dabf2T
+
dab
2
. (C3.2)

In particular, Eq. (C3.2) is found to be valid only in the 4-core MCF of this example. Nevertheless,
Eq. (C3.2) allows us to estimate the usual values of RBT,a when varying the twist rate in our
commercial MCF [Fibercore SM-4C1500(8.0/125)]. Figure C3.2 shows the logarithm of RBT,a for
different values of fT and dab/R0, where R0 is the core radius. It can be noted that RBT,a decreases
as fT increases, with a quasi-flattened evolution with the ratio dab/R0. Considering a usual twist
rate value of fT = 1 turns/m, we find that RBT,a ∼ 1000m, much higher than the usual values of
RB in a real deployed optical fiber system. Nonetheless, RBT,a should be included in the ERIM in
highly-twisted MCFs with fT ≥ 6 turns/m, where RBT,a < 10m.

In real MCFs, RBT,a also inherits the longitudinal and temporal random fluctuations of fT (z; t)
and dab (z). In order to include this new birefringent effect in the ERIM, Eq. (3.3.2) should be
restated as:

n
(eq)
mi (z, ω0; t) ≃ nmi (z, ω0; t)

[
1 +

dm cos (2πfT (z; t) z + θ0 + θm)

min {RB (z; t) , RBT,m (z; t)}

]
. (C3.3)
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Figure C3.2. Bending radius induced in core a by the MCF twisting. (a) R0 = 4 µm and (b) R0 = 25 µm.
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Appendix D3: Experimental characterization of first-order
polarization-mode dispersion in multi-core fiber
As indicated in [169], the wavelength sweeping method also allows us to analyze the first-order
polarization-mode dispersion (PMD) by measuring the differential group delay (DGD) between the
orthogonal PCMs of a given core m. In spite of the fact that this analysis would be more suitable
when analyzing the non-monochromatic regime (Chapter 4), we discuss the PMD in this chapter
to compare the results with Fig. 3.11.

As discussed in previous sections, a real MCF can be modeled as a series of birefringent segments
with a different time-varying retardation and random orientation of the local principal axes. In
this scenario, the linear birefringence can also fluctuate in time due to the external temporal
perturbations of the optical medium, such as temperature variations. As a result of these temporal
excursions of the linear birefringence, the DGD and the first-order PMD will also vary in time.

In the photonics literature, the DGD of the LP01 mode is usually calculated by using two
different definitions: (a) considering the absolute value of the difference between the group delays
of the LP01,x and LP01,y modes (in ps, see e.g. [170, 171]), and (b) considering the absolute value
of the difference between the group delays per unit of length of the LP01,x and LP01,y modes (in
ps/km, see e.g. [172]). In this appendix, we will use the former definition. Consequently, taking
into account the MCF perturbations, the DGD of the LP01 mode in core m (∆T (G)

m,ω0) should be
calculated as:

∆T (G)
m,ω0

(t) =

ˆ L

0

∣∣∣β(eq)(1)
my,ω0

(z; t)− β(eq)(1)
mx,ω0

(z; t)
∣∣∣ dz, (D3.1)

where β(eq)(1)
mi,ω0

(z; t) := ∂ωβ
(eq)
mi (z, ω = ω0; t). From the above expression, we can infer that ∆T

(G)
m,ω0

is a time-varying random process. In particular, ∆T
(G)
m,ω0 cannot be assumed as a strict-sense

stationary random process due to the time-varying conditions of the temperature. Thus, our goal
in this appendix is to analyze the temporal evolution of the statistical distribution of ∆T (G)

m,ω0 in
our 4-core MCF.

The statistical distribution of the DGD in an SM-SCF is the well-known Maxwellian distribution
[169]. Assuming a similar distribution in MCF media, the p.d.f. of ∆T (G)

m,ω0 can be expressed as
follows:

f
∆T

(G)
m,ω0

(τ ; t) =
32

π2

τ2

(∆τm (t))
3 exp

[
− 4

π

(
τ

∆τm (t)

)2
]
, (D3.2)

with ∆τm (t) = E
[
∆T

(G)
m,ω0 (t)

]
. Note that ∆τm is found to be a time-varying function because

∆T
(G)
m,ω0 is not strict-sense stationary. Specifically, assuming a BTC unit of one day (in line with our

experimental results of Section 3.5), the value of ∆τm the j-th BTC will be directly proportional
to ∆nm,j , that is, ∆τm,j ∝ ∆nm,j . In fact, the higher the linear birefringence, the higher will
be the mean of the DGD distribution. In the same way, the variance will also be found directly
proportional to ∆nm,j .

Interestingly, ∆τm,j can be estimated by using the wavelength sweeping method as [169]:

∆τm,j [ps] ≃ 1.37 · 10−6Nm,j
λstart [nm]λstop [nm]

|λstop [nm]− λstart [nm]|
, (D3.3)

where Nm,j is the number of extrema, and λstart and λstop are the initial and final wavelengths of
the measured optical spectrum, respectively. Along these lines, it should be remarked that the step
of the wavelength sweeping method ∆λ must satisfy the condition ∆λ [nm] < min {1/∆τm,j [ps]}j
in order to measure correctly the number of extrema. Assuming LB cores with ∆τm,j expected to
be lower than 5 ps in our MCF, the selected wavelength step of ∆λ = 5 pm satisfies this condition
in our experimental set-up.
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We analyzed the temporal evolution of the DGD in the same days and months as in Fig. 3.11.
Figure D3.1(a) shows the measured transmission spectra of the LP01,x and LP01,y modes in cores
1 and 3 the 12th day (March 2016). We can observe that the number of extrema is higher in core
3 than in core 1. Therefore, we conclude that core 3 has a higher linear birefringence and a higher
DGD than core 1, as pointed out in Section 3.5.

Figure D3.1. (a) Measured transmission spectra of the LP01,x and LP01,y modes in core 1 and core 3 the
12th day (March 2016). (b) Temporal evolution of the DGD in cores 1, 2, 3 and 4 considering several
consecutive days in three different months [CONF 10].

From the measured spectra in the four cores of our MCF, we can estimate the DGD mean and
distribution in each core and day as indicated previously. The temporal evolution of ∆τm,j (with
m ∈ {1, 2, 3, 4} and j ∈ {1, . . . , 15}) is detailed in Fig. D3.1(b). We can observe that the average
value of the DGD (⟨∆τm,j⟩) in each core considering the three measured months is found to be:
0.24 ps, 0.36 ps, 0.62 ps and 0.37 ps in cores 1, 2, 3, and 4, respectively. Specifically, core 3 presents
a higher DGD than cores 1, 2 and 4. However, although we observe cores with different average
value of the DGD, it should be noted that the temporal evolution of ∆τm,j has a similar shape in
the four cores, in line with our conclusions in Section 3.5.

Finally, the DGD distribution is shown in Fig. D3.2. Figure D3.2(a) shows the p.d.f. of the
DGD calculated from Eq. (D3.2) by replacing ∆τm (t) by ⟨∆τm,j⟩. Figures D3.2(b)-(e) depict the
temporal evolution of the DGD distribution in cores 1, 2, 3 and 4, respectively. From these results
we can note that the Maxwellian distribution of core 3 has a higher mean and variance, which
allows us to verify that the linear birefringence of this core is higher than in cores 1, 2 and 4.
It can also be observed that cores 2 and 4 present a DGD distribution with similar mean and
variance. These results should be considered in digital signal processing techniques to compensate
the PMD in SDM transmissions.

Figure D3.2. (a) Probability density function (p.d.f.) of the average value of the DGD in each core.
Temporal evolution of the p.d.f. of the DGD spanning the fifteen measured days in: (b) core 1, (c) core 2,
(d) core 3, and (e) core 4 [CONF 10].

https://www.spiedigitallibrary.org/conference-proceedings-of-spie/10559/105590P/Experimental-characterization-of-first-order-polarization-mode-dispersion-in-multi/10.1117/12.2290946.short
https://www.spiedigitallibrary.org/conference-proceedings-of-spie/10559/105590P/Experimental-characterization-of-first-order-polarization-mode-dispersion-in-multi/10.1117/12.2290946.short
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Chapter 4

Ultra-short pulse propagation
model using local modes

4.1 Introduction
The theoretical models of preceding chapters describe the optical propagation of monochromatic
waves, i.e., harmonic functions with infinite duration. This idealization allows us to simplify the
analysis of the propagation phenomena in MCFs. Nevertheless, a real electromagnetic propagation
always involves non-monochromatic waves and, therefore, we should now consider this fundamental
point by discussing the non-monochromatic regime.

In such a scenario, ultra-short pulses play a key factor to exploit the full potential of any optical
fiber. In optical communications, for instance, ultra-short pulses allow us to increase the bit rate
to deal with current data traffic demand and have been proposed for different applications such
as supercontinuum light generation and optical combs suitable for WDM systems [28,55,173,174].
In experimental physics, ultra-short optical pulses propagating in the nonlinear fiber regime have
been employed to investigate important physical phenomena such as fiber optical analogues of
Hawking radiation or rogue waves on deep water via the analysis of the nonlinear Schrödinger
equation (NLSE) [105, 109]. In this way, MCFs may offer a physical platform to investigate the
collision between the nonlinear solutions of these systems from a set of coupled NLSEs.

For the above reasons, it is important to have available a precise theoretical model encompassing
all aspects of ultra-short pulse propagation in MCFs. In the picosecond regime, where higher-order
dispersive and nonlinear effects can be neglected, the Manakov equations have been extended to
MM-SCFs and MM-MCFs to analyze the nonlinear propagation of optical pulses wider than 1 ps
by including polarization effects and the random longitudinal fiber perturbations, but omitting
the temporal fluctuations of the medium and without any information of physical parameters such
as the bending radius and the twist rate of the fiber [153–156]. Moreover, in the femtosecond
regime, existing MCF propagation models exclude polarization effects and omit the temporal and
longitudinal random perturbations of the fiber [175–184]. Since such perturbations modify the
birefringence properties of the medium and the propagation constant of the core modes [131], they
should be considered in real deployed MCF systems or in experimental physics studies using this
kind of optical waveguides.

In order to include these realistic fiber conditions in the mathematical description of the prop-
agation of femtosecond and picosecond optical pulses through an MCF, we present in this chapter
a theoretical model based on the concept of local modes, in which the aforementioned spatial
and temporal fiber perturbations and polarization effects are incorporated from the beginning in
Maxwell’s equations. And although we will focus our efforts on the single-mode regime, we will also
discuss the multi-mode regime at the end of this chapter. Remarkably, as demonstrated analyti-
cally and numerically, the intermodal dispersion induced by these random perturbations between
different fundamental polarized core modes (PCMs) LP01,mi − where m indicates the core and i
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the polarization axis − can become the major physical impairment in the single-mode regime of the
fiber when propagating ultra-short optical pulses. In such a scenario, the intermodal dispersion,
referred to as the mode-coupling dispersion (MCD) in this chapter, is induced not only by the mis-
matching between the propagation constants of the PCMs, but also by the frequency dependence
of their mode overlapping. Remarkably, our results indicate that the random nature of the MCD,
involving both dispersive effects and emerging from the fiber birefringence fluctuations, should be
considered for future MCF designs, digital signal processing (DSP) techniques and optical soliton
transmissions in advanced SDM systems using MCFs [8]. In addition, it is worth mentioning that
this model is general and can also be applied to SCF media. In the following, we first describe
the proposed model in general terms, and subsequently discuss the impact of the MCD, indicating
different strategies to reduce its effects via the use of fiber perturbations.

4.2 Coupled local-mode theory for ultra-short optical pulses
Let us consider, for simplicity, a real weakly-guiding MCF operating in the single-mode regime.
Later, in Appendix E4, we will also discuss the multi-mode regime (see page 142). The above
optical medium can be considered as a multi-dielectric, lossy, nonlinear, anisotropic, heterogeneous,
time-varying and temporally dispersive medium comprising longitudinal and temporal birefringent
effects (see Chapter 3). In order to describe theoretically the propagation of ultra-short pulses in
such optical media, we employ the concept of local modes presented in the previous chapter.

A local mode can be considered as an eigenfunction in a short core segment in which the pertur-
bations of the ideal phase constant and the transversal function the LP01 mode are approximately
constant in each polarization axis. Hence, each core can be modeled as a series of birefringent seg-
ments supporting local modes, in each of which the longitudinal and temporal MCF perturbations
are approximately invariant but can fluctuate between adjacent segments (see Fig. 4.1). In this
way, in contrast with previous works [153–156, 175–184], the fiber perturbations can be included
from the beginning in Maxwell’s equations. In Chapter 3, the coupled local-mode theory (CLMT)
accounts for the MCF birefringence with a rigorous formalism, but considering monochromatic
electromagnetic fields and omitting additional nonlinear effects such as the intrapulse stimulated
Raman scattering. Consequently, the initial assumptions of the CLMT will be revisited here to
develop a unified theory describing ultra-short pulse propagation in real MCFs. Interestingly, the
theory presented herein is a general model which can be applied to SCFs and MCFs comprising:
coupled or uncoupled cores, lowly- or highly-birefringent cores, trench- or hole-assisted cladding,
and gradual- or step-index profiles.

Figure 4.1. Multi-core fiber scenario of the proposed ultra-short pulse propagation model. Each core m
propagates two polarized core modes (PCMs) LP01,mx and LP01,my through a series of birefringent
segments with different principal axes. The longitudinal and time-varying transversal functions and phase
constants of the PCMs are invariant in each segment. The PCMs of each birefringent segment define the
fiber local modes. The number of birefringent segments may change between different cores [116].
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4.2.1 Multi-core fiber local modes
We start following the same steps as in Chapter 3 using perturbation theory (see Fig. 1.9). Thus,
our initial goal is to propose the ansatz of the electric field strength of the MCF by including the
medium perturbations (step 1).

For the sake of simplicity, we assume only two cores a and b to derive the coupled local-mode
equations and, later, we will generalize the model for an MCF comprising N cores. Again, we
consider both orthogonal polarizations i ∈ {x, y} in the LP01 mode of each core m ∈ {a, b} and
a single optical carrier with angular frequency ω0. In general, we should consider multiple optical
carriers to describe the pulse propagation in WDM-SDM systems using MCFs. Nevertheless,
it should be taken into account that in a WDM transmission of ultra-short optical pulses the
intrachannel pulse-to-pulse interactions are the predominant nonlinear effects and the interchannel
nonlinearities1 can be neglected [11]. In this vein, we assume a single optical carrier to facilitate
the theoretical discussions.2

However, in contrast to the original version of the CLMT, we now assume non-monochromatic
electric fields. In this way, the exact real wave function of the global electric field strength of the
MCF (E) is approximated by using a linear combination of the non-monochromatic electric field
strength of each PCM mi (Emi) considering isolated cores, i.e., assuming that the geometry of each
core m is not perturbed by the presence of adjacent cores E (r, t) ≃

∑
mi Emi (r, t) ûi. At the same

time, we should decouple the rapidly and the slowly-varying temporal and longitudinal changes of
Emi. To this end, we use respectively the slowly-varying amplitude and envelope approximations
as indicated below.3 First, we separate the rapid and the slow temporal variations by employing
the slowly-varying amplitude approximation:

E (r, t) ≃
∑

m=a,b

∑
i=x,y

Emi (r, t) ûi ≃
∑

m=a,b

∑
i=x,y

Re {Emi,ω0 (r, t) exp (jω0t)} ûi, (4.2.1)

where Emi,ω0
is the complex amplitude of the electric field strength in the PCM mi satisfying that

δtEmi,ω0
≪ |Emi,ω0

| in δt ∼ 2π/ω0, where δtEmi,ω0
:= |Emi,ω0

(r, t)− Emi,ω0
(r, t+ δt)| . It should

be noted that the slowly-varying amplitude approximation, performed in the second approximation
of the above equation, allows us to decouple the rapid temporal oscillation of the optical carrier
from the slow temporal evolution of the complex amplitudes of the optical pulses. Therefore,
the model proposed herein is valid if and only if Maxwell’s equations are approximately satisfied
when using Eq. (4.2.1). However, this assumption is not fulfilled if the pulse is too narrow, namely
around the order of the period of the optical carrier or shorter. In such a case, the decomposition
performed in Eq. (4.2.1) is no longer useful and the concept of the complex amplitude itself
becomes unclear. In our case, the optical carrier lies in the third transmission window (around
193.1 THz), which sets the lower limit of applicability of the ansatz to pulses wider than ∼ 10 fs
(with a pulse bandwidth narrower than ∼ 100 THz). In additional MCF applications which require
the use of a different optical band, the validity of Eq. (4.2.1) can be easily tested by verifying that
the pulse bandwidth is much lower than ω0/2π. Moreover, the upper limit of our model is found
from the validity of assuming a single optical carrier, around ∼ 50 ps taking into account that the
interchannel nonlinearities should only be considered in a WDM system when using pulses wider
than ∼ 50 ps [11]. Consequently, the presented model will allow us to describe the propagation of
pulses with a temporal width between 10 fs and 50 ps, not only in SM-MCF single-carrier trans-
missions, but also in WDM systems using these optical fibers. In SM-MCF WDM transmissions,
the derived coupled local-mode equations should be numerically solved for each optical carrier of
the WDM system.

1Cross-phase modulation (XPM) and four-wave mixing (FWM).
2In Appendix A4, on page 125, we explore the possibility of including multiple optical carriers in our ansatz.
3Note that in the monochromatic regime we only use the slowly-varying envelope approximation. Specifically,

a solution of the form Emi (r, t) = Re {Emi,ω0 (r) exp (jω0t)} is exact when assuming harmonic functions. This
is not the case when Emi,ω0 includes the temporal evolution of an optical pulse, where we should assume that
δtEmi,ω0 ≪ |Emi,ω0 | in δt ∼ 2π/ω0 to satisfy Maxwell’s equations.
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The complex amplitude Emi,ω0
is the key term of the proposed model, as it will encode the

fiber perturbations and the optical pulses of the PCM mi, which comprises a series of local modes
distributed along the different birefringent segments of the corem. All in all, the complex amplitude
Emi,ω0 is expressed as follows:

Emi,ω0
(r, t) =

1

2π

ˆ
BÃ

Ãmi (z, ω − ω0; t)Fmi (x, y, ω; z, t) exp (−jΦmi (z, ω; t)) exp (j (ω − ω0) t) dω,

(4.2.2)

where Ãmi is the short-time Fourier transform (STFT) of the complex envelope in baseband (see
below), BÃ is the bandwidth of Ãmi, Fmi is the transversal eigenfunction of the PCM mi, and Φmi

is the complex phase function of the PCM mi defined as:

Φmi (z, ω; t) := ϕmi (z, ω; t)− j
1

2
α (ω) z, (4.2.3)

with α the power attenuation coefficient of the MCF modeling the optical absorption due to
Rayleigh scattering and assumed similar in each PCM,4 and ϕmi the real phase function involving
the longitudinal and temporal MCF perturbations:

ϕmi (z, ω; t) :=

ˆ z

0

β
(eq)
mi (ξ, ω; t) dξ = βmi (ω) z +

ˆ z

0

β
(B+S)
mi (ξ, ω; t) dξ, (4.2.4)

with β
(eq)
mi the equivalent phase constant involving the ideal phase constant βmi and the phase

perturbation β
(B+S)
mi induced by macrobends (B) and additional longitudinal and temporal fiber

structural fluctuations (S). In addition, it should be noted that:

∂zΦmi = β
(eq)
mi − j 12α; ∂2zΦmi = ∂zβ

(eq)
mi ; (∂zΦmi)

2 ≃
(
β
(eq)
mi

)2
− jαβ

(eq)
mi . (4.2.5)

Thus, the STFT (FT) of Eqs. (4.2.1) and (4.2.2), calculated in a short-time interval of the order of
the temporal pulse width TP, is found to be:

Ẽ (r, ω; t) = FT [E (r, t)] ≃ 1

2

∑
m=a,b

∑
i=x,y

[
Ẽmi,ω0

(r, ω − ω0; t) + Ẽmi,−ω0
(r, ω + ω0; t)

]
ûi; (4.2.6)

Ẽmi,ω0
(r, ω − ω0; t) = FT [Emi,ω0

(r, t) exp (jω0t)]

= Ãmi (z, ω − ω0; t)Fmi (x, y, ω; z, t) exp (−jΦmi (z, ω; t)) . (4.2.7)

At this point, we should decouple the rapidly- and slowly-varying longitudinal variations of the
electric field by including the slow oscillations of Φmi along with Ãmi. Hence, we should perform
the following transformation of the complex envelope:

Ãmi (z, ω − ω0; t) := Ãmi (z, ω − ω0; t) exp [−j (ϕmi (z, ω; t)− ϕmi (z, ω0; t))] . (4.2.8)

In this way, Ãmi describes the slow temporal and longitudinal variations of Emi thanks to Eqs. (4.2.1)
and (4.2.8), respectively. Consequently, Ẽmi,ω0

is rewritten as:

Ẽmi,ω0
(r, ω − ω0; t) = Ãmi (z, ω − ω0; t)Fmi (x, y, ω; z, t) exp

(
−jϕmi (z, ω0; t)−

1

2
α (ω) z

)
.

(4.2.9)

4As discussed in Chapter 3, the optical attenuation induced by the resonant frequencies of fused silica can be
neglected when the optical carrier is located in the third transmission window.
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Furthermore, in order to preserve the temporal fiber birefringence fluctuations in Ãmi, the
STFT is defined as:5

Ãmi (z,Ω; t) = FT [Ami (z, t)] :=

ˆ t+TP/2

t−TP/2

Ami (z, τ) exp (−jΩτ) dτ, (4.2.10)

with Ami satisfying the slowly-varying envelope approximation (SVEA) as discussed in Chapter 1
[see Eq. (1.5.10)].6 Surprisingly, in spite of the fact that we assume δzAmi ≪ |Ami| in δz ∼ λm
and7 δtAmi ≪ |Ami| in δt ∼ 2π/ω0, we found that both order criteria are violated for pulses near
to the lower limit of our model (∼ 10 fs), as discussed in Appendix B4, on page 129. Consequently,
we cannot consider to be null ∂2zAmi and ∂2tAmi in δz ∼ λm and δt ∼ 2π/ω0 with TP ∼ 10 fs.

Equations (4.2.1)-(4.2.10) describe the ansatz employed in the first step of perturbation theory.
Along these same lines, we should point out several considerations on the above equations:

• In contrast with previous short- and ultra-short pulse propagation models proposed for SCFs
and MCFs [153–156,175–186], the medium perturbations are included here in perturbation
theory with rigorous formalism from Maxwell’s equations. The longitudinal and temporal
MCF perturbations define the birefringent segments and the local modes in each PCM mi.
These fiber perturbations are included in Emi,ω0 via the functions Ãmi, Fmi and Φmi. Given
that the longitudinal and temporal MCF perturbations modify the ideal phase constant βmi

as indicated in Eq. (4.2.4), Fmi and Ãmi should also be assumed longitudinal and temporal
dependent in order to satisfy Maxwell’s equations in the MCF segments. Specifically, the local
mode Fmi exp(−jΦmi) should satisfy the Helmholtz equation in each birefringent segment of
the core m and in each spectral component ω:(

△+
ω2

c20
ε̃r,mi (r, ω; t)

)
Fmi (x, y, ω; z, t) exp (−jΦmi (z, ω; t)) = 0, (4.2.11)

where ε̃r,mi is the STFT of the relative electric permittivity in the core m and polarization
axis i [see Eq. (4.2.25)]. In particular, the above equation is step 2 of perturbation theory.

• The longitudinal and temporal changes induced in β
(eq)
mi by the medium perturbations are

assumed to be slowly-varying in comparison with the spatial and temporal duration of a cycle
of the optical carrier in each core, i.e., in δz ∼ λm and δt ∼ 2π/ω0. In such circumstances,
the optical power reflected due to the longitudinal and temporal changes of β(eq)

mi can be
neglected.

• According to Chapter 3, the semicolon symbol is used to denote explicitly longitudinal
and temporal changes induced by these MCF perturbations. As an illustrative example,
the slowly-varying longitudinal and temporal fluctuations of the transversal local eigenfunc-
tion Fmi(x, y, ω; z, t) are explicitly separated by the semicolon symbol from the transversal
changes.

• The phase of the local modes is given by the complex function Φmi in each MCF segment.
Therefore, considering that the local modes must satisfy Eq. (4.2.11), Fmi should also be
assumed as a complex function. Nevertheless, taking into account that the imaginary part
of Φmi (modeling the optical absorption) is much lower than the real part ϕmi (accounting
for the ideal phase constant along with the fiber perturbations), we assume Fmi as a real
function from now on. In the multi-mode regime, Fmi should be considered as a complex

5The STFT should be defined as in Eq. (A3.22), i.e., using a temporal window function W to indicate explicitly
the temporal dependence of Ãmi. Here, for the sake of simplicity, we describe W in the time interval of integration,
i.e., τ ∈ [t− TP/2, t+ TP/2]. The same remark applies to additional STFTs of this chapter.

6Note that we use a different function for the complex envelope (Ami) from the one used in Chapter 1 (Ami).
However, the final expression of the coupled local-mode equations are given as a function of Ami. Both functions
are connected in the frequency domain as Ãmi = Ãmi exp (αz/2), as indicated below.

7As discussed in previous chapters, the wavelength of the optical carrier is found to be different in each core m.
Specifically, λm = λ0/nm with nm := (nmx + nmy)/2. See, e.g., page 60 for more details.
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function to include the azimuthal order of the corresponding LP mode group (see Appendix
E4, on page 142).

• The fiber perturbations are included in Eq. (4.2.2) without approximating Φmi (z, ω; t) to
Φmi (z, ω0; t). As a result, we can describe accurately the frequency dependence of the phase-
mismatching between local modes including the fiber birefringent effects. This flexibility will
allow us to investigate the behavior of the MCD in real SM-MCFs and the reduction of this
optical impairment via the use of MCF perturbations.

4.2.2 Coupled-wave equations
In this subsection, according to step 3 of perturbation theory, the goal is to derive the coupled-wave
equations of the complex amplitude Ei,ω0 of the global electric field strength E. That is, assuming
E of the form E (r, t) ≃

∑
i=x,y Re {Ei,ω0 (r, t) exp (jω0t) ûi} , we can identify from Eq. (4.2.1) that

Ei,ω0
≃
∑

mEmi,ω0
. In the same way, the linear and nonlinear polarization P(1) and P(3) can

also be expressed in terms of the corresponding complex amplitudes P (1)
i,ω0

and P
(3)
i,ω0

. Nonethe-
less, for simplicity, it is more convenient to discuss the coupled-wave equations in the frequency
domain when analyzing non-monochromatic waves. Therefore, we should derive the coupled-wave
equations of the MCF in terms of the STFTs of the aforementioned complex amplitudes.

In such a scenario, we start from the nonlinear wave equation (3.2.7) of Chapter 3, derived
from the macroscopic Maxwell equations and reproduced here for clarity:(

△− 1

c20
∂2t

)
E (r, t) = µ0∂

2
tP

(1) (r, t) + µ0∂
2
tP

(3) (r, t) . (4.2.12)

Let us remember that we can neglect the term ∇(∇ · (P(1) +P(3))) in the above equation when
considering slowly-varying refractive index profiles and the low birefringent and nonlinear nature
of silica MCFs (including also the case HB-MCF), in line with our findings in Appendix A3, on
page 82. Now, applying the STFT to Eq. (4.2.12) we obtain (see footnote 22 on page 87):(

△+
ω2

c20

)
Ẽ (r, ω; t) = −ω2µ0P̃

(1)
(r, ω; t)− ω2µ0P̃

(3)
(r, ω; t) . (4.2.13)

The field Ẽ can be expressed in terms of Ẽi,ω0
(the STFT of Ei,ω0

) by using Eq. (4.2.6) and taking
into account that Ẽi,ω0 ≃

∑
m Ẽmi,ω0 . Moreover, P̃

(1)
and P̃

(3)
can be written in terms of their

complex amplitude in the frequency domain as:

P̃
(k)

(r, ω; t) = FT

[
P(k) (r, t)

]
≃ FT

∑
i=x,y

Re
{
P

(k)
i,ω0

(r, t) exp (jω0t)
}
ûi


=

1

2

∑
i=x,y

[
P̃

(k)
i,ω0

(r, ω − ω0; t) + P̃
(k)
i,−ω0

(r, ω + ω0; t)
]
ûi; k ∈ {1, 3} , (4.2.14)

where the nonlinear polarization in 3ω0 was omitted taking into account that the phase-matching
condition in this nonlinear term is not satisfied in silica fibers [139]. Thus, Eq. (4.2.13) becomes:(

△+
ω2

c20

)
Ẽi,ω0 (r, ω − ω0; t) = −ω2µ0P̃

(1)
i,ω0

(r, ω − ω0; t)− ω2µ0P̃
(3)
i,ω0

(r, ω − ω0; t) . (4.2.15)

Now, let us discuss the constitutive relation between P̃ (1)
i,ω0

and Ẽi,ω0 . Considering the dispersive
effects and the spatial and temporal random perturbations of the medium, the linear polarization
in the time domain P(1) can be expressed as:

P(1) (r, t) = ε0

ˆ ∞

−∞
χ(1) (r, t, τ)E (r, τ) dτ ≃ ε0

ˆ
⟨TP⟩

χ(1) (r, t− τ)E (r, τ) dτ, (4.2.16)
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with ε0 the electric permittivity in vacuum and χ(1) the first-order electric susceptibility tensor
accounting for the linear and circular birefringence of the MCF. Note that χ(1) is assumed longi-
tudinal and temporal dependent due to the MCF perturbations and the dispersive nature of silica.
Rigorously, the linear polarization describes a linear time-varying system. However, at this point
let us assume the pulse width TP much shorter than the temporal birefringence fluctuations of the
MCF.8 Hence, the linear time-varying system described by P(1) can be regarded as a linear time-
invariant system in a time interval of the order of TP, as indicated in the approximation performed
in Eq. (4.2.16). As a result, the constitutive relation of the linear polarization can be expressed in
the frequency domain when applying the STFT as:

P̃
(1)

(r, ω; t) = ε0χ̃
(1) (r, ω; t) Ẽ (r, ω; t) , (4.2.17)

where:

χ̃(1) (r, ω; t) := FT

[
χ(1) (r, t)

]
=

ˆ t+TP/2

t−TP/2

χ(1) (r, τ) exp (−jωτ)dτ. (4.2.18)

Thus, the complex amplitude of the linear polarization in the frequency domain is found to be
(Einstein summation convention):

P̃
(1)
i,ω0

(r, ω − ω0; t) = ε0χ̃
(1)
ij (r, ω; t) Ẽj,ω0 (r, ω − ω0; t) . (4.2.19)

The real part of χ̃(1)
ij gives information about the material dispersion and the MCF perturbations,

and the imaginary part accounts for the optical absorption of the medium [induced by Rayleigh
scattering as well as the resonant frequencies of fused silica, located in the ultraviolet (68.4 nm
and 116.2 nm) and infrared (9896.2 nm) bands]. In silica fibers operating in the third transmission
window, optical absorption can be exclusively modeled by α and the imaginary part of χ̃(1)

ij can be
neglected given that Im

{
χ
(1)
ij

}
∼ α/k0 [149].

Now, we still need to investigate the nonlinear polarization term P̃
(3)
i,ω0

of Eq. (4.2.15). Nonethe-
less, the constitutive relation of the nonlinear polarization with the electric field strength involves a
convolution operation in the frequency domain, increasing the complexity of the mathematical dis-
cussion of the coupled local-mode equations. Hence, we will maintain the term P̃

(3)
i,ω0

in Eq. (4.2.15),
which is reduced to:(

△+
ω2

c20

)
Ẽi,ω0

(r, ω − ω0; t) +
ω2

c20
χ̃
(1)
ij (r, ω; t) Ẽj,ω0

(r, ω − ω0; t) = −ω2µ0P̃
(3)
i,ω0

(r, ω − ω0; t) .

(4.2.20)
Furthermore, considering that χ̃(1)

yx =
(
χ̃
(1)
xy

)∗
as can be deduced from the Poynting theorem by

assuming the MCF as a time-invariant medium in δt ∼ 2π/ω0 [162], defining:

ε̃r,i (r, ω; t) := 1 + χ̃
(1)
ii (r, ω; t) ; (4.2.21)

σ̃ (r, ω; t) := χ̃(1)
xy (r, ω; t) , (4.2.22)

and omitting the imaginary part of χ̃(1)
ij as indicated before, the coupled-wave equations are finally

derived (the independent variables are omitted for the sake of simplicity from now on):

△Ẽx,ω0 +
ω2

c20

(
ε̃r,xẼx,ω0 + σ̃Ẽy,ω0

)
= −ω2µ0P̃

(3)
x,ω0

; (4.2.23)

△Ẽy,ω0 +
ω2

c20

(
ε̃r,yẼy,ω0 + σ̃Ẽx,ω0

)
= −ω2µ0P̃

(3)
y,ω0

. (4.2.24)

Note that, in contrast to Chapter 3, the coupled-wave equations given by Eqs. (4.2.23) and
(4.2.24) are written in the frequency domain. As a result, the coupled local-mode equations should
also be discussed in the frequency domain, and later, we will apply the inverse STFT to obtain
the final expressions in the time domain.

8Typically, TP is of the order of picoseconds or shorter and the faster temporal perturbations of the MCF, related
with the floor vibrations, may be assumed of the order of milliseconds (see Chapter 3, on page 75).
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4.2.3 Coupled local-mode equations
In step 4 of perturbation theory, we should finally derive the coupled local-mode equations by
using our ansatz [Eq. (4.2.9)] along with Eq. (4.2.11) in the coupled-wave equations of the above
subsection. Nevertheless, let us first indicate some relevant points about the MCF birefringence
and local modes.

In particular, the relative electric permittivity distribution [Eq. (4.2.21)], modeling the intrinsic
and extrinsic9 linear birefringence can be written in each core and polarization axis as follows:

ε̃r,i (r, ω; t) = ε̃r,ci (r, ω; t) + ∆ε̃r,ai (r, ω; t) + ∆ε̃r,bi (r, ω; t)

=


r ≡ core a ε̃r,ai (r, ω; t) = ε̃r,ci (r, ω; t) + ∆ε̃r,ai (r, ω; t) ≡

(
n
(eq)
ai

)2
r ≡ cladding ε̃r,ci (r, ω; t)

r ≡ core b ε̃r,bi (r, ω; t) = ε̃r,ci (r, ω; t) + ∆ε̃r,bi (r, ω; t) ≡
(
n
(eq)
bi

)2 , (4.2.25)

where ε̃r,ai, ε̃r,bi and ε̃r,ci are the relative electric permittivity in the cores a, b and in the cladding,
respectively; and ∆ε̃r,ai and ∆ε̃r,bi are the difference between the relative electric permittivity of
the cladding and those of cores a and b, respectively. As in Chapter 3, note that ε̃r,ai and ε̃r,bi
give information about the MCF perturbations. More specifically, the root square value of these
functions is defined as the equivalent refractive index, i.e., n(eq)

ai :=
√
ε̃r,ai and n

(eq)
bi :=

√
ε̃r,bi. In

this vein, Eq. (4.2.25) allows us to introduce the concept of the equivalent refractive index using a
rigorous formalism. In Appendix C4 (page 132), the equivalent refractive index model (ERIM) is
described in more detail in the frequency domain. Likewise, the circular birefringence is given by:

σ̃ (r, ω; t) =


r ≡ core a σ̃a (r, ω; t) = χ̃

(1)
a,xy (r, ω; t)

r ≡ cladding σ̃c (r, ω; t) = χ̃
(1)
c,xy (r, ω; t)

r ≡ core b σ̃b (r, ω; t) = χ̃
(1)
b,xy (r, ω; t)

. (4.2.26)

Note that the fiber parameters ε̃r,i and σ̃ are assumed real functions taking into account that we
neglected the imaginary part of χ̃(1)

ij when operating in the third transmission window.
On the other hand, it is worthy to note that Eq. (4.2.11) allows us to obtain two fundamental

relations to describe the chromatic dispersion along with the MCF perturbations. It is straight-
forward to derive these relations performing the next two steps. First, the complex phase function
Φmi should be written as:

Φmi (z, ω; t) =

ˆ z

0

β
(eq)
mi (ξ, ω; t) dξ − j

1

2
α (ω) z

=

ˆ z

0

∞∑
k=0

1

k!
(ω − ω0)

k
β
(eq)(k)
mi,ω0

(ξ; t) dξ − j
1

2
α (ω) z, (4.2.27)

with β
(eq)(k)
mi,ω0

(z; t) := ∂kωβ
(eq)
mi (z, ω = ω0; t). Second, we should approximate:10(

β
(eq)
mi

)2
−
(
β
(eq)
mi,ω0

)2
=
(
β
(eq)
mi + β

(eq)
mi,ω0

)(
β
(eq)
mi − β

(eq)
mi,ω0

)
≃ 2β

(eq)
mi,ω0

(
β
(eq)
mi − β

(eq)
mi,ω0

)
= 2β

(eq)
mi,ω0

∞∑
k=1

1

k!
(ω − ω0)

k
β
(eq)(k)
mi,ω0

≡ −j2β(eq)
mi,ω0

D
(eq)
mi , (4.2.28)

where D
(eq)
mi is the complex function defined as:

D
(eq)
mi (z, ω; t) :=

∞∑
k=1

j

k!
(ω − ω0)

k
β
(eq)(k)
mi,ω0

(z; t) . (4.2.29)

9Macrobends and additional structural fluctuations modifying the value of ε̃r,i.
10From now on, the subindex ω0 is used to indicate explicitly the value of the functions at ω = ω0.
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Thus, assuming that ∂zFmi ≃ ∂2zFmi ≃ 0 in δz ∼ λm, we directly obtain from Eq. (4.2.11):11(
△T +

ω2

c20
ε̃r,i

)
Fai =

[
ω2

c20
∆ε̃r,bi +

(
β
(eq)
ai,ω0

)2
− j2β

(eq)
ai,ω0

D
(eq)
ai + j (∂z − α)β

(eq)
ai

]
Fai; (4.2.30)(

△T +
ω2

c20
ε̃r,i

)
Fbi =

[
ω2

c20
∆ε̃r,ai +

(
β
(eq)
bi,ω0

)2
− j2β

(eq)
bi,ω0

D
(eq)
bi + j (∂z − α)β

(eq)
bi

]
Fbi, (4.2.31)

with △T = ∂2x + ∂2y the transversal Laplacian operator.
Now, at this point we can start with the derivation of the coupled local-mode equations by

inserting Eq. (4.2.9) in the coupled-wave equations [Eqs. (4.2.23) and (4.2.24)]. As a result, after
some algebraic work, retaining the second-order longitudinal derivatives of the complex envelopes
considering that ∂2z Ãmi ̸= 0 in δz ∼ λm for femtosecond optical pulses (see Appendix B4 on
page 129) and using Eqs. (4.2.30) and (4.2.31), we obtain for the x-polarization axis (i = x):[
ω2

c20
∆ε̃r,bx −

(
j2β(eq)

ax,ω0
+ α− ∂z

)
D(eq)

ax

]
Fax exp (−jϕax,ω0

) Ãax + Fax exp (−jϕax,ω0
) ∂2z Ãax

+

[
ω2

c20
∆ε̃r,ax −

(
j2β

(eq)
bx,ω0

+ α− ∂z

)
D

(eq)
bx

]
Fbx exp (−jϕbx,ω0

) Ãbx + Fbx exp (−jϕbx,ω0
) ∂2z Ãbx

−
(
j2β(eq)

ax,ω0
+ α

)
Fax exp (−jϕax,ω0) ∂zÃax −

(
j2β

(eq)
bx,ω0

+ α
)
Fbx exp (−jϕbx,ω0) ∂zÃbx

+
ω2

c20
σ̃
[
ÃayFay exp (−jϕay,ω0

) + ÃbyFby exp (−jϕby,ω0
)
]
= −ω2µ0P̃

(3)
x,ω0

exp

(
1

2
αz

)
.

(4.2.32)

A similar expression as Eq. (4.2.32) is obtained for the y-polarization axis by exchanging the
subindexes x and y. As can be seen, the LHS of Eq. (4.2.32) describes the linear propagation
and the RHS accounts for the nonlinear effects. Accordingly, the derivation of the coupled local-
mode equations requires to investigate the constitutive relation between the complex amplitude of
the nonlinear polarization and the electric field strength in the frequency domain.

To this end, we should start from the constitutive relation in the time domain. Therefore, at
this point let us remember the expressions of the nonlinear polarization in the time and frequency
domain as a function of the corresponding complex amplitudes:

P(3) (r, t) =
∑
i=x,y

P(3)
i (r, t) ûi ≃

∑
i=x,y

Re
{
P

(3)
i,ω0

(r, t) exp (jω0t)
}
ûi; (4.2.33)

P̃
(3)

(r, ω; t) = FT

[
P(3) (r, t)

]
≃
∑
i=x,y

Re
{
P̃

(3)
i,ω0

(r, ω − ω0; t)
}
ûi, (4.2.34)

with:
P̃

(3)
i,ω0

(r, ω − ω0; t) = FT

[
P

(3)
i,ω0

(r, t) exp (jω0t)
]
, (4.2.35)

and omitting the nonlinear polarization in 3ω0, as indicated before. Hence, the nonlinear terms of
Eq. (4.2.32) can be found analyzing the constitutive relation P-E in the time domain and performing
the STFT of the complex amplitudes.

In ultra-short optical pulses, the constitutive relation between the nonlinear polarization and
the electric field strength should include the delay response of the electronic and nuclei structure
of silica atoms when an electric field stimulates the optical medium. The most general expression
to describe the third-order nonlinear response in silica media is to consider an output of a system:
nonlinear, anisotropic, spatially homogeneous12 and nondispersive, and temporally varying and

11The approximation ∂zFmi ≃ ∂2zFmi ≃ 0 in δz ∼ λm can be verified by using the ERIM (see Appendix C4).
12Although the nonlinear electric susceptibility can be found slightly different in each dielectric region of an MCF,

we assume spatial homogeneity in χ
(3)
ijkl due to the low nonlinear nature of such optical media. In particular, note

that χ(3)
ijkl ∼ 10−22 m2/V2 in the cores and cladding.
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dispersive. In such circumstances, the constitutive relation can be written as (Einstein summation
convention):

P(3)
i (r, t) = ε0

˚
∞
χ
(3)
ijkl (t, τ1, τ2, τ3) Ej (r, τ1) Ek (r, τ2) El (r, τ3)dτ1dτ2dτ3. (4.2.36)

The temporally dispersive nature of the above equation allows us to describe the exact time delay
induced by the electronic and nuclei response of silica atoms to the incident electric field. For
optical frequencies well below the electronic transitions, the electronic contribution to the nonlinear
polarization can be considered instantaneous. However, since nucleons (protons and neutrons) are
considerably heavier than electrons, the nuclei motions have resonant frequencies much lower than
the electronic transitions and, consequently, they should be retained in the constitutive relation.
Specifically, Raman scattering is a well-known effect arising from the nuclear contribution to the
nonlinear polarization. Therefore, considering ultra-short optical pulses wider than 1 fs, the elec-
tronic response can be assumed instantaneous and Eq. (4.2.36) can be reduced to [159]:

P(3)
i (r, t) ≃ P(3I)

i (r, t) + P(3R)
i (r, t)

= ε0χ
(3I)
ijklEj (r, t) Ek (r, t) El (r, t) + ε0Ej (r, t)

ˆ ∞

−∞
χ
(3R)
ijkl (t− τ) Ek (r, τ) El (r, τ) dτ,

(4.2.37)

where the first term of the RHS describes the instantaneous response (3I) accounting for the
electron motions, and the second term describes the delayed response associated to the nuclei
motions inducing Raman scattering (3R). The third-order electric susceptibility tensors of the
above equation can be expressed in silica fibers as follows [187]:

χ
(3I)
ijkl = χNL

(
1− fR

3

)
(δijδkl + δikδjl + δilδjk) ; (4.2.38)

χ
(3R)
ijkl (t) = χNLfR

[
h (t) δijδkl +

1

2
u (t) (δikδjl + δilδjk)

]
, (4.2.39)

where δij is the Kronecker delta function, χNL = 2.6·10−22 m2/V2 at the wavelength of 1550 nm,
fR = 0.245 represents the fractional contribution of the delayed Raman response to the nonlinear
polarization, and h and u functions describe the isotropic and anisotropic Raman response, respec-
tively [187]:

h (t) = f1τ1
(
τ−2
1 + τ−2

2

)
exp (−t/τ2) sin (t/τ1) ; (4.2.40)

u (t) = f2

(
2τ3 − t

τ23

)
exp (−t/τ3) +

f3
f1
h (t) , (4.2.41)

with f1, f2, f3, τ1, τ2 and τ3 constants of the nonlinear medium satisfying the following relations:

χNL (1− fR) =
4
3ε0c0nNLn

2
MCF;

∑3
i=1 fi = 1;

´∞
−∞

(
χ
(3I)
ijklδ (t) + χ

(3R)
ijkl (t)

)
dt = χNL,

(4.2.42)
with nMCF the average value of the material refractive index of the MCF and nNL the nonlinear
refractive index modeling the changes induced in nMCF by the nonlinear polarization. In our case,
we assume nMCF ≃ 1.45 and nNL = 2.6 · 10−20 m2/W. From Eq. (4.2.42) and Ref. [187] we found:
f1 = 0.75, f2 = 0.21, f3 = 0.04, τ1 = 12.2 fs, τ2 = 32 fs, τ3 = 96 fs. Figure 4.2 depicts the
isotropic and anisotropic Raman response functions considering i = j = k = l = x in the third-
order susceptibility tensor. As can be seen, the delay of the nonlinear polarization induced by the
nuclei motions (Raman effect) should be included in the constitutive relation P-E for optical pulses
shorter than 200 fs, in line with Eq. (4.2.37). In addition, we can note that the isotropic Raman
response predominates over the anisotropic response due to the molecular symmetry of the SiO2.
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Figure 4.2. Normalized impulse response of the Raman scattering effect. Dashed line: isotropic response.
Dotted line: anisotropic response. Solid line: total Raman response [116].

From Eqs. (4.2.33), (4.2.37) and (4.2.38), it is straightforward to obtain the complex amplitude
of the instantaneous nonlinear polarization in the time domain for each polarization axis:

P (3I)
x,ω0

= ε0γI

[(
|Ex,ω0

|2 + 2

3
|Ey,ω0

|2
)
Ex,ω0

+
1

3
E2

y,ω0
Ex,−ω0

]
; (4.2.43)

P (3I)
y,ω0

= ε0γI

[(
|Ey,ω0

|2 + 2

3
|Ex,ω0

|2
)
Ey,ω0

+
1

3
E2

x,ω0
Ey,−ω0

]
, (4.2.44)

where γI := (3/4)χNL (1− fR) = 1.5 · 10−22 m2/V2 at the wavelength of 1550 nm.
Furthermore, the complex amplitude of the nonlinear polarization modeling the nuclei motions

(Raman response) can also be found using Eqs. (4.2.33), (4.2.37) and (4.2.39). As an example, the
complex amplitude for the x-polarization is derived from these equations as:

P (3R)
x,ω0

(r, t) =
1

4
ε0χNLfR

{
2Ex,ω0

(r, t)

ˆ ∞

−∞
(h+ u) (t− τ) |Ex,ω0

(r, τ)|2 dτ

+ 2Ex,ω0 (r, t)

ˆ ∞

−∞
h (t− τ) |Ey,ω0 (r, τ)|

2 dτ

+ 2Ey,ω0
(r, t)

ˆ ∞

−∞
u (t− τ)Re [Ex,ω0

(r, τ)Ey,−ω0
(r, τ)]dτ

+ Ex,−ω0 (r, t) exp (−j2ω0t)

ˆ ∞

−∞
(h+ u) (t− τ)E2

x,ω0
(r, τ) exp (j2ω0τ) dτ

+ Ex,−ω0
(r, t) exp (−j2ω0t)

ˆ ∞

−∞
h (t− τ)E2

y,ω0
(r, τ) exp (j2ω0τ)dτ

+Ey,−ω0
(r, t) exp (−j2ω0t)

ˆ ∞

−∞
u (t− τ)Ex,ω0

(r, τ)Ey,ω0
(r, τ) exp (j2ω0τ) dτ

}
,

(4.2.45)

including in this case the independent variables to clarify the mathematical discussion. In order
to simplify Eq. (4.2.45), note that the last three terms of the RHS can be expressed in the general
form:

Ej,−ω0
(r, t) exp (−j2ω0t)

ˆ ∞

−∞
p (t− τ)Ek,ω0

(r, τ)El,ω0
(r, τ) exp (j2ω0τ)dτ, (4.2.46)

with (j, k, l) ∈ {x, y}3 and the p function accounting for the h, u and h + u functions. Now,
performing a simple algebraic transformation of the convolution integral, Eq. (4.2.46) becomes:
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Ej,−ω0
(r, t) exp (−j2ω0t)

ˆ ∞

−∞
p (t− τ)Ek,ω0

(r, τ)El,ω0
(r, τ) exp (j2ω0τ) dτ

= Ej,−ω0 (r, t) exp (−j2ω0t)

ˆ ∞

−∞
p (τ)Ek,ω0 (r, t− τ)El,ω0 (r, t− τ) exp (j2ω0 (t− τ))dτ

= Ej,−ω0
(r, t)

ˆ ∞

−∞
p (τ) exp (−j2ω0τ)Ek,ω0

(r, t− τ)El,ω0
(r, t− τ) dτ

= Ej,−ω0
(r, t) [(p (t) exp (−j2ω0t)) ∗ (Ek,ω0

(r, t)El,ω0
(r, t))] . (4.2.47)

As can be noted, Eq. (4.2.47) involves a convolution of the modulated Raman response with the
complex amplitudes of the electric field strength. Considering that the bandwidth of the Raman
response (given by p ∈ {h, u, h+ u}) is around 15 THz [139], centered at −2ω0 ≈ −380 THz, and
the bandwidth of the complex amplitudes is lower than 100 THz for ultra-short pulses wider than
10 fs (in baseband), the Fourier transform (F) of the convolution is found to be null:13

F [(p (t) exp (−j2ω0t)) ∗ (Ek,ω0 (r, t)El,ω0 (r, t))] =

=
1

2π
P̃ (Ω + 2ω0)

[
Ẽk,ω0

(r,Ω) ∗ Ẽl,ω0
(r,Ω)

]
= 0, (4.2.48)

and therefore, the last three terms of the RHS of Eq. (4.2.45) can be neglected. Finally, defining
the f function as f := h + u and the nonlinear constant γR := 0.5χNLfR = 3.2 · 10−23 m2/V2 at
the wavelength of 1550 nm, the complex amplitude of the nonlinear polarization modeling both
electronic and nuclei responses is found at the x-polarization axis as:

P (3)
x,ω0

(r, t) = ε0γI

{[
|Ex,ω0 (r, t)|

2
+

2

3
|Ey,ω0 (r, t)|

2

]
Ex,ω0 (r, t) +

1

3
E2

y,ω0
(r, t)Ex,−ω0 (r, t)

}

+ ε0γR

Ex,ω0 (r, t)
[
f (t) ∗ |Ex,ω0 (r, t)|

2
+ h (t) ∗ |Ey,ω0 (r, t)|

2
]

+Ey,ω0
(r, t) [u (t) ∗ Re [Ex,ω0

(r, t)Ey,−ω0
(r, t)]]

 , (4.2.49)

and similar for the y-polarization.
Once we have derived the complex amplitude of the nonlinear polarization in the time domain,

Eq. (4.2.32) can be completed by using Eqs. (4.2.35) and (4.2.49). Along this line, note that γI, γR
and Fmi are frequency-dependent functions. However, we can safely assume that the frequency
dependence of these functions is much lower than their average value in the pulse bandwidth.
Hence, Eq. (4.2.32) becomes:14

13In order to demonstrate that the convolution of Eq. (4.2.47) is found to be null, we use the Fourier transform
(F) instead of the STFT (FT) because the temporal duration of p can be found higher than the temporal window
function employed in the STFT. As a result, the temporal dependence of Ẽk,ω0

and Ẽl,ω0
dissapears in Eq. (4.2.48).

Along this line, it should be noted that it is mathematically wrong to use the same functions to denote the Fourier
transform and the STFT of Ek,ω0

and El,ω0
. Nonetheless, let us relax the notation for simplicity.

14For the sake of simplicity, the independent variables are only included in the convolution operation of the
nonlinear terms.
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∑
m=a,b

[
ω2

c20
(ε̃r,x − ε̃r,mx)−

(
j2β(eq)

mx,ω0
+ α− ∂z

)
D(eq)

mx

]
Fmx exp (−jϕmx,ω0) Ãmx

+Fmx exp (−jϕmx,ω0) ∂
2
z Ãmx −

(
j2β(eq)

mx,ω0
+ α

)
Fmx exp (−jϕmx,ω0) ∂zÃmx

+
ω2

c20
σ̃Fmy exp (−jϕmy,ω0) Ãmy

+
ω2

c20
γI exp (−αz)


F 3
mx exp (−jϕmx,ω0)FT

{
Amx |Amx|2 exp (jω0t)

}
+
2

3
FmxF

2
my exp (−jϕmx,ω0)FT

{
Amx |Amy|2 exp (jω0t)

}
+
1

3
FmxF

2
my exp (−j (2ϕmy,ω0 − ϕmx,ω0))FT

{
A∗

mxA
2
my exp (jω0t)

}
+ ...



+
ω2

c20
γR exp (−αz)



F 3
mx exp (−jϕmx,ω0)FT

{
Amx

[
f (t) ∗ |Amx (z, t)|2

]
exp (jω0t)

}
+FmxF

2
my exp (−jϕmx,ω0)FT

{
Amx

[
h (t) ∗ |Amy (z, t)|2

]
exp (jω0t)

}
+
1

2
FmxF

2
my exp (−jϕmx,ω0)

×FT
{
Amy

[
u (t) ∗

(
Amx (z, t)A

∗
my (z, t)

)]
exp (jω0t)

}
+
1

2
FmxF

2
my exp (−j (2ϕmy,ω0 − ϕmx,ω0))

×FT {Amy [u (t) ∗ (A∗
mx (z, t)Amy (z, t))] exp (jω0t)}+ ...


= 0,

(4.2.50)

and a similar expression is found for the y-polarization axis by exchanging the subindexes x and y in
Eq. (4.2.50). As demonstrated in Chapter 2, note that the nonlinear terms involving cross-coupling
effect among the PCMs of different cores can be neglected assuming an MCF with a core-to-core
distance higher than three times the core radius, i.e., dab > 3R0. From Eq. (4.2.50), the coupled
local-mode equation of each PCM mi in the frequency domain can be found by multiplying by
Fmi exp(jϕmi,ω0

) and integrating in an infinite cross-sectional area of the MCF. As an example,
the coupled local-mode equation of the PCM ax is found to be:

j
(
∂z +D(eq)

ax

)
Ãax = exp

(
−j∆ϕ(0)ay,ax

)
m̃ax,ayÃay + exp

(
−j∆ϕ(0)bx,ax

)
κ̃ax,bxÃbx

+ exp (−αz)
{
q̃(I)axFT

{
Aax |Aax|2 exp (jω0t)

}
+

2

3
g̃(I)ax,ayFT

{
Aax |Aay|2 exp (jω0t)

}
+

1

3
exp

(
−j2∆ϕ(0)ay,ax

)
g̃(I)ax,ayFT

{
A∗

axA
2
ay exp (jω0t)

}
+ q̃(R)

ax FT

{
Aax

[
f (t) ∗ |Aax (z, t)|2

]
exp (jω0t)

}
+ g̃(R)

ax,ayFT

{
Aax

[
h (t) ∗ |Aay (z, t)|2

]
exp (jω0t)

}
+

1

2
g̃(R)
ax,ayFT

{
Aay

[
u (t) ∗

(
Aax (z, t)A

∗
ay (z, t)

)]
exp (jω0t)

}
+

1

2
exp

(
−j2∆ϕ(0)ay,ax

)
g̃(R)
ax,ay×

× FT {Aay [u (t) ∗ (A∗
ax (z, t)Aay (z, t))] exp (jω0t)}} , (4.2.51)

where ∆ϕ
(0)
mi,nj := ϕmi,ω0

− ϕnj,ω0
, ∀ (mi, nj) ∈ {ax, ay, bx, by}2; and the linear and nonlinear

mode-coupling coefficients (MCCs) are defined in the frequency domain as (all integrals apply over
an infinite cross-sectional area):
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m̃ax,ay (z, ω; t) :=
ω2

2c20β
(eq)
ax,ω0Nax

¨
σ̃FayFaxdxdy; (4.2.52)

κ̃ax,bx (z, ω; t) :=
ω2

2c20β
(eq)
ax,ω0Nax

¨
∆ε̃r,axFbxFaxdxdy; (4.2.53)

q̃(S)ax (z, ω; t) :=
ω2

2c20β
(eq)
ax,ω0Nax

¨
γSF

4
axdxdy; (4.2.54)

g̃(S)ax,ay (z, ω; t) :=
ω2

2c20β
(eq)
ax,ω0Nax

¨
γSF

2
ayF

2
axdxdy; S ∈ {I,R} , (4.2.55)

with Nax (z, ω; t) :=
˜
F 2
axdxdy. Note that the frequency dependence of the nonlinear MCCs

also involves the nonlinear dispersion of γI and γR, induced by the frequency dependence of nNL.
In such a scenario, the function nNL can be approximated by a first-order Taylor series expansion
as nNL (ω) ≃ n

(0)
NL +(ω − ω0)n

(1)
NL, where n(0)NL = 2.6 ·10−20 m2/W and n(1)NL = 8.3 ·10−24 ps·m2/W

in silica fibers [139,163].
In general, additional MCCs appear in Eq. (4.2.51) modeling linear mode-coupling between

the PCMs. Nevertheless, these MCCs can be neglected, as demonstrated in Chapter 3 for the
monochromatic case [see Eq. (3.2.24)]. Now, redefining the complex envelopes in the frequency
domain as Ãmi := Ãmi exp (αz/2), assuming the attenuation coefficient α with low frequency
dependence satisfying α (ω0) ≫ dα (ω = ω0) /dω, and defining the equivalent intra- and inter-core
mode-coupling functions as:

M̃ (eq)
ax,ay (z, ω; t) := exp (−j∆ϕay,ax (z, ω0; t)) m̃ax,ay (z, ω; t) ; (4.2.56)

K̃
(eq)
ax,bx (z, ω; t) := exp (−j∆ϕbx,ax (z, ω0; t)) κ̃ax,bx (z, ω; t) , (4.2.57)

comprising the frequency dependence of the MCCs, Eq. (4.2.51) is reduced to:

j
(
∂z +D(eq)

ax +
α

2

)
Ãax = M̃ (eq)

ax,ayÃay + K̃
(eq)
ax,bxÃbx + q̃(I)axFT

{
Aax |Aax|2 exp (jω0t)

}
+

2

3
g̃(I)ax,ayFT

{
Aax |Aay|2 exp (jω0t)

}
+

1

3
exp(−j2∆ϕ(0)ay,ax)g̃

(I)
ax,ayFT

{
A∗

axA2
ay exp (jω0t)

}
+ q̃(R)

ax FT

{
Aax

[
f (t) ∗ |Aax (z, t)|2

]
exp (jω0t)

}
+ g̃(R)

ax,ayFT

{
Aax

[
h (t) ∗ |Aay (z, t)|2

]
exp (jω0t)

}
+

1

2
g̃(R)
ax,ayFT

{
Aay

[
u (t) ∗

(
Aax (z, t)A∗

ay (z, t)
)]

exp (jω0t)
}

+
1

2
exp(−j2∆ϕ(0)ay,ax)g̃

(R)
ax,ay×

×FT {Aay [u (t) ∗ (A∗
ax (z, t)Aay (z, t))] exp (jω0t)} . (4.2.58)

In order to derive the final expression of the coupled local-mode equation for the PCM ax in the
time domain, we should perform the following Taylor series expansion at ω = ω0 of the holomorphic
functions (we denote the instantaneous and Raman nonlinear MCCs by the superindex S ∈ {I,R}):

M̃ (eq)
ax,ay (z, ω; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
∂nωM̃

(eq)
ax,ay (z, ω0; t) ≡

∞∑
n=0

1

n!
(ω − ω0)

n
M̃ (eq)(n)

ax,ay ; (4.2.59)

K̃
(eq)
ax,bx (z, ω; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
∂nωK̃

(eq)
ax,bx (z, ω0; t) ≡

∞∑
n=0

1

n!
(ω − ω0)

n
K̃

(eq)(n)
ax,bx ; (4.2.60)
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q̃(S)ax (z, ω; t) =
∞∑

n=0

1

n!
(ω − ω0)

n
∂nω q̃

(S)
ax (z, ω0; t) ≡

∞∑
n=0

1

n!
(ω − ω0)

n
q̃(S)(n)ax ; (4.2.61)

g̃(S)ax,ay (z, ω; t) =

∞∑
n=0

1

n!
(ω − ω0)

n
∂nω g̃

(S)
ax,ay (z, ω0; t) ≡

∞∑
n=0

1

n!
(ω − ω0)

n
g̃(S)(n)ax,ay ; (4.2.62)

α (ω) ≃ α (ω0) + (ω − ω0)
dα (ω)

dω

⌋
ω0

≡ α(0) + (ω − ω0)α
(1), (4.2.63)

which can be expressed in the time domain by the next linear operators:

M̂
(eq)
ax,ay (z; t) :=

∞∑
n=0

(−j)n

n!
M̃ (eq)(n)

ax,ay ∂nt ; K̂
(eq)
ax,bx (z; t) :=

∞∑
n=0

(−j)n

n!
K̃

(eq)(n)
ax,bx ∂nt ;

q̂(S)
ax (z; t) :=

∞∑
n=0

(−j)n

n!
q̃(S)(n)ax ∂nt ; ĝ(S)ax,ay (z; t) :=

∞∑
n=0

(−j)n

n!
g̃(S)(n)ax,ay ∂

n
t ; α̂ := α(0) − jα(1)∂t,

(4.2.64)
and the complex function D

(eq)
mi of the PCM mi is expressed in the time domain by the equivalent

dispersion operator D̂
(eq)
mi , which accounts for the frequency dependence of the ideal phase constant

βmi (ω) and the MCF perturbations β(B+S)
mi (z, ω; t):

D̂
(eq)
mi (z; t) :=

∞∑
n=1

(−j)n−1

n!
β
(eq)(n)
mi,ω0

∂nt . (4.2.65)

Finally, applying the inverse STFT to Eq. (4.2.58) and considering an MCF comprising N
cores, the final expression of the coupled local-mode equation for the PCM ax is derived in the
time domain:

j

(
∂z + D̂

(eq)
ax +

1

2
α̂

)
Aax (z, t) = M̂

(eq)
ax,ayAay (z, t) +

N∑
m ̸=a

K̂
(eq)
ax,mxAmx (z, t)

+ q̂(I)
ax

(
|Aax (z, t)|2 Aax (z, t)

)
+

2

3
ĝ(I)ax,ay

(
|Aay (z, t)|2 Aax (z, t)

)
+

1

3
exp

(
−j2∆ϕ(0)ay,ax (z; t)

)
ĝ(I)ax,ay

(
A∗

ax (z, t)A2
ay (z, t)

)
+ q̂(R)

ax

[(
f (t) ∗ |Aax (z, t)|2

)
Aax (z, t)

]
+ ĝ(R)

ax,ay

[(
h (t) ∗ |Aay (z, t)|2

)
Aax (z, t)

]
+

1

2
ĝ(R)
ax,ay

{[
u (t) ∗

(
Aax (z, t)A∗

ay (z, t)
)]

Aay (z, t)
}

+
1

2
exp

(
−j2∆ϕ(0)ay,ax (z; t)

)
ĝ(R)
ax,ay×

× {[u (t) ∗ (A∗
ax (z, t)Aay (z, t))]Aay (z, t)} . (4.2.66)

The theoretical model is completed in the single-mode regime by 2N − 1 additional coupled
equations for the PCMs mi ̸= ax, which can be obtained just by exchanging the corresponding
subindexes in the above equation. Later, in Appendix E4 (on page 142), we extend the CLMT to
the multi-mode regime.

The proposed coupled local-mode equation presents new interesting terms when it is compared
with previous ultra-short pulse propagation models in MCF [175–184]. Specifically, the linear
operators of Eq. (4.2.66) are found to be longitudinal and temporal dependent, instead of being
constant MCCs and unperturbed propagation constants. Thanks to these linear operators, our
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model is able to describe accurately the linear and nonlinear propagation of each PCM and the
linear and nonlinear MCD (also termed in the literature as intermodal dispersion) between different
PCMs taking into consideration the longitudinal and temporal MCF perturbations.

It is worthy to note that the MCD is induced in each birefringent segment by two different
dispersive effects when propagating femtosecond optical pulses through an MCF: (i) the frequency
dependence of the local mismatching between the phase functions ϕmi (z, ω; t) of the PCMs, referred
to as the phase-mismatching dispersion (PhMD); and (ii) the frequency dependence of the mode
overlapping between the PCMs, modeled by the MCCs and referred to as the coupling-coefficient
dispersion (CCD). As an example, the PhMD between the PCMs ax and bx is given by the phase-
mismatching function ∆ϕbx,ax (z, ω; t) and the CCD by the MCCs κ̃ax,bx (z, ω; t) and κ̃bx,ax (z, ω; t),
both dispersive effects modeled by the operators D̂

(eq)
ax , D̂

(eq)
bx , K̂

(eq)
ax,bx and K̂

(eq)
bx,ax in the time domain.

Along this line, note that the equivalent dispersion operators D̂
(eq)
ax and D̂

(eq)
bx describe not only the

linear propagation of the PCMs ax and bx, but also the exact phase-mismatching ∆ϕbx,ax (z, ω; t)
at each angular frequency ω at a given z point (see Subsection 4.3.2). Although the CCD has been
previously reported considering ideal MCFs without birefringent effects, the CCD and the PhMD
induced by these perturbations have been overlooked so far in the femtosecond regime [175–184].
However, the analysis of both physical impairments is essential to describe the propagation of ultra-
short optical pulses in real MCFs perturbed by longitudinal and temporal birefringent effects. The
first- and higher-order MCD induced by both dispersive effects will be further analyzed in the next
sections.

Remarkably, the MCD can be observed in an SM-MCF between the PCMs of different cores
(inter-core MCD) and between the PCMs of a single core (intra-core MCD). Note that the intra-
core MCD is the well-known linear and nonlinear PMD. Hence, from now on, we will discuss the
inter-core MCD (IMCD) involving mode-coupling between the PCMs of different cores.

4.3 Inter-core mode-coupling dispersion
Although the proposed model allows us to investigate a wide range of propagation phenomena
in MCFs, our efforts are mainly focused on a deeper understanding of the IMCD induced by the
fiber perturbations. In this section, we will take a closer look at the behavior of the IMCD in
ideal and real MCFs, especially, when operating in the linear regime. To this end, and in order
to gain physical insight, we will perform a theoretical discussion of the IMCD using Eq. (4.2.51)
and omitting the optical power attenuation, the PMD (intra-core MCD), and the nonlinear effects.
First, we will investigate the IMCD in ideal homogeneous MCFs (i.e. without fiber perturbations),
and later, we will analyze the effects of the IMCD in real MCFs (i.e. with fiber perturbations)
considering homogeneous and heterogeneous cores.

4.3.1 Ideal multi-core fiber
As a first example, let us consider an ideal homogeneous 2-core MCF (cores a and b) without
longitudinal and temporal birefringent effects. In this scenario, if we omit the power attenua-
tion, the PMD, the nonlinear effects and perform the transformation15 of the complex envelopes
Ãmi(z, ω − ω0) = Ãmi(z, ω − ω0) exp[−j (ϕmi (z, ω)− ϕmi (z, ω0))] in the coupled local-mode equa-
tions of the PCMs ax and bx in the frequency domain [i.e. Eq. (4.2.51) for the PCM ax and the
equivalent equation for the PCM bx], the following expressions are found:

j∂zÃax (z, ω − ω0) = exp (−j∆βbx,ax (ω) z) κ̃ax,bx (ω) Ãbx (z, ω − ω0) ; (4.3.1)
j∂zÃbx (z, ω − ω0) = exp (+j∆βbx,ax (ω) z) κ̃bx,ax (ω) Ãax (z, ω − ω0) . (4.3.2)

15This transformation will allow us to discuss the IMCD from the complicated Eq. (4.2.51) with a simple and
intuitive physical interpretation in ideal and real MCFs (see below). Furthermore, note that the temporal variation
of Ãmi, Ãmi and ϕmi dissapears when omitting the temporal birefringence of the MCF. In such circumstances, we
should work with the Fourier transform instead of using the STFT of the complex envelopes. Consequently, in
Subsections 4.3.1 and 4.3.2, Ãmi and Ãmi are actually the Fourier transform of Ami and Ami, respectively.
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It should be noted that, in ideal homogeneous MCFs, the phase-mismatching ∆βbx,ax(ω) between
both PCMs becomes null considering that βax = βbx, and the MCCs are found to be identical with
κ̃ax,bx = κ̃bx,ax. In this way, Eqs. (4.3.1) and (4.3.2) indicate that an ideal homogeneous MCF is
analogous to a symmetric optical coupler. Hence, assuming that only the PCM ax is excited at
the MCF input, the solution of the previous equations is given by the expressions (Ω := ω − ω0):

Ãax (z,Ω) = cos (κ̃ (Ω) z) Ãax (0,Ω) ; Ãbx (z,Ω) = −j sin (κ̃ (Ω) z) Ãax (0,Ω) , (4.3.3)

where the MCC κ̃ is defined as κ̃ (Ω) := κ̃ax,bx (Ω + ω0). The previous equations define two different
linear and time-invariant (LTI) systems with the transfer functions Hax and Hbx modeling the
propagation of the complex envelopes Ãmi in the PCMs ax and bx:

Hax (z,Ω) :=
Ãax (z,Ω)

Ãax (0,Ω)
= cos (κ̃ (Ω) z) ; Hbx (z,Ω) :=

Ãbx (z,Ω)

Ãax (0,Ω)
= −j sin (κ̃ (Ω) z) . (4.3.4)

Now, in order to analyze the first-order CCD, let us perform a first-order Taylor series expansion
of the MCC:

κ̃ (Ω) ≃ κ̃ (Ω = 0) + Ω
dκ̃ (Ω)

dΩ

⌋
Ω=0

≡ κ̃(0) +Ωκ̃(1). (4.3.5)

From Eqs. (4.3.4) and (4.3.5) it is straightforward to calculate the impulse response of each LTI
system hmx (z, t) = F−1 [Hmx (z,Ω)] (with m ∈ {a, b}):

hax (z, t) =
1

2
δ
(
t− κ̃(1)z

)
exp

(
−jκ̃(0)z

)
+

1

2
δ
(
t+ κ̃(1)z

)
exp

(
+jκ̃(0)z

)
; (4.3.6)

hbx (z, t) =
1

2
δ
(
t− κ̃(1)z

)
exp

(
−jκ̃(0)z

)
− 1

2
δ
(
t+ κ̃(1)z

)
exp

(
+jκ̃(0)z

)
. (4.3.7)

Consequently, we can note that the linear frequency dependence of the MCC (first-order CCD)
induces the temporal splitting of the optical pulse in each PCM, according to the observations
reported in [175]. Therefore, the first-order CCD can be observed in optical pulses with a temporal
width TP satisfying the condition 2κ̃(1)z ≥ TP. More specifically, the longitudinal evolution of an
optical pulse launched into the PCM ax at z = 0 can be easily calculated by using Eqs. (4.3.6) and
(4.3.7):

Aax (z, t) = Aax (0, t) ∗ hax (z, t)

=
1

2
Aax

(
0, t− κ̃(1)z

)
exp

(
−jκ̃(0)z

)
+

1

2
Aax

(
0, t+ κ̃(1)z

)
exp

(
+jκ̃(0)z

)
≡ 1

2
A−ax exp (−jθ) +

1

2
A+ax exp (+jθ) ; (4.3.8)

Abx (z, t) = Aax (0, t) ∗ hbx (z, t)

=
1

2
Aax

(
0, t− κ̃(1)z

)
exp

(
−jκ̃(0)z

)
− 1

2
Aax

(
0, t+ κ̃(1)z

)
exp

(
+jκ̃(0)z

)
≡ 1

2
A−ax exp (−jθ)−

1

2
A+ax exp (+jθ) , (4.3.9)

and in terms of optical power (with Pmi = |Ami|2):16

Pax (z, t) =
1

4

∣∣A−ax∣∣2 + 1

4

∣∣A+ax∣∣2 + 1

4
A−ax

(
A+ax
)∗

exp (−j2θ) + 1

4

(
A−ax
)∗

A+ax exp (+j2θ) ; (4.3.10)

Pbx (z, t) =
1

4

∣∣A−ax∣∣2 + 1

4

∣∣A+ax∣∣2 − 1

4
A−ax

(
A+ax
)∗

exp (−j2θ)− 1

4

(
A−ax
)∗

A+ax exp (+j2θ) . (4.3.11)

16Let us remember that we calculate the optical power in our theoretical discussions by setting C
(P)
mi ≡ 1 for

simplicity [see Eq. (1.5.11)].
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If we assume MCF distances satisfying that z ≥ TP/2κ̃
(1), thus A−axA

+
ax = 0 and the third and

fourth terms of Eqs. (4.3.10) and (4.3.11) become null obtaining a similar solution in each PCM
ax and bx. The original pulse splits in four identical pulses with the 25% of the initial peak power:

Pax (z, t) = Pbx (z, t) =
1

4
Pax

(
0, t− κ̃(1)z

)
+

1

4
Pax

(
0, t+ κ̃(1)z

)
. (4.3.12)

Higher-order effects of the CCD induce an additional chirp in the complex envelope of the
original pulse, as verified in Appendix D4 by performing numerical calculations of the CLMT [see
Fig. D4.1(c)]. The CCD was previously investigated in symmetric optical couplers and ideal MCFs
in [175–184]. Therefore, our model is in line with previous works when considering ideal conditions
in homogeneous MCFs without including longitudinal and temporal birefringence perturbations
or heterogeneous cores. In [182], the heterogeneous case was analyzed with a similar approach
as in [175], i.e., modeling a two-core fiber as an ideal optical coupler by omitting the realistic
perturbations of the medium. The power of our model and the original contribution of this chapter
reveals itself when these realistic fiber conditions are considered.

On the other hand, an additional fundamental feature should be remarked from the above
equations. Note that the same analysis can be performed to investigate the mode-coupling between
two orthogonal PCMs of a given core (e.g. core a) assuming constant twisting conditions and
omitting the intrinsic linear birefringence of the fiber. Concretely, the mode-coupling between the
PCMs ax-ay can also be modeled by Eqs. (4.3.1) and (4.3.2) replacing the subindex bx by ay and
the MCCs κ̃ax,bx and κ̃bx,ax by m̃ax,ay and m̃ay,ax, respectively. Therefore, as can be deduced from
the above considerations, the pulse splitting should also be observed between orthogonal PCMs
of a given core. However, it is straightforward to verify using Eq. (4.2.52) and the ERIM detailed
in Appendix C4 that ∂ωm̃ax,ay ≪ κ̃(1). Thus, we conclude that it is difficult to observe the CCD
and the pulse splitting effect between orthogonal PCMs of a given core. The intra-core MCD is
mainly induced in the linear fiber regime by the frequency dependence of the phase-mismatching
∆ϕay,ax (z, ω; t), termed in the literature as the linear PMD.

4.3.2 Real multi-core fiber
Now, consider a short MCF segment in a time interval where the longitudinal and temporal fiber
perturbations can be assumed to be constant.17 In addition, in order to gain physical interpretation
into the IMCD effects when the fiber birefringence is involved, let us assume once again only two
PCMs ax and bx and perform the same transformation of the complex envelopes as in previous
subsection in the corresponding coupled local-mode equations of the PCMs ax and bx in the
frequency domain, that is, Eq. (4.2.51) for the PCM ax and the equivalent equation for the PCM bx.
As a result, the following expressions are found:

j∂z Ãax (z, ω − ω0) = exp (−j∆ϕbx,ax (z, ω)) κ̃ax,bx (ω) Ãbx (z, ω − ω0) ; (4.3.13)
j∂z Ãbx (z, ω − ω0) = exp (+j∆ϕbx,ax (z, ω)) κ̃bx,ax (ω) Ãax (z, ω − ω0) , (4.3.14)

where the frequency dependence of D
(eq)
ax and D

(eq)
bx is now described by the exponential terms,

and the time dependence of the coupled local-mode equations disappears in the frequency domain
when assuming a time-invariant optical medium. Furthermore, the phase-mismatching function
can be approximated in the short MCF segment to ∆ϕbx,ax (z, ω) ≃ ∆β

(eq)
bx,ax (ω) z if we assume that

fT ·Lseg → 0, where fT is the twist rate and Lseg is the segment length. Hence, solving Eqs. (4.3.13)
and (4.3.14) assuming that only the PCM ax is excited at the MCF input, we conclude that a real
MCF with longitudinal birefringent effects can be modeled once again as two different LTI systems
with the following transfer functions in baseband (Ω := ω − ω0):

17These initial assumptions allow us to investigate theoretically the IMCD in real MCFs comprising cores of
different types: heterogeneous, homogeneous, coupled, uncoupled, lowly or highly-birefringent, trench- or hole-
assisted, and with step- or gradual-index profiles.
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Hax (z,Ω) :=
Ãax (z,Ω)

Ãax (0,Ω)
= exp

(
−j

∆β
(eq)
bx,ax (Ω + ω0)

2
z

)
×

×

[
cos (η̃ (Ω) z) + j

∆β
(eq)
bx,ax (Ω + ω0)

2η̃ (Ω)
sin (η̃ (Ω) z)

]
; (4.3.15)

Hbx (z,Ω) :=
Ãbx (z,Ω)

Ãax (0,Ω)
= −j κ̃bx,ax (Ω + ω0)

η̃ (Ω)
exp

(
+j

∆β
(eq)
bx,ax (Ω + ω0)

2
z

)
sin (η̃ (Ω) z) , (4.3.16)

where ∆β
(eq)
bx,ax is the mismatching of the equivalent phase constants between the PCMs ax and

bx in the MCF segment, which includes the fiber perturbations and the intrinsic material index
mismatching when the MCF comprises heterogeneous cores; and η̃ (Ω) is the complex function
defined as:

η̃ (Ω) :=

[
κ̃ax,bx (Ω + ω0) κ̃bx,ax (Ω + ω0) +

(
∆β

(eq)
bx,ax (Ω + ω0)

)2
/4

]1/2

. (4.3.17)

Performing the next first-order Taylor series approximations ∆β
(eq)
bx,ax ≃ ∆β

(eq)(0)
bx,ax +∆β

(eq)(1)
bx,ax Ω

and η̃ (Ω) ≃ η̃(0)+η̃(1)Ω (with ∆β
(eq)(n)
bx,ax := dn∆β

(eq)
bx,ax (Ω = 0) /dΩn and η̃(n) := dnη̃ (Ω = 0) /dΩn),

the transfer functions of the LTI systems are found to be proportional to:

Hax (z,Ω) ∝ exp

(
−j

∆β
(eq)(1)
bx,ax

2
zΩ

)
×

×

[
cos
(
η̃(0)z + η̃(1)zΩ

)
+ j

∆β
(eq)
bx,ax (Ω + ω0)

2η̃ (Ω)
sin
(
η̃(0)z + η̃(1)zΩ

)]
; (4.3.18)

Hbx (z,Ω) ∝ −j κ̃bx,ax (Ω + ω0)

η̃ (Ω)
exp

(
+j

∆β
(eq)(1)
bx,ax

2
zΩ

)
sin
(
η̃(0)z + η̃(1)zΩ

)
. (4.3.19)

From the above equations, we can directly infer the main implications of the IMCD:

• For ideal homogeneous cores without MCF perturbations (∆β(eq)
bx,ax = 0), it is straightforward

to demonstrate that the impulse response of both LTI systems is reduced to Eqs. (4.3.6) and
(4.3.7) with η̃ ≡ κ̃. In other words, it is found to be proportional to the Dirac delta function
δ(t ± η̃(1)z). Therefore, the pulse splitting induced by the first-order CCD can be observed
in both cores for an MCF length L satisfying the condition L ≥ TP/2η̃

(1).

• The power of our model reveals itself when considering real homogeneous and heterogeneous
MCFs with longitudinal and temporal birefringent effects inducing a local phase-mismatching
∆β

(eq)
bx,ax ̸= 0. In this case, the LTI systems introduce an additional group delay (with opposite

sign in cores a and b) induced by the exponential terms of Eqs. (4.3.18) and (4.3.19) and,
therefore, the impulse response is found to be proportional to δ(t ± η̃(1)z ± ∆β

(eq)(1)
bx,ax z).

Note that this effect is produced by the first-order PhMD, modeled by the term ∆β
(eq)(1)
bx,ax ,

which accounts for the equivalent differential group delay between the PCMs ax and bx.
Consequently, the pulse splitting and the group delay induced by the first-order CCD and
the first-order PhMD inherit the possible random nature of η̃(1) and ∆β

(eq)(1)
bx,ax along the MCF

length (arising from the stochastic perturbations of the medium). In addition, the IMCD can
also vary in time following the temporal fluctuations of the MCF perturbations that modify
the value of η̃(1) and ∆β

(eq)(1)
bx,ax .
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• The increment of the MCF perturbations given by
∣∣∣∆β(eq)

bx,ax

∣∣∣ increases the group delay in
the non-excited core b, but reduces the group delay in the excited core a. Note that the
transfer function Hax can be approximated to Hax ≃ 1 if the absolute value of the equivalent
phase-mismatching is much higher than the MCCs, as can be deduced from Eqs. (4.3.15)
and (4.3.17). Consequently, the MCF perturbations can be used as a potential strategy of
birefringence management to reduce the impact of the IMCD on the MCF transmission.

• As mentioned before, the CCD and the PhMD are induced by the frequency dependence
of the MCCs and the local phase-mismatching ∆β

(eq)
bx,ax, respectively. Thus, the second-

and higher-order dispersive effects of the IMCD will introduce an additional chirp in the
optical pulses, modifying their complex envelopes. In particular, although the higher-order
PhMD is difficult to observe between orthogonal PCMs of a given core with similar dispersive
parameters (also termed in the literature as the higher-order PMD), the higher-order PhMD
becomes an important issue when PCMs of different cores are involved. In the same way,
higher-order dispersive effects of the CCD will also modify the complex envelopes of the
optical pulses.

• In spite of the fact that the LTI systems are only an approximate solution of the coupled
local-mode equations in the linear regime of the fiber, their expressions also allow us to infer
a fundamental behavior of the IMCD in the nonlinear regime. The Kerr effect will increase∣∣∣∆β(eq)

bx,ax

∣∣∣ reducing the mode-coupling between both PCMs, in line with the behavior of the
nonlinear IC-XT experimentally observed in Chapter 2. Nonetheless, in general, the coupled
local-mode equations [Eq. (4.2.66)] must be solved numerically to perform a complete analysis
of the IMCD effects in the nonlinear regime. As we will see below, additional propagating
effects will appear on the optical pulses induced by the MCF nonlinearities, which can only
be observed when solving numerically the coupled local-mode equations.

These points are verified through extensive numerical calculations of the CLMT in the next section.
As we will see, many interesting IMCD effects related to MCF perturbations that could not be
addressed with previous femtosecond pulse propagation models [175–184] emerge when using the
proposed theory.

4.4 Numerical simulations
In all the analyzed cases, we considered an MCF comprising a fiber length of L = 40 m and two
cores a and b distributed in a square lattice with a core-to-core distance dab = 26 µm and a core
radius R0 = 4 µm, as depicted in Fig. 4.1. The wavelength of the optical carrier (λ0) was selected
to be in the third transmission window with λ0 = 1550 nm. The peak power18 of the optical pulses
was taken to be 0 dBm to analyze the IMCD effects in the linear regime (Figs. 4.3, 4.4, 4.5 and
4.7) and 40.7 dBm to investigate the impact of the medium perturbations on a fundamental soliton
(Fig. 4.6). The time variable was normalized by using the group delay of the PCM ax as a reference
with tN = (t− β

(1)
ax z)/TP, where TP is defined in this work as the full-width at 1/ (2e) (∼ 18%) of

the peak power. In order to investigate the main effects of the IMCD, different fiber parameters
are considered in each numerical example. The specific parameters of each simulation are detailed
in Tables C4.1 and C4.2 of Appendix C4 (on page 136).

As a first simple example, we considered a homogeneous MCF with constant bending conditions.
The material refractive index of the cores a and b and the cladding was selected to be na(b) = 1.452
and ncl = 1.444, respectively. Figure 4.3 shows the simulation results of the coupled local-mode
equations when a 350-fs Gaussian optical pulse is launched into the PCM ax at z = 0. In this
example, the linear birefringence is induced via the photo-elastic effect by three different constant
bending radius RB = ∞, 10 cm and 1 cm, depicted in Figs. 4.3(a)-(c), respectively. Moreover, the

18In order to perform realistic numerical simulations of the CLMT, the power of the optical pulses was calculated
as Pmi (z, t) = C

(P)
mi |Ami (z, t)|2, with the exact value of C

(P)
mi given by Eq. (1.5.12).
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chromatic dispersion [also known as group-velocity dispersion (GVD)] and the PMD (induced by
the intrinsic random linear and circular fiber birefringence) were omitted to isolate the effects of
the first-order IMCD. In this way, the pulse is only propagated by the PCMs ax and bx.

Figure 4.3. First-order IMCD with a constant macrobend. Simulation results of a 350-fs Gaussian optical
pulse propagating through a 40-m homogeneous 2-core MCF (cores a and b) with three different constant
bending radius: (a) RB = ∞, (b) RB = 10 cm and (c) RB = 1 cm. [Colorbar: normalized power] [116].

Figure 4.3(a) depicts the ideal homogeneous MCF, where the pulse splitting previously observed
by Chiang [175] appears induced by the first-order CCD, in line with Eq. (4.3.12). Moreover, it
can be observed from Figs. 4.3(b) and (c) that the lower the bending radius, the higher the phase-
mismatching induced between the PCMs is. Therefore, an additional group delay appears in the
optical pulse induced by the first-order PhMD, with opposite sign in the PCMs ax and bx. In
particular, note that the group delay increases in core b when reducing the bending radius as a
direct consequence of the impulse response hbx (t), which is proportional to the Dirac delta function
δ(t ± η̃(1)z ±∆β

(eq)(1)
bx,ax z) (with ∆β

(eq)(1)
bx,ax < 0 in this case). In contrast, the group delay decreases

in core a when the bending radius is reduced [Fig. 4.3(c)]. As was pointed out previously, Hax

tends to 1 as
∣∣∣∆β(eq)

bx,ax

∣∣∣ increases. Furthermore, the pulse splitting is reduced in both cores because
of the reduction of the mode-coupling induced by the fiber bending. This shows that the MCF
longitudinal perturbations (low values of the bending radius in this case) can be used to reduce
the effect of the IMCD along the MCF length.

Another interesting potential effect of the first-order IMCD is related to the random birefrin-
gence that arises from a randomly-varying fiber bending radius. In this case, the effect of the
first-order PhMD along with the CCD can also be observed when considering a high number
of MCF birefringent segments where the bending radius fluctuates with a Normal distribution
between adjacent segments. We simulate the MCF of the first example by considering a 250-fs
Gaussian optical pulse and 50 birefringent segments with two different random distributions of the
bending radius: RB1 = N(µ = 100, σ2 = 40) cm and RB2 = N(µ = 10, σ2 = 2) cm, where N is the
normal distribution. The numerical results are shown in Figs. 4.4(a) and 4.4(b) for each bending
radius distribution, respectively.

As can be seen from Fig. 4.4(a), the group delay and the pulse splitting present a random
evolution in each core due to the stochastic nature of the MCF perturbations inducing a random
differential group delay ∆β

(eq)(1)
bx,ax between the PCMs ax and bx, in line with our previous theoretical

predictions. However, if the average value of the bending radius is reduced, the phase-mismatching
between the core modes increases (see ERIM in Appendix C4) and, therefore, the pulse dispersion
induced by the first-order PhMD decreases, as can be seen from Fig. 4.4(b) and 4.4(c). The
comparison of the pulse dispersion at the MCF output in the PCM ax is shown in Fig. 4.4(c)
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for each bending radius distribution, verifying that the IMCD is reduced with the second bending
radius RB2. It should be noted that, for higher fiber distances, although the intrinsic random linear
birefringence of the MCF may increase the pulse distortion (via the PMD), small index differences
induced in each core by the fiber fabrication process could reduce the IC-XT levels and the IMCD
effects. On the other hand, in spite of the fact that the circular birefringence has been omitted
in these simulations to isolate the effects of the IMCD, in Appendix D4 (page 137) we include
additional simulations in which both linear and circular random birefringent effects are considered.
As can be noted from Fig. D4.2, the circular birefringence only induces power exchange between
orthogonal polarizations. Remarkably, we cannot observe an additional pulse distortion in this
case taking into account that the PMD can be neglected in both cores when the intrinsic linear
birefringence is omitted in the numerical simulations.

Figure 4.4. First-order IMCD with a random macrobend. Simulation results of a 250-fs Gaussian optical
pulse propagating through a homogeneous 2-core MCF comprising 50 birefringent segments with random
bending conditions. Two different normal distributions were considered for the numerical calculations in
this example: (a) RB1 = N(µ = 100, σ2 = 40) cm and (b) RB2 = N(µ = 10, σ2 = 2) cm. (c) Pulse
dispersion comparison at the MCF output for the PCM ax. [Colorbar: normalized power] [116].

In the next example, we compare the effects of the IMCD induced by the CCD and higher-
order effects of the PhMD in homogeneous and heterogeneous MCFs. As detailed in the previous
section, higher-order dispersive effects of the PhMD appear when considering a non-vanishing
∆β

(l)
bx,ax with l ≥ 2. To investigate the additional chirp induced by the higher-order PhMD, a

200-fs Gaussian optical pulse was simulated in the same homogeneous MCF as in the previous
examples, but with ∆β

(1)
bx,ax = 0.28 ps/km, ∆β(2)

bx,ax = 0.2 ps2/km and ∆β
(3)
bx,ax = 0 ps3/km (which

are typical values induced by manufacturing imperfections [21,133,188]). A second heterogeneous
MCF with ∆n = na − nb = 0.002, ∆β(1)

bx,ax = 6.5 ps/km, ∆β(2)
bx,ax = 1 ps2/km and ∆β

(3)
bx,ax = 0.1

ps3/km was also simulated (dispersive parameters which can be found in a heterogeneous MCF
design [69]). In both cases, the bending radius was assumed to vary randomly along 50 birefringent
segments as a Normal distribution of RB = N(µ = 100, σ2 = 40) cm. In order to illustrate the
higher-order PhMD effects, the GVD is compensated in both cores along the MCF propagation
using the dispersive parameters of a given PCM as a reference, in this case the PCM ax (the
specific dispersive parameters and additional details of this simulation can be found in Table C4.2
of Appendix C4).

The simulation results are shown in Fig. 4.5, where we can observe the additional chirp induced
by the second- and third-order PhMD (∆β(2)

bx,ax and ∆β
(3)
bx,ax), which increases the temporal width

of the pulse complex envelope in the PCMs ax and bx. Although ∆β
(2)
bx,ax and ∆β

(3)
bx,ax are lower

in the homogeneous MCF [Fig. 4.5(a)] than in the heterogeneous MCF [Fig. 4.5(b)], the pulse
distortion induced by the higher-order IMCD is significantly higher in the former case. In the
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heterogeneous case, the second-order PhMD effects are reduced due to the increment of the intrinsic
phase-mismatching ∆βbx,ax (ω0) between the PCMs ax and bx. These results allow us to conclude
that, in the femtosecond regime, the GVD compensation can be performed at the DSP by using
the same digital filter for each PCM when heterogeneous cores and short MCF distances are
involved (L ≤ LPhMD = T 2

P/
∣∣∣∆β(2)

bx,ax

∣∣∣, see below). Nonetheless, in homogeneous MCFs, while the
criterion L ≤ LPhMD is fulfilled, ∆βbx,ax (ω0) = 0. Hence, the second-order PhMD induces a higher
pulse distortion and the GVD compensation must be performed using a different digital filter per
core, with the specific dispersive parameters of each one. In the case in which L ≪ LPhMD in
homogeneous MCFs, the GVD compensation can also be performed by using the same digital filter
for each core. Moreover, due to their low IC-XT levels, disordered MCFs exhibiting transverse
Anderson localization [93] could also be proposed as a means to reduce the impact of the IMCD on
some applications. In particular, disordered MCFs could be of extreme utility to improve the image
quality in lensless endoscopy [92]. In Appendix D4, we also analyze in Figs. D4.3 and D4.4 the
higher-order effects of the IMCD when including mode-coupling between orthogonal polarizations
induced by the circular fiber birefringence. In both cases, we can observe a higher pulse distortion
than in Fig. 4.5 when including the circular birefringence along with the PMD and the second-order
PhMD.

Figure 4.5. Higher-order IMCD in real homogeneous and heterogeneous MCFs. 200-fs Gaussian optical
pulse propagated along a 40-m 2-core MCF in the PCMs ax and bx considering higher-order PhMD effects.
(a) Homogeneous MCF. (b) Heterogeneous MCF with index difference ∆n = na − nb = 0.002. [Colorbar:
normalized power] [116].

For completeness, the IMCD effects are also investigated in the nonlinear fiber regime along
with the PMD (intra-core MCD). Remarkably, the impact of such perturbations on a bright soliton
is analyzed. A 600-fs fundamental soliton (∼ 350 fs full width at half maximum) was launched into
the PCM ax of a dispersion-shifted homogeneous 2-core MCF with na = nb = 1.452, ncl = 1.444,
and usual first- and second-order GVD coefficients of β(2) = −1 ps2/km and β(3) = 0.1 ps3/km,
respectively. The peak power (P0) required to support the fundamental soliton is found to be
40.7 dBm considering a nonlinear refractive index of nNL = 2.6 · 10−20 m2/W at 1550 nm. The
fundamental soliton condition was numerically tested by omitting: the core b, the fiber birefringent
effects, β(3), the self-steepening (induced by the frequency dependence of q̂(I)

ax), and the intrapulse
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Raman scattering inducing frequency shift in optical pulses shorter than 1 ps [Raman-induced
frequency shift (RIFS) [139]].

Now, in order to simulate realistic MCF conditions, we include the core b, higher-order disper-
sive and nonlinear effects, and assume ∆β

(1)
bx,ax = 0.2 ps/km and ∆β

(2)
bx,ax = 0.1 ps2/km induced by

manufacturing imperfections (similar values for the y-polarization). In this case, we also include
the intrinsic linear birefringence of the medium along with the linear and circular birefringence
induced by the fiber bending and twisting conditions. We consider 50 birefringent segments along
the MCF length, where the linear and circular birefringence fluctuate between adjacent segments.
The circular birefringence is induced by a random twist rate fT given by the Normal distribution
fT = N(µ = 0.1, σ2 = 0.01) turns/m. The linear birefringence is induced by: (i) the random
bending conditions with RB = N(µ = 100, σ2 = 40) cm, and (ii) the intrinsic linear birefringence
of each core, fixed to 2 · 10−7 in both cores a and b.

Figure 4.6. IMCD impact on optical solitons. (a) 600-fs fundamental soliton propagated along a 40-m
2-core dispersion-shifted homogeneous MCF in the PCMs ax, ay, bx, by considering first- and second-order
IMCD effects. (b) Pulse shape comparison at the output of the core a. [Colorbar: normalized power] [116].

According to Fig. 4.6, we can observe that the soliton condition is broken along the MCF propa-
gation. As discussed later, the second-order PhMD becomes one of the major physical impairments
in coupled-core MCFs with a near-zero ∆β

(2)
bx,ax parameter. Thus, in the first propagation meters,

the additional chirp induced by the second-order PhMD along with the first-order CCD increases
the pulse width and reduces the peak power. As a result of the peak power reduction, the pulse
width is increased along the MCF length and the soliton peak is shifted from its original position
due to the first-order PhMD and the second-order GVD (induced by β(3)). In this case, note that
the effects of the RIFS and the self-steepening are difficult to observe with TP = 600 fs, L = 40 m,
β(2) = −1 ps2/km and P0 ≃ 40 dBm. Nevertheless, in optical pulses of few femtoseconds and in
MCFs with a higher β(2) coefficient, the soliton distortion will be increased not only by the IMCD
and the second-order GVD, but also by the RIFS and the self-steepening nonlinear effects.

So far, we have evaluated the longitudinal birefringent effects of the MCF, but omitting the
temporal perturbations of the medium. However, as was indicated above, the IMCD can also
fluctuate in time due to the temporal variation of the MCF birefringence modifying the value of
the phase function ϕmi (z, ω; t) in each PCM mi. Therefore, the random group delay induced by
the first-order PhMD in each MCF segment may present a time-varying evolution.

To verify this statement, we perform a numerical simulation considering a time-varying intrinsic
linear birefringence of the optical medium. Specifically, we simulate the homogeneous 2-core MCF
of Fig. 4.5(a) but assuming a constant bending radius of RB = 100 cm and varying the intrinsic
linear birefringence of each core over a 4-day period. The intrinsic linear birefringence was assumed
to vary from day to day (BTC unit of 1 day, see page 67) following a normal distribution with
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a different average value in each core, but with a similar temporal evolution, in line with the
experimental work reported in Chapter 3 [see Fig. 4.7(a)]. Nonetheless, note that faster temporal
changes of the linear birefringence can also be considered in each core. In any case, our previous
discussion and the coupled local-mode equations are also found to be valid for faster time-varying
birefringent conditions if these MCF fluctuations are approximately constant in time intervals of
the order of TP, as indicated above. Figure 4.7(b) shows the temporal dispersion of a 150 fs
Gaussian optical pulse obtained each day at the MCF output for the PCM ax. As can be seen,
the group delay and the pulse shape present random fluctuations in different days as a direct
consequence of the temporal random group delay induced by the first-order PhMD and CCD in
each MCF segment. From these results, it is clear that the time-varying effects of the IMCD should
be taken into account to compensate for this physical impairment using DSP techniques in future
SDM optical systems.

Figure 4.7. Time-varying IMCD. (a) Temporal evolution of the intrinsic linear birefringence assumed in
cores a and b for the numerical calculations. (b) Corresponding optical pulse calculated in the PCM ax at
the MCF output each simulated day [116].

Finally, once we know in general terms the effects of the IMCD in ultra-short optical pulses,
we investigate the fiber length scales over which the dispersive effects of the IMCD should be
considered in the pulse propagation phenomena when comparing this physical impairment with
the first-order GVD. To this end, we compare the GVD, CCD and PhMD lengths considering
an MCF without random perturbations, given by the expressions for the PCMs ax and bx (see
page 141 for more details):

LGVD := T 2
P/
∣∣∣β(2)

ax

∣∣∣ ; LCCD := TP/
(
2
∣∣∣κ̃(1)ax,bx

∣∣∣) ; LPhMD := T 2
P/
∣∣∣∆β(2)

bx,ax

∣∣∣ . (4.4.1)

Figure 4.8. Dispersion length comparison. (a) Group-velocity dispersion (GVD) length, (b) coupling-
coefficient dispersion (CCD) length, and (c) phase-mismatching dispersion (PhMD) length [116].
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Figure 4.8 depicts the comparison of the GVD, CCD and PhMD dispersion lengths. As can
be seen, the first-order GVD is expected to become the major physical impairment in MCFs
where the mode-coupling effects are significantly reduced. This scenario should be considered in
homogeneous uncoupled-core MCFs, i.e., with β

(2)
ax ≃ β

(2)
bx and dab/R0 ≥ 7, or in heterogeneous

MCFs with IC-XT levels lower than −30 dB [Fig. 4.5(b)]. Specific examples of these fibers can
be found in [133, 189]. On the other hand, the IMCD becomes one of the major pulse distortion
effects in MCFs operating in the strong-coupling regime (dab/R0 < 7). In particular, femtosecond
pulses propagating in coupled-core MCFs will be highly degraded by this optical impairment. In
this scenario, the IMCD induced by the first-order CCD becomes the predominant impairment
in coupled-core MCFs with homogeneous and lowly-dispersive cores, i.e., with β

(2)
ax ≃ β

(2)
bx < 10

ps2/km. Nevertheless, the first-order GVD along with the IMCD induced by the second-order
PhMD will be the predominant physical impairments in coupled-core MCFs with ∆β

(2)
bx,ax ̸= 0,

especially when these fibers comprise homogeneous but non-identical cores with a near-zero ∆β
(2)
bx,ax

parameter.

4.5 Conclusions
We have presented a general theory modeling the propagation of ultra-short optical pulses in
real SM-MCFs perturbed by random longitudinal and temporal birefringent effects. The rigorous
formalism here reported including the longitudinal and temporal fiber birefringent perturbations
allows us to describe many interesting effects that could not be addressed with previous ultra-
short pulse propagation models in the femtosecond regime [175–184]. Figure 4.9 shows a schematic
comparison of our model with previous works.

As seen, these previous ultra-short pulse propagation models consider a single polarization, ideal
cores and omit the fiber birefringent perturbations (see e.g. [175]). Therefore, these works can only
describe the frequency dependence of the ideal mode-coupling coefficients, the CCD. Concretely,
the first- and second-order CCD inducing pulse splitting and linear chirp were investigated from
these models in the aforementioned references.

Figure 4.9. Schematic comparison of the MCD effects which can be analyzed with the proposed model
and previous works [175–184] of femtosecond pulse propagation in MCFs. Considering a single polar-
ization, ideal homogeneous cores and omitting the fiber perturbations, only the CCD can be modeled.
However, including both orthogonal polarizations and the perturbations of the optical medium, the linear
and nonlinear PMD along with the IMCD (CCD+PhMD) can be investigated [116].
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Nevertheless, new dispersive effects induced by the mode-coupling among the fundamental core
modes LP01 emerge when including two polarizations and the fiber perturbations in Maxwell’s
equations using the concept of local modes. Numerical calculations based on the developed theory
reveal the existence of intermodal dispersion, referred to as the MCD in this work, induced by
the random perturbations of the optical medium when operating in the linear and nonlinear fiber
regimes. Specifically, in the femtosecond regime, the inter-core MCD (termed as IMCD) involves
the frequency dependence of the mode overlapping and the phase-mismatching between the fiber
local modes, dispersive effects referred to as the CCD and the PhMD, respectively. The CCD
is completed in our model by including the fiber perturbations and higher-order dispersive effects
inducing pulse splitting and nonlinear chirp. The PhMD, overlooked so far in previous models [175–
184], emerges from: (i) the longitudinal and temporal fiber perturbations inducing a random group
delay (first-order PhMD), and (ii) the intrinsic phase-mismatching between local modes inducing
a deterministic group delay and a linear and nonlinear chirp (second- and higher-order PhMD).
It is worth noting that the PhMD is analogous to the PMD observed in optical transmissions
using SM-SCFs. Nonetheless, although the second-order PMD is difficult to observe in SM-SCF
transmissions, the second-order PhMD is expected to become the predominant physical impairment
(along with the first-order GVD) in coupled-core MCFs comprising homogeneous but non-identical
cores with a near-zero ∆β

(2)
bx,ax parameter [see Fig. 4.5(a) and Fig. 4.8(c)]. In contrast, the CCD

will be the predominant IMCD effect in coupled-core MCFs with low dispersive homogeneous cores
[see Fig. 4.8(b)].

The potential implications of these effects evidenced by our model should be considered in
the future to enhance the performance of MCFs for communication applications and to improve
our understanding and control over MCF-based experimental physics. As an important example,
the core-to-core distance of the MCFs employed in optical networks is being progressively reduced
to increase the number of cores in a single cladding [8]. A reduced core-to-core distance will
increase the IMCD and the pulse distortion, as discussed in Fig. 4.8. In this scenario, our results
show that the increment of the MCF perturbations (increasing the average value of the linear
birefringence via the photo-elastic effect and mismatching the phase constant of the local modes)
is an effective birefringence management strategy to reduce the impact of the IMCD on the MCF.
Remarkably, our results also indicate that the second-order PhMD induces a significant higher
pulse distortion in real homogeneous MCFs (with similar but not identical dispersive parameters)
than in heterogeneous MCFs, in spite of the fact that this kind of fibers exhibit a higher value of
∆β(2) between adjacent cores. As a result, in heterogeneous MCFs, the digital compensation of
the GVD in femtosecond optical pulses can be performed at the DSP using the same digital filter
for each core when short propagation distances are involved (L ≤ LPhMD).

Furthermore, note that in contrast with previous SCF and MCF models [153–156,175–186], our
theory also includes the nonlinear PMD and the nonlinear IMCD that arises from the isotropic and
anisotropic response of the nonlinear polarization considering both electronic and nuclei motion.
In particular, our results show that the linear and nonlinear IMCD induced by the external fiber
perturbations and manufacturing imperfections should also be taken into account when propagating
femtosecond optical solitons in MCFs. More specifically, the random distortion and the pulse
chirping emerging from the first- and second-order IMCD break the soliton condition along the
MCF propagation (see Fig. 4.6). Hence, the proposed model allows us to investigate the impact of
the linear and nonlinear birefringence induced by the fiber perturbations and higher-order nonlinear
effects on optical solitons, rogue waves, and breathers [109].

The CLMT can be applied to design MCFs comprising cores of different manufacturing charac-
teristics: homogeneous, heterogeneous, coupled, uncoupled, lowly- or highly-birefringent, trench-
or hole-assisted, step- or gradual-index. Therefore, this general theory allows us to implement
novel MCF designs operating in the single-mode regime with specific IMCD characteristics, which
open new paths to explore in dispersion engineering and pulse shaping applications. However,
additional nonlinear terms involving cross-coupling effects among the PCMs of different cores
should be included for coupled-core MCFs with a core-to-core distance lower than three times
the core radius, as discussed in Subsection 4.2.3. Nevertheless, in such a case, the accuracy of
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this model (based on perturbation theory) may be reduced if the supermodes of the MCF do not
meet the approximation performed in Eq. (4.2.1) when assuming that E ≃

∑
mi Emiûi. Moreover,

although the computational time of the coupled local-mode equations may increase considerably
when large MCF distances are involved, it may be reduced by inserting phase plates [155, 167]
between birefringent segments (see Appendix C4, on page 132 for more details).

Despite the fact that we have focused our analysis on the single-mode regime of the fiber,
note that the extension of the CLMT to the multi-mode regime is straightforward when including
additional LP mode groups in the global electric field of the MCF. In Appendix E4, on page 142, we
discuss in detail the multi-mode regime. In such a scenario, it should be noted that Eqs. (4.3.15)
and (4.3.16) can also be employed to analyze the impact of the intermodal dispersion between
higher-order LP modes of the same core or different cores by calculating the appropriate value of
the corresponding MCCs and phase-mismatching functions.

On the other hand, the CLMT can also be used to model the propagation of optical pulses
in temporal waveguides (see Chapter 8, Appendix D8, page 290) and in dielectric planar spatial
waveguides operating under the weakly-guiding approximation. In this last scenario, the CLMT
could be of great utility in integrated photonics to analyze the pulse dispersion induced by the
waveguide perturbations which may appear when the waveguide is integrated in ultra-compact
optical devices.

Finally, it is worth mentioning that our model may also play an essential role in other branches
of physics. As mentioned in the introduction, SCFs have been investigated as an experimental
platform for testing diverse physical phenomena from various fields, including quantum mechanics,
general relativity or condensed matter physics, among others, based on analogies of the fiber-
optical nonlinear Schrödinger equation [102–109]. In a similar way, the CLMT can be employed
to elucidate the underlying wave propagation phenomena of any physical system with propagating
equations of the form of the coupled nonlinear Schrödinger equations, i.e., our coupled local-
mode equations when higher-order coupling, dispersive and nonlinear effects are omitted. Hence,
exotic physical phenomena such as superposed nonlinear waves in coherently coupled Bose-Einstein
condensates [114], interacting rogue waves [111] or nonlinear ion-acoustic waves [190, 191] can be
explored in MCF media expanding the possibilities of SCFs. In the same line, additional physical
phenomena such as relativistic effects could also be analyzed using MCF media. Note that an
optical pulse propagating through an SCF establishes a moving medium which corresponds to a
space-time geometry. This gravitational approach was employed by Philbin and coworkers in [105]
to demonstrate a fiber-optical analogy of the event horizon in a black hole using an ultra-short
optical pulse of 70 fs. Therefore, additional gravitational phenomena could be investigated in
MCFs when adjacent cores perturb the virtual space-time geometry created by a femtosecond
optical pulse propagating in a given core of the fiber.
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Appendix A4: Multiple optical carriers
The coupled local-mode equations developed in this chapter were derived from Maxwell’s equations
by assuming a single optical carrier taking into account that the XPM and FWM can be neglected
for optical pulses shorter than 50 ps [11,192]. In this appendix, we lift this important limitation of
our model by considering optical pulses wider than 50 ps. Our results could be of great interest to
simulate the propagation of optical pulses in future transport networks using MCFs (Chapter 5).

For the sake of clarity, we start following a similar approach as in Section 4.2. We assume
an N -core weakly-guiding MCF with both transversal components i ∈ {x, y} in the LP01 mode
of each core m ∈ {1, . . . , N} and Q optical carriers with angular frequency ωq ∈ {ω1, . . . , ωQ}.
Thus, approximating the global electric field strength of the MCF (E) as a linear combination of
the electric field strength of each PCM mi (Emi) considering isolated cores, and decoupling the
rapidly- and the slowly-varying temporal and longitudinal changes of Emi by using respectively the
slowly-varying amplitude (Emni,ωq

) and envelope (Ãmi,ωq
) functions, we can write in the first step

of perturbation theory:

E (r, t) ≃
N∑

m=1

∑
i=x,y

Emi (r, t) ûi ≃
N∑

m=1

∑
i=x,y

Q∑
q=1

Re
{
Emi,ωq

(r, t) exp (jωqt)
}
ûi; (A4.1)

Emi,ωq (r, t) =
1

2π

ˆ
BÃ

Ãmi,ωq (z, ω − ωq; t)Fmi (x, y, ω; z, t)×

× exp

(
−jϕmi (z, ωq; t)−

1

2
α (ω) z

)
exp (j (ω − ωq) t)dω. (A4.2)

The description of each function included in the above equations is detailed in Subsection 4.2.1.
Considering optical pulses wider than 50 ps, we can safely assume that α (ω) ≃ α (ωq) and
Fmi (x, y, ω; z, t) ≃ Fmi (x, y, ωq; z, t) due to the reduced pulse bandwidth. Therefore, we can
approximate the complex amplitude Ei,ωq

of the global electric field strength E at the q-th optical
carrier as follows:

Ei,ωq
(r, t) ≃

N∑
m=1

Emi,ωq
(r, t)

≃
N∑

m=1

Ami,ωq (z, t)Fmi (x, y, ωq; z, t) exp

(
−jϕmi (z, ωq; t)−

1

2
α (ωq) z

)

≡
N∑

m=1

Ami,ωq
Fmi,ωq

exp

(
−jϕmi,ωq

− 1

2
αωq

z

)
, (A4.3)

using the subindex ωq to indicate the explicit dependence of the functions Fmi, ϕmi and α with
the angular frequency of the q-th optical carrier.

The second step of perturbation theory is the same as in the single-carrier case [see Eq. (4.2.11)].
Nonetheless, in the third step, we will find the main difference with the single-carrier case given that
we must include the XPM and FWM by calculating the linear (P(1)) and nonlinear polarizations
(P(3)) to derive the wave equation of the MCF. In this scenario, P(1) and P(3) can be written as
follows (k ∈ {1, 3}):19

P(k) (r, t) ≃
∑
i=x,y

P(k)
i (r, t) ûi ≃

∑
i=x,y

C(k)∑
q=1

Re
{
P

(k)
i,ωq

(r, t) exp (jωqt)
}
ûi, (A4.4)

where C(k) indicates the total number of optical carriers observed in the linear (k = 1) and
nonlinear (k = 3) regimes. In the linear regime, C(1) = Q. However, in the nonlinear regime, we

19The first approximation in Eq. (A4.4) omits P(k)
z due to the weakly-guiding conditions.
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should take into account the optical carriers generated by the FWM. Specifically, we know that
C(3) = Q + 1

2

(
Q3 −Q2

)
when considering the degenerate and non-degenerate FWM cases [192].

Along this line, the complex amplitude P (3)
i,ωq

can be derived from the constitutive relation P-E by
omitting the Raman effect (P(3R)

i ) due to the large temporal width of the optical pulses:

P(3)
i (r, t) = P(3I)

i (r, t) + P(3R)
i (r, t)︸ ︷︷ ︸

≃0

≃ ε0χ
(3I)
ijklEj (r, t) Ek (r, t) El (r, t) . (A4.5)

Hence:

P(3)
i (r, t) =

1

8
ε0χ

(3I)
ijkl

[
Q∑

n=1

Ej,ωn (r, t) exp (jωnt) + c.c.

][
Q∑

s=1

Ek,ωs (r, t) exp (jωst) + c.c.

]
×

×

[
Q∑

p=1

El,ωp (r, t) exp (jωpt) + c.c.

]

≡ 1

8
ε0χ

(3I)
ijkl

Q∑
n,s,p=1

Ej,±ωnEk,±ωsEl,±ωp exp [j (±ωn ± ωs ± ωp) t] , (A4.6)

where c.c. is the complex conjugate term and we have omitted the independent variables in the last
line for simplicity. In particular, there are 8Q3 terms in the above equation. Replacing Eq. (A4.3)
into Eq. (A4.6) and omitting the MCF perturbations at this point for the sake of clarity, we find
that the nonlinear interaction is governed by the following phase condition in each PCM mi:

βmi (±ωn ± ωs ± ωp) = βmj (±ωn) + βmk (±ωs) + βml (±ωp)−∆kmi (±ωn ± ωs ± ωp) , (A4.7)

where ∆kmi accounts for the phase-mismatching between P (3)
mi,±ωn±ωs±ωp

and the new electric field
Emi,±ωn±ωs±ωp that is generated from this nonlinear wave-mixing. As is well known in nonlinear
optics [150], in an interaction of the form given by Eq. (A4.6), the nonlinear terms which involve
a high value of ∆kmi can be neglected. In silica fibers, this leads to retain only the terms with
angular frequencies:  ωn + ωs − ωp

ωn − ωs + ωp

−ωn + ωs + ωp

+ [c.c.] . (A4.8)

As a result, Eq. (A4.6) can be reduced to:

P(3)
i =

1

8
ε0

Q∑
n,s,p=1


χ
(3I)
ijkl (−ωq;ωn, ωs,−ωp)Ej,ωn

Ek,ωs
El,−ωp

exp [j (ωn + ωs − ωp) t]

+χ
(3I)
ijkl (−ωq;ωn,−ωs, ωp)Ej,ωn

Ek,−ωs
El,ωp

exp [j (ωn − ωs + ωp) t]

+χ
(3I)
ijkl (−ωq;−ωn, ωs, ωp)Ej,−ωnEk,ωsEl,ωp exp [j (−ωn + ωs + ωp) t] + c.c.


=

3

8
ε0

Q∑
n,s,p=1

χ
(3I)
ijkl (−ωq;ωn, ωs,−ωp)Ej,ωnEk,ωsEl,−ωp exp [j (ωn + ωs − ωp) t] + c.c. (A4.9)

where ωq = ωn + ωs − ωp and q ∈
{
1, . . . , C(3)

}
. In Eq. (A4.9), we have performed the following

two steps: (i) we have employed the intrinsic permutation symmetry of χ(3I)
ijkl; and (ii) we have

performed the relabeling of the dummy indexes k ↔ l and s ↔ p in the second term, and j ↔ l

and n↔ p in the third term. Consequently, we find that P (3)
i,ωq

must obey the relation:20

P
(3)
i,ωq

=
3

4
ε0

Rq∑
n,s,p

χ
(3I)
ijkl (−ωq;ωn, ωs,−ωp)Ej,ωn

Ek,ωs
El,−ωp

, (A4.10)

20Here, we cannot write the summation starting from n = s = p = 1 if q ̸= 1. For this reason, we omit the initial
value of the indexes n, s, p.
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with Rq indicating the number of nonlinear interactions of the form ωq = ωn + ωs − ωp when
varying (n, s, p) ∈ {1, . . . , Q}3. In general, the variable Rq is unknown since it depends on the
specific value of the optical carriers employed in the MCF transmission.

Finally, in the fourth step of perturbation theory, we will be able to derive the sought coupled
local-mode equations. Inserting Eq. (A4.3) into the corresponding coupled-wave equations, using
Eq. (A4.10) and applying the SVEA, we find an equation for the x-polarization axis in the time
domain of the form:21

N∑
m=1

[
k2q

(
εr,x,ωq − εr,mx,ωq

)
−

(
j2β(eq)

mx,ωq
+ αωq

)
D̂

(eq)
mxq

]
Fmx,ωq exp

(
−jϕmx,ωq

)
Amx,ωq

−
(
j2β(eq)

mx,ωq
+ αωq

)
Fmx,ωq exp

(
−jϕmx,ωq

)
∂zAmx,ωq + k2qσωqFmy,ωq exp

(
−jϕmy,ωq

)
Amy,ωq

+k2qγI,ωq exp
(
−αωqz

)
Nx,ωq = 0,

(A4.11)

with kq = ωq/c0, D̂
(eq)
mxq the linear operator defined as:22

D̂
(eq)
mxq (z; t) :=

2∑
n=1

(−j)n−1

n!
β(eq)(n)
mx,ωq

∂nt , (A4.12)

β
(eq)(n)
mx,ωq (z; t) := ∂nωβ

(eq)
mx (z, ω = ωq; t), γI,ωq

:= γI (ωq), and Nx,ωq
accounting for the nonlinear

terms. Omitting the nonlinear cross-coupling terms among cores by considering a core-to-core dis-
tance between two given cores a and b satisfying the condition dab > R0,a+R0,b+max {R0,a, R0,b},
where R0,a(b) is the radius of the core a(b), we find that:

Nx,ωq (z, t) =

N∑
m=1

Rq∑
n,s,p

Amx,ωnAmx,ωsA
∗
mx,ωp

Fmx,ωnFmx,ωsFmx,ωp exp
(
−j

(
ϕmx,ωn + ϕmx,ωs − ϕmx,ωp

))
+

1

3
Amx,ωnAmy,ωsA

∗
my,ωp

Fmx,ωnFmy,ωsFmy,ωp exp
(
−j

(
ϕmx,ωn + ϕmy,ωs − ϕmy,ωp

))
+

1

3
Amy,ωnAmx,ωsA

∗
my,ωp

Fmy,ωnFmx,ωsFmy,ωp exp
(
−j

(
ϕmy,ωn + ϕmx,ωs − ϕmy,ωp

))
+

1

3
Amy,ωnAmy,ωsA

∗
mx,ωp

Fmy,ωnFmy,ωsFmx,ωp exp
(
−j

(
ϕmy,ωn + ϕmy,ωs − ϕmx,ωp

))
.

(A4.13)

Exchanging the dummy indexes n↔ s in the third line and n↔ p in the fourth line,23 Eq. (A4.13)
is reduced to:

Nx,ωq (z, t) =

N∑
m=1

Rq∑
n,s,p

Amx,ωnAmx,ωsA
∗
mx,ωp

Fmx,ωnFmx,ωsFmx,ωp exp
(
−j

(
ϕmx,ωn + ϕmx,ωs − ϕmx,ωp

))
+

2

3
Amx,ωnAmy,ωsA

∗
my,ωp

Fmx,ωnFmy,ωsFmy,ωp exp
(
−j

(
ϕmx,ωn + ϕmy,ωs − ϕmy,ωp

))
+

1

3
Amy,ωpAmy,ωsA

∗
mx,ωn

Fmy,ωpFmy,ωsFmx,ωn exp
(
−j

(
ϕmy,ωp + ϕmy,ωs − ϕmx,ωn

))
.

(A4.14)

21In Eq. (A4.11), we have omitted a linear operator of the form:

Ẑ(eq)
mxq (z; t) :=

2∑
n=1

(−j)n−1

n!
∂zβ

(eq)(n)
mx,ωq (z; t) ∂nt ,

because it would appear in the LHS of Eq. (A4.15) multiplied by the term 1/
(
2β

(eq)
ax,ωq

)
≃ 0.

22We use a second-order Taylor series expansion of β(eq)
mx around ω = ωq due to the reduced pulse bandwidth.

23Actually, we perform a double relabeling. For instance, the step n↔ s involves the relabeling n→ s and s→ n.
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Now, redefining αωq
≡ αq, Ami,ωq

≡ Amiq exp (αqz/2), and ϕmi,ωq
≡ ϕmiq; we obtain from

Eq. (A4.11) the following coupled local-mode equation for the PCM ax in the q-th optical carrier:

j

(
∂z + D̂

(eq)
axq +

αq

2

)
Aaxq = maxq,ayq exp (−j∆ϕayq,axq)Aayq

+

N∑
m ̸=a

κaxq,mxq exp (−j∆ϕmxq,axq)Amxq

+

Rq∑
n,s,p

qaxq,nspAaxnAaxsA∗
axp exp (−j (ϕaxn + ϕaxs − ϕaxp − ϕaxq))

+
2

3
gaxq,nspAaxnAaysA∗

ayp exp (−j (ϕaxn + ϕays − ϕayp − ϕaxq))

+
1

3
gaxq,nspAaypAaysA∗

axn exp (−j (ϕayp + ϕays − ϕaxn − ϕaxq)) ,

(A4.15)

where ∆ϕayq,axq := ϕayq − ϕaxq, ∆ϕmxq,axq := ϕmxq − ϕaxq, and the MCCs are defined as:

maxq,ayq (z, ωq; t) :=
k2q

2β
(eq)
ax,ωqNaxq

¨
σωq

Fay,ωq
Fax,ωq

dxdy; (A4.16)

κaxq,mxq (z, ωq; t) :=
k2q

2β
(eq)
ax,ωqNaxq

¨
∆εr,ax,ωq

Fbx,ωq
Fax,ωq

dxdy; (A4.17)

qaxq,nsp (z, ωq; t) :=
k2q

2β
(eq)
ax,ωqNaxq

¨
γI,ωq

Fax,ωn
Fax,ωs

Fax,ωp
Fax,ωq

dxdy; (A4.18)

gaxq,nsp (z, ωq; t) :=
k2q

2β
(eq)
ax,ωqNaxq

¨
γI,ωqFax,ωnFay,ωsFay,ωpFax,ωqdxdy, (A4.19)

with Naxq (z, ωq; t) :=
˜
F 2
ax,ωq

dxdy. In this case, the CLMT is completed by 2N × C(3) − 1
additional coupled equations for the PCMs mis ̸= axq, which can be obtained just by exchanging
the corresponding subindexes in Eq. (A4.15) and in the MCCs.
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Appendix B4: Slowly-varying envelope approximation
In this appendix, we will discuss in more detail the approximation ∂2zA ≃ 0 usually assumed in
the literature to describe the propagation of optical pulses [139, 149, 150, 159]. To this end, let us
first discuss the own concept of the slowly-varying envelope approximation (SVEA).

The most extended approach to describe the propagation of an optical pulse in a dielectric
medium is based on using a heuristic modification of an exact solution of Maxwell’s equations
in the monochromatic regime. The exact solution will be referred to as the fundamental wave.
Specifically, this approach considers an optical pulse, that is a quasi-monochromatic wave, as a
slowly-varying longitudinal and temporal modulation of the envelope of the fundamental wave. This
slow modulation of the envelope is mathematically described by using the SVEA.

As a basic example, let us consider a plane wave as the fundamental wave of a linear, isotropic,
homogeneous, time-invariant, and non-dispersive dielectric medium. Moreover, we will also assume
that the plane wave is propagated in the +ûz direction. In such a scenario, the real representation
of the electric field strength can be written of the form E (z, t) = Re {A exp (j (ω0t− kz))} ûx,
where A is a complex constant, k = 2π/λ = nω0/c0, and n is the refractive index of the optical
medium at ω = ω0. From the above fundamental wave, an optical pulse can be modeled as a pulsed
plane wave with an electric field strength of the form:

E (z, t) = Re {A (z, t) exp (j (ω0t− kz))} ûx, (B4.1)

where now A is a function named the complex envelope which describes the slowly-varying longi-
tudinal and temporal variations of the optical pulse. By replacing the above ansatz in the wave
equation

(
△−

(
n2/c20

)
∂2t
)
E (z, t) = 0, it is straightforward to verify that Eq. (B4.1) is an exact

solution of Maxwell’s equations if and only if the complex envelope obeys the following relation:

∂2zA− j2k∂zA− k2A =
n2

c20

(
∂2tA+ j2ω0∂tA− ω2

0A
)
. (B4.2)

Equation (B4.2) indicates that not all the functions A can be exact solutions of Maxwell’s equations.
However, the heuristic proposal given by Eq. (B4.1) will be able to describe approximately an
exact non-monochromatic solution of Maxwell’s equations (i.e. the optical pulse) if we assume
that the complex envelope is a slowly-varying function in space and time in comparison with
the wavelength and the period of the optical carrier. Mathematically, the above condition can
be rigorously expressed as δzA ≪ |A| in δz ∼ λ and δtA ≪ |A| in δt ∼ T0 = 2π/ω0, where
δzA := |A(z, t)−A(z + δz, t)| and δtA := |A(z, t)−A(z, t+ δt)|. From the above statement, we
find the order criteria of the SVEA:∣∣∂2zA∣∣≪ k |∂zA| ≪ k2 |A| ;

∣∣∂2tA∣∣≪ ω0 |∂tA| ≪ ω2
0 |A| , (B4.3)

which is in line with our Eq. (1.5.10) in Chapter 1. As a result, we can omit the terms ∂2zA, 2k∂zA,
∂2tA and 2ω0∂tA in Eq. (B4.2) obtaining the identity k2A = (n2/c20)ω

2
0A, which is always satisfied

for any function A ∈ F
(
R2,C

)
.

Remarkably, Eq. (B4.3) is the true approximation proposed by the SVEA. In other words, we
are imposing that Maxwell’s equations must be locally satisfied in spatial and temporal variations
of the optical carrier, i.e., δz ∼ λ and δt ∼ T0. Nonetheless, given that

∣∣∂2zA∣∣≪ k2 |A| in the wave
equation of E, the term ∂2zA is usually omitted in the classical literature of optics and photonics
by assuming ∂2zA ≃ 0 during the derivation of the pulse propagation equation [139, 149, 150, 159].
Unfortunately, this point has not been rigorously discussed in the aforementioned works when
femtosecond optical pulses are involved in the electromagnetic propagation. For this reason, we
include in this appendix a personal discussion about this approximation in the third transmission
window (λ0 = nλ = 1550 nm).

From the above lines, it is noticeable that we can test the accuracy of ∂2zA ≃ 0 by analyzing if
the ratio

∣∣∂2zA∣∣ /k2 |A| is lower than the unity in δz ∼ λ when varying the pulse width TP. Thus,
let us consider two different unchirped optical pulses: a Gaussian pulse (G) and a fundamental
bright soliton (BS), described by the following real envelopes at z = 0 [139]:
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aG (t) = a0 exp

(
−1

2

t2

T 2
0

)
≃ a0 exp

(
−3.39 t

2

T 2
P

)
; (B4.4)

aBS (t) = a0 sech
(
t

T0

)
≃ a0 sech

(
2.98 t

TP

)
. (B4.5)

In the above equations, we have introduced our parameter TP, defined as the full-width at 1/ (2e)
of the peak power. Interestingly, a silica fiber is analogous to the dielectric medium previously
considered when omitting its dispersive nature. In such circumstances, the phase and group ve-
locities are found to be the same (vG = vPH = c0/n) and the envelope of the optical pulses can be
expressed at any z point as:

AG (z, t) = aG

(
t− n

c0
z

)
= a0 exp

(
−3.39(t− (n/c0) z)

2

T 2
P

)
; (B4.6)

ABS (z, t) = aBS

(
t− n

c0
z

)
= a0 sech

(
2.98(t− (n/c0) z)

TP

)
. (B4.7)

Note that the envelopes are real functions because we have omitted the chirp and any phase
reference at z = 0 of the form exp (jφa (z = 0)). Using Eqs. (B4.6) and (B4.7), we can analyze
the behavior of the ratio

∣∣∂2zA∣∣ /k2 |A| in δz ∼ λ when varying TP. Figure B4.1 shows this ratio
with zN := z/λ, z ∈ [0, λ], λ = λ0/n, n = 1.452, TP ∈ [0.01, 100] fs, and taking t ≡ 0 and a0 ≡ 1
for simplicity. As seen,

∣∣∂2zA∣∣ ∼ k2 |A| when zN = 1 and TP ∼ 10 fs or shorter. For this reason,
in Subsection 4.2.3, we retained the terms ∂2zAmi. In any case, this term is irrelevant in the final
expression of the coupled local-mode equations given that it appears in the LHS of the form:

j

(
∂z +

j

2β
(eq)
mi,ω0

∂2z + D̂
(eq)
mi +

1

2
α̂

)
Ami (z, t) , (B4.8)

with
∣∣∂2zAmi

∣∣ /(2β(eq)
mi,ω0

)
≪ |∂zAmi|. Hence, we can omit ∂2zAmi in the CLMT.

Figure B4.1. Numerical analysis of the ratio
∣∣∂2

zA
∣∣ /k2 |A| as a function of the normalized length zN = z/λ

and the pulse width TP by considering an envelope accounting for: (a) a Gaussian pulse and (b) a bright
soliton.

If we now analyze the second-order time derivative, the order criterion
∣∣∂2tA∣∣ ≪ ω2

0 |A| is also
violated with t ∼ T0 at λ0 = 1550 nm when TP ≤ 10 fs. Therefore, from these results, we conclude
that the own concept of the complex envelope (and the complex amplitude) itself becomes unclear
in the third transmission window if TP ≤ 10 fs, which sets the lower limit of applicability of the
ansatz [Eq. (B4.1) in this appendix and Eq. (4.2.1) in the main text] to pulses wider than 10 fs, as
was pointed out in Subsection 4.2.1. In conclusion, the lower limit of the CLMT can be tested as
indicated on page 99 or in this appendix.
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Additional note 1

An interesting question which emerges from the above discussion is why ∂2zA is neglected and
∂2tA is retained when deriving the CLMT or the nonlinear Schrödinger equation (NLSE) in the
literature (see e.g. [139,159]). The answer is simpler than initially foreseen. Starting from Maxwell’s
equations, at the beginning of the mathematical derivation, we are using longitudinal and temporal
orders of reference of δz ∼ λ and δt ∼ T0, respectively. In addition, note that the term ∂2tA does
not appear at this point of our mathematical discussions because we usually work in the frequency
domain. Therefore, we can only neglect the term ∂2zA, provided that Eq. (B4.3) is fulfilled. Next,
∂2tA appears when obtaining the final equations in the time domain. At this point, the information
of the rapid temporal oscillations of the optical carrier has dissapeared and the coupled local-mode
equations (or the NLSE) only give information about the evolution of the complex envelopes.
Hence, the temporal and longitudinal orders of reference have changed to δt ∼ TP and δz ∼ vGTP
and, consequently, we cannot assume that ∂2tA ≃ 0 in δt ∼ TP.

Additional note 2

Note that Eq. (B4.2) is satisfied ∀ A ∈ F
(
R2,C

)
when omitting the dispersive nature of the

dielectric medium. In such a case, the independent variables z and t are simply connected by the
expression z = (c0/n) t and, therefore, ∂2z ≡

(
n2/c20

)
∂2t and 2k∂z ≡ 2

(
n2/c20

)
ω0∂t. Nonetheless,

the SVEA is a sufficient condition to guarantee that Eq. (B4.2) is fulfilled in dispersive media.

Additional note 3

The reader can find a more detailed discussion about the SVEA in [193–196].
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Appendix C4: Numerical model, local split-step Fourier method
The numerical simulations of the coupled local-mode equations have been performed in MATLAB
by combining the ERIM of Chapter 3 and the split-step Fourier method [139] in each local bire-
fringent segment. Both methods allow us to simulate the MCF perturbations and the linear and
nonlinear propagation employing a low computational time. According to the split-step Fourier
method, Eq. (4.2.66) should be rewritten as:(

∂z + D̂
(eq)
ax +

1

2
α̂

)
Aax (z, t) + jM̂

(eq)
ax,ayAay (z, t) + j

N∑
m̸=a

K̂
(eq)
ax,mxAmx (z, t) = N̂

(eq)
ax Aax (z, t) ,

(C4.1)
where N̂

(eq)
ax is the operator modeling the nonlinear propagation of the PCM ax:

N̂
(eq)
ax =− jq̃(I)(0)ax |Aax (z, t)|2 −

q̃
(I)(1)
ax

Aax (z, t)
∂t

(
|Aax (z, t)|2 Aax (z, t)

)
− j

2

3
g̃(I)(0)ax,ay |Aay (z, t)|2 −

2

3

g̃
(I)(1)
ax,ay

Aax (z, t)
∂t

(
|Aay (z, t)|2 Aax (z, t)

)
− 1

3

exp
(
−j2∆ϕ(0)ay,ax (z; t)

)
Aax (z, t)

[
jg̃(I)(0)ax,ayA∗

ax (z, t)A2
ay (z, t) + g̃(I)(1)ax,ay∂t

(
A∗

ax (z, t)A2
ay (z, t)

)]
− jq̃(R)(0)

ax

(
f (t) ∗ |Aax (z, t)|2

)
− q̃

(R)(1)
ax

Aax (z, t)
∂t

[(
f (t) ∗ |Aax (z, t)|2

)
Aax (z, t)

]
− jg̃(R)(0)

ax,ay

(
h (t) ∗ |Aay (z, t)|2

)
− g̃

(R)(1)
ax,ay

Aax (z, t)
∂t

[(
h (t) ∗ |Aay (z, t)|2

)
Aax (z, t)

]
− j

1

2

g̃
(R)(0)
ax,ay

Aax (z, t)

{[
u (t) ∗

(
Aax (z, t)A∗

ay (z, t)
)]

Aay (z, t)
}

− 1

2

g̃
(R)(1)
ax,ay

Aax (z, t)
∂t
{[
u (t) ∗

(
Aax (z, t)A∗

ay (z, t)
)]

Aay (z, t)
}

− j
1

2
exp

(
−j2∆ϕ(0)ay,ax (z; t)

) g̃
(R)(0)
ax,ay

Aax (z, t)
{[u (t) ∗ (A∗

ax (z, t)Aay (z, t))]Aay (z, t)}

− 1

2
exp

(
−j2∆ϕ(0)ay,ax (z; t)

) g̃
(R)(1)
ax,ay

Aax (z, t)
∂t {[u (t) ∗ (A∗

ax (z, t)Aay (z, t))]Aay (z, t)} .

(C4.2)
As can be seen in Fig. C4.1, each core m is assumed to be composed by different birefringent

segments with a random orientation of the local principal axes. In addition, each birefringent
segment (denoted by the subindex l ∈ {1, . . . , Nm}) is divided in several small fiber segments
where the split-step Fourier method is applied. This method obtains an approximate solution of
Eq. (C4.1) by considering that in each small fiber segment, the linear and nonlinear propagation
can be decoupled [139]. The LHS of Eq. (C4.1), accounting for the linear propagation and the
linear mode-coupling, is simulated in the frequency domain; and the RHS, which describes the
nonlinear propagation and the nonlinear mode-coupling, is simulated in the time domain. A
further description of the split-step Fourier method can be found on page 47 in [139].

However, additional remarks of the MCCs and the real phase functions ϕmi (z, ω; t) should be
indicated to complete the description of the numerical model. Specifically, we will describe in detail
how to extend the ERIM of Chapter 3 to work in the frequency domain.
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Figure C4.1. Multi-core fiber simulation model. Each core m is divided in different birefringent segments
(Nm) and local modes with a different time-varying retardation and random orientation of the local princi-
pal axes. Each birefringent segment is composed by small short distances (h) where the split-step Fourier
method is applied [116].

Let us consider a short MCF distance h in a given l-th birefringent segment of the PCM mi, as
depicted in Fig. C4.1. We assume to be homogeneous along the l-th segment length: the bending
radius RB,l (t), the twist rate fT,l (t) and the intrinsic linear birefringence |nmy,l (t)− nmx,l (t)|.
It should be noted that these parameters are found to be temporal dependent when simulating
MCFs with time-varying conditions, in line with Chapter 3. However, in order to simplify the
description of the ERIM in the frequency domain, we will not use the discrete birefringence tem-
poral changes (BTCs) defined on page 67. Now, the time-varying fluctuations induced by floor
vibrations and temperature excursions will be modeled by the continuous variable t in this chapter.
Moreover, in contrast to Chapter 3, note that a Monte Carlo simulation is not required given that
we are not interested in calculating the mean of the crosstalk. Therefore, the phase function ϕmi,l

can be written in each short MCF distance h as:

ϕmi,l (z, ω; t) =

ˆ
⟨h⟩

β
(eq)
mi,l (z, ω; t) dz ≃ β

(eq)
mi,l (z, ω; t)h =

[
βmi (ω) + β

(B+S)
mi,l (z, ω; t)

]
h. (C4.3)

The ideal phase constant βmi (ω) can be approximated by a third-order Taylor series expansion as
follows:

βmi (ω) ≃ βmi (ω0) +

3∑
k=1

1

k!
(ω − ω0)

k
β
(k)
mi,ω0

≃ ω0

c0
nmi (ω0) +

3∑
k=1

1

k!
(ω − ω0)

k
β
(k)
mi,ω0

, (C4.4)

being nmi (ω0) a principal refractive index of core m at the center of the pulse bandwidth, which
includes the intrinsic linear birefringence in HB-cores. In LB cores, nmx = nmy ≡ nm. In addition,
the longitudinal and temporal perturbations of the l-th segment are calculated as follows:24

β
(B+S)
mi,l (z, ω; t) ≃ ω

c0
n
(B+S)
mi,l (z, ω0; t) =

ω

c0

(
n
(eq)
mi,l (z, ω0; t)− nmi (ω0)

)
; (C4.5)

n
(eq)
mi,l (z, ω0; t) ≃ nmi,l (ω0; t)

[
1 +

dm
RB,l (t)

cos (2πfT,l (t) z + θ0 + θm)

]
. (C4.6)

In Eq. (C4.6), nmi,l (ω0; t) describes the temporal fluctuation of the intrinsic linear birefringence in
the l-th birefringent segment, θ0 is the offset of the twist angle of the MCF reference axis at z = 0,
θm is the offset of the twist angle of the core m measured from the MCF reference axis, and dm is
the Euclidean distance of the core m to the MCF center. The temporal birefringence fluctuation

24The subindex l indicates the discrete longitudinal evolution of the corresponding function. Nevertheless, the z
variable is retained when a continuous longitudinal evolution is also involved.
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|nmy,l (ω0; t)− nmx,l (ω0; t)| is modeled along the MCF length by the same Gaussian random pro-
cess N

(
µ (ω0; t) , σ

2 (z, ω0; t)
)

described by Eq. (3.3.6), repeated here for convenience. The mean
µ (ω0; t) = ∆nm (ω0; t) is the longitudinal average value of the intrinsic linear birefringence of the
core m at ω = ω0, and it is assumed temporal dependent. The variance σ2 (z, ω0; t) = δnm,l (ω0; t)
describes the photo-elastic effect in the l-th segment:

δnm,l (ω0; t) ≃ ξ + 0.011n3md
2
cl/R

2
B,l (t) , (C4.7)

where ξ = 10−8, dcl is the cladding diameter, and nm := (nmx + nmy) /2. Finally, nmi,l (ω0; t) is
found from the expression:

nmi,l (ω0; t) ∼ nmi (ω0)±
1

2
N (∆nm (ω0; t) , δnm,l (ω0; t)) , (C4.8)

with ‘+’ if i = y and ‘−’ if i = x.
It is noticeable that β(B+S)

mi,l is calculated from n
(eq)
mi,l at ω = ω0 to reduce the computational

time of the CLMT. As an additional option, we may increase the accuracy of β(B+S)
mi,l by including

the frequency dependence of nmi (ω) via the Sellmeier equation in Eqs. (C4.5), (C4.6) and (C4.8).
Remarkably, Eq. (C4.5) allows us to describe, not only the external linear birefringence induced
by the fiber bending and twisting conditions, but also the intrinsic linear birefringence induced
by manufacturing imperfections in the l-th segment. Moreover, although RB and fT should be
regarded as time-dependent random processes, note that we have not considered temporal changes
of these fiber parameters in the numerical simulations to facilitate the analysis of the main results.

On the other hand, the MCCs can be numerically calculated from Eqs. (4.2.52)-(4.2.55) by using
Eqs. (3.3.7)-(3.3.11) replacing ω0 by ω. In other words, the Fmi function should be calculated from
the modal parameters umi (z, ω; t) and wmi (z, ω; t), which depend on the normalized frequency
Vmi (z, ω; t). This function should be written in the frequency domain and in the l-th segment as:

Vmi,l (z, ω; t) =
ω

c0
R0,mCF,m

√(
n
(eq)
mi,l (z, ω0; t)

)2
− n2cl. (C4.9)

Likewise, the MCCs can be calculated in SI-MCFs from Eqs. (3.3.13)-(3.3.15) replacing ω0 by
ω. In particular, the following expressions can be employed to calculate the MCCs in each l-th
birefringent segment (we omit the independent variables for the sake of simplicity):

m̃ax,ay,l (z, ω; t) ≃
π

2

ω

c0
|p11 − p12| fT,lR0,a

n4a

n
(eq)
ax,l

; (C4.10)

κ̃ax,bx,l (z, ω; t) ≃ 2
ω

c0

(
n
(eq)
ax,l − ncl

) J0 (uax,l) J1 (uax,l)

uax,l [J2
0 (uax,l) + J2

1 (uax,l)]

K0 (wbx,ldab/R0,b)

K0 (wbx,l)
; (C4.11)

q̃
(S)
ax,l (z, ω; t) ≃ g̃(S)ax,ay (z, ω; t) ≃

1

8

ω

c0

γS

n
(eq)
ax,l

H2
ax,l

R2
0,a

[
1− exp

(
−4R2

0,a/H
2
ax,l

)]
J2
0 (uax,l) [J

2
0 (uax,l) + J2

1 (uax,l)]
, (C4.12)

where the main parameters involved in the above expressions were defined in Chapter 3 (see
page 70), and the nonlinear parameters γI (ω) and γR (ω) were defined in Subsection 4.2.3.

In order to reduce the computational complexity of the nonlinear terms in the time domain and
taking into account the low nonlinear nature of silica fibers, the nonlinear MCCs are approximated
by a first-order Taylor series approximation in the operator N̂

(eq)
ax . In particular, this approximation

implies that we are omitting higher-order effects of the nonlinear PMD in Eq. (4.2.58). However,
the first-order nonlinear PMD seems to be sufficiently accurate in very-high data rate transmission
systems and particularly in those that employ solitons [197].
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Furthermore, as discussed on page 70, the orientation of the local principal axes of each birefrin-
gent segment is changed along the MCF length as a consequence of the longitudinal fluctuations
of the twist rate. For large MCF distances of several kilometers, the orientation of the principal
axes should be adequately randomized along the MCF length by increasing the variance of the fT
distribution to describe accurately the intrinsic circular birefringence of the fiber, or by inserting
phase plates between adjacent segments (see Ref. [155] for more details). In the second case, the
computational time of the coupled local-mode equations could maybe be reduced.

Finally, we include in Tables C4.1 and C4.2 the MCF parameters employed in the numerical
calculations. Additional fiber parameters employed in these simulations are listed below:25

• Fiber length: L = 40 m

• Optical carrier wavelength: λ0 = 1550 nm

• Cut-off wavelength of cores a and b (*): λC,a = λC,b = 1410 nm

• Core radius of cores a and b (*): R0,a = R0,b = 4 µm

• Core-to-core distance: dab = 26 µm

• Distance of core a and b to the MCF center: da = db = dab/
√
2

• Cladding diameter (*): dcl = 125 µm

• Cladding refractive index (*): ncl = 1.444

• Nonlinear refractive index: nNL (ω) ≃ n
(0)
NL+(ω − ω0)n

(1)
NL, with n(0)NL = 2.6 ·10−20 m2/W and

n
(1)
NL = 8.3 · 10−24 ps·m2/W

• Nonlinear parameters: γI (ω) ≃ γ
(0)
I + (ω − ω0) γ

(1)
I and γR (ω) ≃ γ

(0)
R + (ω − ω0) γ

(1)
R ; with

γ
(0)
I = 1.5 · 10−22 m2/V2, γ(1)I = 4.8 · 10−26 ps·m2/V2, γ(0)R = 3.2 · 10−23 m2/V2, and
γ
(1)
R = 1.1 · 10−26 ps·m2/V2

• Attenuation coefficient (*): α(0) = 0.44 dB/km = 0.051 Np/km, α(1) = 3.7 ·10−4 ps·Np/km

• Peak Power: P0

• Pulse width [full-width at 1/ (2e) of the peak power]: TP ≃ 1.56 ·TFWHM for Gaussian pulses
and TP ≃ 1.7 ·TFWHM for Hyperbolic-Secant pulses (FWHM: Full Width at Half Maximum)

• Material refractive index of cores a and b: na, nb

• Intrinsic linear birefringence in the l-th birefringent segment:
|nmy,l (ω0; t)− nmx,l (ω0; t)| ∼ N (∆nm (ω0; t) , δnm,l (ω0; t)) . Mean included in Table C4.1.
Variance given by Eq. (C4.7).

• Number of birefringent segments in each core: Na = Nb ≡ NS

• Number of small fiber segments in each birefringent segment: Nh

• Bending radius: RB

• Twist rate: fT

25The symbol (*) indicates the fiber parameters retrieved from the Fibercore SM-4C1500(8.0/125) datasheet.
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Simulation TP P0 Pulse na nb ∆na ∆nb NS Nh RB fT

(units) (fs) (dBm) (cm) (turns/m)

Fig. 4.3(a) 350 0 G 1.452 1.452 0 0 1 200 ∞ 0

Fig. 4.3(b) 350 0 G 1.452 1.452 0 0 1 200 10 0

Fig. 4.3(c) 350 0 G 1.452 1.452 0 0 1 200 1 0

Fig. 4.4(a) 250 0 G 1.452 1.452 0 0 50 10 N(100,40) 0

Fig. 4.4(b) 250 0 G 1.452 1.452 0 0 50 10 N(10,2) 0

Fig. 4.5(a) 200 0 G 1.452 1.452 0 0 50 10 N(100,40) 0

Fig. 4.5(b) 200 0 G 1.454 1.452 0 0 50 10 N(100,40) 0

Fig. 4.6 600 40.7 HS 1.452 1.452 2·10-7 2·10-7 50 10 N(100,40) N(0.1,0.01)

Fig. 4.7 150 0 G 1.452 1.452 Fig. (a) Fig. (a) 50 10 100 0

Fig. D4.1 350 0 G 1.452 1.452 0 0 1 200 ∞ 0

Fig. D4.2(a) 250 0 G 1.452 1.452 0 0 50 10 N(100,40) N(0.1,0.01)

Fig. D4.2(b) 250 0 G 1.452 1.452 0 0 50 10 N(10,2) N(0.1,0.01)

Fig. D4.3 200 0 G 1.452 1.452 4·10-7 2·10-6 50 10 N(100,40) N(0.1,0.01)

Fig. D4.4 200 0 G 1.454 1.452 4·10-7 2·10-6 50 10 N(100,40) N(0.1,0.01)

Table C4.1. Simulation parameters employed in the numerical calculations. N(µ, σ2) is the Normal distri-
bution of mean µ and variance σ2. (G: Gaussian, HS: Hyperbolic-Secant) [116].

Simulation GVD GVDcomp ∆β
(1)
bx,ax β(2)

ax β(3)
ax β

(2)
bx β

(3)
bx

(units) (ps/km) (ps2/km) (ps3/km) (ps2/km) (ps3/km)

Fig. 4.3(a) OFF – 0 −21.75 0.16 −21.75 0.16

Fig. 4.3(b) OFF – 0 −21.75 0.16 −21.75 0.16

Fig. 4.3(c) OFF – 0 −21.75 0.16 −21.75 0.16

Fig. 4.4(a) OFF – 0 −21.75 0.16 −21.75 0.16

Fig. 4.4(b) OFF – 0 −21.75 0.16 −21.75 0.16

Fig. 4.5(a) ON ON 0.28 −21.75 0.16 −21.95 0.16

Fig. 4.5(b) ON ON 6.5 −21.75 0.16 −22.75 0.26

Fig. 4.6 ON OFF 0.2 −1 0.1 −1.1 0.1

Fig. 4.7 ON ON 0.28 −21.75 0.16 −21.95 0.16

Fig. D4.1 OFF – 0 −21.75 0.16 −21.75 0.16

Fig. D4.2(a) OFF – 0 −21.75 0.16 −21.75 0.16

Fig. D4.2(b) OFF – 0 −21.75 0.16 −21.75 0.16

Fig. D4.3 ON ON 0.28 −21.75 0.16 −21.95 0.16

Fig. D4.4 ON ON 6.5 −21.75 0.16 −22.75 0.26

Table C4.2. Dispersive parameters employed in the numerical calculations. GVD: ON/OFF indicates
whether the chromatic dispersion is included in the simulation (ON) or not (OFF). GVDcomp: ON/OFF
indicates whether the chromatic dispersion is compensated (ON) or not (OFF) along the MCF propagation
in each PCM using the GVD parameters of the PCM ax as a reference. That is, assuming β(r)

ax = 0 and
β
(r)
bx ≡ ∆β

(r)
bx,ax with r ∈ {2, 3}. Dispersive parameters are assumed similar for the y-polarization (lowly-

birefringent cores). The time domain is normalized using β
(1)
ax as a reference. Hence, the relative group

delay between the PCMs bx and ax only depends on ∆β
(1)
bx,ax but not on β(1)

ax , i.e., β(1)
ax is just an arbitrary

parameter in the numerical simulations [116].
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Appendix D4: Additional numerical examples
In this appendix, we present additional numerical examples of the IMCD effects for completeness
the main discussions performed in Section 4.4. In order to achieve a better comprehension of the
IMCD, we omit the optical power attenuation and the nonlinear effects. However, the chromatic
dispersion [also known as the group-velocity dispersion (GVD)] and the PMD (induced by the cir-
cular birefringence along with the intrinsic linear birefringence of the fiber) will only be considered
when is specified. In all the analyzed cases, the MCF comprises a fiber length of L = 40 m and two
cores a and b distributed in a square lattice with a core-to-core distance dab = 26 µm and a core
radius R0 = 4 µm, as depicted in Fig. 4.1. Moreover, the wavelength of the optical carrier (λ0)
was selected in the third transmission window at λ0 = 1550 nm, the peak power26 of the optical
pulses was taken to be 0 dBm, and the time domain was normalized by using the group delay of
the PCM ax as a reference with tN = (t−β(1)

ax z)/TP, where TP is the full-width at 1/ (2e) (∼ 18%)
of the peak power. The specific parameters of each simulation are detailed in Tables C4.1 and
C4.2 included on previous page.

D4.1 Ideal homogeneous multi-core fiber: first- and higher-order CCD

Figure D4.1. Coupling-coefficient dispersion in ideal homogeneous MCFs. Simulation results of ultra-short
optical pulses through a 40-m ideal homogeneous 2-core MCF. Longitudinal evolution of a 350-fs Gaussian
optical pulse propagated through the polarized core modes (PCMs) ax and bx in: (a) time domain, and
(b) frequency domain. (c) Pulse splitting comparison at the MCF output in the PCM ax considering three
different pulse widths of 2 ps, 350 fs and 200 fs. [Colorbar: normalized power] [116].

26As indicated before, to perform realistic numerical simulations, the power of the optical pulses should be
calculated as Pmi (z, t) = C

(P)
mi |Ami (z, t)|2, with the exact value of C

(P)
mi given by Eq. (1.5.12).
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As a first investigation of the IMCD, let us now analyze numerically the effects of the CCD
when considering an ideal homogeneous MCF without fiber perturbations. We compare the propa-
gation of an optical pulse with three different temporal pulse widths omitting the longitudinal and
temporal fiber perturbations. Figure D4.1 shows the simulation results. Figure D4.1(a) depicts the
longitudinal evolution in the time domain of a 350-fs Gaussian optical pulse along the MCF length
in the PCMs ax and bx. It can be noted that the initial pulse launched into the PCM ax splits
in four identical optical pulses (25% of the initial peak power) propagated by the PCMs ax and
bx of the fiber. These results are in line with Eq. (4.3.12) and the observations reported in [175].
Moreover, Fig. D4.1(b) shows the longitudinal evolution of the optical spectrum as a function of the
normalized frequency.27 From these results, we conclude that each spectral component presents a
different coupling length induced by the first-order CCD (as a direct consequence of the frequency
dependence of the power confinement ratio of the LP01 mode in each core). Finally, we compare
in Fig. D4.1(c) the pulse splitting in the PCM ax after the MCF propagation of three different
Gaussian optical pulses of TP = 2 ps, 350 fs and 200 fs. Note that the pulse splitting increases
when the temporal pulse width is reduced, and remarkably, the complex envelope of the 200-fs
optical pulse is additionally distorted by the second and higher-order CCD (inducing a linear and
nonlinear chirp, respectively).

D4.2 Linear and circular birefringence perturbations: first-order IMCD
A very interesting example is to evaluate a real MCF perturbed by random linear and circular
birefringence fluctuations. As discussed in Section 4.3, we know that the random fiber perturbations
induce a stochastic group delay in the optical pulse due to the first-order IMCD. In this case, the
effect of the first-order PhMD along with the CCD can also be observed when considering a high
number of MCF birefringent segments, where the bending radius and the twist rate fluctuate
between adjacent segments with a Normal distribution of RB = N(µ = 100, σ2 = 40) cm and
fT = N(µ = 0.1, σ2 = 0.01) turns/m. We simulate the homogeneous MCF of the first example
considering a 250-fs Gaussian optical pulse and 50 birefringent segments.

Figure D4.2. First-order IMCD with random bending and twisting conditions. Simulation results of a 250-fs
Gaussian optical pulse considering a homogeneous 2-core MCF with a random twist rate (fT) and a
random bending radius (RB) which fluctuate along the MCF length comprising 50 birefringent segments
with Normal distributions fT = N(µ = 0.1, σ2 = 0.01) turns/m and: (a) RB = N(µ = 100, σ2 = 40) cm,
and (b) RB = N(µ = 10, σ2 = 2) cm. [Colorbar: normalized power] [116].

It should be noted from Fig. D4.2(a) that the pulse splitting induced by the CCD is reduced
in both PCMs as a direct consequence of the average value of RB = 100 cm reducing the mode-
coupling between the cores a and b. Now, the group delay and the pulse width present a random
evolution in each PCM due to the random nature of the MCF perturbations inducing a stochastic

27Here, the normalized frequency is the ratio Ω/BÃ, where BÃ is the bandwidth of the complex envelope in
baseband. Note that this parameter is different from the parameter Vmi given by Eq. (C4.9).
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group velocity. Therefore, the effects of the IMCD can be observed as a distortion of the complex
envelope when considering multiple random MCF birefringent segments. Moreover, the circular
birefringence only induces power exchange between orthogonal polarizations. Remarkably, we
cannot observe an additional pulse distortion induced by the PMD considering that the differential
group delay between orthogonal polarizations can be neglected in both cores when the intrinsic
linear birefringence is omitted in the numerical simulation. Here, the linear birefringence is only
induced by the fiber bending conditions, which modify the equivalent refractive index of each PCM
[see Eq. (C4.6)] without significantly changing the differential group delay between the PCMs ax-ay
and bx-by in this case.

In order to minimize the effects of the IMCD in homogeneous MCFs, we can reduce the average
value of the bending radius. To verify this statement, we compare the propagation of the same
250-fs optical pulse considering a bending radius distribution RB = N(µ = 10, σ2 = 2) cm. We can
note from Fig. D4.2(b) that, the lower the average value of the bending radius is, the lower the pulse
distortion induced by the IMCD is as a direct consequence of the mode-coupling reduction between
the PCMs. In general, we can also reduce the mode-coupling inducing external stress in different
points along the MCF length or manufacturing MCFs with: trench- or hole-assisted cladding,
heterogeneous cores, higher core-to-core distances, or elliptical cores with random orientation of
the ellipse. In the same way, the IMCD can also be reduced by using disordered MCFs based on
the transverse Anderson localization, allowing for the absence of diffusive wave propagation [93].

D4.3 Higher-order IMCD
In this section, we analyze the higher-order effects of the IMCD. We also include the intrinsic
linear birefringence of the medium along with the linear and circular birefringence induced by the
fiber bending and twisting conditions. To this end, two different 40-m 2-core MCFs are compared
comprising homogeneous and heterogeneous cores. In the homogeneous case, higher-order PhMD
effects are induced considering ∆β

(1)
bx,ax = 0.28 ps/km, ∆β(2)

bx,ax = 0.2 ps2/km, ∆β(3)
bx,ax = 0 ps3/km;

and in the heterogeneous case ∆n = na − nb = 0.002, ∆β(1)
bx,ax = 6.5 ps/km, ∆β(2)

bx,ax = 1 ps2/km,
and ∆β

(3)
bx,ax = 0.1 ps3/km. In order to illustrate the higher-order IMCD effects, the GVD is

compensated in each PCM along the MCF propagation using the dispersive parameters of a given
PCM as a reference, in this case the PCM ax (see Table C4.2 in Appendix C4). Furthermore,
we also consider 50 birefringent segments along the MCF length, where the linear and circular
birefringence fluctuate between adjacent segments. The circular birefringence is induced by a
random twist rate fT given by the Normal distribution fT = N(µ = 0.1, σ2 = 0.01) turns/m. The
linear birefringence is induced by two different effects: (i) the random bending conditions with
RB = N(µ = 100, σ2 = 40) cm; and (ii) the intrinsic linear birefringence of each core, fixed to
4·10−7 and 2·10−6 in the cores a and b, respectively. In this case, the intrinsic linear birefringence
will induce a differential group delay between the principal axes of each birefringent segment.

Figures D4.3 and D4.4 depict the numerical calculations of the CLMT when a 200-fs Gaussian
optical pulse is launched into the PCM ax of the homogeneous and heterogeneous MCF, respec-
tively. In the homogeneous case (Fig. D4.3), we can observe the additional chirp induced on the
optical pulse by the second-order PhMD along with the PMD. As expected, we can also observe
a higher pulse distortion than omitting the PMD when comparing these results with Fig. 4.5(a).
Nevertheless, as verified in Fig. D4.4, the pulse distortion induced by the second-order PhMD is
reduced in the heterogeneous case given that the mode-coupling is minimized due to a higher
intrinsic material index mismatching ∆n between the cores a and b. As seen from Eq. (4.3.15), Hax

tends to 1 when the phase-mismatching between the cores a and b is much higher than the MCCs,
which verifies that the mode-coupling reduction allows us to minimize the effects of the IMCD in
both cores. In the same way as in Fig. D4.3, note that the additional pulse distortion observed
in Fig. D4.4 in the PCMs bx and by when comparing these results with Fig. 4.5(b) is induced by
the PMD of the core b. Furthermore, it should be noticed that the optical power oscillates in the
core a between the PCMs ax and ay because of the external circular birefringence induced by fT.
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Figure D4.3. Higher-order IMCD in homogeneous MCF. 200-fs Gaussian optical pulse propagated along a
40-m 2-core homogeneous MCF considering higher-order PhMD effects and a random linear and circular
birefringence given by the bending radius and twist rate distributions RB = N(µ = 100, σ2 = 40) cm and
fT = N(µ = 0.1, σ2 = 0.01) turns/m along 50 birefringent segments. [Colorbar: normalized power] [116].

Figure D4.4. Higher-order IMCD in heterogeneous MCF. 200-fs Gaussian optical pulse propagated along a
40-m 2-core heterogeneous MCF considering higher-order PhMD effects and a random linear and circular
birefringence given by the bending radius and twist rate distributions RB = N(µ = 100, σ2 = 40) cm and
fT = N(µ = 0.1, σ2 = 0.01) turns/m along 50 birefringent segments. [Colorbar: normalized power] [116].
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On the other hand, in the homogeneous case, we can also induce an external perturbation (e.g.
reducing the average value of the bending radius) to increase the equivalent index mismatching
between the PCMs reducing the higher-order effects of the IMCD. Additional strategies as trench-
assisted MCFs or disordered MCFs based on the transverse Anderson localization [93] can also be
employed to reduce the pulse distortion induced by the first- and higher-order effects of the IMCD,
as mentioned before.

D4.4 IMCD length
Finally, once we know in general terms the effects of the IMCD in ultra-short optical pulses, it is
natural to ask about the fiber length scales over which the dispersive effects of the IMCD should
be considered in the pulse propagation phenomena when comparing this optical dispersion with
the first-order GVD. So far, we have discussed that the IMCD is reduced when inducing random
perturbations on the optical medium. Therefore, the IMCD and the GVD should be compared in
MCFs without including birefringence effects. To this end, we analyze the GVD and the IMCD
lengths, defined as the fiber length scales over which their dispersive effects should be considered.
The GVD length is defined in [139] as a function of the pulse half-width at 1/e of the peak power.
Nonetheless, in this work we have investigated the IMCD using the full-width at 1/ (2e) of the
peak power (TP). Thus, in order to compare the GVD with the IMCD, we define the GVD length
in terms of TP:

LGVD := T 2
P/
∣∣∣β(2)

ax

∣∣∣ . (D4.1)

In the same way, the CCD length is defined as the minimum fiber length over which the pulse
splitting can be observed. Hence, considering the PCMs ax and bx, it is straightforward to conclude
from Eq. (4.3.12) that the CCD length should be defined as:

LCCD := TP/
(
2
∣∣∣κ̃(1)ax,bx

∣∣∣) . (D4.2)

Furthermore, taking into account that the second-order PhMD induces a linear chirp between the
PCMs ax and bx when ∆β

(2)
bx,ax ̸= 0, the PhMD length is defined in a similar way as the GVD

length:
LPhMD := T 2

P/
∣∣∣∆β(2)

bx,ax

∣∣∣ . (D4.3)

All in all, the IMCD length should be defined by considering the predominant physical impairment,
the CCD or the PhMD:

LIMCD := min {LCCD, LPhMD} . (D4.4)
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Appendix E4: Multi-mode regime
In this appendix, we will extend the CLMT [Eq. (4.2.66)] to the multi-mode regime. To this
end, let us consider a real weakly-guiding M -core MCF with each core supporting N LP modes
(n ∈ {1, . . . , N}). In addition, we consider two orthogonal polarizations i ∈ {x, y} and a single
optical carrier with angular frequency ω0. Thus, each core propagates 2N PCMs.28 Following the
same mathematical strategy as in the single-mode regime, we assume the electric field strength of
the MCF (E) as a linear combination of the PCMs of each core m ∈ {1, . . . ,M}. In addition, we
separate the rapid and the slow temporal and longitudinal variations of E by using respectively
the slowly-varying amplitude (Emni,ω0

) and envelope (Ãmni) functions of each PCM mni:

E (r, t) ≃
M∑

m=1

N∑
n=1

∑
i=x,y

Emni (r, t) ûi ≃
M∑

m=1

N∑
n=1

∑
i=x,y

Re {Emni,ω0 (r, t) exp (jω0t)} ûi, (E4.1)

with:

Emni,ω0 (r, t) =
1

2π

ˆ
BÃ

Ãmni (z, ω − ω0; t)Fmni (x, y, ω; z, t)×

× exp (−jΦmni (z, ω; t)) exp (j (ω − ω0) t) dω; (E4.2)

Φmni (z, ω; t) = ϕmni (z, ω; t)− j
1

2
αmn (ω) z =

ˆ z

0

β
(eq)
mni (ξ, ω; t) dξ − j

1

2
αmn (ω) z. (E4.3)

The description of each function included in the above equations is similar to the single-mode
regime (see Section 4.2). Now, however, the transversal eigenfunction Fmni is a complex function
which includes the azimuthal variation of the corresponding LP mode group of the PCM mni, and
the power attenuation coefficient αmn is assumed to be different in each core m and each mode n
to describe the mode-dependent losses (MDL) in the SDM transmission [198].

Inserting Eqs. (E4.1)-(E4.3) in Maxwell’s equations, we derive the following coupled local-mode
equation for the PCM a1x in the time domain:29

j

(
∂z + D̂

(eq)
a1x +

1

2
α̂a1

)
Aa1x (z, t) = −j

N∑
n=2

X̂
(eq)
a1x,anx

(
∂z + D̂

(eq)
anx +

1

2
α̂an

)
Aanx (z, t)

+

N∑
n=1

M̂
(eq)
a1x,anyAany (z, t) +

M∑
m̸=a

N∑
n=1

K̂
(eq)
a1x,mnxAmnx (z, t)

+ q̂(I)
a1x

(
|Aa1x (z, t)|2 Aa1x (z, t)

)
+

2

3
ĝ(I)a1x,a1y

(
|Aa1y (z, t)|2 Aa1x (z, t)

)
+

1

3
exp

(
−j2∆ϕ(0)a1y,a1x (z; t)

)
ĝ(I)a1x,a1y

(
A∗

a1x (z, t)A2
a1y (z, t)

)
+ q̂(R)

a1x

[(
f (t) ∗ |Aa1x (z, t)|2

)
Aa1x (z, t)

]
+ ĝ(R)

a1x,a1y

[(
h (t) ∗ |Aa1y (z, t)|2

)
Aa1x (z, t)

]
+

1

2
ĝ(R)
a1x,a1y

{[
u (t) ∗

(
Aa1x (z, t)A∗

a1y (z, t)
)]

Aa1y (z, t)
}

+
1

2
exp

(
−j2∆ϕ(0)a1y,a1x (z; t)

)
ĝ(R)
a1x,a1y×

× {[u (t) ∗ (A∗
a1x (z, t)Aa1y (z, t))]Aa1y (z, t)} . (E4.4)

28The number of LP modes (N) and PCMs per core (2N) can be calculated from the sum of the degeneracy
factors d(lp)F of the propagated LPlp mode groups as N = 0.5

∑
lp d

(lp)
F . As an example, if each core supports the

LP01 and LP11 mode groups, with d
(01)
F = 2 and d

(11)
F = 4, then, N = 3.

29We have assumed a core-to-core distance (dab) between two cores a and b of the MM-MCF satisfying the
condition dab > R0,a +R0,b +max

{
R0,a, R0,b

}
, where R0,a(b) is the radius of the core a(b).
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The theoretical model is completed by 2N ×M −1 additional coupled local-mode equations for
the PCMs mni ̸= a1x, which can be obtained just by exchanging the corresponding subindexes in
the above equation. As can be seen, the LHS of Eq. (E4.4) describes the linear propagation of the
PCM a1x and the RHS includes the sources of the linear and nonlinear MCD (also referred to as
intermodal dispersion in the literature). Specifically, we find new terms in the multi-mode regime
when comparing Eqs. (4.2.66) and (E4.4). Let us discuss in detail these new terms by analyzing
the linear and nonlinear MCD in the next lines.

E4.1 Linear MCD (linear regime)
The mode-coupling dispersion (MCD) can be observed in an MM-MCF between the PCMs of a
given core [intra-core MCD (iMCD)] and between the PCMs of different cores [inter-core MCD
(IMCD)]. If the iMCD (IMCD) concerns the mode-coupling between PCMs with the same po-
larization, we will refer to direct iMCD (IMCD). In contrast, if the iMCD (IMCD) involves the
mode-coupling between PCMs with orthogonal polarizations, we will refer to cross iMCD (IMCD).
Each MCD type is described in Eq. (E4.4) by the following terms of the RHS:

• Direct iMCD. Intermodal dispersion between the PCMs a1x and anx with n ≥ 2. This
effect is modeled by the term:

− j

N∑
n=2

X̂
(eq)
a1x,anx

(
∂z + D̂

(eq)
anx +

1

2
α̂an

)
Aanx (z, t) , (E4.5)

where X̂
(eq)
a1x,anx is the linear operator modeling the frequency dependence of the mode

overlapping between the PCMs a1x and anx:

X̂
(eq)
a1x,anx (z; t) :=

∞∑
n=0

(−j)n

n!
X̃

(eq)(n)
a1x,anx∂

n
t , (E4.6)

with X̃(eq)(n)
a1x,anx (z; t) := ∂nωX̃

(eq)
a1x,anx (z, ω = ω0; t). In particular, the complex function X̃(eq)

a1x,anx

describes the linear operator X̂
(eq)
a1x,anx in the frequency domain as:

X̃
(eq)
a1x,anx (z, ω; t) := exp (−j∆ϕanx,a1x (z, ω0; t)) χ̃a1x,anx (z, ω; t) , (E4.7)

where χ̃a1x,anx is the MCC defined as:

χ̃a1x,anx (z, ω; t) :=
β
(eq)
anx,ω0

β
(eq)
a1x,ω0

Na1x

¨
FanxF

∗
a1xdxdy, (E4.8)

and Na1x (z, ω; t) :=
˜

|Fa1x|2 dxdy. Note that in absence of fiber perturbations we find that˜
FanxF

∗
a1xdxdy = 0 due to the orthogonal condition between the LP modes [124]. Moreover,

D̂
(eq)
anx is the equivalent dispersion operator of the PCM anx accounting for the frequency

dependence of the ideal phase constant βanx (ω) and the MCF perturbations β(B+S)
anx (z, ω; t):

D̂
(eq)
anx (z; t) :=

∞∑
n=1

(−j)n−1

n!
β(eq)(n)
anx,ω0

∂nt , (E4.9)

β
(eq)(n)
anx,ω0 (z; t) := ∂nωβ

(eq)
anx (z, ω = ω0; t) and α̂an describes the temporal dispersion induced by

the frequency dependence of αan (ω). Interestingly, note that the CCD of the direct iMCD
is modeled by the MCCs χ̃a1x,anx and χ̃anx,a1x, and the PhMD by the phase-mismatching
function ∆ϕanx,a1x, both dispersive effects modeled by the linear operators X̂

(eq)
a1x,anx, X̂

(eq)
anx,a1x,

D̂
(eq)
a1x , and D̂

(eq)
anx.
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• Cross iMCD. Intermodal dispersion between the PCMs a1x and any with n ≥ 1. This
effect is modeled by the term:

N∑
n=1

M̂
(eq)
a1x,anyAany (z, t) , (E4.10)

where the linear operator M̂
(eq)
a1x,any accounts for the frequency dependence of the mode

overlapping between the PCMs a1x and any:

M̂
(eq)
a1x,any (z; t) :=

∞∑
n=0

(−j)n

n!
M̃

(eq)(n)
a1x,any∂

n
t , (E4.11)

with M̃
(eq)(n)
a1x,any (z; t) := ∂nωM̃

(eq)
a1x,any (z, ω = ω0; t). The complex function M̃

(eq)
a1x,any is defined

as M̃ (eq)
a1x,any (z, ω; t) := exp (−j∆ϕany,a1x (z, ω0; t)) m̃a1x,any (z, ω; t), where m̃a1x,any is the

MCC given by the expression:

m̃a1x,any (z, ω; t) : =
ω2

2c20β
(eq)
a1x,ω0

Na1x

¨
σ̃FanyF

∗
a1xdxdy. (E4.12)

In ideal conditions, σ̃ = 0. Along these lines, it should be taken into account that the cross
iMCD is described not only by the linear operators M̂

(eq)
a1x,any and M̂

(eq)
any,a1x, but also by the

linear operators D̂
(eq)
a1x and D̂

(eq)
any of the coupled local-mode equations.

• Direct IMCD. Intermodal dispersion between the PCMs a1x and mnx with m ̸= a and
n ≥ 1. This effect is modeled in Eq. (E4.4) by the term:

M∑
m ̸=a

N∑
n=1

K̂
(eq)
a1x,mnxAmnx (z, t) . (E4.13)

The linear operator K̂
(eq)
a1x,mnx, defined as:

K̂
(eq)
a1x,mnx (z; t) :=

∞∑
n=0

(−j)n

n!
K̃

(eq)(n)
a1x,mnx∂

n
t , (E4.14)

with K̃
(eq)(n)
a1x,mnx (z; t) := ∂nωK̃

(eq)
a1x,mnx (z, ω = ω0; t), describes the temporal dispersion induced

by the frequency dependence of the complex function K̃
(eq)
a1x,mnx:

K̃
(eq)
a1x,mnx (z, ω; t) := exp (−j∆ϕmnx,a1x (z, ω0; t)) κ̃a1x,mnx (z, ω; t) , (E4.15)

where κ̃a1x,mnx is the MCC:

κ̃a1x,mnx (z, ω; t) :=
ω2

2c20β
(eq)
a1x,ω0

Na1x

¨
∆ε̃r,axFmnxF

∗
a1xdxdy. (E4.16)

Hence, the direct IMCD (CCD+PhMD) is modeled in the time domain by the linear operators
K̂

(eq)
a1x,mnx, K̂

(eq)
mnx,a1x, D̂

(eq)
a1x , and D̂

(eq)
mnx.

• Cross IMCD. Intermodal dispersion between the PCMs a1x and mny with m ̸= a and
n ≥ 1. Specifically, the mode overlapping between these PCMs is modeled in the frequency
domain by the MCC:

η̃a1x,mny (z, ω; t) :=
ω2

2c20β
(eq)
a1x,ω0

Na1x

¨
σ̃FmnyF

∗
a1xdxdy. (E4.17)
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Nevertheless, the longitudinal and temporal average value of the ratio η̃a1x,mny/κ̃a1x,mnx is
of the order of 10−3 (or lower) for a realistic average value of the fiber twist rate lower than 6
turns/m. Consequently, we have neglected this term in Eq. (E4.4). Thus, it is natural to ask
how the cross IMCD is modeled in the CLMT. As demonstrated in Chapter 3 [see Fig. 3.2(b)],
in the monochromatic regime, the XIC-XT depends directly on the iC-XT and the DIC-XT
of both cores. Remarkably, given that a non-monochromatic wave can be expressed as a
linear combination of multiple monochromatic waves, we can extrapolate the above result
to the non-monochromatic regime. Therefore, we conclude that the cross IMCD depends
directly on the iMCD and the direct IMCD, modeled via the linear operators X̂

(eq)
, M̂

(eq)
,

K̂
(eq)

, and D̂
(eq)

.

In spite of the fact that there are additional MCCs modeling the linear iMCD and IMCD in
Eq. (E4.4), in general, these MCCs can be neglected when assuming a core-to-core distance
satisfying the condition indicated in footnote 29. Specifically, in Eq. (E4.4), we have retained
the predominant linear operators. Otherwise, the linear self-coupling effect must be included in
this equation generalizing the MCC given by Eq. (3.2.26) to the frequency domain.

Interestingly, in the multi-mode regime, we can perform the same theoretical discussion of the
linear MCD as in the single-mode regime (see Section 4.3). Along this line, it should be noted
that the LTIs given by Eqs. (4.3.15) and (4.3.16) can also be employed to analyze the impact of
the intermodal dispersion between higher-order LP modes of the same core or different cores, but
calculating the appropriate value of the corresponding MCCs and phase-mismatching functions.
This finding will be of special interest to us in Chapter 7.

E4.2 Nonlinear MCD (nonlinear regime)
In the nonlinear regime, assuming a core-to-core distance satisfying the aforementioned condition
in footnote 29, the nonlinear IMCD can be neglected. Consequently, the predominant nonlinear
MCD is the iMCD, and more specifically, the nonlinear iMCD between degenerate (∆ϕ = 0) or
quasi-degenerate (∆ϕ ≃ 0) PCMs. In this scenario, the iMCD between non-degenerate PCMs
is suppressed when the ideal differential mode group delay30 (DMGD), calculated as

∣∣∆β(1)
∣∣ by

omitting the medium perturbations, is higher than 50 ps/km [199]. This condition is usually
satisfied in few-mode fibers and multi-mode fibers with a classical step-index profile operating in
the third transmission window [8, 18]. In such circumstances, the predominant nonlinear MCD in
Eq. (E4.4) arises from the nonlinear interaction between the PCMs a1x-a1x and a1x-a1y.

However, an additional consideration should be pointed out for future works. The coupled
local-mode equations modeling in their LHS the linear propagation of a PCM associated with an
LP mode group with azimuthal variation will have new nonlinear MCCs. In such a case, note that
we should distinguish between the nonlinear terms |Ei,ω0

|2Ej,ω0
and E2

i,ω0
Ej,−ω0

[∀ (i, j) ∈ {x, y}2

and i ̸= j] in the coupled-wave equations when Fmni is a complex function because |Fmni|2 ̸= F 2
mni.

E4.3 Multi-mode ERIM
Finally, we discuss the extension of the equivalent refractive index model (ERIM) to the multi-
mode regime. In order to calculate the exact value of the equivalent refractive index n(eq)

mni of each
PCM mni, now, we should use the effective principal refractive index n

(eff)
mni instead of the MCF

principal refractive index nmi. Therefore, Eqs. (C4.3)-(C4.8) should be restated as:

30We must clarify here the difference between the differential mode group delay (DMGD) and the differential
group delay (DGD). In the photonics literature, the DMGD is usually employed to indicate the difference between
the group delay of PCMs of different LP mode groups (e.g., LP01,x and LP02,x). In contrast, the DGD is usually
employed to indicate the difference between the group delay of PCMs of the same LP mode group (e.g., LP01,x and
LP01,y). As seen, both parameters represent the same concept and can be found in the literature defined: (i) as a
function of the absolute value of the difference between the group delays of the PCMs under analysis (in ps), or (ii)
as a function of the absolute value of the difference between the group delays per unit of length of the PCMs under
analysis (in ps/km). In this appendix, we use the latter definition.
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ϕmni,l (z, ω; t) =

ˆ
⟨h⟩

β
(eq)
mni,l (z, ω; t) dz ≃

[
βmni (ω) + β

(B+S)
mni,l (z, ω; t)

]
h; (E4.18)

βmni (ω) ≃
ω0

c0
n
(eff)
mni (ω0) +

3∑
k=1

1

k!
(ω − ω0)

k
β
(k)
mni,ω0

; (E4.19)

β
(B+S)
mni,l (z, ω; t) ≃ ω

c0
n
(B+S)
mni,l (z, ω0; t) =

ω

c0

(
n
(eq)
mni,l (z, ω0; t)− n

(eff)
mni (ω0)

)
; (E4.20)

n
(eq)
mni,l (z, ω0; t) ≃ n

(eff)
mni,l (ω0; t)

[
1 +

dm
RB,l (t)

cos (2πfT,l (t) z + θ0 + θm)

]
; (E4.21)

n
(eff)
mni,l (ω0; t) ∼ n

(eff)
mni (ω0)±

1

2
N (∆nm (ω0; t) , δnmn,l (ω0; t)) , (E4.22)

with ‘+’ if i = y and ‘−’ if i = x. The temporal fluctuation of the intrinsic linear birefringence
of the PCM mni in the l-th birefringent segment [n(eff)

mni,l (ω0; t)] is calculated from the Gaussian
random process given by Eq. (E4.22). Note that we can estimate the mean [∆nm (ω0; t)] of this
random process as in the single-mode regime [page 134], i.e., assuming the same mean of the linear
birefringence for all the LP modes of a given core. Nonetheless, the variance [δnmn,l (ω0; t)], which
includes the photo-elastic effect in the l-th birefringent segment, should be calculated as:

δnmn,l (ω0; t) ≃ ξ + 0.011n3mnd
2
cl/R

2
B,l (t) , (E4.23)

where nmn :=
(
n
(eff)
mnx + n

(eff)
mny

)
/2. It can be noted that n(eff)

mni can be calculated numerically by
using a mode solver. In the case of step-index and LB cores, we can easily estimate analytically
n
(eff)
mni from [32], with n

(eff)
mnx = n

(eff)
mny ≡ n

(eff)
mn . In the case of HB cores, with n

(eff)
mnx ̸= n

(eff)
mny,

n
(eff)
mni can be estimated from [161].



Chapter 5

Multi-core fiber in the optical
fronthaul

5.1 Introduction
Once we have investigated the fundamentals of the linear and nonlinear propagation in MCFs, we
will be able to investigate the suitability of the MCF technology in different branches of science
(see Section 1.4 for more details). Specifically, in this chapter, we will study the use of MCF media
to perform space-division multiplexing (SDM) transmissions in optical transport networks.

SDM systems using MCFs along with additional peripheral devices for optical connection have
been extensively investigated in recent years as a potential solution to cover the exponential growth
of data traffic demand in optical networks [8, 12]. Cloud radio-access network (C-RAN) systems
should also deal with this huge future capacity demand in the next-generation wireless systems: 5G
cellular technology and Beyond-5G [56,57]. According to some telecom equipment manufacturers,
it is expected that 5G cellular networks will be required to provide 1000 times higher mobile
data traffic in 2025 as compared with 2013, including flexibility and adaptability solutions to
maximize the energy efficiency of the network [58, 59]. A new radio-access model supporting
massive data uploading will be required considering additional transport facilities provided by the
physical layer [56–59].

Fronthaul connectivity performed by radio-over-fiber (RoF) transmission using single-input
single-output (SISO), multiple-input multiple-output (MIMO), sub-Nyquist sampling, and ultra-
wideband signals exceeding 400 MHz bandwidth has been proposed for the 5G cellular generation
[57, 60–62]. The required channel capacity is further extended in the case of Beyond-5G systems,
where a massive number of antennas operating in MIMO configuration should be connected by
using RoF. To overcome the massive increment in the data capacity demand, MCF has been
recently proposed as a suitable medium for LTE-Advanced (LTE-A) MIMO fronthaul systems
[63,64].

MCF technology opens up attractive possibilities in RoF systems: different wireless signals
can be transmitted simultaneously over the same optical wavelengths and electrical frequencies
in different cores of the optical waveguide to provide multi-wireless service using a single laser
at the transmitter. Thus, MCF can be proposed as an alternative to the standard SM-SCF,
termed in the literature as the standard single-mode fiber (SSMF), providing fronthaul connectivity
using multiple wavelength channels with multiple lasers. Additionally, MCFs with a high core
density are suitable for connecting large phase array antennas performing multi-user MIMO (MU-
MIMO) processing [200]. Furthermore, network operators can offer a dynamic and scalable capacity
in the next cellular generation due to the aggregated channel capacity provided by the MCF
technology. Along this line, the possibility of combining MCF-RoF transmissions with additional
multiplexing techniques as wavelength-division multiplexing (WDM), time-division multiplexing
(TDM), optical polarization-division multiplexing (PDM) and mode-division multiplexing (MDM)
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should be considered. Figure 5.1 depicts the proposed fronthaul provision applied to converged
fiber-wireless passive optical networks (PON) and including PDM to provide connectivity between
the SSMF and MCF media. In such a scenario, MCF transmissions should also deal with the
IC-XT as one of the majors physical impairments, which presents a stochastic nature due to the
fiber perturbations, as investigated in Chapters 2, 3 and 4.

Figure 5.1. Next-generation optical fronthaul system using MCF media operating with a converged fiber-
wireless PON and including optical polarization-division multiplexing (PDM) transmission [65].

In order to investigate the suitability of using the MCF technology in the next-generation
RoF fronthaul systems, this chapter reports the experimental evaluation of the tolerance of fully-
standard LTE-A signals in MIMO and SISO configurations to the IC-XT. In addition, we report
the demonstration of fronthaul provision of both LTE-A and WiMAX signals by performing SDM
using a commercial MCF. Interestingly, the error vector magnitude (EVM) will have a stochastic
behavior induced by the random nature of the MCF perturbations. In such circumstances, we
investigate the EVM random performance in these wireless standards and its impact on the next-
generation of MCF-RoF systems.

The chapter is structured as follows. In Section 5.2, we demonstrate experimentally the
provision of multi-wireless service fronthaul connectivity in MCF media by simultaneously
using RoF transmission of LTE-A and WiMAX signals. Considering the inter-operability between
both wireless standards [201], WiMAX is proposed as fallback option to provide connectivity in
wireless scenarios where LTE-A service is overloaded [202]. In addition, the impact of IC-XT
impairment over the RoF transmission is evaluated in a homogeneous 4-core fiber (4CF) when
operating in the linear and nonlinear optical power regimes. The EVM performance is evaluated
in both power regimes to investigate the impact of the inter-core and intra-core nonlinear effects.
The effective advantage of stimulating the Kerr effect to reduce the EVM fluctuations is proposed
and demonstrated. In Section 5.3, we demonstrate the use of PDM of LTE-A and WiMAX signals
as an extension of the channel capacity of the optical access network by using additional MCF
fronthaul provision. Next, in Section 5.4, the MCF-RoF fronthaul transmission is evaluated by
using 2x2 MIMO built-in processing in LTE-A standard signals. In order to investigate the toler-
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ance of SISO and MIMO configurations to the IC-XT impairment when transmitted in RoF using
an MCF, the EVM degradation due to in-band crosstalk of both configurations is analyzed and
compared. Later, MCF evaluation of MIMO and SISO LTE-A RoF transmissions is performed by
operating in both linear and nonlinear regimes. Finally, in Section 5.5, the main conclusions of
this work are highlighted.

5.2 Multi-wireless LTE-A and WiMAX fronthaul RoF
provision using MCF

Most of the recent RoF research for next 5G networks is based on current wireless services such
as 4G 3GPP LTE-A for evolved universal terrestrial radio access (E-UTRA) and IEEE 802.16
WiMAX orthogonal frequency-division multiplexing access (OFDMA) for local and metropolitan
area networks [203]. The simultaneous transmission of LTE-A signals with additional wireless stan-
dards facilitates delivering fixed, portable and mobile wireless services providing the new required
multimedia services based on scalable video distribution or massive data uploading [203, 204]. In
this scenario WiMAX service could also be used as LTE fallback option to provide reliable service
even with overloading throughput. In order to demonstrate the compatibility of LTE-A signals
with additional wireless standards, we propose in this section the experimental demonstration of
multiservice fronthaul provision using both LTE-A and WiMAX signals in 150-m of a commercial
4CF operating in the linear and nonlinear optical power regimes.

Figure 5.2. Experimental set-up employed for the performance evaluation of LTE-A and WiMAX RoF
transmission in 4CF [65].

Figure 5.2 shows the experimental set-up where full-standard wireless LTE-A and WiMAX
signals are transmitted using the same optical carrier generated by a continuous-wave (CW)
distributed feedback laser (DFB) at 1550.12 nm and splitted by a 3-dB optical coupler. Two
external single-drive Mach-Zehnder modulators (MZMs) operating at quadrature bias (QB) point
modulate the LTE-A and WiMAX signals in its native frequency and modulation format for RoF
transmission. In order to operate in the linear or in the nonlinear power regime of the MCF, the
optical power level launched into each core is modified by using two erbium-doped fiber amplifiers
(EDFAs) along with two band-pass optical filters (BPOFs) previously to the MCF signal injec-
tion. Four independent data signals, transmitted one in each core of the 4CF, are generated by
employing two optical delay lines (ODLs). In addition, two variable optical attenuators (VOAs)
are inserted to balance the optical power level launched into each core. The mode field diameter
of the 4CF employed in the RoF transmissions (Fibercore SM-4C1500-8.0/125) is ∼ 8.4 µm, the
numerical aperture is 0.15 and the cut-off wavelength is 1410 nm. The MCF was spooled on a reel
with an average value of the bending radius and twist rate of 67 cm and 4 turns/m, respectively.
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The optical signals are injected and extracted from each core with a 3D fan-in/fan-out with
an insertion loss of 4.5 dB. After the MCF-RoF transmission, four independent PIN photodiodes
with 0.8 A/W responsivity are used to perform direct detection of the received signals, which are
sampled with a real-time oscilloscope DSO91304A and demodulated with Agilent 89600B VSA
software.

The LTE-A and WiMAX signals are generated by Agilent ESG 4438C generators following
each wireless standard. The 3GPP LTE-A signal comprises two frequency division duplex (FDD)
channels of 20 MHz each one with 100 resource blocks (RBs) centered at 2.633 and 2.655 GHz
frequencies in the 3GPP band 7, respectively. In addition, the WiMAX signal comprises three IEEE
802.16 FDD channels of 20 MHz bandwidth centered at 3.478, 3.5 and 3.522 GHz, respectively.
The LTE-A signals are configured with normal cyclic prefix and the WiMAX signals with 1/8
cyclic prefix. Four LTE-A frames of 10 ms and five WiMAX frames of 5 ms each one are generated
by using 64 quadrature amplitude modulation (64QAM) in each OFDM subcarrier.

Figure 5.3. Measured EVM average value vs optical power level launched into the cores of the 4CF for:
(a) WiMAX MCF-RoF transmission in cores 2 and 3, (b) LTE-A MCF-RoF transmission in cores 1 and 4.
NL: nonlinear regime [65].

The EVM performance of WiMAX and LTE-A MCF-RoF transmission in the linear and
nonlinear power regime is depicted in Fig. 5.3 (including some examples of the received 64QAM
constellations). The EVM average values were measured as a function of the optical power launch
level. It can be noted that the optimal EVM average performance is achieved with a power launch
level higher than 0 dBm for WiMAX signals and 2 dBm for LTE-A signals. In addition, we verified
that the EVM performance of both LTE-A and WiMAX channels is not degraded when operating
in the nonlinear regime with an optical power launch level higher than 2 dBm, which was found
as the critical power of silica MCFs, as detailed in Chapter 2 [Eq. (2.5.35)]. Moreover, it should be
remarked that the IC-XT mean increases as the bending radius increases in homogeneous MCFs
[Eq. (2.5.14)]. However, it is expected a similar EVM performance when using a bending radius
with an average value (RB) higher than 67 cm in the 4CF taking into account that the maximum
IC-XT mean was estimated around −40 dB from Eq. (2.5.15) with RB → ∞ and lc = 4.9 mm.1

As can be seen from Fig. 5.4, the stimulation of the nonlinear regime may be an attractive
strategy in MCF-RoF systems to reduce the EVM time fluctuation induced by the IC-XT. Let us
remember that the IC-XT has a random nature in both linear and nonlinear power regimes due to
the random longitudinal and temporal perturbations of MCF (see Chapters 2 and 3). Therefore,
we can also observe stochastic temporal fluctuations in the EVM performance induced by the
temporal fluctuations of the optical power exchanged among cores.2 However, when stimulating a
single core with a high optical power level, the Kerr effect mismatches the phase constant of the
core modes reducing the IC-XT mean and variance, as demonstrated in Chapter 2. As a result, the
temporal fluctuation of the EVM is reduced in both LTE-A and WiMAX signals when operating
with high optical power launch levels in a single core of each wireless standard.

1The value of lc was experimentally estimated by using a large bending radius in the MCF reel and fitting
Eq. (2.5.15) to the measured value of the IC-XT mean.

2In Appendix A5, page 161, we indicate how to calculate the temporal EVM fluctuations induced by the IC-XT.
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Figure 5.4. Time EVM fluctuation measured for: (a) WiMAX in core 3 and (b) LTE-A in core 1. Optical
MCF-RoF transmission operating in the linear (hollow symbols) and nonlinear regime (solid symbols) [65].

Figures 5.4(a) and 5.4(b) show the percentage of the temporal EVM fluctuation induced by the
IC-XT (see page 161 for more details) measured in cores 1 and 3 for WiMAX and LTE-A signals,
respectively, when injecting an optical power of 0 dBm and 9 dBm in both cores. As a result, the
phase constants of the LP01 mode between cores 1-4 and 2-3 are mismatched reducing the power
exchange between cores carrying the same wireless standard. The experimental results indicate
that the EVM time fluctuation is reduced in WiMAX and LTE-A MCF-RoF transmissions when
mismatching cores 1-4 and 2-3 stimulating the fiber Kerr nonlinearities.

Moreover, an additional consideration should be pointed out in the fronthaul system proposed
in this section. As can be noted from Fig. 5.2, a single DFB laser was employed to minimize
the energy consumption in the RoF transmission. However, an alternative approach can also
be proposed by using four independent DFBs with four different optical carriers providing more
tolerance to hardware failures. In this way, the in-band crosstalk induced by the IC-XT becomes
out-band crosstalk reducing the EVM performance degradation in more critical scenarios as in
coupled-core MCFs.

5.3 Pol-Mux PON extension capacity using RoF and MCF
fronthaul provision

Converged fiber-wireless access using RoF in PON have been proposed and developed in the last
decade to connect the base station (BS) to the remote radio head (RRH) [205]. As expected
in next 5G networks, a large number of RRHs providing high wireless capacity will be required.
Therefore, converged fiber-wireless PON systems using RoF transmissions should also be developed
to meet this huge capacity demand [56]. In order to confirm the suitability of the MCF fronthaul
system proposed in the previous section when is applied to converged fiber-wireless PON systems
using SSMF, we evaluate in this section the transmission of LTE-A and WiMAX signals over a
PDM-PON followed by MCF-RoF optical fronthaul. The laboratory set-up employed to evaluate
the PDM-PON and the MCF RoF fronthaul is depicted in Fig. 5.5. The proposed RoF system
maximizes the PON capacity by aggregating three wireless carriers over two orthogonal optical
polarizations followed by MCF-RoF fronthaul connectivity. Three 20-MHz LTE-A carriers are
transmitted using polarization A (Pol. A) and three 20-MHz WiMAX carriers are transmitted
using the orthogonal polarization (Pol. B) of the same wavelength centered at 1555.75 nm.

The RoF performance is evaluated under the worst-case of in-band interference by selecting
the same radio-frequency band centered at 2.5 GHz in both wireless standards, as commercially
available in 4G multi-wireless service devices [203]. The 1555.75 nm optical carrier is generated by
a CW-DFB and splitted by a 3-dB optical splitter in two paths. RoF transmission is achieved by
modulating the full-standard LTE-A and WiMAX signals with MZMs at QB point in the upper
and the lower path, respectively. A polarization beam combiner (PBC) is employed to inject both
polarizations in a 25.2-km of SSMF.
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Figure 5.5. Laboratory set-up for the experimental demonstration of PON extension capacity by using
optical polarization-division multiplexing (PDM) of LTE-A and WiMAX signals in 25.2-km SSMF (the
standard SM-SCF) and optical fronthaul provision in 150-m 4CF [65].

After PON transmission both polarizations are demultiplexed with a polarization beam splitter
(PBS) and each wireless standard is transmitted over a different core of the same MCF employed in
Section 5.2. Two adjacent cores, specifically cores 1 and 3, were employed to maximize the IC-XT
mean around −43 dB.3 The optical power level launched into each core from the PON was changed
from −13 to −6 dBm using two VOAs. At the optical receiver, direct detection was performed using
two PIN photodetectors and each RF signal was sampled and demodulated as in Section 5.2. The
measured EVM was compared with the wireless standard recommendations at the transmitter
antenna for each subcarrier modulation order: EVM16QAM < 12.5% and EVM64QAM < 8% for
3GPP LTE-A, and EVM16QAM < 6% and EVM64QAM < 5% for IEEE 802.16 WiMAX.

The measured spectra at the input of both cores with the presence of the orthogonal polarization
is shown in Fig. 5.6. Figure 5.6(a) indicates that a maximum cross-polarization crosstalk4 of
4.6 dB is detected in core 1 (LTE-A transmission in Pol. A) induced by the interference from
Pol. B (WiMAX transmission) generated in the SSMF and in the PBS due to manufacturing
imperfections. The crosstalk measured in core 3 for the WiMAX receiver (Pol. B) is 9.2 dB induced
by the interference from Pol. A, also generated in the SSMF and PBS [Fig. 5.6(b)].

Figure 5.6. Measured electrical spectra of cross-polarization crosstalk vs noise floor after 25.2-km SSMF
PON and 150-m 4CF transmission for: (a) polarization A carrying three 20-MHz LTE-A carriers and
(b) polarization B with three 20-MHz WiMAX carriers [65].

Figure 5.7 shows the measured EVM for both LTE-A and WiMAX signals after the MCF-RoF
fronthaul provision as a function of the optical power level launched into each core. We should note
the successful transmission for the three LTE-A and WiMAX channels carried by each polarization
and each core in the SSMF and 4CF. 3GPP LTE-A antenna limit is satisfied for the three LTE-A
channels carried by Pol. A and core 1 when injecting into core 1 an optical power higher than
−9 dBm for the 64QAM subcarrier modulation. The required optical power launch is reduced

3The IC-XT mean between cores 1 and 3 is detailed in Chapter 2 for different values of RB.
4The cross-polarization crosstalk is referred to as the iC-XT in Chapter 3.
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to −11 dBm when using 16QAM subcarrier modulation over the same bandwidth in the carrier-
aggregated RoF transmission. Moreover, in the WiMAX RoF transmission carried by Pol. B and
core 3, the optical power launch required in core 3 to meet the IEEE 802.16 WiMAX antenna limit
is increased to −7 dBm for both 16QAM and 64QAM subcarrier modulations. It should be noted
that WiMAX requires a higher optical power operation level due to the higher cross-polarization
interference observed in Pol. B.

Figure 5.7. Measured EVM at the receiver vs optical power launched into cores 1 and 3 for: (a) WiMAX
and (b) LTE-A RoF transmission [65].

5.4 Fronthaul extension capacity in MCF-RoF: improvement
using MIMO processing

As commented before, MCF fronthaul capacity can be extended by using RoF transmission and
MIMO processing. However, in this kind of fibers, the random power exchange among core modes
and its impact on the additional signal processing of MIMO MCF-RoF transmissions should be
investigated and compared with SISO configuration. The 2x2 MIMO processing algorithm used
in this experimental evaluation is implemented in current LTE-A devices meeting 3GPP standard
for wireless multipath compensation.

Employing different wavelengths in each excited core of the MCF, the IC-XT generates out-
band crosstalk minimizing the EVM degradation due to mode-coupling among cores. Nonetheless,
in order to reduce the energy consumption in the RoF transmission, a single optical carrier is
employed to illuminate the cores of the MCF and, hence, the IC-XT becomes in-band crosstalk.
In this section, we first analyze the tolerance of LTE-A RoF transmissions to in-band crosstalk
comparing both MIMO and SISO configurations, and later, the performance of MIMO and SISO
LTE-A is investigated in an MCF by using a single optical carrier to illuminate the different cores
of the fiber.

5.4.1 Tolerance of LTE-A RoF transmissions to in-band crosstalk
In-band crosstalk is referred to as the interference between two different signals using the same
central frequency. In the same way, IC-XT can be classified as in-band crosstalk when using the
same optical carrier in each core. The experimental evaluation of the LTE-A RoF tolerance to
in-band crosstalk becomes necessary to understand the propagation performance of LTE-A RoF
transmissions in MCF media.

If we consider a 2x2 MIMO LTE-A transmission performing SDM, we refer to crosstalk induced
by internal interference to the crosstalk between the master and slave signals containing different
data that compose the 2x2 MIMO LTE-A [206]. In contrast, the crosstalk induced by external
interference refers to the crosstalk between different signals, e.g. the 2x2 MIMO signal interfering
with other external source. In this case, in order to evaluate the worst-case scenario, we use
different signals with the same central frequency and bandwidth to have in-band interference.
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Consequently, in RoF transmissions using MCF media, the IC-XT of a 2x2 MIMO transmitter
is referred to as internal IC-XT, while the external IC-XT can be observed among cores carrying
signals from different transmitters.

The evaluation of the impact of in-band crosstalk in LTE-A RoF transmissions should be
performed by considering different crosstalk levels. In uncoupled-core MCFs, IC-XT presents
a random nature with a reduced crosstalk mean and variance (see Chapter 2). Therefore, the
in-band crosstalk evaluation in LTE-A RoF transmissions should be performed by using optical
couplers and SSMF in order to force higher crosstalk levels than in an uncoupled-core MCF.

The LTE-A signals evaluated in this experiment are generated as in the previous sections, with
a 2.655 GHz central frequency using the maximum LTE channel bandwidth of 20 MHz. In this
case, we compare the RoF performance by using both SISO and MIMO transmissions. LTE-A 2x2
MIMO transmission is configured with SDM considering 2 layers without cyclic delay diversity.

In both in-band crosstalk cases (internal and external interference), it should be remarked
that the experimental evaluation is performed with the same LTE-A SISO signals using the same
modulation order and bandwidth as the MIMO configuration. The comparison of the crosstalk
tolerance of MIMO and SISO RoF transmission should be additionally performed to evaluate the
capability of the 3GPP MIMO algorithms to deal with the in-band crosstalk impairment when
using MCF-RoF. Furthermore, it should be noted that using 2x2 MIMO configuration, two layers
of different data are spatially multiplexed in comparison with SISO transmission. Hence, almost
double bit rate is provided in MIMO compared with SISO configuration over the same bandwidth
and with the same modulation order.

Figure 5.8. Experimental set-up employed for the evaluation of the in-band crosstalk induced by internal
interference in RoF LTE-A MIMO and SISO transmissions [65].

The tolerance of 2x2 MIMO LTE-A RoF transmissions to internal interference between the
master and slave signals is evaluated by using the experimental set-up depicted in Fig. 5.8. The
optical system emulates a 2x2 MIMO transmission using a single optical carrier at 1550.12 nm
and splitted in two paths with a 3-dB optical splitter. Each path is modulated by the LTE-A
signal using a single-drive MZM operating at QB point. Additional EDFAs, BPOFs and VOAs are
included in the laboratory set-up to induce high crosstalk levels in the optical signals. Two short
SSMF patch cords with 4-m length were employed to emulate an MCF propagation scenario with
tunable IC-XT mean. The internal interference is extracted from the upper path and injected into
the lower path with a 3 dB optical coupler. The VOAs at the transmitter are used to control the
in-band crosstalk level induced in the lower path and the VOAs at the receiver are used to keep
balanced the received optical power in each photodiode.

The internal interference in MIMO and the external interference in SISO are evaluated by
modifying the crosstalk level from −45 to −30 dB in the lower path. The experimental measure-
ments depicted in Figs. 5.9 and 5.12 correspond to the lower optical path of each laboratory set-up.
The crosstalk tolerance of both scenarios is analyzed by calculating the EVM penalty as a function
of the induced crosstalk level. The EVM penalty is calculated as the difference between the EVM
(in %) obtained with the minimum crosstalk level (XT = −∞ dB) and the EVM (in %) measured
with the current crosstalk level induced with the VOAs and the optical coupler.
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Figure 5.9. Measured RoF LTE-A EVM penalty: (a) 16QAM and (b) 64QAM subcarrier modulation [65].

Figure 5.10. Measured constellations of SISO and 2x2 MIMO 64QAM LTE-A with: (a) EVMpenalty = 2.3%
and (b) EVMpenalty = 0.2% [65].

Figures 5.9(a) and (b) show the measured EVM penalty as a function of the internal crosstalk
level when using 16QAM and 64QAM subcarrier modulations, respectively. It can be observed that
the EVM penalty in MIMO has a lower slope than in SISO. Therefore, the EVM performance of
SISO configuration presents a higher degradation than MIMO for each in-band crosstalk level. As
a result, we conclude that MIMO transmission has a better tolerance than SISO configuration to
in-band crosstalk. These results confirm the successful tolerance of MIMO LTE-A transmission to
in-band crosstalk induced by internal interference. In addition, Fig. 5.10 shows the impact on the
received 64QAM constellations of −30 dB of in-band crosstalk generated by internal interference in
MIMO and external interference in SISO. The digital constellations confirm that 2x2 MIMO LTE-A
shows a better tolerance than SISO when the in-band crosstalk level is increased. Consequently, it
is expected that LTE-A RoF transmission will present a better performance in coupled-core MCFs
using MIMO than using SISO over the same bandwidth.

On the other hand, the tolerance analysis of the MIMO and SISO LTE-A signals to in-band
crosstalk induced by an external interference is performed by using the experimental set up depicted
in Fig. 5.11. Please note that the difference between Fig. 5.8 and Fig. 5.11 is based on the use of
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an external interfering signal in the latter case. The external interference is generated by an
arbitrary waveform generator (AWG) with the same electrical bandwidth (20 MHz) and in the
same frequency band (at 2.655 GHz center frequency). In addition, it should be remarked that
no EDFAs were included in this set-up because it is not necessary to preserve the optical power
budget between the two paths considering that the power level injected into the lower path is not
extracted from the upper path in this case.

Figure 5.11. Experimental set-up used for the evaluation of in-band crosstalk induced by external
interference in RoF LTE-A MIMO and SISO transmissions [65].

Figures 5.12(a) and (b) show the EVM penalty as a function of the crosstalk level induced
by external interference considering 16QAM and 64QAM subcarrier modulations, respectively. In
both cases, MIMO presents a lower EVM penalty than SISO for any in-band crosstalk level induced
by the external interfering signal. It should be noted that the EVM penalty evolution presents a
lower slope in MIMO than in SISO. Hence, the EVM performance has a lower degradation in MIMO
for each crosstalk value induced by the external interference. Consequently, MIMO configuration
can be an interesting option to perform SDM optical transmissions in MCF media with high IC-XT
levels when using higher-order modulation formats. Furthermore, Fig. 5.13 depicts the degradation
of digital constellations of the received 64QAM LTE-A signals in SISO and MIMO configurations
when the power of the external interfering signal is increased. It can also be observed from Fig. 5.13
that SISO constellation is more degraded than MIMO, in line with Fig. 5.12(b).

Figure 5.12. Measured RoF LTE-A EVM penalty: (a) 16QAM and (b) 64QAM subcarrier modulation [65].
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Figure 5.13. Measured constellations of SISO and 2x2 MIMO 64QAM LTE-A with: (a) EVMpenalty = 33.1%
and (b) EVMpenalty = 8.1% [65].

5.4.2 MCF-RoF fronthaul evaluation
MCF fronthaul capacity can additionally be extended by using RoF transmission of full standard
LTE-A signals in MIMO configuration. However, the power exchange among the excited cores
and its impact on the additional signal processing of MIMO transmissions should be investigated
and compared with SISO configuration. In this section, MIMO and SISO configurations of LTE-A
signals are experimentally evaluated and compared in a homogeneous 4CF. The impact of the linear
and nonlinear IC-XT in the EVM performance is investigated reporting the effective advantage of
stimulating the Kerr effect in both MIMO and SISO configurations.

Figure 5.14. Experimental set-up for LTE-A 2x2 MIMO and SISO MCF-RoF transmission using a
homogeneous 4CF. Two different MCF-RoF configurations are employed: (#1) using only cores 1 and 3,
and (#2) using the four cores of the 4CF [65].
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The experimental set-up employed in this section using LTE-A signals is shown in Fig. 5.14.
A single carrier is generated at 1550.12 nm and splitted in two branches for optical external
modulation. The optimum modulation index of the signal was selected in each case as performed
in [63]. Two EDFAs and BPOFs are included previously to the MCF signal injection to stimulate
the linear and nonlinear MCF regimes, the same fiber as in the previous sections and spooled
on a reel with an average value of the bending radius and twist rate of 67 cm and 4 turns/m,
respectively.

Two different MCF-RoF configurations have been used to evaluate the EVM fluctuation of the
LTE-A signals induced by the IC-XT in the linear and nonlinear regimes: (#1) comparison of
MCF-RoF performance using SISO and 2x2 MIMO configurations for the evaluation of the EVM
fluctuation when varying the optical power launched into the cores 1 and 3. And (#2) MCF-RoF
transmission of four independent SISO LTE-A signals for the evaluation of EVM fluctuation in the
spectral domain using the four cores of the 4CF. Optical decorrelation of the four SISO LTE-A
signals is performed using two ODLs and two VOAs to balance the optical power injected in each
core. In both MCF-RoF configurations #1 and #2 the full-standard LTE-A wireless signals are
centered at 2.633 and 2.655 GHz frequencies in the 3GPP band 7.

Figure 5.15. Measured EVM average value (dots) and EVM fluctuation margins (solid lines) for 2x2
MIMO and SISO LTE-A MCF-RoF configuration #1 considering: (a) 16QAM and (b) 64QAM subcarrier
modulations [65].

The experimental measurements of MCF-RoF configuration #1 for SISO and MIMO trans-
missions are depicted in Fig. 5.15. The LTE-A EVM performance was measured as a function of
the optical power level launched into each core. The MIMO and SISO signals are transmitted in
adjacent cores 1 and 3 to evaluate the RoF performance considering the highest IC-XT conditions.
The EVM average value (dots) and the maximum and minimum EVM excursion (solid lines) were
measured for different optical power levels launched into the cores 1 and 3. In the linear regime,
the optical power was increased from −10 dBm to 2 dBm in both cores. In the nonlinear regime,
in order to mismatch the phase constant of the core modes, the optical power launch was kept
constant 2 dBm in core 3 and was increased from 2 to 14 dBm in core 1.

As can be seen, MIMO configuration has a higher EVM fluctuation than SISO and worse EVM
average performance. In MCF media with uncoupled cores and low IC-XT mean, a better EVM
performance can be achieved with SISO configuration for the same modulation order, but MIMO
achieves higher data rate. Furthermore, stimulating a single core with high power levels, the index
mismatching between cores 1 and 3 increases, which reduces the EVM fluctuation in both SISO and
MIMO MCF-RoF configurations. This is confirmed in the EVM fluctuation margins depicted in
Fig. 5.15. The higher the power level injected into core 1 (keeping constant the power level launched
into core 3), the lower the EVM fluctuation in MIMO and SISO configurations due to the variance
reduction of the IC-XT in the nonlinear regime (see Fig. 2.10, on page 51). Additionally, as detailed
on page 51, the IC-XT mean is also reduced in the nonlinear regime, but the EVM average value
is not improved due to the absence of crosstalk penalty in the linear regime (the IC-XT mean
is lower than −40 dB in such a case). In addition, it should be remarked that, in general, if
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we operate with data rates below 1-Gb/s, the EVM performance is not degraded in OFDM-RoF
transmissions when the intra- and inter-core Kerr nonlinearities are stimulated in a silica MCF, as
was numerically verified using the OptiSystem software in combination with the CLMT reported
in Chapter 4. Consequently, the Kerr nonlinearities can be stimulated in MCF-RoF transmissions
to reduce the mean and variance of the IC-XT without EVM penalty.

Figure 5.16. Time EVM fluctuation for 2x2 MIMO and SISO LTE-A MCF RoF configuration #1
considering: (a) 16QAM and (b) 64QAM subcarrier modulations [65].

Figure 5.17. Spectral EVM fluctuation measured in SISO LTE-A MCF-RoF configuration #2 injecting an
optical power launch level in cores 1 and 4 of: (a) 0 dBm and (b) 9 dBm, with a fixed power launch level
of 0 dBm in cores 2 and 3 [65].

For completeness, we investigate the temporal EVM fluctuations induced by the IC-XT in
both MIMO and SISO transmissions (MCF-RoF configuration #1). The specific details about
the calculation of these temporal EVM fluctuations are indicated in Appendix A5, on page 161.
Specifically, the difference of these temporal EVM fluctuations between MIMO and SISO was
investigated when operating in the linear regime, where this difference is expected to be maximized,
as indicated by Fig. 5.15. Figure 5.16 shows the EVM percentage variation calculated respect to
the EVM average level for 100 seconds considering 0 dBm of power launch per core. It is verified
from the experimental measurements that the EVM fluctuation is higher in MIMO than in SISO.
MIMO has a maximum EVM excursion of 11%, while the maximum excursion in SISO is around
3%. In our personal opinion, we believe that MIMO has a higher EVM fluctuation than SISO
because the refreshing period of the MIMO channel matrix [in our case every 42 LTE symbols
(∼ 2.8 ms)] may be slower than the rapidly-varying temporal fluctuations of the IC-XT induced
by the floor vibrations (see Fig. 3.9 on page 76). Nevertheless, additional experimental work is
required to improve our understanding about this question.

Finally, in the MCF-RoF configuration #2, the EVM fluctuation was evaluated in the frequency
domain. Given that the phase constant of the core modes is randomized when the wavelength of the
optical carrier is modified, the EVM RoF performance is also randomized in the optical spectrum.
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We can observe this random behavior in Fig. 5.17(a). The EVM performance varies significantly
up to +1.3% with the wavelength in the linear regime. Nevertheless, stimulating the nonlinear
regime in cores 1 and 4 with a power launch level of 9 dBm and operating simultaneously in cores
2 and 3 in the linear regime injecting 0 dBm, the phase constant of the LP01 mode is mismatched
between adjacent cores. This is confirmed with a reduction in the EVM fluctuation between optical
carriers from +1.3% to +0.3%, as shown in Fig. 5.17(b). In both power regimes, all cores have an
EVM below the EVM 3GPP limit (EVM16QAM < 12.5%), meeting the standard recommendation.

More broadly, in long-reach WDM systems, the EVM fluctuation in the frequency domain
should be considered as some optical channels could satisfy the requirements while others could be
deeply affected. In such a scenario, the stimulation of adjacent cores carrying the same wireless
standard with different optical power launch levels, strategy referred to as the core interleaving
nonlinear stimulation (CINLS), is pointed out as an interesting technique to avoid this limitation.
In particular, the CINLS induces a phase-mismatching between adjacent cores of the MCF by
using different optical power launch levels in each core. Hence, the CINLS proposes to use the
Kerr effect to reduce the mean and variance of the IC-XT in order to minimize the temporal and
spectral EVM fluctuations between adjacent cores of the MCF.

5.5 Conclusions
In this chapter, we have investigated the use of MCF in next-generation optical fronthaul systems
applied to 5G-cellular networks. We have demonstrated the multi-wireless service fronthaul pro-
vision using LTE-A and WiMAX signals in MCF to guarantee reliable services connectivity. The
experimental investigation of the MCF-RoF performance confirms that the optimal EVM average
performance is achieved with a power launch level higher than 0 dBm for WiMAX signals and
2 dBm for LTE-A signals over 150-m of a commercial 4CF. The EVM performance of LTE-A and
WiMAX MCF-RoF transmissions is not degraded when operating in the nonlinear MCF regime.
The experimental results uncover that we can operate in the nonlinear regime to reduce the tem-
poral EVM fluctuation induced by the IC-XT between cores carrying the same wireless standard.
Furthermore, we have proposed the suitability of the MCF fronthaul systems applied to converged
fiber-wireless PDM-PONs. LTE-A and WiMAX signals were transmitted over a PDM-PON using
a 25.2-km SSMF preceding the MCF fronthaul system.

Considering that the IC-XT mean between two given cores of the 4CF is much lower than
the iC-XT in SSMF, MCF technology is proposed to provide fronthaul connectivity as an evolu-
tion of the conventional RoF systems. The suitability of in-built 3GPP LTE-A MIMO processing
for MCF-RoF transmission was also experimentally evaluated. The tolerance of the LTE-A RoF
transmissions to in-band crosstalk was evaluated considering both internal and external interfer-
ences in SISO and 2x2 MIMO LTE-A RoF transmissions. It was observed that MIMO processing
supports high levels of in-band crosstalk induced by internal and external interference. Therefore,
MIMO processing provides better tolerance than SISO to the IC-XT impairment. Finally, SISO
and MIMO LTE-A MCF-RoF transmissions were compared when operating in both linear and
nonlinear optical power regimes. Although MIMO has a better tolerance to the IC-XT than SISO,
lower temporal EVM fluctuations were observed in SISO LTE-A RoF transmission over the MCF
medium. Finally, the CINLS strategy was proposed to mismatch the phase constant of adjacent
core modes reducing the temporal and spectral EVM fluctuations of SISO and 2x2 MIMO LTE-A
MCF-RoF transmissions.

The low IC-XT mean observed between adjacent cores of the 4CF indicates that the major
physical impairment in MCF-RoF transmissions may be induced by the power insertion losses of
the 3D fan-in/fan-out device. It is expected that the optimal EVM average performance of LTE-A
and WiMAX signals may change when considering other MCF types, with different length and
IC-XT levels. In this respect, additional investigations should be performed in future works. Along
this line, note that the theoretical models reported in previous chapters can be employed to analyze
numerically the EVM performance of MCF-RoF transmissions.
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Appendix A5: Temporal EVM fluctuations in MCF media
In this appendix, we detail the calculation of the temporal EVM fluctuations (in %) induced
by the temporal excursions of the IC-XT (Figs. 5.4 and 5.16). It is worth mentioning that this
calculation should take into account the temporal EVM fluctuations induced by the experimental
set-up without the presence of the MCF, which will be referred to as the back-to-back (B2B)
transmission.5

Our approach is simple. Let us consider an end-to-end (E2E) MCF-RoF transmission with an
EVM parameter exhibiting temporal excursions induced by the IC-XT and the B2B transmission.
In this scenario, the measured EVM in the E2E transmission (EVME2E) is found to be:

EVME2E (t) = EVM(ideal)
E2E +∆EVMB2B (t) + ∆EVMIC-XT (t) , (A5.1)

where EVM(ideal)
E2E is the ideal EVM performance of the E2E transmission, ∆EVMB2B is the tempo-

ral excursion of the EVME2E induced by the B2B transmission, and ∆EVMIC-XT is the temporal
excursion of the EVME2E induced by the IC-XT. In particular, we are interested in estimating the
term ∆EVMIC-XT. To this end, we perform the following steps:

1. First, we measure the term ∆EVMB2B (t). This requires to measure the temporal evolution
of the EVM performance in the B2B transmission [EVMB2B (t)] in a time interval much
higher than the period of the floor vibrations in our laboratory room (e.g. 100 seconds).
Then, we calculate ∆EVMB2B (t) as ∆EVMB2B (t) = EVMB2B (t)− ⟨EVMB2B (t)⟩.

2. Second, we estimate the term EVM(ideal)
E2E in the following way. We measure the temporal

fluctuations of the EVM in an E2E connection in a time interval of the same duration as
in the previous step, i.e., we measure the temporal random process EVME2E (t). Next, we
approximate the parameter EVM(ideal)

E2E as EVM(ideal)
E2E ≃ ⟨EVME2E (t)⟩.6

3. Finally, we calculate the percentage of ∆EVMIC-XT (t) as:7

∆EVMIC-XT (t;%) :=
EVME2E (t)−

(
EVM(ideal)

E2E +∆EVMB2B (t)
)

EVM(ideal)
E2E +∆EVMB2B (t)

× 100. (A5.2)

5The temporal EVM fluctuations in the B2B transmission can be induced by different reasons, for instance, by
the temporal excursions of the QB point in the MZMs.

6As an additional option, we could also estimate the value of EVM(ideal)
E2E via numerical simulations of the CLMT

by considering a single core.
7Another possible definition of the percentage ∆EVMIC-XT (t;%) could be similar to Eq. (A5.2) but replacing

the denominator by EVME2E (t).
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Chapter 6

Supersymmetry

Preface The close connection between the physics laws of quantum mechanics and classical
electromagnetism becomes a fascinating opportunity to explore novel design strategies of MCFs.
In this context, the mathematics of supersymmetric quantum mechanics are explored in the second
part of this thesis. This approach will allow us to expand the basic functionalities of the MCF
technology and, by extension, uncover ground-breaking photonic devices.

6.1 Introduction
A theory of everything encompassing a coherent mathematical framework of physics laws that
fully explains all physical interactions of the universe is one of the major unsolved problems in
physics. In this regard, supersymmetry (SUSY) was originally introduced in 1971 within the
context of string and quantum field theory (QFT) as a necessary property of the theoretical models
to unify the fundamental interactions known in nature: strong, electroweak, and gravitational
interactions [207–209].

For particle theorists, SUSY also offers a potential mathematical framework upon which to
propose different dark matter particle candidates [210–214]. Despite these interesting features of
supersymmetric models, there has been no experimental evidence of SUSY in nature so far [215].
Nevertheless, the ideas of SUSY have been profitably extended to diverse areas of physics and
engineering [216–242], with applications to, e.g., quantum cascade lasers [225], graphene field
theory [227], or matter-wave circuits [231].

In particular, one-dimensional (1D) SUSY has attracted special attention in non-relativistic
quantum mechanics (QM) and photonics [216,228]. The algebra underneath 1D SUSY allows us to
relate two different quantum or optical potentials with identical spectra and scattering properties in
the Helmholtz regime. Furthermore, the ideas of 1D SUSY can also be applied to three-dimensional
(3D) potentials [241]. Thanks to these interesting features, new quantum potentials have been
found analytically solvable [216–221], and a novel class of supersymmetric 1D and 3D optical
devices has been recently proposed with unexpected properties for mode-division multiplexing,
mode conversion and cloaking applications [228–230,232–239,241].

Motivated by these results, we present in this chapter a detailed review of 1D SUSY in QM.
The chapter is structured following a similar table of contents as in [243]. In Section 6.2, we
perform a historical survey of SUSY in theoretical physics. In Section 6.3, we briefly review a
few mathematical concepts that will be fundamental to understand the rich toolbox of 1D SUSY.
In Sections 6.4 - 6.12, we describe the theoretical formulation of 1D SUSY in detail revolving
around the time-independent Schrödinger equation. In Section 6.13, we discuss the possibility
of extrapolating the ideas of 1D SUSY to other fields of physics governed by equations that are
formally equal to the time-independent Schrödinger equation. Finally, in Section 6.14, we discuss
some fundamental limitations of applying 1D SUSY in other branches of physics and we include a
brief description of some omitted topics in this chapter.
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6.2 Historical survey
Supersymmetry was born in 1971 within the context of string theory and QFT by means of three
independent works: Golfand and Likhtman [207], Ramond [208], and Neveu and Schwarz [209]
(see Fig. 6.1). While the first two works gave rise to an immediate breakthrough in string theory,
the work of Golfand and Likhtman was simply unnoticed in the literature of QFT during the next
years.

Figure 6.1. Chronology of supersymmetry in theoretical physics. The semi-transparent arrows indicate
fundamental unnoticed works in the respective fields during several years.

SUSY in string theory, quantum field theory and general relativity The work of Ramond
[208] was received as a breath of fresh air in the first years of string theory. The first version of
string theory (1968-1971) was only able to describe bosonic strings [244]. In this scenario, Ramond
constructed a stringy analog of the Dirac equation describing a fermionic string. Few months later,
Neveu and Schwarz [209] proposed a new interacting bosonic string theory, the dual pion model,
and remarkably, with a similar structure to the fermionic string of Ramond. Subsequently, the
Neveu-Schwarz bosons and Ramond fermions could be combined by Neveu, Schwarz, and Thorn
in [245], giving rise to the unification of the bosonic and fermionic string models. These works
were the origin of superstring theory.

In parallel, the origin of SUSY in QFT can also be dated in 1971. The four-dimensional (4D)
super-Poincaré algebra was introduced with the work of Golfand and Likhtman [207]. Specifically,
the authors proposed constructing a 4D QFT using this algebra. Unfortunately, this paper was
forgotten by the scientific community in the following years.1 Nonetheless, the development of
supersymmetric quantum field theories was launched thanks to the paper of Wess and Zumino
three years later, in 1974 [246]. Wess and Zumino reported a new class of 4D supersymmetric
gauge theories which became the real birth of SUSY in QFT. In the second half of the 1970s and
in the next decades, the study of supersymmetric theories became the major effort, not only in
string theory and QFT, but also in gravity [247]. Interestingly, general relativity seems to be a
necessary consequence of a supersymmetric gauge theory. As a result, SUSY provides a natural
mathematical framework for the unification of the four fundamental interactions known in nature.

SUSY experimental status One of the fundamental and exciting predictions of SUSY in QFT
is the existence of supersymmetric particles of fermions and bosons of the Standard Model with the
same masses as their SUSY counterparts. Nonetheless, there has been no experimental evidence of
these SUSY particles in the Large Hadron Collider (LHC) [215]. The fact that no SUSY particles
have been experimentally observed in the LHC implies that, if SUSY really plays a role in nature,
it certainly must be explicitly broken and, therefore, the mass of SUSY particles must be much
higher than the particles of the Standard Model. In fact, it is now widely felt that the energy level
required to observe all these new hypothetical particles could be much higher than the current
energy level available in the LHC (∼ 1 PeV in November 2015).

1In fact, the celebrated paper of Wess and Zumino in 1974 [246] omits the work of Golfand and Likhtman [207].
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SUSY in non-relativistic quantum mechanics Aimed to clarify fundamental outstanding
questions of SUSY breaking in 4D QFT, Edward Witten analyzed SUSY in the simplest case of
1D non-relativistic quantum mechanics with two exceptional papers published in 1981 [248] and
1982 [249]. Thus, once the scientific community started studying various fundamental aspects
of SUSY in this scenario, it was clearly observed the potential of 1D SUSY QM to solve other
outstanding problems in QM. Remarkably, 1D SUSY QM emerged as a mathematical tool to
obtain new quantum potentials analytically solvable [216]. In the next two decades, a vast number
of works of 1D SUSY QM were reported in the quantum-mechanical literature.

Optical SUSY On the other hand, the mathematical framework of 1D SUSY QM has been
profitably extended to diverse areas of physics and engineering in the last decades [222–242].
Concretely, in photonics, the ideas of 1D SUSY QM have stimulated the emergence of a new field
in recent years: the optical supersymmetry.

The origin of optical SUSY can be found in 1994 with the work of Chumakov and Wolf [222].
In this paper, the authors studied the unbroken SUSY regime in 1D planar waveguides with the
refractive index profile varying along the x-axis. Surprisingly, in the first part of this work, it was
observed that the fundamental mode of the “bosonic” waveguide can be removed in the “fermionic”
waveguide.2 Despite the enormous potential of this result for mode filtering and mode conversion
applications, in the second part of this work the authors focused their efforts on connecting two
different beams of a given waveguide via SUSY transformations to obtain a periodic interference
pattern. In any case, these results were unnoticed for the photonics community during the next
decade.

From 1994 to 2013 appear three additional works in the photonics literature using the mathe-
matical framework of 1D SUSY QM as an optimization tool [223–225]. Unfortunately, the unique
features and the enormous potential underneath SUSY algebra also remained unexplored.

The breakthrough appears in 2013 with a paper published in Physical Review Letters by Prof.
Demetrios Christodoulides and coworkers [228]. In this work, the authors reported the fundamen-
tals of optical SUSY to design a new class of 1D optical structures with unprecedented applications
for mode filtering, mode conversion and scattering engineering. These results provided a starting
point to design novel 1D optical devices during the next years [229, 230, 232–239, 241, 242]. In
addition, Christodoulides et al. also reported in [228] the possibility of applying unbroken SUSY
transformations to 3D devices such as optical fibers, with interesting applications for angular mo-
mentum multiplexing. However, this study was limited to the unbroken SUSY regime, while many
aspects of SUSY theory remained unexplored in the context of optical fibers.

In this scenario, our findings appear since 2016, the year when we started to develop the
main results of the second part of this thesis. Two years later, we published our first work in
optical SUSY [241]. Specifically, in this paper, we have analyzed the rich toolbox of the 1D SUSY
formalism and its application in 3D optical, acoustic and quantum systems with axially-symmetric
potentials, which entails a series of steps and assumptions whose range of validity has not been
previously assessed. As a byproduct, a variety of applications for mode filtering, mode conversion,
mode multiplexing, supermode generation, dispersion engineering and pulse shaping have been
proposed (see Chapter 7).

Finally, in 2019, we introduce in [250] a paradigm shift demonstrating how the basic ideas of
1D SUSY QM, restricted to the space domain to understand why SUSY QFT may be broken in
nature, can also be extended to the time domain in photonics. Outstandingly, we demonstrate
that Maxwell’s equations possess an underlying temporal supersymmetry. As a result, we obtain
a simple analytic relation between the scattering coefficients of a large variety of time-varying
optical systems and uncover a wide new class of non-reflecting, three-dimensional, all-dielectric,
isotropic, omnidirectional, polarization-independent, non-complex media. These unprecedented
features define a promising design platform for free-space and integrated photonics, enabling the
creation of a number of novel reconfigurable transparent devices (see Chapter 8).

2We use here the concept of bosonic and fermionic waveguides in coherence with the SUSY QM literature. In
this way, we explicitly indicate the optical waveguides that are connected via SUSY transformations.
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6.3 Preliminary concepts
The mathematical formalism described in this chapter revolves around the following ordinary
differential equation (ODE):

Ĥψ (x) = λψ (x) , (6.3.1)

where x ∈ [a, b] ⊆ R, Ĥ is a linear operator defined as:

Ĥ := −α d2

dx2
+ V (x) , (6.3.2)

and (ψ, V, λ, α) ∈ F(R,R)×F(R,R)×R×R+. It should be noted that Eq. (6.3.1) is an eigenvalue
equation, where ψ is the eigenfunction and λ is the eigenvalue (assumed to be finite). More
specifically, Eq. (6.3.1) is a particularization of the Sturm-Liouville eigenvalue problem (SL-EVP),
provided that the specific boundary conditions are included in this scenario [251]. In this context,
we will say that the SL-EVP has a discrete or continuous spectrum depending on the discrete or
continuous nature of the set of eigenvalues.

Interestingly, Eq. (6.3.1) serves as a master equation that allows us to describe the dynamics
of waves in different branches of physics provided that an adequate physical interpretation of ψ,
V and λ is performed. For instance, in quantum mechanics, Eq. (6.3.1) can be identified with the
one-dimensional time-independent Schrödinger equation replacing α ≡ ~2/2m. Hence, λ, V and ψ
describe the particle’s discrete energy levels, the quantum potential and the probability amplitude,
respectively. In such a scenario, the linear operator Ĥ is known as the Hamiltonian operator and
represents the total energy of the system. Moreover, as we will see in Section 6.13, Eq. (6.3.1) can
also model the propagation of waves in other fields of physics, such as in photonics or acoustics.
Before delving into the theory of SUSY, let us perform in the next lines a brief review of some
basic concepts of algebra and Sturm-Liouville’s theory.

Probability density function In a 1D quantum system, the probability (P ) of finding a particle
located at the x-position is given by the expression P (x) =

´ x
−∞ |ψ (α)|2 dα. Thus, the square

absolute value of the wave function |ψ|2 can be interpreted as the probability density function
(p.d.f.) of the particle’s location.

Vector space and dual vector space Consider a vector space (V,+V , ·KV) defined over a field
(K,+K, ·K), where +V and ·KV are respectively the internal and external operations of the vector
space, and +K and ·K are the internal operations of the field. The dual vector space V∗ is defined as
the set of all linear maps V → K. Specifically, V∗ is the vector space of homomorphisms L (V,K)
defined over the same field. In order to complete the definition of V∗, an internal operation +V∗

and an external operation ·KV∗ must be defined.
In general, the internal and external operations of a vector space or a field are usually related

with an operation of addition (e.g., +V , +V∗ and +K) and multiplication (e.g., ·KV , ·KV∗ and ·K).
For the sake of simplicity, we will relax the notation by omitting the subindexes in each operation
from now on. The context should avoid any confusion.

Inner product Consider a vector space (V,+, ·) over the field of the complex numbers (C,+, ·).
An inner product is a function ⟨·, ·⟩ : V × V → C satisfying the following properties:

• Positive-definiteness: ⟨x,x⟩ ≥ 0 with ⟨x,x⟩ = 0 ⇔ x = 0, ∀x ∈ V

• Linearity in the first argument: ⟨α1x1 + α2x2,y⟩ = α1 ⟨x1,y⟩+α2 ⟨x2,y⟩, ∀ (x1,x2,y) ∈ V3,
∀ (α1, α2) ∈ C2

• Conjugate symmetry: ⟨x,y⟩ = ⟨y,x⟩, ∀ (x,y) ∈ V2
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In general, ⟨x,y⟩ ∈ C. Nevertheless, note that the definition of the inner product requires that
⟨x,x⟩ ∈ R+ ∪ {0}.

Alternatively, we can also define an inner product by requiring linearity in the second argument.
This definition is usually employed in the bra-ket notation (see below Dirac notation) and the inner
product is written as ⟨x|y⟩. Both definitions are connected via the relation ⟨x|y⟩ = ⟨y,x⟩. As an
example, the usual inner product for the vector space of complex-valued differentiable functions
defined on [a, b] ⊆ R is defined as:

⟨f, g⟩ :=
ˆ b

a

f (x) g (x)dx ≡ ⟨g|f⟩ . (6.3.3)

Norm Consider a vector space (V,+, ·) over the field of the complex numbers (C,+, ·). A norm
is a nonsingular function ∥·∥ : V → R satisfying the following properties:

• Positive-definiteness: ∥x∥ ≥ 0 with ∥x∥ = 0 ⇔ x = 0, ∀x ∈ V

• Triangle inequality: ∥x+ y∥ ≤ ∥x∥+ ∥y∥, ∀ (x,y) ∈ V2

• ∥αx∥ = |α| ∥x∥, ∀ (α,x) ∈ C× V where |α| is the module of α

As an example, the usual norm for the vector space of complex-valued differentiable functions on
[a, b] ⊆ R is defined via the inner product given by Eq. (6.3.3):

∥f∥ :=
√
⟨f |f⟩. (6.3.4)

Hilbert space Consider a vector space (V,+, ·) over the field of the complex numbers (C,+, ·).
Defining an inner product ⟨·|·⟩, the 2-tuple (V, ⟨·|·⟩) constitutes a pre-Hilbert space. From the inner
product, we will be able to define a norm in line with Eq. (6.3.4). If the norm is complete (i.e. any
Cauchy sequence of vectors lying in V always converges to a well-defined limit lying within the same
vector space) the 3-tupla (V, ⟨·|·⟩ , ∥·∥) defines a Hilbert space. As an example, the vector space
of the square-integrable functions L2 ([a, b]) is a Hilbert space. Nonetheless, there exists solutions
that do not belong to this Hilbert space that are extremely useful for theoretical purposes, such as
the plane waves or the Dirac delta function. Consequently, aimed to include this kind of functions
in L2 ([a, b]), the aforementioned Hilbert space is usually extended in quantum mechanics leading
to the concept of rigged Hilbert space.

Dirac notation Consider a Hilbert space (V, ⟨·|·⟩ , ∥·∥) over the field C (the internal and external
operations of both algebraic structures are omitted for simplicity). Let us define the dual vector
space V∗ = L (V,C) where ∀x ∈ V, ∃x∗ ∈ V∗ referred to as the dual vector of x defined as:

x∗ : V → C, x∗ (y) := ⟨x|y⟩ , ∀ (x,y) ∈ V2. (6.3.5)

In such a scenario, the notation can be recast as x∗ ≡ ⟨x|, x ≡ |x⟩ and y ≡ |y⟩. The dual vectors
⟨x| ∈ V∗ and |x⟩ ∈ V are referred to as bra and ket, respectively. In this way, the above equation
can be rewritten as:

x∗ (y) ≡ ⟨x| (|y⟩) := ⟨|x⟩ | |y⟩⟩ ≡ ⟨x|y⟩ . (6.3.6)
The bra-ket notation was introduced in 1939 by Paul Dirac and it is known as the Dirac notation.

Linear operators Consider two different vector spaces (V,+, ·) and (W,+, ·) over a field (K,+, ·).
Remember that the operations + and · of each algebraic structure may be defined in a different
way. From both vector spaces, we can define a linear operator Â as a linear mapping Â : V → W,
x → Â (x) := Âx, satisfying that:

Â (α1x1 + α2x2) = α1Âx1 + α2Âx2, (6.3.7)

∀ (x1,x2) ∈ V2 and ∀ (α1, α2) ∈ K2. In other words, Â is a homomorphisms from V to W. The set
of linear operators from V to W will be referred to as L (V,W).
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In order to provide an algebraic structure to L (V,W), we should define the internal and
external operations. Specifically, the internal operation · : L (V,W) × L (V,W) → L (V,W) is
defined in the same way as the composition of homomorphisms, i.e., ∀(Â, B̂) ∈ L (V,W)2 and
∀x ∈ V, (Â · B̂) (x) := Â(B̂(x)). Therefore, the definition of this internal operation has as a
necessary condition that W ⊆ V. For simplicity, we will assume that V = W, i.e., we will work
with endomorphisms. In QM, if we consider the Hilbert space V = L2 ([a, b]), the set of linear
operators L (V,V) along with the corresponding internal and external operations of addition and
multiplication define a noncommutative algebra (see below) over the field C.

Adjoint, self-adjoint and positive operators The definition of adjoint operator does not
require that W ⊆ V. However, each vector space must be a pre-Hilbert space, i.e., an inner
product must be defined in V and W. Thus, let us consider two different pre-Hilbert spaces
(V, ⟨·|·⟩V) and (W, ⟨·|·⟩W). Given a linear operator Â ∈ L (V,W), the operator Â

†
∈ L (W,V) is

the adjoint operator of Â if and only if:⟨
Âx|y

⟩
W

=
⟨
x|Â

†
y
⟩
V
, ∀ (x,y) ∈ V ×W. (6.3.8)

The operator Â is self-adjoint if and only if V = W and:

Â = Â
†
. (6.3.9)

Along this line, consider the EVP Âx = λx. If the field K = C and Â is self-adjoint, the following
remarks are in order:

• All the eigenvalues are real, i.e., the spectrum of λ is a subset of R

• The eigenvectors are orthogonal and constitute a basis of the solution space

These remarks can be inferred from the fact that the vector space L (V,V) is isomorphic to the
matrix vector space Mn(C) with n = dim(V).

Finally, given a pre-Hilbert space (V, ⟨·|·⟩) over the field C, a linear operator Â ∈ L (V,V) is
positive if and only if: ⟨

Âx|x
⟩
≥ 0, ∀x ∈ V. (6.3.10)

A positive operator is self-adjoint as a necessary condition when K = C. The converse is not
always true. Furthermore, note that in such a case all the eigenvalues of the EVP Âx = λx are
non-negative.

Algebra For the sake of clarity, let us retrieve the subindex notation in this paragraph to define
the internal and external operations. Consider a field (K,+K, ·K) and a set V with two internal
operations (+V , ·V) and an external operation ·KV . If the 3-tuplas (V,+V , ·V) and (V,+V , ·KV)
define respectively a ring and a vector space over the field K, we say that V is an algebra. A closed
algebra is an algebra defined on a closed field. The field (K,+K, ·K) is closed if ∀p ∈ F(K,K):
p (x) =

∑g≥1
m=0 amx

m with am ∈ K, ∃α ∈ K satisfying that p (α) = e(+K), where e(+K) is the neutral
element for the operation +K. For instance, the field C is closed but R cannot be considered a
closed field because the polynomial x2 + 1 does not have any zero (the neutral element for the
operation +R) lying in R.

Lie algebras A Lie algebra is an algebra including the Lie bracket (also termed as commutator)
as an additional internal operation. As an example, consider the Hilbert space V = L2 ([a, b]) and
the set of linear operators L (V,V). We know that L (V,V) along with the corresponding internal
and external operations of addition and multiplication define a noncommutative algebra over the
field C. At this point, we will be able to obtain a Lie algebra if we include an additional internal
operation, the Lie bracket [·, ·] : L (V,V) × L (V,V) → L (V,V), (Â, B̂) → [Â, B̂], satisfying the
anticommutative and Jacobi properties:
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1. Anticommutative: [Â, B̂] = −[B̂, Â]

2. Jacobi: [Â, [B̂, Ĉ]] + [B̂, [Ĉ, Â]] + [Ĉ, [Â, B̂]] = 0̂

The Lie bracket is usually defined as [Â, B̂] := Â · B̂ − B̂ · Â. Moreover, an additional internal
operation, called the anticommutator {·, ·}, is usually included and defined as {Â, B̂} := Â·B̂+B̂·Â.
The reader can find an extensive bibliography about the Lie algebras in [252].

Lie superalgebras Consider an algebra V and an Abelian group M (the corresponding internal
and external operations are omitted for simplicity). The algebra V is M-graded if we can decompose
V into a direct sum of vector subspaces V =

⊕
k∈M Vk satisfying that VkVj ⊆ Vk+j .3 If x ∈ Vk, we

say that the vector x is homogeneous of degree k writing deg (x) = k.
Now, let us consider the Abelian group (Z2,+) with the binary elements 0 and 1 and + the

mod-2 addition.4 A superalgebra is a Z2-graded algebra V = V0 ⊕ V1. The elements of V0 and V1

are termed as even and odd, respectively. In SUSY QFT, the even elements are the bosons and
the odd elements are the fermions.

A Lie superalgebra is a superalgebra V = V0 ⊕ V1 which includes the Lie superbracket, an
internal operation [·, ·] : V × V → V, (x,y) → [x,y] satisfying the anticommutative and Jacobi
properties, now redefined as:

1. Anticommutative: [x,y] = − (−1)
deg(x) deg(y)

[x,y]

2. Jacobi: [x, [y, z]] = [[x,y], z] + (−1)
deg(x) deg(y)

[y, [x, z]]

See [253] for a more detailed discussion about the Lie superalgebras.

Transformation physics: virtual and physical space As we will demonstrate in the next
section, SUSY allows us to connect mathematically two different EVPs with Hamiltonians Ĥ1 and
Ĥ2 with the same spectrum of eigenvalues. Hence, we can start from Ĥ1 to calculate Ĥ2 or vice
versa. According to the transformation physics literature [243], the starting and final systems will
be referred to as the virtual and physical spaces, respectively. As an example, if we calculate Ĥ2

from Ĥ1, the virtual space is Ĥ1 and the physical space is Ĥ2.

Notes on Sturm-Liouville’s theory In the following, we include additional discussions on the
Sturm-Liouville theory [251] in the mathematical framework of QM, photonics and acoustics:

• As commented at the beginning of this section, we initially assumed in Eq. (6.3.1) that
(ψ, V, λ, α) ∈ F(R,R)×F(R,R)×R×R+ to connect this EVP with the Sturm-Liouville the-
ory. Concretely, if we focus our attention on physical systems, we will work with two different
vector spaces over the field C (although we restrict the eigenvalues to R to use the Sturm-
Liouville theory): L2 ([a, b]) and L (L2 ([a, b]) ,L2 ([a, b])) with [a, b] ⊆ R. Thus, a physical
eigenfunction ψ ∈ L2 ([a, b]) and a physical quantum system Ĥ ∈ L (L2 ([a, b]) ,L2 ([a, b])).
In such a scenario, we can obtain a Hilbert space from the vector space L2 ([a, b]) by defining
an inner product ⟨·|·⟩ and a norm ∥·∥ following the same definition as that of Eqs. (6.3.3) and
(6.3.4).

• A wave function with a finite norm is referred to as a normalizable wave function. In QM,
any physical eigenfunction of Eq. (6.3.1) is found to be normalizable by definition because
its physical nature guarantees that lies in L2 ([a, b]). In particular, in QM ψ represents a
probability amplitude and |ψ|2 a p.d.f. Hence, it is required that:

∥ψ∥ =
√

⟨ψ|ψ⟩ =

√ˆ b

a

|ψ (x)|2 dx = 1. (6.3.11)

3Here, note that the subindex operation k + j is performed by using the addition operation of M.
4The group Z2 is usually termed as Z/Z2. Actually, they are different groups but are isomorphic.
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This does not hold for non-normalizable wave functions, which are thus considered as having
no physical meaning. In photonics or acoustics, the norm of a physical eigenfunction is not
required to be the unity, but it must be finite.

• A spatial bound state is an eigenfunction ψ continuous, normalizable and usually satisfying
the condition ψ± = 0, where ψ− := limx→a ψ (x) and ψ+ := limx→b ψ (x).5 If the region of
allowed particle positions x ∈ [a, b] is the full line, then a = −∞ and b = ∞. Otherwise,
−∞ < a ≤ x ≤ b < ∞ and ψ(x /∈ [a, b]) = 0 (e.g. the infinite square well potential).
Remarkably, a spatial bound state is required to be continuous as a necessary condition to
have a finite derivative. In QM, the linear momentum is proportional to the first-order spatial
derivative (p̂ = −j~∇) and, therefore, it must be finite to provide a physical meaning to the
quantum system. In photonics or acoustics, the concept of spatial bound state is replaced
by the concept of spatial guided mode and usually requires to satisfy the same conditions as
a spatial bound state of quantum mechanics.

• A nontrivial solution of Eq. (6.3.1) is called oscillatory if it has an infinite number of zeros.
Thus, in general, an oscillatory function cannot be a spatial bound state. A spatial bound
state is usually a non-oscillatory solution. To summarize:6

bound state ⇒ non-oscillatory solution; (6.3.12)
oscillatory solution ⇒ no bound state. (6.3.13)

• It is worthy to note the difference between eigenenergies and eigenvalues. An eigenvalue λ is
a real constant with an associated eigenfunction ψλ, both satisfying the EVP. However, only
the continuous eigenfunctions of L2 ([a, b]) and their corresponding eigenvalues are possible
physical solutions of a quantum system. In particular, these eigenvalues are referred to as
the eigenenergies of the system, and they will be denoted by using the symbol E instead of
λ. The set of eigenenergies is called the energy spectrum, a subset of the spectrum of all
possible eigenvalues. From now on, when talking about an energy level of the system, we
will refer to an eigenenergy, associated with an eigenfunction of our Hilbert space L2 ([a, b]).

• Non-degeneracy theorem in 1D QM : Eq. (6.3.1) is a second-order ODE. Thus, it has two
linearly-independent solutions (eigenfunctions) for each eigenvalue, whose linear combination
constitutes the general solution of the equation for this eigenvalue. Interestingly, in 1D QM,
only one of these eigenfunctions is an element of L2 ([a, b]). This implies that the energy
spectrum is non-degenerate, i.e., there is only a single physical eigenfunction associated with
each energy level (see page 60 of [122]).7

• The SL-EVP is completed by including the adequate explicit boundary conditions to Eq. (6.3.1).
More specifically, an SL-EVP is subjected to the following explicit boundary conditions (also
termed as separated boundary conditions in the Sturm-Liouville theory):

α1ψ (a) + α2ψ
′ (a) = 0, |α1|+ |α2| > 0; (6.3.14)

β1ψ (b) + β2ψ
′ (b) = 0, |β1|+ |β2| > 0, (6.3.15)

with (α1, α2, β1, β2) ∈ R4. Usually, the SL-EVP also has implicit boundary conditions in
x ∈ [a, b] emerged from the normalization and continuity of ψ.

• In an SL-EVP, the linear operator Ĥ ∈ L (L2 ([a, b]) ,L2 ([a, b])) is self-adjoint. Consequently,
the eigenvalues are real and the eigenfunctions are orthogonal and constitute a basis of the
solution space.

5It is possible to construct counterexamples, for instance, in radially-symmetric potentials with a = 0, b = ∞,
ψ− = limr→0 ψ (r) = ∞ and ψ+ = limr→∞ ψ (r) = 0 [254].

6There are exotic bound states in QM that do not fulfill these statements, see e.g. Fig. 6.9 in Subsection 6.11.3.
Nonetheless, these are particular cases. In most cases, Eqs. (6.3.12) and (6.3.13) are usually satisfied.

7The proof of the non-degeneracy theorem in 1D QM given by Landau in [122] has been extensively discussed
in the literature leading to the possibility of constructing exotic 1D quantum systems supporting degenerate bound
states, see e.g. [312]. These scenarios are out of the scope of this thesis.
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• Discrete vs continuous energy spectrum. In QM, we can observe bound states if we have a
discrete energy spectrum:

discrete energy spectrum ⇒ bound states, (6.3.16)

and using the contrapositive:

no bound states ⇒ continuous energy spectrum. (6.3.17)

Note that the converse of these statements is not always true (e.g. we can observe bound
states in the continuum, see Subsection 6.11.3). It seems intuitively plausible that a necessary
condition to support bound states could be to have an energy valley in the potential, i.e.,
E ≤ V (x) at least in a subset of [a, b]. Remarkably, the Sturm-Liouville theory provides a
rigorous proof of this statement, as detailed on page 53 of [251]. Here, we only include a brief
review of this reference. To this end, let us rewrite Eq. (6.3.1) in its quantum-mechanical
version: (

d2

dx2
+ E − V (x)

)
ψ (x) = 0, (6.3.18)

setting α = ~2/2m ≡ 1 for simplicity. As demonstrated in [251], the solutions of this second-
order ODE are non-oscillatory if E ≤ V (x). However, if E > V (x), then any solution of
Eq. (6.3.18) is oscillatory in [a, b]. Hence, using the contrapositive of both statements, we
conclude that:

E > V (x) ⇔ ψ oscillatory; (6.3.19)
E ≤ V (x) ⇔ ψ non-oscillatory. (6.3.20)

Thus, combining Eqs. (6.3.13), (6.3.17) and (6.3.19), we find that in general:

E > V (x) ⇒ no bound states ⇒ continuous energy spectrum, (6.3.21)

and using the contrapositive or combining Eqs. (6.3.12), (6.3.16) and (6.3.20), we infer that
in general:

discrete energy spectrum ⇒ bound states ⇒ E ≤ V (x) . (6.3.22)

Finally, from the Sturm-Liouville separation theorem [251] we can also conclude that if the
interval [a, b] = R and one solution of Eq. (6.3.18) oscillates, then all its solutions oscillate.

• In a discrete SL-EVP, the energy spectrum of Ĥ, given by the set of energies {En}∞n=0, is
bounded from below. Specifically, min {En}∞n=0 = E0 and E0 < E1 < E2 < . . . Moreover, the
eigenfunction ψn ∈ L2 ([a, b]) with energy En has exactly n zeros (see page 60 of [122]). These
zeros are termed as the nodes of the wave function in the quantum-mechanical literature.

6.4 SUSY Hamiltonian factorization
Once we have reviewed the preliminary mathematical concepts, we will be able to describe in detail
the SUSY QM formalism. We start from a quantum system with Hamiltonian Ĥ1 described by
the 1D time-independent Schrödinger equation, i.e., Eq. (6.3.1) replacing α ≡ ~2/2m:(

− ~2

2m

d2

dx2
+ V1 (x)

)
ψ(1) (x) = λ(1)ψ(1) (x) , (6.4.1)

with x ∈ [a, b] ⊆ R. In line with the previous section, we describe the eigenvalue with λ(1) instead
of E(1) to consider the normalizable and non-normalizable eigenfunctions ψ(1) of this EVP. The
basic idea of SUSY QM is to factorize Ĥ1 as:

Ĥ1 = Â
+

Â
−
, (6.4.2)
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where:

Â
±
:= ∓ ~√

2m

d
dx

+W (x) , (6.4.3)

are the so-called SUSY operators and the function W is known as the superpotential. From the
previous Hamiltonian factorization, we can infer the relation between V1 and W :

V1 (x) =W 2 (x)− ~√
2m

W ′ (x) , (6.4.4)

which is the well-known Riccati equation, a nonlinear first-order ODE.
SUSY QM proposes to construct a second quantum system Ĥ2, termed as the supersymmetric

system, by inverting the order of the Hamiltonian factorization:

Ĥ2 := Â
−

Â
+
, (6.4.5)

which corresponds to a linear operator of the form of Ĥ1, but with a potential:

V2 (x) =W 2 (x) +
~√
2m

W ′ (x) . (6.4.6)

In the SUSY QM literature, V1 and V2 are referred to as the SUSY partners potentials, also
termed as superpartners. In this way, we have two different quantum systems described by the
EVPs Ĥ1,2ψ

(1,2) = λ(1,2)ψ(1,2) which are connected via the Riccati equation. Concretely, the power
of this factorization resides in the fact that the eigenfunctions and eigenvalues of both EVPs are
connected by the following simple relations:

ψ(2) = Â
−
ψ(1); ψ(1) = Â

+
ψ(2); λ(1) = λ(2). (6.4.7)

Surprisingly, both systems have the same eigenvalues. The proof of these expressions is straight-
forward. Consider the second EVP and the ansatz ψ(2) = Â

−
ψ(1). Thus, replacing this expression

in Ĥ2ψ
(2) = λ(2)ψ(2) we observe that:

Ĥ2ψ
(2) = Ĥ2

(
Â

−
ψ(1)

)
=
(

Â
−

Â
+
)(

Â
−
ψ(1)

)
= Â

− (
Â

+
Â

−)
ψ(1)

= Â
− (

Ĥ1ψ
(1)
)
= Â

− (
λ(1)ψ(1)

)
= λ(1)

(
Â

−
ψ(1)

)
≡ λ(2)ψ(2). (6.4.8)

That is, the ansatz ψ(2) = Â
−
ψ(1) is an exact solution of the second EVP and λ(1) = λ(2). The

expression ψ(1) = Â
+
ψ(2) can be demonstrated in a similar manner. Therefore, if both ψ(1,2) ̸= 0,

we can see that the SUSY operators connect the eigenfunctions of Ĥ1 and Ĥ2 preserving the same
eigenvalue spectrum, but not always the same energy spectrum. In particular, the energy spectrum
will be exactly the same in both systems if the transformation ψ(2,1) = Â

∓
ψ(1,2) is continuous

(to have a finite linear momentum) and lies in L2 ([a, b]) − {0}. Interestingly, this is the SUSY
degeneracy theorem, also termed as the boson-fermion degeneracy in SUSY QFT and superstring
theory. In SUSY QM, it is usually described via the commutation of the superhamiltonian with
the supercharges (see next section). Along these lines, we include some interesting remarks to close
this section:

1. In QM,
∥∥ψ(1,2)

∥∥ = 1. Thus, Eq. (6.4.7) must be rewritten as ψ(2,1) = N (2,1)Â
∓
ψ(1,2),

with N (2,1) real constants accounting for the normalization of ψ(2,1). From the condition∥∥ψ(1,2)
∥∥ = 1, we obtain that:

N (2,1) =
[
E(1,2)

]−1/2

. (6.4.9)

In photonics or acoustics, despite the fact that the norm of ψ(1,2) is not required to be 1, we
should retain the normalization constant to guarantee that

∥∥ψ(1)
∥∥ =

∥∥ψ(2)
∥∥.
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2. From Eq. (6.4.6) we can note that the potential V2 can be directly calculated from V1 as:

V2 (x) = V1 (x) +
2~√
2m

W ′ (x) . (6.4.10)

In line with the transformation physics literature, Ĥ1 is the virtual space and Ĥ2 is the
physical space. In SUSY QM, the physical space is designed from the virtual space by using
a field transformation, in particular, an autoBäcklund transformation (see [243] for a more
detailed discussion about this point).

3. It is worth mentioning that:(
V1,2 ∈ F

(
R,R

))
∧ (V1 ̸= V2) ⇐⇒W ∈ F

(
R,R

)
. (6.4.11)

Proof. The demonstration of ⇐ is straightforward by using the Riccati equations [Eqs. (6.4.4)
and (6.4.6)]. The demonstration of ⇒ can be performed by using the reductio ad absurdum.
Let us assume that (V1,2 ∈ F(R,R)) ∧ (V1 ̸= V2) is true and W ∈ F(R,C) is of the form
W =WR + jWI, with WR(I) ∈ F(R,R). Given that8 V1,2 =W 2∓W ′ ∈ F(R,R) and V1 ̸= V2
in line with the hypothesis, we find that 2WRWI ∓W ′

I = 0. Hence:

WI (x) = D exp

(
±2

ˆ x

WR (y) dy
)
, (6.4.12)

with D a non-vanishing real constant. In order to satisfy both Riccati equations, the following
relation must be fulfilled:

exp

(
2

ˆ x

WR (y) dy
)

= exp

(
−2

ˆ x

WR (y) dy
)
, (6.4.13)

that is,
´ x

WR (y)dy = 0, ∀x ∈ [a, b]. Therefore, WR = 0 and W (x) = jD concluding that
V1 = V2 in contrast to the initial hypothesis. Consequently, W /∈ F(R,C).

4. In a problem defined on the full line ([a, b] = R), Barbalat’s lemma could be of great
utility (see Section 6.10). This demonstrates that given a differentiable function W with
|W (x→ ±∞)| <∞ and W ′ uniformly continuous, then W ′ (x→ ±∞) = 0.

5. The Riccati equation cannot always be solved numerically by using finite-difference methods.
As an example, the Riccati equation W ′ (x) + bW 2 (x) = cxm with (b, c) ∈ (R − {0})2 can
only be solved by finite-difference methods if and only if m = −2 or m = −4k/(2k+ 1) with
k ∈ Z (see page 23 of [255]).

6. The SUSY operators are adjoint operators:

Â
+
=
(

Â
−)†

, (6.4.14)

if and only if the superpotential is a real-valued function and |ψ (a)| = |ψ (b)|, ∀ψ ∈ L2 ([a, b]).9
In such a case, Ĥ1 and Ĥ2 are positive operators:⟨

Ĥ1,2ψ
(1,2)|ψ(1,2)

⟩
=
⟨

Â
±

Â
∓
ψ(1,2)|ψ(1,2)

⟩
=
⟨

Â
∓
ψ(1,2)|Â

∓
ψ(1,2)

⟩
=
⟨
ψ(2,1)|ψ(2,1)

⟩
≥ 0. (6.4.15)

Then, their eigenvalues cannot be negative, that is, the minimum possible eigenenergy is zero.
Note that this does not apply when considering a rigged Hilbert space, with non-normalizable
wave functions such as plane waves.

8Without loss of generality, let us take ~/
√
2m ≡ 1 for simplicity.

9This can be demonstrated by applying integration by parts at the LHS of Eq. (6.3.8).
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6.5 SUSY algebra
In the previous section, we have introduced the basic ideas of SUSY QM connecting the EVPs
Ĥ1ψ

(1) = λ(1)ψ(1) and Ĥ2ψ
(2) = λ(2)ψ(2). Nonetheless, the fundamental physical consequences of

SUSY QM arise more clearly from the analysis of the algebraic structure of the matrix EVP which
involves both EVPs:

H |ψ⟩ = E |ψ⟩ , (6.5.1)

with:

H :=

[
Ĥ1 0̂

0̂ Ĥ2

]
; |ψ⟩ :=

[
ψ(1)

ψ(2)

]
, (6.5.2)

where H is known as the superhamiltonian. Note that: (i) we use the same eigenvalue for both
SUSY systems given that λ(1) = λ(2), and (ii) we use here the symbol E (energy in its quantum-
mechanical sense) to describe only the physical eigenfunctions |ψ⟩ by assuming that ψ(1,2), con-
nected by Eq. (6.4.7), are continuous normalizable functions. At this point, we introduce the
matrices:

Q− :=

[
0̂ 0̂

Â
−

0̂

]
; Q+ :=

[
0̂ Â

+

0̂ 0̂

]
, (6.5.3)

known as the supercharges. Remarkably, the following commutation and anticommutation relations
define the algebra of SUSY:

1. Intertwining relation: [
H,Q±] = 0. (6.5.4)

2. Hamiltonian factorization:
H =

{
Q±,Q∓} . (6.5.5)

3. Nilpotency of the supercharges: {
Q±,Q±} = 0. (6.5.6)

The underlying algebra of QM is a closed Lie algebra over the field C. Now, if we include the
previous commutation and anticommutation relations, the algebra of QM becomes a closed Lie
superalgebra over the field C, and more specifically, the closed Lie superalgebra sl (2,C). In this
context, the supercharges are also referred to as generators, Grassmann variables or Grassmann
directions taking into account that we can generate a basis of the vector space sl (2,C) of the form
B =

(
H,Q+,Q−) with H =

{
Q−,Q+

}
. Along these lines, it should be remarked that we construct

the algebra of SUSY over the field C. Nevertheless, we will only consider real eigenvalues (a subset
of our field) to connect the EVP of Eq. (6.5.1) with the Sturm-Liouville theory.

Now, let us take a closer look at the SUSY commutation and anticommutation relations. The
first property, the intertwining relation, is the heart of SUSY. From this property, we find that the
matrix EVP is invariant when applying the supercharges to the eigenfunction |ψ⟩:

H
(
Q± |ψ⟩

)
=
(
HQ±) |ψ⟩ = (Q±H

)
|ψ⟩ = Q± (H |ψ⟩) = Q± (E |ψ⟩) = E

(
Q± |ψ⟩

)
. (6.5.7)

That is, the supercharges generate a new eigenfunction of the EVP without changing the energy.
To facilitate the physical interpretation and gain insight into this statement, consider the vector
spaces V1 and V2 of the eigenfunctions of the EVPs Ĥ1ψ

(1)
E = Eψ

(1)
E and Ĥ2ψ

(2)
E = Eψ

(2)
E , with basis

B1 = {ψ(1)
E }E∈I and B2 = {ψ(2)

E }E∈I (I ⊂ R+ ∪ {0}). Here, we explicitly indicate the eigenvalue-
eigenvector relation by including the subindex E in the eigenvector for clarity. In such a scenario,
assume that the elements of V1 are bosons and the elements of V2 are fermions. Bearing in mind
that sl (2,C) is a superalgebra, then we have a Z2 graduation. The Z2 graduation becomes clearer
using as subindexes in V1 and V2 the elements of Z2, i.e., performing the relabeling V1→0 and V2→1.
This implies that the vector space V of all the eigenfunctions of the matrix EVP H |ψE⟩ = E |ψE⟩
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can be decomposed into a direct sum of V0 and V1, i.e., V = V0 ⊕ V1. Consequently, we can
construct a basis of V of the form B = B1 ∪B2 =

{∣∣∣ψ(1)
E

⟩
,
∣∣∣ψ(2)

E

⟩}
E∈I

with:

∣∣∣ψ(1)
E

⟩
:=

[
ψ
(1)
E

0

]
;
∣∣∣ψ(2)

E

⟩
:=

[
0

ψ
(2)
E

]
. (6.5.8)

In this way, we can observe that Eq. (6.5.7) indicates that the supercharges connect a boson to a
fermion with the same energy:

Q−
∣∣∣ψ(1)

E

⟩
=

[
0̂ 0̂

Â
−

0̂

] [
ψ
(1)
E

0

]
=

[
0

Â
−
ψ
(1)
E

]
=

[
0

ψ
(2)
E

]
=
∣∣∣ψ(2)

E

⟩
; (6.5.9)

Q+
∣∣∣ψ(2)

E

⟩
=

[
0̂ Â

+

0̂ 0̂

] [
0

ψ
(2)
E

]
=

[
Â

+
ψ
(2)
E

0

]
=

[
ψ
(1)
E

0

]
=
∣∣∣ψ(1)

E

⟩
. (6.5.10)

This is the boson-fermion degeneracy predicted by all SUSY theories. Furthermore, the commu-
tation of the superhamiltonian with the supercharges implies that we can connect two different
systems Ĥ1 and Ĥ2 with degenerate eigenvalue spectra, and degenerate energy spectra provided
that ψ(2,1)

E = Â
∓
ψ
(1,2)
E is continuous and lies in L2 ([a, b]) − {0}. This is the SUSY degeneracy

theorem commented in the previous section.
The second property [Eq. (6.5.5)] describes in matrix notation the Hamiltonian factorization

of the previous section (Ĥ1 = Â
+

Â
−

and Ĥ2 = Â
−

Â
+

) and allows us to demonstrate that SUSY
is unbroken (see below) if and only if the energy level of the ground state (the bound state of
minimum energy E0) is zero. We will discuss this point in more detail in the next section.

The third property [Eq. (6.5.6)] indicates the nilpotency of the supercharges, i.e.,
(
Q±)2 = 0.

This property guarantees that the supercharges cannot create a bosonic (fermionic) particle from
a bosonic (fermionic) particle with the same energy. In other words, Q+ annihilates the bosonic
solutions and Q− annihilates the fermionic solutions of the EVP:

Q+
∣∣∣ψ(1)

E

⟩
= Q+

(
Q+

∣∣∣ψ(2)
E

⟩)
=
(
Q+Q+

) ∣∣∣ψ(2)
E

⟩
= |0⟩ ; (6.5.11)

Q−
∣∣∣ψ(2)

E

⟩
= Q−

(
Q−

∣∣∣ψ(1)
E

⟩)
=
(
Q−Q−) ∣∣∣ψ(1)

E

⟩
= |0⟩ . (6.5.12)

6.6 Unbroken SUSY
Small perturbations of the superhamiltonian might induce an explicit breakdown of the SUSY
degeneracy theorem (

[
H,Q±] ̸= 0). In that case, there is not a boson-fermion correspondence (i.e.

the energy levels of the bosonic and fermionic systems are unpaired) and, consequently, we will say
that SUSY is explicitly broken [216]. Obviously, this scenario is not of interest to us in the present
framework. We are only interested in physical systems fulfilling Eq. (6.5.4).

In such a situation, we will say by definition that SUSY is unbroken if and only if the ground
state |ψ0⟩ is supersymmetrically invariant, i.e., the bosonic or fermionic nature of the ground
state must remain invariant under the symmetry operation "boson ↔ fermion" performed by the
supercharges [248]. This definition can be fulfilled via two different possibilities: (i) Q± |ψ0⟩ = |ψ0⟩
or (ii) Q± |ψ0⟩ = |0⟩. The former implies that the supercharges must be the identity matrix and,
therefore, this possibility must be discarded. Consequently, we infer that only the latter possibility
satisfies the definition of unbroken SUSY. That is, SUSY is unbroken if and only if the supercharges
annihilate the ground state. Otherwise, we will say that SUSY is spontaneously broken and we will
have two different ground states (bosonic and fermionic) at energy E0 related by the supercharges
(see next section).



CHAPTER 6. SUPERSYMMETRY 178

From the Hamiltonian factorization property of SUSY [Eq. (6.5.5)], we can demonstrate that:

Q± |ψ0⟩ = |0⟩ ⇐⇒ E0 = 0. (6.6.1)

In other words, SUSY is unbroken if and only if the energy of the ground state is exactly zero.
In SUSY QFT this biconditional implication is usually formulated as [248]: SUSY is unbroken if
and only if the energy of the vacuum is exactly zero. Contrariwise, SUSY is broken if and only if
E0 ̸= 0. In QM, it is straightforward to know when SUSY is explicitly or spontaneously broken by
analyzing the energy spectrum of both superpartners, as discussed later in Section 6.8. However, in
QFT it is quite hard to determine if SUSY is explicitly or spontaneously broken. In this scenario,
Edward Witten proposed an index in [249] to solve this question, the Witten index, defined as
△ := Tr (−1)

F , where F is the fermion number. The technical details of the Witten index are out
of the scope of this chapter.

Proof. The direct conditional statement (⇒) of Eq. (6.6.1) is straightforward to demonstrate by
taking into account that H =

{
Q±,Q∓} and the ground state |ψ0⟩ is a non-vanishing normalizable

solution (|ψ0⟩ ̸= |0⟩):

H |ψ0⟩ = E0 |ψ0⟩ ⇒
(
Q±Q∓ + Q∓Q±) |ψ0⟩ = E0 |ψ0⟩

⇒ Q± (Q∓ |ψ0⟩
)
+ Q∓ (Q± |ψ0⟩

)
= E0 |ψ0⟩ ⇒ |0⟩ = E0 |ψ0⟩ ⇒ E0 = 0. (6.6.2)

The converse conditional statement (⇐) can also be demonstrated from Eq. (6.5.5):

H |ψ0⟩ = 0 |ψ0⟩ ⇒
(
Q±Q∓ + Q∓Q±) |ψ0⟩ = |0⟩

⇒
(
Q±Q∓) |ψ0⟩+

(
Q∓Q±) |ψ0⟩ = |0⟩ . (6.6.3)

Now, applying the dual vector ⟨ψ0| to the LHS and RHS of the above equation:

⟨ψ0|Q±Q∓ |ψ0⟩+ ⟨ψ0|Q∓Q± |ψ0⟩ = 0 ⇒
⟨
Q∓ψ0

∣∣Q∓ψ0

⟩
+
⟨
Q±ψ0

∣∣Q±ψ0

⟩
= 0. (6.6.4)

Thus,
⟨
Q±ψ0

∣∣Q±ψ0

⟩
= 0. Hence, using the positivity property of the scalar product we finally find

that Q± |ψ0⟩ = |0⟩. �
Otherwise, note that in the unbroken SUSY case there is only a single ground state in the

matrix EVP of Eq. (6.5.1). The ground state must be bosonic (derived from Q− |ψ0⟩ = |0⟩):

|ψ0⟩ =
[
ψ
(1)
0 (x)
0

]
=

[
N (1) exp

(
−

√
2m
~
´ x

W (y)dy
)

0

]
, (6.6.5)

or fermionic (derived from Q+ |ψ0⟩ = |0⟩):

|ψ0⟩ =
[

0

ψ
(2)
0 (x)

]
=

[
0

N (2) exp
(√

2m
~
´ x

W (y) dy
) ]

. (6.6.6)

Both Eqs. (6.6.5) and (6.6.6) are mathematical solutions of the EVP at the zero energy level, but
only one of them lies in L2 ([a, b]). Remember that, at the end of Section 6.3, we defined a spatial
bound state as a continuous normalizable eigenfunction satisfying the condition ψ± = 0, where
ψ− := limx→a ψ (x), ψ+ := limx→b ψ (x) and [a, b] ⊆ R is the region of allowed particle positions,
that is, the interval where is defined our problem. Therefore, taking into account that ψ(2)

0 ∝ 1/ψ
(1)
0

and the ground state is a bound state, if ψ(1)
0,± = 0 then

∣∣∣ψ(2)
0,±

∣∣∣ = ∞ and vice versa. For this reason,
only one of the solutions is normalizable, i.e., the ground state must be either bosonic or fermionic.
In any case, the equations Q− |ψ0⟩ = |0⟩ and Q+ |ψ0⟩ = |0⟩ are always simultaneously satisfied: if
the ground state is bosonic (fermionic), the equation Q− |ψ0⟩ = |0⟩ (Q+ |ψ0⟩ = |0⟩) is satisfied by
definition, but the condition Q+ |ψ0⟩ = |0⟩ (Q− |ψ0⟩ = |0⟩) is also fulfilled due to the nilpotency
of the supercharges, as discussed in the previous section. From now on, let us suppose that the
ground state is bosonic, without loss of generality in the remaining discussions of this chapter.
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Under this assumption, let us discuss the form of the superpotential when SUSY is unbroken.
To this end, we should first reformulate the biconditional implication given by Eq. (6.6.1) as:

Â
−
ψ
(1)
0 = 0 ⇐⇒ E

(1)
0 = 0. (6.6.7)

Thus, since Â
−
ψ
(1)
0 = 0, the superpotential must be of the form:

W (x) = − ~√
2m

d
dx

lnψ
(1)
0 (x) , (6.6.8)

and the asymptotic behavior of the superpotential can be inferred from Eq. (6.6.5). Since we have
assumed that the ground state is bosonic, then ψ(1)

0,± = 0. Hence, we have as a necessary condition
that limx→a,b

´ x
W (y) dy = ∞. From this relation, we can infer the behavior of W− :=W (x→ a)

and W+ :=W (x→ b):

• If a = −∞, then W− < 0 and finite. Otherwise, if −∞ < a < 0, then W− = −∞.

• If b = ∞, then W+ > 0 and finite. Otherwise, if 0 < b <∞, then W+ = ∞.

On the other hand, remember that Ĥ1,2 are positive operators (E(1,2)
n ≥ 0) and the supercharges

annihilate the ground state when SUSY is unbroken (Â
−
ψ
(1)
0 = 0). Hence, there is not SUSY

counterpart of ψ(1)
0 in Ĥ2 at the zero energy level, i.e., Ĥ2 has no zero-energy state (E(2)

0 > 0).
Accordingly, Eq. (6.4.7) should be recast as:

E(2)
n = E

(1)
n+1, E

(1)
0 = 0; (6.6.9)

ψ(2)
n =

[
E

(1)
n+1

]−1/2

Â
−
ψ
(1)
n+1; (6.6.10)

ψ
(1)
n+1 =

[
E(2)

n

]−1/2

Â
+
ψ(2)
n , (6.6.11)

including the normalization constants given by Eq. (6.4.9) in Eqs. (6.6.10) and (6.6.11). Figure 6.2
depicts the energy spectrum of the infinite square well and its SUSY potential. As seen, E(1)

0 = 0
and, then, SUSY is unbroken. Consequently, we cannot observe a zero-energy wave function in
Ĥ2. In addition, note that the asymptotic behavior of W satisfies the conditions discussed above.

Figure 6.2. Unbroken SUSY. Energy spectra and wave functions of the infinite square well potential and
its supersymmetric partner potential.

Furthermore, we could deal with the necessity of calculating an unbroken SUSY partner of
Ĥ1 with E

(1)
0 ̸= 0. Obviously, we cannot generate Ĥ2 by directly factorizing Ĥ1. In such a

case, it is useful to start from a shifted Hamiltonian Ĥ1,eq := Ĥ1 − E
(1)
0 with zero-energy ground

state,10 calculate its superpartner Ĥ2,eq, and undo the energy shift by building a Hamiltonian
10It is easy to demonstrate that the ground states of Ĥ1 (ψ(1)

0 ) and Ĥ1,eq (ψ(1)
0,eq) are exactly the same wave

function. Combining Ĥ1,eqψ
(1)
0,eq = 0 and Ĥ1,eq = Ĥ1 − E

(1)
0 , we find that Ĥ1ψ

(1)
0,eq = E

(1)
0 ψ

(1)
0,eq. Thus, from the

non-degeneracy theorem in 1D QM (see Section 6.3), we conclude that ψ(1)
0,eq = ψ

(1)
0 .
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Ĥ2 := Ĥ2,eq + E
(1)
0 . The SUSY potentials V1 and V2 of the original Hamiltonians Ĥ1 and Ĥ2 are

now related by the Riccati equation:

V1,2 (x) =W 2 (x)∓ ~√
2m

W ′ (x) + E
(1)
0 . (6.6.12)

Therefore, V2 can be calculated from V1 by using Eq. (6.6.8):

V2 (x) = V1 (x)−
~2

m

d2

dx2
lnψ

(1)
0 (x) . (6.6.13)

Interestingly, Ĥ1 and Ĥ2 have the same eigenfunctions and eigenvalues as Ĥ1,eq and Ĥ2,eq, connected
by an unbroken SUSY transformation, except for an energy shift E(1)

0 of their eigenvalues. That
is, ψ(1,2)

n = ψ
(1,2)
n,eq and E

(1,2)
n = E

(1,2)
n,eq + E

(1)
0 .

Using this approach, we can easily construct a new Hamiltonian Ĥ3 by factorizing Ĥ2 using
an unbroken SUSY transformation. Figure 6.3 illustrates the energy spectra of this scenario.
In this vein, one can start from am exactly solvable EVP with Hamiltonian Ĥ1 and solve the
eigenenergies and the physical eigenfunctions for the entire hierarchy of Hamiltonians

{
Ĥk

}
k≥2

built from iterative unbroken SUSY transformations. Conversely, if we know the ground states of
the Hamiltonian chain, we can reconstruct the entire spectrum of Ĥ1. Specifically, the Hamiltonians
Ĥk−1 and Ĥk are factorized as (from now on we assume ~2/2m ≡ 1 for simplicity):

Ĥk−1 = Â
+

k−1Â
−
k−1 + E

(k−1)
0 ; (6.6.14)

Ĥk = Â
−
k−1Â

+

k−1 + E
(k−1)
0 , (6.6.15)

with:
Â

±
k−1 := ∓ d

dx
+Wk−1 (x) . (6.6.16)

From an iterative process, we can generalize Eqs. (6.6.9), (6.6.10) and (6.6.13) for the unbroken
SUSY Hamiltonian chain with k systems:

Vk (x) = V1 (x)− 2
d2

dx2
ln

(
k−1∏
i=1

ψ
(i)
0 (x)

)
; (6.6.17)

E(k)
n = E

(k−1)
n+1 = . . . = E

(1)
n+k−1; (6.6.18)

ψ(k)
n ∝

(
k−1∏
i=1

Â
−
k−i

)
ψ
(1)
n+k−1, (6.6.19)

and omitting the constants accounting for the normalization of the wave functions for clearness.

Figure 6.3. Unbroken SUSY Hamiltonian chain. Energy spectra and wave functions using the infinite
square well potential as the initial system.
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6.7 Spontaneously broken SUSY
SUSY is spontaneously broken when all the energy levels of the bosonic and fermionic systems
are paired. This occurs when the ground state is not supersymmetrically invariant, that is, when
the supercharges do not annihilate the ground state (Q± |ψ0⟩ ̸= |0⟩). In such a scenario, we have
two different ground states (bosonic and fermionic) at energy E0 > 0 related by the supercharges.
In terms of the SUSY operators, this implies that Â

−
ψ
(1)
0 generates a non-vanishing normalizable

solution ψ
(2)
0 of Ĥ2 at energy E

(2)
0 = E

(1)
0 > 0. Therefore, the spectra of the SUSY partners are

found to be completely degenerate and Eq. (6.4.7) can be rewritten as:

E(2)
n = E(1)

n , E
(1)
0 > 0; (6.7.1)

ψ(2)
n =

[
E(1)

n

]−1/2

Â
−
ψ(1)
n ; (6.7.2)

ψ(1)
n =

[
E(2)

n

]−1/2

Â
+
ψ(2)
n . (6.7.3)

In general, the constraints on SUSY breaking have a far richer scope in QFT than the implications
previously described [249]. However, the aforementioned features of SUSY breaking seem to be
sufficient for our purposes.

In Section 6.6, we discussed a method to calculate an unbroken SUSY partner from a Hamil-
tonian Ĥ1 with E

(1)
0 ̸= 0. Nonetheless, in some circumstances, we could have interest in building

SUSY partners preserving exactly the same energy spectrum in both systems. In such a case,
we can factorize Ĥ1 without performing the energy shift described in the previous section, i.e.,
Ĥ1 = Â

+
Â

−
and Ĥ2 = Â

−
Â

+
. We illustrate an example of this scenario in Fig. 6.4. The SUSY

partners have been calculated by using a Pöschl-Teller I superpotential. A detailed analytical
description of this problem can be found in [243].

Figure 6.4. Spontaneously broken SUSY. Energy spectra and wave functions of the SUSY partner poten-
tials associated with the Pöschl-Teller I superpotential.

In a similar way as in the unbroken SUSY case, we can generalize the broken SUSY transfor-
mation by generating a Hamiltonian chain with k systems connected by the following expressions:

Vk (x) = V1 (x) + 2

k−1∑
i=1

W ′
i (x) ; (6.7.4)

E(k)
n = E(k−1)

n = . . . = E(1)
n ; (6.7.5)

ψ(k)
n ∝

(
k−1∏
i=1

Â
−
k−i

)
ψ(1)
n . (6.7.6)

Note that Eq. (6.7.4) allows us to describe, not only the broken SUSY Hamiltonian chain, but also
the unbroken case [Eq. (6.6.17)] by writing Wi (x) = −(lnψ

(i)
0 (x))′.
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6.8 Explicitly broken SUSY: singular superpotentials
So far, we have only considered to create SUSY partners by using nonsingular superpotentials
in x ∈ (a, b). For instance, in the unbroken SUSY transformation, we used a superpotential of
the form W (x) = −(ψ

(1)
0 )′ (x) /ψ

(1)
0 (x). This superpotential yields from the direct factorization

Ĥ1 = Â
+

Â
−

when E
(1)
0 = 0, or from the energy-shifted factorization Ĥ1,eq = Ĥ1 − E

(1)
0 = Â

+
Â

−

when E
(1)
0 ̸= 0. In both cases, W is nonsingular in x ∈ (a, b) because ψ(1)

0 has no nodes.
In this section, we discuss the possibility of performing a Hamiltonian factorization of the

virtual space Ĥ1 as follows:
Ĥ1,eq = Ĥ1 − E

(1)
m>0 = Â

+
Â

−
, (6.8.1)

that is, performing an energy shift E(1)
m > E

(1)
0 of Ĥ1. This Hamiltonian factorization involves a

superpotential of the form:11

W(m) (x) = − (ψ
(1)
m )′ (x)

ψ
(1)
m (x)

= − d
dx

lnψ(1)
m (x) . (6.8.2)

Then, the superpartner of Ĥ1,eq is calculated as Ĥ2,eq = Â
−

Â
+

and, finally, the physical space is
found to be Ĥ2 = Ĥ2,eq + E

(1)
m .

In this scenario, it should be noted that the SUSY relation between Ĥ1,eq and Ĥ2,eq is broken
(explicitly or spontaneously, see below) because Ĥ1,eq has a non-zero ground state energy level.
Concretely, Ĥ1,eq has m negative energy states of value E(1)

k − E
(1)
m < 0 (k ∈ {0, . . . ,m − 1}).

In spite of the fact that Ĥ1 is a positive operator, Ĥ1,eq becomes a non-positive operator when
performing an energy shift with E

(1)
m > E

(1)
0 . Furthermore, it is noticeable that W(m) has m

singularities induced by the m nodes of the bound state ψ(1)
m . In particular, these singularities can

also be observed in V2. Consequently, depending on the kind of singularity [216], new implicit12

boundary conditions may appear in the second EVP arising from the normalization and continuity
of ψ(2)

n . If a singularity of V2 in x = xs is of the strong type [216],
{
ψ
(2)
n

}∞

n=0
are forced to vanish

at x = xs. In such a case, if ∃n ∈ N∪ {0} with ψ(2)
n (x = xs) ̸= 0, then ψ(2)

n cannot be considered a
bound state and its corresponding eigenvalue E(2)

n will not be an allowed energy level of Ĥ2. Along
this line, note that the energy level E(1)

m is also annihilated in Ĥ2 given that Â
−
ψ
(1)
m = 0. For these

reasons, we indicated in Section 6.4 that: the SUSY operators connect the eigenfunctions of Ĥ1

and Ĥ2 preserving the same eigenvalue spectrum, but not always the same energy spectrum.
On the other hand, we could also generate SUSY partners by using a singular superpotential

different from Eq. (6.8.2), but satisfying the Riccati equation:

V1,2 (x) =W 2 (x)∓W ′ (x) + α, (6.8.3)

with α > E
(1)
0 . In such circumstances, we could avoid to annihilate any bound state of Ĥ1 if the

condition Â
−
ψ
(1)
n ̸= 0 is fulfilled ∀n ∈ N ∪ {0}. In addition, despite the fact that we are using a

singular superpotential, if ψ(2)
n ∝ Â

−
ψ
(1)
n are also found to be bound states, then the degeneracy of

the energy spectra will be totally preserved. Consequently, singular superpotentials may destruct
partially, totally or not the degeneracy of the energy spectra. In the first and second cases, SUSY is
explicitly broken because there are unpaired energy levels E(1,2)

n>0 between the bosonic and fermionic
systems. Contrariwise, in the third case, SUSY is spontaneously broken. All levels are paired.

11Note that Ĥ1,eqψ
(1)
m = 0. Thus, using the non-degeneracy theorem in 1D QM we know that if ψ(1)

m ∈ L2 ([a, b]):

Ĥ1,eqψ
(1)
m = 0 ⇐⇒ Â−

ψ
(1)
m = 0.

From Â−
ψ
(1)
m = 0 the superpotential W(m) is finally derived. As we will see in the next section, a SUSY transfor-

mation with a superpotential of the form given by Eq. (6.8.2) can be regarded as a Darboux transformation.
12See the description of explicit and implicit boundary conditions of an SL-EVP in Section 6.3.
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As an example, consider as a virtual space Ĥ1 the infinite square well of Fig. 6.2. Now, let
us construct the superpotential W(1) (x) = −(ψ

(1)
1 )′ (x) /ψ

(1)
1 (x) = −2 cot (2πx/L) with L = π/2.

The superpotential has a strong singularity at x = L/2. This singularity breaks the interval
[0, L] into two disjoint pieces in V2 (x) = W 2

(1) (x) +W ′
(1) (x) + E

(1)
1 , which do not see each other

(Fig. 6.5). In other words, an additional implicit boundary condition is included in the second EVP
forcing the eigenfunctions ψ(2)

n ∝ Â
−
ψ
(1)
n to vanish at x = L/2. As a result, only the continuous

normalizable eigenfunctions ψ(2)
n satisfying that ψ(2)

n (x = L/2) = 0 are found to be bound states
and the corresponding eigenvalues E(2)

n will be allowed energy levels in Ĥ2. In this case, SUSY
is explicitly broken because we can observe unpaired energy levels between both superpartners at
energy levels higher than E

(1)
0 .

Figure 6.5. Singular superpotential. SUSY partners and energy spectra connected by a singular super-
potential. In this example, we can observe a partial degeneracy. The energy levels are unpaired and,
therefore, SUSY is explicitly broken.

6.9 Darboux transformation
The French mathematician Jean Gaston Darboux introduced in the second half of the XIX century
a transformation connecting two EVPs of the form (x ∈ [a, b] ⊆ R):

− d2

dx2
ψ
(1)
λ (x) + u (x)ψ

(1)
λ (x) = λψ

(1)
λ (x) ; (6.9.1)

− d2

dx2
ψ
(2)
λ (x) + v (x)ψ

(2)
λ (x) = λψ

(2)
λ (x) , (6.9.2)

both sharing the same eigenvalues (except for a selected λ = λ0, see below). The main result, the
so-called Darboux transformation, is given by the following theorem.

Theorem (Darboux transformation) Consider an ODE of the form depicted by Eq. (6.9.1)
with solutions ψ(1)

λ ∈ C2([a, b]). Now, consider the solution f = ψ
(1)
λ0

at a fixed λ = λ0 and its
logarithmic derivative Lf = (ln f)′ = f ′/f . Define the Darboux transformation as:

Dλ0
: F

(
[a, b] ,R

)
−→ F

(
[a, b] ,R

)
ψ
(1)
λ −→ Dλ0

(
ψ
(1)
λ

) (6.9.3)

with:

Dλ0

(
ψ
(1)
λ

)
:= (ψ

(1)
λ )′ − Lf ψ

(1)
λ . (6.9.4)

Then, the function ψ
(2)
λ = Dλ0

(ψ
(1)
λ ) satisfies the ODE Eq. (6.9.2) with:

v (x) = u (x)− 2
d

dx
Lf (x) . (6.9.5)
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It is directly to verify that Dλ0
(ψ

(1)
λ0

) = 0. Hence, the Darboux transformation connects two
EVPs of the form of Eqs. (6.9.1) and (6.9.2) with the same eigenvalues expect for the selected λ0
eigenvalue. This behavior of the Darboux transformation reminds us the behavior of the SUSY
operator Â

−
in previous sections. Concretely, we can identify the superpotential W with −Lf ,

and λ0 with E
(1)
0 in Section 6.6 or with E

(1)
m>0 in Section 6.8. In this way, the unbroken SUSY

transformation [Eq. (6.6.10)] can be rewritten in terms of the Darboux transformation as:

ψ(2)
n ∝ Â

−
ψ
(1)
n+1 = D

E
(1)
0

(
ψ
(1)
n+1

)
. (6.9.6)

In such a scenario, we can also identify u ≡ V1 (our virtual space) and v ≡ V2 (our physical space).
Therefore, we can notice the intimate relation between 1D SUSY QM and the Darboux theorem.13

From now on, we will use the terminology Darboux transformation to refer to any SUSY
transformation involving a superpotential of the form W = −Lf with λ0 an eigenvalue different
from the ground state energy level of our virtual space [e.g. the transformation of Eq. (6.8.2)].
Later, in Section 6.11, we will use the terminology Darboux procedure to indicate that a Darboux
transformation is involved in one of the SUSY transformations.

6.10 Continuous spectrum: spatial scattering
An interesting problem to analyze in QM is the probability that a free particle (plane wave) moving
on a constant potential will be reflected or transmitted as a result of its interaction with a localized
potential variation. As we will see later in Section 6.13, this problem is analogous to the spatial
scattering in photonics.

Clearly, the scattering problem requires to focus our attention on potentials with continuous
spectrum. In this scenario, the commutation and anticommutation relations which define the
SUSY algebra [Eqs. (6.5.4)-(6.5.6)] are equally valid. As a result, SUSY will allow us to connect
the spatial scattering problem of both superpartners, that is, we will be able to relate the reflected
and transmitted probability amplitudes of a free particle moving in V1 and V2.

In order to have a well-defined scattering problem in V1,2, now defined on the full line (x ∈ R),
we require to observe an incident wave and at least one reflected or transmitted wave, that is:14

ψ(1,2) (x→ −∞) ̸= 0 ∨ ψ(1,2) (x→ ∞) ̸= 0. (6.10.1)

A sufficient condition to satisfy Eq. (6.10.1) is to consider V1,2 (x→ ±∞) <∞, which is fulfilled by
assuming: (i) W± :=W (x→ ±∞) exists and is finite, and (ii) W ′ is uniformly continuous on the
full line. Thus, from Barbalat’s lemma (see page 175) and Riccati’s equation (V1,2 = W 2 ∓W ′),
we can infer that W ′

± = 0 and V1,± = V2,± =W 2
± <∞. To summarize, we will have a well-defined

scattering problem in both superpartners with:
|W±| <∞

W ′ unif. cont.

}
⇒ V± ≡ V1,± = V2,± =W 2

± <∞ ⇒ ψ(1,2) (x→ ±∞) ̸= 0. (6.10.2)

Now, let us consider a free particle moving in each superpartner from the left with energy E.
After the interaction with the potential variations V1,2 (x), a reflected and a transmitted plane
wave are generated. Thus, the asymptotic behavior of ψ(1,2) at x→ ±∞ is found to be:15,16

ψ(1,2) (x) ∼
x→−∞

ψ
(1,2)
− (x) = exp (−jk−x) +R1,2 exp (jk−x) ; (6.10.3)

ψ(1,2) (x) ∼
x→+∞

ψ
(1,2)
+ (x) = T1,2 exp (−jk+x) , (6.10.4)

13In the transformation physics literature, the unbroken SUSY and Darboux transformations belong to the class
of autoBäcklund transformations [243].

14The spatial scattering problem is well-defined when we can observe an incident wave and at least one reflected
or transmitted wave. If the incident and reflected waves can be observed at x→ −∞ (x→ ∞), then the transmitted
wave is found at x→ ∞ (x→ −∞).

15The results are analogous for a free particle moving from the right.
16We use here a different sign convention from [216] to denote the forward and backward propagation of the plane

wave. Nonetheless, the conclusions are found to be the same.
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with R1,2 and T1,2 being respectively the reflected and transmitted probability amplitudes,17 and
k± the particle wave number at x→ ±∞ given by the expression:

k± =
√
E − V±. (6.10.5)

The reader can easily demonstrate that the wave functions given by Eqs. (6.10.3) and (6.10.4)
are solutions of the Schrödinger equation with energy E and constant potentials V− and V+. In
such a scenario, using the SUSY connection ψ(2) = NÂ

−
ψ(1) (with N being a complex constant

considering that ψ(1,2) are now complex-valued functions) we can relate the asymptotic behavior
of the free particle in both systems as:

ψ
(2)
± (x) = N

(
d

dx
+W±

)
ψ
(1)
± (x) . (6.10.6)

Thus, we have at x→ −∞:

exp (−jk−x) +R2 exp (jk−x) = N (−jk− +W−) exp (−jk−x)
+NR1 (jk− +W−) exp (jk−x) , (6.10.7)

and at x→ ∞:
T2 exp (−jk+x) = N (−jk+ +W+)T1 exp (−jk+x) . (6.10.8)

Finally, equating terms with the same exponent in Eqs. (6.10.7) and (6.10.8), we find:

R2

R1
=
W− + jk−
W− − jk−

;
T2
T1

=
W+ − jk+
W− − jk−

. (6.10.9)

These relations between the scattering amplitudes can be used to analyze the reflection and
transmission coefficients of non-analytically solvable potentials or to design potentials with desired
scattering properties, both functionalities (analysis & synthesis) without the necessity of solving
numerically the Schrödinger equation. Outstandingly, these ideas can be directly extrapolated to
the spatial scattering problem of photonics and acoustics, as we will see later in Section 6.13. For
completeness, let us take a closer look at the above equations. In particular, the following remarks
are in order:

1. The SUSY partners have identical reflection and transmission probabilities:

|R1|2 = |R2|2 ; |T1|2 = |T2|2 , (6.10.10)

as a direct consequence of the fact that the energy E = k2±+W 2
± is the same in both systems.

2. Using the SUSY relation ψ(1) = MÂ
+
ψ(2) (with M being a complex constant), the ratio

of the transmitted amplitudes can also be expressed as T2/T1 = (W− + jk−)/(W+ + jk+).
From the relation E = k2± +W 2

±, it is directly to verify that this expression and Eq. (6.10.9)
are in good agreement.

3. It should be noted that |W+| = |W−| ⇔ V+ = V− ⇔ k+ = k−. Such a situation can be
observed:

• If W+ = −W−, in which case SUSY is unbroken provided that the superpartners support
bound states.18 Here, we observe that R2/R1 = −T2/T1.

• If W+ = W−, in which case SUSY is broken provided that the superpartners support
bound states. Here, we observe that T1 = T2.

17The reflected and transmitted probability amplitudes are equal to the reflection and transmission coefficients
when the amplitude of the incident wave is set to 1.

18Note that a potential with continuous spectrum can also support bound states, as commented in Section 6.3.
This situation leads to the concept of bound states in the continuum, see Subsection 6.11.3.
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4. When W− = 0, thus R1 = −R2. If the superpartners support bound states, then SUSY may
be unbroken or broken. Both SUSY states are possible taking into account that a solution
for the ground state of the form given by Eqs. (6.6.5) or (6.6.6) could be normalizable or not.

5. In general,
∣∣ψ(1,2) (x→ −∞)

∣∣ ̸=
∣∣ψ(1,2) (x→ ∞)

∣∣ and, therefore, Â
+

̸=
(

Â
−)†

. Along
this line, it should also be taken into account that we are operating with non-normalizable
complex-valued functions. Hence, we work in a rigged Hilbert space over the field C.

6. Despite the fact that we consider complex-valued wave functions, the superpotential and
the potentials must be assumed real-valued functions to guarantee identical reflection and
transmission probabilities between superpartners. Otherwise, the scattering probabilities
could be found different in both systems [235].

7. In a SUSY Hamiltonian chain
{

Ĥs

}m

s=1
where the scattering problem is well-defined, the

value of the potentials {Vs}ms=1 and superpotentials {Ws}m−1
s=1 at x→ ±∞ is the same:

V1,± = V2,± = . . . = Vm,± =W 2
1,±, (6.10.11)

with W1,± = W2,± = . . . = Wm−1,± ≡ W±. Thus, the scattering coefficients of Ĥm and Ĥ1

are related by the following expressions:

Rm

R1
=

(
W− + jk−
W− − jk−

)m−1

;
Tm
T1

=

(
W+ − jk+
W− − jk−

)m−1

. (6.10.12)

8. R1 and R2 have the same poles in the complex k-plane except that R1 (R2) has an additional
pole at k− = jW− (k− = −jW−). If the superpartners support bound states, the ground
state lies in Ĥ1 (Ĥ2) and SUSY is unbroken, then W− < 0 and W+ > 0 (W− > 0 and
W+ < 0). Consequently, the extra pole of R1 (R2) is on the negative imaginary axis.
This case corresponds with a reflected wave that exists in the absence of the incident wave.
Specifically, the reflected wave is the tail of the bosonic (fermionic) ground state. To clarify
this scenario, it is interesting to highlight that:

• Despite the fact that k− ∈ C, note that V− = E − k2− ∈ R.
• If SUSY is unbroken the energy must be zero. Clearly, we find that E = k2− +W 2

− = 0
when k− = ±jW−.

• k− ∈ C ⇒ E < V−. This implies that a non-oscillatory behavior of the wave functions
can be observed at x→ −∞ [see Eq. (6.3.20)]. This is one of the characteristics features
of a bound state. In particular, the reflected wave is exp(jk−x) = exp(|W−|x) for the
extra poles of R1 and R2, which decays exponentially as x → −∞. This is the tail of
the bosonic (fermionic) ground state given by Eq. (6.6.5) [Eq. (6.6.6)]. As commented
before, the reflected wave exists in the absence of the incident wave. This is the reason
underlying the fact that we observe a pole in the reflection coefficient.

• The extra poles of T1 and T2 admit a similar discussion.

As an interesting example, consider a constant potential V1 (x) = A2, with A ∈ R+ and x ∈ R.
It is clear that this potential is reflectionless because we cannot observe any localized potential
variation (R1 = 0). Then, the superpartner will be necessarily reflectionless (R2 = 0). Concretely,
the superpotential is:

W (x) = −A tanh (Ax) , (6.10.13)
and the partner potential is of the form:

V2 (x) = A2 − 2A2sech2 (Ax) . (6.10.14)

Outstandingly, a reflectionless quantum-mechanical potential can be employed in photonics and
acoustics to design a reflectionless (optical or acoustical) refractive index profile. This result will
be of great interest to us in Chapter 8.
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6.11 Isospectral transformations
In this section, we will discuss the possibility of using 1D SUSY QM to construct, from a given
potential V1, an n-parameter family of isospectral potentials Ṽ1(η1, . . . , ηn), that is, potentials with
exactly the same spectrum and scattering properties (in module and phase) as the original one.
Although there are other methods to generate an isospectral family of potentials (e.g. the Gelfand-
Levitan method [256]), the use of SUSY allows us to reduce the complexity of these methods. In this
way, the supersymmetric isospectral transformations will be revealed as an interesting and simple
strategy to analyze and design new potentials with desired spectrum and scattering properties.

The section is organized as follows. In Subsection 6.11.1, we will describe how to construct
the one-parameter family. The generalization to obtain a multi-parameter family is described in
Subsection 6.11.2. Finally, in Subsection 6.11.3, we will discuss the possibility of generating bound
states in the continuum by applying supersymmetric isospectral transformations starting from a
potential V1 without bound states.

6.11.1 One-parameter family
In this subsection, we describe two different procedures to build the one-parameter isospectral
family Ṽ1(η1) of a given potential V1. The first approach is based on finding a general solution of
the Riccati equation. The second approach is based on the Darboux transformation, discussed in
Section 6.9.

General solution of the Riccati equation

The first approach follows from a general solution of the nonlinear Riccati ODE. Suppose that V1
and V2 are superpartners connected by a superpotential W . In such a scenario, note that W is
only a particular solution of the ODE V2 (x) = W 2 (x) +W ′ (x). Now, we ask about the general
solution of the above equation. From [255], we know that given a particular solution of the Riccati
equation (W ), the general solution (W̃ ) is of the form W̃ = W + 1/g, where g is a real-valued
function satisfying the Bernoulli equation g′ = 1 + 2Wg. Solving this ODE [255], we find the
general solution of the Riccati equation:

W̃ (x; η1) =W (x) +
d

dx
ln

[
η1 +

ˆ x

exp

(
−2

ˆ α

W (β)dβ
)

dα
]
, (6.11.1)

with η1 a real constant of integration, i.e., a degree of freedom of our problem. Thus, we have
obtained a superpotential family W̃ (η1) satisfying the Riccati equation for the potential V2, that
is, V2 (x) = W̃ 2(x; η1) + W̃ ′(x; η1).

Along this line, note that we have other Riccati equation, the Riccati equation for the original
potential V1 (x) = W 2 (x) −W ′ (x). Hence, if we generate the family Ṽ1(η1) by using the super-
potential family W̃ (η1):

Ṽ1 (x; η1) = W̃ 2 (x; η1)− W̃ ′ (x; η1)

= V1 (x)− 2
d2

dx2
ln

[
η1 +

ˆ x

exp

(
−2

ˆ α

W (β) dβ
)

dα
]
, (6.11.2)

we obtain an isospectral family of V1 with η1 being the parameter of the family. In other words,
we have found a family of potentials Ṽ1(η1) sharing the same SUSY partner V2 and connected via
the Riccati equations:

Ṽ1 (x; η1) = W̃ 2 (x; η1)− W̃ ′ (x; η1) ; (6.11.3)

V2 (x) = W̃ 2 (x; η1) + W̃ ′ (x; η1) . (6.11.4)
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Figure 6.6 illustrates this scenario. It is interesting to mention that, in contrast to the Darboux
procedure (see below), the SUSY relation between Ṽ1 and V2 may be unbroken or broken in this
method. In any case, in order to guarantee degenerate spectra, the superpotential family must be
nonsingular (sufficient condition but not necessary). To this end, the parameter η1 must satisfy
the condition:

η1 +

ˆ x

exp

(
−2

ˆ α

W (β) dβ
)

dα ̸= 0, ∀x ∈ [a, b] . (6.11.5)

If SUSY is unbroken W (x) = −(lnψ
(1)
0 (x))′ and, therefore, η1 /∈ [−1, 0].

As a direct consequence of sharing the same SUSY partner, the family Ṽ1(η1) must be isos-
pectral: the same spectrum and the same scattering properties [R1 = R1(η1) and T1 = T1(η1)]
given that W̃±(η1) = W±. Furthermore, it should be noted that the families Ṽ1(η1) and W̃ (η1)

contain the original potential and superpotential with V1 ≡ Ṽ1(η1 → ±∞) and W ≡ W̃ (η1 → ±∞).

Figure 6.6. Schematic unbroken/broken SUSY relation between the isospectral family Ṽ1(η1) and V2.

Darboux procedure

The second approach, the so-called Darboux procedure, is schematically depicted in Fig. 6.7 for
the one-parameter case. In essence, it consists of first deleting the ground state ψ(1)

0 of V1 with
an unbroken SUSY transformation obtaining the potential V2 (x) = V1 (x) − 2(lnψ

(1)
0 (x))′′ and,

secondly, applying a Darboux transformation using a non-normalizable solution Φ1(η1) ∝ 1/ψ
(1)
0 of

Ĥ2 at energy E(1)
0 to obtain the isospectral family Ṽ1(x; η1) = V2 (x)−2(lnΦ1(x; η1))

′′. The method
is called the Darboux procedure because it involves two different Darboux transformations: firstly
using the physical eigenfunction ψ

(1)
0 of Ĥ1 at energy E

(1)
0 , and secondly using the non-physical

eigenfunction Φ1(η1) of Ĥ2 at energy E(1)
0 .

Figure 6.7. Flowchart of transformations of the one-parameter Darboux procedure.
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In order to gain insight into this procedure, let us be more precise, specifically in the second
Darboux transformation. It is worth mentioning that, although the potential V2 does not have an
allowed energy level E(1)

0 (due to the unbroken SUSY transformation performed in the first step)
the EVP Ĥ2ψ

(2)
λ = λψ

(2)
λ has at λ = E

(1)
0 a general solution of the form:19

ψ
(2)

λ=E
(1)
0

(x) ≡ Φ1 (x; η1) =
I1 (x) + η1

ψ
(1)
0 (x)

, (6.11.6)

where:

I1 (x) :=
ˆ x (

ψ
(1)
0

)2
(α) dα. (6.11.7)

Concretely, Φ1(η1) is a non-normalizable function because 1/ψ
(1)
0 does not lie in L2 ([a, b]). Never-

theless, applying a Darboux transformation in Ĥ2 taking as eigenvalue of reference λ0 = E
(1)
0 (see

Section 6.9), or equivalently, applying an unbroken SUSY transformation in Ĥ2 by using Φ1(η1) as
a virtual ground state, we obtain the sought isospectral family Ṽ1(η1):

Ṽ1 (x; η1) = V2 (x)− 2
d2

dx2
lnΦ1 (x; η1)

= V1 (x)− 2
d2

dx2
ln
(
ψ
(1)
0 (x)Φ1 (x; η1)

)
= V1 (x)− 2

d2

dx2
ln (I1 (x) + η1) , (6.11.8)

which is in line with Eq. (6.11.2) taking into account that I1 can be expressed as a function of W
by using the relation W (x) = −(lnψ

(1)
0 (x))′. Along these lines, the following remarks require our

attention:
• Note that the first isospectral method is more general than the Darboux procedure. In the for-

mer case, the SUSY relation between Ṽ1 and V2 may be unbroken or broken (Fig. 6.6). How-
ever, in the latter case, the SUSY relation between Ṽ1 and V2 is always unbroken (Fig. 6.7).

• As commented before, the second Darboux transformation can be regarded as an unbroken
SUSY transformation. In particular, it involves a superhamiltonian and supercharges of the
form:

HD =

[
Ĥ2 0̂

0̂
̂̃H1 (η1)

]
; Q−

D =

[
0̂ 0̂

Â
−
D (η1) 0̂

]
; Q+

D =

[
0̂ Â

+

D (η1)

0̂ 0̂

]
, (6.11.9)

19From the reduction of order method [255], we know that the general solution of the ODE y′′+p(x)y′+q(x)y = 0
is of the form yG = c1y1 + c2y2, where c1,2 are real constants, y1 = f1(x) is a particular solution and:

y2 = f1(x)

ˆ x 1

f21 (α)
exp

(
−
ˆ α

p (β) dβ
)

dα,

with y1 and y2 linearly independent solutions, that is, W(y1, y2) = y1y′2 − y′1y2 ̸= 0, where W is the Wronskian.
In our problem y′′ + (E

(1)
0 − V2 (x))y = 0, we find that y1 = 1/ψ

(1)
0 (x) and y2 = I1 (x) /ψ(1)

0 (x). Thus, the general
solution [Eq. (6.11.6)] must be written as:

yG = Φ1 (x; c1, c2) =
c1 + c2I1 (x)
ψ
(1)
0 (x)

,

with two degrees of freedom described by the constants c1 and c2. Nonetheless, note that we can only observe a
single degree of freedom in the isospectral family of potentials given that:

Ṽ1 (x; c1, c2) = V1 (x)− 2
d2

dx2
ln (c2I1 (x) + c1) = V1 (x)− 2

d2

dx2
ln

[
c2

(
I1 (x) +

c1

c2

)]
= V1 (x)− 2

d2

dx2
ln (c2)− 2

d2

dx2
ln

(
I1 (x) +

c1

c2

)
= V1 (x)− 2

d2

dx2
ln

(
I1 (x) +

c1

c2

)
,

which matches to Eq. (6.11.8) renaming c1/c2 ≡ η1. For this reason, we write Eq. (6.11.6) with only one degree of
freedom from the beginning.
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with Ĥ2 = −d2/dx2 + V2 (x) being the virtual space, ̂̃H1 (η1) = −d2/dx2 + Ṽ1(x; η1) the
physical space and:

Â
±
D (η1) = ∓ d

dx
+WD (x; η1) ; WD (x; η1) = − d

dx
lnΦ1 (x; η1) . (6.11.10)

• Using the new SUSY operators Â
±
D(η1), the bound states of the isospectral family Ṽ1(η1) can

be calculated as:

ψ̃
(1)
0 (x; η1) ∝ 1/Φ1 (x; η1) = ψ

(1)
0 (x) / (I1 (x) + η1) ; (6.11.11)

ψ̃(1)
n (x; η1) ∝ Â

−
D (η1) Â

−
ψ(1)
n (x) , (n > 0) . (6.11.12)

Hence, it is easily to verify that the bound states ψ̃(1)
n (η1) are found to be normalizable if

η1 /∈ [−1, 0], in line with the first isospectral method when the SUSY relation between Ṽ1(η1)
and V2 is unbroken [Eq. (6.11.5)].

• The original potential and superpotential can be retrieved from the families Ṽ1(η1) and W̃ (η1)
taking η1 → ±∞.

Additional notes on the one-parameter isospectral methods

• In the first isospectral procedure, instead of finding a general solution to the Riccati equation
V2 (x) =W 2 (x)+W ′ (x), we could propose to find the general solution of the Riccati equation
V1 (x) =W 2 (x)−W ′ (x). Hence, proceeding in a similar way as in the first method, we will
be able to calculate an isospectral family Ṽ2(η1) of the form:

Ṽ2 (x; η1) = V2 (x)− 2
d2

dx2
ln

[
η1 −

ˆ x

exp

(
2

ˆ α

W (β)dβ
)

dα
]
, (6.11.13)

sharing the same superpartner V1 and connected by the family of superpotentials W̃ (η1):

W̃ (x; η1) =W (x)− d
dx

ln

[
η1 −

ˆ x

exp

(
2

ˆ α

W (β) dβ
)

dα
]
. (6.11.14)

Remarkably, the family Ṽ2(η1) will have the same spectrum and scattering properties as V2,
provided that η1 satisfies the condition:

η1 −
ˆ x

exp

(
2

ˆ α

W (β) dβ
)

dα ̸= 0, ∀x ∈ [a, b] . (6.11.15)

• Consider two superpartners V1 and V2 supporting both continuous spectra with absence of
bound states. In this scenario, the first isospectral method can be directly employed in the
continuum. Nevertheless, the second method is not straightforward to apply given that it
will require to use oscillatory functions in the Darboux transformations (i.e., states in the
continuum, eigenfunctions with nodes). As a result, W̃ (η1) could have singularities that
could break the degeneracy of the family Ṽ1(η1). In any case, surprisingly, the Darboux
procedure has attracted special attention in such a scenario as an interesting strategy, not
only to construct an isospectral family of potentials, but also to generate bound states in the
continuum (see Subsection 6.11.3).

• Consider an infinite broken SUSY Hamiltonian chain and an isospectral family of potentials
Ṽ1(η1). It should be noted that they are different isospectral families. The former is an
infinite countable set with the same cardinality as that of the natural numbers (ℵ0). In
contrast, the latter is an infinite uncountable set with the same cardinality as that of the real
numbers (ℵ1).
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6.11.2 Multi-parameter family
Interestingly, the one-parameter Darboux procedure can be extended to an n-parameter family of
isospectral potentials by first deleting all n bound states of a given potential V1 using an unbroken
SUSY Hamiltonian chain, and later reinserting them with a series of Darboux transformations. In
order to gain clarity, let us detail the procedure for the two-parameter family. Figure 6.8 depicts
the flowchart of transformations.

Figure 6.8. Flowchart of transformations of the two-parameter Darboux procedure.

Firstly, we start by generating an unbroken SUSY Hamiltonian chain of three systems deleting
the first two bound states of V1:

V3 (x) = V1 (x)− 2
d2

dx2
ln
(
ψ
(1)
0 (x)ψ

(2)
0 (x)

)
. (6.11.16)

As seen, V2 has a non-normalizable solution Φ1(η1) at E(1)
0 of the form depicted by Eq. (6.11.6), and

V3 has a non-normalizable solution at E(1)
0 and E(1)

1 of the form Â
−
2 Φ1(η1) and Φ2(η2), respectively,

where:

Â
−
2 =

d
dx

+W2 (x) =
d

dx
−
(
lnψ

(2)
0 (x)

)′
; (6.11.17)

Φ2 (x; η2) =
I2 (x) + η2

ψ
(2)
0 (x)

; I2 (x) :=
ˆ x (

ψ
(2)
0

)2
(α) dα, (6.11.18)

and η2 /∈ [−1, 0].
Secondly, we should reinsert the annihilated energy levels E(1)

0 and E
(1)
1 . To this end, we first

reinsert E(1)
1 by constructing the one-parameter isospectral family Ṽ2 (η2) from V3 using a Darboux

transformation taking as eigenvalue of reference λ0 = E
(1)
1 [or equivalently, we can say that we

apply an unbroken SUSY transformation in V3 by using Φ2(η2) as a virtual ground state]:

Ṽ2 (x; η2) = V3 (x)− 2
d2

dx2
lnΦ2 (x; η2) . (6.11.19)

Note that the SUSY operators connecting the eigenfunctions of V3 and Ṽ2(η2) are of the form:

Â
±
2,D (η2) = ∓ d

dx
− (lnΦ2 (x; η2))

′
. (6.11.20)
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Hence, the non-normalizable solution of V3 at E(1)
0 [Â

−
2 Φ1(η1)] becomes a non-normalizable solution

of Ṽ2(η2) at the same energy level by applying the operator Â
−
2,D(η2). That is, Ṽ2(η2) has a non-

normalizable solution at E(1)
0 of the form:

Φ1 (x; η1, η2) = Â
−
2,D (η2) Â

−
2 Φ1 (x; η1) . (6.11.21)

Finally, we will be able to reinsert E(1)
0 by applying an additional Darboux transformation in Ṽ2(η2)

taking as eigenvalue of reference λ0 = E
(1)
0 . As a result, we obtain the two-parameter isospectral

family Ṽ1(η1, η2) as a function of the original potential V1 by using Eqs. (6.11.16) and (6.11.19):

Ṽ1 (x; η1, η2) = Ṽ2 (x; η2)− 2
d2

dx2
lnΦ1 (x; η1, η2)

= V3 (x)− 2
d2

dx2
ln (Φ2 (x; η2)Φ1 (x; η1, η2))

= V1 (x)− 2
d2

dx2
ln
(
ψ
(1)
0 (x)ψ

(2)
0 (x)Φ2 (x; η2)Φ1 (x; η1, η2)

)
. (6.11.22)

Proceeding in a similar manner, the multi-parameter family Ṽ1(η1, . . . , ηn) can be calculated
from V1 as:

Ṽ1 (x; η1, . . . , ηn) = V1 (x)− 2
d2

dx2
ln

[
n∏

i=1

ψ
(i)
0 (x)Φi (x; ηi, . . . , ηn)

]
, (6.11.23)

where:

Φi (x; ηi, . . . , ηn) =

 n∏
j=i+1

Â
−
j,D (ηj , . . . , ηn)

(n−i∏
q=1

Â
−
n−q+1

)
Φi (r; ηi) ; (6.11.24)

Â
−
i,D (ηi, . . . , ηn) =

d
dx

− (lnΦi (x; ηi, . . . , ηn))
′
; Â

−
i =

d
dx

−
(
lnψ

(i)
0 (x)

)′
; (6.11.25)

Φi (x; ηi) =
Ii (x) + ηi

ψ
(i)
0 (x)

; Ii (x) :=
ˆ x (

ψ
(i)
0

)2
(α) dα; ηi /∈ [−1, 0] . (6.11.26)

In particular, Â
−
i,D(ηi, . . . , ηn) reinserts the ground state energy level E(i)

0 in Ṽi(ηi, . . . , ηn) from
Vi+1 by using a Darboux transformation with the non-normalizable solution Φi(ηi) as eigenfunction
of reference [or equivalently, by applying an unbroken SUSY transformation in Vi+1 considering
Φi(ηi) as a virtual ground state of Vi+1 at energy E(i)

0 ]. Note that this operator is related with the
SUSY operator Â

†
i (ηi, . . . , ηn) defined in [257] as Â

−
i,D(ηi, . . . , ηn) = −Â

†
i (ηi, . . . , ηn). In any case,

the multi-parameter isospectral family given by Eq. (6.11.23) is found to be the same when using
Â

−
i,D(ηi, . . . , ηn) or Â

†
i (ηi, . . . , ηn) in Eq. (6.11.24). Outstandingly, the previous expressions allow

us to analyze and design isospectral potentials, not only with identical spectra, but also with the
same scattering probabilities. This will be of great interest to us to investigate new reflectionless
potentials in Chapter 8.

6.11.3 Bound states in the continuum
Bound states in the continuum (BICs) are localized waves coexisting with a continuous spectrum of
radiating waves carrying energy away. The idea of BICs was first introduced by Von Neumann and
Wigner in 1929 in the framework of quantum mechanics [258]. These authors realized that it was
possible to construct quantum potentials supporting bound states in the classical energy continuum.
In this topic, further works have been reported extrapolating this idea to different branches of
physics, such as in photonics and acoustics [259]. As a byproduct, a variety of applications have
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been demonstrated for atomic systems [260], water waves [261], elastic waves in solids [262], optical
waves [263] and acoustic waves in air [264].20

Motivated by these results, we show in this subsection a mechanism to construct BICs in the
framework of quantum mechanics inspired by SUSY transformations, and more specifically, by the
Darboux procedure. Obviously, this method can also be extended to other branches of physics to
construct BICs by using quantum-mechanical analogies.

The basic idea is to start from a potential supporting a continuous spectrum and calculate
an isospectral family of potentials by applying the Darboux procedure. However, in contrast
to the previous subsections, we will apply the Darboux transformations starting from states in
the continuum, i.e., oscillatory functions with nodes. The method will preserve the spectrum of
the original potential, but adding BICs at the eigenvalues of reference (energies) selected in the
Darboux transformations.

In order to illustrate this method, consider for simplicity a spherical potential V (3D)
1 with radial

symmetry. The three-dimensional (3D) time-independent Schrödinger equation can be reduced to
(see Subsection 6.14.2 for more details):(

− d2

dr2
+ V1 (r)

)
u (r) = E u (r) ; r ≥ 0, (6.11.27)

where V1 and V
(3D)
1 are related as indicated by Eq. (6.14.16). In such a scenario, let us assume a

potential V1 supporting a continuous positive energy spectrum without bound states.
Now, consider a nonsingular oscillatory function u0 (a state in the continuum) associated with

an arbitrary energy E0 > 0 and satisfying that u0 (r = 0) = 0. In particular, this eigenfunction
will be used in the Darboux procedure to generate an isospectral family of potentials Ṽ1(η1).
Bearing in mind that u0 has nodes, the first step of the Darboux procedure gives rise to a singular
superpotential and a singular superpartner V2. Nonetheless, when E0 is reinserted in the second
step, the resulting isospectral family Ṽ1(η1) will be nonsingular. Surprisingly:

Ṽ1 (r; η1) = V1 (r)− 2
d2

dx2
ln (I1 (r) + η1) , (6.11.28)

with:

I1 (r) :=
ˆ r

u20 (α) dα, (6.11.29)

is a nonsingular isospectral family of potentials and supports a family of BICs of the form:

ũ0 (r; η1) =
u0 (r)

I1 (r) + η1
; η1 > 0. (6.11.30)

The following remarks are in order from the previous relations:
• We set u0 (r = 0) = 0 as a sufficient condition to guarantee that the future candidate to BIC

Eq. (6.11.30) fulfills one of the required boundary conditions of a bound state with:21

ũ0,− (η1) := ũ0 (r → 0; η1) = 0. (6.11.31)

• Clearly, u0 oscillates and u20 always increases as r → ∞. As a result, we can observe that:

ũ0,+ (η1) := ũ0 (r → ∞; η1) = 0. (6.11.32)

Furthermore, note that ũ0(η1) is now a normalizable function, provided that η1 > 0 to prevent
singularities in Ṽ1(η1) and ũ0(η1).

20As an example, in photonics, a BIC can be observed when two identical resonators radiate into the same
radiation channel and each resonator acts as a perfect mirror at the resonance frequency generating an optical
standing wave (e.g., see Fig. 3 of [259]).

21Let us remember that, as indicated in Section 6.3, a spatial bound state is an eigenfunction ψ continuous,
normalizable and usually satisfying the condition ψ± = 0. However, in radially-symmetric potentials, it is possible
to observe 1D regular bound states with ψ− ̸= 0 and finite [122], or 1D singular bound states with ψ− = ∞ [254].
In our example, for simplicity, we will consider 1D regular bound states satisfying that ũ0,± (η1) = 0.
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• From these previous remarks, we conclude that all the potentials Ṽ1(η1) have a BIC ũ0(η1)
at energy E0.

• Consider other nonsingular state in the continuum u1 of V1 at energy E1 (the order criterion
between E0 and E1 is irrelevant). The function:22

ũ1 (r; η1) = (E1 − E0)u1 (r) + ũ0 (r; η1)W [u0 (r) , u1 (r)] , (6.11.33)

is a state in the continuum at energy E1 of the family Ṽ1(η1) [216]. In other words, ũ1(η1)
satisfies the 1D time-independent Schrödinger equation:(

− d2

dr2
+ Ṽ1 (r; η1)

)
ũ1 (r; η1) = E1 ũ1 (r; η1) . (6.11.34)

• We can apply the Darboux procedure iteratively to generate an n-parameter isospectral
family of potentials supporting n BICs at different arbitrary energies E0, E1, . . . , En−1.

• The 3D spherical eigenfunctions Ψ̃0(η1) associated with the spherical potentials Ṽ (3D)
1 (η1)

which arise from the family Ṽ1(η1) via Eq. (6.14.16) are of the form:

Ψ̃0 (r, θ, ϕ; η1) =
1

r
ũ0 (r; η1)Θ (θ, ϕ) . (6.11.35)

Thus, Ψ̃0(η1) is a 3D BIC family if it is found to be a normalizable function for each η1 value.
To this end, we must check the necessary condition:

Ψ̃0,+ (η1) := Ψ̃0 (r → ∞, θ, ϕ; η1) = 0. (6.11.36)

which is directly satisfied taking into account that ũ0,+ (η1) = 0. However, note that the
condition Ψ̃0,− (η1) := Ψ̃0 (r → 0, θ, ϕ; η1) = 0 is not required in spherical potentials to
guarantee the normalization criterion in the 3D bound states [122].

As a representative example, consider a free particle on the half line with V1 (r) = 0 for r ≥ 0.
Now, we select a nonsingular oscillatory state u0 (r) = sin (kr) corresponding to an energy E0 = k2.
Applying the one-parameter Darboux procedure, we generate an isospectral family of potentials:

Ṽ1 (r; η1) =
32k2 sin4 (kr)

(2kr − sin (2kr) + 4kη1)
2 − 8k2 sin (2kr)

2kr − sin (2kr) + 4kη1
, (6.11.37)

supporting each one a BIC at energy E0 of the form:

ũ0 (r; η1) =
4k sin (kr)

2kr − sin (2kr) + 4kη1
; η1 > 0. (6.11.38)

Figure 6.9 shows the potential Ṽ1(η1) and the BIC ũ0(η1) for k = 5 and η1 = 0.5. As can
be seen, the original potential V1 and the eigenfunction u0 have become an oscillatory potential
Ṽ1(η1) and an oscillatory eigenfunction ũ0(η1) with an envelope proportional to 1/r. Surprisingly,
despite the oscillatory nature of ũ0(η1), this envelope makes ũ0(η1) and Ψ̃0(η1) normalizable wave
functions and, consequently, satisfying Eqs. (6.11.31), (6.11.32) and (6.11.36). As a result, the new
oscillatory potential Ṽ1(η1) has the possibility of keeping a particle trapped at the energy level
E0 = k2. In other words, we have created a BIC.

22W is the Wronskian, W[u0 (r) , u1 (r)] = u0 (r)u′1 (r)− u′0 (r)u1 (r).
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Figure 6.9. (a) Potential V1 of the free particle and isospectral potential of the one-parameter family
Ṽ1(η1) with η1 = 0.5. (b) Oscillatory eigenfunction u0 of V1 corresponding to k = 5 m−1 and BIC ũ0(η1)

of Ṽ1(η1) with η1 = 0.5. The radial coordinate has been normalized as rN := kr/2π. The BIC has not
been normalized to ∥ũ0(η1)∥2 = 1 in this figure.

6.12 Shape invariant potentials and SUSY
Shape invariant potentials (SIP) are of great interest in quantum mechanics to find new analytically
solvable potentials [265]. In the framework of SUSY QM, SIP allows us to: (i) calculate the
spectrum of a given potential and its (unbroken or broken) SUSY Hamiltonian chain in a simple
and elegant way, and (ii) analyze and design new potentials with desired scattering properties.

In general, we will say that two different potentials are shape invariant if they are similar in
shape and differ only in the parameters that appear in them. In this vein, two SUSY partner po-
tentials V1,2 are shape invariant if their shape is preserved when applying the SUSY transformation
to one of them to obtain its superpartner. More precisely, V1,2 are said to be shape invariant if
obey the relation:

V2 (x;a1) = V1 (x;a2) +M (a1) , (6.12.1)

where (a1,a2) ∈ Rp×Rp are a set of parameters related by a multivariate function f ∈ F(Rp,Rp)
of the form a2 = f (a1), and M ∈ F(Rp,R). In most cases, we will have p = 1.

Figure 6.10 shows the energy relation established by Eq. (6.12.1) between superpartners for
discrete and continuous spectra. In discrete spectra [Fig. 6.10(a)], Eq. (6.12.1) can be rewritten in
terms of the n-th discrete energy level of each system as:

E(2)
n (a1) = E(1)

n (a2) +M (a1) , (6.12.2)

with E
(2)
n (a1,2) = E

(1)
n+1 (a1,2) if SUSY is unbroken [i.e., m = n+ 1 and l = n− 1 in Fig. 6.10(a)],

or E(2)
n (a1,2) = E

(1)
n (a1,2) if SUSY is spontaneously broken [i.e., m = n = l in Fig. 6.10(a)]. In the

continuum [Fig. 6.10(b)], E(1) (a1,2) = E(2) (a1,2) and, consequently, we can omit the superindex
by writing E(1) (a1,2) = E(2) (a1,2) ≡ E (a1,2). In such a scenario, Eq. (6.12.1) establishes an
energy relation of the form:

E (a1) = E (a2) +M (a1) . (6.12.3)

Discrete spectra Now, let us take a closer look at the SIP relation when the superpartners sup-
port discrete spectra. As we will see, the most interesting results appear when SUSY is unbroken.
In such circumstances, one can easily calculate the energy levels of the original potential V1 (a1).

To clarify this point, consider an unbroken SUSY relation between both superpartners. It is
fundamental to note that the state of SUSY does not depend on the parameters of our problem, they
are only degrees of freedom. That is, if we assume an unbroken SUSY scenario, the relation between
V1 (ai) and V2 (ai) is unbroken ∀i ∈ {1, 2}. Obviously, this implies that E(1)

0 (a1) = E
(1)
0 (a2) = 0.
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Figure 6.10. Energy relation between SIP superpartners with (a) discrete and (b) continuous spectra.

Hence, we start by factorizing the Hamiltonian Ĥ1(a1) = Â
+
(a1)Â

−
(a1) as a function of the

SUSY operators:

Â
±
(a1) = ∓ d

dx
+W (x;a1) , (6.12.4)

and constructing the superpartner:

Ĥ2 (a1) = Â
−
(a1) Â

+
(a1) ≡ − d2

dx2
+ V2 (x;a1) , (6.12.5)

with V2 (x;a1) given by the SIP relation [Eq. (6.12.1)]. Thus, it is directly to see that:

Ĥ2 (a1) = Ĥ1 (a2) +M (a1) , (6.12.6)

which is in line with the energy relation given by Eq. (6.12.2). From both results [Eqs. (6.12.2) and
(6.12.6)] and bearing in mind that E(1)

0 (a2) = 0, it is directly to infer that:

E
(1)
1 (a1) = E

(2)
0 (a1) =M (a1) . (6.12.7)

Furthermore:

Ĥ2 (a1)ψ
(1)
0 (x;a2) = Ĥ1 (a2)ψ

(1)
0 (x;a2) +M (a1)ψ

(1)
0 (x;a2)

= E
(1)
0 (a2)ψ

(1)
0 (x;a2) +M (a1)ψ

(1)
0 (x;a2) =M (a1)ψ

(1)
0 (x;a2) . (6.12.8)

Since E(2)
0 (a1) = M (a1), we can infer that the bound state ψ(1)

0 (a2) is the same as ψ(2)
0 (a1).

Thus, ψ(1)
0 (x;a2) = ψ

(2)
0 (x;a1) ∝ Â

−
(a1)ψ

(1)
1 (x;a1), or conversely:

ψ
(1)
1 (x;a1) ∝ Â

+
(a1)ψ

(1)
0 (x;a2) . (6.12.9)
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To summarize, note that in the original potential V1 (a1), we have been able to calculate its second
energy level E(1)

1 (a1) from the value M (a1) and its corresponding bound state ψ(1)
1 (a1) from the

ground state ψ(1)
0 (a2), which can be directly found from ψ

(1)
0 (a1) by replacing the parameters a1

by a2 = f (a1).
In a similar way, we can repeat iteratively the above procedure to solve the first n energy

levels
{
E

(1)
k

}n

k=0
and the corresponding bound states

{
ψ
(1)
k (a1)

}n

k=0
of V1 (a1). To this end, we

should construct an unbroken SUSY Hamiltonian chain with n+1 shape invariant potentials with
Hamiltonians related as:

Ĥn+1 (a1) = Ĥ1 (an+1) +

n∑
i=1

M (ai) , (6.12.10)

with ai = (f̊)i−1 (a1) [e.g., a3 = (f̊)2 (a1) = (f ◦ f) (a1) = f(f(a1))] and keeping in mind that
E

(1)
0 (ai) = 0, ∀i ∈ {1, . . . , n+ 1}. The above equation establishes an energy relation for the k-th

energy level of Ĥn+1 (a1) and Ĥ1 (an+1) obeying the relation:

E
(n+1)
k (a1) = E

(1)
k (an+1) +

n∑
i=1

M (ai) . (6.12.11)

Moreover, from Eq. (6.12.11) we can infer the following relation between bound states:23

ψ
(1)
k+n (x;a1) ∝ Â

+

1 (a1) Â
+

2 (a1) . . . Â
+

n (a1)ψ
(1)
k (x;an+1) . (6.12.12)

As a result, we can calculate the n-th energy level E(1)
n (a1) and its corresponding bound state

ψ
(1)
n (a1) in the original potential V1 (a1) only using the parameters and the ground state of the

own system. Specifically, taking k = 0 in Eqs. (6.12.11) and (6.12.12) we find that:

E(1)
n (a1) =

n∑
i=1

M (ai) ; (6.12.13)

ψ(1)
n (x;a1) ∝ Â

+

1 (a1) Â
+

2 (a1) . . . Â
+

n (a1)ψ
(1)
0 (x;an+1) , (6.12.14)

with an+1 = (f̊)n (a1). The general case with E
(1)
0 (ai) ̸= 0 can be solved by performing an

adequate energy shift of the Hamiltonian Ĥ1(ai) of the form Ĥ1,eq(ai) := Ĥ1(ai) − E
(1)
0 (ai) and

later applying the aforementioned procedure. As an illustrative example, in [266] is detailed how
to calculate the spectrum of the hydrogen atom by using this method. Likewise, it is worthy to
mention that we can directly calculate the (unbroken or broken) SUSY Hamiltonian chain of shape
invariant superpartners by using Eq. (6.12.10). This result will be retrieved in Chapter 8.

23It can be noted that:

Ĥn+1 (a1)ψ
(1)
k (x;an+1) = Ĥ1 (an+1)ψ

(1)
k (x;an+1) +

n∑
i=1

M (ai)ψ
(1)
k (x;an+1)

= E
(1)
k (an+1)ψ

(1)
k (x;an+1) +

n∑
i=1

M (ai)ψ
(1)
k (x;an+1)

=

[
E

(1)
k (an+1) +

n∑
i=1

M (ai)

]
ψ
(1)
k (x;an+1)

= E
(n+1)
k (a1)ψ

(1)
k (x;an+1) ≡ E

(n+1)
k (a1)ψ

(n+1)
k (x;a1) ,

that is, ψ(1)
k (x;an+1) = ψ

(n+1)
k (x;a1) ∝ Â−

n (a1) Â−
n−1 (a1) . . . Â

−
1 (a1)ψ

(1)
k+n (x;a1), or conversely, using the

SUSY operators Â+
i (a1) (i ∈ {1, . . . , n}) we find Eq. (6.12.12).
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Continuous spectra In the continuum, the SIP relation given by Eq. (6.12.1) will allow us to
analyze an design new potentials with specific scattering properties. In such a scenario, we will
revisit the scattering relations given by Eq. (6.10.9) and we will demonstrate that the particle wave
number k± does not depend on the SIP parameters.

Consider two SUSY partners potentials V1 and V2 in the continuum satisfying the SIP relation
indicated by Eq. (6.12.1). From this equation we can infer the following remarks in the spatial
scattering problem discussed in Section 6.10:

• The energy relation given by Eq. (6.12.3) must be satisfied in the continuum, with E (ai)
being the energy spectrum of the SUSY partners V1,2 (ai) and i ∈ {1, 2} [see Fig. 6.10(b)].

• Since Vi,± (aj) =W 2
± (aj) ∀ (i, j) ∈ {1, 2}2, then:

W 2
± (a1) =W 2

± (a2) +M (a1) . (6.12.15)

Consequently, the superpotential depends on the SIP parameters at x→ ±∞.

• From the SIP theory applied to discrete spectra, we know that:

ψ(2) (x;a1) = ψ(1) (x;a2) . (6.12.16)

• Interestingly, the particle wave number (or equivalently, the phase constant of the reflected
and transmitted plane waves) does not depend on the SIP parameters at x → ±∞. Using
Eqs. (6.10.5), (6.12.3) and (6.12.15) we observe that:

k2± (a1) = E (a1)−W 2
± (a1) = E (a2) +M (a1)−W 2

± (a2)−M (a1)

= E (a2)−W 2
± (a2) = k2± (a2) . (6.12.17)

• From Eq. (6.12.16), we can infer that R2 (a1) = R1 (a2) and T2 (a1) = T1 (a2). As a result,
Eq. (6.10.9) can be restated as:

R1 (a2)

R1 (a1)
=
W− (a1) + jk−
W− (a1)− jk−

;
T1 (a2)

T1 (a1)
=
W+ (a1)− jk+
W− (a1)− jk−

. (6.12.18)

• In a SUSY Hamiltonian chain withm shape invariant potentials in the continuum, Eq. (6.12.1)
can be generalized to:

Vm (x;a1) = V1 (x;am) +

m−1∑
i=1

M (ai) , (6.12.19)

with ai = (f̊)i−1 (a1) as commented before. Hence, Eqs. (6.12.3), (6.12.15) and (6.12.16)
become:

E (a1) = E (am) +

m−1∑
i=1

M (ai) ; (6.12.20)

W 2
± (a1) =W 2

± (am) +

m−1∑
i=1

M (ai) ; (6.12.21)

ψ(m) (x;a1) = ψ(1) (x;am) . (6.12.22)

Thus, Rm (a1) = R1 (am), Tm (a1) = T1 (am) and the scattering relations given by Eq. (6.10.12)
can be recast as:

R1 (am)

R1 (a1)
=

(
W− (a1) + jk−
W− (a1)− jk−

)m−1

;
T1 (am)

T1 (a1)
=

(
W+ (a1)− jk+
W− (a1)− jk−

)m−1

. (6.12.23)
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Classification of shape invariant potentials A fundamental problem within the context of
SUSY QM is to perform a classification of different solutions to the shape invariance condition.
Once such a classification is available, then one can discover new SIPs which are solvable by purely
algebraic methods. Although the general case is an outstanding problem in quantum mechanics,
two main classes of solutions have been discovered in the literature. In the first class, the set
of parameters a1 and a2 are real numbers (i.e., a1,2 ≡ a1,2) related by a translation operation
(a2 = a1 + α). In the second class, the set of parameters are also real numbers related by scaling
(a2 = qa1). There are other class of solutions combining translation and scaling [216], but they
are out of the scope of this chapter.

Along this line, it is interesting to highlight the possibility of constructing superpartners con-
nected by a SIP relation of scaling when using an even superpotential [W (x) =W (−x)]. In such
a case, we can infer from the Riccati equation that:

V2 (x) =W 2 (x) +W ′ (x) =W 2 (−x)−W ′ (−x) = V1 (−x) . (6.12.24)

Rewriting Eq. (6.12.24) as V2 (a1x) = V1 (a2x) and comparing this expression with the SIP con-
dition [Eq. (6.12.1)], we find that M = 0 and the set of parameters a1 and a2 are real numbers
connected as a2 = −a1 = −1, i.e., we have a scaling SIP relation between superpartners.24

6.13 SUSY in optics, acoustics and thermodynamics
In previous sections, we have presented the formalism of supersymmetry in quantum mechanics.
Interestingly, the time-independent Schrödinger equation upon which the SUSY QM theory was
constructed is formally equal to the Helmholtz equation that appears in different optical, acoustic
and thermodynamic problems. In this way, the ideas of SUSY can be extrapolated to other areas of
physics, allowing for the possibility of presenting SUSY as a general tool of analysis and synthesis.
As a result, new physical phenomena and applications can be investigated in these aforementioned
branches of physics. In the following, we first discuss some interesting examples in the optical case
as an illustrative vehicle, and at the end of this section, we indicate how to extrapolate these ideas
to acoustics and thermodynamics.

6.13.1 Optical SUSY
As a first and basic example, let us consider a dielectric slab waveguide [Fig. 6.11(a)]. Without
loss of generality, the refractive index profile n1 (x) can be assumed symmetric (even function) or
asymmetric. The propagation in the linear regime is governed by the following wave equation in
the frequency domain:25 (

△+
ω2

c20
n21 (x)

)
Ẽ
(1)

(r, ω) = 0, (6.13.1)

where ω is the angular frequency, c0 is the speed of light at the vacuum and Ẽ
(1)

is the Fourier
transform of the electric field strength of the slab.

In this example, we are interested in guided modes (≡bound modes). If we restrict the modal
analysis to the transverse electric (TE) modes [propagation in the xz plane assuming the electric
field strength of the form Ẽ

(1)
(r, ω) = Ẽ(1) (x, z, ω) ûy], the above equation is reduced to:(
∂2x + ∂2z +

ω2

c20
n21 (x)

)
Ẽ(1) (x, z, ω) = 0, (6.13.2)

24On the contrary, we cannot directly obtain a SIP relation between superpartners from an odd superpotential
[W (x) = −W (−x)]. In such a case, we only find that V1 and V2 are even functions by using the Riccati equation:

V1 (x) =W 2 (x)−W ′ (x) =W 2 (−x)−W ′ (−x) = V1 (−x) ;

V2 (x) =W 2 (x) +W ′ (x) =W 2 (−x) +W ′ (−x) = V2 (−x) ,

but we do not infer a SIP relation between V1 and V2 as in the even superpotential.
25We omit the material dispersion (∂ωn1 = 0) for simplicity.
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where:

Ẽ(1) (x, z, ω) =

∞∑
n=0

ψ(1)
n (x) exp

(
−jk(1)n z

)
, (6.13.3)

and k
(1)
n is the z-component of the wave vector of the n-th TE mode, which can be expressed as

a function of the effective index as k(1)n = (ω/c0)n
(1)
eff,n. Along this line, note that here ω is not

considered a variable, it is just a parameter of our problem. Now, combining Eqs. (6.13.2) and
(6.13.3) we find that:(

− d2

dx2
− ω2

c20
n21 (x)

)
ψ(1)
n (x) = −ω

2

c20

(
n
(1)
eff,n

)2
ψ(1)
n (x) , (6.13.4)

which is formally equal to the 1D time-independent Schrödinger equation by identifying:

V1 (x) ≡ −ω
2

c20
n21 (x) ; E(1)

n ≡ −ω
2

c20

(
n
(1)
eff,n

)2
. (6.13.5)

Therefore, we can construct a supersymmetric slab from the original one with totally or partially
degenerate TE modes by using the different SUSY transformations discussed in previous sections.
As an example, we show in Fig. 6.11(b) the refractive index profiles and the spectra (TE modes) of
two unbroken SUSY-connected slabs. In both cases, the ground state of each slab has the highest
effective index and, consequently, the lowest energy [see Eq. (6.13.5)]. In a similar way, broken
SUSY and isospectral constructions can also be investigated in this scenario. Prof. Demetrios
Christodoulides and coworkers reported the fundamentals of SUSY applied to optical waveguides
in [228]. As a byproduct, unprecedented mode filtering and mode conversion applications were
demonstrated. These results provided a starting point to design novel 1D optical devices [229,230,
232–239,241,242].

Figure 6.11. (a) Schematic representation of an optical slab waveguide with refractive index profile n1 (x),
which can be assumed symmetric or asymmetric. (b) Supersymmetric slab waveguides and associated
spectra (TE modes) connected by an unbroken SUSY transformation. As can be seen, the ground state
of the bosonic slab (left) has not SUSY counterpart in the fermionic slab (right) because SUSY is unbroken.

In a second example, we focus our attention on analyzing the scattering properties of a 1D
heterogeneous optical medium with refractive index profile n1 (x) (e.g., the slab waveguide of the
previous example). That is, we are now interested in the reflection and transmission amplitudes
associated with a plane wave impinging onto the optical medium from the left, as depicted in
Fig. 6.12(a). This scenario is exactly described by the same wave equation as in the previous
example [Eq. (6.13.1)]. Nonetheless, the electric field strength associated with the incident (I),
reflected (R) and transmitted (T) plane waves at the angular frequency ω0 is of the form:

Ẽ
(1)

I (r, ω0) ∼
x→−∞

exp
(
−jk(1)x,−x

)
exp

(
jk(1)z z

)
ûy; (6.13.6)

Ẽ
(1)

R (r, ω0) ∼
x→−∞

R1 exp
(
jk

(1)
x,−x

)
exp

(
jk(1)z z

)
ûy; (6.13.7)

Ẽ
(1)

T (r, ω0) ∼
x→+∞

T1 exp
(
−jk(1)x,+x

)
exp

(
jk(1)z z

)
ûy, (6.13.8)
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where R1 and T1 are the scattering amplitudes of the reflected and transmitted plane waves,
k
(1)
z is the z-component of the wave vector of the plane waves,26 and k

(1)
x,± is the x-component

of the wave vector of the plane waves at the beginning (x → −∞) and at the end (x → ∞)
of the problem. Along this line, it should be noted that the following relation must be fulfilled
[n1,± := n1(x→ ±∞)]:

n21,±k
2
0 =

(
k
(1)
x,±

)2
+
(
k(1)z

)2
, (6.13.9)

with:

k
(1)
x,± = n1,±k0 cos θ±; k(1)z = n1,±k0 sin θ±, (6.13.10)

and k0 = ω0/c0 is the free-space wave number.
This scenario is formally equal to the spatial scattering problem of the free particle discussed

in Section 6.10. Assuming the global electric field strength in the frequency domain of the form:

Ẽ
(1)

(r, ω) = π
[
ψ(1) (x) exp

(
jk(1)z z

)
δ (ω − ω0) + c.c.

]
ûy, (6.13.11)

with ψ(1) including the variations of k(1)x on the full line and the abbreviation c.c. indicating the
complex conjugate term, we derive the following equation from Eq. (6.13.1) at ω = ω0:(

− d2

dx2
− k20n

2
1 (x)

)
ψ(1) (x) = −

(
k(1)z

)2
ψ(1) (x) , (6.13.12)

which matches the 1D time-independent Schrödinger equation by identifying:

V1 (x) ≡ −k20n21 (x) ; E(1) ≡ −
(
k(1)z

)2
. (6.13.13)

From this quantum-optical analogy we infer that:

• In contrast to the first example of optical SUSY, note that we have now a continuous spectrum
given that k(1)z ranges in a continuous interval [0, k0n1,−]. The value of the energy can be
changed by modifying the angle of incidence θ−.

• Bearing in mind that V1,± = V2,± ≡ V± and assuming all-dielectric media, we infer that
n1,± = n2,± ≡ n±. Consequently, k(1)x,± = k

(2)
x,± ≡ kx,±, which plays the same role as that of

the particle wave number k± in the spatial scattering of QM. Moreover, note that k(1)z = k
(2)
z

since E(1) = E(2).

From these remarks, it is obvious that the results of Section 6.10 can be directly extrapolated to
this scenario. Hence, the scattering amplitudes in n1 (x) and n2 (x) are connected by Eq. (6.10.9).
Remarkably, these relations can be used to analyze the reflection and transmission coefficients of
complicated refractive index profiles without the necessity of solving Maxwell’s equations. Further-
more, specific refractive index profiles with desired scattering properties can also be designed by
using Eq. (6.10.9) [232]. As an interesting example, we can design a reflectionless refractive index
profile using the superpotential given by Eq. (6.10.13):27

n2 (x) =

√
1 + 2sech2 (k0x). (6.13.14)

The non-reflecting behavior of n2 is illustrated in Fig. 6.12(c).
26Note that k(1)z is assumed to be constant to guarantee the continuity of the tangential component of E and H.

This yields to the well-known Snell’s law n1,− sin θ− = n1,+ sin θ+, where n1,± := n1(x→ ±∞).
27From the superpotential given by Eq. (6.10.13) we can construct the reflectionless SUSY partners V1 (x) = A2

and V2 (x) = A2 − 2A2sech2 (Ax). Therefore, the shifted potentials V 1,2 (x) = V1,2 (x)− 2A2 will exhibit the same
scattering properties, i.e., they will be reflectionless. Finally, from the relation V 2 (x) = −k20n2

2 (x) and taking
A = k0 we obtain Eq. (6.13.14).
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Figure 6.12. (a) Scattering of an electromagnetic plane wave in an optical medium with a refractive index
profile n(x). Scattering behavior of an incident optical beam in: (b) a step-index slab and (c) a slab with
a refractive index profile given by Eq. (6.13.14), a SUSY partner of a constant refractive index. As seen,
in contrast to the step-index slab, the sech profile does not generate a reflected wave. The numerical
simulations have been performed by using COMSOL Multiphysics.

6.13.2 Extension to acoustics and thermodynamics
The use of the ideas of 1D SUSY QM in different branches of physics requires to obtain a Helmholtz
equation. This possibility can be done in a variety of scenarios and it is almost impossible to cover
all the possibilities in this subsection. Therefore, we only included some basic examples in optics,
acoustics and thermodynamics. Specifically, in these areas of physics, we usually deal with wave
and diffusion equations of a scalar field U (r, t) which admits separation of variables of the form
U (r, t) = U (r) T (t). In such a case, the wave and diffusion equations can usually be reduced to
a partial differential equation of the form:

A−1 (r)∇ · (B (r)∇U (r)) + ξU (r) = 0, (6.13.15)

with ∂2t T /T = −ξ = −ω2
0 for wave equations and ∂tT /T = −ξ for diffusion equations. The

physical meaning of A, B and U is shown in Table 6.1 for each branch of physics. In the cases
where:28 (i) B is constant or presents a slow variation in comparison with the spatial period of U ,
(ii) A is a function of one variable [e.g., let us assume A (x)], and (iii) the above equation admits
a solution of the form:

U (r) = ψ (x) exp (±jkyy) exp (±jkzz) , (6.13.16)

we will be able to reduce Eq. (6.13.15) to a Helmholtz equation:(
− d2

dx2
− ξB−1A (x)

)
ψ (x) = −

(
k2y + k2z

)
ψ (x) , (6.13.17)

which is formally equal to the 1D time-independent Schrödinger equation with an equivalent po-
tential V (x) ≡ −ξB−1A (x) and equivalent energy E ≡ −

(
k2y + k2z

)
. As a result, the application

of 1D SUSY transformations to Eq. (6.13.17) is then straightforward.29

28Other possible scenarios are discussed in the next section.
29Interestingly, the mathematical strategies of 1D SUSY QM can also be employed in other branches of physics

such as in black hole perturbation theory [267]. However, the technical details of this work are out of the scope of
this introduction to supersymmetry.
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Physics U A (x) B V (x) = −ξB−1A (x)

Optics (µr = 1) ET c−2
0 εr (x) 1 −

(
ω2
0/c

2
0

)
εr (x)

Optics (εr = 1) HT c−2
0 µr (x) 1 −

(
ω2
0/c

2
0

)
µr (x)

Pressure acoustics P ρ−1c−2
S (x) ρ−1 −ω2

0c
−2
S (x)

Potential acoustics ϕ ρc−2
S (x) ρ −ω2

0c
−2
S (x)

Thermodynamics T ρ (x)C (x) K −ξK−1ρ (x)C (x)

Table 6.1. Application of supersymmetry to different branches of physics. In optics, ET, HT, εr, µr, c0
and ω0 are respectively the electric field strength, the magnetic field strength, the electric permittivity,
the magnetic permeability, the speed of light in vacuum and the angular frequency of the electromagnetic
wave.30 In acoustics, P , ϕ, ρ, cS and ω0 are respectively the acoustic pressure, the velocity potential, the
background or static mass density, the speed of sound in the medium and the angular frequency of the
acoustic wave. In thermodynamics, T , ρ, C and K are respectively the temperature distribution, the mass
density of the material, the specific heat capacity and the thermal conductivity [243].

6.14 Further reading
So far, SUSY has been revealed as a potential bridge to extrapolate the ideas of quantum mechanics
to other fields of physics. Unfortunately, 1D SUSY requires to work with a 1D Helmholtz equation,
which gives rise to several important limitations:

• In some cases, in photonics, acoustics and thermodynamics we should deal with a Sturm-
Liouville eigenvalue equation similar to Eq. (6.3.1):

Ĥψ (x) = λψ (x) ; x ∈ [a, b] ⊆ R, (6.14.1)

but with a linear operator Ĥ of the form:

Ĥ := −σ (x) d2

dx2
− τ (x)

d
dx

+ V (x) , (6.14.2)

where (σ, τ, V, ψ) ∈ F(R,R)4 and λ ∈ R. As an example, this occurs when B presents a
rapid variation in the previous section [Eq. (6.13.15)]. Hence, in order to exploit the ideas
of 1D SUSY, we must reduce Eq. (6.14.1) to a Helmholtz equation or perform a general
factorization of the Sturm-Liouville operator [268,269].

• 1D SUSY is restricted to scalar systems. Therefore, the possibility of including more dimen-
sions or some fundamental properties such as the polarization of light in photonics is not
straightforward.

In the following, we propose different possibilities to deal with these limitations. In Subsection
6.14.1, we propose a method to reduce Eq. (6.14.1) to a Helmholtz equation. In Subsection 6.14.2,
we discuss the possibility of applying 1D SUSY to three-dimensional (3D) potentials exhibiting
radial or axial symmetry. In Subsection 6.14.3, we present the basic concepts of two-dimensional
(2D) SUSY QM. Finally, in Subsection 6.14.4, we include a brief description of some of the omitted
topics in the SUSY QM literature.

6.14.1 From a general second-order ODE to a Helmholtz equation
How can we convert Eq. (6.14.1) to a Helmholtz equation? To solve this question, let us generalize
the problem by considering the ODE [y = g (x)]:

a0 (x) y
′′ + a1 (x) y

′ + a2 (x) y = a3 (x) , (6.14.3)
30In optics, ET and HT represent a transversal component of the complex amplitude (phasor) of the electric and

magnetic field strength, respectively. We have employed here the complex amplitude instead of using the Fourier
transform ẼT and H̃T (as in the previous subsection) given that we have particularized the optical wave equation
to a single angular frequency ω = ω0. This remark is also found to be valid for the acoustic case.
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with g ∈ F (R,C) and ai ∈ F (R,C), ∀i ∈ {0, 1, 2, 3}. It should be noted that Eq. (6.14.3) is reduced
to Eq. (6.14.1) identifying a0 (x) ≡ −σ (x), a1 (x) ≡ −τ (x), a2 (x) ≡ V (x) − λ and a3 (x) ≡ 0.
Thus, our initial question can be solved if we are able to eliminate the first-order derivative term
in Eq. (6.14.3). To this end, we should firstly rewrite Eq. (6.14.3) as:

y′′ + b1 (x) y
′ + b2 (x) y = b3 (x) , (6.14.4)

with bi := ai/a0, ∀i ∈ {1, 2, 3}. At this point, we should analyze the possible singularities that can
appear in the bi functions.

Secondly, we introduce in Eq. (6.14.4) the function f defined as b1 := 2f ′/f . In this way,
Eq. (6.14.4) becomes:

y′′ + 2
f ′ (x)

f (x)
y′ + b2 (x) y = b3 (x) , (6.14.5)

where:
f (x) = A exp

(
1

2

ˆ x

b1 (τ) dτ
)
, (6.14.6)

and A is a constant of integration.
Thirdly, defining the complex number z = h (x) with h ∈ F (R,C), we perform the transfor-

mation y = fα (x) zβ in Eq. (6.14.5), with (α, β) ∈ R2. After some algebra, it is straightforward
to demonstrate that the terms in z′ can be eliminated by taking α = −1 and β = 1. As a result,
Eq. (6.14.5) becomes a non-homogeneous Helmholtz equation with variable coefficients:

z′′ +

(
b2 (x)−

1

2
b′1 (x)−

1

4
b21 (x)

)
z = b3 (x) f (x) . (6.14.7)

If b3 = 0 (≡ a3 = 0), Eq. (6.14.3) can be transformed into a homogeneous Helmholtz equation
with variable coefficients using this procedure and, therefore, it can be connected with the time-
independent Schrödinger equation of quantum mechanics.

6.14.2 SUSY in radially- and axially-symmetric potentials
Along this chapter, we have extensively discussed the ideas of 1D SUSY QM on the full line (x ∈ R).
However, the unique features of 1D SUSY can also be exploitable in n-dimensional potentials [216].
In this subsection, we show how we can reduce the 3D time-independent Schrödinger equation:(

−△+ V (3D) (r)
)
Ψ(r) = E(3D)Ψ(r) , (6.14.8)

to a 1D equation in physical systems with radial or axial symmetry.

6.14.2.1 Radially-symmetric potentials

We start by assuming a spherical potential with radial symmetry and a discrete energy spectrum
in Eq. (6.14.8):

Ψ(r) ≡ Ψnlm (r, θ, ϕ) ; V (3D) (r) ≡ V (3D) (r) ; E(3D) ≡ E
(3D)
nlm . (6.14.9)

In this scenario, Eq. (6.14.8) can be reduced to:[
− 1

r2
∂r
(
r2∂r

)
+
l̂
2

r2
+ V (3D) (r)− E

(3D)
nlm

]
Ψnlm (r, θ, ϕ) = 0, (6.14.10)

where l̂
2

is the square of the angular momentum operator:

l̂
2
= −

[
1

sin θ
∂θ (sin θ ∂θ) +

1

sin2 θ
∂2ϕ

]
. (6.14.11)
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The dimensional reduction of Eq. (6.14.10) can be performed by applying the following separa-
tion of variables to Ψnlm:

Ψnlm (r, θ, ϕ) =
1

r
unl (r)Θlm (θ, ϕ) , (6.14.12)

satisfying that:
l̂
2
unl = l (l + 1)unl; l̂

2
Θlm = l (l + 1)Θlm. (6.14.13)

In this way, Eq. (6.14.10) becomes:(
− d2

dr2
+ V (3D) (r) +

l (l + 1)

r2

)
unl (r) = E

(3D)
nlm unl (r) . (6.14.14)

Interestingly, the above equation matches the 1D Schrödinger equation (defined on the half line
x ≥ 0): (

− d2

dx2
+ V (1D) (x)

)
ψn (x) = E(1D)

n ψn (x) , (6.14.15)

by performing the relabeling x→ r and identifying:

V (1D) (r) ≡ V (3D) (r) +
l (l + 1)

r2
; E(1D)

n ≡ E
(3D)
nlm ; ψn ≡ unl, (6.14.16)

assuming a constant value of the parameters l and m, accounting for the angular order of the
spherical bound states Ψnlm. Consequently, using 1D SUSY we will be able to connect radially-
symmetric spherical potentials supporting bound states Ψnlm with the same (different) radial order
using a broken (unbroken) SUSY transformation. In this scenario, note that the SUSY functions
u(1) and u(2) could have a different l parameter in each superpartner. That is, we should assume
V

(1D)
1 and V

(1D)
2 of the form:

V
(1D)
i (r) = V

(3D)
i (r) +

li (li + 1)

r2
; i ∈ {1, 2} . (6.14.17)

On the other hand, in spite of the fact that we have assumed a discrete EVP in Eq. (6.14.9), we
could also consider 3D potentials with continuum energy spectrum to engineer radially-symmetric
potentials with the same scattering properties by using 1D SUSY transformations involving real
superpotentials.

6.14.2.2 Axially-symmetric potentials

Now, let us focus our attention on cylindrical potentials with axial symmetry. Once again, our
starting point is Eq. (6.14.8) assuming a discrete energy spectrum of the form:

Ψ(r) ≡ Ψmn (r, φ, z) ; V (3D) (r) ≡ V (3D) (r) ; E(3D) ≡ E(3D)
mn . (6.14.18)

In such circumstances, Eq. (6.14.8) can be expressed as:[
−∂2r − 1

r
∂r −

1

r2
∂2φ − ∂2z + V (3D) (r)− E(3D)

mn

]
Ψmn (r, φ, z) = 0. (6.14.19)

At this point, the dimensional reduction of the above equation can be performed by applying
the following separation of variables to Ψmn:

Ψmn (r, φ, z) =
1√
r
umn (r) exp (jmφ) exp (−jβmnz) . (6.14.20)

As a result, Eq. (6.14.19) can be reduced to:(
− d2

dr2
+ V (3D) (r) +

m2

r2
− 1

4r2

)
umn (r) =

(
E(3D)

mn − β2
mn

)
umn (r) . (6.14.21)
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We can observe that the above equation matches the 1D Schrödinger equation defined on the half
line x ≥ 0 [Eq. (6.14.15)] by performing the relabeling x→ r and identifying:

V (1D) (r) ≡ V (3D) (r) +
m2

r2
− 1

4r2
; E(1D)

n ≡ E(3D)
mn − β2

mn; ψn ≡ umn, (6.14.22)

assuming a constant value of the parameter m, accounting for the azimuthal order of the cylindrical
bound states Ψmn. Accordingly, 1D SUSY allows us to connect axially-symmetric cylindrical
potentials supporting bound states Ψmn with the same (different) radial order using a broken
(unbroken) SUSY transformation (see Chapter 7). In such a case, it should be noted that the
SUSY functions u(1) and u(2) could have a different m parameter in each superpartner. In other
words, we should assume V (1D)

1 and V
(1D)
2 of the form:

V
(1D)
i (r) = V

(3D)
i (r) +

m2
i

r2
− 1

4r2
; i ∈ {1, 2} . (6.14.23)

In a similar way as in the previous subsection, it is worth mentioning that, operating with con-
tinuum spectra, SUSY will allow us to design axially-symmetric potentials with the same scattering
properties, provided that we use a real-valued superpotential.

6.14.2.3 Degeneracy breaking

Crucially, the dimensional reduction of the previous subsections may alter the degeneracy between
the 3D superpartners V (3D)

1 and V
(3D)
2 . This possibility has not been analyzed so far and will be

essential for some of the most interesting results derived from our study in Chapter 7. In particular,
the following considerations are in order:

• From Eqs. (6.14.17) and (6.14.23), inverse-square potentials V (1D) appear for a nonsingular
potential V (3D). The corresponding 1D eigenvalue problem [Eq. (6.14.15)] may be ill-defined
if it is not possible to choose a unique basis of eigenfunctions based on square integrability
and boundary conditions (see [254] for more details of such a situation).

• Inverse-square SUSY potentials V (1D)
1,2 may be connected by a singular superpotential. As a

consequence, the degeneracy between V (3D)
1,2 will only be preserved if the 3D SUSY functions

Ψ(2), calculated from the bound states Ψ(1) by combining u(2) ∝ Â
−
u(1) with Eqs. (6.14.12)

and (6.14.20), are found to be bound states.

In this context, the work of T. D. Imbo and U. P. Sukhatme [270] could be of extreme utility to
elucidate if SUSY is broken. Remarkably, the authors demonstrated the following statement:

lim
r→0

r |W (r)| < 0.5 =⇒ SUSY is broken. (6.14.24)

6.14.3 Two-dimensional (2D) SUSY QM
The natural strategy to include two dimensions and the polarization of light in optical SUSY is to
use 2D SUSY QM [271]. In the following, we will perform a brief review about the construction of
the 2D SUSY QM theory. To simplify the discussion, we will use a more economical notation by
employing the Einstein summation convention over the repeated subindexes.

Interestingly, 2D SUSY QM connects two scalar systems with Hamiltonians Ĥ
(1)

and Ĥ
(3)

to a
vector system with Hamiltonian Ĥ

(2)

ik , all of them described by the time-independent Schrödinger
equations [(i, k) ∈ {1, 2}2]:

Ĥ
(1,3)

ψ(1,3) (x) = E(1,3)ψ(1,3) (x) ; (6.14.25)

Ĥ
(2)

ik ψ
(2)
k (x) = E(2)ψ

(2)
i (x) , (6.14.26)
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where Ĥ
(1,3)

:= −△+V (1,3) (x), Ĥ
(2)

ik := −δik△+V
(2)
ik (x), δik is the Kronecker delta function and

x = x1û1 + x2û2. The basic idea of 2D SUSY QM is to factorize the above Hamiltonians by using
the following linear operators:31

Â
±
i := ∓∂i +Wi (x) = ∓∂i + (∂iM) (x) ; (6.14.27)

B̂
±
i := ϵikÂ

∓
k , (6.14.28)

where W =Wiûi ∈ F(R2
,R2

) is the superpotential, M ∈ F(R2
,R) is an auxiliary scalar function

and ϵik is the Levi-Civita tensor:

[ϵik] :=

[
0 1
−1 0

]
. (6.14.29)

Thus, B̂
±
1 = Â

∓
2 and B̂

±
2 = −Â

∓
1 . In this scenario, the mutual orthogonal condition:

Â
±
i B̂

∓
i = 0̂, (6.14.30)

emerges as a necessary condition of the nilpotency of the supercharges [see below Eq. (6.14.38)].
The first and the third systems are factorized as:

Ĥ
(1)

= Â
+

i Â
−
i ; Ĥ

(3)
= B̂

+

i B̂
−
i = Â

−
i Â

+

i . (6.14.31)

Hence, V (1,3) and W are connected via the equation:

V (1,3) (x) =W 2
i (x)∓ ∂iWi (x) = (∂iM)

2
(x)∓ ∂2iM (x) . (6.14.32)

Moreover, the second system is factorized as:

Ĥ
(2)

ik = Â
−
i Â

+

k + B̂
−
i B̂

+

k = δikĤ
(1)

+
[
Â

−
i , Â

+

k

]
, (6.14.33)

which yields the following relation between V
(2)
ik and V (1):

V
(2)
ik (x) = δikV

(1) (x) +
[
Â

−
i , Â

+

k

]
= δikV

(1) (x) + 2∂ikM (x) , (6.14.34)

provided that ψ(2)
i ∈ C2(I), where I ⊂ R2 is the subset where the potentials are defined.

In a similar way as in 1D SUSY QM, the three quantum systems can be described by a matrix
EVP of the form:

H |ψ⟩ = E |ψ⟩ , (6.14.35)

with the superhamiltonian and the eigenfunctions defined as:

H :=


Ĥ

(1)
0̂ 0̂ 0̂

0̂ Ĥ
(2)

11 Ĥ
(2)

12 0̂

0̂ Ĥ
(2)

21 Ĥ
(2)

22 0̂

0̂ 0̂ 0̂ Ĥ
(3)

 ; |ψ⟩ :=


ψ(1)

ψ
(2)
1

ψ
(2)
2

ψ(3)

 . (6.14.36)

Note that: (i) we use the same eigenvalue for the three systems given that E(1) = E(2) = E(3)

(see below), and (ii) we use here the symbol E (energy in its quantum-mechanical sense) to describe
only the physical eigenfunctions |ψ⟩ by assuming that ψ(1,3) and ψ(2)

i are continuous normalizable
functions. At this point, we introduce the supercharges:

31Note that the linear operator Â±
1 matches to the linear operator Â± of 1D SUSY QM, i.e., Â±

1 ≡ Â±.
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Q− :=


0̂ 0̂ 0̂ 0̂

Â
−
1 0̂ 0̂ 0̂

Â
−
2 0̂ 0̂ 0̂

0̂ B̂
+

1 B̂
+

2 0̂

 ; Q+ :=


0̂ Â

+

1 Â
+

2 0̂

0̂ 0̂ 0̂ B̂
−
1

0̂ 0̂ 0̂ B̂
−
2

0̂ 0̂ 0̂ 0̂

 , (6.14.37)

satisfying the commutation and anticommutation relations:[
H,Q±] = 0; H =

{
Q±,Q∓} ; {

Q±,Q±} = 0, (6.14.38)

which define the algebra of 2D SUSY QM, the closed Lie superalgebra sl (4,C).
From

[
H,Q±] = 0, we can derive the intertwining relations between the Hamiltonians and their

corresponding wave functions:[
H,Q+

]
= 0 ≡ Ĥ

(1)
Â

+

i = Â
+

k Ĥ
(2)

ki ∧ Ĥ
(2)

ik B̂
−
k = B̂

−
i Ĥ

(3)
(6.14.39)

≡ ψ(1) ∝ Â
+

i ψ
(2)
i ∧ ψ

(2)
i ∝ B̂

−
i ψ

(3); (6.14.40)[
H,Q−] = 0 ≡ Ĥ

(2)

ik Â
−
k = Â

−
i Ĥ

(1)
∧ Ĥ

(3)
B̂

+

i = B̂
+

k Ĥ
(2)

ki (6.14.41)

≡ ψ
(2)
i ∝ Â

−
i ψ

(1) ∧ ψ(3) ∝ B̂
+

i ψ
(2)
i . (6.14.42)

Using these intertwining relations in Eqs. (6.14.25) and (6.14.26), it is straightforward to verify that
E(1) = E(2) = E(3). Nonetheless, in spite of the fact that E(1) = E(3), note that the eigenfunctions
ψ(1) and ψ(3) are not connected due to the mutual orthogonality condition [Eq. (6.14.30)] imposed
by the nilpotency of the supercharges [Eq. (6.14.38)]:

ψ(3) ∝ B̂
+

i ψ
(2)
i ∝ B̂

+

i Â
−
i ψ

(1) = 0. (6.14.43)

Outstandingly, 2D SUSY QM could emerge as an attractive tool to relate isotropic and anisotropic
optical systems by including the polarization of light in the second system.

6.14.4 Omitted topics
An extensive literature covers the area of SUSY QM in the last decades. Given that it is impossible
to review all the topics in this chapter, we include in the next lines some of the omitted topics
providing the most relevant references in each one.

1. Pauli equation and 1D SUSY [272]. In contrast to 2D SUSY QM, the ideas of 1D SUSY QM
can also be applied to 2D problems by using the Pauli equation. Interestingly, the polarization
of light can also be included in the quantum-optical analogy by using this strategy.

2. Darboux transformations in two variables [273]. An additional option to extend the ideas of
SUSY to two dimensions.

3. Supermathematics [274]. In this topic, it is interesting to highlight the work of Rodríguez-
Lara and coworkers [275] about the group theory underlying Parity-Time (PT ) and SUSY
in optics.

4. Combination of PT and SUSY in the linear and nonlinear Schrödinger equations [229, 276,
277].

5. SUSY and new soliton solutions (see Section 7.3 of [216]).

6. Quasi-solvable potentials [278].

7. Modified SUSY factorizations [279,280].

8. General factorization of the Sturm-Liouville operator [269].
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9. SUSY in condensed matter and statistical physics [281,282].

10. SUSY in nuclear physics [283].

11. SUSY and WKB approximation (see Section 6 of [216]).
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Chapter 7

Supersymmetric optical fibers

7.1 Introduction
One-dimensional supersymmetry (1D SUSY) has recently emerged as a tool to design unique
optical structures with degenerate spectra and similar scattering properties [228]. Remarkably, as
discussed in the previous chapter in Subsection 6.14.2, the ideas of 1D SUSY can also be applied
to n-dimensional potentials. This enables us to benefit from the unique features of 1D SUSY, for
instance, in axially-symmetric systems. Physical systems with axial symmetry present particular
interest not only in quantum mechanics [284, 285], but also in other branches of physics, such as
acoustics and photonics. In acoustics, cylindrical ducts are of special interest for pressure wave
propagation and turbocharger applications [286–289]. In photonics, axially-symmetric media can
be found in single- and multi-core optical fibers, optical couplers, laser arrays, modulators and
Bragg gratings [28,32,78,137,149].

Along this line, Miri et al. reported a theoretical SUSY relation between the azimuthal Bessel
modes of two optical fibers [228] and its potential application to angular momentum multiplexing
[290]. However, the study was limited to the unbroken SUSY regime, while many aspects of SUSY
theory still remain unexplored in this context. Firstly, the different spectral features of SUSY
axially-symmetric optical systems have not been studied so far. Secondly, the SUSY formalism
encompasses a rich toolbox, including, e.g., unbroken SUSY chains, broken SUSY transformations,
and isospectral deformations, which have not been analyzed within the frame of axially-symmetric
media. Thirdly, the application of SUSY to this kind of systems entails a series of steps and
assumptions whose range of validity has not yet been assessed: the dimensional reduction of the
Helmholtz equation from 3D to 1D, the subsequent appearance of singularities in the superpotential
relating the superpartners, and the accuracy of the required slowly-varying index (SVI) and paraxial
approximations in the photonic case.

For instance, a singular superpotential can give rise to a breakdown of the degeneracy theorem
between superpartners (see Section 6.8) and, therefore, its impact on the corresponding mode
multiplexing applications should be critically investigated. Moreover, as we will show, the paraxial
approximation is no longer valid (except for some energy levels) in broken SUSY and isospectral
constructions, leading to unexpected effects and novel functionalities.

In this chapter, we study all these points within the context of photonics. Our results define
a new class of optical fibers with unprecedented applications for mode filtering, mode conversion,
mode multiplexing, supermode generation (linear combination of degenerate modes of close-packed
waveguides), dispersion engineering and pulse shaping. Specifically, using unbroken SUSY trans-
formations, we design a multi-core fiber (MCF) incorporating mode conversion, mode filtering,
and pulse shaping functionalities spanning the S+C+L optical bands (1460-1625 nm), as well as a
photonic lantern supporting broadband heterogeneous supermodes generated from the linear com-
bination of degenerate fiber modes with different azimuthal and radial order. In addition, we show
that the partial degeneracy associated with isospectral SUSY fibers can be used to build a broad-
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band all-fiber true mode (de)multiplexer requiring no mode conversion and that, interestingly, this
approach offers a dimension-independent design control over the group delay of the fiber modes.
To verify and illustrate these utilities, extensive numerical simulations are performed using a 3D
electromagnetic mode solver (CST Microwave Studio and COMSOL Multiphysics).

The chapter is structured as follows. In Section 7.2, we describe the transformation method
proposed to apply 1D SUSY to 3D axially-symmetric optical potentials. In Section 7.3, we explore
unbroken and broken 1D SUSY transformations of these systems. The construction of isospectral
potentials via the Darboux procedure is investigated in Section 7.4. Finally, in Section 7.5, the
main conclusions and applications of this work are highlighted, including the extension of the
presented theory to acoustics and quantum mechanics.

7.2 SUSY in axially-symmetric optical potentials
We are interested in the guided modes (corresponding to a discrete spectrum of energy levels) of an
axially-symmetric linear isotropic all-dielectric optical medium with a refractive index profile n (r)
(with variations confined to a finite spatial region). Such a system is described by the following
exact 3D wave equation [we use cylindrical coordinates (r, φ, z)]:1

∇×∇× Ẽm,n (r, ω)−
ω2

c20
n2 (r) Ẽm,n (r, ω) = 0, (7.2.1)

where ω is the angular frequency, c0 is the speed of light at the vacuum, and Ẽm,n is the Fourier
transform of the electric field strength of the guided mode mn, with m ∈ N ∪ {0} and n ∈ N
indicating respectively the azimuthal and radial order. Note that Eq. (7.2.1) allows us to work
with dispersive media just by using the proper frequency-dependent expression for the refractive
index, although we only considered non-dispersive media (∂ωn = 0) to facilitate the analysis.

Figure 7.1. Flowchart of transformations to apply 1D SUSY to optical fibers [241].

In particular, we focus on the possibility of applying 1D SUSY to Eq. (7.2.1) through the scheme
shown in Fig. 7.1. We start from a virtual space2 [Ẽ

(1)

m1,n, n1] satisfying Eq. (7.2.1). For an SVI
medium [i.e., with δrn ≪ n in δr ∼ λ0/n, where δrn := |n (r)− n (r + δr)| and λ0 = 2πc0/ω
is the free-space wavelength] and under the paraxial approximation,3 for which the longitudinal
component of Ẽ

(1)

m1,n can be neglected, Eq. (7.2.1) reduces to (step A):
1Equation (7.2.1) is derived from Maxwell’s equations by combining exclusively Faraday’s and Ampère’s laws,

which are found to be a system of independent and complete coupled PDEs in all-dielectric media with ω ̸= 0.
In such a case, the Gauss laws ∇ · D̃m,n = 0 and ∇ · B̃m,n = 0 can be respectively inferred from Ampère’s and
Faraday’s laws. Hence, any solution of Eq. (7.2.1) automatically satisfies the four Maxwell equations.

2According to the transformation optics literature, the starting and final systems will be referred to as the virtual
and physical spaces, respectively.

3In the photonics literature, the paraxial and the weakly-guiding approximations are usually considered equivalent
approaches. Unfortunately, this equivalence is incorrect. In the former, the longitudinal component of the electro-
magnetic fields must be much lower than the transversal component as a necessary and sufficient condition. However,
in the latter, this is only a necessary condition, but not sufficient.
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[
△+ E(3D)

m,n − V (3D) (r)
]
Ψm,n (r) = 0, (7.2.2)

where △ is the Laplacian operator, E(3D)
m,n − V (3D) (r) ≡ (ω2/c20)n

2(r), and Ψm,n is the linear com-
bination of the transversal component of the quasi-degenerate true modes of the optical medium.
For instance, in a weakly-guiding optical fiber, this corresponds to the transversal component of
the linearly polarized LPm,n mode group.4 Since there is a degree of freedom in the mathematical
identification of E(3D)

m,n − V (3D) (r) with the refractive index profile, we set E(3D)
m,n ≡ 0 for simplicity

(it will be nonzero in quantum systems, see Table 7.1 in Section 7.5). Therefore, it is important
to bear in mind that E(3D)

m,n is just an auxiliary mathematical quantity different from the physical
field energy. In Appendix A7 (on page 231), we include a more detailed discussion of Eq. (7.2.2).

At this point, we perform a dimensional reduction from the 3D system [Ψ
(1)
m1,n, V

(3D)
1 ] to the 1D

system [ψ
(1)
m1,n, V

(1D)
1 ] (step B, see below). Then, we transform [ψ

(1)
m1,n, V

(1D)
1 ] into [ψ

(2)
m2,n, V

(1D)
2 ]

using a 1D SUSY transformation (step C). Proceeding in a similar manner as in the previous
dimensional reduction, we calculate the 3D system [Ψ

(2)
m2,n, V

(3D)
2 ] from [ψ

(2)
m2,n, V

(1D)
2 ] (step D).

Finally, Ψ
(2)
m2,n can be identified with the transversal component of the true modes of a second

optical system (our physical space) [Ẽ
(2)

m2,n, n2] SUSY-connected with [Ẽ
(1)

m1,n, n1], provided that
the SVI and the paraxial approximations are preserved (step E).

The dimensional reduction of Eq. (7.2.2) can be performed in axially-symmetric potentials as
indicated in Subsection 6.14.2 of the previous chapter. We repeat here this discussion for clarity.
Concretely, the dimensional reduction of the above equation can be performed by applying the
following separation of variables to Ψm,n:

Ψm,n (r) = Rm,n (r) exp (jmφ) exp (−jβm,nz) , (7.2.3)

with Rm,n the function describing the radial dependence and βm,n the phase constant of the
eigenmode. Now, using the transformation:

Rm,n (r) :=
1√
r
ψm,n (r) , (7.2.4)

Eq. (7.2.2) is reduced to:(
d2

dr2
+ E(3D)

m,n − β2
m,n − V (3D) (r)− m2

r2
+

1

4r2

)
ψm,n (r) = 0. (7.2.5)

The above equation matches the 1D time-independent Schrödinger equation:(
d2

dr2
+ E(1D)

n − V (1D) (r)

)
ψm,n (r) = 0, (7.2.6)

with the identification:

E(1D)
n − V (1D) (r) ≡ E(3D)

m,n − β2
m,n − V (3D) (r)− m2

r2
+

1

4r2
. (7.2.7)

In order to obtain a well-defined eigenvalue problem, an adequate expression for E(1D)
n and V (1D) (r)

must be selected. Obviously, the spatially-dependent terms of the RHS of Eq. (7.2.7) should be
identified with V (1D) (r) assuming a constant value of m. With this consideration in mind, a
possible choice is (other options are accounted for by introducing a free-parameter α, see below):

E(1D)
n ≡ E(3D)

m,n − β2
m,n; (7.2.8)

V (1D) (r) ≡ V (3D) (r) +
m2

r2
− 1

4r2
. (7.2.9)

4As discussed in Chapter 1 (on page 13), remember that an LPmn mode group includes one (two) LP mode(s)
and two (four) different polarized core modes (PCMs) when m = 0 (m > 0). As an example, the LP11 mode group
has two LP modes (LP(+)

11 and LP(−)
11 ) and four different PCMs (LP(+)

11,x, LP(+)
11,y , LP(−)

11,x and LP(−)
11,y). However, in

this chapter, we do not differentiate between different LP modes and PCMs in a given LP mode group. We will
simply refer to an LPmn mode group as an LPmn mode from now on.



CHAPTER 7. SUPERSYMMETRIC OPTICAL FIBERS 214

Crucially, the various steps and approximations of the described method may alter the ideal
SUSY relation between the virtual and physical spaces [Ẽ

(1)

m1,n, n1] and [Ẽ
(2)

m2,n, n2], respectively.
This possibility has been previously discussed on page 206 for radially- and axially-symmetric
potentials. Here, we will perform a more detailed discussion focusing our efforts on real-valued
axially-symmetric potentials. The following remarks will be essential for some of the most inter-
esting results derived from our study (especially in isospectral constructions, in Section 7.4):

• From Eq. (7.2.9), inverse-square potentials V (1D) appear for a nonsingular potential V (3D) (as
will be our case). The corresponding 1D eigenvalue problem [Eq. (7.2.6)] may be ill-defined if
it is not possible to choose a unique basis of eigenfunctions based on square integrability and
boundary conditions [291]. Fortunately, this is never the case for m ≥ 0 [254], guarantying
the validity of the mapping between Eqs. (7.2.2) and (7.2.6) established in step B.

• As we will see later, inverse-square potentials relate to a singular superpotential in the SUSY
transformations. As a consequence, the degeneracy between V

(1D)
1 and V

(1D)
2 will only be

preserved if the SUSY eigenfunctions ψ(2)
m2,n (calculated from the bound states ψ(1)

m1,n of V (1D)
1

using the SUSY operators Â
±

) are bound states of V (1D)
2 (see Chapter 6, page 182).

• The transformation depicted by Eq. (7.2.4) may give rise to a breakdown of the degeneracy
between V

(3D)
1 and V

(3D)
2 if the optical boundary conditions are violated, that is, if R(2)

m2,n

becomes singular at r = 0 after step D.

• The degeneracy between V
(3D)
1 and V

(3D)
2 may also be broken if the index profiles n1(r) or

n2(r) do not approximately satisfy the SVI criterion or their true modes do not meet the
paraxial approximation.

We will check all these points in the considered SUSY transformations. To simplify the discussion,
we will use a more economical notation V (1D) (r) ≡ V (r) and E

(1D)
n ≡ En from now on. Along

this line, note that n ≥ 1 in this scenario. Therefore, in this chapter, the ground state of a given
potential Vi will be denoted as ψ(i)

mi,1
, that is, employing the subindex n = 1 instead of using n = 0

as in the previous chapter.

7.3 Unbroken and broken SUSY optical fibers
As was extensively discussed in Chapter 6, for a given potential V1 with energy levels E(1)

n , SUSY
provides a systematic way for generating a superpartner V2 with energy levels E(2)

n equal to those
of V1, with the possible exception of the ground state energy level E(1)

1 . If SUSY is unbroken, the
SUSY operator Â

−
annihilates the ground state of V1, i.e., Â

−
ψ
(1)
m1,1

= 0, which corresponds with
the case E(1)

1 = 0 (see page 178). In this scenario, V2 has the same energy levels as V1 except for
E

(1)
1 , i.e., E(2)

n = E
(1)
n+1. On the contrary, SUSY is spontaneously broken when Â

−
ψ
(1)
m1,1

generates a
ground state in V2, in which case E(1)

1 ̸= 0 and both spectra are found to be completely degenerate,
that is, E(2)

n = E
(1)
n .

In our case, E(1)
1 = −β2

m1,1 ̸= 0. Therefore, instead of directly calculating a SUSY potential
V2 of V1, it is useful to start from a potential V1,eq := V1 − α (associated with the energy-shifted
Hamiltonian Ĥ1,eq = Ĥ1 − α = −d2/dr2 + V1 − α with zero-energy ground state), calculate its
SUSY potential V2,eq (with a corresponding Hamiltonian Ĥ2,eq = Ĥ2−α = −d2/dr2+V2−α), and
undo the energy shift to find the potential V2 as V2 = V2,eq + α. This allows us to choose between
unbroken SUSY or different broken SUSY transformations by selecting α = E

(1)
1 or α ̸= E

(1)
1 ,

respectively. Hence, assuming V1 and V2 of the form:

Vi (r) = −ω
2

c20
n2i (r) +

m2
i

r2
− 1

4r2
; i ∈ {1, 2} , (7.3.1)
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both superpartners are related by the Riccati equation:

V1,2 (r) =W 2 (r)∓W ′ (r) + α, (7.3.2)

where W is the superpotential. The underlying connection given by the Riccati equation is derived
from the properties of the SUSY algebra (see Section 6.5). In our case, the superhamiltonian and
the supercharges take the form:

H =

[
Ĥ1,eq 0̂

0̂ Ĥ2,eq

]
; Q− :=

[
0̂ 0̂

Â
−

0̂

]
; Q+ :=

[
0̂ Â

+

0̂ 0̂

]
, (7.3.3)

with:

Â
±
:= ∓ d

dr
+W (r) , (7.3.4)

and Â
+

= (Â
−
)† when the superpotential is a real-valued function (this will be not the case in

Subsection 7.3.2). Thus, the commutation and anticommutation relations given by Eqs. (6.5.4)-
(6.5.6) define the closed Lie superalgebra sl (2,C) of 1D SUSY QM. The degeneracy of the spectra
is a direct consequence of the fact that the supercharges commute with the superhamiltonian when
a nonsingular superpotential is involved.

7.3.1 Unbroken SUSY fibers
As mentioned before, the unbroken SUSY transformation allows us to connect the spectra of V1
and V2 through a relation of the form E

(2)
n = E

(1)
n+1. In addition, since Â

−
ψ
(1)
m1,1

= 0 and the energy
levels are related to the phase constant of the LP modes as indicated by Eq. (7.2.8), we will be
able to annihilate the ground state LP(1)

m1,1
and establish a perfect phase-matching between the

LP(2)
m2,n and LP(1)

m1,n+1 modes at λ0. In this vein, outstanding optical applications such as the mode
filtering of the LP(1)

m1,1
mode, mode conversion between a great number of LP modes of different

azimuthal (if m1 ̸= m2) and radial order, and supermode generation, can be investigated using
the unbroken SUSY procedure. In this context, pulse shaping applications can also be proposed
by exploiting the spectral behavior of V1 and V2 at different wavelengths. Finally, some previous
works on 1D SUSY suggest that all these interesting features might have a broadband nature,
which is an additional motivation to carry out the present study [232,237]. Before exploring these
possibilities, let us first describe the unbroken SUSY transformation in more detail.

A well-known solution of Eq. (7.3.2) with α = E
(1)
1 can be expressed in terms of the ground state

wave function ψ(1)
m1,1

of Ĥ1 as W (r) = −(lnψ
(1)
m1,1

(r))′. From the relation ψ(1)
m1,1

(r) =
√
rR

(1)
m1,1

(r):

W (r) = − d
dr

lnψ
(1)
m1,1

(r) = −

(
R

(1)
m1,1

)′
(r)

R
(1)
m1,1

(r)
− 1

2r
. (7.3.5)

In spite of the fact that Q+ and Q− commute with H at r = 0, the singularity of W at this point
might break the degeneracy between the 1D potentials V1 and V2 (see Appendix B7, on page 233).
We analytically studied this possibility, finding that any bound state of V1 has a SUSY bound state
in V2 (with the exception of the ground state ψ(1)

m1,1
) via the transformation ψ

(2)
m2,n = Â

−
ψ
(1)
m1,n+1.

In other words, ψ(2)
m2,n is found to be a continuous normalizable solution satisfying that ψ(2)

m2,n,± = 0,
where ψ(2)

m2,n,− := ψ
(2)
m2,n,− (r → 0) and ψ(2)

m2,n,+ := ψ
(2)
m2,n,+ (r → ∞). This implies that degeneracy

between V1 and V2 is preserved in all cases, which is consistent with the numerical results obtained
via the mode solver of CST Microwave Studio (see below). That is, step C always yields unbroken
SUSY-related 1D systems.
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On the other hand, an expression for n2 (r) can be derived by combining Eqs. (7.3.1), (7.3.2)
and (7.3.5):

n2 (r) =

√
n21 (r) + 2

c20
ω2

d2

dr2
ln

(
r

m2
1−m2

2+1

2 R
(1)
m1,1

(r)

)
. (7.3.6)

From the above equation, the considered SUSY procedure may also introduce a singularity in n2
at r = 0. Although singular potentials have been extensively discussed in the quantum-mechanical
literature with interesting physical implications and properties [291,292], singular refractive indexes
pose physical and technological complications in photonics. To avoid this potential hindrance, we
search for nonsingular refractive indexes by selecting an appropriate value of m1 and m2. From
the equivalence:

R
(1)
m1,1

(r) ∝ Jm1 (r) ∼
r→0

(r/2)
m1

Γ (m1 + 1)
; m1 ≥ 0, (7.3.7)

where Jm1
is the Bessel function of the first kind and order m1, and Γ is the Gamma function, we

can deduce that the singularity at r = 0 is avoided if and only if n1 is nonsingular and m2 = m1+1,
with m1 ≥ 0. This was already pointed out in [228], although only the case m1 = 1 was analyzed.
However, LP modes without azimuthal variation (m1 = 0) are of paramount importance in optical
communications, so we will pay particular attention to them in this work.

In addition, it should be noted that Eq. (7.3.6) is frequency dependent, not only as a result
of the possible frequency changes of n1, but also of the c0/ω term and the frequency dependence
of R(1)

m1,1
. Consequently, the mentioned phase-matching of SUSY axially-symmetric potentials will

be band limited, a fundamental feature that has not been pointed out so far and the implications
of which will be carefully studied in this work. Finally, a third parameter that has not yet been
analyzed within the framework of optical SUSY is the group delay, i.e., the first-order derivative
of the phase constant as a function of the angular frequency.

As an illustrative example that allows us to study all these features (modes without azimuthal
variation, band-limited phase-matching, and group delay), we consider an optical fiber (core radius
R0 = 25 µm) with a step-index profile n1 [n1(r ≤ R0) = nco, n1(r > R0) = ncl, see Fig. 7.2(a)], as
the original system. For this configuration, the SVI and paraxial approximations are very accurate,
ensuring that, after step A, Ψ(1)

m1,n is related to Ẽ
(1)

m1,n as described above. The same initial index
profile will be considered in all the examples analyzed in this chapter. Figure 7.2(a) shows the
profiles of n2 and W for two different free-space wavelengths (λ0 = 2πc0/ω): 1550 nm and 3000 nm.
As expected, n2 and W are wavelength-dependent, and so will be the phase-matching predicted
by Eq. (7.3.11).

In the classical modal analysis of step- and gradual-index optical fibers, the spectral features
are analyzed from the dispersion and group delay diagrams, which respectively depict the phase
constant and the group delay of the LP modes as a function of the angular frequency. In weakly-
guiding optical fibers, the above parameters are usually normalized by using the step-index profile
as a reference [18]. The normalized phase constant bm,n, normalized frequency ν and normalized
group delay τm,n are defined as:5

bm,n :=
(βm,n/k)

2 − n2cl
n2co − n2cl

≃ (βm,n/k)− ncl

nco − ncl
; (7.3.8)

ν := kR0

√
n2co − n2cl; (7.3.9)

τm,n := bm,n + ν
dbm,n

dν
, (7.3.10)

5The approximation of Eq. (7.3.8) can be performed by assuming weakly-guiding optical fibers. Moreover, in
order to avoid any confusion with the quantum potential (V ), note that we use here a typography different from
the typography employed in Chapters 2, 3 and 4 to denote the normalized frequency (ν).
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with k = ω/c0. In this way, the spectral features of the unbroken SUSY procedure can be analyzed
by calculating numerically (via CST Microwave Studio) the aforementioned diagrams for the index
profiles n1 (r) and n2 (r).

Figure 7.2. Modal analysis of two supersymmetric refractive indexes. (a) SUSY partner for the step-index
profile and the corresponding superpotential as a function of the normalized radial coordinate (r/R0).
(b) Normalized dispersion diagram of the LP modes as a function of the normalized frequency, and (c) the
wavelength comprising the S + C + L optical bands. (d) Normalized group delay as a function of the nor-
malized frequency [241].

Figures 7.2(b)-(d) depict the normalized dispersion and normalized group delay diagrams of
the LP(1)

m1,n and LP(2)
m2,n modes for the cases m1 ∈ {0, 2}, m2 = m1 + 1 and n varying from 1

to 4 (λ0 = 1550 nm). The cases m1 = 1 and m1 = 3 are also included in Appendix B7 for
completeness (see page 233). As seen, in spite of using a singular superpotential, degeneracy
between the expected LP modes of both optical systems is present in this case. This inherently
implies that step D does not generate unphysical functions R(2)

m2,n and that the SVI and paraxial
approximations are valid for n2. Therefore, the unbroken SUSY procedure establishes a perfect
phase-matching at λ0 between the LP(2)

m1+1,n and LP(1)
m1,n+1 optical modes, with m1 ≥ 0 and n ≥ 1.

More specifically, the corresponding Rm,n and βm,n are connected by the expressions:
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β
(2)
m1+1,n = β

(1)
m1,n+1; (7.3.11)

R
(2)
m1+1,n (r) =

ξ(2)√
r

Â
− (√

rR
(1)
m1,n+1 (r)

)
; (7.3.12)

R
(1)
m1,n+1 (r) =

ξ(1)√
r

Â
+
(√

rR
(2)
m1+1,n (r)

)
, (7.3.13)

with ξ(1,2) non-vanishing real constants accounting for the normalization of the LP modes.

Figure 7.3. Ground state wave function ψ(2)
m2,1

of the SUSY refractive index n2 for the cases: (a) m1 = 0 and
(b)m1 = 2. The comparison between the numerical calculation using the 3D mode solver and Eq. (7.3.12)
is inset in the top of the figure [241].

In order to validate Eqs. (7.3.12) and (7.3.13) in the analyzed example, we compare in Fig. 7.3
the theoretical results of R(2)

m2,1
for the cases m1 = 0 and m1 = 2 with the numerical results

obtained from the 3D mode solver of CST Microwave Studio, finding that both results are in
excellent agreement. Notably, an almost perfect phase-matching (∆b ≤ 0.02) is achieved between
LP modes in an optical bandwidth higher than 300 nm [see Fig. 7.2(c)]. The above bandwidth is
defined as the phase-matching bandwidth (PMBW), which gives information about the range of
optical frequencies for which the LP modes of both superpartners are found to be approximately
degenerate according to the aforementioned criterion. In real optical fibers, in which the frequency
dependence of n1 and n2 should also be taken into account, the PMBW could be slightly reduced
with respect to the ideal case shown in Fig. 7.2.

Furthermore, Fig. 7.2(d) reveals a very interesting feature: the normalized group delay of the
LP modes in n2 presents a weaker frequency dependence than in n1, which indicates that the
supersymmetric optical fiber is less dispersive than the original one. Consequently, the differential
mode group delay (DMGD) between the LP mode groups of n2 [calculated here as the absolute
value of the difference between the group delays per unit of length (in ps/km)] is approximately
constant within the PMBW.6

6For the sake of clarity, let us remember here the concept of the differential mode group delay (DMGD) and
the difference with the differential group delay (DGD), discussed in Chapter 4 (Appendix E4). In the photonics
literature, the DMGD is usually employed to indicate the difference between the group delay of PCMs of different LP
mode groups (e.g., LP01,x and LP(+)

11,x). In contrast, the DGD is usually employed to indicate the difference between
the group delay of PCMs of the same LP mode group (e.g., LP01,x and LP01,y). Both parameters can be found in
the literature defined: (i) as a function of the absolute value of the difference between the group delays of the PCMs
under analysis (in ps), or (ii) as a function of the absolute value of the difference between the group delays per unit
of length of the PCMs under analysis (in ps/km). As an example, in Chapter 3 we used the former definition to
calculate the DGD. Nonetheless, in this chapter, we will use the latter definition to calculate the DMGD.
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We next construct an unbroken SUSY chain comprising N supersymmetric refractive index
profiles {n1(r), . . . , nN (r)}. A given index profile nq(r) [q ∈ {2, . . . , N}] can be calculated from
the original profile n1(r) as (see Appendix B7 for more details):

nq (r) =

√√√√n21 (r) + 2
c20
ω2

d2

dr2
ln

(
r

m2
1−m2

q+q−1

2

q−1∏
i=1

R
(i)
mi,1

(r)

)
, (7.3.14)

with mi = m1 + i− 1. The phase constants and the wave functions of the q-th system satisfy:

β
(q)
m1+q−1,n = β

(1)
m1,n+q−1; (7.3.15)

R
(q)
m1+q−1,n (r) =

ξ(2)√
r

(
q−1∏
i=1

Â
−
q−i

)(√
rR

(1)
m1,n+q−1 (r)

)
, (7.3.16)

where Â
−
q−i := d/dr +Wq−i (r) and Wq−i is the superpotential connecting the indexes nq−i and

nq−i+1. Concretely, Wq−i can be calculated from the corresponding ground state of the q − i

system ψ
(q−i)
mq−i,1

as Wq−i (r) = −(lnψ
(q−i)
mq−i,1

(r))′.

Figure 7.4. Modal analysis of the unbroken SUSY Hamiltonian chain. (a) Symbolic representation of the
SUSY chain. (b) Supersymmetric refractive indexes calculated from Eq. (7.3.14). (c) Normalized dispersion
diagram and normalized group delay of the LP modes in the SUSY chain [241].
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As an example, we perform a modal analysis of an unbroken SUSY Hamiltonian chain with
N = 4 and m1 = 0. The numerical results are shown in Fig. 7.4. All refractive index profiles are
nonsingular, thanks to the choice mi = m1+i−1 [see Fig. 7.4(b)]. As before, it can be theoretically
shown that the SUSY eigenfunctions ψ(i)

mi,n of each system with index ni are bound states, that
is, continuous normalizable eigenfunctions satisfying that ψ(i)

mi,n,± = 0 (see Appendix B7). This is
further confirmed through numerical simulations [Fig. 7.4(c)], which evidence that degeneracy is
present throughout the whole chain (implicitly validating the application of step D and the SVI
and paraxial approximations for all systems).

Although the PMBW is slightly reduced in the fourth system, the group delay of higher-
order modes (specially the LP(4)

3,1) is lower than that of the fundamental mode of the first system,
the LP(1)

0,1. This opens up the possibility of enabling privileged optical transmissions in higher-
order LP modes. Moreover, the unexpected flexibility provided by SUSY in the design of exotic
propagation properties (such as weak dispersion or low group delay) can be combined with the
mode-coupling phenomenon to design MCFs with special features for, e.g., mode conversion, mode
filtering, dispersion engineering and pulse shaping.

In order to illustrate these potential applications, we perform a pulse propagation simulation
using a beam propagation method (BPM) based on Eq. (E4.4) in a 2.7-km MCF comprising two
cores a and b with R0 = 25 µm, λ0 = 1550 nm and index profiles na = n1 and nb = n4.
For simplicity, we employ the notation LP(a)

m,n ≡ LP(1)
m,n and LP(b)

m,n ≡ LP(4)
m,n. The core-to-core

distance dab (measured from the center of the cores) is fixed to 75 µm. A Gaussian optical pulse
with a temporal width of 20-ns [at 1/ (2e) of the peak power] excites the LP(a)

0,1 and LP(a)
0,4 modes

with a peak power of 0 dBm in order to guarantee that we are operating in the linear regime of
the MCF. For this value of peak power, the pulse distortion induced by the nonlinear effects of the
optical medium can be neglected (as demonstrated in Chapter 4).

Figure 7.5. (a) Pulse propagation in a 3-km 2-core SUSY MCF. (b) Simulation results of a 20-ns Gaussian
optical pulse propagating through the MCF length when the LP(a)

0,1 and LP(a)
0,4 modes are stimulated at the

MCF input (colorbar: normalized power). (c) Pulse shaping at the MCF output [241].
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Figure 7.5 depicts the simulated pulse propagation for the LP(a)
0,1, LP(a)

0,4 and LP(b)
3,1 modes. The

time was normalized with respect to the (non-normalized) group delay of the LP(a)
0,1 mode (τ (a)G,01)

as tN := (t− τ (a)G,01z)/TP, where TP is the full-width at 1/ (2e) of the peak power. The z-coordinate
was normalized to the MCF length, i.e., zN := z/L. Figure 7.5(b) shows that the pulse propagating
through the LP(a)

0,1 retains its shape along the MCF length as a direct consequence of the phase-
mismatching of this mode, not only with the LP(b)

3,n modes, but also with any LP(b)
m,n mode (it was

numerically tested that β(a)
0,1 > β

(b)
m,n at λ0 = 1550 nm).

However, the shape of an optical pulse launched to the LP(a)
0,4 mode is modified along the MCF

due to the intermodal dispersion between the degenerate LP(a)
0,4 and LP(b)

3,1 modes [see Fig. 7.4(c)].
Figure 7.5(c) shows the pulse shape observed at the MCF output for each mode. As demonstrated
in Chapter 4, the first-order intermodal dispersion7 between two different phase-matched LP core
modes [∆b(λ0) = 0] can be modeled by two linear and time-invariant systems with impulse response
approximately proportional to δ(t−∆τGz)+ δ(t+∆τGz) in core a and δ(t−∆τGz)− δ(t+∆τGz)
in core b, where ∆τG is the DMGD between the LP modes (see page 115). That is, the input
pulse is transformed into the sum of two pulses with a relative delay of 2∆τGL at the fiber output.
In particular, the first-order intermodal dispersion length L

(1)
ID := TP/(2∆τG) indicates the MCF

length scales over which the dispersive effects of the first-order intermodal dispersion should be
considered. Since L > L

(1)
ID = 0.4 km, the first-order intermodal dispersion between the LP(a)

0,4 and
LP(b)

3,1 modes allows us to generate different pulse shapes by optimizing L. For instance, in the
example of Fig. 7.5, L was chosen so that the two pulses into which the initial pulse launched into
the LP(a)

0,4 mode is transformed, add up to form a flat-top pulse with a broadened temporal width
and a lower group delay than the original one. Likewise, note that the LP(a)

0,1 mode is filtered at
the output of the core a.

Along these same lines, it should be noted that the group-velocity dispersion (GVD) — also
referred to as chromatic dispersion in the photonics literature — can be neglected in each LP
mode. The GVD should only be considered in a given LPm,n mode when L > LGVD := T 2

P/β
(2)
m,n,

where β
(2)
m,n := d2βm,n/dω2 at λ0. Typically, β(2)

m,n is of the order of −20 ps2/km or lower in
weakly-guiding silica fibers [139]. Thus, since L ≪ LGVD ∼ 2 · 107 km, we can neglect the pulse
distortion induced by the GVD in Fig. 7.5(c).

The unbroken SUSY procedure and its intriguing features and applications can also be exploited
by using planar waveguides [228–230]. In this context, a planar SUSY mode converter has been
experimentally demonstrated in [234] by Heinrich et al. by performing a discrete representation
of the refractive index profile using photonic lattices. In contrast to SUSY optical fibers, a SUSY
mode converter with planar structure would be of special interest for signal processing applica-
tions in integrated photonics [293, 294]. However, the device demonstrated in Fig. 7.5 could be of
extreme utility in applications requiring an all-fiber design, especially, for a fully integrated realiza-
tion of angular momentum multiplexing [290]. Along this line, novel pulse shaping and dispersion
management applications based on unbroken SUSY fiber chains can be explored within the frame-
work of microwave photonics and radio-over-fiber transmissions for the next-generation 5G cellular
networks [56, 65]. Furthermore, in contrast to the classical mode conversion and mode filtering
strategies based on rectangular waveguides and optical fibers with different width [295–298], the
unbroken SUSY procedure allows us to perform these functionalities in an extremely high optical
bandwidth (see Figs. 7.2 and 7.4).

Moreover, the singular features of the unbroken SUSY chain allows us to design MCFs and
selective photonic lanterns with unique broadband intra- and intermodal dispersion properties
[Fig. 7.4(c)] that would be difficult to obtain with classical step-index or gradual-index profiles
[299–304]. The concept of photonic lantern was originally conceived in the field of astrophotonics

7Let us remember that in Chapter 4 the intermodal dispersion was referred to as mode-coupling dispersion
(MCD). In general, the MCD is induced by two different dispersive effects: the phase-mismatching dispersion
(PhMD) and the coupling-coefficient dispersion (CCD). Specifically, in this case, the first-order intermodal dispersion
observed in Fig. 7.5 is only induced by the first-order PhMD.
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to couple the light between a multi-mode single-core fiber and individual single-mode single-core
fibers [299]. In recent years, this device has been extensively developed to inject (extract) light to
(from) optical fibers in space-division multiplexing transmissions, as well as for other applications
[305].

The photonic lanterns considered in these previous works (based on classical step-index and
gradual-index profiles) support homogeneous supermodes, i.e., supermodes generated from the
linear combination of degenerate LP modes with the same azimuthal and radial order. Typically,
these supermodes are constructed through the linear combination of the LP01 mode of different
cores in an MCF, which requires a high number of cores to obtain supermodes with large effective
area [33]. This is of special interest to increase the tolerance of the signal-to-noise ratio to the fiber
Kerr nonlinearities in space-division multiplexing systems. In such a scenario, the advantage of
SUSY would be that it allows us to construct photonic lanterns with heterogeneous supermodes,
generated from the linear combination of different LP mode groups. In this vein, supermodes with
large effective area can be designed using an MCF with a reduced number of SUSY cores.

As a specific example, we designed an MCF comprising two cores a and b with R0 = 9 µm,
dab = 2R0, na = n1 and nb = n2(m1 = 0, λ0 = 1550 nm). Figures 7.6(a)-7.6(c) show the intensity
mode profile I(x, y) of different hybrid modes of the MCF calculated with the 3D mode solver of
CST Microwave Studio at λ0 = 1550 nm. As can be seen, this structure supports both isolated LP
modes [Fig. 7.6(a) and 7.6(b)] and supermodes [Fig. 7.6(c)], depending on the stimulated hybrid
modes. Remarkably, the supermode of Fig. 7.6(c) is generated in the MCF from the almost perfect
phase-matching between LP modes of different azimuthal order (LP(a)

0,2 ± LP(b)
1,1 in this case). As a

result, SUSY allows us to generate designer heterogeneous supermodes with large effective area:

Aeff :=

(˜
I (x, y) dxdy

)2
˜
I2 (x, y) dxdy

, (7.3.17)

in a high optical bandwidth and using only two cores [Fig. 7.6(d)].

Figure 7.6. Calculated intensity mode profiles of different hybrid modes of the SUSY coupled-core MCF
at 1550 nm: (a) 6-th hybrid mode, (b) 8-th hybrid mode and (c) 15-th hybrid mode. (d) Effective area of
the supermode LP(a)

0,2 ± LP(b)
1,1 as a function of the wavelength. (Colorbar: normalized intensity) [241].
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7.3.2 Broken SUSY fibers
Broken and isospectral (see next section) SUSY transformations relate the spectra of the original
(V1) and transformed potentials (V2) through the relation E

(2)
n = E

(1)
n . In this way, we will be

able to establish a perfect phase-matching between the LP(1)
m1,n and LP(2)

m2,n modes at λ0, provided

that the conditions for the degeneracy between the optical systems [Ẽ
(1)

m1,n, n1] and [Ẽ
(2)

m2,n, n2] are
satisfied (see Section 7.2). In such circumstances, mode conversion applications between LP modes
with the same radial order could be explored by using the broken (and isospectral) SUSY procedure.
On the other hand, if degeneracy were not preserved (which will turn out to be the case for the
broken transformations analyzed in this section), the corresponding SUSY transformation could
be employed as a mathematical strategy to design gradual-index MCFs with a high core density
and a low mode-coupling between the LP modes of different cores (also termed in the literature
as inter-core crosstalk, see Chapter 2) within a large bandwidth. Finally, a partial degeneracy
(which will be the case for the isospectral constructions studied in next section) could be used to
achieve unprecedented selective mode filtering configurations without mode conversion provided
that m1 = m2.

The SUSY relation between V1 and V2 is broken if α ̸= E
(1)
1 . In this work, we focus on the

case α < E
(1)
1 . Redefining the auxiliary constant as α ≡ −k2n2α, where k = ω/c0, we find that

SUSY is broken if nα is higher than the effective refractive index of the ground state LP(1)
m1,1

, i.e.,
nα > β

(1)
m1,1

/k. The previous condition is guaranteed by selecting nα > max {n1(r)}, in which case,
the solution to Eq. (7.3.2) for the step-index profile is:

W (r) = jX (r)

[
J ′
m1

(−jrX (r)) + Y ′
m1

(−jrX (r))

Jm1 (−jrX (r)) + Ym1 (−jrX (r))

]
− 1

2r
, (7.3.18)

where X (r) = k
√
n2α − n21(r). The index n2 is calculated from the superpotential as:

n2 (r) =

√
n21 (r)− 2

c20
ω2

d
dr

(
m2

2 −m2
1

2r
+W (r)

)
. (7.3.19)

As in the previous section, W is found to be singular. However, W and n2 are now complex
functions. This means that n2 includes local gain or loss (via its imaginary part), as in some
transformation optics approaches [306–308]. At this point, let us analyze under which conditions
n2 will be nonsingular, depending on the relation between m1 and m2:

• m1 = m2: n2 will not be singular only for a nonsingular W , which cannot be the case.

• m1 < m2: n2 is bounded at r = 0 if W− = −∞. Nevertheless, from Eq. (7.3.18), we found
that W− = ∞.

• m1 > m2: As W (r) ∝ (2m1 − 1)/2r when r → 0 and m1 > 0, n2 becomes nonsingular if
m2 = m1 − 1.

Thus, we focus on the last case in what follows. A particular example with m1 = 2, m2 = 1,
λ0 = 1550 nm, and nα = 1.452 is considered. In this case, in order to simulate a complex
refractive index profile, we use the 3D electromagnetic mode solver of COMSOL. Figures 7.7(a)
and 7.7(b) depict the real (blue line) and imaginary (red line) parts of the broken SUSY index n2
and W . As expected, W presents a singularity at r = 0, but n2 is nonsingular. Surprisingly, in this
case both optical systems are found to be non-degenerate concerning the SUSY modes LP(1)

m1,n and
LP(2)

m2,n [Fig. 7.7(c)]. Nonetheless, as can be seen from Fig. B7.4 in Appendix B7 (on page 237),
additional LP modes are found to be degenerate at different frequencies in the third transmission
optical window (normalized frequency between 14.2 and 16). Furthermore, the imaginary part of
n2 induces at 1550 nm a mode-dependent loss per unit of length of 1.46 Np/m, 1.34 Np/m and
1.07 Np/m for the LP(2)

1,1, LP(2)
1,2 and LP(2)

1,3 modes, respectively [1 Np ≡ 10log(e) dB ≃ 4.34 dB].
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Figure 7.7. Broken SUSY 1D. (a) SUSY partner for the step-index profile, (b) superpotential (blue line:
real part, red line: imaginary part), and (c) normalized dispersion diagram of the broken SUSY pattern of
the step-index profile assuming m1 = 2 and m2 = 1 in Eq. (7.3.19) [241].

We investigated the different possible origins for the non-degeneracy between [Ẽ
(1)

m1,n, n1] and

[Ẽ
(2)

m2,n, n2]. Firstly, we verified that the singularity of W involved in step C is not behind this
unusual behavior, since the SUSY eigenfunctions ψ(2)

m2,n = Â
−
ψ
(1)
m1,n are again continuous normal-

izable eigenfunctions satisfying that ψ(2)
m2,n,± = 0 (see Appendix B7). Then, we checked whether

the absence of degeneracy may come from a violation of the optical boundary condition at r = 0

by the SUSY modes of V (3D)
2 after step D. This is not the case either, since R(2)

m2,n(r = 0) = 0
in the analyzed case. By process of elimination, the non-degeneracy must be induced by step E.
In fact, although we found that the SVI criterion is fulfilled (δn2 ≤ 0.01 ≪ n2 in δr ∼ λ0/n2), the
paraxial approximation is strongly degraded for V (3D)

2 . As analyzed in Appendix B7, on page 236,
although the true modes of the n2 profile are quasi-degenerate and their linear combination shows
a quasi-linearly polarized nature similar to [32], i.e. we observe quasi-LP modes, their longitudinal
component Ẽz cannot be neglected with respect to the transversal one ẼT (Ẽz/ẼT ≃ 0.1). Hence, as
the bound states of V (3D)

2 do not approximately satisfy Eq. (7.2.2), the degeneracy between both
spectra is broken.

This exclusive feature of broken SUSY in axially-symmetric optical media can be used to design
MCFs with a high density of cores propagating non-degenerate modes with low inter-core crosstalk
levels. The ever decreasing core-to-core distance in MCFs (aiming at increasing the core density
and hence the fiber capacity) significantly enhances the inter-core crosstalk (IC-XT) [16]. In this
scenario, gradual-index MCFs comprising a high core density with low IC-XT can be designed
with the broken SUSY procedure. For completeness, in Appendix B7 we also analyze additional
strategies as the inverse SUSY transformation.
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So far, we have analyzed SUSY transformations by considering α ≤ E
(1)
1 . The reason for not

having discussed the case α > E
(1)
1 is that it is related to a superpotential of the form:

W(n) (r) = − d
dr

lnψ(1)
m1,n (r) , (7.3.20)

with n > 1 and ψ(1)
m1,n a bound state with n nodes. Hence, W(n) and V2 will have n−1 singularities

at r > 0 in this case, and so will the corresponding SUSY refractive index. Nevertheless, a
superpotential W(n) could be an interesting alternative in complex cylindrical potentials involving:
(i) a discrete spectrum and exhibiting parity-time symmetry, e.g. to remove arbitrary modes [229],
or (ii) a continuum spectrum, for instance, to generate bound states in the continuum [259].

7.4 Isospectral optical fibers
In the context of quantum mechanics, it is well-known that one can start from a given 1D potential
and use SUSY transformations to construct single- and multi-parameter families of isospectral
potentials, i.e., potentials with exactly the same energy levels and scattering properties as the
original one. In this section, we investigate the application of these isospectral transformations
to axially-symmetric optical potentials. As we will demonstrate, such transformations provide a
privileged procedure to construct families of refractive index distributions supporting degenerate
LP modes with a dimension-independent design control over their group delay. Furthermore, as
mentioned above, selective mode filtering may also be performed if degeneracy is only partially
preserved.

As detailed in Section 6.11, there exist different approaches to construct a one-parameter
family of isospectral potentials. For its intuitive character, we use here the Darboux procedure,
particularized in Fig. 7.8(a) for axially-symmetric potentials. At this point, let us remember that
the Darboux method involves two different Darboux transformations: firstly using the normal-
izable eigenfunction ψ

(1)
m1,1

of V1 at energy E
(1)
1 (which can be regarded as an unbroken SUSY

transformation), and secondly using the non-normalizable eigenfunction Φ1(η1) of V2 at energy
E

(1)
1 . Remarkably, although the potential V2 does not have an allowed energy level E(1)

1 (due to
the unbroken SUSY transformation performed in the first step) the EVP Ĥ2ψ

(2)
λ = λψ

(2)
λ has at

λ = E
(1)
1 a general (and non-normalizable) solution of the form (see Appendix C7 for more details):

ψ
(2)

λ=E
(1)
1

≡ Φ1 (r; η1) =
I1 (r) + η1
√
rR

(1)
m1,1

(r)
; I1 (r) :=

ˆ r

α
(
R

(1)
m1,1

)2
(α) dα. (7.4.1)

Thus, in the second step, we apply a Darboux transformation in V2 taking as eigenvalue of reference
λ0 = E

(1)
1 , or equivalently, we can say that we apply an unbroken SUSY transformation in V2 by

using Φ1(η1) as a virtual ground state, i.e., using a superpotential of the form:

WD (r; η1) = − d
dr

lnΦ1 (r; η1) . (7.4.2)

The resulting partner potential Ṽ1(η1) will have a solution 1/Φ1(η1) at energy E
(1)
1 , which will

be normalizable if η1 /∈ [−I1,+, 0], where I1,+ := I1 (r → ∞). In contrast to quantum mechanics,
the condition I1,+ = 1 is not required in photonics. In this second transformation, a ground
state ψ̃(1)

m1,1
(η1) has been reinserted at energy E(1)

1 obtaining the sought isospectral family Ṽ1(η1).
Finally, the corresponding refractive index profiles ñ1(r; η1) and ground state functions R̃(1)

m1,1
(η1)

are found to be:

ñ1 (r; η1) =

√
n21 (r) + 2

c20
ω2

d2

dr2
ln (I1 (r) + η1); (7.4.3)

R̃
(1)
m1,1

(r; η1) = R
(1)
m1,1

(r) / (I1 (r) + η1) . (7.4.4)
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Figure 7.8. One-parameter isospectral cylindrical potentials. (a) Flowchart of the one-parameter Darboux
procedure. (b) Isospectral refractive indexes. (c) Normalized dispersion diagram [241].

Concretely, the Darboux procedure involves a singular superpotential in the first and second
step, W1 and WD (η1), respectively [see Fig. 7.8(a)]. While the singular nature of W1 does not break
the degeneracy between V1 and V2 (as verified in Subsection 7.3.1), we ask about the possibility
of the degeneracy breaking between V2 and Ṽ1(η1) when performing the second step. In order to
elucidate whether degeneracy is also preserved in this second step, we study the cases m1 = 1
and m1 = 2 for two different values of η1 (we include additional examples in Appendix C7, on
page 239). The resulting profiles for ñ1(m1, η1) are shown in Fig. 7.8(b). A closer look at the
dispersion diagram (calculated with the 3D mode solver of CST Microwave Studio) for the cases
ñ1(m1 = 1, η1 = 10−9) and ñ1(m1 = 2, η1 = 10−10) reveals an interesting and unexpected result:
the Darboux procedure gives rise to optical media for which only the ground states of the selected
isospectral family are degenerate [see Fig. 7.8(c)]. As in the broken SUSY case, we found that
this occurs as a result of a degradation of the paraxial approximation (step E). In particular, we
observed that Ẽz/ẼT ≃ 0.01 in the ground state of ñ1(m1, η1), but in the remaining bound states,
which are found to be quasi-LP modes, Ẽz/ẼT ≃ 0.1. A further description of the LP and quasi-LP
modes of Fig. 7.8(c) can be found in Appendix C7, on page 241.

In contrast to the unbroken SUSY procedure and classical mode filtering strategies based on
using optical waveguides with different width [295–298], this unique property allows us to perform
a true mode (de)multiplexing of any (fundamental) LPm1,1 mode, i.e., without having mode con-
version between optical waveguides. A second advantage of the proposed isospectral construction is
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that the slope of the normalized propagation constant b associated with R̃(1)
m1,1

increases as η1 → 0
[see Fig. 7.8(c) and Fig. C7.1 in Appendix C7]. Consequently, we have full control over the group
delay of the SUSY ground state through this free parameter. These singular features open new
paths for mode filtering, dispersion engineering and pulse shaping applications in photonics.

Aimed to illustrate these results, we propose an all-fiber mode demultiplexer (M-DEMUX) of
the first three LP mode groups (LP0,1, LP1,1 and LP2,1) based on the presented theory. The
M-DEMUX is designed using a 60-cm MCF comprising three cores a, b and c with a core-to-
core distance dab = dac = 55 µm, R0 = 25 µm, and λ0 = 1550 nm [Fig. 7.9(a)]. The index
profiles of cores a and c are calculated from Eq. (7.4.3) as na = ñ1(m1 = 1, η1 = 10−9) and
nc = ñ1(m1 = 2, η1 = 10−10). The index profile of core b is taken to be the previous step-index
profile, with nb = n1. A 10-ps Gaussian optical pulse is launched to the LP0,1, LP1,1 and LP2,1

modes of the central core b with a peak power of 0 dBm to operate in the linear regime of the
device. Figure 7.9(b) shows the BPM numerical results for the optical pulse propagating through
each LP mode in the M-DEMUX. The time and length were normalized with respect to the group
delay of the LP(b)

0,1 mode and the MCF length, respectively. As desired, at the device output, the
pulse launched into the LP(b)

1,1 has hoped to the LP(a)
1,1, the pulse launched into the LP(b)

0,1 remains
at core b, and the pulse launched into the LP(b)

2,1 has been transferred to the LP(c)
2,1.

Figure 7.9. M-DEMUX based on a 3-core MCF. (a) Schematic structure of the device with refractive
index profiles na = ñ1(m1 = 1, η1 = 10−9), nb = n1 and nc = ñ1(m1 = 2, η1 = 10−10). (b) 10-ps
Gaussian optical pulse propagating through the: LP01, LP11 and LP21 modes of cores a, b and c (colorbar:
normalized power). (c) Optical pulse at the M-DEMUX output [241].
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In addition, Fig. 7.9(c) shows that, in this case, the modification of the pulse shape induced
by the first-order intermodal dispersion of the M-DEMUX (i.e. the first-order mode-coupling
dispersion studied in Chapter 4) is quite low given that the length of the M-DEMUX is of the
order of the first-order intermodal dispersion length, which is found to be L

(1)
ID ≃ 1.4 m and

0.3 m between the LP(a)
1,1-LP(b)

1,1 and LP(c)
2,1-LP(b)

2,1 modes, respectively. As a result, a true modal
demultiplexing (or modal multiplexing considering the reciprocal nature of the device) with a
reduced pulse dispersion is demonstrated.

Nonetheless, in contrast with the unbroken SUSY case (Fig. 7.5), the Darboux procedure allows
us to engineer the first-order intermodal dispersion of an MCF just by adjusting η1. This provides
us with a much higher design flexibility, as we can tailor this parameter even for fixed MCF length,
core-to-core distance and core diameters. In this fashion, pulse shaping and dispersion engineering
functionalities can be incorporated to the M-DEMUX. As an example, Fig. 7.10 depicts the behav-
ior of the M-DEMUX now taking η1 = 10−10 and η1 = 10−11 for the cores a and c, respectively.
These values were chosen so as to increase the intermodal dispersion with respect to the previous
case and produce broadened and flat-top pulses at the M-DEMUX output. [Fig. 7.10(b)]. Now, we
found that L(1)

ID ≃ 0.14 m and 0.11 m between the LP(a)
1,1-LP(b)

1,1 and LP(c)
2,1-LP(b)

2,1 modes, respectively.
Moreover, since the M-DEMUX length is much lower than the GVD length in the LP0,1, LP1,1

and LP2,1 modes of each core (LGVD ∼ 5 km), the pulse dispersion induced by the GVD can be
neglected when propagating optical pulses in the picosecond regime (or higher temporal widths)
in our M-DEMUX.

Figure 7.10. (a) 10-ps Gaussian pulse propagating through the LP01, LP11 and LP21 modes of cores a, b
and c of the M-DEMUX with na = ñ1(m1 = 1, η1 = 10−10), nb = n1 and nc = ñ1(m1 = 2, η1 = 10−11)
(colorbar: normalized power). (b) Pulse shaping at the M-DEMUX output. The inset shows the DMGD
between the LP(c)

2,1-LP(b)
2,1 modes and between the LP(a)

1,1-LP(b)
1,1 modes as a function of η1 [241].
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Because of the partial degeneracy observed in the isospectral family, novel photonic devices can
be designed for next-generation optical networks based on MDM transmissions. In spite of the
fact that the proposed M-DEMUX is not scalable to a higher number of modes if the number of
cores (three in this case) is kept constant, we can achieve such a scalability by including additional
adjacent cores around core b and optimizing the MCF length to extract higher-order modes from
this core, e.g., the LP3,1 and LP4,1 modes. As an important example, an all-fiber add-drop mode
multiplexer can be designed by using an MCF with a hexagonal close-packed structure [300] along
with isospectral constructions. In this way, the surrounding cores will inject and extract the LPm,1

modes from the central core (at the corresponding λ0 wavelength), which can be used to distribute
the different multiplexed signals in the MDM system.

In addition, the Darboux procedure can also be generalized to obtain an n-parameter isospectral
family of cylindrical potentials. In Appendix C7, we investigate the multi-parameter case and
include an illustrative example of the two-parameter family for the step-index profile.

7.5 Conclusions
In this chapter, we have applied different 1D SUSY transformations to cylindrical potentials ex-
hibiting axial symmetry, focusing our efforts on optical potentials, but with direct extrapolation
of the results to quantum mechanics (see below). As SUSY transformations involve inverse-square
1D potentials and singular superpotentials, we investigated numerically and theoretically whether
these features may produce a degeneracy between the corresponding 3D optical superpartners.
Our results show that, while degeneracy is present in unbroken SUSY transformations, it is in-
deed violated in broken and isospectral SUSY transformations. Notably, this violation does not
occur due to the aforementioned reasons, but it is actually induced at the energy levels for which
the bound states of the SUSY optical medium do not satisfy the paraxial approximation. These
results provide us with a recipe to construct axially-symmetric potentials with total, partial, or
no degeneracy using unbroken, isospectral, or broken SUSY constructions, respectively. Outstand-
ingly, the unbroken and isospectral SUSY transformations share an extremely large phase-matching
bandwidth.

Building on these interesting modal properties of optical superpartners, we have proposed and
demonstrated a variety of applications for mode filtering, mode conversion, mode multiplexing,
supermode generation, pulse shaping and dispersion engineering. These include SUSY multi-core
fibers, mode-selective photonic lanterns and true all-fiber mode (de)multiplexers. Specifically, the
true mode (de)multiplexer is designed using optical potentials with partial degeneracy induced by
the violation of the paraxial approximation. Remarkably, this concept has not been previously
observed in the optical SUSY literature [222–226, 228–230, 232–239, 241, 242]. In this vein, these
results could be extrapolated to SUSY planar waveguides, which may open new possibilities for
signal processing applications in integrated photonics [293,294].

The SUSY transformation method depicted in Fig. 7.1 can be generalized by analyzing addi-
tional factorization procedures of the superhamiltonian given by Eq. (7.3.3) [279, 280]. As such,
SUSY fiber transformations can likewise be employed to study new degenerate axially-symmetric
potentials with a different azimuthal relation from those for the unbroken and broken SUSY cases.
The proposed idea builds a bridge to investigate novel mode conversion and mode filtering strategies
in all-fiber devices.

On the other hand, it is worth mentioning the possibility of extrapolating the proposed trans-
formation method to acoustics and quantum mechanics when axially-symmetric potentials are
involved. Interestingly, Eq. (7.2.2) serves as a master equation that allows us to describe the
dynamics of waves in these branches of physics, provided that an adequate mathematical iden-
tification of E(3D)

m,n , V (3D) and Ψm,n is performed. We include in Table 7.1 a possible choice of
the physical meaning of these parameters in each of the aforementioned fields [other options are
accounted for by introducing a free-parameter in E

(3D)
m,n and V (3D) for the photonic and acoustic

cases, e.g., E(3D)
m,n ≡ γ and V (3D) (r) ≡ γ − (ω2/c20)n

2 (r)]. In non-relativistic quantum mechanics,
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the wave equation is given by the time-independent Schrödinger equation. Hence, E(3D)
m,n , V (3D)

and Ψm,n describe respectively the particle’s discrete energy levels, the quantum potential, and the
probability amplitude. Moreover, Eq. (7.2.2) models the propagation of sound in acoustic media
with slowly-varying mass density, provided that we use the identifications of the third column of
Table 7.1. In this case, Ψm,n may represent the acoustic velocity potential or the acoustic pressure.

The applicability of 1D SUSY in these fields is straightforward by employing Table 7.1 and
Eqs. (7.2.8), (7.2.9). Given that the degeneracy between V (3D)

1 and V (3D)
2 is present in all the ana-

lyzed cases (unbroken, broken and isospectral deformations), one would expect the same behavior
for the case in which V

(3D)
1 and V

(3D)
2 represent acoustic or quantum systems, as they involve no

paraxial approximations. However, this should be confirmed through further numerical analyses
in future works. If degeneracy is indeed preserved, our results for unbroken SUSY can be directly
extrapolated to these fields. Hence, multi-core acoustic ducts or cylindrical quantum potentials
with axial symmetry may be engineered with the same modal properties as unbroken SUSY MCFs.
Furthermore, it would be interesting to explore broken SUSY transformations within the context
of quantum mechanics as a theoretical procedure to generate complex V

(3D)
2 potentials from a

given V
(3D)
1 real analytically solvable potential. This may present interesting practical applica-

tions in Bose-Einstein condensates [309]. Finally, proceeding in a similar way as in Section 7.4,
isospectral deformations may also be proposed as a strategy to construct acoustic and quantum
axially-symmetric potentials with similar spectra.

Physics E
(3D)
m,n V (3D) (r) Ψm,n (r)

Photonics 0 −(ω2/c20)n
2 (r)

Ẽm,n (r, ω)

H̃m,n (r, ω)

Quantum Mechanics Ẽm,n Ṽ (r) ψ̃m,n (r)

Acoustics 0 −ω2/c2S (r)
ϕ̃m,n (r, ω)

P̃m,n (r, ω)

Table 7.1. Physical interpretation of the eigenvalue, potential and wave function of Eq. (7.2.2) in photonics,
quantum mechanics and acoustics. The speed of light in a vacuum is denoted as c0, while cS represents
the speed of sound in the acoustic medium. Note that here ω is not a variable, it is just a parameter [241].



CHAPTER 7. SUPERSYMMETRIC OPTICAL FIBERS 231

Appendix A7: Linear wave equation in weakly-guiding fiber
Here, we will show in more detail the derivation of the linear wave equation Eq. (7.2.2), which
emerges from Maxwell’s equations when assuming an optical fiber under the slowly-varying index
(SVI) and paraxial approximations. For completeness, we will also demonstrate that Eq. (7.2.2)
serves as a master wave equation that allows us to describe the dynamics of waves in photonics,
acoustics and quantum mechanics by performing an adequate mathematical identification of E(3D)

m,n ,
V (3D) (r) and Ψm,n (r) in axially-symmetric systems.

Let us consider a weakly-guiding gradual-index optical fiber with axial symmetry operating
in the linear regime. The above optical medium can be regarded as a dielectric linear, isotropic,
time-invariant and non-magnetic medium with a refractive index profile n(r). As indicated in the
main text, we also assume a non-dispersive medium to facilitate the comprehension of the main
conclusions of this work. The corresponding wave equation can be derived from the macroscopic
Maxwell equations in the frequency domain:

∇× Ẽ (r, ω) = −jωB̃ (r, ω) ; (A7.1)

∇× H̃ (r, ω) = jωD̃ (r, ω) ; (A7.2)

∇ · D̃ (r, ω) = 0; (A7.3)

∇ · B̃ (r, ω) = 0, (A7.4)

where the fields involved in the previous equations were described in Chapter 1 (see Section 1.5).
Specifically, in this case, D̃ and H̃ can be expressed as:

D̃ (r, ω) = ε0n
2 (r) Ẽ (r, ω) ; H̃ (r, ω) = (1/µ0) B̃ (r, ω) . (A7.5)

Combining Faraday’s and Ampère’s laws [Eqs. (A7.1) and (A7.2)] by applying the curl operator
and using the above constitutive relations [Eq. (A7.5)], we find the following exact wave equation:

∇×∇× Ẽ (r, ω)− ω2

c20
n2 (r) Ẽ (r, ω) = 0. (A7.6)

The global electric field strength can be expressed as a function of the hybrid modes (also referred to
as true modes) of the optical fiber Ẽm,n, i.e., Ẽ =

∑
m,n Ẽm,n, with m and n indicating respectively

the azimuthal and radial order. In this way, Eq. (7.2.1) is directly found:

∇×∇× Ẽm,n (r, ω)−
ω2

c20
n2 (r) Ẽm,n (r, ω) = 0. (A7.7)

For gradual-index fibers satisfying the SVI criterion (see page 212), ∇·D̃m,n ≃ ε0n
2 (r)∇·Ẽm,n = 0

and, consequently, we can approximate:

∇×∇× Ẽm,n = ∇(∇ · Ẽm,n)−△Ẽm,n ≃ −△Ẽm,n. (A7.8)

Hence, Eq. (A7.7) is reduced to:

△Ẽm,n (r, ω) +
ω2

c20
n2 (r) Ẽm,n (r, ω) = 0. (A7.9)

In weakly-guiding fibers, the paraxial approximation is automatically satisfied. In such a scenario,
the linearly polarized LPm,n mode groups emerge as the linear combination of the quasi-degenerate
hybrid modes and the longitudinal component of each mode group can be neglected [32]. Moreover,
bearing in mind the isotropic nature of the medium, we can describe Ẽm,n by a single transverse
component (e.g. the x-polarization), that is, Ẽm,n ≃ Ẽm,nûx. Thus, the above equation becomes:

△Ẽm,n (r, ω) +
ω2

c20
n2 (r) Ẽm,n (r, ω) = 0. (A7.10)
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In a similar way, we can also derive the scalar wave equation in terms of the magnetic field strength,
which takes the form (H̃m,n ≃ H̃m,nûy):

△H̃m,n (r, ω) +
ω2

c20
n2 (r) H̃m,n (r, ω) = 0. (A7.11)

In acoustics and quantum mechanics, we can also find a Helmholtz equation formally equal
to Eqs. (A7.10) and (A7.11) when axially-symmetric potentials are involved. In acoustics, the
following equations (cS is the speed of sound in the acoustic medium):

△ϕ̃m,n (r, ω) +
ω2

c2S (r)
ϕ̃m,n (r, ω) = 0; (A7.12)

△P̃m,n (r, ω) +
ω2

c2S (r)
P̃m,n (r, ω) = 0, (A7.13)

model the propagation of sound in axially-symmetric acoustic media with slowly-varying mass
density as a function of the acoustic velocity potential (ϕ̃) or the acoustic pressure (P̃ ) [310]. In
quantum mechanics, the wave equation is given by the time-independent Schrödinger equation (we
set ~2/2m ≡ 1 for simplicity):

−△ψ̃m,n (r) + Ṽ (r) ψ̃m,n (r) = Ẽm,nψ̃m,n (r) , (A7.14)

where Ẽm,n, Ṽ and ψ̃m,n describe respectively the particle’s discrete energy levels, the quantum
potential and the probability amplitude.

In spite of the fact that we focus our efforts on the photonic case, we can easily extrapolate the
transformation method depicted in Fig. 7.1 to acoustics and quantum mechanics by using a master
wave equation of the form given by Eq. (7.2.2). Remarkably, this equation allows us to describe
Eqs. (A7.10)-(A7.14) by performing an adequate mathematical identification of E(3D)

m,n , V (3D) and
Ψm,n, see Table 7.1.
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Appendix B7: Unbroken and broken SUSY (discussion)
In this appendix, we discuss theoretically if the singular superpotentials involved in the unbroken
and broken SUSY transformations break the degeneracy between the one-dimensional potentials
V1,2 and we also include additional numerical examples and discussions to complete our work in
Section 7.3.

B7.1 Unbroken SUSY
The commutation of the supercharges with the superhamiltonian

[
H,Q±] = 0, the normalization

and the continuity of the wave functions ψ(1)
m1,n+1 and ψ(2)

m2,n are sufficient conditions to guarantee
the degeneracy between superpartners. In this way, a singular superpotential may give rise to a
breakdown of the SUSY degeneracy theorem if a singularity of W induces a violation of one of
the above conditions. Along this line, bearing in mind that the reduction of the 3D Helmholtz
equation to 1D introduces a singular superpotential in the unbroken SUSY transformations, we
should verify if the aforementioned sufficient conditions are fulfilled.

Firstly, let us investigate if the relation
[
H,Q±] = 0 is satisfied at the singularity (r = 0).

Specifically, the condition
[
H,Q±] = 0 can be rewritten in terms of the following intertwining

relations:

Ĥ2,eqÂ
−
= Â

−
Ĥ1,eq; Ĥ1,eqÂ

+
= Â

+
Ĥ2,eq, (B7.1)

where:

Ĥ1,2,eq = − d2

dr2
+ V1,2 (r)− α; Â

±
= ∓ d

dr
+W (r) . (B7.2)

Thus, our goal is to verify if Eqs. (B7.1) are satisfied at r = 0. Let us first discuss the former
intertwining relation. To this end, we should check if this relation is satisfied for any eigenfunction
of the form ψ

(1)
m1,n(r) =

√
rR

(1)
m1,n(r). The LHS and the RHS of Ĥ2,eqÂ

−
ψ
(1)
m1,n = Â

−
Ĥ1,eqψ

(1)
m1,n are

respectively:

Ĥ2,eqÂ
−
ψ(1)
m1,n(r) =

(
− d2

dr2
+ V2 (r)− α

) d
dr

−

(
R

(1)
m1,1

(r)
)′

R
(1)
m1,1

(r)
− 1

2r

(√rR(1)
m1,n (r)

)
; (B7.3)

Â
−

Ĥ1,eqψ
(1)
m1,n(r) =

 d
dr

−

(
R

(1)
m1,1

(r)
)′

R
(1)
m1,1

(r)
− 1

2r

(− d2

dr2
+ V1 (r)− α

)(√
rR(1)

m1,n (r)
)
. (B7.4)

Now, taking into account that (i ∈ {1, 2}):

Vi (r) = −ω
2

c20
n2i (r) +

m2
i

r2
− 1

4r2
, (B7.5)

our initial question is solved by calculating the limit:

lim
r→0

(
Ĥ2,eqÂ

−
ψ(1)
m1,n (r)− Â

−
Ĥ1,eqψ

(1)
m1,n (r)

)
. (B7.6)

Notifying that:

R(1)
m1,n (r) ∼ Jm1

(
um1,n

R0
r

)
=

∞∑
k=0

(−1)
k

k! (m1 + k)!

(
um1,n

2R0
r

)m1+2k

, (B7.7)

where um1,n is a modal parameter of the LP(1)
m1,n mode, it is tedious but straightforward to verify

that Eq. (B7.6) is found to be null for any m1 value. We also found the same result when analyzing
Ĥ1,eqÂ

+
= Â

+
Ĥ2,eq at the singularity.



CHAPTER 7. SUPERSYMMETRIC OPTICAL FIBERS 234

Secondly, we discuss if the eigenfunctions ψ(2)
m2,n of the SUSY potential V2 are continuous nor-

malizable functions. Specifically, ψ(2)
m2,n are generated from the SUSY relation ψ(2)

m2,n ∝ Â
−
ψ
(1)
m1,n+1,

with m2 = m1 + 1. That is:

ψ(2)
m2,n (r) ∝

√
r

(R(1)
m1,n+1

)′
(r)−R

(1)
m1,n+1 (r)

(
R

(1)
m1,1

)′
(r)

R
(1)
m1,1

(r)

 . (B7.8)

From the above expression we can infer that:

• Behavior at r = 0. ψ(2)
m2,n is nonsingular with r ≥ 0. Concretely, at r = 0, we can verify that

ψ
(2)
m2,n (r → 0) ≡ ψ

(2)
m2,n,− = 0 by using Eqs. (B7.7) and (B7.8).

• Behavior at r → ∞. It is easy to verify that ψ(2)
m2,n (r → ∞) ≡ ψ

(2)
m2,n,+ = 0 taking into

account that ψ(1)
m1,n+1,+ = 0, (ψ(1)

m1,n+1,+)
′ = 0 and |W+| <∞.

• Continuity. Equation (B7.8) is found to be a continuous function with r ≥ 0. Note that
Eq. (B7.8) involves sums and products of continuous functions.

The same conclusions are found for the functions
∣∣∣ψ(2)

m2,n

∣∣∣ and
∣∣∣ψ(2)

m2,n

∣∣∣2. All in all, we infer that
´ r
0

∣∣∣ψ(2)
m2,n (x)

∣∣∣2 dx is bounded and, therefore,
´∞
0

∣∣∣ψ(2)
m2,n (r)

∣∣∣2 dr is convergent. Consequently, ψ(2)
m2,n

is a bound state of Ĥ2,eq. Thus, we conclude that the singular superpotential does not break the
degeneracy between superpartners.8

For completeness, the casesm1 = 1 andm1 = 3 were also numerically analyzed. The normalized
dispersion diagram, normalized group delay and the ground state wave function of the SUSY
refractive index profile n2 (r) are shown in Figs. B7.1, B7.2 and B7.3, respectively.

Finally, we analyze an unbroken SUSY Hamiltonian chain comprisingN supersymmetric axially-
symmetric potentials V1,...,VN . The relations between the potentials V1 and Vq (q ∈ {2, . . . , N}),
their energy levels and wave functions are given by the same expressions as on the full line (see
Chapter 6, Section 6.6):

Vq (r) = V1 (r)− 2
d2

dr2
ln

(
q−1∏
i=1

ψ
(i)
mi,1

(r)

)
; (B7.9)

E(q)
n = E

(1)
n+q−1; (B7.10)

ψ(q)
mq,n (r) = ξ(2)

(
q−1∏
i=1

Â
−
q−i

)
ψ
(1)
m1,n+q−1 (r) , (B7.11)

where:
Â

−
q−i =

d
dr

−
(
lnψ

(q−i)
mq−i,1

(r)
)′
, (B7.12)

and ψ
(i)
mi,1

(r) =
√
rR

(i)
mi,1

(r) is the ground state of the i-th Hamiltonian. Thus, using Eq. (B7.5)
and the azimuthal relation mi = m1 + i− 1 in each system, Eqs. (7.3.14)-(7.3.16) of the main text
are derived.

In spite of the fact that the superpotentialWi (r) = −(lnψ
(i)
mi,1

(r))′ connecting the Hamiltonians
Ĥi,eq and Ĥi+1,eq is found to be singular at r = 0, the degeneracy of the spectra is preserved.
Following a similar discussion as before, it is straightforward to demonstrate that

[
Hi,Q±

i

]
= 0

and the eigenfunctions ψ(i+1)
mi+1,n [given by Eq. (B7.11) taking q = i+1] are bound states of Ĥi+1,eq.

8The normalization criterion of ψ(2)
m2,n was also numerically verified with Mathematica software.



CHAPTER 7. SUPERSYMMETRIC OPTICAL FIBERS 235

Figure B7.1. Modal analysis of two SUSY optical refractive indexes with m1 = 1 and m1 = 3. (a) SUSY
partner for the step-index profile. Normalized dispersion diagram as a function of: (b) the normalized
frequency, and (c) the wavelength comprising the S + C + L optical bands [241].

Figure B7.2. Normalized group delay diagram for the m1 = 1 and m1 = 3 cases [241].

Figure B7.3. Ground state wave function ψ
(2)
m2,1

of the SUSY refractive index n2 for the cases: (a)m1 =
1 and (b)m1 = 3. The comparison between the numerical calculation using the 3D mode solver and
Eq. (7.3.12) is inset in the top of the figure [241].
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B7.2 Broken SUSY
Firstly, we verify if the singularity of W given by Eq. (7.3.18) is not behind the rupture of the
degeneracy between the LP(1)

m1,n and LP(2)
m2,n modes (m2 = m1 − 1). Since the commutation of the

superhamiltonian and the supercharges is also preserved in this case (the property
[
H,Q±] = 0

was numerically verified with Mathematica software), we investigate if the SUSY eigenfunctions
ψ
(2)
m2,n are bound states of Ĥ2,eq:

• Behavior at r = 0. Considering that W (r) ∝
r→0

(2m1 − 1)/2r and ψ
(1)
m1,n (r) ∼

r→0
rm1+1/2, we

find that:

R(2)
m2,n (r) ∼

r→0

{
a, m2 = 0

0, m2 > 0
⇒ ψ

(2)
m2,n,− = lim

r→0

√
rR(2)

m2,n (r) = 0, (B7.13)

where a is a non-vanishing real constant.

• Behavior at r → ∞. We note that ψ(2)
m2,n,+ = 0, as deduced from the fact that ψ(1)

m1,n,+ = 0,
(ψ

(1)
m1,n,+)

′ = 0 and |W+| <∞.

• Continuity. Since ψ(2)
m2,n (r) ∝ (ψ

(1)
m1,n (r))

′ + W (r)ψ
(1)
m1,n (r) with ψ

(1)
m1,n, (ψ

(1)
m1,n)

′ and W

continuous functions in r ≥ 0, then ψ(2)
m2,n is also found to be a continuous function in r ≥ 0.

Once again, we can infer the same conclusions for the functions
∣∣∣ψ(2)

m2,n

∣∣∣ and
∣∣∣ψ(2)

m2,n

∣∣∣2. Thus,
´ r
0

∣∣∣ψ(2)
m2,n (x)

∣∣∣2 dx is bounded,
´∞
0

∣∣∣ψ(2)
m2,n (r)

∣∣∣2 dr is convergent and, therefore, ψ(2)
m2,n are bound

state of Ĥ2,eq. As a result, Ĥ1,eq and Ĥ2,eq have degenerate spectra.
Nonetheless, as discussed in Subsection 7.3.2, the non-degeneracy between V

(3D)
1 and V

(3D)
2 is

induced by a degradation of the paraxial approximation in the SUSY modes LP(2)
m2,n. Table B7.1

shows the ratio Ẽz/ẼT and the phase-mismatching (∆β) of the true modes which compose the
LP and quasi-LP mode groups in the SUSY fibers. As seen, the true modes of each LP group of
n2 are found to be quasi-degenerate, with ∆β much lower than the phase-mismatching between
different LP mode groups, but Ẽz cannot be neglected with respect to ẼT in this case. In addition,
we have verified with CST Microwave Studio that the linear combination of the quasi-degenerate
true modes shows approximately a linearly polarized nature.

LP mode group True modes βav
rad/m

∆β
rad/m

Ẽz/ẼT

LP(1)
2,1 EH11 ± HE31 5777946 2 0.01

LP(1)
2,2 EH12 ± HE32 5772568 5 0.02

LP(1)
2,3 EH13 ± HE33 5764932 6 0.02

LP(2)
1,1 TE01 ± TM01 ± HE21 5788827 52 0.09

LP(2)
1,2 TE02 ± TM02 ± HE22 5782934 61 0.12

LP(2)
1,3 TE03 ± TM03 ± HE23 5770742 77 0.14

Table B7.1. Comparison of the degeneracy of the true modes for the n1 and n2 index profiles. βav and ∆β
are respectively the average value of the phase constant and the phase-mismatching of the true modes in
each LP or quasi-LP mode group at λ0 = 1550 nm [241].
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For completeness, we show in Fig. B7.4 the normalized dispersion diagram of the broken SUSY
fibers depicted in Fig. 7.7(c). Here, we only include the first twelve LP mode groups of n1 and n2.
As discussed in Fig. 7.7(c), n1 and n2 comprise non-degenerate SUSY modes LP(1)

2,n and LP(2)
1,n.

Nevertheless, additional LP mode groups are found to be degenerate between both superpartners
at different frequencies in the third transmission optical window (ν ∈ [14.2, 16]).

Figure B7.4. Normalized dispersion diagram of the n1 and n2 index profiles shown in Fig. 7.7 (only the
first twelve LP mode groups have been simulated) [241].

B7.3 A brief discussion on the Riccati equation
From a closer look at the Riccati equation, we can derive the order relation between m1 and m2

for the unbroken and broken SUSY transformations. Combining the ODEs:

V1 (r) =W 2 (r)−W ′ (r) + α; V2 (r) =W 2 (r) +W ′ (r) + α, (B7.14)

we obtain the relation:
W+ −W− =

1

2

ˆ ∞

0

(V2 (r)− V1 (r))dr, (B7.15)

with W+ := W (r → ∞) and W− := W (r → 0). Solving the above equation using Eq. (B7.5) and
assuming nonsingular refractive index profiles n1 and n2, we find that:

W+ −W− = sgn
(
m2

2 −m2
1

)
· ∞. (B7.16)

Therefore, it is straightforward to conclude that (α ≡ −k20n2α):{
UNBROKEN: W+ = +k0

√
n2α − n2cl ∧ W− = −∞ ⇒ m2 > m1

BROKEN: W+ = −k0
√
n2α − n2cl ∧ W− = +∞ ⇒ m2 < m1

, (B7.17)

in line with the order relation between m1 and m2 detailed in Section 7.3.
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B7.4 Inverse SUSY
In contrast to the unbroken and broken SUSY transformations of Section 7.3 (direct SUSY), one
can start from a given cylindrical potential V1 and calculate a V0 potential via the relations:

V0 (r) =W 2 (r)−W ′ (r) + α; V1 (r) =W 2 (r) +W ′ (r) + α. (B7.18)

In the same way as in direct SUSY transformations, α is an auxiliary constant of the problem which
accounts for the energy shift of the Hamiltonians Ĥ0,1,eq = Ĥ0,1 − α = −d2/dr2 + V0,1 (r) − α.
If α = E

(0)
1 SUSY is unbroken. Otherwise, SUSY is broken. In the former case, a bound state

will be added to the newly derived cylindrical potential V0. Once the superpotential is calculated
numerically from Eq. (B7.18), the refractive index profile n0 (r) is found as:

n0 (r) =

√
n21 (r) + 2

c20
ω2

d
dr

(
m2

1 −m2
0

2r
+W (r)

)
. (B7.19)



CHAPTER 7. SUPERSYMMETRIC OPTICAL FIBERS 239

Appendix C7: Isospectral transformations (discussion)
In this appendix, we include additional comments, discussions and numerical examples of the
one-parameter and multi-parameter isospectral Darboux procedure applied to axially-symmetric
potentials.

C7.1 One-parameter family
As detailed in Sections 6.11 and 7.4, the second step of the Darboux procedure requires to use
a non-normalizable solution Φ1(η1) of V2 at energy E

(1)
1 of the form given by Eq. (7.4.1). Along

this line, note that Eq. (7.4.1) has a singularity at r = 0. This singularity is responsible for the
singular nature of the superpotential WD(η1) [Eq. (7.4.2)], which gives rise to the isospectral family
of potentials:

Ṽ1 (r; η1) = V1 (r)− 2
d2

dr2
ln (I1 (r) + η1) . (C7.1)

Combining this equation with Eq. (7.3.1), then Eq. (7.4.3) is derived. In this scenario, in the same
way as 1/ψ

(1)
m1,1

is an eigenfunction of V2 at energy E(1)
1 , 1/Φ1(η1) is found to be an eigenfunction

of Ṽ1(η1). Concretely, 1/Φ1(η1) is normalizable if I1 (r) + η1 ̸= 0, ∀r ≥ 0. That is:

ψ̃
(1)
m1,1

(r; η1) =
1

Φ1 (r; η1)
=

ψ
(1)
m1,1

(r)

I1 (r) + η1
, (C7.2)

describes the ground state family of Ṽ1(η1) if η1 /∈ [−I1,+, 0], where I1,+ := I1 (r → ∞). From

Eq. (C7.2) we obtain Eq. (7.4.4). Note that in QM I1,+ =
´∞
0

∣∣∣ψ(1)
m1,1

(r)
∣∣∣2 dr = 1. However, in

photonics the condition I1,+ = 1 is not required. Consequently, we can use a ground state of the
form

√
ξψ

(1)
m1,1

, with ξ a real constant accounting for the power of the optical mode. Hence, I1,+
is found in photonics as I1,+ = ξ. Nonetheless, it should be noted that only a single degree of
freedom appears in Eq. (C7.2) taking into account that:

d2

dr2
ln (ξI1 (r) + η1) =

d2

dr2

[
ln (ξ) + ln

(
I1 (r) +

η1
ξ

)]
=

d2

dr2
ln

(
I1 (r) +

η1
ξ

)
, (C7.3)

with the degree of freedom given by the real constant η1/ξ.

C7.2 Superpotential, supercharges and bound states in the second step
Using Eq. (B7.7) in Eq. (7.4.2), we verify that the superpotential WD(η1) has a singularity at r = 0:

lim
r→0

WD (r; η1) = lim
r→0

(
− ar4m1+2 + η1r

2m1

br4m1+3 + η1r2m1+1

)
= sgn (−a/b) · ∞, (C7.4)

with a and b non-vanishing real constants. As mentioned before, the singular nature of WD(η1) is
induced by the singularity of Φ1(η1) at r = 0. Therefore, we should now analyze if the sufficient
conditions for the degeneracy between V2 and Ṽ1 (η1) are fulfilled: (i) the commutation of the
supercharges with the superhamiltonian, and (ii) the normalization and the continuity of the wave
functions ψ̃(1)

m1,n(η1).
Firstly, we check if the singular nature of WD(η1) may break the commutation of the super-

charges Q±
D with the superhamiltonian HD in the second step of the Darboux procedure, where:

HD =

[
Ĥ2,eq 0̂

0̂
̂̃H1,eq (η1)

]
; Q−

D =

[
0̂ 0̂

Â
−
D (η1) 0̂

]
; Q+

D =

[
0̂ Â

+

D (η1)

0̂ 0̂

]
, (C7.5)
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and (α = E
(1)
1 ):

Ĥ2,eq = − d2

dr2
+ V2 (r)− α;

̂̃H1,eq (η1) = − d2

dr2
+ Ṽ1 (r; η1)− α; Â

±
D (η1) = ∓ d

dr
+WD (r; η1) .

(C7.6)
The commutation relation

[
HD,Q±

D
]
= 0 can also be expressed in terms of the following Hamilto-

nian intertwining relations:̂̃H1,eq (η1) Â
−
D (η1) = Â

−
D (η1) Ĥ2,eq; Ĥ2,eqÂ

+

D (η1) = Â
+

D (η1)
̂̃H1,eq (η1) . (C7.7)

Taking the former intertwining relation, we must check the limit (∀n ≥ 1):

lim
r→0

[(̂̃H1,eq (η1) Â
−
D (η1)

)(
Â

−
ψ(1)
m1,n (r)

)]
= lim

r→0

[(
Â

−
D (η1) Ĥ2,eq

)(
Â

−
ψ(1)
m1,n (r)

)]
, (C7.8)

with the LHS and RHS of the form:

LHS ≡
(
− d2

dr2
+ Ṽ1 (r; η1)− α

)(
d
dr

− Φ′
1 (r; η1)

Φ1 (r; η1)

) d
dr

−

(
R

(1)
m1,1

(r)
)′

R
(1)
m1,1

(r)
− 1

2r

(√rR(1)
m1,n (r)

)
;

(C7.9)

RHS ≡
(

d
dr

− Φ′
1 (r; η1)

Φ1 (r; η1)

)(
− d2

dr2
+ V2 (r)− α

) d
dr

−

(
R

(1)
m1,1

(r)
)′

R
(1)
m1,1

(r)
− 1

2r

(√rR(1)
m1,n (r)

)
.

(C7.10)

Using Eq. (B7.7) and after some algebraic work, we found that Eq. (C7.8) is satisfied. Proceeding
in a similar manner, the second intertwining relation was also verified.

Secondly, we discuss if the eigenfunctions ψ̃(1)
m1,n(η1) of the isospectral family Ṽ1 (η1) are found

to be continuous normalizable functions. The ground state (n = 1) is given by Eq. (C7.2) and
its bound state nature was discussed before. The additional eigenfunctions (n > 1) which can
be possible bound states are found from the relation ψ̃

(1)
m1,n(η1) ∝ Â

−
D(η1)Â

−
ψ
(1)
m1,n. From this

expression, the following considerations are in order:

• Behavior at r = 0. We have tested the limit of R̃(1)
m1,n(η1) at r → 0 using Eq. (B7.7):

lim
r→0

R̃
(1)
m1,1

(r; η1) =

{
1/η1; m1 = 0

0; m1 > 0
(C7.11)

lim
r→0

R̃(1)
m1,n (r; η1) =

{(
u20,1 − u20,n

)
/R2

0; m1 = 0

0; m1 > 0
(C7.12)

Bearing in mind that ψ̃(1)
m1,n(r; η1) =

√
rR̃

(1)
m1,n(r; η1), we infer that ψ̃(1)

m1,n,−(η1) = 0.

• Behavior at r → ∞. Note that ψ̃(1)
m1,n,+(η1) = 0, as deduced from the fact that ψ(1)

m1,n,+ = 0,
|W1,+| <∞ and |WD,+(η1)| <∞, where W1 is the superpotential employed in the first step
of the Darboux procedure [see Fig. 7.8(a)].

• Continuity. The relations given by Eq. (C7.2) and ψ̃
(1)
m1,n(η1) ∝ Â

−
D(η1)Â

−
ψ
(1)
m1,n do not

introduce any discontinuity in r ≥ 0.

As in the unbroken and broken SUSY transformations, we found the same conclusions for the
functions

∣∣∣ψ̃(1)
m1,n(η1)

∣∣∣ and
∣∣∣ψ̃(1)

m1,n(η1)
∣∣∣2, which allows us to conclude that

´ r
0

∣∣∣ψ̃(1)
m1,n(x; η1)

∣∣∣2 dx is

bounded with r ≥ 0 and, therefore,
´∞
0

∣∣∣ψ̃(1)
m1,n(r; η1)

∣∣∣2 dr is convergent. Consequently, ψ̃(1)
m1,n(η1)

are bound state of Ṽ1 (η1).
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C7.3 Additional numerical examples
For completeness, we include in Fig. C7.1 the normalized dispersion diagram of the refractive
indexes calculated from Eq. (7.4.3) by assuming: n1 as the step-index profile of previous examples,
m1 ∈ {0, 1, 2, 3}, and taking two different values of the η1 parameter in each case.

Next, we show in Table C7.1 a comparison at 1550 nm of the phase-mismatching ∆β and
the ratio Ẽz/ẼT of the true modes which compose the LP and quasi-LP mode groups depicted
in Fig. 7.8(c) and Fig. C7.1. Despite the fact that all the bound states (emerged from the linear
combination of the quasi-degenerate true modes) show a linearly or quasi-linearly polarized nature
similar to [32], as was verified with CST Microwave Studio, only the ground state LP(ñ1)

m1,1
meets the

paraxial approximation, where Ẽz can be neglected (Ẽz/ẼT ∼ 0.01). Nevertheless, the additional
bound states operate in the quasi-paraxial regime (Ẽz/ẼT ∼ 0.1), where Ẽz should be retained in
Maxwell’s equations. These bound states do not approximately satisfy Eq. (7.2.2) and, therefore,
the degeneracy in these energy levels is broken between n1 and ñ1.

Figure C7.1. Normalized dispersion diagram of the refractive index profiles calculated using the 1-param.
Darboux procedure for the step-index case. (a)m1 = 0, (b)m1 = 1, (c)m1 = 2 and (d)m1 = 3 [241].
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f

LP mode group True modes βav
rad/m

∆β
rad/m Ẽz/ẼT

LP(n1)
0,1 [6] HE11 5780535 0 0.008

LP(n1)
0,2 HE12 5777612 0 0.01

LP(n1)
0,3 HE13 5772252 0 0.01

LP(ñ1,η1=1e−8)
0,1 [6] HE11 5780532 0 0.009

LP(ñ1,η1=1e−8)
0,2 HE12 5777242 0 0.10

LP(ñ1,η1=1e−8)
0,3 HE13 5771893 0 0.10

LP(ñ1,η1=1e−9)
0,1 [6] HE11 5780536 0 0.01

LP(ñ1,η1=1e−9)
0,2 HE12 5776365 0 0.14

LP(ñ1,η1=1e−9)
0,3 HE13 5770649 0 0.15

LP(n1)
1,1 [6] TE01 ± TM01 ± HE21 5779387 2 0.009

LP(n1)
1,2 TE02 ± TM02 ± HE22 5775189 2 0.02

LP(n1)
1,3 TE03 ± TM03 ± HE23 5768687 6 0.04

LP(ñ1,η1=1e−9)
1,1 [6] TE01 ± TM01 ± HE21 5779382 3 0.01

LP(ñ1,η1=1e−9)
1,2 TE02 ± TM02 ± HE22 5773888 17 0.10

LP(ñ1,η1=1e−9)
1,3 TE03 ± TM03 ± HE23 5767792 16 0.11

LP(ñ1,η1=1e−10)
1,1 [6] TE01 ± TM01 ± HE21 5779386 4 0.02

LP(ñ1,η1=1e−10)
1,2 TE02 ± TM02 ± HE22 5772760 41 0.13

LP(ñ1,η1=1e−10)
1,3 TE03 ± TM03 ± HE23 5765952 46 0.16

LP(n1)
2,1 [6] EH11 ± HE31 5777946 2 0.01

LP(n1)
2,2 EH12 ± HE32 5772568 5 0.02

LP(n1)
2,3 EH13 ± HE33 5764932 6 0.02

LP(ñ1,η1=1e−10)
2,1 [6] EH11 ± HE31 5777950 4 0.02

LP(ñ1,η1=1e−10)
2,2 EH12 ± HE32 5772305 27 0.10

LP(ñ1,η1=1e−10)
2,3 EH13 ± HE33 5763807 27 0.11

LP(ñ1,η1=1e−11)
2,1 [6] EH11 ± HE31 5777948 10 0.03

LP(ñ1,η1=1e−11)
2,2 EH12 ± HE32 5770676 40 0.12

LP(ñ1,η1=1e−11)
2,3 EH13 ± HE33 5762860 45 0.17

LP(n1)
3,1 [6] EH21 ± HE41 5776254 3 0.009

LP(n1)
3,2 EH22 ± HE42 5769643 5 0.01

LP(n1)
3,3 EH23 ± HE43 5760907 7 0.02

LP(ñ1,η1=1e−9)
3,1 [6] EH21 ± HE41 5776250 5 0.02

LP(ñ1,η1=1e−9)
3,2 EH22 ± HE42 5769103 21 0.10

LP(ñ1,η1=1e−9)
3,3 EH23 ± HE43 5760234 20 0.11

LP(ñ1,η1=1e−10)
3,1 [6] EH21 ± HE41 5776252 8 0.03

LP(ñ1,η1=1e−10)
3,2 EH22 ± HE42 5767426 26 0.13

LP(ñ1,η1=1e−10)
3,3 EH23 ± HE43 5758839 33 0.14

Table C7.1. Comparison at 1550 nm of the degeneracy of the true modes for the isospectral refractive
indexes calculated with the one-parameter Darboux procedure. βav and ∆β are respectively the average
value of the phase constant and the phase-mismatching of the true modes in each LP and quasi-LP mode
group. ([6]: ground state) [241].
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C7.4 Multi-parameter family
The one-parameter Darboux procedure can be extended to an N -parameter isospectral family of
cylindrical potentials with axial symmetry in a similar way as detailed in Chapter 6 (on page 191)
on the full line. Deleting all N bound states of a given cylindrical potential V1 using an unbroken
SUSY Hamiltonian chain and reinserting them with a series of Darboux transformations, we obtain:

Ṽ1 (r; η1, . . . , ηN ) = V1 (r)− 2
d2

dr2
ln

[
rN/2

N∏
i=1

R
(i)
mi,1

(r)Φi (r; ηi, . . . , ηN )

]
, (C7.13)

where:

Φi (r; ηi, . . . , ηN ) =

 N∏
j=i+1

Â
−
j,D (ηj , . . . , ηN )

(N−i∏
q=1

Â
−
N−q+1

)
Φi (r; ηi) ; (C7.14)

Â
−
i,D (ηi, . . . , ηN ) =

d
dr

− (lnΦi (r; ηi, . . . , ηN ))
′
; Â

−
i =

d
dr

−
(
ln
√
rR

(i)
mi,1

(r)
)′

; (C7.15)

Φi (r; ηi) =
Ii (r) + ηi
√
rR

(i)
mi,1

(r)
; Ii (r) =

ˆ r

α
(
R

(i)
mi,1

)2
(α) dα; ηi /∈ [−Ii,+, 0] . (C7.16)

In photonics and acoustics, the refractive index can be calculated from Eq. (C7.13) as:

ñ1 (r; η1, . . . , ηN ) =

√√√√n21 (r) + 2
c20
ω2

d2

dr2
ln

[
rN/2

N∏
i=1

R
(i)
mi,1

(r)Φi (r; ηi, . . . , ηN )

]
. (C7.17)

As in the one-parameter family, the multi-parameter Darboux procedure also gives rise to
singular superpotentials when axially-symmetric potentials are involved in the theoretical work.
Thus, the degeneracy is only preserved at energy levels where the corresponding eigenfunctions
ψ̃m1,n(η1, . . . , ηN ) are found to be bound states of the isospectral family of potentials Ṽ1(η1, . . . , ηN ).
In the cases where the degeneracy is preserved, Eqs. (C7.13)-(C7.16) could be of extreme utility
within the context of quantum mechanics. In this branch of physics, the previous expressions
may allow us to construct real cylindrical potentials with identical spectra and scattering proper-
ties. As an example, it would be of great interest to investigate simple expressions for the pure
multi-soliton solutions of the Korteweg-de Vries (KdV) equation, following a similar mathematical
discussion as in [216] for the 1D potential V (x) = −n(n+1)sech2(x) on the full line (−∞ < x <∞).

Figure C7.2. Two-parameter refractive index family of the step-index profile [241].
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On the other hand, in photonics and acoustics, the multi-parameter family is found to be
less attractive than the one-parameter case. As a simple example, we show in Fig. C7.2 the two-
parameter family ñ1(η1, η2) of the n1 step-index profile when assuming R0 = 25 µm, λ0 = 1550 nm,
N = 2 and m1 = 3 in Eq. (C7.17). As seen, ñ1 exhibits a zero-index region at r/R0 ∼ 0.1 and a
singularity at r = 0. Although zero-index media are hardly found in naturally-occurring materials,
both photonic and sonic near-zero-index media can be synthesized with current metamaterial
technology [311]. Nonetheless, due to the singular behavior of ñ1, the multi-parameter Darboux
procedure does not present an apparent practical utility within the context of photonics or acoustics
for wave propagation purposes. Specifically, in photonics, the degeneracy of the isospectral family
will not be preserved. The SVI and the paraxial approximations will not be satisfied due to the
high index contrast induced by the singularity.



Chapter 8

Optical supersymmetry
in the time domain

Preface Originally emerged within the context of string and quantum field theory as a means to
achieve a theory of everything, the mathematical framework of supersymmetry was restricted to the
space domain in non-relativistic quantum mechanics to clarify fundamental outstanding questions
in physics. In this chapter, we introduce a paradigm shift demonstrating how the foundations of
the non-relativistic supersymmetry can also be extended to the time domain, at least within the
realm of photonics and acoustics. Dr. Carlos García-Meca is acknowledged for conceiving the idea
of temporal SUSY. The main work was developed in equal contribution by Carlos and Andrés
Macho Ortiz. We also thank Prof. Demetrios Christodoulides and Dr. Rodrigo Amezcua-Correa
from CREOL, The College of Optics & Photonics, for their thoughtful discussions that greatly
contributed to the results of this chapter.

8.1 Introduction
Supersymmetry (SUSY) emerged in 1971 within the context of string and quantum field theory
as a coherent mathematical framework for the unification of the strong, electroweak, and gravita-
tional interactions [207–209]. Attempting to solve fundamental questions about SUSY, scientists
subsequently created the field of SUSY quantum mechanics (SUSY QM), a non-relativistic model
for testing the aforementioned theories [216]. Essentially, the one-dimensional (1D) version of
SUSY QM considers two different QM systems described by the eigenvalue problems:

Ĥ1,2ψ
(1,2) (x) = Ω(1,2)ψ(1,2) (x) , (8.1.1)

with Ĥ1,2 = −αd2/dx2 + V1,2 (x) and α ∈ R+. As discussed in Chapter 6, the basic idea of
SUSY QM is to factorize Ĥ1 as Ĥ1 = Â

+
Â

−
, where Â

±
:= ∓

√
αd/dx + W (x) are known as

the SUSY operators and W is the superpotential, and then construct a second (supersymmetric)
system Ĥ2 by inverting the order of the factorization Ĥ2 := Â

−
Â

+
. The power of SUSY QM lies

in the fact that both systems exhibit almost identical eigenvalue spectra and scattering properties.
For this reason, while evidence of SUSY in nature remains elusive [215], SUSY QM became of
great interest in itself, leading to the discovery of new analytically-solvable potentials, explaining
intriguing aspects of quantum mechanics (such as the energy spectrum equality shared by very
different systems or the existence of non-trivial reflectionless potentials), and offering a unique
way to generate new families of isospectral and reflectionless systems [216]. Remarkably, under
specific circumstances, Eq. (8.1.1) also describes the dynamics of electromagnetic waves (and of any
physical phenomenon governed by Helmholtz’s equation), enabling a straightforward application of
SUSY QM theory in optics. As a result, notions of this formalism have been very recently utilized
to design ground-breaking photonic devices [228–230,232,234–239,241].

245
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Interestingly, in optics, there is a vast number of scenarios governed by a wave equation involving
second-order spatial derivatives over which we can apply the spatial factorization of SUSY QM. As
an illustrative example of the optical SUSY literature, consider the following wave equation that
allows us to describe the propagation of light in diverse optical systems:1(

△− n2 (r, t)

c20
∂2t

)
F (r, t) = 0, (8.1.2)

where △ = ∂2i is the Laplacian operator, c0 is the speed of light in vacuum, n is the refractive
index profile defined as n2 (r, t) := εr (r, t)µr (r, t), εr is the relative electric permittivity, µr is the
relative magnetic permeability, and F is the analytic2 representation of the electric (D) or magnetic
(B) flux density. In the above wave equation, the application of SUSY QM is straightforward by
factorizing the Laplacian operator and omitting the temporal dependence of n [222–225, 228–230,
232–239,241]. However, time-varying optical systems are crucial for a broad range of applications,
including optical modulation [313, 314], isolation and non-reciprocity [315, 316], signal processing
[317–319], quantum information [320], and reconfigurable photonics [321]. Thus, it is certainly
surprising that the main studies on optical SUSY are only valid for time-invariant systems.

Here, we lift this important restriction demonstrating that Maxwell’s equations also possess an
underlying temporal supersymmetry (T-SUSY) in a large variety of time-varying systems. In our
example, this implies that the SUSY QM factorization can be moved from the Laplacian operator
to the second-order time derivative by redefining the SUSY operators as Â

±
:= ∓

√
α∂t +W (t).

This paradigm shift will allow us to extend the unique properties of SUSY QM to the time domain,
adding an unprecedented degree of control over time-varying optical systems and opening the door
to a myriad of new applications.

It is worthy to note that the factorization proposed by T-SUSY is completely different from the
factorization employed in SUSY QM with a time-dependent potential [322–324], where the SUSY
operators are also defined using a first-order spatial derivative. The underlying problem of using
SUSY operators based on spatial derivatives is that we are restricted to reduce multidimensional
optical problems to one dimension obtaining polarization-dependent applications (see e.g. [228,
232]). However, in our proposal, we can benefit from the 1D nature of the time domain to elude
these restrictions by introducing time operators. As a result, we will be able to extend the notions
of SUSY in a wide variety of scenarios in photonics guaranteeing omnidirectional and polarization-
independent applications, sketched in Fig. 8.1.

Outstandingly, T-SUSY will allow us to explore the fundamentals of the temporal scattering
giving rise to unprecedented optical devices. Exploiting the intimate relationship between super-
symmetric time-varying refractive index profiles, we uncover a general relation between their scat-
tering amplitudes. This result can be used to analyze the reflection and transmission coefficients
of a large number of time-varying media or to design temporal modulations of the refractive index
with desired scattering properties, both functionalities (analysis & synthesis) without the neces-
sity of solving numerically Maxwell’s equations. As a byproduct, a new class of omnidirectional,
isotropic, polarization-independent and transparent (i.e. non-reflecting, lossless and gainless) media
is found, valid for all-dielectric, all-magnetic materials or a combination of both [Fig. 8.1(a)]. Using
this result, we build an ultra-compact reconfigurable transparent phase shifter with frequency-
independent phase response [Fig. 8.1(b)], and a broadband optical isolator [Fig. 8.1(c)]. Next, we
extend the possibilities of T-SUSY by considering time-varying dispersive media. To unfold the po-
tential of dispersive T-SUSY media, we design supersymmetric temporal waveguides, which could
be crucial for all-optical signal processing applications based on mode filtering and mode conver-
sion of temporal bound states.3 As a corollary of our findings, we introduce the concept of the
temporal photonic lantern (a dispersive time-varying device which generates temporal supermodes

1Imposing specific necessary conditions on the refractive index profile, this wave equation is exact and may
describe the propagation of light in dielectric (or magnetic), linear, isotropic, heterogeneous, time-varying, and
non-dispersive optical media. See Appendix A8, on page 258.

2The definition of the analytic representation of a field is detailed on page 2.
3By analogy with a spatial bound state, a temporal bound state can be defined as a time-dependent eigenfunction

ψ continuous, normalizable and satisfying the condition ψ (t→ ±∞) = 0.
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from the linear combination of degenerate bound states of close-packed temporal waveguides) and
we extend its applications for pulse shaping devices by applying T-SUSY [Fig. 8.1(d)]. Finally, we
discuss the possibility of extrapolating our results to acoustics.

Figure 8.1. Optical applications and devices demonstrated in this chapter using T-SUSY. (a) All-dielectric
(all-magnetic), omnidirectional, isotropic, polarization-independent and transparent medium with real
positive permittivity (permeability). (b) Ultra-compact, reconfigurable, polarization-independent and
transparent phase shifter with frequency-independent phase response Φ. (c) Polarization-independent
optical isolator based on frequency down-conversion of the input signal using a reflectionless time-varying
refractive index n (t) implemented, e.g., on a planar waveguide. Two band-pass optical filters OF1 and
OF2 of frequency ωOF1 = ω− and ωOF2 = ω+ = (n−/n+)ω−, with n± := n(t→ ±∞), are included at the
input and at the output of the device to protect the light source from external reflections. (d) Pulse-shape
transformer using a temporal photonic lantern (TPL) constructed with two close-packed T-SUSY tempo-
ral waveguides (red line) moving through the longitudinal axis of a spatial waveguide WG2. The spatial
waveguide WG1 is employed to insert (extract) the initial (final) pulse into (from) the TPL.

8.2 Temporal SUSY and temporal scattering
Aimed to highlight the power of our idea, let us consider as an initial example an all-dielectric,
linear, isotropic, homogeneous, time-varying and non-dispersive medium. This scenario is exactly
described by Eq. (8.1.2) taking F = D and n2 (t) = εr (t). In such conditions, the isotropic and
homogeneous nature of the medium guarantee that D is transversal to the propagation direction
of the electromagnetic energy (e.g. ûx), the wave vector is parallel to ûx, and the temporal
scattering is polarization-independent. Hence, without loss of generality, we can safely assume a
single component in D and, consequently, Eq. (8.1.2) can be reduced to the scalar wave equation:(

△− n2 (t)

c20
∂2t

)
D (r, t) = 0. (8.2.1)

Applying separation of variables D (r, t) = ϕ (r)ψ (t), we find that the temporal solution ψ obeys
the 1D temporal Helmholtz equation:(

d2

dt2
+ ω2

0N
2 (t)

)
ψ (t) = 0, (8.2.2)

where N2 (t) := n2−/n
2 (t), n− := n (t→ −∞), and ω0 is the angular frequency (central angular

frequency) of the electromagnetic fields at t → −∞ in the monochromatic (non-monochromatic)
regime. The same equation is obtained for homogeneous time-varying all-magnetic materials
[n2 (t) = µr (t)], homogeneous time-varying dielectric and magnetic materials [n2 (t) = εr (t)µr (t)],
and also in the heterogeneous case [n2 (r, t)] (see Appendix A8, on page 258).4

4Moreover, although it is out of the scope of this work, it can also be demonstrated that Eq. (8.2.2) also follows
in the case of non-dispersive anisotropic and conductive media (see Appendix A8.4, on page 260).
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Interestingly, Eq. (8.2.2) matches Eq. (8.1.1) taking α ≡ 1, performing the relabeling x → t,
and identifying Ω−V (x→ t) ≡ ω2

0N
2 (t). In this way, assuming Ω as a degree of freedom, we will

be able to use the algebraic transformations of SUSY QM in the time domain, which will give rise
to time-varying optical media n1 (t) and n2 (t) with similar scattering properties, provided that we
use real V1,2 potentials [235].

Figure 8.2. Wave propagation through heterogeneous time-invariant vs homogeneous time-varying media.
(a) Incident (I), reflected (R) and transmitted (T) waves propagating in the x-axis in a heterogeneous
time-invariant medium and dispersion diagram of such a situation. The frequency is found to be constant
and the reflected wave has a negative wave number. (b) Incident, reflected and transmitted waves propa-
gating in the x-axis in a homogeneous time-varying medium and dispersion diagram of this scenario. In
such a case, the wave number is constant and we can observe a negative frequency in the reflected wave.

For the sake of clarity, before delving into the theory of T-SUSY in the temporal scattering
problem, we should discuss the main differences between the spatial and temporal scattering in
optics. To this end, consider an incident (I) plane wave of angular frequency ω0 propagating in the
x-axis from the left within two different media: (a) a heterogeneous time-invariant medium with
refractive index n (x), and (b) a homogeneous time-varying medium with refractive index n (t).
In both cases, the refractive index profile tends to a positive constant n± at the beginning and
at the end of the problem (x → ±∞ and t → ±∞). A schematic of both scenarios is shown in
Fig. 8.2. In both cases, a reflected (R) and a transmitted (T) wave can be observed as a result of
the interaction of the incident wave with a localized refractive index variation in space or in time.
In the former case [Fig. 8.2(a)], the frequency (or equivalently, the photon energy) is found to be
constant and the wave number (or equivalently, the photon momentum) changes. Specifically, the
wave number of the incident (kI ≡ k−), reflected (kR) and transmitted (kT ≡ k+) waves fulfills
the relations kR = −k− and k−/n− = k+/n+, which is a particularization of the well-known Snell
law.5 Along this line, note that the reflected wave has a negative wave number, as depicted in the

5The Snell law reads as n− sin θ− = n+ sin θ+, where sin θ+ = ky/k± and ky is the component of the wave
vector which is tangential to the spatial refractive index variations n (x). Taking into account that ky is constant,
the Snell law can be recast as k−/n− = k+/n+.
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dispersion diagram k-ω of Fig. 8.2(a). In the latter case [Fig. 8.2(b)], the wave number is constant
and the frequency changes. This is an open system, that is, we can observe an energy transfer with
the outer medium. The frequency of the incident (ωI ≡ ω− = ω0), reflected (ωR) and transmitted
(ωT ≡ ω+) waves obeys the relations ωR = −ω+ and n+ω+ = n−ω−, which is the Snell law of
the temporal scattering [325, 326]. In such a scenario, it is worth mentioning that the reflected
wave has a negative frequency, in particular the opposite of the transmitted wave, whilst the wave
number is found to be the same. Hence, as demonstrated in Appendix B8.2 (see page 266), an
inversion of the dispersion diagram leads to a time-reversal operation of light: the reflected wave
is the time-reversed version of the transmitted wave.

The existence of negative-frequency waves is a striking and controversial concept which has
been exhaustively discussed in optics, gravity and for water waves [105, 327–330]. In this work,
the introduction of negative frequencies is not a mere sign convention to describe the backward
propagation. The use of negative frequencies is a necessary ingredient that allows us, firstly, to
describe adequately the temporal scattering, as shown in Fig. 8.2 and we discuss in more detail in
Appendix B8 (on page 263) and, secondly, to relate the reflection and transmission coefficients of
the T-SUSY refractive index profiles n1,2 (t). Otherwise, the reflection and transmission coefficients
of n1,2 (t) cannot be decoupled [see Eq. (C8.24) in Appendix C8]. Concretely, Eq. (8.2.2) admits
an asymptotic solution for the incident, reflected and transmitted waves in n1,2 (t) of the form:

ψ
(1,2)
I (t) ∼

t→−∞
exp (jω0t) ; (8.2.3)

ψ
(1,2)
R (t) ∼

t→∞
R1,2 exp (−jN+ω0t) ; (8.2.4)

ψ
(1,2)
T (t) ∼

t→∞
T1,2 exp (jN+ω0t) , (8.2.5)

where N+ := n1,−/n1,+ = n2,−/n2,+, n1,2,± := n1,2 (t→ ±∞), and R1,2 and T1,2 are respectively
the reflection and transmission coefficients of the electric flux density. The T-SUSY formalism
then relates the SUSY refractive index profiles as (see Appendix C8, on page 270):

n2 (t) =
n2,−√

n2
1,−

n2
1(t)

− 2
ω2

0
W ′ (t)

, (8.2.6)

and their scattering coefficients in the following way:

R2 =
W− − jω0

W+ + jN+ω0
R1; T2 =

W− − jω0

W+ − jN+ω0
T1, (8.2.7)

where W± := W (t→ ±∞), W is found from the Riccati equation V1,2 (t) = W 2 (t)∓W ′ (t), and
V1,2 (t) = Ω−ω2

0N
2
1,2 (t). The first important consequence of Eq. (8.2.7) is that it can be employed

to obtain the reflection and transmission coefficients of a large number of non-trivial time-varying
optical media without solving Maxwell’s equations (specifically, of any supersymmetric partner of
a medium with a known response). As a second important consequence, since n1 and n2 share the
same eigenvalue Ω, then |R1| = |R2| and |T1| = |T2|. This allows us to readily generate families of
temporal index profiles exhibiting the same scattering intensity as another medium, synthesizable
over the same (n1,− = n2,−) or different (n1,− ̸= n2,−) background materials, opening up a variety
of applications.

8.2.1 Transparent phase shifter
As an initial application of these findings, let us consider the simplest example: a constant refractive
index n1 (t) = n1,−, which has a T-SUSY refractive index of the form:

n2 (t) =
n2,−√

1 + 2
ω2

0
(Ω− ω2

0) sech2
(√

Ω− ω2
0 t
) ; (

Ω > ω2
0

)
, (8.2.8)
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where n2,− and Ω are degree of freedoms of the problem. The former allows us to change the
material preserving the same intensity scattering properties as n1 (t), and the latter can be em-
ployed to tailor the temporal width (∆t) and the index modulation contrast (∆n) of n2 (t) (see
Appendix C8, on page 275). The T-SUSY partner n2 (t) is shown in Fig. 8.3(a) with n2,− = 2
and Ω = 2ω2

0 . Moreover, we select ω0 = 38 rad/s to guarantee a low computational time of the
numerical simulations of Eq. (8.2.1) (see Subsection 8.2.4). Nonetheless, the conclusions detailed
below and in the next numerical example (Fig. 8.4) are found to be valid for any angular frequency.

Figure 8.3. Transparent all-dielectric (all-magnetic) time-varying optical medium. (a) Reflecting step-index
profile nS (t) and non-reflecting T-SUSY refractive index profiles n1 (t) and n2 (t). The temporal axis is
normalized as tN = t/T0 with T0 = 2π/ω0. (b,c) Spatio-temporal evolution of a Gaussian pulse propagated
at ω = ω0 through the time-varying medium described by (b) nS (t) and (c) n2 (t). The x-axis is normalized
as xN = x/λ with λ = λ0/n2,− and λ0 = 2πc0/ω0. In contrast to (b), the absence of any reflected wave
and the invariant amplitude of the transmitted wave in (c) demonstrate the transparent nature of n2 (t).
(d) Scattering coefficients T2 = |T2| exp(jΦT2) and R2 = |R2| exp(jΦR2) of n2 (t) as a function of ω/ω0

and Ω/ω2
0 .
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It is clear that being n1 constant, R1 = 0. Thus, n2 will also be reflectionless as demonstrated
in Fig. 8.3(b,c) for a quasi-monochromatic optical pulse. Since T-SUSY is uncoupled from space,
n2 represents a new class of all-dielectric (all-magnetic), omnidirectional, isotropic, polarization-
independent, and transparent media with real positive permittivity (permeability). This is illus-
trated in Fig. 8.1(a). To the best of our knowledge, no known spatially-varying material possesses
all these features, including transformation media [331], complex-parameter materials [332], and
spatial SUSY media [232]. The only previously reported time-varying reflectionless media required
simultaneously time-varying permittivity and permeability values [325]. Our T-SUSY proposal is
completely different, since it is valid for all-magnetic and all-dielectric materials, as demonstrated
in Appendix A8 (see page 258). The latter are particularly important, as implementing temporal
permittivity variations is extremely easier than implementing permeability ones. Another general
feature of T-SUSY is that it is only exact for the design frequency ω = ω0. Therefore, n2 will be
transparent (|R2| = 0 and |T2| = 1) for all directions and polarizations at ω0, while a reflected
wave will appear for ω ̸= ω0. Moreover, the spectral span for which n2 is almost transparent
(|R2| ≃ 0 and |T2| ≃ 1) can also be tailored via Ω (being considerably wide around Ω = ω2

0),
enabling us to generate custom-made transparent temporal windows within n2 only for desired
bands [Fig. 8.3(d)]. Notably, out of the transparent band, all waves are (partially) retroreflected
along the input path, in contrast to spatial retroreflectors, in which the reflected path is parallel
to, but different from, the input one [333].

Additionally, n2 presents an outstanding unexpected property: the phases ΦR2
and ΦT2

of the
reflection and transmission coefficients R2 = |R2| exp(jΦR2), T2 = |T2| exp(jΦT2) show a frequency-
independent response, also tunable through Ω, as depicted in Fig. 8.3(d) and Fig. C8.3 (see page
276). This makes n2 a perfect dynamically-reconfigurable phase shifter: polarization-independent,
flat-frequency, reflectionless, and requiring a short time variation (allowing a dramatically reduced
device length), paving the way to ideal ultra-compact modulators, e.g., at microwave frequencies.
Contrariwise, optical-path-based phase shifters demand slow index variations (and therefore long
devices) to be reflectionless, and are inherently frequency-dependent [334, 335]. In contrast, the
T-SUSY device can simultaneously introduce the same phase shift over many spectral channels,
which could be useful in, e.g., wavelength-division multiplexing and frequency combs. Furthermore,
the nonlinear behavior of ΦT2

may be employed to implement pulse shaping operations (see
page 277). There exist additional media connectable to a constant index via T-SUSY (and thus
reflectionless), such as the hyperbolic Rosen-Morse II (HRMII) potential, which has the advantage
of allowing independent design control over ∆n for a fixed ∆t ∼ 20T0, enabling a technology-
oriented adjustment of the index modulation contrast (see page 281).

8.2.2 Optical isolator
The analysis and synthesis functionalities of T-SUSY in the temporal scattering problem can be
outstandingly extended by using isospectral transformations and shape invariant potentials (SIP).
The theoretical details of both strategies are detailed in Appendix C8 (see pages 272 and 274).
Specifically, isospectral constructions provide a powerful tool to obtain a multi-parameter family of
time-varying refractive index profiles ñ(t; η1, . . . , ηm) with exactly the same scattering properties
in module and phase as those of the original modulation n (t). As an illustrative example, in Ap-
pendix C8 (page 278) we calculate an isospectral two-parameter family ñ(t; η1, η2) of a transparent
refractive index profile n (t) different from the case shown in Fig. 8.3. In this way, we demonstrate
the possibility of building infinite transparent refractive index profiles in a simple and elegant way.
On the other hand, the SIP strategy allows us to construct two T-SUSY refractive index profiles
of the form n2(t;a1) ∝ n1(t;a2), where a1 and a2 are a set of real parameters (a1,2 ∈ Rp) related
by a multivariate function f ∈ F(Rp,Rp) of the form a2 = f (a1) (in our numerical examples, we
will consider p = 1). As a result, the scattering coefficients are connected as R2 (a1) = R1 (a2) and
T2 (a1) = T1 (a2). Likewise, the T-SUSY refractive index chain {ni(t;a1)}mi=1 can be easily solved
as nm(t;a1) ∝ n1(t;am), with Rm (a1) = R1 (am), Tm (a1) = T1 (am) and am = (f̊)m−1 (a1)

[e.g., a3 = (f̊)2 (a1) = (f ◦ f) (a1) = f(f(a1))]. As seen, we can directly analyze and design the
temporal scattering problem of a large number of time-varying media.
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As an example to demonstrate the benefits of SIP, consider the HRMII refractive index:

n1 (t; a1) =
n1,− (a1)√

1− 2B
ω2

0
+ a1(a1+α)

ω2
0

sech2 (αt)− 2B
ω2

0
tanh (αt)

, (8.2.9)

with a1, B and α real parameters. Equation (8.2.9) is shown in Fig. 8.4(a) with a1 = 40, B = a21/10,
α = 10, ω0 = 38 rad/s and n1,− (a1) = 2. Taking into account that n1,− ̸= n1,+, we infer that
ω− ̸= ω+ from the Snell law. That is, we have a non-reciprocal system which performs a frequency
down-conversion of the input signal as ω+ = (n1,−/n1,+)ω−. In addition, analyzing the scattering
coefficients R1(a1) and T1(a1) [Fig. 8.4(b,c)], we observe that n1(t; a1) is also reflectionless in a wide
spectral band. Consequently, from this result emerges the possibility of constructing a polarization-
independent optical isolator with an extremely large optical bandwidth. The principle of operation
of the device is illustrated in Fig. 8.1(c). Unfortunately, the exotic shape of n1(t; a1) and its maximal
excursion (∆n) hampers its experimental implementation. In this context, T-SUSY allows us
to overcome this drawback by using SIP. Concretely, Eq. (8.2.9) satisfies the SIP condition with
am = a1 − (m− 1)α. In this way, we can generate different refractive index profiles with the same
intensity scattering behavior and the same reflectionless spectral band as the original one, but with
a smoother index variation and lower ∆n. Taking m = 6, we find a T-SUSY refractive index of
the form n6(t; a1) = (n6,− (a1) /n1,− (a6))n1(t; a6) which provides a smooth index variation and
minimizes ∆n by using the same background material setting n6,− (a1) = n1,− (a6). Along this line,
note that: (i) the optical isolator can be implemented in different background media by selecting
n6,− (a1) ̸= n1,− (a6), and (ii) the frequency down-conversion can be engineered with ω0 and B.
In Appendix C8 (page 282), we discuss in more detail the theory of the optical isolator and we
include additional interesting SIP examples.

Figure 8.4. Polarization-independent optical isolator. (a) Supersymmetric refractive index profiles n1(t; a1)
and n6(t; a1) calculated using Eq. (8.2.9) and SIP, respectively. The temporal axis is normalized as t/T0,
with T0 = 2π/ω− and ω− ≡ ω0. (b) Module and (c) phase of the scattering coefficients of n1(t; a1)
and n6(t; a1) as a function of the frequency. The phase of R1(a1) and R6(a1) could not be numerically
estimated because the non-reflecting behavior of n1(t; a1) and n6(t; a1) has a flat frequency response in an
extremely large optical bandwidth. We could not observed any reflected wave in the numerical simulation
when propagating wide-band optical pulses through the above time-varying media.

8.2.3 Heterogeneous media
In time-varying heterogeneous media, we will be able to decouple the spatial and temporal scat-
tering problems by assuming as a necessary condition that the spatial and temporal evolution of
n can be decoupled as n (r, t) = nS (r)nT (t). In such circumstances, the spatial and temporal
evolution of the electromagnetic field involved in the initial wave equation (D or B) is governed
by decoupled wave equations and decoupled boundary conditions (see Appendix A8.2, page 258).
Interestingly, this implies that: (i) the phase shifter and the optical isolator discussed before can
be implemented in optical waveguides [as depicted in Figs. 8.1(b,c)], and (ii) any transparent nT (t)
temporal modulation preserves the intensity spatial scattering properties of nS (r) in the global
system n (r, t). Figure 8.5 illustrates this second remark: a heterogeneous medium perturbed by
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a transparent time-varying modulation nT (t) of the form n (r, t) = nS (r)nT (t). As an example,
consider the phase shifter of Fig. 8.1(b) operating at ω = ω0. In such a case, the decoupling of the
wave equations and boundary conditions of the spatial and temporal scattering, along with the
transparent nature of nT (t) at ω = ω0, guarantee that the intensity of the reflected and trans-
mitted waves, generated from the interaction of the incident wave with nS (r), is time-invariant.
However, the phase of the incident, reflected and transmitted waves can be temporally modified
by the extra-phase induced by nT (t).

Figure 8.5. Transparent T-SUSY modulation nT (t) preserving the intensity spatial scattering properties
of heterogeneous media.

8.2.4 Methods
Numerical simulations of the temporal scattering (Figs. 8.3 and 8.4) have been performed by solving
Eq. (8.2.1) with COMSOL Multiphysics taking ω0 = 38 rad/s and c0 = 1 m/s to guarantee a low
computational time. However, the conclusions derived from Figs. 8.3 and 8.4 are found to be valid
for any value of ω0 and c0. Concretely, the results of the phase shifter (Fig. 8.3) are independent on
the value of ω0 and only depend on the ratio Ω/ω2

0 . Accordingly, they can be directly extrapolated
to the range of THz. Furthermore, if we are interested in synthesizing the optical isolator (Fig. 8.4)
with ω0/2π in the range of THz, we must select an adequate value of the B parameter in Eq. (8.2.9)
that preserves the ratio n−/n+ (see page 282 in Appendix C8 for more details).

8.3 Temporal SUSY and temporal waveguide
So far, we have extensively discussed the application of T-SUSY in time-varying non-dispersive
optical media. Now, for the sake of completeness, we will analyze the consequences of T-SUSY
in time-varying dispersive media. In the following, we will discuss the temporal dispersion case,
whilst the spatial dispersion scenario will be analyzed in Appendix C8, on page 286.

8.3.1 Supersymmetric temporal waveguides
In this regard, consider a time-varying temporally dispersive medium such a temporal waveguide
(TWG): two adjacent temporal index boundaries defining a (position-dependent) temporal index
window, which can confine and carry optical pulses by temporal total internal reflection [336–338].
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A TWG can be constructed, for instance, over a single-mode spatial waveguide inducing a moving
temporal perturbation of the effective refractive index (neff) of its fundamental mode of the form
∆neff(t − z/vB), where vB is the speed of the temporal perturbation propagating through the
longitudinal axis of the spatial waveguide (e.g. the z-axis). In a co-moving reference frame,
described by the coordinate transformation τ := t − z/vB, the propagation of an optical pulse
inside the TWG is described by the time-domain equation (see Appendix D8):(

∂z +∆β1∂τ − j
1

2
β2∂

2
τ + jβB (τ)

)
A (z, τ) = 0, (8.3.1)

where A is the slowly-varying complex envelope of the optical pulse, β1 and β2 are respectively
the inverse of the group velocity and the group-velocity dispersion of the fundamental mode,
∆β1 := β1− 1/vB, βB (τ) = k0∆neff (τ), k0 = ω0/c0, and ω0 is the angular frequency of the optical
carrier. In Appendix D8, on page 290, we include a detailed discussion about the controversial
theory of TWGs reported in [336–338] starting from Maxwell’s equations.

Interestingly, a TWG supports temporal bound states: continuous normalizable eigenfunctions
ψn satisfying that ψn (τ → ±∞) = 0. These temporal bound states emerge from the above equation
by assuming a modal solution of the form (see Appendix D8, page 298):

A (z, τ) =

∞∑
n=0

ψn (τ) exp

(
−j∆β1

β2
τ

)
exp (−jKnz) , (8.3.2)

which leads to the following eigenvalue equation with discrete spectrum (n = 0, 1, 2, . . .):(
− d2

dτ2
+ 2

βB (τ)

β2

)
ψn (τ) =

(
2
Kn

β2
+

∆β2
1

β2
2

)
ψn (τ) . (8.3.3)

Equation (8.3.3) matches Eq. (8.1.1) taking α = 1, performing the relabeling x→ τ , and identifying
V (x→ τ) ≡ 2βB (τ) /β2 and Ωn ≡ 2Kn/β2 + ∆β2

1/β
2
2 . Therefore, we can apply T-SUSY to

Eq. (8.3.3), which will give rise to a new class of TWGs with unprecedented potential functionalities
such as mode conversion, mode filtering and dispersion engineering of temporal bound states, as
well as for pulse shaping applications.

In order to illustrate these applications, we start by assuming, for simplicity, an analytically
solvable TWG with a step-index temporal perturbation βB1 defined on a temporal window of width
2TB = 660 ps, and dispersion parameters |∆β1| = 10−3 ps/m and β2 = 0.06 ps2/m. Next, we
calculate its unbroken T-SUSY TWG, defined by a temporal perturbation of the form:

βB2 (τ) = βB1 (τ)− β2
d2

dτ2
lnψ

(1)
0 (τ) , (8.3.4)

where ψ(1)
0 is the ground state of βB1 (see Appendix D8, page 301). The temporal profile of βB1

and βB2 is depicted in Fig. 8.6(a). An unbroken T-SUSY relation between TWGs demands that
Â

−
annihilates ψ(1)

0 in βB2 (i.e. Â
−
ψ
(1)
0 = 0) and, accordingly, their bound states are connected

as ψ(2)
n ∝ Â

−
ψ
(1)
n+1, with Â

−
:= d/dτ − (lnψ

(1)
0 (τ))′. As the modal analysis of both TWGs clearly

shows in Figs. 8.6(b,c), ψ(1)
0 has no SUSY counterpart in the eigenvalue spectrum of βB2, i.e., ψ(1)

0 is
not phase-matched with any temporal bound state ψ(2)

n . On the other hand, the temporal bound
states ψ(1)

n+1 are perfectly phase-matched with the temporal bound states ψ(2)
n in an extremely

large optical bandwidth (∆ν ∼ 0.5, where ν ∝ 1/β2 is the normalized frequency), provided that
both TWGs are built on a dispersion-flattened spatial waveguide (dβ2/dω ≃ 0). Furthermore,
Fig. 8.6(b) reveals that all the states ψ(2)

n have a normalized phase constant with a lower slope
than ψ

(1)
n , which indicates that the T-SUSY TWG is less dispersive than the original one. Hence,

T-SUSY allows us to engineer the dispersion properties of TWGs.
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Figure 8.6. T-SUSY temporal waveguides (TWG). (a) Temporal perturbation profile of two T-SUSY
TWGs. (b) Normalized dispersion diagram b-ν of the temporal bound states ψ

(1)
n and ψ

(2)
n of both

TWGs, where b and ν are respectively the normalized phase constant and normalized frequency, defined
as bn := 1 −Kn/∆β − ∆β2

1/(2β2∆β) and ν2 := 2T 2
B∆β/β2. Both TWGs operate at ν ≃ 6. The orange

area depicts the normalized phase-matching bandwidth ∆ν ∼ 0.5, defined as the normalized frequency
interval where ∆bn ≤ 0.2 between T-SUSY bound states. (c) Spatio-temporal evolution of ψ(1,2)

n (t− z/vB)

and corresponding eigenvalue Ω
(1,2)
n = 2K

(1,2)
n /β2 +∆β2

1/β
2
2 in Eq. (8.3.3). The temporal and spatial axes

are normalized as t/TB and z/L, where L is the length of the spatial waveguide over which the TWGs
are propagated. Note that vB and L are arbitrary parameters in the numerical simulation. (Colorbar:
normalized amplitude).

Remarkably, a single-mode TWG can carry a soliton-like (shape-invariant) optical pulse in
a dispersive medium, with the advantage of allowing an arbitrary pulse amplitude and duration,
as well as a tunable propagation speed.6 However, the pulse shape is that of the TWG fundamental
mode, which has no nodes and is therefore strongly restricted. Using ψ

(1)
m instead of ψ(1)

0 to
generate βB2 in Eq. (8.3.4), we could have the possibility of building a T-SUSY single-mode TWG

6Working with multi-mode TWGs poses the risk of unintentionally exciting multiple modes, deteriorating the
pulse shape, e.g., due to multi-mode interference [337,338].
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with an m-node fundamental mode (provided that βB2 is free of singularities), widening the range
of achievable soliton shapes. Moreover, single-mode TWGs reshape the profile of any exciting
pulse until matching the fundamental mode [337]. Thus, T-SUSY TWGs are versatile and robust
shape-protecting pulse carriers with profile conversion capabilities.

8.3.2 The temporal photonic lantern
Moreover, combining close-packed T-SUSY TWGs moving with the same speed in a given spatial
waveguide, the above features can be exploited for mode conversion and mode filtering of temporal
bound states, as well as for pulse shaping applications. The idea is illustrated in Fig. 8.7(a), where
two parallel T-SUSY TWGs of width 2TB = 660 ps and separated in time TB/4 can perform all
the aforementioned applications. Such a device will be referred to as a temporal photonic lantern
(TPL): a dispersive time-varying device which generates temporal supermodes from the linear
combination of degenerate temporal bound states of close-packed TWGs.

Figure 8.7. Temporal photonic lantern (TPL). (a) Temporal perturbation profile βB (τ) = k0∆neff (τ) of
the TPL (constructed using two T-SUSY TWGs) and its temporal supermode (blue area) generated from
the perfect phase-matching between the temporal bound states ψ(2)

0 and ψ
(1)
1 of both TWGs. (b) Pulse

shape transformation inspired by a mode conversion between degenerate temporal bound states of the
T-SUSY TWGs. (Colorbar: normalized amplitude).

In our example [Fig. 8.7(a)], we can observe a temporal supermode emerging from the perfect
phase-matching between the isolated bound states ψ(2)

0 and ψ
(1)
1 . Consequently, if we stimulated

this supermode, we would obtain an optical pulse of width 4TB +TB/4 exhibiting the exotic shape
shown in Fig. 8.7(a). In a similar way, we could stimulate other supermodes of the TPL to construct
optical pulses with new exotic shapes arising from the linear combination ψ

(2)
n ± ψ

(1)
n+1. This

could be of great interest for optical wavelet transforms, coherent laser control of physicochemical
and quantum-mechanical processes, and spectrally selective nonlinear microscopy among other
application areas [339–341].

In this scenario, we can also benefit from the mode conversion functionality of the TPL to build
a robust pulse-shape transformer [Fig. 8.1(d)]. As demonstrated in Appendix D8 (see page 301)
using a coupled-mode theory (CMT) specifically developed for parallel TWGs, the power of the
temporal bound state ψ(2)

0 of the T-SUSY TWG can be completely transferred to the temporal
bound state ψ(1)

1 of the step-index TWG. Hence, as we have numerically verified using this CMT
[Fig. 8.7(b)], if an external optical pulse launched into the T-SUSY TWG is able to stimulate
exclusive the ψ(2)

0 bound state,7 then this will be transformed into an optical pulse with shape
ψ
(1)
1 at the TPL output. Achieving the required perfect phase-matching between bound states of

7To this end, in Fig. 8.1(d), we propose to use a parallel single-mode spatial waveguide WG1 with a propagation
constant of its fundamental mode matched to the propagation constant of ψ(2)

0 . In such a scenario, if WG1 propagates
an optical pulse with the same shape and spectrum of ψ(2)

0 , then we will be able to stimulate exclusively the ground
state of the T-SUSY TWG propagated by WG2.
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different order without T-SUSY typically demands multi-mode adjacent TWGs of different width,
whilst T-SUSY permits an independent control over this parameter and generally presents a much
larger normalized phase-matching bandwidth ∆ν (in the same way as in the unbroken SUSY
mode converter reported in Fig. 7.5 of Chapter 7). This inherently implies a higher tolerance to
fluctuations in TB and ∆neff in TPLs constructed on T-SUSY TWGs.

8.3.3 Methods
The modal analysis of the TWGs and the TPL shown in Fig. 8.6 and Fig. 8.7(a) has been calculated
with CST Microwave Studio and MATLAB by using the analogy reported in [337] between a
dielectric slab waveguide and a TWG. On the other hand, the numerical simulation of Fig. 8.7(b),
based on the CMT derived in Appendix D8 for parallel TWGs, was performed in MATLAB. In
addition, in Appendix D8, we include a detailed discussion about the numerical methods employed
in Figs. 8.6 and 8.7 (see pages 299 and 304).

8.4 Conclusions
Overall, these results generalize the foundations of SUSY QM to the time domain, unveiling the
temporal supersymmetric nature of Maxwell’s equations and, consequently, leading to the emergence
of an entire field of research within optics, as well as to a new photonic design toolbox.

Interestingly, since T-SUSY is uncoupled from space, all the results presented herein are found
to be omnidirectional and polarization-independent. In particular, using Eq. (8.2.7), we find a
simple strategy to calculate the reflection and transmission coefficients of time-varying media which
can also be used to design temporal modulations of the refractive index with desired scattering
coefficients. Remarkably, this finding is found to be valid for all-dielectric, all-magnetic materials
or a combination of both. As a byproduct, we demonstrate a new class of transparent media
which can be employed, for instance, to design a reconfigurable transparent phase shifter with
frequency-independent phase response and a broadband optical isolator.

In view of the growing interest in photonic integrated circuits, we expect that these results will
aid the development of ultra-compact optical modulators using high refractive index excursions,
which may reduce the phase shifter length to a few micrometers. In practice, in contrast to
the spatial SUSY applications reported in previous works, the results outlined above relax the
need for controlling the polarization state of the input signal and the refractive index profile in
space, which always involves complex fabrication process [228,229,234]. However, the technological
difficulties associated with the implementation of high refractive index excursions in time can be
circumvented by using dynamically reconfigurable refractive index materials such as germanium-
antimony-tellurium, indium antimonide and vanadium dioxide [342, 343], large optical nonlinear
media such as indium tin oxide [344], or metamaterials [345, 346]. Along this line, note that
Eq. (8.2.7) allows us to engineer the scattering properties of time-varying media by using different
background materials.

In addition, the application of T-SUSY in temporal waveguides and temporal photonic lanterns
builds a bridge to develop new optical devices implementing pulse shaping functionalities, as well
as mode conversion and mode filtering of temporal bound states generated, e.g., from the pulse-to-
pulse interaction during the cross-phase modulation (XPM) effect [347]. A traveling-wave electro-
optic phase modulator driven by microwave pulses or, alternatively, the XPM process can be used
in the laboratory to generate the moving temporal perturbations required by such devices [336,337].

Finally, it is worth mentioning the possibility of extrapolating our results to acoustics. A
temporal Helmholtz equation formally equal to Eq. (8.2.2) can be found in acoustics by replacing
respectively the electric or magnetic flux density by the sound pressure (see Appendix E8, on page
306). Consequently, the scattering results presented in this work can be directly transferred to
this branch of physics. Moreover, acoustic temporal waveguides and temporal acoustic lanterns
can also be designed with T-SUSY in the same way as in photonics, i.e., considering a moving
temporal perturbation of the speed of sound propagating through an acoustic spatial waveguide.
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Appendix A8: Time-varying optical systems
In this appendix, we include some fundamentals notes on time-varying optical systems which are
crucial to gain clarity in the main results of this chapter.

A8.1 Optical wave equations
The theory of T-SUSY applied to the temporal scattering problem revolves around the optical
wave equation given by Eq. (8.1.2), which accounts for the propagation of electromagnetic waves
in the materials specified in the main text provided that we assume specific necessary conditions
on the constitutive parameters, i.e., the electric permittivity εr and the magnetic permeability
µr. Concretely, as we will see in this subsection, Eq. (8.1.2) describes the propagation of light in
dielectric (or magnetic), linear, isotropic, heterogeneous, time-varying, non-dispersive media; and
leads to the temporal Helmholtz Eq. (8.2.2) in all these cases.

Let us start by discussing the homogeneous time-varying all-dielectric case (µr = 1). In such
media, it is straightforward to demonstrate by combining Faraday’s, Ampère’s and Gauss’s laws
(applying the curl operator in Faraday’s law) that the exact time-domain vector wave equation for
the analytic representation of the electric flux density D takes the form:(

△− n2 (t)

c20
∂2t

)
D (r, t) = 0, (A8.1)

with n2 (t) = εr (t). Note that Eq. (A8.1) is a specific case of Eq. (8.1.2) and is reduced to Eq. (8.2.1)
when assuming a single component in the electric flux density.

The analysis of homogeneous time-varying all-magnetic materials (εr = 1) can be carried out
by the same exact wave equation as Eq. (A8.1) replacing D by the magnetic flux density B and
taking n2 (t) = µr (t). However, the case of homogeneous time-varying dielectric and magnetic
materials [n2 (t) = εr (t)µr (t)] requires to assume a slowly-varying temporal evolution in µr (εr)
to obtain an approximate wave equation formally equal to Eq. (A8.1) for D (B).8

On the other hand, we will be able to apply T-SUSY to heterogeneous time-varying all-dielectric
(all-magnetic) media, with n2 (r, t) = εr (r, t) (with n2 (r, t) = µr (r, t)), starting from an exact
wave equation for D (B) of the form of Eq. (8.1.2), but assuming as necessary conditions: (i) the
spatial and temporal evolution of n must be decoupled as n (r, t) = nS (r)nT (t), and (ii)nS must
vary in the same direction as the direction of D (B) or, otherwise, we must start from the exact
wave equation (which also applies to B):

∇×∇×
(

1

n2 (r, t)
D (r, t)

)
+

1

c20
∂2tD (r, t) = 0. (A8.2)

A8.2 Spatial and temporal solution
In all the aforementioned media, assuming the electromagnetic field under analysis F ∈ {D,B}
of the form:

F (r, t) = ψ (t)Φ (r) , (A8.3)

and decoupling the refractive index as n2 (r, t) = n2S (r)n
2
T (t) = n2S (r)

[
n2− +∆n2T (t)

]
, with

n2S (r → −∞) := 1 and ∆n2T (t→ −∞) := 0, we can infer from the starting wave equation
[Eq. (8.1.2) or Eq. (A8.2)] that n2T (t)ψ′′ (t) /ψ (t) = γ2 ∈ C, ∀ t ∈ R. Evaluating the above
expression at t→ −∞, we find that γ = jn−ω0, yielding Eq. (8.2.2) of the main text.

8The slowly-varying temporal evolution in a constitutive parameter, e.g. µr, requires to assume that δtµr ≪ µr (t)
in δt ∼ 2π/ω0, where δtµr := |µr (t+ δt)− µr (t)|. In a similar way, the slowly-varying spatial evolution requires
to assume that δrµr ≪ µr (r, t) in |δr| ∼ λ0, where δrµr := |µr (r + δr, t)− µr (r, t)| and λ0 is the maximum
wavelength of the problem. Along this line, also note that we assume positive-real constitutive parameters.
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Since ψ must be twice differentiable, ψ and ψ′ must be necessarily continuous functions. These
are the intrinsic boundary conditions of the temporal scattering and note that: (i) are invariant
to changes in the polarization, which demonstrates that the temporal scattering is polarization-
independent in all the analyzed cases, and (ii) are decoupled from the spatial solution Φ and its
corresponding boundary conditions (see below).

Specifically, Φ is governed by different wave equations depending on the analyzed case. In
homogeneous media, starting from a wave equation formally equal to Eq. (A8.1) for F and assuming
propagation along the ûx direction, we find that Φ satisfies the ODE (d2/dx2 + k20n

2
−)Φ (x) = 0.

Thus, Φ (x) = exp (−jk0n−x) ûy. In heterogeneous media, we contemplate two different scenarios:

1. If nS varies in the same direction as the direction of F , the separation of variables must be
applied to Eq. (8.1.2), which leads to the PDE (△ + k20n

2
−n

2
S (r))Φ (r) = 0. This scenario

corresponds, for instance, with an optical waveguide propagating a TE (TM) mode when
F = D (F = B). Hence, assuming non-conductive media, the spatial boundary conditions
emerge from the continuity of Φ in the interface that separates the core and cladding regions
of the waveguide.

2. Otherwise, the separation of variables must be applied to Eq. (A8.2). In such a case, Φ is
governed by the wave equation:

△
(

1

n2S (r)
Φ (r)

)
−∇

(
∇
(

1

n2S (r)

)
·Φ (r)

)
+ k20n

2
−Φ (r) = 0, (A8.4)

This case corresponds, e.g., with Fig. 8.5, where we can observe a spatial scattering problem
coexisting with the temporal scattering. The boundary conditions of the spatial scattering
are the spatial continuity of the tangential component of E and H at the spatial interfaces
of the problem. In terms of the Φ function, this implies to evaluate the continuity of the
tangential component of Φ/n2S.

Finally, it is worth mentioning that T-SUSY systems share the same spatial solution (Φ(2) = Φ(1)),
but possess a different temporal evolution (ψ(2) ̸= ψ(1)). Consequently, the eigenvalue degeneracy
and the scattering properties between both optical systems are preserved if and only if both ψ(1)

and ψ(2) fulfill the aforementioned temporal boundary conditions. Later, on page 278, we will see
a numerical example where this necessary and sufficient condition is violated.

A8.3 Lorentz oscillator model
The optical wave equations discussed before are derived from Faraday’s and Ampère’s laws by using
a heuristic proposal of the constitutive relations. For instance, in the homogeneous all-dielectric
case, we heuristically assume that the relation between the electric field strength and the electric
flux density is of the form [n2 (t) = εr (t)]:

D (r, t) = ε0n
2 (t)E (r, t) . (A8.5)

However, in this subsection, we argue about the possibility of inferring the constitutive relations
from a microscopic model, such as the naive (yet fortunate) Lorentz oscillator model, accounting
for the light-matter interactions circumventing the complex quantum-mechanical treatment [348].

Let us illustrate this for the constitutive relation given by Eq. (A8.5). In its purely classical-
mechanical interpretation, the Abraham-Lorentz equation can be recast in isotropic time-varying
homogeneous dielectric media as:

m∂2t d (r, t) = qE (r, t)− k (t) d (r, t)− ζ∂td (r, t) , (A8.6)
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where d is the magnitude of the displacement vector d of the electric dipole (pointing from the
negative charge to the positive charge), q is the positive charge of the dipole, m is the mass of the
positive or negative charge of the dipole (assumed to be equal), E is the magnitude of the incident
electric field strength (real representation) impinging onto the optical medium, ζ is a real constant
introduced ad hoc in the model to describe the dielectric losses, and k is the elastic constant of the
restoring force, which is assumed to be homogeneous and time-varying in line with our scenario.

Bearing in mind that we have considered in Section 8.2 non-dispersive media, we can neglect
the dispersive terms of the above equation, emerged from the time-derivative terms. In this way,
Eq. (A8.6) is reduced to k (t) d (r, t) = qE (r, t), which becomes in the frequency domain when
using the Fourier transform:

k̃ (ω) ∗ d̃ (r, ω) = 2πqẼ (r, ω) . (A8.7)

Now, consider the inverse element of k̃ in the unitary and commutative ring (F(R,C),+, ∗) with
zero divisors. That is, consider the element k̃−1 satisfying that k̃−1 ∗ k̃ = δ, where δ is the Dirac
delta function, i.e., the identity element of the ring for the second internal operation.9 Thus,
applying k̃−1 to both sides of the above equation, we find that:

d̃ (r, ω) = 2πqk̃−1 (ω) ∗ Ẽ (r, ω) . (A8.8)

The electric polarization density P̃ (r, ω) measures the quantity and strength of the dipoles
induced by the incident field. Therefore, idealizing the material as a collection of electric dipoles
having a dipole moment qd̃ (r, ω), we can write:

P̃ (r, ω) = Nqd̃ (r, ω) = 2πNq2k̃−1 (ω) ∗ Ẽ (r, ω) ≡ 1

2π
ε0χ̃

(1) (ω) ∗ Ẽ (r, ω) , (A8.9)

where N is the density of dipoles (in m−3) and is homogeneous in our case. Finally, in the time
domain, we find a constitutive relation of the desired form:10

D (r, t) = ε0E (r, t) +P (r, t) = ε0

(
1 + χ(1) (t)

)
E (r, t) ≡ ε0n

2 (t)E (r, t) , (A8.10)

which is in line with Eq. (A8.5) when using the analytic representation of the fields. Proceeding
in a similar manner, we can also derive the constitutive relation for the heterogeneous case. In
all-magnetic and dielectric&magnetic materials, the constitutive relations can also be discussed
from the corresponding microscopic models [349,350] instead of using heuristic proposals.

A8.4 Anisotropic and conductive media
In the main text, we have not considered anisotropic or conductive media for the sake of simplicity.
Nonetheless, it is interesting to highlight that it is also plausible to apply T-SUSY in these media.
In this subsection we discuss about this possibility.

Firstly, let us consider an anisotropic case. The wave equations of Appendix A8.1 can be
generalized to non-dispersive anisotropic media by replacing the scalar constitutive parameters by
tensors. In the all-dielectric case [µr (r, t) = I3], the most general expression of the exact wave
equation is similar to Eq. (A8.2) but replacing n2 (r, t) by the relative electric permittivity tensor
ϵr (r, t):

∇×∇×
(
ϵ−1

r (r, t)D (r, t)
)
+

1

c20
∂2tD (r, t) = 0. (A8.11)

The same wave equation applies to all-magnetic media [ϵr (r, t) = I3] if D is replaced by B and
ϵr (r, t) by the relative magnetic permeability tensor µr (r, t). The temporal Helmholtz equation
over which we apply T-SUSY to study the temporal scattering in the main text [Eq. (8.2.2)] emerges

9The function k̃−1 can be straightforwardly found from the relation k̃−1 (ω)∗ k̃ (ω) = δ (ω). Applying the inverse
Fourier transform, we find that k−1 (t) · k (t) = 1/ (2π). Hence, k−1 (t) ∝ 1/k (t). In addition, it should be noticed
that k−1 is a nonsingular function if we assume that k has no zeros.

10The refractive index profile is derived from Eq. (A8.9) of the form n (t) =
√

1 + 2πNq2/(ε0k (t)).



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 261

from the above wave equation when: (i) applying separation of variables in the electromagnetic
field under analysis F ∈ {D,B} as indicated by Eq. (A8.3) and, (ii) assuming that ϵr (r, t) and
µr (r, t) can be decoupled as:

ϵr (r, t) = εT (t)ϵS (r) ; (A8.12)
µr (r, t) = µT (t)µS (r) , (A8.13)

with εT and µT being scalar functions. Under the previous assumptions, note that the temporal
solution of the electromagnetic fields is completely uncoupled from space (as well as their cor-
responding intrinsic boundary conditions), which demonstrates that the temporal scattering is
polarization-independent in any optical medium with a nontensorial nature of εT and µT.

Now, let us focus our attention on conductive media with constitutive relations of the form:

D (r, t) = ε0εr (t)E (r, t) ; B (r, t) = µ0H (r, t) ; Jc (r, t) = σ (t)E (r, t) , (A8.14)

where Jc is the conduction current density associated with the free electric charges. Here, the
macroscopic Maxwell equations [Eqs. (1.5.1)-(1.5.4)] must be restated as:11

∇×E (r, t) = −∂tB (r, t) ; (A8.15)
∇×H (r, t) = Jc (r, t) + ∂tD (r, t) ; (A8.16)
∇ ·D (r, t) = ρc (r, t) ; (A8.17)
∇ ·B (r, t) = 0, (A8.18)

where ρc is the electric charge density connected with Jc via the law of charge conservation
∇ · Jc + ∂tρc = 0. From this equation, we find that ρc is homogeneous:

ρc (t) ∝ exp

(
−
ˆ t

−∞

σ (τ)

ε0εr (τ)
dτ
)
. (A8.19)

Hence, taking into account that ∇ρc = 0, the following exact wave equation emerges when com-
bining Faraday’s and Ampère’s laws:[

△− εr (t)

c20
∂2t − σ (t)

ε0c20
∂t −

εr (t)

ε0c20

(
σ (t)

εr (t)

)′
]
D (r, t) = 0. (A8.20)

Without loss of generality, assuming that the electromagnetic energy propagates in the direction
ûx, we can apply separation of variables of the form D (r, t) = ϕ (x)φ (t) ûy. The spatial solution
is found to be ϕ (x) = exp(−jk0

√
εr,− x), and the temporal solution obeys the relation:[

d2

dt2
+

σ (t)

ε0εr (t)

d
dt

+ ω2
0

εr,−

εr (t)
+

1

ε0

(
σ (t)

εr (t)

)′
]
φ (t) = 0, (A8.21)

with εr,− := εr (t→ −∞). Interestingly, this second-order ODE can be transformed into a temporal
Helmholtz equation by using the transformation method detailed in Subsection 6.14.1. Using this
procedure, we find the following temporal Helmholtz equation:[

d2

dt2
+ b2 (t)−

1

2
b′1 (t)−

1

4
b21 (t)

]
ψ (t) = 0, (A8.22)

11Equations (A8.15)-(A8.18) are found from Eqs. (1.5.1)-(1.5.4) using the analytic representation of the fields and
the constitutive relations Eq. (1.5.5). Along this line, we should also take into account that the total charge and
current densities must be separated in free and bound charges and currents, i.e., ρ = ρf + ρb and J = J f + J b.
In this context, the free current density J f is related to the conduction current density J c as J f = J c +∇×M.
Moreover, from the law of charge conservation, it should be noticed that:

ρf (r, t) = −
ˆ t

−∞
∇ ·J f (r, τ) dτ = −

ˆ t

−∞
∇ ·J c (r, τ)dτ ≡ ρc (r, t) .



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 262

where:

b1 (t) =
σ (t)

ε0εr (t)
; b2 (t) = ω2

0

εr,−

εr (t)
+

1

ε0

(
σ (t)

εr (t)

)′

, (A8.23)

and:
ψ (t) = φ (t) exp

(
−1

2

ˆ t

b1 (τ)dτ
)
. (A8.24)

A similar temporal Helmholtz equation can also be obtained for heterogeneous time-varying
anisotropic conductive media with an electric conductivity of the form σ (r, t) = σT (t)σS (r) and
an electric permittivity and magnetic permeability given by Eqs. (A8.12) and (A8.13). Remarkably,
Eq. (A8.22) is formally equal to Eq. (8.2.2) by restating ω2

0N
2 (t) = b2 (t) − b′1 (t) /2 − b21 (t) /4.

Consequently, Eq. (A8.22) matches Eq. (8.1.1) taking α = 1, performing the relabeling x→ t, and
identifying Ω− V (x→ t) ≡ ω2

0N
2 (t). That is:

Ω− V (t) = ω2
0

εr,−

εr (t)
+

1

2

(
σ (t)

ε0εr (t)

)′

− 1

4

(
σ (t)

ε0εr (t)

)2

. (A8.25)

If εr is time-varying, we find a T-SUSY problem supporting continuous spectra. In such a case,
we will be able to analyze and design time-varying conductive optical systems [εr1 (t) , σ1 (t)] and
[εr2 (t) , σ2 (t)] with the same intensity scattering behavior using T-SUSY. Otherwise, if εr is time-
invariant [εr (t) = εr,−], we can obtain a well-defined eigenvalue problem (in the sense of the
Sturm-Liouville theory, see Section 6.3) by decoupling Ω and V as:

Ω = ω2
0 ; V (t) =

1

4

(
σ (t)

ε0εr,−

)2

− 1

2

(
σ (t)

ε0εr,−

)′

. (A8.26)

The eigenvalue problem will support a discrete spectrum of eigenvalues
{
Ωn = ω2

n

}
n∈N if V holds

bound states. Consequently, time-varying conductive media can provide a fertile ground to observe
true temporal bound states in photonics.12

12These temporal bound states are different from the temporal bound states observed in a temporal waveguide
(see Appendix D8), which are localized not only in time, but also in space. Here, the concept of temporal bound
state is more restrictive and exotic: an eigenfunction Dn (x, t) = φn (t) exp(−jk0

√
εr,− x) of the optical system

which is only localized in time, provided that φn fulfills the condition φn (t→ ±∞) = 0.
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Appendix B8: Negative-frequency waves

“The definition of insanity is doing the same thing over and over again,
but expecting different results”

Albert Einstein

The existence of negative-frequency waves is a controversial concept which has been discussed
in different branches of physics, such as in optics or in gravity [105, 327–330]. In particular, in
optics, the axis of negative frequencies is usually neglected, or even considered meaningless, in the
dispersion diagram k-ω taking into account that it can be related with the positive-frequency axis
via the conjugation operation.13 Nevertheless, as we will show here, the use of negative-frequency
waves is not a mere sign convention to differentiate the forward and backward propagation in
the temporal scattering. Outstandingly, negative-frequency waves are of physical relevance to
describe the time-reversal operation of light that can be observed in the reflected wave of the
temporal scattering. In the following, let us first describe three different alternative views about
the introduction of negative-frequency waves in optics, and latter we will analyze the necessity of
using negative frequencies to describe the time-reversal of light.

B8.1 Different alternative views
Consider an all-dielectric, linear, isotropic, non-dispersive, homogeneous, time-invariant optical
medium. The exact wave equation for the electric field strength is (we use the analytic represen-
tation): (

△− n2

c20
∂2t

)
E (r, t) = 0, (B8.1)

where n is the refractive index and is found to be constant. In addition, let us consider an
electromagnetic wave propagating through the above medium in the ûx direction of the form:14

E (r, t) = ϕ (x)ψ (t) ûy. (B8.2)

Replacing our ansatz in the above wave equation we find that:

ϕ′′ (x)

ϕ (x)︸ ︷︷ ︸
γ2

=
n2

c20

ψ′′ (t)

ψ (t)︸ ︷︷ ︸
γ2

, (B8.3)

with γ ∈ C. In other words, the LHS and RHS must be space- and time-independent. The LHS
leads to the constant-coefficient ODE:

ϕ′′ (x)− γ2ϕ (x) = 0, (B8.4)

which yields a solution of the form ϕ (x) = exp (±γx). The nature of our optical medium indicates
that the solution cannot have any gain or loss. This implies that γ must be a purely imaginary
number γ = jk and, then, the spatial solution ϕ must be a periodic function with k accounting for
the spatial frequency. Therefore, the spatial solution is ϕ (x) = exp (±jkx) and k is defined as the
wave number. On the other hand, from the RHS emerges the ODE:

n2

c20
ψ′′ (t)− γ2ψ (t) = 0, (B8.5)

13That is, E− = (E+)∗ where E+ (E−) is the real wave function of the electric field strength involving the positive
(negative) frequencies of the spectrum. See page 2 for more details.

14Obviously, assuming an ansatz of the form given by Eq. (B8.2) we omit different possible solutions to the wave
equation. A more general ansatz would be of the form E (r, t) = ψ (t)Φ (r). However, Eq. (B8.2) will allow us to
introduce the concept of negative-frequency waves in our discussions in a simple way.
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which is found to be the same as the spatial ODE by setting n2/c20 ≡ 1. Consequently, it is
straightforward to find the temporal solution as ψ (t) = exp(±(c0/n)γt), with γ = jk and the
constant (c0/n)k accounting for the temporal frequency. This temporal frequency, usually denoted
as ω, is defined as the angular frequency of the wave and is connected to the wave number via the
relation ω = c0k/n. Hence, the temporal solution is found as ψ (t) = exp (±jωt). All in all, the
general solution of the wave equation is of the form:

E (r, t) = A0 exp (±jkx) exp (±jωt) ûy, (B8.6)

with A0 a complex constant accounting for the power of the wave (P ∝ |A0|2). In any case, the
main terms are the exponential functions, which describe the photon momentum (p = ~kûx) and
the photon energy (E = ~ω).

First interpretation

Given that we have four different possible solutions, encoded in the different combinations of the
spatial and temporal exponential functions, it is natural to ask how the forward and backward
propagation should be described. The answer is not unique. We should take into account that
we must describe two spatial directions (ûx and −ûx) and only one temporal direction (ût). We
can envision this scenario as a mathematical problem with three degrees of freedom. These degrees
of freedom can be mathematically described via three different variables (x1, x2, x3) which can be
defined in different ways. For instance, we can select (x1, x2, x3) ≡ (x,−x, t) or (x1, x2, x3) ≡
(x, t,−t) among other possibilities. Note that the three degrees of freedom are perfectly defined in
these two examples. The former example implies to retain the double sign ± in the spatial exponent
leading to the use of negative wave numbers as a means to describe the propagation direction via
the sign of the speed of light in the medium (c = c0/n). The forward (+c) and backward (−c)
directions are respectively described by ±c = ω/ ± k. In contrast, the latter example requires to
retain the double sign ± in the temporal exponent leading to the use of negative frequencies. In
this fashion, the propagation direction is also described via the sign of c. The forward (+c) and
backward (−c) directions are respectively described by ±c = ±ω/k.

Hence, in this first interpretation, a change in the sign of the frequency of a wave corresponds
to a reversal of the phase velocity, provided that we use a positive wave number. Therefore, from
the relation E = ~ω, we infer that a photon with positive energy apparently becomes a photon
with negative energy. Remarkably, this can be associated with various exotic physical effects, such
as the Cherenkov radiation [351], quantum friction [352], and the Hawking radiation [353]. For
instance, the Hawking radiation, originated from the change in the sign of the frequency of a wave
as it crosses the event horizon, has been experimentally evaluated in an optical fiber by using
analogue gravity [105], leading to the identification of new pulse propagation phenomena [327].

Second interpretation

Using a more rigorous mathematical approach, we should note that the general solution of the
second-order ODE Eq. (B8.4) must be written as a linear combination of two linearly independent
solutions ϕ±:

ϕ (x) = ϕ+ (x) + ϕ− (x) = A1 exp (jkx) +A2 exp (−jkx) , (B8.7)
with the Wronskian W(ϕ+, ϕ−) = ϕ+(ϕ−)′ − (ϕ+)′ϕ− ̸= 0. In the same way, the general solution
of the second-order ODE Eq. (B8.5) must also be written as a linear combination of two linearly
independent solutions ψ±:

ψ (t) = ψ+ (t) + ψ− (t) = A3 exp (jωt) +A4 exp (−jωt) , (B8.8)

with W(ψ+, ψ−) ̸= 0. Therefore, the general solution Eq. (B8.6) must be written of the form:

E (r, t) =
(
ϕ+ (x) + ϕ− (x)

) (
ψ+ (t) + ψ− (t)

)
ûy

= {A1A3 exp (jkx) exp (jωt) +A1A4 exp (jkx) exp (−jωt)
+A2A3 exp (−jkx) exp (jωt) +A2A4 exp (−jkx) exp (−jωt)} ûy. (B8.9)
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These four terms are linearly independent.15 Nevertheless, working with the real representation
of the electric field strength, only two terms are linearly independent. Concretely, the real part of
the first and fourth terms is linearly independent to the real part of the second and third terms.
Consequently, we must describe the forward and backward waves by selecting two terms whose
real parts are linearly independent, e.g., the third and fourth terms. Hence, we conclude that we
have only two degrees of freedom (and not three as discussed before), in line with the number of
variables in E. However, using this approach, the negative frequencies do not possess any physical
meaning. In this case, negative-frequency waves emerge from a sign convention.

Third interpretation

In the third alternative view, we will see that the use of negative frequencies is necessary to
perform a complete description of the propagation of the electromagnetic fields when assuming
positive wave numbers. Note that this conclusion is in line with the first interpretation. Let us
start by considering the real solution E = Re {E} of the initial wave equation [Eq. (B8.1)], which
can be written using the two-dimensional Fourier transform as follows:16

E (r, t) =
1

4π2

ˆ ∞

−∞

ˆ ∞

−∞
Ẽ (k, ω; rT) exp (−jkx) exp (jωt) dkdω; (B8.10)

Ẽ (k, ω; rT) =

ˆ ∞

−∞

ˆ ∞

−∞
E (r, t) exp (jkx) exp (−jωt) dxdt. (B8.11)

It can be noted that this solution is more general than the plane wave discussed before and includes
both forward and backward propagation directions. From Eq. (B8.11) it is easy to see that, if E is
real (as is the case for an electromagnetic field), then Ẽ is a Hermitian function:

Ẽ (k, ω; rT) = Ẽ
∗
(−k,−ω; rT) . (B8.12)

This property allows us to express E (r, t) in terms of its inverse Fourier transform as [we use the
polar form Ẽ =

∣∣∣Ẽ∣∣∣ exp(jϕẼ)]:17

E (r, t) =
1

4π2

ˆ ∞

ω=−∞

[ˆ 0

k=−∞
Ẽ (k, ω; rT) e

−jkxejωtdk +
ˆ ∞

k=0

Ẽ (k, ω; rT) e
−jkxejωtdk

]
dω

=
1

4π2

ˆ ∞

ω=−∞

[ˆ 0

k=−∞
Ẽ
∗
(−k,−ω; rT) e

−jkxejωtdk +
ˆ ∞

k=0

Ẽ (k, ω; rT) e
−jkxejωtdk

]
dω

=
1

4π2

ˆ ∞

ω=−∞

[ˆ ∞

k=0

Ẽ
∗
(k, ω; rT) e

jkxe−jωtdk +
ˆ ∞

k=0

Ẽ (k, ω; rT) e
−jkxejωtdk

]
dω

=
1

4π2

ˆ ∞

ω=−∞

[ˆ ∞

k=0

∣∣∣Ẽ (k, ω; rT)
∣∣∣ (ej(kx−ωt−ϕẼ(k,ω;rT)) + e−j(kx−ωt−ϕẼ(k,ω;rT))

)
dk
]

dω

=
1

4π2

ˆ ∞

ω=−∞

ˆ ∞

k=0

2
∣∣∣Ẽ (k, ω; rT)

∣∣∣ cos (kx− ωt− ϕẼ (k, ω; rT)
)

dkdω. (B8.13)

15These four vectors {Φi}4i=1 =
{
ϕ+ψ+, ϕ+ψ−, ϕ−ψ+, ϕ−ψ−} are linearly independent because they are mutually

orthogonal. It is straightforward to verify that:

⟨Φi|Φk⟩ =
ˆ
⟨2λ⟩

ˆ
⟨2T ⟩

Φ∗
i (x, t)Φk (x, t)dxdt = 4λTδik,

where λ = 2π/k and T = 2π/ω are the spatial and temporal periods, respectively. Also note that, taking into
account the periodic nature of our general solution [Eq. (B8.9)], the inner product must be defined as in the Fourier
series, i.e., involving a finite number of spatial and temporal periods in the integration limits.

16The two-dimensional Fourier transform was defined on page 4.
17We have performed a double dummy variable transformation k → −k and ω → −ω between the second and

third lines.
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That is, the wave E is a superposition of cosines of different frequency ω and wave number k [each
with a different amplitude

∣∣∣Ẽ(k, ω; rT)
∣∣∣ and phase offset ϕẼ(k, ω; rT)], where ω ∈ (−∞,∞) whilst

k ∈ [0,∞). In other words, the Hermiticity of Ẽ halves the interval of relevant wave numbers and
requires the use of negative frequencies to perform a complete description of E. Conversely, the
symmetry of the inverse Fourier transform in k and ω implies that we can also reduce the range
of frequencies instead of that of wave numbers. This is the reason underlying the fact that only
positive frequencies are usually considered in optics.

Discussion

The first and third interpretations indicate that the use of negative-frequency waves is not a
mere sign convention to describe the the forward and backward waves. Nonetheless, the three
interpretations suggest that we can arbitrarily choose to work either with positive values of ω or
with positive values of k. This incorrectly implies that we could use only-positive frequencies to
describe the temporal scattering. Unfortunately, as we will see below, positive-frequency waves
cannot describe the time-reversal of light that takes place in the reflected wave of the temporal
scattering.

B8.2 Time-reversal of light
Let us consider an optical pulse described by a complex envelope A (x, t) satisfying the SVEA
(see Chapter 4, page 129) which is propagated through the x-axis of an optical system of length
L. Hence, the pulse is described at the input and at the output of the system by the functions
AIN (t) := A (x = 0, t) and AOUT (t) := A (x = L, t), respectively. By definition, we will say that
the optical system performs a time-reversal operation of the pulse when [314]:

AOUT (t) = AIN (−t+ τG) = A (x = 0,−t+ τG) , (B8.14)

where τG is the group delay of the system. Thus, at a given x point, the time-reversed version of
the pulse A (x, t) involves a complex envelope of the form A (x,−t). Taking into account that we
can describe the original envelope by means of the two-dimensional inverse Fourier transform:

A (x, t) =
1

4π2

ˆ ∞

−∞

ˆ ∞

−∞
Ã (k, ω) exp (−jkx) exp (jωt)dkdω, (B8.15)

the time-reversed pulse can be written of the form:18

A (x,−t) = 1

4π2

ˆ ∞

−∞

ˆ ∞

−∞
Ã (k, ω) exp (−jkx) exp (−jωt) dkdω

=
1

4π2

ˆ ∞

−∞

ˆ ∞

−∞
Ã (k,−ω) exp (−jkx) exp (jωt) dkdω. (B8.16)

As seen, a time-reversal optical system has to deal with negative frequencies as a necessary condition
given that the dispersion diagram must be inverted: (k, ω) → (k,−ω). For instance, this can be
observed in the reflected wave of the temporal scattering, where the wave number is constant
and the frequency of the reflected wave is the opposite of the transmitted wave. As depicted in
Fig. 8.2(b), the dispersion diagram of the transmitted wave has been inverted in the reflected wave
(k, ω+) → (k,−ω+). As a result the reflected optical pulse is the time-reversed version of the
transmitted pulse. Furthermore, it is obvious to infer from this discussion that positive-frequency
waves cannot describe the time-reversal effect of the temporal scattering. Therefore, a complete
description of the temporal scattering requires the use of negative frequencies.

18We have performed a simple transformation (ω ≡ −Ω) and relabeling (Ω → ω) of dummy variables between the
first and second lines.
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For completeness, we verify the time-reversal effect of the temporal scattering by performing
a numerical simulation of the exact wave equation (8.2.1) considering the step-index profile of
Fig. B8.1(a). The incident, reflected and transmitted pulses are shown in Fig. B8.1(b). We can see
that the reflected pulse is the time-reversed version of the transmitted pulse as a direct consequence
of the inversion of the dispersion diagram. Interestingly, the time-reversed pulse could be guided to
the +ûx direction by using the scheme shown in Fig. B8.1(c). An optical circulator would recover
the reflected wave, which would be guided to the same direction as the transmitted pulse. Finally,
at the device output, we would find the original pulse and its time-reversed version in both parallel
waveguides.

Figure B8.1. Time-reversal of light in the temporal scattering. (a) Simulated temporal step-index profile.
The temporal axis has been normalized as tN = t/T0, with T0 = 2π/ω0 and ω0 = 38 rad/s (see Methods).
(b) Incident (I), transmitted (T) and reflected (R) pulses at the beginning (tN = −18) and at the end of the
simulation (tN = 18). The x-axis has been normalized as xN = x/λ, with λ = λ0/n− and λ0 = 2πc0/ω0.
The amplitude has also been normalized. (c) Proposed scheme to recover the time-reversed pulse generated
by n (t) in reflection using an optical circulator.

B8.3 Conclusion
The temporal scattering problem must be described by using negative frequencies and positive
wave numbers. Consequently, the analytic representation of the electromagnetic fields must be
defined in a different way in the spatial and temporal scattering problems. In the latter scenario,
the analytic representation must be defined by including only the positive wave numbers of the
real representation of the fields, as detailed on page 4.
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Appendix C8: Temporal scattering
In this appendix, we explain the main theory of Section 8.2 in detail and we include additional
numerical examples for completeness our findings.

C8.1 Fundamentals of the temporal scattering
Let us start by including some fundamental notes on the temporal scattering in optics. This will
allow us to understand more in depth the theory and numerical examples of T-SUSY in the next
subsections. First, we will analyze in more detail the mathematical solution of a wave equation of
a time-varying optical system. As a byproduct, we will be able to infer the fundamental physical
concepts enclosed in this kind of systems.

In this regard, consider as a basic example an all-dielectric, linear, isotropic, non-dispersive,
homogeneous, time-varying optical medium. From Appendix A8, we know that the exact wave
equation for the electric flux density is given by Eq. (A8.1), reproduced here for clarity:(

△− n2 (t)

c20
∂2t

)
D (r, t) = 0. (C8.1)

In such a scenario, the isotropic and homogeneous nature of the medium guarantees that D is
transversal to the propagation direction of the electromagnetic energy (e.g. ûx) and the temporal
scattering is polarization-independent (see Appendix A8.2). Therefore, assuming an ansatz of the
form D (r, t) = ϕ (x)ψ (t) ûy, we infer from the wave equation that:19

ϕ′′ (x)

ϕ (x)︸ ︷︷ ︸
γ2

=
n2 (t)

c20

ψ′′ (t)

ψ (t)︸ ︷︷ ︸
γ2

. (C8.2)

That is, the LHS and RHS must be space- and time-independent (γ ∈ C). From the LHS, we
find the ODE ϕ′′ (x) − γ2ϕ (x) = 0, which yields a solution of the form ϕ (x) = exp (±γx), with
γ = jk a purely imaginary number to avoid a lossy term which would be independent on the
temporal variation of the refractive index. Let us be more specific. A complex constant of the
form γ = α+jk leads to a spatial solution with a lossy term exp (±αx).20 Therefore, in such a case
we would have an intrinsic absorption or amplification in the solution which would be independent
on the temporal variation of the refractive index. This incorrectly implies that we would observe
absorption or amplification, for instance, in a non-dispersive medium with a constant refractive
index profile n (t) = n−. Specifically, the non-dispersive nature initially assumed in our medium
allows us to infer via the Kramers-Kronig relations that the solution cannot involve an intrinsic
lossy term of the form exp (±αx). Consequently, γ must be a purely imaginary number.21 In
other words, the spatial solution ϕ must be a periodic function with k accounting for the spatial
frequency. We have found the so-called wave number parameter, and must be constant. Then:

The wave vector k = kûx, or equivalently the photon momentum p = ~k,
is a conserved quantity

19Actually, the theory of T-SUSY of the temporal scattering emerges from Eq. (C8.2) but rewriting this equation
as (c20/n

2
−)ϕ′′ (x) /ϕ (x) = (n2 (t) /n2

−)ψ′′ (t) /ψ (t) to introduce n− as a degree of freedom of the problem. In this
way, we have the possibility of changing the background material in the supersymmetric system.

20The lossy term describes absorption or amplification depending on the sign of α.
21Nonetheless, in spite of the fact that we have discarded a lossy term of the form exp (±αx), a time-varying

system can amplify or attenuate the incident wave. The electromagnetic fields are propagating in an open system,
i.e., any loss or gain is extrinsic to the system and is induced by the energy transfer with the outer medium.
Concretely, this is modeled by the reflection and transmission coefficients of the temporal scattering when |R| ̸= 1
and |T | ̸= 1.
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Otherwise, from the RHS of Eq. (C8.2), we find the ODE ψ′′ (t) + (c20/n
2 (t))γ2ψ (t) = 0. For

simplicity in our discussions, let us assume a slowly-varying temporal evolution in n(t) satisfying
that n′′ (t) ≃ n′ (t) ≃ 0 in δt ∼ T0, where T0 is the temporal period of the electromagnetic fields
at the beginning of the problem, at t → −∞.22 In such circumstances, we can approximate the
solution to ψ (t) ≃ exp[±(c0/n (t))γt], with (c0/n (t))k accounting for the temporal frequency.23

Despite the fact that the above solution is not exact, we can infer with this simple example that the
temporal frequency must vary in time. Rewriting the temporal solution as ψ (t) ≃ exp(±jω (t) t),
we find that:

ω (t) ≃ c0k/n (t) . (C8.3)
Then:

The angular frequency ω, or equivalently the photon energy E = ~ω,
is not constant

It is worth mentioning that Eq. (C8.3) is exact at t → ±∞ bearing in mind that the refractive
index is constant at the beginning and at the end of the problem [n± := n (t→ ±∞)]. That is, at
t→ ±∞, the temporal ODE with variable coefficients becomes a constant-coefficient ODE and the
above approximate solution of ψ (t) is exact. Concretely, the initial and final angular frequencies
are ω± := ω (t→ ±∞) = c0k/n±. Therefore, taking into account the conservation of the photon
momentum, the Snell law of the temporal scattering is finally derived:

n−ω− = n+ω+. (C8.4)

Next, let us solve the temporal scattering for an analytical case. Consider a temporal sudden
change of the refractive index given by the step-index function (n± > 0):

n (t) =

{
n−, t ≤ 0

n+, t > 0
(C8.5)

As illustrated in Fig. 8.2(b), the interaction of an incident (I) plane wave with a localized temporal
variation of the refractive index generates a reflected (R) and a transmitted (T) wave. In this
scenario, as discussed in Section 8.2 and in Appendix B8, the use of negative frequencies is required
to describe adequately the variation of the angular frequency in the temporal scattering problem.
Hence, a double (single) sign must be retained in ψ (ϕ). In this vein, the asymptotic solution of
Eq. (C8.1) for the incident, reflected and transmitted waves can be written as:

DI (r, t) ∼
t→−∞

exp (−jkx) exp (jω−t) ûy; (C8.6)

DR (r, t) ∼
t→∞

R exp (−jkx) exp (−jω+t) ûy; (C8.7)

DT (r, t) ∼
t→∞

T exp (−jkx) exp (jω+t) ûy. (C8.8)

Using the boundary conditions of the temporal scattering (D and ∂tD must be necessarily con-
tinuous functions at t = 0) we obtain the equations T +R = 1 and T −R = n+/n−. This system
of linear equations leads to the following scattering coefficients:

R =
n− − n+
2n−

; (C8.9)

T =
n− + n+
2n−

. (C8.10)

22Note that assuming a slowly-varying temporal evolution in n(t) we are considering the temporal ODE as an
ODE with constant coefficients in δt ∼ T0.

23Optionally, we can find a more rigorous approximated solution for the slowly-varying index scenario [354]:

ψ (t) ≃ exp

[
±j

ω−

2

(
t+

ˆ t n2
−

n2 (τ)
dτ
)]

,

by assuming an ansatz of the form ψ (t) ≃ R (t) exp (±jω−t), with R a complex envelope satisfying the SVEA in
the time domain (see page 129).
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These are the equivalent to Fresnel’s formulas for the step-index profile.24 As commented before
in footnote 21, we can observe that our system amplifies or attenuates the incident wave when
|R| ̸= 1 and |T | ̸= 1.

C8.2 Temporal scattering and T-SUSY: theory
In all the optical media discussed in Appendix A8.1, the temporal evolution of D (B), encoded by
the ψ function, obeys Eq. (8.2.2), reproduced here for clarity:(

d2

dt2
+ ω2

0N
2 (t)

)
ψ (t) = 0, (C8.11)

where N2 (t) := n2−/n
2 (t), n− := n (t→ −∞), and ω0 is the angular frequency (central angular

frequency) of the electromagnetic fields at the beginning of the problem, i.e. ω0 ≡ ω−, in the
monochromatic (non-monochromatic) regime. In heterogeneous media n (t) ≡ nT (t).

As discussed in the main text, Eq. (C8.11) matches the 1D time-independent Schrödinger equa-
tion [Eq. (8.1.1)] taking α = 1, performing the relabeling x→ t, and identifying:

Ω− V (x→ t) ≡ ω2
0N

2 (t) . (C8.12)

In this way, assuming Ω [the eigenvalue in Eq. (8.1.1)] as a degree of freedom of the problem, we
will be able to use the algebraic transformations of 1D SUSY in the time domain, which will give
rise to time-varying refractive index profiles n1,2 (t) with similar scattering properties, provided
that we use real V1,2 potentials.

In order to have a well-defined temporal scattering problem in both superpartners, defined on
the full line (t ∈ R), we require that:25

ψ(1,2) (t→ ±∞) ̸= 0. (C8.13)

A sufficient condition to satisfy Eq. (C8.13) is to consider V1,2 (t→ ±∞) <∞, which is fulfilled by
assuming: (i) W± :=W (t→ ±∞) exists and is finite, and (ii) W ′ is uniformly continuous on the
full line. Thus, from Barbalat’s lemma (see page 175) and Riccati’s equation (V1,2 = W 2 ∓W ′),
we can infer that W ′

± = 0 and V1,± = V2,± =W 2
± <∞. To summarize, we will have a well-defined

scattering problem in both superpartners with:
|W±| <∞

W ′ unif. cont.

}
⇒ V± ≡ V1,± = V2,± =W 2

± <∞ ⇒ ψ(1,2) (t→ ±∞) ̸= 0. (C8.14)

Hence, combining Eqs. (C8.12) and (C8.14), keeping in mind that both superpartners share the
same eigenvalue Ω, we infer that:

N2
1 (t→ ±∞) = N2

2 (t→ ±∞) ≡ N2
±, (C8.15)

with N− = 1 by definition. From the above equation, the following remarks are in order:
• In spite of the fact that N2

1,+ = N2
2,+, note that n21,+ ̸= n22,+ when n21,− ̸= n22,−, that is, when

the T-SUSY systems are implemented in different background materials.

• If we assume positive-real constitutive parameters, N1,± = N2,± ≡ N±, and then:
n1,−
n1,+

=
n2,−
n2,+

. (C8.16)

In order to connect the temporal scattering problem between both superpartners, consider a plane
wave in each system at t → −∞. Next, after the interaction with the refractive index variations
n1,2 (t), a reflected and a transmitted plane wave will be found at t → ∞. Thus, the asymptotic
behavior at t→ ±∞ of ψ(1,2) is found to be [ψ(1,2) (t) ∼

t→±∞
ψ
(1,2)
± (t)]:

24The scattering coefficients of the electric field strength (R and T ) can be calculated from the scattering
coefficients of the electric flux density (R and T ) as R = N2

+R and T = N2
+T , where N+ = n−/n+.

25A spatial or temporal scattering problem is well-defined when we can observe an incident wave and at least one
reflected or transmitted wave. In the temporal scattering, the incident wave is always defined at t → −∞ and the
reflected and transmitted waves are found at t→ ∞. Thus, we require a non-vanishing wave function at t→ ±∞.
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ψ
(1,2)
− (t) = exp (jN−ω0t) ; (C8.17)

ψ
(1,2)
+ (t) = R1,2 exp (−jN+ω0t) + T1,2 exp (jN+ω0t) , (C8.18)

R1,2 and T1,2 being respectively the reflection and transmission coefficients, and ω2
0N

2
± = Ω−W 2

±.
Using the SUSY relation ψ(1) = ξÂ

+
ψ(2), where ξ ∈ C, Â

±
:= ∓d/dt +W (t) are the T-SUSY

operators, and W is the superpotential (a real-valued function in our case), we can relate the
asymptotic behaviors as:

ψ
(1)
± (t) = ξ

(
− d

dt
+W±

)
ψ
(2)
± (t) . (C8.19)

Thus, we have at t→ −∞:

exp (jω0t) = ξ (−jω0 +W−) exp (jω0t) , (C8.20)

and at t→ ∞:

R1 exp (−jN+ω0t) + T1 exp (jN+ω0t) = ξR2 (jN+ω0 +W+) exp (−jN+ω0t)

+ ξT2 (−jN+ω0 +W+) exp (jN+ω0t) . (C8.21)

Finally, equating terms with the same exponent in Eqs. (C8.20) and (C8.21), we find:
R1

R2
=
W+ + jN+ω0

W− − jω0
;

T1
T2

=
W+ − jN+ω0

W− − jω0
. (C8.22)

Let us take a closer look at the above equations. In particular, it should be remarked that:

1. The T-SUSY refractive index profiles have identical intensity scattering behavior:

|R1|2 = |R2|2 ; |T1|2 = |T2|2 , (C8.23)

because both systems share the same eigenvalue Ω = ω2
0N

2
± +W 2

±.

2. Although we consider complex-valued wave functions, the superpotential and the potentials
must be assumed real-valued functions to guarantee Eq. (C8.23). Otherwise, the intensity
scattering behavior could be found different in both systems [235].

3. Equation (C8.22) does not depend on n1,2,−. Consequently, we can engineer time-varying
refractive index profiles exhibiting the same intensity scattering behavior using the same
(n1,− = n2,−) or different (n1,− ̸= n2,−) background materials.

4. Bearing in mind that N− = 1, we find that Ω = ω2
0 +W 2

−. Hence, Ω ≥ ω2
0 .

5. The use of negative frequencies in Eq. (C8.21) allows us, not only to describe adequately
the temporal scattering (as discussed in Fig. 8.2), but also to decouple the ratios R1/R2 and
T1/T2. If we used only positive frequencies, we would find a coupled scattering relation of
the form:

R1 + T1
R2 + T2

=
W+ − jN+ω0

W− − jω0
. (C8.24)

6. The ratios of the scattering coefficients Ri and Ti of the electric (magnetic) field strength
are exactly the same as Eq. (C8.22) taking into account that Ri = N2

+Ri and Ti = N2
+Ti.

Therefore, we find that R1/R2 = R1/R2 and T1/T2 = T1/T2.

7. Note that |W+| = |W−| ⇔ N+ = N− = 1 ⇔ ni,+ = ni,−. Such a situation takes place:

• If W+ = −W−, in which case T-SUSY is said to be unbroken, provided that the SUSY
QM potentials support bound states. Here, we observe that R1 = −R2. The reflected
wave has an extra phase shift of π rad in the T-SUSY system.

• If W+ =W−, in which case T-SUSY is said to be broken, provided that the SUSY QM
potentials support bound states. Here, we find that T1 = T2.
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8. In general,
∣∣ψ(1,2) (t→ −∞)

∣∣ ̸= ∣∣ψ(1,2) (t→ ∞)
∣∣ and, therefore, Â

+
̸=
(

Â
−)†

. Along this
line, it should also be taken into account that we are operating with non-normalizable
complex-valued functions. Hence, we work in a rigged Hilbert space over the field C.

9. In a T-SUSY refractive index chain {ns (t)}ms=1 where the scattering problem is well-defined,
the value of the potentials {Vs}ms=1 and superpotentials {Ws}m−1

s=1 at t → ±∞ is the same.
That is:

V1,± = V2,± = . . . = Vm,± =W 2
1,±, (C8.25)

and W1,± = W2,± = . . . = Wm−1,± ≡ W±. Consequently, the scattering coefficients of nm
and n1 can be related by the following expressions:

R1

Rm
=

(
W+ + jN+ω0

W− − jω0

)m−1

;
T1
Tm

=

(
W+ − jN+ω0

W− − jω0

)m−1

. (C8.26)

10. In contrast to the spatial scattering discussed within the framework of quantum mechanics
(see page 186), the poles of R1,2 and T1,2 cannot correspond with a tail of a temporal bound
state. In this case, the poles of the scattering coefficients involve a complex value of ω0 or
N+ and, consequently, these situations are directly discarded (we have assumed positive-real
constitutive parameters).

On the other hand, given a time-varying refractive index profile n1 (t) = n1,−/N1 (t), its T-SUSY
profile n2 (t) = n2,−/N2 (t) can be directly found by combining Eq. (C8.12) and Riccati’s equation
(V1,2 =W 2 ∓W ′):

n2 (t; Ω, n2,−) =
n2,−√

n2
1,−

n2
1(t)

− 2
ω2

0
W ′ (t; Ω)

, (C8.27)

where the semicolon symbol is used to separate explicitly the system parameters (≡ degrees of
freedom) from the time variable. Specifically, as mentioned above, n2,− allows us to change the
background material preserving the same intensity scattering properties as the original modulation
n1 (t), and the Ω parameter can be employed to tailor different features of n2 (t), e.g., its maximal
excursion (see next subsection).

Shape Invariant Potentials (SIP)

As introduced in Chapter 6 (see Section 6.12), two different potentials are shape invariant if they
are similar in shape and differ only in the parameters that appear in them. In our case, two
T-SUSY potentials V1,2 are also said to be shape invariant if obey the relation:

V2 (t;a1) = V1 (t;a2) +M (a1) , (C8.28)

where (a1,a2) ∈ Rp×Rp are a set of parameters related by a multivariate function f ∈ F(Rp,Rp)
of the form a2 = f (a1), and M ∈ F(Rp,R). In our numerical examples, we take p = 1.

Figure C8.1. Eigenvalue relation between SIP temporal superpartners supporting continuous spectra.



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 273

From the above equation, we can infer the following properties of the temporal scattering
problem, with the superpartners supporting a continuous spectrum:

• Eq. (C8.28) establishes an eigenvalue relation between superpartners of the form (see Fig. C8.1):

Ω(a1) = Ω (a2) +M (a1) , (C8.29)

where Ω(ai) ∈ Ii ⊂ R and Ii is the eigenvalue spectrum of the SUSY partners V1,2 (ai).

• Since Vi,± (aj) =W 2
± (aj) ∀ (i, j) ∈ {1, 2}2, then:

W 2
± (a1) =W 2

± (a2) +M (a1) . (C8.30)

Consequently, the superpotential depends on the SIP parameters at t→ ±∞.

• As demonstrated on page 198, the wave functions are connected as:

ψ(2) (t;a1) = ψ(1) (t;a2) . (C8.31)

• Combining Eqs. (C8.28) and (C8.29) in Ω(a1) − V2 (t;a1) = ω2
0N

2
2 (t;a1) we find that

N2 (t;a1) = N1 (t;a2) and, therefore:

n2 (t;a1) =
n2,− (a1)

n1,− (a2)
n1 (t;a2) , (C8.32)

with n2,− (a1) a degree of freedom of the problem.

• Interestingly, N± does not depend on the SIP parameters at t → ±∞. Using Eqs. (C8.29)
and (C8.30):

ω2
0N

2
± (a1) = Ω (a1)−W 2

± (a1) = Ω (a2) +M (a1)−W 2
± (a2)−M (a1)

= Ω (a2)−W 2
± (a2) = ω2

0N
2
± (a2) , (C8.33)

we verify that N± (a1) = N± (a2).

• From Eq. (C8.31), we can infer that R2 (a1) = R1 (a2) and T2 (a1) = T1 (a2). As a result,
Eq. (C8.22) can be restated as:

R1 (a1)

R1 (a2)
=
W+ (a1) + jN+ω0

W− (a1)− jω0
;

T1 (a1)

T1 (a2)
=
W+ (a1)− jN+ω0

W− (a1)− jω0
. (C8.34)

• In a T-SUSY refractive index chain with m shape invariant potentials in the continuum,
Eq. (C8.28) can be generalized to:

Vm (t;a1) = V1 (t;am) +

m−1∑
i=1

M (ai) , (C8.35)

with ai = (f̊)i−1 (a1) [e.g., a3 = (f̊)2 (a1) = (f ◦ f) (a1) = f(f(a1))]. Hence, Eqs. (C8.29)-
(C8.32) become:

Ω(a1) = Ω (am) +

m−1∑
i=1

M (ai) ; (C8.36)

W 2
± (a1) =W 2

± (am) +

m−1∑
i=1

M (ai) ; (C8.37)

ψ(m) (t;a1) = ψ(1) (t;am) ; (C8.38)

nm (t;a1) =
nm,− (a1)

n1,− (am)
n1 (t;am) . (C8.39)
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Thus, Rm (a1) = R1 (am), Tm (a1) = T1 (am) and the scattering relations given by Eq. (C8.26)
can be recast as:

R1 (a1)

R1 (am)
=

(
W+ (a1) + jN+ω0

W− (a1)− jω0

)m−1

;
T1 (a1)

T1 (am)
=

(
W+ (a1)− jN+ω0

W− (a1)− jω0

)m−1

. (C8.40)

Isospectral Transformations

In the next lines, we will discuss the possibility of using SUSY transformations in the time domain to
construct, from a given refractive index n1 (t), an m-parameter family of isospectral refractive index
profiles ñ1 (t; η1, . . . , ηm), that is, time-varying optical systems with exactly the same scattering
properties in module and phase as the original one.

The one-parameter isospectral family Ṽ1 (x; η1) of a given potential V1 (x) can be calculated
as indicated in Chapter 6, Subsection 6.11.1. In this vein, using our quantum-optical analogy
[Eq. (C8.12)], we find the one-parameter isospectral family ñ1 (t; η1) of the refractive index n1 (t):

ñ1 (t; η1) =
ñ1,− (η1)√

n2
1,−

n2
1(t)

+ 2
ω2

0

d2

dt2 ln
[
η1 +

´ t
exp

(
−2
´ α

W (β) dβ
)

dα
] , (C8.41)

with η1 and ñ1,− (η1) degrees of freedom of the problem. Interestingly, the above family has exactly
the same scattering coefficients as the original modulation, provided that we use a nonsingular
superpotential family, which is fulfilled with η1 > 0. It is straightforward to prove this statement.
Let us denote the scattering coefficients of ñ1 (t; η1) as R1 (η1) and T1 (η1). The ratios R1 (η1) /R2

and T1 (η1) /T2 can be expressed in the same form as Eq. (C8.22), but replacing W± by W̃± (η1)

and N± by Ñ± (η1), with Ñ± (η1) := Ñ1 (t→ ±∞; η1) = ñ1,− (η1) /ñ1 (t→ ±∞; η1) and:

W̃± (η1) := W̃ (t→ ±∞; η1) = lim
t→±∞

{
W (t) +

d
dt

ln

[
η1 +

ˆ t

exp

(
−2

ˆ α

W (β) dβ
)

dα
]}

.

(C8.42)
Concretely, W̃ (t; η1) is the family of superpotentials connecting Ṽ1 (t; η1) and V2 (t) via the Riccati
equation. In order to preserve the scattering properties between both superpartners, the super-
potential family must be nonsingular (sufficient condition but not necessary). To this end, we set
η1 > 0. Finally, taking into account that W̃± (η1) =W± and Ñ± (η1) = N±, we demonstrate that
R1 (η1) = R1 and T1 (η1) = T1.

In addition, it is worth highlighting the possibility of combining the one-parameter isospectral
transformation along with SIP. More specifically, given two potentials Vi (t;a1) and Vi+1 (t;a1) of
a SUSY chain calculated respectively with SIP from V1 (t;ai) and V1 (t;ai+1) by using Eq. (C8.35),
we can obtain the superpotential Wi (t;a1) from:

Wi (t;a1) =W− (a1) +
1

2

ˆ t

−∞
[V1 (τ ;ai+1)− V1 (τ ;ai) +M (ai)]dτ, (C8.43)

and later calculate the family W̃i (t;a1, η1) to construct the isospectral family ñi (t;a1, η1) with
the same scattering properties in module and phase as those of ni (t;a1). As seen, the temporal
scattering can be analyzed and designed in a large number of time-varying optical systems by
combining both SUSY transformations.

On the other hand, the multi-parameter isospectral family ñ1 (t; η1, . . . , ηm) can be calculated
from the multi-parameter Darboux procedure detailed in Chapter 6, Subsection 6.11.2. Here, we
only describe the different steps of this procedure when is applied to time-varying optical systems:

1. We start from a given refractive index profile n1 (t) associated with a QM potential V1 (t→ x)
via Eq. (C8.12). This potential must support bound states and must satisfy the sufficient
conditions detailed at the beginning of this section to guarantee that the temporal scattering
problem is well-defined [Eq. (C8.14)].

2. Next, we generate the family Ṽ1 (x; η1, . . . , ηm) from V1 (x) by using the multi-parameter
Darboux procedure.
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3. Finally, performing the relabeling Ṽ1 (x→ t; η1, . . . , ηm) we obtain the sought family:

ñ1 (t; η1, . . . , ηm) =
ñ1,− (η1, . . . , ηm)√

1 + 1
ω2

0

[
V1,− − Ṽ1 (t; η1, . . . , ηm)

] , (C8.44)

where {η1, . . . , ηm} ⊂ R+ and ñ1,− (η1, . . . , ηm) are degrees of freedom in the above equation.

C8.3 Temporal scattering and T-SUSY: numerical examples
In this subsection, we include additional numerical examples of the temporal scattering problem
in T-SUSY optical systems.

Transparent hyperbolic secant modulation

In the main text, we analyzed the T-SUSY refractive index profile n2 (t) of a constant and, therefore,
transparent refractive index n1 (t) = n1,−. In such a case, using Eq. (C8.12), we infer that the
original potential is:

V1 (t) = Ω− ω2
0 , (C8.45)

which leads to a superpotential of the form:

W (t; Ω) = −
√

Ω− ω2
0 tanh

(√
Ω− ω2

0 t

)
. (C8.46)

Finally, using Eq. (C8.27), we find the T-SUSY refractive index:

n2 (t; Ω, n2,−) =
n2,−√

1 + 2
ω2

0
(Ω− ω2

0) sech2
(√

Ω− ω2
0 t
) , (C8.47)

with Ω ≥ ω2
0 , as discussed on page 271. In the following, we will first discuss the case Ω > ω2

0 , and
later, we will analyze the case Ω = ω2

0 .
Considering Ω > ω2

0 , we observe two degrees of freedom in Eq. (C8.47): n2,− and Ω. The former
allows us to implement the above refractive index modulation in different background materials,
and the latter can be employed to tailor its maximal excursion (∆n) and its temporal width (∆t).26

Figure C8.2 shows the refractive index n2 (t; Ω, n2,−) for different values of the ratio Ω/ω2
0 . As seen,

the higher the value of Ω/ω2
0 is, the higher ∆n and the lower ∆t are. Along this line, it can be noted

that the value of Ω/ω2
0 also allows us to select the phase shifting performed by n2. Specifically,

bearing in mind that R1 = 0 and T1 = 1, we find from Eq. (C8.22) that R2 = 0 and:

T2 = |T2| exp (jΦT2) = exp

[
−j

(
π + 2arctan

1√
Ω/ω2

0 − 1

)]
. (C8.48)

Figure C8.3 compares Eq. (C8.48) with the numerical results calculated with COMSOL solving the
exact wave equation (8.2.1) taking n2,− = 2, ω0 = 38 rad/s and c0 = 1 m/s to guarantee a low
computational time of the numerical simulations.27 We can note that the transmitted amplitude
T2 calculated with T-SUSY is in good agreement with the numerical results of the wave equation.

These graphics, along with Fig. 8.3, could be of great interest to design and synthesize an ideal
omnidirectional, polarization-independent, transparent and reconfigurable optical phase shifter
using, e.g., electro-optic modulators at microwave frequencies (T0 ∈ [3, 3000] ps), where the required
index modulation speed may be implementable with current technology [355]. From the selected
value Ω/ω2

0 , we can directly estimate the performed phase shifting (Fig. C8.3), the required ∆n

26The parameter ∆n is defined as ∆n := n2,− − min {n2 (t; Ω, n2,−)} and the parameter ∆t is defined as the
full-width at 1/ (2e) maximum of the temporal profile n2,− − n2 (t; Ω, n2,−).

27The conclusions detailed below and in the next numerical examples are valid for any value of ω0 and c0.
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and ∆t (Fig. C8.2), and the spectral band of transparency (Fig. 8.3). Remarkably, these results
can be implemented in all-dielectric, all-magnetic materials, or a combination of both. In the
latter case, despite the fact that we must assume a slowly-varying temporal evolution in one of
the constitutive parameters (see Appendix A8.1), n2 may also present rapidly-varying temporal
fluctuations. Moreover, note that these results are independent of the value of ω0 and only depend
on the ratio Ω/ω2

0 . Accordingly, they can be directly extrapolated to the range of THz.

Figure C8.2. Hyperbolic secant temporal index modulation Eq. (C8.47). (a) Normalized refractive index
profile n2 (t; Ω, n2,−) /n2,−, (b) normalized maximal excursion ∆n/n2,−, and (c) normalized temporal
width ∆t/T0, with T0 = 2π/ω0. All graphics have been normalized to guarantee the same results for any
value of ω0 and n2,−.

Figure C8.3. Scattering coefficient T2 given by Eq. (C8.48) (blue line) and calculated numerically from
Eq. (8.2.1) using COMSOL Multiphysics (dots). (a) Module and (b) phase as a function of the ratio Ω/ω2

0 .

In addition, as discussed in Fig. 8.3(c), ΦT2
shows a flat frequency response. Consequently,

in our phase shifter, the reconfigurable and frequency-independent response of the phase could
be of extreme utility for wavelength-division multiplexing (WDM) transmissions of narrow-band
signals to generate the same phase shifting in each WDM channel minimizing the distortion of the
optical pulses induced by the nonlinear behavior of ΦT2

. In such a scenario, if we use electro-optic
modulators with a reduced ∆n excursion (∆n ∼ 10−3), we must operate in the range Ω/ω2

0 < 1.01,
where ΦT2

< 1 rad. In these circumstances, it would be of interest to us to concatenate a chain
of non-reflecting hyperbolic secant modulations to increase the phase shifting induced by a single
hyperbolic secant. Concretely, the hyperbolic secant chain (HSC) can be described as:

nHSC (t) =

NHSC−1∑
k=0

n2

(
t+

(
NHSC − 1

2
− k

)
THSC; Ω, n2,−

)
− (NHSC − 1)n2,−, (C8.49)

where THSC is the fundamental period of the chain and NHSC is the number of fundamental periods
[see Fig. C8.4(a)]. In order to analyze the scattering behavior of nHSC (t), we numerically calculate
the scattering coefficients RHSC and THSC as a function of the ratio THSC/TP, where TP is the full-
width at 1/ (2e) of the peak power of the incident pulse. Figure C8.4 shows the numerical results
of RHSC and THSC taking: Ω/ω2

0 = 1.01 [Fig. C8.4(b)] and Ω/ω2
0 = 6 [Fig. C8.4(c)] in Eq. (C8.49),

NHSC ∈ {2, 3, 4}, THSC/TP ∈ (0, 2], and TP = 1 s. We can observe that the module and phase
of RHSC and THSC have a flat behavior as a function of THSC/TP, even if THSC < TP. Hence,
as expected, we can use an HSC to increase the phase shifting of the original hyperbolic secant
[ΦTHSC (NHSC) = NHSCΦT2

] maintaining its non-reflecting nature.
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Figure C8.4. Chain of non-reflecting hyperbolic secant refractive index profiles. (a) Refractive index profile
nHSC (t). Scattering coefficients THSC and RHSC calculated numerically as a function of the ratio THSC/TP,
where TP is the full-width at 1/ (2e) of the peak power of the incident pulse for: (b) Ω/ω2

0 = 1.01 and
(c)Ω/ω2

0 = 6. The number of fundamental periods NHSC of the chain ranges from 2 to 4. The legend of (b)
also applies to (c). We omit the subindexes of THSC, RHSC and NHSC in the legend due to space constraints.

Figure C8.5. Spatio-temporal evolution of a Gaussian pulse propagated at ω = 1.4ω0 through the time-
varying medium described by the hyperbolic secant chain nHSC (t) of Fig. C8.4(a). A reflected (R) and a
transmitted (T) optical pulse are generated from the interaction of the incident (I) pulse with nHSC (t). As
a result of this interaction, we can observe a flat-top optical pulse in reflection and a distorted Gaussian
pulse in transmission. Note that the transmitted pulse has a higher peak power than the incident pulse
because the energy is not conserved in a time-varying system (I ̸= R+T). The temporal axis is normalized
as tN = t/T0 with T0 = 2π/ω0. The x-axis is normalized as xN = x/λ, with λ = λ0/n2,− and λ0 = 2πc0/ω0.
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On the other hand, the reflecting behavior of n2 (t) at ω ̸= ω0 and the nonlinear nature of
ΦT2

(ω) [see Fig. 8.3(c)] can be exploited to implement pulse shaping operations in reflection and
transmission. Specifically, in reflection, we can build a flat-top optical pulse using the HSC. The
chain generates NHSC reflected pulses of temporal width TP and separated THSC in time. Hence,
selecting TP ∼ THSC, we will obtain a flat-top optical pulse emerging from the superposition of
all the reflected pulses. Figure C8.5 illustrates this basic idea. We build an HSC with Ω/ω2

0 = 6,
ω = 1.4ω0, THSC/TP = 1.2, TP = 1 s and NHSC = 4. As seen, a flat-top optical pulse can be
observed in reflection at the end of the chain. Moreover, the tail of the transmitted pulse has been
distorted due to the nonlinear nature of ΦT2 (ω).28 This can be further investigated in future works
to generate transmitted optical pulses with an exotic shape, e.g., for optical wavelet transforms,
coherent laser control of physicochemical processes or spectrally selective nonlinear microscopy
among other application areas [339–341]. On the contrary, the pulse distortion induced by the
nonlinear frequency response of ΦT2

(ω) can be reduced if we operate with narrow-band incident
optical pulses.

So far, we have extensively evaluated the T-SUSY refractive index of n1 (t) = n1,− by taking
Ω > ω2

0 . Now, we focus our attention on the case Ω = ω2
0 . In such circumstances, V1 (t) = 0,

W (t) = 1/ (C − t) and:
n2 (t;C, n2,−) =

n2,−√
1− 2

ω2
0(C−t)2

, (C8.50)

where C is an integration constant arising from Riccati’s equation. Figure C8.6 illustrates the
T-SUSY refractive index profile given by the above equation. Now, it is fundamental to note
that we have a singular superpotential that may break the degeneracy of the eigenvalue spectra
between both superpartners (Ω(1) ̸= Ω(2)). More precisely, note that D(2) ∝ (∂t +W (t))D(1) is
not a continuous function at t = C. Therefore, D(2) cannot be a solution of Maxwell’s equations.
The boundary conditions of the temporal scattering are not satisfied (D(2) and ∂tD

(2) must be
necessarily continuous functions in the temporal variable). As a result, in this case, we cannot
guarantee the same intensity scattering properties for n1 and n2.

Figure C8.6. T-SUSY permittivity (permeability) n2
2 [Eq. (C8.50)] of a constant permittivity (permeability)

n2
1,− when Ω = ω2

0 . (NMPM: negative magnetic permeability material).

Isospectral two-parameter family

As an application of the isospectral theory detailed in Appendix C8.2, let us consider the Hyperbolic
Rosen-Morse II (HRMII) refractive index:

n1 (t;m) =
ω0n1,− (m)√

ω2
0 +m (m+ 1) sech2t

, (C8.51)

28The nonlinear frequency dependence of the phase ΦT2
(ω) implies that each spectral component of D

(2)
I (r, t)

is phase shifted by a different quantity. Consequently, the envelope of an incident wide-band optical pulse will be
distorted in transmission.
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where m ∈ Z. Remarkably, the above refractive index profile is transparent (see below page 281).
Taking Ω = ω2

0 in Eq. (C8.12), the corresponding quantum potential is of the form (step 1 of the
isospectral theory, see page 274):

V1 (t→ x) = Ω− ω2
0

n21,−
n21 (t→ x;m)

= −m (m+ 1) sech2x. (C8.52)

In particular, V1 holds m bound states and the scattering problem is well-defined (V1,± <∞). For
the case m = 2, the two-parameter isospectral family Ṽ1 (x; η1, η2) can be calculated from V1 (x)
by using the multi-parameter Darboux procedure (step 2):

Ṽ1 (x; η1, η2) = −12
3 + 4 cosh (2x− 2Λ2) + cosh (4x− 2Λ1)

[cosh (3x− Λ2 − Λ1) + 3 cosh (x+ Λ2 − Λ1)]
2 , (C8.53)

with Λ1,2 = −0.5 ln (1 + 1/η1,2) and η1,2 > 0. Finally, performing the relabeling Ṽ1 (x→ t; η1, η2)
and using Eq. (C8.44), we obtain the two-parameter isospectral family of time-varying optical
systems (step 3):

ñ1 (t; η1, η2) =
ñ1,− (η1, η2)√

1− 1
ω2

0
Ṽ1 (t; η1, η2)

. (C8.54)

Figure C8.7 shows the refractive index profile of different time-varying optical systems of the
family taking ñ1,− (η1, η2) = n1,− = 2. We have numerically calculated the scattering coefficients of
these refractive index profiles and we have found the same reflection and transmission coefficients in
module and phase as those of the original modulation n1 (t;m = 2) at ω = ω0: R1 (η1, η2) = 0 and
T1 (η1, η2) = exp (j0.23). Thus, we have constructed infinite transparent refractive index profiles
in a simple and elegant way.

Figure C8.7. Two-parameter isospectral family of the transparent refractive index n1 (t;m = 30) [Eq. (C8.51)].

Hyperbolic Rosen-Morse II potential: general relations

In the next two numerical examples, we will analyze the T-SUSY refractive index profiles emerging
from the shape invariant HRMII potentials, described by the following equations:

W (t) = A tanh (αt) +B/A; (C8.55)
V1 (t) = A2 +B2/A2 −A (A+ α) sech2 (αt) + 2B tanh (αt) ; (C8.56)
V2 (t) = A2 +B2/A2 −A (A− α) sech2 (αt) + 2B tanh (αt) , (C8.57)

with A, B and α real parameters and B < A2. From the above expressions, we can verify that
the SIP condition [Eq. (C8.28)] is fulfilled with a1 ≡ A, a2 = f (a1) = a1 − α and M (a1) =

a21 − (a1 − α)
2
+ B2[1/a21 − 1/ (a1 − α)

2
]. Taking Ω(a1) = ω2

0 +W 2
− = ω2

0 + (B/a1 − a1)
2, the

corresponding refractive index profiles are:
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n1 (t; a1) =
ω0n1,− (a1)√

ω2
0 − 2B + a1 (a1 + α) sech2 (αt)− 2B tanh (αt)

; (C8.58)

n2 (t; a1) =
ω0n2,− (a1)√

ω2
0 − 2B + a1 (a1 − α) sech2 (αt)− 2B tanh (αt)

. (C8.59)

Equation (C8.58) is Eq. (8.2.9) of the main text. We also observe that |W−| = |W+| (|W−| ̸= |W+|)
if B = 0 (B ̸= 0). Hence, we have the ability of constructing reciprocal (non-reciprocal) time-
varying optical systems with ωi,− = ωi,+ (ωi,− ̸= ωi,+) and i ∈ N. In the case B ̸= 0, we should
take into account that:

• The scattering coefficients of the electric (magnetic) flux density Ri and Ti are found to be
different from the scattering coefficients of the electric (magnetic) field strength Ri and Ti.
More precisely, Ri = N2

+Ri and Ti = N2
+Ti, with N2

+ = 1 − 4B/ω2
0 ∈ (0, 1). Nonetheless,

R1/R2 = R1/R2 and T1/T2 = T1/T2.

• From the previous point, we deduce that 0 < N+ < 1, ni,− < ni,+ and B < ω2
0/4.

• From the temporal version of Snell’s law, we infer that the frequency of the transmitted
signal is lower than that of the incident signal, with ωi,+ = N+ωi,−.

In both cases (B = 0 and B ̸= 0), the scattering relations [Eq. (C8.22)] become:

R1 (a1)

R2 (a1)
=
R1 (a1)

R1 (a2)
=
a1 +B/a1 + j

√
ω2
0 − 4B

−a1 +B/a1 − jω0
; (C8.60)

T1 (a1)

T2 (a1)
=
T1 (a1)

T1 (a2)
=
a1 +B/a1 − j

√
ω2
0 − 4B

−a1 +B/a1 − jω0
. (C8.61)

Figure C8.8 shows the above ratios as a function of ω0 and a1 setting B = 0.4a21. As seen, the
module is equal to 1 when N+ ∈ R and the phase has a low dependence on ω0. Furthermore,
the lower the value of a1 is, the lower the frequency dependence of the phase and the area where
N+ ∈ C are.

Figure C8.8. Ratios of the scattering coefficients in the hyperbolic Rosen-Morse II potential. The dashed
white line separates the allowed (N+ ∈ R, top) and forbidden (N+ ∈ C, bottom) regions.
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Hyperbolic Rosen-Morse II potential: case B = 0

The case B = 0 leads to reciprocal, omnidirectional, polarization-independent and transparent
phase shifters such as the hyperbolic secant profile of the first numerical example. Specifically,
taking α = a1 in Eq. (C8.58), we retrieve the aforementioned refractive index profile [Eq. (C8.47)].
Nevertheless, considering α = 1 and a1 = m ∈ Z, we will find new refractive index modulations
with an extremely large transparent optical bandwidth. In such a scenario, Eqs. (C8.58) and
(C8.59) are reduced to:

n1 (t;m) =
ω0n1,− (m)√

ω2
0 +m (m+ 1) sech2t

; (C8.62)

n2 (t;m) =
ω0n2,− (m)√

ω2
0 +m (m− 1) sech2t

, (C8.63)

obeying the SIP relation Eq. (C8.32), which can be rewritten as:

n2 (t;m) =
n2,− (m)

n1,− (m− 1)
n1 (t;m− 1) . (C8.64)

From this recurrence relation as a function of the m parameter, we can infer the transparent
behavior of these systems taking into account that they are SUSY-connected with the potential of
the free particle (m = 1). Nevertheless, in contrast to the first numerical example [Eq. (C8.47)],
we can note that the HRMII index has the advantage of allowing independent design control over
∆n ∼ n1,2,−

∣∣∣1− ω0/
√
ω2
0 +m (m± 1)

∣∣∣ for a fixed ∆t ∼ 20T0, enabling a technology-oriented
adjustment of the index modulation contrast. Figure C8.9(a) shows the T-SUSY refractive index
profiles for the case m = 30, and Fig. C8.9(b) depicts their scattering coefficients as a function of the
frequency. As commented before, we can observe an extremely large spectral band of transparency.

Figure C8.9. (a) T-SUSY refractive index profiles Eqs. (C8.62) and (C8.63) with m = 30. (b) Scattering
coefficients calculated numerically as a function of the ratio ω/ω0.



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 282

On the other hand, in this case we can report an analytic solution for T1 (m), which can be
calculated in the same way as the transmitted probability amplitude of the quantum-mechanical
potential V1 (x;m) = m2 + ω2

0 [1−N2
1 (t→ x;m)] (see page 299 of [216]):

T1 (m) =
Γ (−m− jω0) Γ (m+ 1− jω0)

Γ (−jω0) Γ (1− jω0)
, (C8.65)

where Γ is the Gamma function. Figure C8.10 indicates an excellent fitting between the theoretical
and numerical transmission coefficient associated with n1 (t;m). Strikingly, Eq. (C8.65) can be
combined with Eq. (C8.61) to solve straightforwardly the temporal scattering problem in this family
of time-varying systems without using Maxwell’s equations. Furthermore, it can be noted that we
can select the desired phase of the transmitted wave via the m parameter.

Figure C8.10. Transmission coefficient associated with the refractive index profile given by Eq. (C8.62) as
a function of m. [Solid line: Eq. (C8.65). Dots: numerical results].

Hyperbolic Rosen-Morse II potential: case B ̸= 0 (optical isolator)

The case B ̸= 0 is of great interest to us given that builds a bridge to design non-reciprocal optical
systems using time-varying refractive index modulations, as commented before and in the main
text. In particular, the optical isolator demonstrated in Subsection 8.2.2 [the hyperbolic step-index
profile of Fig. 8.4(a)] emerges from Eq. (C8.58) replacing a1 by a6 = a1−5α. The frequency down-
conversion between the incident and transmitted waves, with angular frequencies ω0 ≡ ω6,− and
ω6,+, respectively, can be calculated from the Snell law as ω6,−n6,− = ω6,+n6,+. Hence, the ratio
ω6,+/ω6,− obeys the relation:

ω6,+

ω6,−
=
n6,−
n6,+

= N+ =
√
1− 4B/ω2

0 . (C8.66)

Figure C8.11 depicts the ratio ω6,+/ω6,− for different values of ω0 and B. The dashed line separates
the allowed (N+ ∈ R) and forbidden (N+ ∈ C) areas. In our case, we operate at ω6,+/ω6,− ≃ 0.7
with ω0 ≡ ω6,− = 38 rad/s. However, if we are interested in synthesizing the optical isolator of
Fig. 8.1(c) using an angular frequency of the order of THz, we must select an adequate value of B
that preserves the same value in Eq. (C8.66).

On the other hand, the ratios R1 (a1) /R6 (a1) and T1 (a1) /T6 (a1) can be calculated by com-
bining Eq. (C8.40) with Eqs. (C8.60) and (C8.61). In particular, we find that:

T1 (a1)

T6 (a1)
=
T1 (a1)

T1 (a6)
=

(
a1 +B/a1 − j

√
ω2
0 − 4B

−a1 +B/a1 − jω0

)5

= exp (j2.55) , (C8.67)

which is in good agreement with Fig. 8.4(b,c) at ω = ω0. The ratio R1 (a1) /R6 (a1) could not
be numerically estimated because the non-reflecting behavior of n1 (t; a1) and n6 (t; a1) has a flat
frequency response in an extremely large optical bandwidth (see Fig. 8.4). We could not observe
any reflected wave in the numerical simulation when propagating wide-band optical pulses through
the above media.



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 283

Interestingly, for the hyperbolic step-index profile with α = A = B1/2, we can find an analytic
expression for the scattering coefficients (the mathematical derivation is detailed below):

R = − 1

N+

Γ (jω0/α) Γ (1− jω0N+/α)

Γ (jω0 (1−N+) /2α) Γ (1 + jω0 (1−N+) /2α)
; (C8.68)

T =
1

N+

Γ (jω0/α) Γ (1 + jω0N+/α)

Γ (jω0 (1 +N+) /2α) Γ (1 + jω0 (1 +N+) /2α)
. (C8.69)

Figure C8.12 demonstrates a perfect fitting between the above expressions and the numerical
results for a particular value of α. In this example, we can observe the non-reflecting behavior
of the hyperbolic step-index profile when ω0 > 10 rad/s. In conclusion, we can combine the
theoretical tools provided by T-SUSY, SIP and Eqs. (C8.68) and (C8.69) to design broadband
polarization-independent optical isolators.

Figure C8.11. Frequency down-conversion ω6,+/ω6,− as a function of ω0 and B. The dashed line separates
the allowed (N+ ∈ R) and forbidden (N+ ∈ C) areas. The hollow circle indicates the operation point of
the optical isolator of the main text.

Figure C8.12. Scattering coefficients of the hyperbolic step-index profile [Eq. (C8.58) taking α = A = B1/2]
as a function of ω0 for the case α = 5. [Solid line: Eqs. (C8.68) and (C8.69). Dots: numerical results].
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Derivation of Eqs. (C8.68) and (C8.69). Following a similar strategy as in [356], our first goal
is to analyze the asymptotic behavior of the general solution of the time-independent Schrödinger
equation when considering the hyperbolic step potential:

V (x) =
1

2
V0

[
1 + tanh

( x
2α̃

)]
, (C8.70)

with V0 > 0 and α̃ > 0. The general solution to the equation ψ′′ (x) + (E − V (x))ψ (x) = 0 is
given by Eq. (9) of [356], where k =

√
E and k′ =

√
E − V0. Thus, using the asymptotic behavior

of the hypergeometric functions, we find that [ψ (x) ∼
x→−∞

ψ− (x) and ψ (x) ∼
x→∞

ψ+ (x)]:

ψ− (x) = (CΓ1 (µ, ν) +DΓ2 (µ, ν)) exp (jkx) + (CΓ3 (µ, ν) +DΓ4 (µ, ν)) exp (−jkx)
≡ A exp (jkx) +B exp (−jkx) ; (C8.71)

ψ+ (x) = C exp (jk′x) +D exp (−jk′x) , (C8.72)

with C and D integration constants. The functions Γi (µ, ν) can be found by identifying our
Eq. (C8.71) with Eq. (11) of [356].

Along these lines, it is important to note that the sign convention employed in [356] is the
same as that in Cooper’s tutorial [216], and it is analogous to the sign convention employed in
the temporal scattering problem for the forward and backward plane waves. In this way, one
could expect that relabeling k → ω0 and k′ → N+ω0 in the expressions of R and T of [356], we
would be able to obtain the reflection and transmission coefficients of the temporal scattering.
Unfortunately, this procedure does not allow us to derive the closed-form expressions of R and T
in the temporal scattering because the equations connecting R1 (T1) and R2 (T2) in spatial SUSY
and T-SUSY are not analogous. Specifically, the spatial scattering is SUSY-connected in [216] as:

exp (jkx) +R1 exp (−jkx) = ξ

(
− d

dx
+W−

)
(exp (jkx) +R2 exp (−jkx)) ; (C8.73)

T1 exp (jk
′x) = ξ

(
− d

dx
+W+

)
T2 exp (jk

′x) . (C8.74)

In contrast, the temporal scattering is SUSY-connected as:

exp (jω0t) = ξ

(
− d

dt
+W−

)
exp (jω0t) ; (C8.75)

R1 exp (−jN+ω0t) + T1 exp (jN+ω0t) = ξ

(
− d

dt
+W+

)
(R2 exp (−jN+ω0t) + T2 exp (jN+ω0t)) .

(C8.76)

If R1 = R2 = 0, both systems are analogous and we can perform the previous relabeling to find
the reflection and transmission coefficients of the temporal scattering. For instance, we calculated
Eq. (C8.65) using this procedure. Nevertheless, R1,2 ̸= 0 in this case (see Fig. C8.12). Consequently,
we should recalculate the scattering coefficients for the temporal problem from the beginning.

Considering that ψ− (t) = exp(jω0t) and ψ+ (t) = R exp(−jN+ω0t) + T exp(jN+ω0t), we infer
from Eqs. (C8.71) and (C8.72) that A = 1, B = 0, C = T and D = R. Now, using Eq. (14)
of [356], we find that C = t11 and D = t21, where the transfer matrix tij is given by Eq. (16) of the
aforementioned reference. Therefore, performing the transformation of parameters α = 1/ (2α̃) to
match the definition of the hyperbolic step potential of [356] with our definition of the hyperbolic
step-index profile [Eq. (C8.58) taking α = A = B1/2], we finally obtain Eqs. (C8.68) and (C8.69).
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Supersymmetric time-reversal modulations

Interestingly, an even superpotential W (t) =W (−t) allows us to construct T-SUSY time-reversal
refractive index profiles of the form n2 (t) = n1 (−t) with the same intensity scattering behavior,
certainly an unexpected result taking into account that, in general, n1 (−t) has different scattering
properties from those of the original modulation n1 (t) (consider, e.g., the step-index case [326]).

Let us analyze this scenario in more detail. To this end, consider a given W with even symmetry.
In such a case, we can infer from Riccati’s equation that:

V2 (t) =W 2 (t) +W ′ (t) =W 2 (−t)−W ′ (−t) = V1 (−t) , (C8.77)

and then, we find that n2 (t) = n1 (−t) by setting n2,− = n1,−. Now, rewriting Eq. (C8.77) as
V2 (a1t) = V1 (a2t) and comparing this expression with the SIP condition [Eq. (C8.28)], we find
that M = 0 and the set of parameters a1 and a2 are real numbers related as a2 = −a1 = −1, i.e.,
we have a scaling SIP relation between superpartners. In this way, T-SUSY and SIP allow us to
find time-reversal refractive index modulations with the same intensity scattering properties. As
an example, consider an even superpotential of the form:29

W (t) = B sech (αt) , (C8.78)

where B and α are real parameters. The T-SUSY refractive index profiles n1,2 (t) can be calculated
by combining Riccati’s equation and Eq. (C8.12) bearing in mind that Ω = ω2

0 +W 2
− = ω2

0 . The
corresponding profiles are shown in Fig. C8.13(a), and the behavior of the scattering coefficients as
a function of the frequency [numerically calculated from the wave equation Eq. (8.2.1)] is depicted
in Fig. C8.13(b). Outstandingly, we can see that both time-reversal refractive index profiles have
the same intensity scattering properties, not only at ω = ω0, but also at ω ̸= ω0. In other words,
the ratios R1/R2 and T1/T2 have a flat frequency response. In any case, T-SUSY only provides
control at the design frequency.30

Figure C8.13. (a) T-SUSY time-reversal refractive index profiles associated with the superpotential of
Eq. (C8.78) and (b) ratios of the corresponding scattering coefficients R1/R2 and T1/T2 as a function of
the ratio ω/ω0.

29Equation (C8.78) is a particular case of the hyperbolic Scarf II superpotential W (t) = A tanh (αt)+B sech (αt).
30We analyzed other even superpotentials and we found that R1/R2 and T1/T2 also presented a flat frequency

response. Nevertheless, we cannot extrapolate this singular feature as a general rule in T-SUSY time-reversal
modulations. At least, the demonstration is not straightforward.
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C8.4 Temporal scattering and T-SUSY: spatially dispersive systems
In this subsection, we discuss about the possibility of applying T-SUSY in time-varying spatially
dispersive media (also termed as non-local media in the optical literature). Firstly, we include some
notes on the spatial Fourier transform and, secondly, we derive a temporal Helmholtz equation for
linear, isotropic, time-varying and spatially dispersive media considering the homogeneous and
heterogeneous case of all-dielectric, all-magnetic, and dielectric&magnetic materials.

C8.4.1 Spatial Fourier transform

In non-local media, the analysis of Maxwell’s equations can be alleviate via the three-dimensional
spatial Fourier transform (SFT). Considering, for instance, the real electric field strength E (r, t),
the pair of SFTs is defined as:

Ẽ (k, t) = FS [E (r, t)] :=

ˆ ∞

−∞
E (r, t) exp (jk · r) d3r; (C8.79)

E (r, t) = F−1
S

[
Ẽ (k, t)

]
:=

1

8π3

ˆ ∞

−∞
Ẽ (k, t) exp (−jk · r) d3k, (C8.80)

with d3r ≡ dxdydz and d3k ≡ dkxdkydkz to use a more economical notation.31 From the above
definitions, it is straightforward to demonstrate that ∀i ∈ {x, y, z}:

FS [∂iE (r, t)] = −jkiẼ (k, t) . (C8.81)

Proof :

∂iE (r, t) = ∂i

[
1

8π3

ˆ ∞

−∞
Ẽ (k, t) exp (−jk · r) d3k

]
=

1

8π3

ˆ ∞

−∞
Ẽ (k, t) ∂i [exp (−jk · r)]d3k

=
1

8π3

ˆ ∞

−∞
−jkiẼ (k, t) exp (−jk · r) d3k. (C8.82)

Hence, using the SFT, Faraday’s and Ampère’s laws can be recast in the wave number domain as:

−jk × Ẽ (k, t) = −∂tB̃ (k, t) ; (C8.83)

−jk × H̃ (k, t) = J̃ c (k, t) + ∂tD̃ (k, t) . (C8.84)

C8.4.2 Derivation of the temporal Helmholtz equation with the SFT

Homogeneous all-dielectric media. The constitutive relations read as follows:

D (r, t) = ε0

ˆ ∞

−∞
εr (r − r′, t)E (r′, t) d3r′; (C8.85)

B (r, t) = µ0H (r, t) , (C8.86)

and applying FS:

D̃ (k, t) = ε0ε̃r (k, t) Ẽ (k, t) ; (C8.87)

B̃ (k, t) = µ0H̃ (k, t) . (C8.88)

Next, starting from Eq. (C8.83):

− jk ×

(
D̃ (k, t)

ε0ε̃r (k, t)

)
= −∂tB̃ (k, t) , (C8.89)

31We work in Cartesian coordinates to guarantee the linear property of the 3D-SFT when using vector functions.
Otherwise, note that FS [Ei (r, t) ûi] ̸= FS [Ei (r, t)] ûi if the vector basis of R3 is not invariant to d3r.
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we find:
jk × D̃ (k, t) =

ñ2 (k, t)

c20
∂tH̃ (k, t) , (C8.90)

where ñ2 (k, t) := ε̃r (k, t). Now, multiplying by −jk× and combining with Eq. (C8.84) taking
J̃ c = 0 (we omit the independent variables for simplicity):

−jk × jk × D̃ =
ñ2

c20
∂t

(
−jk × H̃

)
⇒ k × k × D̃ =

ñ2

c20
∂2t D̃, (C8.91)

with (k ⊥ D̃):

k × k × D̃ =

∣∣∣∣∣ k D̃
k · k k · D̃

∣∣∣∣∣ = (k · D̃
)

︸ ︷︷ ︸
0

k − (k · k) D̃ = −k2D̃. (C8.92)

From Eq. (C8.91), we obtain the exact vector wave equation for the electric flux density:

k2D̃ (k, t) +
ñ2 (k, t)

c20
∂2t D̃ (k, t) = 0. (C8.93)

Finally, applying separation of variables of the form D̃ (k, t) = ψ (t) Φ̃ (k) and decoupling the
refractive index as ñ2 (k, t) = ñ2S (k)n

2
T (t) = ñ2S (k)

[
n2− +∆n2T (t)

]
, with ñ2S (k→ −∞) := 1 and

∆n2T (t→ −∞) := 0, we can infer from Eq. (C8.93) that ψ fulfills the same temporal Helmholtz
equation as the local media analyzed in the main text, i.e., Eq. (8.2.2) with N2 (t) := n2−/n

2
T (t)

and n− := nT (t→ −∞).

Homogeneous all-magnetic media. Now, the constitutive relations are:

D̃ (k, t) = ε0Ẽ (k, t) ; (C8.94)

B̃ (k, t) = µ0µ̃r (k, t) H̃ (k, t) , (C8.95)

and the refractive index is defined as ñ2 (k, t) := µ̃r (k, t). Hence, repeating the above procedure
starting in this case from Ampère’s laws [Eq. (C8.84)] taking J̃ c = 0, we find an exact vector wave
equation for the magnetic flux density of the form:

k2B̃ (k, t) +
ñ2 (k, t)

c20
∂2t B̃ (k, t) = 0. (C8.96)

Finally, applying separation of variables as B̃ (k, t) = ψ (t) Φ̃ (k) and decoupling the refractive
index in the same way as in the all-dielectric case, we find the sought temporal Helmholtz equation
Eq. (8.2.2).

Homogeneous dielectric&magnetic media. The constitutive relations are found to be:

D̃ (k, t) = ε0ε̃r (k, t) Ẽ (k, t) ; (C8.97)

B̃ (k, t) = µ0µ̃r (k, t) H̃ (k, t) , (C8.98)

and the refractive index is defined as ñ2 (k, t) := ε̃r (k, t) µ̃r (k, t). Thus, Faraday’s and Ampère’s
laws can be recast as:

jk × D̃ (k, t) = ε0ε̃r (k, t) ∂tB̃ (k, t) ; (C8.99)

jk × B̃ (k, t) = −µ0µ̃r (k, t) ∂tD̃ (k, t) . (C8.100)

At this point, in order to obtain an approximate wave equation formally equal to Eq. (C8.93)
(Eq. (C8.96)) for the electric (magnetic) flux density, we should assume a slowly-varying tempo-
ral evolution in µ̃r (ε̃r) starting from Faraday’s (Ampère’s) law. Finally, applying separation of
variables in D̃ (B̃), we find the same temporal Helmholtz equation as in previous cases.
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Heterogeneous media. Let us first consider the heterogeneous all-dielectric case. In such a scenario,
Eq. (C8.85) must be rewritten as:

D (r, t) = ε0

ˆ ∞

−∞
εr (r, r

′, t)E (r′, t) d3r′. (C8.101)

As seen, the constitutive relation is described by a more complicated expression than in the previous
examples.32 However, we will be able to derive a wave equation similar to Eq. (C8.93) if we assume
a slowly-varying spatial evolution in εr. In such circumstances, we can approximate the above
constitutive relation as:

D (r, t) ≃ ε0

ˆ
|δr|∼λ0

εr (r − r′, t)E (r′, t) d3r′, (C8.102)

where λ0 is the maximum wavelength of the problem. In other words, we are assuming that the
medium is approximately homogeneous at |δr| ∼ λ0. Next, performing the same discussion as in
homogeneous all-dielectric media, we obtain the approximate vector wave equation:

k2D̃ (k, t; r) +
ñ2 (k, t; r)

c20
∂2t D̃ (k, t; r) = 0, (C8.103)

where ñ2 (k, t; r) := ε̃r (k, t; r). Here, ε̃r and D̃ are the short-length spatial Fourier transform
(SL-SFT) of εr and D, respectively. For instance, the SL-SFT of εr is defined as:

ε̃r (k, t; r) :=

ˆ
WS(r)

εr (r, t) exp (jk · r) d3r, (C8.104)

where WS (r) is a 3D spatial window of length ∼ λ0 in each spatial direction. It should be noted
that we introduce space-dependent integration limits in the definition of the SL-SFT to retain the
space-varying nature of εr and D in the Fourier transformed domain. Finally, applying separation
of variables in D̃ (k, t; r) = ψ (t) Φ̃ (k; r) and decoupling the refractive index as:

ñ2 (k, t; r) = ñ2S (k; r)n
2
T (t) = ñ2S (k; r)

[
n2− +∆n2T (t)

]
, (C8.105)

with ∆n2T (t→ −∞) := 0, we obtain the same temporal Helmholtz equation as in the homogeneous
case. Heterogeneous all-magnetic media can be analyzed in a similar way but replacing D̃ by B̃ in
Eq. (C8.103), assuming a slowly-varying spatial evolution in µr and defining the refractive index
as ñ2 (k, t; r) := µ̃r (k, t; r). Finally, the non-local heterogeneous dielectric&magnetic scenario
requires to consider the slowly-varying spatial evolution in both constitutive parameters and the
slowly-varying temporal evolution in µ̃r (ε̃r) if we derive the temporal Helmholtz equation from
the wave equation of D̃ (B̃).

C8.4.3 Derivation of the temporal Helmholtz equation without the SFT

Despite the fact that the SFT alleviates the analysis of the general solution of Maxwell’s equations
in non-local media, we can also apply T-SUSY to this kind of media without requiring the use of
the SFT. The basic idea is to apply separation of variables in all the electromagnetic fields and
decouple the non-local and time-varying nature of the constitutive parameters. As an advantage
of using this approach, we will not require to consider a slowly-varying spatial evolution in εr or
µr to apply T-SUSY in non-local heterogeneous media.

As an example, consider the non-local heterogeneous all-dielectric case. Assuming, respectively,
the electric field strength and the electric flux density of the form E (r, t) = ψE (t)ΦE (r) and
D (r, t) = ψD (t)ΦD (r), and decoupling the non-local and time-varying nature of the relative
electric permittivity as:

32The constitutive relation Eq. (C8.101) describes an input-output relation of the form D (r, t) = Ô (r, t)E (r, t),
where Ô is a heterogeneous time-varying linear operator accounting for the non-local response of the medium to the
input E (r, t). Specifically, ε0εr (r, r′, t) is the impulse response of the system, i.e., ε0εr (r, r′, t) = Ô (r, t) δ (r − r′).
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εr (r, r
′, t) = εS (r, r

′) εT (t) , (C8.106)

the constitutive relation Eq. (C8.101) can be separated in the following relations:

ψD (t) = ε0εT (t)ψE (t) ; (C8.107)

ΦD (r) =

ˆ ∞

−∞
εS (r, r

′)ΦE (r
′) d3r′. (C8.108)

Hence, the exact time-domain vector wave equation ∇×∇× E (r, t) = −µ0∂
2
tD (r, t) becomes:

∇×∇× (ψE (t)ΦE (r)) = −µ0∂
2
t (ψD (t)ΦD (r)) . (C8.109)

Next, from Eqs. (C8.107) and (C8.108), the above equation is reduced to:

− c20∇×∇× (ΦE (r)) = εT (t)
ψ′′
D (t)

ψD (t)
ΦD (r) . (C8.110)

Therefore, we must have:

εT (t)
ψ′′
D (t)

ψD (t)
= γ2, (C8.111)

where γ2 ∈ C, ∀ t ∈ R. Defining n2T (t) := εT (t) and evaluating the above expression at t→ −∞,
we find that γ = jn−ω0, yielding Eq. (8.2.2) of the main text.33 We can also proceed in a similar
way for non-local all-magnetic and dielectric&magnetic media.

C8.4.4 Conclusion

An exact temporal Helmholtz equation formally equal to Eq. (8.2.2) is derived from Maxwell’s equa-
tions for time-varying spatially dispersive homogeneous and heterogeneous media. Consequently,
the extrapolation of the scattering results of Section 8.2 to non-local media is then straightforward.

C8.5 Extrapolation of the results to the spatial scattering
In complete analogy with the temporal scattering, the one-dimensional spatial scattering can be
described in photonics by a Helmholtz equation formally equal to our Eq. (8.2.2), as discussed
in Chapter 6, in Subsection 6.13.1 [see Eq. (6.13.12)]. Consequently, the main results of this
chapter can be extrapolated to the spatial scattering.34 Despite the fact that the transparent
spatial hyperbolic secant modulation is a well-known result in photonics [332], the non-reflecting
hyperbolic step-index profile of Subsection 8.2.2 has not been investigated in the space domain,
to the best of our knowledge. This opens up a great opportunity to explore new transparent
heterogeneous optical media.

33Actually, we should work with the analytic representation of the electromagnetic fields to be coherent with the
theory of the main text. Nevertheless, we have employed the real representation of the electromagnetic fields, in
line with the notation used in Subsection C8.4.2.

34Nevertheless, remember that in the space domain the results are found to be polarization-dependent.
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Appendix D8: Temporal waveguide
The concept of temporal waveguide has been recently introduced in the literature in [336–338]. In
this appendix, we perform a detailed discussion about the fundamental concepts enclosed in this
new kind of optical systems starting from Maxwell’s equations. As a result, we will see that the
pulse propagation equation (2) of [336] cannot correctly describe the interaction of light with a
moving “temporal” boundary due to the absence of boundary conditions in this equation. However,
the modal analysis of a temporal waveguide can be correctly performed starting from this equation,
provided that the corresponding boundary conditions are incorporated to the modal solution.

The appendix is structured as follows. In Subsection D8.1, we define the concept of temporal
waveguide. In Subsection D8.2, we detail some inconsistencies and open questions in the literature.
In Subsections D8.3 and D8.4 we attempt to solve these questions. In Subsection D8.5, we include
some notes on the theory of T-SUSY applied to temporal waveguides. In Subsection D8.6, we
derive a coupled-mode theory for parallel temporal waveguides. In Subsection D8.7, we discuss in
more detail the concept of temporal photonic lantern presented on page 256. Finally, in Subsection
D8.8, we solve an outstanding question formulated in Subsection D8.2.

D8.1 Preliminary concepts
A temporal waveguide (TWG) is a time-varying and temporally dispersive medium which can
confine and carry optical pulses inside a moving temporal perturbation ∆neff(t − z/vB) of the
effective refractive index (neff) of a guided mode of a spatial waveguide. Figure D8.1 illustrates
this scenario. As seen, the perturbation is finite and is defined by two moving temporal boundaries
separated in time 2TB and in space 2TBvB. Actually, a moving temporal boundary is a spatial
change of neff which is moving along the z-axis. However, in coherence with [336–338], we will use
the naive and unfortunate term “temporal boundary” to describe the spatial limits of the TWG.

Figure D8.1. Temporal waveguide: moving temporal perturbation of the effective refractive index (neff) of
a guided mode of a spatial waveguide (blue area) of the form ∆neff(t− z/vB), where vB is the speed of the
temporal perturbation propagating through the longitudinal axis of the spatial waveguide.

Surprisingly, the double temporal boundary which defines the TWG leads to an eigenvalue
equation with a discrete set of eigenvalues and eigenfunctions {ψn}∞n=0 [Eq. (8.3.3)]. Performing
the coordinate transformation τ := t− z/vB, the eigenfunctions ψn(t− z/vB) can be considered as
temporal bound states at a given z point, that is, time-dependent continuous normalizable eigen-
functions satisfying the condition ψ (τ → ±∞) = 0. A static external observer located at a given z
point can only see the eigenfunctions in a time interval 2TB. For this reason, these eigenfunctions
are referred to as temporal bound states.35 Interestingly, these temporal bound states can be
stimulated by an external optical pulse if vB < 1/β1, where β1 is the inverse of the group velocity
of the guided mode of the spatial waveguide over which the TWG is constructed.

35Nevertheless, strictly speaking, the concept of temporal bound state is more restrictive than the concept men-
tioned herein because it must be a continuous, normalizable eigenfunction which is only localized in time. Here,
the eigenfunctions of a TWG are localized not only in time, but also in space. However, using the coordinate
transformation τ := t− z/vB, we can consider these eigenfunctions as temporal bound states at a given z point.
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D8.2 Open questions in previous works
The theory of the interaction of an electromagnetic field with a moving temporal boundary and
the modal analysis of TWGs revolve around the following equation [336–338]:36(

∂z + β1∂t − j
1

2
β2∂

2
t + jβB (t− z/vB)

)
A (z, t) = 0. (D8.1)

As indicated in these previous works, this equation emerges from Maxwell’s equations and attempts
to describe the propagation of an optical pulse in the scenario shown in Fig. D8.1. In particular, A is
the slowly-varying complex envelope of an optical pulse propagating in the perturbed guided mode
of the spatial waveguide through the +ûz direction, β1 and β2 are respectively the inverse of the
group velocity and the group-velocity dispersion of the guided mode, βB := k0∆neff, k0 = ω0/c0,
and ω0 is the angular frequency of the light source which stimulates the guided mode of the spatial
waveguide at z = 0.

It is worth mentioning that the concept of moving temporal boundary of [336] clearly involves
a moving spatial boundary. Thus, it is natural to expect that the interaction of an electromagnetic
wave with this kind of boundary can generate a reflected and a transmitted wave. Along this line,
the following fundamental questions emerge:

1. Can Eq. (D8.1) describe both forward and backward propagations?

2. As seen in Fig. 1(a) of [336], it is not observed a real reflection when an optical pulse interacts
with a moving temporal boundary of the order of ∆neff ∼ 10−8. Concretely, it is observed a
deceleration of the incident optical pulse. This virtual reflection, emerging from the numerical
simulation of Eq. (D8.1), is of the order of −20 dB, much lower than the expected value of a
real reflected wave with |R| ∼ ∆neff ∼ −8 dB. Hence, we wonder whether Eq. (D8.1) is derived
from Maxwell’s equations taking into account the corresponding boundary conditions of the
spatial scattering problem: continuity of the tangential components of E and H. Therefore,
the question is: can Eq. (D8.1) correctly describe the spatial scattering in this scenario?

3. In the case of a negative answer to question 2, that is, absence of boundary conditions in
Eq. (D8.1), can we correctly perform a modal analysis of a TWG starting from Eq. (D8.1)?

4. The perturbation of the optical medium modifies the phase velocity (c0/neff), but the group
velocity (1/β1) is assumed time-invariant. This situation is analogous to omit the self-
steepening effect in an optical fiber operating in the nonlinear regime, which strongly depends
on the order of ∆neff, ω0 and the pulse width [139]. However, we wonder whether the modal
analysis of the TWGs and the T-SUSY theory of Section 8.3 must be revisited when this
initial consideration is not fulfilled.

Questions 1-3 will be answered in the next subsection and question 4 will be discussed at the end
of this appendix, in Subsection D8.8.

D8.3 Time-domain pulse propagation equation
How can we describe the propagation of an optical pulse through a time-varying and temporally
dispersive medium? In the same way as in a real multi-core fiber with spatial and temporal per-
turbations, which is found to be a time-varying and temporally dispersive medium. Therefore,
the coupled local-mode theory (CLMT) presented in Chapter 4 can be retrieved to describe the
scenario of Fig. D8.1 by assuming a single core and a single polarized core mode (e.g. LP01,x).

36Note that Eq. (D8.1) is the same as Eq. (2) of [336] when performing the coordinate transformation τ := t−z/vB.
However, the terms β2 and βB have the opposite sign in Eq. (D8.1) in comparison with Eq. (2) of [336] because we used
a different sign convention in the Fourier transform to derive Eq. (D8.1) from Maxwell’s equations (see Subsection
D8.3 for more details). Obviously, the results do not depend on this sign convention.
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Nonetheless, questions 1-3 require to revisit the derivation of the CLMT. In Chapter 4, we
omitted the power reflected generated by the spatial and temporal perturbations of the medium
because these perturbations were assumed to be slowly-varying in comparison with the space and
time interval where is located the propagated optical pulse. Unfortunately, this assumption does
not hold in Fig. D8.1. Now, the medium perturbations can have a rapidly-varying nature (e.g. a
step-index TWG) and, therefore, the reflected wave and the corresponding boundary conditions
of the spatial scattering must be included in the theoretical model. Consequently, we must revisit
the four steps of perturbation theory (described in Fig. 1.9, see page 23) starting from Maxwell’s
equations to derive a time-domain pulse propagation equation suitable for TWGs.

First step: Ansatz of the electric field strength of the optical medium

In the first step, we should propose the ansatz of the global electric field strength (E) of the optical
medium depicted in Fig. D8.1. This ansatz will be replaced later in Maxwell’s equations. Thus,
it is a fundamental point of our theoretical discussions. Here, we will consider an optical pulse
with a temporal width TP ≫ 1 ps [full-width at 1/ (2e) of the peak power] generated from a laser
radiating an optical carrier of angular frequency ω0. The pulse is launched into a guided mode of
a dielectric waveguide where the longitudinal component of E is zero or can be neglected (e.g. a
TE mode of a planar waveguide or an LP mode of a weakly-guiding optical fiber). In addition, for
the sake of simplicity, we will omit any birefringent effect of the spatial waveguide. Consequently,
we can assume E = E ûT, where ûT is a unit vector transverse to the propagation direction of the
electromagnetic energy (ûT ⊥ ûz).

In order to describe correctly the propagation of the optical pulse, we should decouple the
rapidly- and the slowly-varying temporal and longitudinal changes of E. The rapidly-varying
temporal changes are decoupled by using the slowly-varying complex amplitude approximation:

E (r, t) ≃ Re {Eω0
(r, t) exp (jω0t)} ûT, (D8.2)

where Eω0
is the complex amplitude of the electric field strength satisfying that δtEω0

≪ |Eω0
|

in δt ∼ 2π/ω0, where δtEω0
:= |Eω0

(r, t+ δt)− Eω0
(r, t)| . In addition, the rapidly- and the

slowly-varying longitudinal variations can be decoupled by introducing the complex envelope in
our ansatz. However, this step is not as straightforward as initially foreseen. The reader can find
in [357] a detailed discussion about this question in a simpler scenario than in a TWG. Using the
same approach as in [357] and in Chapter 4, we should assume the complex amplitude of the form:

Eω0
(r, t) =

1

2π

ˆ
BÃ

Ã (ω − ω0; t)F (x, y, ω; z, t) exp (∓jΦ(z, ω; t)) exp (j (ω − ω0) t) dω, (D8.3)

where:

• Ã(Ω; t) is the short-time Fourier transform (STFT) of the complex envelope in baseband (see
below) and BÃ is the bandwidth of Ã. Specifically, the STFT allows us to encode the time-
varying nature of the medium in Ã, which is found to be temporal dependent. On the other
hand, in contrast to Chapter 4, we do not have to describe mode-coupling and, therefore, Ã
must be assumed invariant along the z-axis. Unfortunately, Ã is only able to describe the
slowly-varying temporal evolution of the electric field because it is the shape of the optical
pulse at z = 0. To include the description of the slowly-varying longitudinal evolution of Eω0

at any z point, we should perform a mathematical transformation in Ã. Nevertheless, this
step previously requires to describe adequately the phase function Φ (see below).

• F (x, y, ω; z, t) is the transversal function of the guided mode. In line with Chapter 4, F is
assumed to be longitudinal and temporal dependent to describe the changes in the transversal
area of the guided mode induced by ∆neff(t−z/vB). The semicolon symbol is used to denote
explicitly these longitudinal and temporal changes.



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 293

• The forward (−) and backward (+) propagations are described by the double sign ∓ in
exp (∓jΦ(z, ω; t)), where Φ is the complex phase function of the guided mode involving:
(i) the equivalent real phase function βeq (z, ω; t), which accounts for the ideal phase constant
β (ω) of the guided mode and the dynamical evolution of the optical medium βB (z, ω; t) (see
below the relation with ∆neff), and (ii) the power attenuation coefficient α (ω). Specifically,
Φ is assumed of the form:

Φ(z, ω; t) : =

ˆ z

0

βeq (ξ, ω; t)dξ − j
1

2
α (ω)︸ ︷︷ ︸
≃0

z =

ˆ z

0

[β (ω) + βB (ξ, ω; t)]dξ

≃
ˆ z

0

2∑
k=0

1

k!
(ω − ω0)

k
[βk + βB,k (ξ; t)]dξ

=

ˆ z

0

2∑
k=0

1

k!
(ω − ω0)

k
[βk + βB,k (t− ξ/vB)]dξ

≃

{
2∑

k=0

1

k!
(ω − ω0)

k
[βk + βB,k (t− z/vB)]

}
z, (D8.4)

with βk := dkβ (ω = ω0) /dωk and βB,k (z; t) := ∂kωβB (z, ω = ω0; t). Here, the following
remarks are in order:

– In contrast to Chapters 2, 3 and 4, we denote the order of the dispersion parameters of
the optical medium in the subindex to avoid any confusion with the SUSY superindex
notation. That is, now β

(k)
ω0 ≡ βk.

– We have considered that we are operating far from the resonant frequencies of the
dielectric medium and TP ≫ 1 ps. In this way, the dielectric losses (encoded by α) and
the higher-order dispersive terms βk≥3 can been omitted.

– The dynamical perturbation of the medium is moving with a constant speed vB. In this
vein, we have rewritten the dispersive terms βB,k of the medium perturbation βB as
βB,k (z; t) ≡ βB,k(t− z/vB). Along this line, it should be noticed that writing βB,k (z; t)
and βB,k(t− z/vB) simultaneously is a “sloppy” notation because we are using the same
function for two different functions. However, let us relax the notation for simplicity.

– In coherence with [336–338], we assume βB,1 ≃ βB,2 ≃ 0. As commented before, the
approximation βB,1 ≃ 0 is analogous to omit the self-steepening effect in an optical fiber
operating in the nonlinear regime, where a high-power pulse which stimulates the Kerr
effect plays the role of the moving temporal perturbation of the medium ∆neff(t−z/vB).
Later, in Subsection D8.8, we will revisit this point. Otherwise, the approximation
βB,2 ≃ 0 can be perfectly performed if we assume a weak perturbation, neff ≫ |∆neff|.

– The approximation in the last line of Eq. (D8.4) was performed as a direct consequence
of assuming neff ≫ |∆neff|.

– Note that βB,0 = k0∆neff. For simplicity, we will omit the subindex “0” in βB,0 from
now on to use a more economical notation.

– All in all, Eq. (D8.4) is reduced to:

Φ(z, ω; t) ≃

 βB (t− z/vB)︸ ︷︷ ︸
=k0∆neff(t−z/vB)

+

2∑
k=0

1

k!
(ω − ω0)

k
βk

 z. (D8.5)

• Once we have described the phase function Φ, we can decouple the rapidly- and the slowly-
varying longitudinal variations in Eω0 by performing the aforementioned mathematical trans-
formation of Ã. To this end, we should subtract the rapidly-varying longitudinal variations
of the optical carrier exp(∓jβ0z) from exp (∓jΦ(z, ω; t)) as follows:
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Ã (z, ω − ω0; t) : = Ã (ω − ω0; t) exp [∓j (Φ (z, ω; t)− β0z)]

≃ Ã (ω − ω0; t) exp

[
∓j

(
βB (t− z/vB) +

2∑
k=1

1

k!
(ω − ω0)

k
βk

)
z

]
. (D8.6)

Note that the subtraction Φ(z, ω; t)−β0z in the spatial exponential function is analogous to
the subtraction (ω−ω0)t in the temporal exponential function of Eq. (D8.3). Remarkably, the
new complex envelope Ã describes, in the frequency domain, the slowly-varying longitudinal
and temporal evolution of E. Thus, our goal is to obtain a partial differential equation
accounting for the longitudinal and temporal evolution of A, a complex-valued function
satisfying the SVEA (see page 129) which is found to be the analytic representation of the
optical pulse in the time domain. Specifically, A and Ã are connected via the STFT, defined
as in Chapter 4:

Ã (z,Ω; t) = FT [A (z, t)] :=

ˆ t+TP/2

t−TP/2

A (z, τ) exp (−jΩτ) dτ, (D8.7)

with the time interval of integration describing a moving temporal window function where
the STFT is performed.37

Second step: Wave equation of the spatial guided mode

From Chapter 4 [Eq. (4.2.11)], we know that the spatial guided mode must satisfy the Helmholtz
equation in each spectral component ω:(

△+
ω2

c20
ñ2 (r, ω; t)

)
F (x, y, ω; z, t) exp (∓jΦ(z, ω; t)) = 0, (D8.8)

where ñ2 := FT
[
1 + χ(1)(r, t)

]
and χ(1) is the first-order electric susceptibility of the perturbed

spatial waveguide, which involves the ideal first-order electric susceptibility (i.e. when ∆neff = 0)
and the fluctuation of the material properties of the spatial waveguide induced by ∆neff. Thus,
at this point, the theoretical analysis requires to know the perturbation induced by ∆neff in χ(1)

along the z-axis to find the function ñ (r, ω; t):

ñ (r, ω; t) =

{
ñTWG (x, y, ω; z, t) ; |t− z/vB| ≤ TB

ñSWG (x, y, ω) ; |t− z/vB| > TB
(D8.9)

If the modal perturbation is induced in a weakly-guiding spatial waveguide with a step-index profile
ñSWG, we can safely assume that ñ ≃ (c0/ω)βeq. In particular, Eq. (D8.8) is step 2 depicted in
Fig. 1.9. This will be employed later in the fourth step to simplify the algebraic work.

Third step: Wave equation of the optical medium

In the third step, we should derive the wave equation of the time-varying and temporally dispersive
medium of Fig. D8.1. As in Chapter 4, we start by combining Faraday’s and Ampère’s laws applying
the curl operator in the former, which leads to the wave equation:

△E (r, t)− 1

c20
∂2t E (r, t) = µ0∂

2
tP

(1) (r, t) , (D8.10)

37The STFT must be rigorously defined as:

Ã (z,Ω; t) :=

ˆ ∞

−∞
A (z, τ)W (τ − t) exp (−jΩτ) dτ,

with W a temporal window function of width TP. However, in order to use a more economical notation, we describe
the moving window function in the time interval of integration, i.e., τ ∈ [t− TP/2, t+ TP/2].



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 295

where P(1) is the linear polarization density. We have neglected the third-order nonlinear polariza-
tion density by omitting the nonlinear nature of the dielectric waveguide to simplify the problem.
Furthermore, we have neglected the term ∇(∇·P(1)) in the above equation by considering that we
will separate the problem in different dielectric regions where neff can be assumed approximately
constant: the unperturbed spatial waveguide and the TWG (see below Fig. D8.2).

The constitutive relation P(1)-E is the key of the striking results of [336–338] and will allow us
to clarify questions 2 and 3 of Subsection D8.2. Concretely, the relation P(1)-E should describe the
linear response of the polarization density to an electric field impinging onto a dielectric medium:
isotropic, heterogeneous, spatially non-dispersive, time-varying and temporally dispersive. In such
circumstances, the aforementioned constitutive relation should be written of the form:38

P(1) (r, t) = ε0

ˆ ∞

−∞
χ(1) (r, t, τ)E (r, τ) dτ. (D8.11)

At this point, if we wish to obtain a pulse propagation equation of the form of Eq. (2) of [336],
we must perform the following approximation as a necessary condition: the time-varying optical
medium must be considered as a time-invariant system in δt ∼ TP. In other words, the constitutive
relation must be approximated to:

P(1) (r, t) ≃ ε0

ˆ
⟨TP⟩

χ(1) (r, t− τ)E (r, τ)dτ. (D8.12)

Otherwise, we could not derive Eq. (2) of [336] from Maxwell’s equations. In MCF media, the above
approximation does not involve any incoherence given that we assumed slowly-varying temporal
perturbations in δt ∼ TP. Unfortunately, as commented before, this assumption does not hold
in Fig. D8.1. Our medium can be perturbed by rapidly-varying temporal fluctuations of χ(1) in
δt < TP (induced by ∆neff), as can be observed, for instance, in a step-index TWG. In fact, in
general, Eq. (D8.12) cannot correctly describe the interaction of an optical pulse with a moving
temporal boundary.

Therefore, if we require to employ the above approximation to derive a time-domain pulse
propagation equation of the desired form [Eq. (D8.1)], how can we correctly model the propagation
of a pulse in the scenario illustrated in Fig. D8.1? The solution is found by considering the following
fundamental remarks:

• Bearing in mind that a moving temporal boundary is actually a moving spatial boundary,
a different linear polarization must be assumed at the left and at the right of the temporal
boundary. In this way, in Fig. D8.1, we must assume two different linear polarizations P(1)

SWG
and P(1)

TWG to describe the two different dielectric regions observed in a TWG (see Fig. D8.2).

• In such a scenario, P(1)
SWG and P(1)

TWG can be written of the form of Eq. (D8.12), provided
that we assume a slowly-varying evolution of ∆neff(τ) in δτ ∼ TP, where τ = t − z/vB
and considering z as a parameter in this discussion. Specifically, we are assuming that a
gradual-index TWG, with temporal profile βB (τ) = k0∆neff (τ), satisfies that δτβB ≪ |βB|
in δτ ∼ TP, where δτβB := |βB (τ + δτ)− βB (τ)|. This is analogous to the slowly-varying
condition imposed in the refractive index profile of gradual-index optical fibers. Moreover,
note that a step-index TWG automatically fulfills this condition given that βB is constant
between the temporal boundaries.

• The linear polarizations P(1)
SWG and P(1)

TWG must be connected by imposing the corresponding
boundary conditions of the spatial scattering: the tangential component of E and H must
be continuous at the interfaces that separate each dielectric region in Fig. D8.2.

38Let us remember that in a linear and time-varying system the general input-output relation is of the form
y (t) =

´∞
−∞ h (t, τ)x (τ) dτ , where h (t, τ) is the time-varying impulse response of the system, i.e., the response of

the system at time t for an input at time τ of the form x (t) = δ (t− τ) [358]. In our case, x ≡ E, y ≡ P(1) and
h ≡ ε0χ(1).
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Figure D8.2. Different responses of the linear polarization P(1) in a TWG: P(1)
SWG and P(1)

TWG. Specifically,
P(1)

SWG is the linear polarization which describes the medium response in the unperturbed region of the
spatial waveguide (blue area), and P(1)

TWG is the linear polarization which describes the medium response
inside the TWG. The three regions are connected by the following boundary conditions (red arrows): the
tangential component of E and H must be continuous at the interfaces that separate each dielectric region.

Consequently, we find a different wave equation for each dielectric region connected by the
aforementioned boundary conditions. Using the refractive index profile calculated in the second
step [Eq. (D8.9)], the global wave equation of our scenario (Fig. D8.2) can be expressed in the
frequency domain following the same formalism as in Chapter 4:

△Ẽω0
(r, ω − ω0; t) +

ω2

c20
ñ2 (r, ω; t) Ẽω0

(r, ω − ω0; t) = 0, (D8.13)

with:

Ẽω0
(r, ω − ω0; t) : = FT [Eω0

(r, t) exp (jω0t)]

= Ã (z, ω − ω0; t)F (x, y, ω; z, t) exp (∓jβ0z) . (D8.14)

Fourth step: Pulse propagation equation

Replacing our ansatz [Eq. (D8.14)] into the wave equation [Eq. (D8.13)], we find after some algebraic
work the following time-domain pulse propagation equation:39(

±∂z + β1∂t − j
1

2
β2∂

2
t + jβB (t− z/vB)

)
A (z, t) = 0, (D8.15)

with the sign “+” to describe the forward propagation and the sign “−” to describe the backward
propagation. The theoretical model is completed by including the boundary conditions of the
spatial scattering that allow us to calculate the reflected and transmitted complex envelopes AR and
AT generated from the interaction of the incident pulse AI with the moving temporal boundaries
described by βB.

39The algebra of the fourth step requires to use the second step to simplify the mathematical discussion. In
particular, from the second step [Eq. (D8.8)], we find using Eq. (D8.5) [∂zF ≃ ∂2zF ≃ 0 in δz ∼ 2π/βeq (z, ω0; t)]:(

△T +
ω2

c20
ñ2 (r, ω; t)

)
F (x, y, ω; z, t) =

[
β2
0 − j2β0Deq (z, ω; t)

]
F (x, y, ω; z, t) ,

where △T = ∂2x + ∂2y is the transverse Laplacian operator and:

Deq (z, ω; t) := jβB (t− z/vB) +
2∑

k=1

j

k!
(ω − ω0)

k βk ≡
2∑

k=0

j

k!
(ω − ω0)

k γk (z; t) ,

where γ0 (z; t) := βB (t− z/vB) and γk>0 (z; t) := βk>0. The function Deq can be expressed in the time domain via
the linear operator:

D̂eq (z; t) =

2∑
k=0

(−j)k−1

k!
γk (z; t) ∂kt ,

and repeating the same discussion as in Chapter 4, we find a PDE of the form
(
±∂z + D̂eq

)
A = 0, that is, our

Eq. (D8.15).
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Open questions 1-3

Once we have performed a rigorous discussion about the propagation of an optical pulse in the
time-varying and temporally dispersive medium shown in Fig. D8.1, we will be able to answer the
questions 1-3 detailed on page 291:
Question 1 Equation (D8.1) cannot simultaneously describe both forward and backward propa-

gation directions.

Question 2 Equation (D8.1) cannot correctly describe the spatial scattering in a moving temporal
boundary. This requires to: (i) consider different polarization densities in each dielec-
tric region, leading to different pulse propagation equations, and (ii) include boundary
conditions to connect the solution of each region.

Question 3 We can correctly perform a modal analysis of a TWG starting from Eq. (D8.1), despite
the fact that the backward propagation and the boundary conditions are omitted. The
modal analysis only requires to consider a single propagation direction (e.g. the forward
propagation) and the boundary conditions can be included in the problem once we
have calculated the eigenfunctions of each dielectric region from Eq. (D8.1) by using
the profile βB of each region.

D8.4 Modal analysis
In this subsection, we indicate how to perform the modal analysis of a TWG and we include some
basic notes about the numerical methods employed to calculate the eigenvalues and eigenfunctions
of this new class of optical systems.

D8.4.1 Coordinate transformation

The modal analysis of a TWG can by simplified by using a reference system in which the temporal
boundaries are stationary for an external observer. To this end, we should perform the coordinate
transformations z := z and τ := t− z/vB.

Figure D8.3. Flowchart of coordinate transformations.

Figure D8.3 depicts the flowchart of coordinate transformations. Applying the chain rule we find:
∂A (z, t)

∂z
≡ ∂a

∂z
=
∂a

∂z

∂z

∂z
+
∂a

∂τ

∂τ

∂z
=
∂a

∂z
− 1

vB

∂a

∂τ
; (D8.16)

∂A (z, t)

∂t
≡ ∂a

∂t
=
∂a

∂z

∂z

∂t
+
∂a

∂τ

∂τ

∂t
=
∂a

∂τ
, (D8.17)

that is, ∂z = ∂z − (1/vB)∂τ and ∂t = ∂τ . Hence, Eq. (D8.1) becomes:[
(∂z − (1/vB)∂τ ) + β1∂τ − j

1

2
β2∂

2
τ + jβB (τ)

]
a = 0. (D8.18)

Now, defining ∆β1 := β1 − 1/vB, we find the equation [a = A(z, τ)]:(
∂z +∆β1∂τ − j

1

2
β2∂

2
τ + jβB (τ)

)
A (z, τ) = 0. (D8.19)
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D8.4.2 Helmholtz equation

Applying separation of variables in the complex envelope A of the form:

A (z, τ) =

∞∑
n=0

Θn (z)Ψn (τ) , (D8.20)

Eq. (D8.19) becomes:

Θ′
n (z)

Θn (z)
= −∆β1

Ψ′
n (τ)

Ψn (τ)
+ j

1

2
β2

Ψ′′
n (τ)

Ψn (τ)
− jβB (τ) . (D8.21)

Taking into account that we have omitted the dielectric losses of the optical medium on page
293, the LHS and the RHS of the above equation must be a purely imaginary constant ±jKn,
which leads to a spatial modal solution of the form Θn (z) = exp(±jKnz). Given that we have only
considered the forward propagation, we select the sign “−” to be coherent with the sign convention
selected in Subsection D8.3. Then:

Θn (z) = exp (−jKnz) . (D8.22)

It should be noted that the spatial solution is a periodic function with fundamental period 2π/Kn.
Furthermore, from the RHS of Eq. (D8.21) we find the ODE:[

d2

dτ2
+ j2

∆β1
β2

d
dτ

+ 2
Kn

β2
− 2

βB (τ)

β2

]
Ψn (τ) = 0, (D8.23)

which can be transformed into a Helmholtz equation by using the transformation method detailed
in Chapter 6, in Subsection 6.14.1. In this way, Eq. (D8.23) becomes an eigenvalue equation:(

− d2

dτ2
+ 2

βB (τ)

β2

)
ψn (τ) = Ωnψn (τ) , (D8.24)

with a discrete set of eigenfunctions {ψn}∞n=0 and eigenvalues {Ωn}∞n=0:

ψn (τ) = Ψn (τ) exp

(
j
∆β1
β2

τ

)
; (D8.25)

Ωn = 2
Kn

β2
+

∆β2
1

β2
2

. (D8.26)

Concretely, the above Helmholtz equation is Eq. (8.3.3) of the main text over which we apply
T-SUSY to design supersymmetric TWGs.

Consequently, the modal solution of the TWG is of the form:

A (z, τ) =

∞∑
n=0

ψn (τ) exp

(
−j∆β1

β2
τ

)
exp (−jKnz) , (D8.27)

which is Eq. (8.3.2) of the main text. Once we have calculated the eigenfunctions ψn in each
dielectric region of the TWG, we must impose the continuity of ψn to fulfill the boundary conditions
of our system: continuity of the tangential components of E and H at the temporal boundaries.
In addition, we must verify that A satisfies the SVEA40 for the selected value of ∆β1/β2 and the
set of phase constants {Kn}∞n=0 calculated from the modal analysis. However, note that ω0 is a
degree of freedom of the problem and, therefore, we can always select a value of ω0 that guarantees
that the SVEA is fulfilled.

40See page 129.
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D8.4.3 Numerical analysis

The modal analysis of a step-index or gradual-index TWG can be numerically calculated with CST
Microwave Studio and MATLAB by using the analogy reported in [337], discussed here for the
sake of clarity of the results presented in Section 8.3.

Table D8.1. Analogy between a step-index spatial dielectric slab waveguide [124] and a step-index temporal
waveguide [337]. The constants A and B fulfill the relation B = A cos (un − nπ/2) sign (τ)n, which arises
from the continuity boundary condition of the eigenmodes ψn at |x| = a and |τ | = TB.41

Table D8.1 summarizes the analogy reported in [337] between a step-index spatial dielectric
slab waveguide and a step-index TWG. Concretely, the analogy only applies to the TE modes of
the slab. As seen, the spatial and temporal Helmholtz equations are analogous with an effective
potential V and eigenvalue Ωn of the form:

V (x) = −ω
2

c20
n2 (x) ≡ 2

β2
βB (τ → x) ; (D8.28)

Ωn = −β2
n ≡ 2

β2
Kn +

(
∆β1
β2

)2

. (D8.29)

It can be seen that the modal analysis of both structures involves the same eigenvalue equation,
where bn and ν are respectively the normalized phase constant and normalized frequency, given by
the expressions:42

ν2 = u2 + w2 =
ω2

c20
a2
(
n2co − n2cl

)
≡ 2

β2
T 2

B (βcl − βco) ; (D8.30)

un = ν
√
1− bn; wn = ν

√
bn; (D8.31)

bn =
β2
n/
(
ω2/c20

)
− n2cl

n2co − n2cl
≡ βcl −Kn − (β2/2) (∆β1/β2)

2

βcl − βco
. (D8.32)

In the gradual-index case, the analogy is only preserved if the slowly-varying condition of n (x) is
satisfied.43 Otherwise, the TE solutions of the spatial slab, calculated from Maxwell’s equations, do
not obey the spatial Helmholtz equation depicted in Table D8.1 and, then, the analogy is broken.

41The condition
√

2β2(βcl − βco) > |∆β1| is required to guarantee total internal reflection inside the TWG,
provided that the results of [336] are found to be valid. This should be revisited in future works taking into account
the discussion performed on page 291.

42Here, in order to avoid any confusion with the quantum potential (V ), we use a typography different from the
typography employed in the first part of this thesis to denote the normalized frequency (ν).

43The slowly-varying condition of n (x) requires that δxn≪ n (x) in δx ∼ λ0/n, where δxn := |n (x+ δx)− n (x)|,
λ0 is the wavelength in vacuum and n is the average value of n (x) in δx = 2a.



CHAPTER 8. OPTICAL SUPERSYMMETRY IN THE TIME DOMAIN 300

Hence, in step- and gradual-index TWGs, the eigenfunctions ψn and eigenvalues Ωn of the
temporal Helmholtz equation can be calculated from the spatial Helmholtz equation of Table D8.1,
provided that the slowly-varying condition of the analogous n (x) profile is satisfied (which is the
case in all TWGs analyzed in this work). It is important to note that the analogy should be
established by selecting values of ω and a that guarantee the same normalized frequency in the
spatial slab and in the TWG [Eq. (D8.30)]. In this work, we have solved the spatial Helmholtz
equation of the analogous slab with CST Microwave Studio. In particular, this software allows
us to calculate numerically the TE modes of interest directly from Maxwell’s equations, which
are connected with the spatial Helmholtz equation via the slowly-varying condition, as mentioned
above. Once we calculated the normalized dispersion diagram44 of the TE modes with CST, we
verified in MATLAB that the corresponding eigenfunctions and eigenvalues fulfill the temporal
Helmholtz equation of the TWG under analysis.

Note on the numerical analysis with CST Microwave Studio

The modal analysis of the TE modes of a step- or gradual-index spatial dielectric slab waveguide
can be estimated with a high degree of accuracy from a rectangular waveguide with b ≫ a (see
Fig. D8.4) and a refractive index profile n (x, y) with ∂yn (x, y) = 0. Setting b = 20a, we have
observed an error in {bn}3n=0 around ∼ 1% for the ideal step-index slab in comparison with its
analytic solution [124]. Specifically, bn can be calculated from βn by using Eq. (D8.32) and βn can
be estimated in MATLAB as:

βn =

√
−⟨ψn| Ĥ |ψn⟩

⟨ψn |ψn ⟩
=

√
−
´
ψ∗
n (x) Ĥψn (x) dx´
ψ∗
n (x)ψn (x) dx

, (D8.33)

where Ĥ = −d2/dx2 + V (x) and ψn (x) is the 1D mode profile calculated with CST in the y = 0
plane of the rectangular waveguide from the 2D mode profile Ψn (x, y) satisfying the condition
∂yΨn (x, y) ≃ 0.

Figure D8.4. Screenshot of the rectangular dielectric waveguide simulated with CST setting b ≫ a.

44The normalized dispersion diagram of the n-th TE mode is the function bn = fn (ν).
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D8.5 T-SUSY in temporal waveguides
We know from Chapter 6 that the unbroken SUSY relation between two quantum-mechanical
superpartners V1,2 is given by the expression (we assume ~2/2m ≡ 1 for simplicity):

V2 (x) = V1 (x)− 2
d2

dx2
lnψ

(1)
0 (x) , (D8.34)

where ψ(1)
0 is the ground state of V1. As detailed in the main text, we can identify an effective

potential in a TWG of the form (i ∈ {1, 2}):

Vi (x→ τ) ≡ 2

β2
βBi (τ) , (D8.35)

by comparing the time-independent Schrödinger equation of quantum mechanics with Eq. (8.3.3).
Hence, combining Eqs. (D8.34) and (D8.35) we infer that:

βB2 (τ) = βB1 (τ)− β2
d2

dτ2
lnψ

(1)
0 (τ) , (D8.36)

where ψ(1)
0 is the ground state (fundamental mode) of βB1 in this case. This expression is Eq. (8.3.4)

of this chapter. Crucially, the above transformation may alter the degeneracy between the temporal
bound states of T-SUSY TWGs if:

• The T-SUSY profiles βB1 and βB2 are related by a singular superpotential W . Nonetheless,
this is not the case given that W (τ) = −(lnψ

(1)
0 (τ))′ and ψ

(1)
0 has no nodes.

• βB2 (τ) does not have a slowly-varying temporal profile. In such a case, the pulse propagation
equation (D8.1) would not fulfill Maxwell’s equations. Nevertheless, in our case, the T-SUSY
TWG shown in Fig. 8.6(a) satisfies the slowly-varying criterion with TP < TB/4 ∼ 80 ps. In
such circumstances, we find that β′

B2 (τ) ≪ βB2 (τ) /TP in δτ ∼ TP.

D8.6 Parallel temporal waveguides: coupled-mode theory
Consider two parallel TWGs a and b constructed from two different temporal perturbations
βB,a (t− z/vB) and βB,b (t− z/vB) of temporal width 2TB,a and 2TB,b. Furthermore, both TWGs
are moving with the same speed vB through the longitudinal z-axis of a given spatial waveguide
and are separated Tab in time and vBTab in space. Figure D8.5 illustrates this scenario.

Figure D8.5. Parallel temporal waveguides (TWGs) a and b moving with the same speed vB through the
longitudinal axis of a given spatial waveguide (blue area).

For the sake of simplicity, let us first assume that both TWGs are operating in the single-
mode regime. The fundamental mode of each TWG will be denoted with the subindex a or b. In
such a scenario, the complex envelope of the global electric field of this optical structure can be
approximated using perturbation theory as:
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A (z, τ) ≃
∑

m=a,b

Am (z)ψm (τ) exp

(
−j∆β1

β2
τ

)
exp (−jKmz) , (D8.37)

where Am is the complex amplitude of each mode. In isolated conditions (i.e., when each TWG
is uncoupled from the other one), we find that dAm/dz = 0 and ψm must fulfill the temporal
Helmholtz equation: [

d2

dτ2
+ 2

Km

β2
+

(
∆β1
β2

)2

− 2
βB,m (τ)

β2

]
ψm (τ) = 0. (D8.38)

Nevertheless, if the two TWGs are in close proximity, the longitudinal dependence of Am accounts
for the power exchange between modes,45 ψm also fulfills Eq. (D8.38), and the complex envelope
A given by Eq. (D8.37) must satisfy the time-domain pulse propagation equation:(

∂z +∆β1∂τ − j
1

2
β2∂

2
τ + jβB (τ)

)
A (z, τ) = 0, (D8.39)

with βB (τ) = βB,a (τ) + βB,b (τ). Note that the above equation plays the same role as the wave
equation in optical couplers based on parallel spatial waveguides. Hence, substituting Eq. (D8.37)
into Eq. (D8.39) and using Eq. (D8.38), we find after some algebra (we omit the independent
variables for simplicity):∑

m=a,b

dAm

dz
ψm exp (−jKmz) + j (βB − βB,m)Amψm exp (−jKmz) = 0. (D8.40)

From the above equation, we can find the coupled-mode equations describing the power exchange
between modes of both parallel TWGs. As an example, the coupled-mode equation governing
the mode-coupling from mode b to mode a is found: (i) multiplying Eq. (D8.40) by ψa exp (jKaz),
(ii) integrating in τ ∈ (−∞,∞), and (iii) writing the first-order derivative of Aa(b) at the LHS. In
this way, we obtain:

j
dAa

dz
= caAa + exp (−j∆Kb,az)

(
κa,b − jχa,b

d
dz

)
Ab, (D8.41)

where ∆Kb,a := Kb − Ka. A similar coupled-mode equation describing the coupled power from
mode a to mode b can be found by exchanging the subindexes in the above equation. The mode-
coupling coefficients (MCCs), accounting for the mode overlapping between ψa and ψb, are defined
as:

χa,b :=
1

Na

ˆ ∞

−∞
ψb (τ)ψa (τ) dτ ; (D8.42)

ca :=
1

Na

ˆ ∞

−∞
βB,b (τ)ψ

2
a (τ) dτ =

1

Na

ˆ
⟨2TB,b⟩

βB,b (τ)ψ
2
a (τ) dτ ; (D8.43)

κa,b :=
1

Na

ˆ ∞

−∞
βB,a (τ)ψb (τ)ψa (τ)dτ =

1

Na

ˆ
⟨2TB,a⟩

βB,a (τ)ψb (τ)ψa (τ) dτ, (D8.44)

with Na :=
´∞
−∞ ψ2

a (τ) dτ .
It is worth mentioning the complete analogy between the CMT of parallel spatial waveguides

[see the linear terms of Eq. (2.2.5), in Chapter 2] and the CMT of parallel TWGs [Eq. (D8.41)]. As
demonstrated on page 31, χa,b can usually be neglected in the spatial case. However, in parallel
TWGs, the MCC χa,b is generally higher than the MCCs ca and κa,b and, therefore, all the MCCs
should be retained to guarantee a complete description of the mode-coupling phenomenon. Along
this line, note that Eq. (D8.41) can be rewritten as:

45The mode-coupling between temporal modes of parallel TWGs takes place through their evanescent tails.
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j
dAa (z)

dz
= c(eq)

a Aa (z) + κ
(eq)
a,b exp (−j∆Kb,az)Ab (z) , (D8.45)

where c(eq)
a := (ca − χa,bκb,a)/(1 − χa,bχb,a) and κ

(eq)
a,b := (κa,b − χa,bcb)/(1 − χa,bχb,a). A similar

equation for dAb (z) /dz can be obtained by exchanging the subindexes a and b in Eq. (D8.45).
Finally, for completeness, the following considerations are in order:

• If we solve the CMT assuming that only the mode a is excited at z = 0 [Ab (0) = 0], we find
that:

Ab (z) = −j
κ
(eq)
b,a

η
exp

(
j
∆Kb,a

2
z

)
sin (ηz)Aa (0) , (D8.46)

where:

η =

√√√√
κ
(eq)
a,b κ

(eq)
b,a +

(
∆Kb,a + c

(eq)
b − c

(eq)
a

)2
4

. (D8.47)

Bearing in mind that ψ(2)
0 and ψ

(1)
1 are degenerate modes in the TPL shown in Fig. 8.7(a)

of the main text (∆Kb,a = 0), we conclude from Eqs. (D8.46) and (D8.47) that they must
exchange their optical power periodically along the z-axis with a coupling length46 LC = π/2η

and a coupling efficiency |Ab (z = LC) /Aa (0)|2 =
∣∣∣κ(eq)

b,a /η
∣∣∣2.

• In the multi-mode regime, the modes {an}Nn=1 of TWG a exchange optical power with the
modes {bn}Nn=1 of TWG b. In order to describe this situation, Eq. (D8.37) must be restated
as:

A (z, τ) ≃
∑

m=a,b

N∑
n=1

Amn (z)ψmn (τ) exp

(
−j∆β1

β2
τ

)
exp (−jKmnz) , (D8.48)

and, consequently, the mode-coupling from the modes {bn}Nn=1 to a given mode ai is governed
by the coupled-mode equation:

j
dAai (z)

dz
= caiAai (z) +

N∑
n=1

exp (−j∆Kbn,aiz)

(
κai,bn − jχai,bn

d
dz

)
Abn (z) . (D8.49)

We cannot observe internal mode-coupling among the modes of a given TWG m if we assume
that its temporal perturbation profile βB,m (τ) is invariant during the propagation of the
TWG along the longitudinal axis of the spatial waveguide.47 In practice, the temporal
profile βB,m may experience dispersion along the z-axis. The precise longitudinal evolution
of βB,m depends on the exact physical mechanism used to generate the temporal perturbation
in the spatial waveguide. For example, using the XPM with a pump-probe set-up, the shape
of the pump pulse will generally be affected by dispersion during propagation [337]. We
could overcome this drawback: (i) using an optical soliton as a pump pulse or, (ii) selecting
the pump wavelength at the zero-dispersion wavelength of the spatial waveguide, provided
that the higher-order dispersion terms are negligible. This second scenario requires to use,
e.g., microstructured optical fibers to tailor the material dispersion properties of the spatial
waveguide.

• In parallel TWGs with different speed or different propagation directions, the MCCs are
found to be space-dependent. Nevertheless, this scenario is out of the scope of this work.

46The coupling length LC is the length that maximizes the sinusoidal term of Eq. (D8.46).
47An internal mode-coupling among the modes of a TWG requires a temporal perturbation βB,m with a varying

shape along the longitudinal axis. This can be modeled by a profile of the form βB,m (τ ; z). The τ variable describes
the ideal temporal profile of the TWG, and the z variable accounts for the fluctuation of its shape during the
propagation of the TWG along the longitudinal axis of the spatial waveguide. This is analogous to an optical fiber
with a refractive index profile n(r; z) which fluctuates along the z-axis due to manufacturing imperfections, which
induce intra-core mode-coupling between different fiber modes.
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Note on the numerical analysis of the temporal photonic lantern using the CMT

Figure 8.7(b) depicts the function (we retrieve the original reference system by using the variables
z and t):

|Aa (z)|ψa (t− z/vB) + |Ab (z)|ψb (t− z/vB) , (D8.50)

where ψa ≡ ψ
(2)
0 and ψb ≡ ψ

(1)
1 . The longitudinal evolution of Aa and Ab has been numerically

calculated in MATLAB by using the CMT derived in this subsection. Along this line, note that
vB and L (the length of the spatial waveguide over which the TPL propagates) are arbitrary
parameters in the numerical simulation. Aimed to facilitate the comprehension of the results, we
have taken L = LC, which can be calculated as indicated before.

D8.7 The temporal photonic lantern
The concept of temporal photonic lantern (TPL) is analogous to the concept of the spatial photonic
lantern extensively discussed in [305]: a device which generates temporal (spatial) supermodes from
the linear combination of degenerates modes of close-packed temporal (spatial) waveguides. Thus,
in the same way as a spatial photonic lantern, we can use a TPL constructed from two identical
single-mode TWGs to generate supermodes with a temporal profile ψ (τ) similar to a higher-order
mode of a multi-mode TWG.

However, in Fig. 8.7, we used a different approach. We designed a TPL by using non-identical
multi-mode TWGs, specifically supersymmetric TWGs, to generate temporal supermodes arising
from the linear combination of SUSY temporal bound states, that is, ψ (τ) = ψ

(2)
n (τ)± ψ

(1)
n+1 (τ).

This allows us to: (i) obtain optical pulses exhibiting an exotic shape [Fig. 8.7(a)], and (ii) build
pulse-shape transformers [Fig. 8.7(b)].

On the other hand, in complete analogy with a spatial photonic lantern, we can introduce
a figure-of-merit to characterize the temporal supermodes of a TPL. Concretely, the role of the
effective area of a spatial supermode can be covered by the effective temporal width of a temporal
supermode, which is defined as:

Teff :=

(´∞
−∞ |ψ (τ)|2 dτ

)2
´∞
−∞ |ψ (τ)|4 dτ

, (D8.51)

where ψ (τ) is the temporal profile of the supermode under analysis. In particular, the supermode
shown in Fig. 8.7(a) has an effective temporal width of Teff = 1065 ps.

D8.8 Time-varying group velocity
Here, we study question 4 of Subsection D8.2. So far, we have extensively discussed the theory of
TWGs by assuming that the phase velocity c0/neff is modified by the medium perturbation, but
the group velocity 1/β1 is invariant. Now, let us consider that the perturbation also modifies the
group velocity. In such a case, Eq. (D8.4) is reduced to (βB,2 ≃ 0):

Φ(z, ω; t) ≃
{
β0 + βB,0 (t− z/vB) + (ω − ω0) [β1 + βB,1 (t− z/vB)] +

1

2
(ω − ω0)

2
β2

}
z.

(D8.52)

As a result, Eq. (D8.19) becomes:(
∂z +∆β1 (τ) ∂τ − j

1

2
β2∂

2
τ + jβB (τ)

)
A (z, τ) = 0, (D8.53)

where ∆β1 (τ) := β1+βB,1 (τ)− 1/vB and βB,0 is redefined as βB,0 ≡ βB to use a more economical
notation. Obviously, the modal analysis of the TWG and the T-SUSY theory previously detailed
in Subsections D8.4 and D8.5 should be revisited starting from the new version of the pulse
propagation equation.
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Modal analysis

Applying the separation of variables of Subsection D8.4, A (z, τ) =
∑∞

n=0 Θn (z)Ψn (τ), we find the
same spatial modal solution Θn (z) = exp(−jKnz), but the temporal modal solution is governed
by a different eigenvalue equation. In particular, Eq. (D8.24) becomes:[

− d2

dτ2
+ 2

βB (τ)

β2
+ j

(∆β1)
′
(τ)

β2
−
(
∆β1 (τ)

β2

)2
]
ψn (τ) = Ωnψn (τ) , (D8.54)

with a discrete set of eigenfunctions {ψn}∞n=0 and eigenvalues {Ωn}∞n=0:

ψn (τ) = Ψn (τ) exp

(
j

ˆ τ ∆β1 (ζ)

β2
dζ
)
; (D8.55)

Ωn = 2
Kn

β2
. (D8.56)

Therefore, the modal solution of the TWG is now of the form:

A (z, τ) =

∞∑
n=0

ψn (τ) exp

(
−j
ˆ τ ∆β1 (ζ)

β2
dζ
)
exp (−jKnz) . (D8.57)

As seen, the temporal evolution is governed by a time-varying frequency, i.e., we can observe a
time-varying spectral shift of the optical pulse A (z, τ). Consequently, the modal analysis and the
main results of [337, 338] are found to be radically different in these circumstances. In the same
vein, the CMT of Subsection D8.6 must also be revisited when ∂tβ1 ̸= 0. However, this is out of
the scope of this work.

T-SUSY theory

Now, we can identify an effective potential from Eq. (D8.54) of the form (i ∈ {1, 2}):

Vi (τ) ≡ 2
βBi (τ)

β2
+ j

(
∆β

(i)
1

)′
(τ)

β2
−

(
∆β

(i)
1 (τ)

β2

)2

, (D8.58)

which directly depends on βBi (τ) and ∆β
(i)
1 (τ). Thus, we will be able to explore new types of

supersymmetric TWGs by engineering the effective potential varying the perturbation βBi, the
group velocity 1/β

(i)
1 , or both parameters. In other words, we can relate the virtual and physical

spaces in different manners. Interestingly, we can observe a complex-valued potential with a real
set of eigenvalues. In such a scenario, we can combine T-SUSY with PT symmetry in TWGs in
the same way as in spatial waveguides [229].
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Appendix E8: Temporal SUSY in acoustics
In this section, a temporal Helmholtz equation formally equal to Eq. (8.2.2) of the main text is
derived for acoustic systems characterized by space- and time-varying properties. Particularly, in
the case of pressure acoustics, the spatio-temporal evolution of the acoustic pressure P (r, t) is
governed by the following wave equation [359]:

−∂2t P (r, t) +B (r, t)∇ ·
(
ρ−1 (r, t)∇P (r, t)

)
= 0, (E8.1)

where the medium bulk modulus B (r, t) and static mass density ρ (r, t) are, in general, functions
of space and time. Taking a medium for which ρ depends only on time (a similar result could
be obtained for a medium with a slowly-varying spatial dependence of ρ), it is possible to rewrite
Eq. (E8.1) as:

−∂2t P (r, t) +
B (r, t)

ρ (t)
△P (r, t) = 0. (E8.2)

Furthermore, if the bulk modulus can be expressed as B (r, t) = BS (r)BT (t), and applying
separation of variables to the pressure as P (r, t) = PS (r)PT (t), the previous equation can be
recast as:

ρ (t)

BT (t)

P ′′
T (t)

PT (t)
= BS (r)

△PS (r)

PS (r)
. (E8.3)

Once again, this is satisfied if and only if both sides of the equation are equal to a constant. In
analogy with the electromagnetic case, defining n2T (t) := ρ (t) /BT (t) and n− := nT (t→ −∞),
the following temporal Helmholtz equation is readily obtained:(

d2

dt2
+ ω2

0

n2−
n2T (t)

)
PT (t) = 0, (E8.4)

that is, Eq. (8.2.2) of the main text.



Chapter 9

Conclusions and further work

The research work reported in this thesis combines two complementary topics: multi-core fiber and
optical supersymmetry. Given the whirlwind of exotic ideas surrounding other branches of physics,
such as supersymmetric quantum mechanics, we initially believed that such a thesis could take
advantage of using these ideas to explore novel applications and functionalities in multi-core fibers
that have remained hidden. Moreover, fascinated by the potential applications of supersymmetry,
not only in multi-core fibers, but also in photonics in general, we finally decided to focus our efforts
on optical supersymmetry in the second part of the thesis. It is worthy to note that the “engine”
of our research work has always been the scientific curiosity in combination with our intuition.

In this chapter, we highlight the main results of this thesis. In addition, aimed to cover a
broadband audience, we discuss the possibility of extrapolating these results to other branches of
physics such as acoustics and quantum mechanics. Finally, for the sake of completeness, we detail
the ongoing and future work.

9.1 Conclusions
Here, we detail the main objectives and conclusions achieved in this thesis:

1. A fundamental propagation phenomenon of multi-core fibers (MCFs) is the inter-core crosstalk
(IC-XT), i.e., light coupling between optical modes of different cores. In Chapter 2, we have
unified the theoretical description of the IC-XT in single-mode MCFs operating in the
linear and nonlinear regimes, i.e., with low and high power levels, respectively. The linear
coupled-mode and coupled-power theories of [128] have been extended to the nonlinear regime
including the spatial perturbations of the medium: macrobends, microbends, fiber twisting
and manufacturing imperfections. Both theories allow us to: (i) reduce the computational
time of Maxwell’s equations based on FDTD (finite-differences in the time-domain) methods,
and (ii) unify the statistical analysis of the linear and nonlinear IC-XT. The spatial distribu-
tion of the IC-XT has been identified as a chi-squared distribution with 4 degrees of freedom
in both power regimes. These degrees of freedom may be increased when multiple cores are
excited at the MCF input.

2. In Chapter 3, we have reported the theoretical and experimental analysis of the IC-XT in
single-mode MCFs by including polarization effects along with spatial and also temporal
medium perturbations. The temporal perturbations are induced by external environmental
factors, such as floor vibrations due to human activity and temperature variations. The
theoretical model, the so-called coupled local-mode theory (CLMT), is able to describe this
complicated scenario with a higher degree of accuracy than the coupled-mode theory of
Chapter 2 and exhibiting a lower computational time than FDTD simulations of Maxwell’s
equations. Interestingly, the CLMT can be used to analyze and design the IC-XT in lowly-
and highly-birefringent MCFs. Concretely, in highly-birefringent MCFs, the IC-XT can be

307
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straightforwardly engineered by using the coupled local-power theory (CLPT) without the
necessity of performing numerical simulations (see Appendix B3, page 88).

3. The benefits of the CLMT have also been employed to describe the optical propagation of
ultra-short pulses (minimum pulse width of the order of few femtoseconds) in real MCFs,
which include the aforementioned spatial and temporal medium perturbations. New disper-
sive effects emerge when considering these fibers perturbations, which should be considered
in future real-deployed MCF systems. In addition, the CLMT can be used to design MCFs
comprising cores of different manufacturing characteristics: homogeneous, heterogeneous,
coupled, uncoupled, lowly- or highly-birefringent, trench- or hole-assisted, step- or gradual-
index. On the other hand, it is important to remark that, in contrast to our PAPER 6,
where only the single-mode regime was reported, we have also discussed in Chapter 4 the
multi-mode regime of the fiber (Appendix E4) and MCF transmissions comprising several
optical carriers (Appendix A4). To highlight these new contributions to the CLMT, we show
in Table 9.1 a schematic comparison of our model with previous pulse propagation models in
the literature, not only in single-mode MCFs (depicted in Fig. 4.9), but also in optical fibers
in general. Outstandingly, note that our model is able to describe the anisotropic Raman
response, overlooked so far in the literature.

CLMT Chiang Mecozzi Mumtaz Poletti Mamyshev

[References] Chapter 4 [181] [153] [155] [186] [185]

Polarization effects X X X X

Spatial birefringence X X X X

Temporal birefringence X

Isotropic Raman X X X X

Anisotropic Raman X

Fiber Type MCFs MCFs SCFs MCFs SCFs SCFs

Single-mode regime X X X X X X

Multi-mode regime X X X X

Multiple carriers X X X X
f
Table 9.1. Schematic comparison of our model reported in Chapter 4 with previous short (∼ps) and
ultra-short (∼fs) pulse propagation models in single-core fibers (SCFs) and multi-core fibers (MCFs).

Likewise, the CLMT can also be used to describe the propagation of pulses in weakly-guiding
single- and multi-core planar waveguides. Therefore, the CLMT could be of great utility in
integrated photonics to analyze the pulse dispersion induced by the waveguide perturbations
which may appear when the waveguide is integrated in ultra-compact optical devices.

4. The comprehension of the main propagation impairments of MCFs has allowed us to study
the suitability of the MCF technology in optical transport networks. In Chapter 5, we have
investigated the use of this new kind of optical fibers in the next-generation of optical
fronthaul systems proposed to 5G-cellular networks. Concretely, we have observed that
the average performance of these systems is not degraded when using high signal powers
but, remarkably, the temporal performance fluctuations (induced by the random behavior of
the IC-XT) are significantly reduced. Moreover, despite the fact that we have used signal
standards (LTE-A and WiMAX) maybe different from the standards which will be employed
in future real-deployed 5G and Beyond-5G cellular systems, our results could be of great
utility taking into account that we have analyzed a potential common platform: OFDM
modulation formats.

https://www.nature.com/articles/s41598-017-16691-w
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5. In order to explore hidden applications and functionalities of MCFs, we exploited in Chapter
7 the close connection between the laws of electromagnetism and quantum mechanics to
design a new type of MCFs using the mathematical framework of supersymmetry. As a result,
we conceived the supersymmetric MCFs, which allow us not only to increment the capacity
of current optical networks, but also to implement a variety of signal processing applications:
mode filtering, mode conversion, mode multiplexing, supermode generation, dispersion en-
gineering and pulse shaping. As a byproduct, we have also demonstrated the possibility of
performing true mode (de)multiplexing using these fibers, an outstanding problem in optics.

6. Despite the fact that in non-relativistic quantum mechanics the spatial (
∑

i ∂
2/∂x2i ) and

temporal (∂/∂t) operators of the Schrödinger equation are not symmetric (i.e., they involve
partial derivatives of different order), in photonics we can find wave equations describing a
vast number of scenarios where the spatial (

∑
i ∂

2/∂x2i ) and temporal (∂2/∂t2) operators
are symmetric. In this way, in Chapter 8, we have proposed the possibility of extending the
foundations of the non-relativistic supersymmetric quantum mechanics, only conceived in the
space domain, to the time domain, at least within the framework of photonics. As a result,
we have demonstrated that Maxwell’s equations possess an underlying temporal super-
symmetry. This can be used to straightforwardly analyze and design the scattering properties
of time-varying optical systems without the necessity of solving the corresponding wave
equation, which alleviates the numerical analysis of complicated scenarios. Especially, this
result builds a bridge to design a new class of omnidirectional and polarization-independent
transparent media. These unprecedented features define a promising platform for integrated
photonics. To illustrate this, we have designed an ultra-compact reconfigurable transparent
phase shifter with frequency-independent phase response, and a broadband optical isolator
with tunable frequency down-conversion of the input signal. Finally, we have also shown that
the temporal supersymmetry of Maxwell’s equations may serve as a unique tool to judiciously
design versatile pulse shaping devices based on optical systems supporting temporal modes.

9.2 Extrapolation to acoustics and quantum mechanics
The mathematical analogy between the laws of electromagnetism, acoustic and quantum mechanics
in the Helmholtz regime entails the fascinating possibility of extrapolating the main results of this
thesis to these branches of physics. This has already been explored in Sections 4.5, 6.13, 7.5 and
8.4. Here, for completeness, we include some interesting notes that facilitate the use of our models
and results in acoustics and quantum mechanics.

The main results of the first part of this thesis are enclosed in the CLMT reported in Chapter 4
taking into account that the electromagnetic phenomena studied in Chapters 2 and 3 can also
be numerically simulated using this theory. As discussed in Section 4.5, the CLMT may play an
essential role in any physical system in which the underlying wave propagation phenomena are
governed by coupled nonlinear Schrödinger equations (CNLSEs). For instance, we can highlight
fundamental quantum and acoustic systems such as coupled Bose-Einstein condensates (BECs)
[114] or ion-acoustic waves [190,191]. In the same way, nonlinear systems based on the CNLSEs are
also of special interest in mathematics to study strongly interacting dynamical systems [360–363].

Interestingly, the CNLSEs are formally equal to our coupled local-mode equations when higher-
order nonlinear terms are neglected in our equations (see below). Nevertheless, it is worthy to note
that our theory posses a basic feature that is difficult to observe in the literature of the CNLSEs:
the coupling coefficients and the exponential terms are found to be space- and time-dependent.
This could be fundamental to analyze the impact of spatial and temporal perturbations on the
aforementioned systems [364–367].

In order to guarantee a direct extrapolation of the results among the different branches of
physics and mathematics where the CLMT can be applied, it is more convenient to work with
dimensionless coupled local-mode equations. To this end, Eq. (4.2.66) should be restated as:
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∂1ψi (x) =

N∑
n=1

L̂
(i)

n ψn (x) +

R(i)∑
q,r,s

exp
(
jϕ(i)qrs (x)

)
N̂

(i)

qrsψq (x)ψr (x)ψ
∗
s (x) , (9.2.1)

where i ∈ {1, . . . , N} and:

L̂
(i)

n :=

l(i)n∑
k=0

L(i)
n,k (x) ∂

k
2 ; N̂

(i)

qrs :=

n(i)
qrs∑

k=0

N (i)
qrs,k (x) ∂

k
2 , (9.2.2)

x = x1û1 + x2û2, ∂1 ≡ ∂/∂x1 and ∂k2 ≡ ∂k/∂xk2 . All functions appearing in Eq. (9.2.1) are
complex-valued functions, except ϕ(i)qrs, which can be assumed a real-valued function. Furthermore,
the following considerations are in order:

• In photonics, x1 and x2 are usually related with a spatial and a temporal variable, respec-
tively. In contrast, in quantum mechanics and acoustics, x1 usually describes a temporal
variable and x2 accounts for a spatial variable.

• We have omitted the Raman terms of Eq. (4.2.66) in Eq. (9.2.1) given that these higher-order
nonlinear terms do not usually appear in the CNLSEs.

• We have included the XPM and FWM terms of Appendix A4 [see Eq. (A4.15)] in Eq. (9.2.1)
to describe important strongly nonlinear interactions studied in mathematics [360–363].

• The parameter R(i) indicates the number of nonlinear terms of the form ψqψrψ
∗
s which

interact with the wave of the LHS, in this case ψi, when varying (q, r, s) ∈ {1, . . . , N}3.
Here, we cannot write the summation of these nonlinear terms starting from q = r = s = 1
if |ψ1|2 ψ1 does not interact with ψi. For this reason, we have omitted the initial value of the
dummy indexes q, r, s in Eq. (9.2.1).

• The parameters l(i)n and n
(i)
qrs indicate respectively the order of the linear operators L̂

(i)

n and
N̂

(i)

qrs, which are usually of third-order or lower. In general, l(i)n ≤ 3 and n
(i)
qrs ≤ 1.

• The split-step Fourier method can be employed to solve numerically Eq. (9.2.1), provided
that the linear and nonlinear terms can be decoupled (see page 132 for more details).

On the other hand, the results of optical SUSY reported in the second part of this thesis can
be directly extrapolated to acoustic and quantum mechanics, as detailed in Sections 7.5 and 8.4.
Special mention is required in the fact that the results of Chapter 7 could be of extreme importance
in axially-symmetric quantum systems given that this class of symmetry has been overlooked so
far in the literature of SUSY QM [216]. Moreover, this thesis could lead to a breakthrough in
acoustics. The unique and exotic ideas of SUSY are introduced in this branch of physics for the
first time to the best of our knowledge.

9.3 Further work
Many of the research topics in this thesis support and inspire the work in others [368–433] and
allow for future work and further results.

1. The spatial distribution of the crosstalk reported in Chapter 2 should be further investigated
in coupled-core MCFs. In this topic, a mathematical formalism similar to [148] could be of
great utility.

2. The theoretical models of Chapters 2 and 3 can be extended to the multi-mode regime to
investigate the spatial and temporal distribution of the IC-XT in MCFs guiding several LP
mode groups in each core.
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3. The time scale over which the linear birefringence of an MCF can be assumed to be constant
and its impact on the temporal evolution of the IC-XT should be investigated in different
geographic regions with diverse climatic conditions. In such a scenario, the works reported
in [371,375] by T. M. F. Alves and A. V. T. Cartaxo could be of valuable interest to analyze
the crosstalk statistics in homogeneous uncoupled-core MCFs with a lower computational
time than that of the CLMT.

4. The mathematical formalism of the CLMT reported in Chapter 4 can be generalized to
describe the propagation of pulses in different scenarios of nonlinear optics, for instance, in
unguided dielectric media [357] and non-paraxial fibers (see our PAPER 9, on page 313). In
this way, complicated scenarios such as the white-light continuum generation in gases [434]
can be numerically simulated without the necessity of using FDTD calculations of Maxwell’s
equations, which usually require a large computational time.

5. In the same spirit as [105], new fiber-optical analogies of gravitational phenomena could be
investigated in MCFs using the CLMT. In particular, it is interesting to note that the presence
of parallel cores can be envisioned as perturbations of the virtual space-time geometry created
by an optical pulse propagating in a given core of an MCF.

6. The analysis about the suitability of the MCF technology for the next-generation of optical
fronthaul systems (Chapter 5) can be completed by using ultra-wideband (UWB) signals.

7. Novel all-fiber mode conversion and mode filtering devices can be further investigated by
analyzing factorization methods different from the SUSY factorization reported in Chapter 7.
In this vein, we can mention interesting alternatives such as the Sturm-Liouville factorization
[269] or the combination of SUSY with parity-time symmetry [229,277].

8. The scattering analysis of SUSY optical fibers builds a bridge to unveil novel invisible optical
media with axial symmetry. In such a scenario, it would be interesting to analyze the SUSY
optical fiber n2 (r) of a constant refractive index profile n1 (r) = n. This opens an alternative
to complete the work of Stefano Longhi recently published in Optics Letters [435].

9. The experimental validation of the results reported in Chapter 8 may pave the way for a real
implementation of ultra-compact optical devices such as Mach-Zehnder modulators in the
required scale by the future photonic integrated circuits in the next decades [436–444].
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Preface Here, we include a list with the main symbols used in this thesis. The symbols which
are not included in the following list (e.g. appendix’s symbols) are detailed in the main text.
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parameter. Also, medium bulk modulus
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BS Spatial evolution of the medium bulk modulus
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B Analytic representation B
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BÃ Bandwidth of Ã
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c
(eq)
a Equivalent linear MCC of ca

cax Linear MCC describing linear coupling in PCM ax

ci Real number, with i an integer

cS Speed of sound

cn Jacobi elliptic function

C Specific heat capacity

CF,m Correction factor of core m

C(k) Number of optical carriers which can be observed when operating in the linear (k = 1)
and nonlinear (k = 3) regimes

C2 ([a, b]) The set of complex-valued functions with continuous second-order derivatives within
the interval [a, b] ⊆ R

C
(P)
a Constant to calculate the optical power propagated in core a

C
(P)
b Constant to calculate the optical power propagated in core b

C
(P)
mi Constant to calculate the optical power propagated in PCM mi

C The set of complex numbers

D
d Magnitude of the displacement vector

d Displacement vector

d̃ Fourier transform of the magnitude of the displacement vector

dab Core-to-core distance between cores a and b
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dm Euclidean distance of core m to the MCF center

d
(lp)
F Degeneracy factor of the LPlp mode group

deg Degree of a vector
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Deq Complex-valued function accounting for the GVD along with the medium perturbations
in frequency domain

D
(eq)
mi Complex-valued function of PCM mi accounting for the GVD along with the medium

perturbations in frequency domain

Dλ0
Darboux transformation using λ0 as eigenvalue of reference

D
E

(1)
0

Darboux transformation using E(1)
0 as eigenvalue of reference

D̂eq Equivalent dispersion operator accounting for the GVD along with the medium
perturbations

D̂
(eq)
mi Equivalent dispersion operator of PCM mi accounting for the GVD along with the

medium perturbations

E
e(+K) Neutral element for the operation +K

E Energy in quantum mechanics. Also, expectation operator

E Analytic representation of E

Ẽ Fourier transform of E

E0 Ground state energy level of a quantum system. Also, arbitrary energy level in the
continuum

E1 Arbitrary energy level in the continuum

En n-th energy level of a quantum system

ET Transversal component of the complex amplitude of the electric field strength

Eω0
Modulus of Eω0

Eω0
Complex amplitude of the electric field strength

Ẽω0 Fourier transform of Eω0

Ei,ω0
i-th component of the complex amplitude of the electric field strength
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Ẽi,ω0
Fourier transform of Ei,ω0

Em,ω0 Complex amplitude of the electric field strength associated to core m

Emi,ω0 Complex amplitude of the electric field strength associated to PCM mi

Ẽmi,ω0
Fourier transform of Emi,ω0

Ẽm,n Quantum energy level

E(1) Eigenenergy of the first SUSY system

E(2) Eigenenergy of the second SUSY system

E
(1)
n n-th energy level of the first SUSY system

E
(2)
n n-th energy level of the second SUSY system

E
(1)
0 Ground state energy level of the first SUSY system

E
(2)
0 Ground state energy level of the second SUSY system

E
(1)
n,eq n-th energy level of Ĥ1,eq

E
(2)
n,eq n-th energy level of Ĥ2,eq

E(3D) Energy associated to V (3D)

E
(3D)
nlm Energy level associated to Ψnlm

E
(3D)
mn Energy level associated to Ψmn

E
(k)
n n-th energy level of Ĥk

E (am) Energy associated to SIP superpartners in the continuum

E
(n)
k (am) k-th energy level of the n-th system of a SUSY chain constructed using SIP

EA Characteristic atomic electric field strength

ET Transversal component of E

ẼT Fourier transform of ET

E Real representation (or real wave function) of the electric field strength

Ẽ Fourier transform of E

Ě Hilbert transform of E

E+ Real representation (or real wave function) of the electric field strength including
exclusively the positive frequencies of the spectrum

E− Real representation (or real wave function) of the electric field strength including
exclusively the negative frequencies of the spectrum

Ez z component of E

Ẽz Fourier transform of Ez

Ẽi i-th component of Ẽ
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Ẽ(1) Modulus of Ẽ
(1)

Ẽ
(1)

Fourier transform of the real representation of the electric field strength in the first
SUSY optical system

Ẽ
(1)

I Incident Ẽ
(1)

Ẽ
(1)

R Reflected Ẽ
(1)

Ẽ
(1)

T Transmitted Ẽ
(1)

Em Modulus of Em

Em Real representation (or real wave function) of the electric field strength in core m

Emi Modulus of Emi

Emi Real representation (or real wave function) of the electric field strength in PCM mi

Ẽm,n Fourier transform of E associated to the LPmn mode group

Ẽ
(i)

mi,n Fourier transform of E associated to the LPmin mode group in the i-th SUSY optical
system

E Photon energy

EVMB2B EVM (error vector magnitude) in the B2B (back-to-back) transmission

EVME2E EVM (error vector magnitude) in the E2E (end-to-end) transmission

EVM(ideal)
E2E Ideal EVM (error vector magnitude) in the E2E (end-to-end) transmission

F
f Arbitrary real or complex-valued function. Also, frequency

f Vector-valued function connecting the SIP parameters

fb,a Spatial random process describing the longitudinal random perturbations of the MCF

fi Real or complex-valued function. Also, real constant associated to Raman response.
In both cases, the subindex i is an integer

fR Fractional contribution of the delayed Raman response to the nonlinear polarization

fT Twist rate in an MCF

fT Average value of fT

fT,l Twist rate in the l-th birefringent segment of the MCF

fT,l,s Twist rate in the l-th birefringent segment and s-th Monte Carlo iteration

fU p.d.f. associated to random variable U

fXL
a,b

p.d.f. associated to random variable XL
a,b

fXNL
a,b

p.d.f. associated to random variable XNL
a,b

fXi,j p.d.f. associated to random variable Xi,j
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fY p.d.f. associated to random variable Y

fZi,j p.d.f. associated to random variable Zi,j

F Elliptic integral of the first kind. Also, fermion number. Also, transversal eigenfunction
of the LP01 mode

F Arbitrary vector-valued function

Fm Transversal eigenfunction of the LP01 mode in core m

Fmi Transversal eigenfunction of the LP01 mode in PCM mi

FXL
a,b

c.d.f. associated to random variable XL
a,b

FXNL
a,b

c.d.f. associated to random variable XNL
a,b

F Fourier transform operator. Also, a set of functions

F−1 Inverse Fourier transform operator

FS Spatial Fourier transform operator

F−1
S Inverse spatial Fourier transform operator

FT Short-time Fourier transform operator

F−1
T Inverse short-time Fourier transform operator

G
g Arbitrary real or complex-valued function. Also, an integer

gB Gain of the stimulated Brillouin scattering

g(1) Nonlinear MCC describing nonlinear intra-core coupling between different polarization
axes. The super-index (1) indicates the intra-core nature of the mode-coupling and g
indicates that the mode-coupling takes place between different polarization axes

g(2,...,6) Nonlinear MCCs describing nonlinear inter-core coupling between different polarization
axes. The super-index (i > 1) indicates the inter-core nature of the mode-coupling and
g indicates that the mode-coupling takes place between different polarization axes

g̃(I,R) Nonlinear MCC g(1) in frequency domain. The super-index (I) indicates the instan-
taneous nature of the nonlinear effects, and the super-index (R) indicates that the
nonlinear effects are related to Raman response of the optical medium

ĝ(I,R) Linear operator associated to g̃(I,R) in time domain

H
h Bijective and positive-real function connecting the random variables XL

a,b and XNL
a,b .

Also, complex-valued function. Also, isotropic Raman response. Also, impulse response
of an LTI or LTV system

ha Nonlinear power-coupling coefficient describing self-coupling in core a

ha,b Linear power-coupling coefficient describing linear coupling from core b to core a

h
(eq)
a,b Equivalent power-coupling coefficient describing power coupling from core b to core a

363



hax Impulse response of Hax

hbx Impulse response of Hbx

~ Reduced Planck’s constant (or Dirac’s constant)

Ha Modal field radius associated to the LP01 mode in core a

Hb Modal field radius associated to the LP01 mode in core b

Hax Transfer function of PCM ax. Also, modal field radius associated to the LP01 mode in
PCM ax

Hbx Transfer function of PCM bx. Also, modal field radius associated to the LP01 mode in
PCM bx

HT Transversal component of the complex amplitude of the magnetic field strength

H Analytic representation of H

HT Transversal component of H

H̃T Fourier transform of HT

H Real representation (or real wave function) of the magnetic field strength

H̃ Fourier transform of H

Hmi Real representation (or real wave function) of the magnetic field strength in PCM mi

H Superhamiltonian

HD Superhamiltonian associated to the second step of the one-parameter Darboux
procedure

Ĥ Hamiltonian operator

Ĥ0 Hamiltonian associated to V0 potential

Ĥ1 Hamiltonian of the first SUSY system

Ĥ2 Hamiltonian of the second SUSY system

Ĥ3 Hamiltonian of the third system in a SUSY chain

Ĥk Hamiltonian of the k-th system in a SUSY chain

Ĥ0,eq Energy-shifted Hamiltonian of Ĥ0

Ĥ1,eq Energy-shifted Hamiltonian of Ĥ1

Ĥ2,eq Energy-shifted Hamiltonian of Ĥ2

Ĥn(am) n-th Hamiltonian of a SUSY chain constructed using SIP

Ĥn,eq(am) Energy-shifted Hamiltonian of Ĥn(am)

Ĥ
(1)

Hamiltonian of the first SUSY system in 2D SUSY QM

Ĥ
(3)

Hamiltonian of the third SUSY system in 2D SUSY QM

Ĥ
(2)

ik Component of the Hamiltonian matrix of the second SUSY system in 2D SUSY QM̂̃H1 (η1) Hamiltonian associated to Ṽ1(η1) potential
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I
i Integer

I Subset of real numbers. Also, intensity mode profile distribution

I Identity matrix

I3 Identity matrix of third-order

I
(k,s)
cl Mode overlapping in cladding region

I1 Primitive function of
(
ψ
(1)
0

)2
. Also, primitive function of u20

I1,+ Limit of I1 at x→ ∞, r → ∞ or t→ ∞

I2 Primitive function of
(
ψ
(2)
0

)2
Ii Primitive function of

(
ψ
(i)
0

)2
J
j Imaginary unit j :=

√
−1. Also, it may represent an integer

J0 Zero-order Bessel function of the first kind

J1 First-order Bessel function of the first kind

J Analytic representation of J

Jc Analytic representation of J c

J Real representation (or real wave function) of the total current density

J̃ Fourier transform of J

J b Real representation (or real wave function) of the current density associated to the
bound charges

J c Real representation (or real wave function) of the conduction current density

J̃ c Fourier transform of J c

J f Real representation (or real wave function) of the current density associated to the free
charges

K
k Electromagnetic wave number. Also, real number, integer or arbitrary scalar-valued

function. Also, particle wave number. Also, elastic constant of the restoring force in
Lorentz oscillator model. Also, it may indicate a given core of an MCF

k0 Wave number of the optical carrier in vacuum

k̃ Fourier transform of the elastic constant of the restoring force in Lorentz oscillator
model

k Wave vector

k Matrix of linear MCCs
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km Wave number of the optical carrier in core m

ky y-component of the wave vector

kz z-component of the wave vector

k± Limit of the particle or electromagnetic wave number k (x) at x→ ±∞

k
(1)
n z-component of the wave vector of the n-th TE mode in a bosonic dielectric slab

k
(1)
x x-component of the wave vector in the first SUSY optical system

k
(1)
z z-component of the wave vector in the first SUSY optical system

k
(1)
x,± Limit of k(1)x at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are

usually denoted by the symbols a and b, respectively.

K Complete elliptic integral of the first kind. Also, thermal conductivity

K0 Zero-order modified Bessel function of the second kind

K1 First-order modified Bessel function of the second kind

Kn Phase constant of the n-th guided mode of a TWG

Ka,b Linear MCC describing quasi-discrete changes of linear IC-XT from core b to core a

K̃
(eq)
ax,bx Equivalent inter-core mode-coupling function

K̂
(eq)
ax,bx Linear operator describing the function K̃

(eq)
ax,bx in time domain

K Arbitrary field

L
l Integer

lc Correlation length

li Angular order of the i-th SUSY system

l
(i)
n Order of the linear operator L̂

(i)

n

l̂ Angular momentum operator

L MCF length. Also, width of the infinite square well potential

LC Coupling length

Lf Logarithmic derivative of f function

Ll−1 MCF length in the l-th MCF segment

LNNL−1 MCF length between the last two phase-matching points

Leff Effective interaction length

LCCD MCF length scale over which the dispersive effects of the CCD should be considered

LGVD Fiber length scale over which the dispersive effects of the GVD should be considered
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L
(1)
ID Fiber length scale over which the dispersive effects of the first-order intermodal disper-

sion should be considered

LIMCD MCF length scale over which the dispersive effects of the IMCD should be considered

LNL MCF length scale over which the nonlinear IC-XT can be observed

LPhMD MCF length scale over which the dispersive effects of the PhMD should be considered

L̂
(i)

n Linear operator accounting for linear mode-coupling from ψn to ψi

L(i)
n,k Complex-valued function describing k-th order linear mode-coupling effects from ψn to

ψi

L2 ([a, b]) The vector space of square-integrable functions in [a, b] ⊆ R

L (V,K) The set of homomorphisms from V to K

LP01,a LP01 mode associated to core a

LP01,b LP01 mode associated to core b

LP(i)
mi,n LP group associated to the i-th SUSY optical fiber with azimuthal order mi and radial

order n

M
m Integer. Also, it may indicate a given core of an MCF. Also, auxiliary parameter of

the NLDC. Also, mass of a quantum particle. Also, mass of the positive or negative
charge of the dipole

mi LP01,mi mode, where m indicates the core and i the polarization axis

mi Azimuthal order of the i-th SUSY system

max,ay Linear MCC describing linear coupling from PCM ay to PCM ax

m̃ax,ay Linear MCC describing linear coupling from PCM ay to PCM ax in frequency domain

M Integer. It may represent different parameters: number of cores or number of LP
modes, among other examples. Also, it may represent a complex constant or a real-
valued function (e.g. to connect supersymmetric shape invariant potentials or refractive
index profiles)

M Auxiliary Matrix accounting for the linear and nonlinear mode-coupling

Mn (C) Vector space of square matrices of dimension n× n with complex numbers

M̃
(eq)
ax,ay Equivalent intra-core mode-coupling function

M Real representation of the magnetization field

M̂
(eq)
ax,ay Linear operator describing the function M̃

(eq)
ax,ay in time domain

M Arbitrary Abelian group
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N
n Refractive index. Also, it may represent an integer (e.g. order of the radial variation

of an LP mode)

ñ Isospectral refractive index. Also, Fourier transform of n

n0 Inverse SUSY refractive index of n1

n1 Refractive index of the first SUSY optical system

n2 Refractive index of the second SUSY optical system

ncl Material refractive index of the cladding

nco Material refractive index of the core

neff Effective refractive index

n
(1)
eff,n Effective refractive index of the n-th TE mode in a bosonic dielectric slab

nHSC Refractive index profile of the hyperbolic secant chain

nm Refractive index of the m-th SUSY optical system in a SUSY chain. Also, material
refractive index of core m. Also, refractive index profile of core m [nm(r)]. Also,
average value of the MCF principal refractive indexes

nm Average value of the refractive index profile nm(r) in gradual-index cores

nmi Principal refractive index associated to core m and principal axis i

nmi,l,j,s Principal refractive index nmi in the l-th birefringent segment, j-th BTC and s-th
Monte Carlo iteration

nMCF Average value of the material refractive index of an MCF

nNL Nonlinear changes induced in nMCF by the nonlinear polarization

nS Step-index profile. Also, spatial evolution of the refractive index profile of a heteroge-
neous time-varying optical medium

ñS Fourier transform of nS

nT Temporal evolution of the refractive index profile of a heterogeneous time-varying
optical medium

nα Auxiliary refractive index

n± Limit of n at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain

n1,± Limit of n1 at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain

n2,± Limit of n2 at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain

nm,± Limit of nm at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain
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n
(eq)
m Equivalent refractive index associated to core m

n
(eq)
mi Equivalent refractive index associated to PCM mi

n
(eq)
mi,l,j,s Equivalent refractive index n

(eq)
mi in the l-th birefringent segment, j-th BTC and s-th

Monte Carlo iteration

n
(eff)
mni Effective principal refractive index of PCM mni, where m indicates the core, n is the

n-th LP mode supported by core m, and i is a principal axis of core m

n
(i)
qrs Order of the linear operator N̂

(i)

qrs

ñ1 (η1) One-parameter isospectral family of n1

ñ1 (m1, η1) One-parameter isospectral family of n1 generated from the LP(1)
m1,n mode using the

one-parameter Darboux procedure

ñ1,± (η1) Limit of ñ1 (η1) at t→ ±∞

ñ1 (η1, . . . , ηm) Multi-parameter isospectral family of n1

ñ1,− (η1, . . . , ηm) Limit of ñ1 (η1, . . . , ηm) at t→ −∞ or r → 0

ñ1,+ (η1, . . . , ηm) Limit of ñ1 (η1, . . . , ηm) at t→ ∞ or r → ∞

N Integer. It may represent different parameters: number of cores, number of LP modes,
or number of linear coupling terms in the dimensionless coupled local-mode equations,
among other examples. Also, it may represent a complex constant. Also, ratio n−/n (t).
Also, density of dipoles

N± Limit of N (t) at t→ ±∞

N (1) Real constant accounting for the normalization of ψ(1)

N (2) Real constant accounting for the normalization of ψ(2)

N Normal distribution

Na Integral of self-overlapping in core a

Nax Integral of self-overlapping in PCM ax

NHSC Number of fundamental periods in the hyperbolic secant chain

NL Number of phase-matching points in the linear regime

Nm Number of birefringent segments in core m

NNL Number of phase-matching points in the nonlinear regime

Ñ1 (η1) Function defined as the ratio ñ1,− (η1) /ñ1 (η1)

N (i)
qrs,k Complex-valued function describing k-th order nonlinear mode-coupling effects from

ψq, ψr and ψs to ψi

N̂
(eq)
ax Linear operator modeling nonlinear propagation in PCM ax

N̂
(i)

qrs Linear operator accounting for nonlinear mode-coupling from ψq, ψr and ψs to ψi

ℵ0 Aleph-zero

ℵ1 Aleph-one
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N The set of natural numbers

NAa Numerical aperture of core a

NAb Numerical aperture of core b

O
Ô Arbitrary linear operator

P
p Arbitrary function. Also, arbitrary polynomial. Also, integer

p11 Component of the photo-elastic tensor

p12 Component of the photo-elastic tensor

p Photon linear momentum

p̂ Linear momentum operator

P Probability. Also, acoustic pressure

P Analytic representation of P

P Matrix of optical power

Pa Optical power propagated in core a

P a Average optical power propagated in core a

Pb Optical power propagated in core b

P b Average optical power propagated in core b

PC Critical power of the MCF or NLDC

Pi Optical power propagated in core i

Pi,j Coupled power from core j to core i

P
(1)
i,ω0

i-th component of the complex amplitude of P(1)

P̃
(1)
i,ω0

Fourier transform of P (1)
i,ω0

P
(3)
i,ω0

i-th component of the complex amplitude of P(3)

P̃
(3)
i,ω0

Fourier transform of P (3)
i,ω0

P
(3I)
i,ω0

Instantaneous (I) contribution of P (3)
i,ω0

P
(3R)
i,ω0

Raman (R) contribution of P (3)
i,ω0

Pj Optical power propagated in core j

PL Power launched to the MCF

PL,max Maximum value of PL where the nonlinear CPT provides a non-divergent solution

Pmi Optical power propagated in PCM mi
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P̃m,n Acoustic pressure

PS Spatial evolution of the acoustic pressure

PT Total optical power propagated by the MCF. Also, temporal evolution of the acoustic
pressure

P
(SBS)
TH Threshold power of the stimulated Brillouin scattering

P
(1)
ω0 Complex amplitude of P(1)

P
(3)
ω0 Complex amplitude of P(3)

P (1) Analytic representation of P(1)

P (3) Analytic representation of P(3)

P Real representation of the polarization density

P̃ Fourier transform of P

P(1) Real representation (or real wave function) of the linear polarization density

P̃
(1)

Fourier transform of P(1)

P(3) Real representation (or real wave function) of the third-order nonlinear polarization
density

P̃
(3)

Fourier transform of P(3)

P̃a Spatial Fourier transform of the random process P a

P̃(1)
i i-th component of P̃

(1)

P̃(3)
i i-th component of P̃

(3)

Q
q Nonlinear MCC q(1) [the super-index (1) is omitted when the MCCs q(2,3,4) can be

neglected]. Also, arbitrary function. Also, arbitrary polynomial. Also, arbitrary real
number. Also, integer. Also, elementary charge, i.e., magnitude of the electric charge
carried by a single proton or electron

q Matrix of nonlinear MCCs

q(1) Nonlinear MCC describing nonlinear intra-core coupling in the same polarization axis.
The super-index (1) indicates the intra-core nature of the mode-coupling and q indicates
that the mode-coupling takes place in the same polarization axis

q(2,3,4) Nonlinear MCCs describing nonlinear inter-core coupling in the same polarization axis.
The super-index (i > 1) indicates the inter-core nature of the mode-coupling and q
indicates that the mode-coupling takes place in the same polarization axis

qa Nonlinear MCC q(1) associated to core a. The super-index (1) is omitted when the
MCCs q(2,3,4) can be neglected

q̃(I,R) Nonlinear MCC q(1) in frequency domain. The super-index (I) indicates the instan-
taneous nature of the nonlinear effects, and the super-index (R) indicates that the
nonlinear effects are related to Raman response of the optical medium

q̂(I,R) Linear operators associated to q̃(I,R) in time domain
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Q Number of optical carriers injected into the MCF at z = 0

Q± Supercharges

Q±
D Supercharges associated to the second step of the one-parameter Darboux procedure

R
r Radial coordinate in spherical or cylindrical coordinates

r Position vector

rL Modulus of rL

rL Position vector parallel to the propagation direction of the electromagnetic energy

rN Normalized radial coordinate

rT Position vector transversal to the propagation direction of the electromagnetic energy

R0 Core radius

R0,a Radius of core a

R0,b Radius of core b

R0,mi Length of the principal axis mi, where m indicates the core and i the principal axis

R1 Reflection coefficient of the first SUSY system

R1(η1) Reflection coefficient of Ṽ1(η1) potential

R2 Reflection coefficient of the second SUSY system

Ra Autocorrelation function of random process Pa

RB Bending radius

RB Average value of the bending radius

RB,l Bending radius in the l-th birefringent segment of the MCF

RB,l,s Core radius in the l-th birefringent segment and s-th Monte Carlo iteration

RBT,m Bending radius induced by the MCF twisting in core m

RHSC Reflection coefficient of the hyperbolic secant chain

Rm Reflection coefficient of the m-th system in a SUSY chain

R
(i)
mi,n Radial dependence of Ψ(i)

mi,n

Rn (am) Reflection coefficient of Ĥn(am)

Rpk Threshold value of the bending radius to separate the phase-matching and phase-
mismatching regions

R̃
(i)
mi,n (η1) One-parameter isospectral family of R(i)

mi,n

R(i) Number of nonlinear terms which interact with the wave ψi

R(X) Autocorrelation function of random process X

R
(f)
b,a Autocorrelation function of random process fb,a
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Ri Reflection coefficient associated to the electric or magnetic field strength of the i-th
SUSY optical system

R(1) Real-valued function to study the impact of the term ∇(∇·P(1)) on the nonlinear wave
equation of an SCF or MCF

R(3) Real-valued function to study the impact of the term ∇(∇·P(3)) on the nonlinear wave
equation of an SCF or MCF

R The set of real numbers

R The set of extended real numbers. Specifically, R := R ∪ {−∞,+∞}

R+ The set of positive real numbers. Specifically, R+ := {x ∈ R/x > 0}

Rn n-ary Cartesian product of R

S
sd Jacobi elliptic function

sgn Sign function

sl (n,K) Special linear group of degree n over the field K

Sa Cross-sectional area of core a. Also, power spectral density of random process Pa

Sb Cross-sectional area of core b

Sk Cross-sectional area of a given core k

Scl Cross-sectional area of cladding

ST Total cross-sectional area of an MCF

S(X) Power spectral density of random process X

S
(f)
b,a Power spectral density of random process fb,a

Smi Poynting vector associated to PCM mi

T
t Time variable

tN Normalized time variable

T Subset of real numbers. Also, fundamental period of a wave. Also, temperature distri-
bution

T Auxiliary Matrix accounting for the longitudinal evolution of A in a short MCF segment

Ta,a Element of T matrix

Ta,b Element of T matrix

Tab Temporal separation between parallel TWGs

Tb,a Element of T matrix

Tb,b Element of T matrix

TB Temporal width of a TWG
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TB,m Temporal width of TWG m

T1 Transmission coefficient of the first SUSY system

T2 Transmission coefficient of the second SUSY system

Tm Transmission coefficient of the m-th system in a SUSY chain

T1(η1) Transmission coefficient of Ṽ1(η1) potential

Tn (am) Transmission coefficient of Ĥn(am)

T0 Fundamental period of the optical carrier

Teff Effective temporal width

TFWHM Full temporal width at half maximum of the peak power of an optical pulse

THSC Transmission coefficient of the hyperbolic secant chain

TP Pulse width, defined in this work as the full-width at 1/ (2e) of the peak power

Tr Trace of a matrix

T Temporal evolution of U

Ti Transmission coefficient associated to the electric or magnetic field strength of the i-th
SUSY optical system

THSC Fundamental period of the hyperbolic secant chain

U
u Heaviside step function. Also, anisotropic Raman response. Also, independent variable

associated to U random variable. Also, complex-valued function used to introduce the
Darboux transformation and the concept of bound states in the continuum in Chapter 6

u0 Oscillatory function at energy E0

ũ0 (η1) Bound state in the continuum generated from u0 at energy E0 by using the Darboux
procedure

ũ0,± (η1) Limit of ũ0 (η1) at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain

u1 Oscillatory function at energy E1

ũ1(η1) Bound state in the continuum generated from u1 at energy E1 by using the Darboux
procedure

umi Modal parameter associated to PCM mi

umi,l,j,s Modal parameter associated to PCM mi in the l-th birefringent segment, j-th BTC
and s-th Monte Carlo iteration

umn Radial evolution of Ψmn

un Modal parameter of core n. Also, modal parameter of a TWG

unl Radial evolution of Ψnlm

u(1) Wave function of the first SUSY system
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u(2) Wave function of the second SUSY system

ûi Unit vector associated to the i axis

ûL Unit vector parallel to the propagation direction of the electromagnetic energy

U Auxiliary random variable to study the linear and nonlinear IC-XT with the MCF
operating in multi-core excitation. Also, spatial evolution of U

U Arbitrary scalar field

V
v Complex- or real-valued function used to introduce the Darboux transformation in

Chapter 6

vB Speed of a TWG

V Normalized frequency in Part I. Quantum potential in Part II

V (3D) Three-dimensional quantum potential

V0 Inverse SUSY potential of V1

V1 Quantum potential of the first SUSY system

V
(3D)
1 Three-dimensional potential

Ṽ1 Family of isospectral potentials of V1

Ṽ1(η1) One-parameter isospectral family of V1

Ṽ1 (η1, η2) Two-parameter isospectral family of V1

Ṽ1 (η1, . . . , ηn) Multi-parameter isospectral family of V1

Ṽ
(3D)
1 (η1) One-parameter isospectral family of V (3D)

1

V2 Quantum potential of the second SUSY system

Ṽ2 (η1) One-parameter isospectral family of V2

Ṽ2 (η2) One-parameter isospectral family of V2 generated in the two-parameter Darboux
procedure (see Fig. 6.8)

V
(1D)
i One-dimensional potential associated to the i-th SUSY system

V
(3D)
i Three-dimensional potential associated to the i-th SUSY system

V
(2)
ik Quantum potential associated to Ĥ

(2)

ik

Vk Quantum potential of the k-th system in a SUSY chain

Vk,± Limit of Vk function at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+
are usually denoted by the symbols a and b, respectively. These limits also apply to
the time domain

V k Energy-shifted potential of Vk

Vmi Normalized frequency in PCM mi
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Vn (am) n-th potential of a SUSY chain constructed using SIP

Vn,± (am) Limit of Vn (am) at x→ x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain

V Arbitrary vector space

V∗ Dual vector space of V

V0 Vector space of bosons

V1 Vector space of fermions

W
w Independent variable associated to random variable W

wmi,l,j,s Modal parameter associated to PCM mi in the l-th birefringent segment, j-th BTC
and s-th Monte Carlo iteration

wn Modal parameter of core n. Also, modal parameter of a TWG

W Superpotential. Also, auxiliary random variable to study the linear and nonlinear
IC-XT with the MCF operating in multi-core excitation

W± Limit of W function at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+
are usually denoted by the symbols a and b, respectively. These limits also apply to
the time domain

W (am) Superpotential connecting SIP superpartners

W± (am) Limit of W (am) at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain

WD (η1) Superpotential associated to the second step of the one-parameter Darboux procedure

Wk−1 Superpotential connecting Ĥk−1 and Ĥk in a SUSY chain. Also, component of W in
2D SUSY QM

Wk−1,± Limit of Wk−1 function at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and
x+ are usually denoted by the symbols a and b, respectively. These limits also apply
to the time domain

W(m) Superpotential connecting the SUSY systems Ĥ1 − E
(1)
m and Ĥ2 − E

(1)
m

W Vector superpotential in 2D SUSY QM

WI Imaginary part of the superpotential

WR Real part of the superpotential

W̃ Family of superpotentials

W̃ (η1) Superpotential connecting Ṽ1(η1) and V2

W̃±(η1) Limit of W̃ (η1) at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain

W Arbitrary vector space. Also, Wronskian

W Temporal window function
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X
x Position coordinate

x Arbitrary vector. Also, position vector in Cartesian coordinates

x Arbitrary vector used to introduce the preliminary mathematical concepts of SUSY in
Chapter 6

x∗ Dual vector of x

x1 Independent variable associated to dimensionless coupled local-mode equations

x2 Independent variable associated to dimensionless coupled local-mode equations

x1 Arbitrary vector used to introduce the preliminary mathematical concepts of SUSY in
Chapter 6

x2 Arbitrary vector used to introduce the preliminary mathematical concepts of SUSY in
Chapter 6

xi,j Independent variable associated to Xi,j

xL Independent variable associated to XL
a,b

xN Normalized x coordinate

xNL Independent variable associated to XNL
a,b

xR Positive-real value of reference

xs Singular point of a quantum potential

X Random variable or random process. Also, auxiliary function

Xi Auxiliary random variable

Xi,j Random variable accounting for the linear and nonlinear IC-XT from core j to core i

XL
a,b Random variable accounting for the linear IC-XT from core b to core a

XNL
a,b Random variable accounting for the nonlinear IC-XT from core b to core a

XTa,b Crosstalk from core b to core a

Y
y Position coordinate. Also, independent variable associated to random variable Y . Also,

real or complex number

y Arbitrary vector used to introduce the preliminary mathematical concepts of SUSY in
Chapter 6

y1 Particular solution of a second-order ODE

y2 Particular solution of a second-order ODE

yG General solution of a second-order ODE

Y Random variable accounting for the linear and nonlinear IC-XT with the MCF
operating in multi-core excitation

Ym m-order Bessel function of the second kind
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Z
z Position coordinate. Also, real or complex number

z Position coordinate which describes the longitudinal evolution of an optical pulse inside
a TWG using a co-moving reference frame

z Arbitrary vector used to introduce the preliminary mathematical concepts of SUSY in
Chapter 6

z0 Point of the z axis

z1 Point of the z axis

z2 Point of the z axis

zl Point of the z axis

zl+1 Point of the z axis

zN Normalized z coordinate

zP Discrete variable accounting for the phase-matching points along the MCF length.
Also, location of a fiber perturbation in the z axis

zPM Point of the z axis where ∆n
(eq)
b,a = 0

zi,j Independent variable associated to random variable Zi,j

Zi,j Auxiliary random variable to study the linear and nonlinear IC-XT with the MCF
operating in multi-core excitation

Z The set of integer numbers

Z2 Group of integers modulo 2

Z/Z2 Finite cyclic group modulo 2

Greek Symbols
α

α Power attenuation coefficient of the MCF. Also, positive real number. Also, arbitrary
scalar. Also, energy shift

α1 Arbitrary scalar used to introduce the preliminary mathematical concepts of SUSY in
Chapter 6

α2 Arbitrary scalar used to introduce the preliminary mathematical concepts of SUSY in
Chapter 6

α(0) Power attenuation coefficient at the angular frequency of the optical carrier

α(1) First-order derivative of the power attenuation coefficient as a function of the angular
frequency

α̂ Linear operator associated to the power attenuation coefficient α in time domain
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β

β Phase constant. Also, arbitrary scalar

βav Average value of the phase constant of the quasi-degenerate true modes in a given LP
mode group

βB Perturbation of the phase constant β over which a TWG is constructed

βB,m Temporal profile of TWG m

βB1 Temporal perturbation associated to a bosonic T-SUSY TWG

βB2 Temporal perturbation associated to a fermionic T-SUSY TWG

βB,k k-th partial derivative of βB as a function of the angular frequency

βcl Phase constant of the fundamental mode of a spatial waveguide in the cladding region

βco Phase constant of the fundamental mode of a spatial waveguide in the core region

βm In Part I, ideal phase constant of Em. In Part II, this symbol indicates the m-th partial
derivative of the phase constant β as a function of the angular frequency

β(m) m-th partial derivative of the phase constant β as a function of the angular frequency
(the order of the partial derivative is indicated using a superindex in Part I)

β
(B+S)
m Perturbation of the ideal phase constant of Em

β
(eq)
m Equivalent phase constant of Em

βmi Ideal phase constant of Emi

β
(B+S)
mi Perturbation of the ideal phase constant of Emi

β
(eq)
mi Equivalent phase constant of Emi

β
(eq)
mi,l,j,s Equivalent phase constant β(eq)

mi in the l-th birefringent segment, j-th BTC and s-th
Monte Carlo iteration

β
(eq)
mi,ω0

Equivalent phase constant of Emi at the angular frequency of the optical carrier ω0

β
(eq)(k)
mi,ω0

k-th partial derivative of β(eq)
mi,ω0

as a function of the angular frequency

βm,n Phase constant of the LPm,n group

βmn Phase function of Ψmn

β
(i)
mi,n Phase constant of the LPmi,n group in the i-th SUSY optical system

γ

γ Nonlinear coefficient of the MCF. Also, free-parameter associated to E(3D)
m,n and V (3D).

Also, separation constant

γI Nonlinear parameter associated to the instantaneous (I) response of the nonlinear po-
larization

γR Nonlinear parameter associated to the Raman (R) response of the nonlinear polariza-
tion

Γ Auxiliary parameter of the NLDC. Also, Gamma function
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δ

δ Dirac delta function. Also, incremental operator

δij Kronecker delta function

δn Increment of the refractive index

δnm,l,s Variance of the intrinsic linear birefringence in core m, l-th birefringent segment and
s-th Monte Carlo iteration

δt Increment of the t variable

δt Linear operator performing an increment of a function in the t variable

δxi Increment of the xi variable

δz Increment of the z variable

δz Linear operator performing an increment of a function in the z variable

∆ Incremental operator

∆bn Increment of the normalized phase constant

∆E Energy shift

∆EVMB2B Excursion of the EVME2E induced by the B2B (back-to-back) transmission

∆EVMIC-XT Excursion of the EVME2E induced by the IC-XT

∆Kb,a Phase-mismatching between the ground states of TWG a and TWG b

∆n Intrinsic linear birefringence

∆nb,a Material refractive index difference between core a and b

∆n
(eq)
b,a Equivalent refractive index difference between core a and b

∆neff Increment of neff

∆nm,j Longitudinal average value of the intrinsic linear birefringence in core m the j-th BTC

⟨∆nm,j⟩ Temporal average value of ∆nm,j

∆t Temporal increment or temporal width of an event

∆T
(G)
m,ω0 DGD of the LP01 mode in core m at ω0

∆β Phase-mismatching

∆β1 Design parameter of a TWG defined as ∆β1 := β1 − 1/vB

∆β
(i)
1 Design parameter ∆β1 of the i-th T-SUSY TWG

∆βb,a Ideal phase-mismatching between the fundamental mode of cores a and b

∆β
(B+S)
b,a Phase-mismatching between the fundamental mode of cores a and b induced by the

MCF perturbations

∆β
(eq)
b,a Equivalent phase-mismatching between the fundamental mode of cores a and b

∆β
(S)
b,a Phase-mismatching between the fundamental mode of cores a and b induced by the

structural perturbations of the MCF
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∆β
(eq)(k)
bx,ax k-th partial derivative of the equivalent phase-mismatching ∆β

(eq)
bx,ax as a function of

the angular frequency

∆εr,a Electric permittivity difference between core a and cladding

∆εr,b Electric permittivity difference between core b and cladding

∆εr,mi Electric permittivity difference between PCM mi and cladding

∆ε̃r,mi Fourier transform of ∆εr,mi

∆ϕb,a Phase-mismatching between the fundamental mode of cores a and b including the
medium perturbations

∆ϕmi,nj Phase-mismatching between PCM mi and PCM nj, where (mi, nj) ∈ {ax, ay, bx, by}2

∆ϕ
(0)
mi,nj Phase-mismatching at ω0 between PCMmi and PCM nj, where (mi, nj) ∈ {ax, ay, bx, by}2

∆ν Normalized phase-matching bandwidth

∆τG DMGD between different LP modes groups

∆χ(1) Increment in the first-order electric susceptibility

ϵ

ε0 Electric permittivity in vacuum

εr Relative electric permittivity of MCF

εr,± Limit of εr at x→ ±∞ or t→ ±∞

ε̃r Fourier transform of the relative electric permittivity

εr,c Relative electric permittivity in cladding

εr,ci Relative electric permittivity in cladding and polarization i

ε̃r,ci Fourier transform of εr,ci

εr,i Relative electric permittivity in polarization i of the MCF

ε̃r,i Fourier transform of εr,i

εr,m Relative electric permittivity in core m

εr,mi Relative electric permittivity in core m and polarization i

ε̃r,mi Fourier transform of εr,mi

εT Temporal evolution of ϵr

ϵik Levi-Civita tensor

ϵr Relative electric permittivity tensor

ϵS Spatial evolution of ϵr

ζ

ζ Real constant accounting for the dielectric losses in Lorentz’s model
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η

η Auxiliary parameter of the CMT of parallel TWGs

η̃ Auxiliary complex-valued function associated to Hax and Hbx

η0 Intrinsic impedance in vacuum

η1 Isospectral parameter

η̃(1) First-order derivative of η̃ as a function of the angular frequency in baseband

ηm Intrinsic impedance in core m. Also, m-th isospectral parameter

ηax,by Linear MCC describing linear coupling from PCM by to PCM ax

θ

θ Angle in a spherical coordinate system

θ+ Angle of the transmitted wave

θ− Angle of the incident wave

θ0 Offset of the twist angle of the MCF reference axis at z = 0

θm Offset of the twist angle of core m measured from the MCF reference axis

Θ Complex-valued function accounting for the angular dependence of Ψ̃0(η1). Also, mis-
alignment angle between P (1)

ω0
and Eω0

Θlm Angular evolution of Ψnlm

Θn Spatial evolution of an optical pulse propagating inside a TWG

κ

κ Linear MCC describing inter-core linear coupling

κa,b Linear MCC describing linear coupling from core b to core a

κ
(eq)
a,b Equivalent linear MCC of κa,b

κax,bx Linear MCC describing linear coupling from PCM bx to PCM ax

κ̃ax,bx Linear MCC describing linear coupling from PCM bx to PCM ax in frequency domain

λ

λ Wavelength. Also, eigenvalue in Part II

λ0 Wavelength of the optical carrier in vacuum. Also, eigenvalue of reference associated
to the Darboux transformation

λ(1) Eigenvalue of the first SUSY system

λ(2) Eigenvalue of the second SUSY system

λC,m Cut-off wavelength of core m

λm Wavelength of the optical carrier in core m

λm Wavelength of the optical carrier associated to nm
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µ

µ Mean

µ0 Magnetic permeability in vacuum

µL Mean of the linear IC-XT

µNL Mean of the nonlinear IC-XT

µν,ξ Crosstalk mean from PCM ξ to PCM ν, with (ν, ξ) ∈ {ax, ay, bx, by}2

µ̃r Fourier transform of the relative magnetic permeability

µT Temporal evolution of µr

µr Relative magnetic permeability tensor

µS Spatial evolution of µr

ν

ν Normalized frequency in Part II

ξ

ξ MCF parameter accounting for the average value of δnm,l,s due to manufacturing im-
perfections. Also, real constant

ξ(1,2) Non-vanishing real constants accounting for the normalization of the LP modes in
SUSY fibers

ρ

ρ Real and analytic representation of the total charge density (the context should avoid
any confusion between the real and analytic representation). Also, auxiliary parameter
of the NLDC. Also, positive-real constant used to estimate the nonlinear IC-XT. Also,
static mass density in acoustics

ρ̃ Fourier transform of ρ

ρb Real and analytic representation of the bound charges. The context should avoid any
confusion between the real and analytic representation

ρc Real and analytic representation of the electric charge density associated to Jc. The
context should avoid any confusion between the real and analytic representation

ρf Real and analytic representation representation of the free charges. The context should
avoid any confusion between the real and analytic representation

σ

σ Electric conductivity. Also, auxiliary parameter of the NLDC. Also, circular birefrin-
gence of the MCF. Also, real function

σ̃ Fourier transform of the MCF circular birefringence

σ2 Variance

σc Circular birefringence in cladding
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σ̃c Fourier transform of σc

σ2
L Variance of the linear IC-XT

σm Circular birefringence in core m

σ̃m Fourier transform of σm

σ2
NL Variance of the nonlinear IC-XT

σT Temporal evolution of σ

σ Electric conductivity tensor

σS Spatial evolution of σ

τ

τ Time variable. Also, real function. Also, position coordinate which describes the
temporal evolution of an optical pulse inside a TWG using a co-moving reference frame

τ
(a)
G,01 Group delay of the LP01 mode in core a

τi Constant associated to Raman response. The subindex i is an integer

τm,n Normalized group delay of the LPmn mode group

υ

υ Spatial frequency

ϕ

ϕ Scalar-valued function. Also, angle in a spherical coordinate system. Also, acoustic
potential

ϕ0 Auxiliary parameter of the NLDC

ϕẼ Phase of Ẽ

ϕm Real phase function involving the longitudinal and temporal medium perturbations in
core m

ϕmi Real phase function involving the longitudinal and temporal medium perturbations in
core m and polarization i

ϕmi,ω0
Phase function ϕmi at the angular frequency of the optical carrier ω0

ϕmi,l,j,s Real phase function ϕmi in the l-th birefringent segment, j-th BTC and s-th Monte
Carlo iteration

ϕ̃m,n Fourier transform of the acoustic velocity potential associated to an acoustic mode with
azimuthal order m and radial order n

ϕ
(i)
qrs Real-valued phase function

Φ Phase shift. Also, complex phase function including the power attenuation and the
fiber perturbations

Φ Vector-valued function accounting for the spatial evolution of an electromagnetic field
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ΦD Spatial evolution of D

ΦE Spatial evolution of E

ΦT2
Phase of T2

ΦR2 Phase of R2

Φmi Complex phase function including the real phase function ϕmi and the power attenua-
tion coefficient of the MCF

ΦTHSC Phase of THSC

Φ1(η1) Non-normalizable solution of Ĥ2 at energy E(1)
0

Φ2 (η2) Non-normalizable solution of Ĥ3 at energy E(2)
0

Φi (ηi) Non-normalizable solution of Ĥi+1 at energy E(i)
0

Φi (ηi, . . . , ηn) Non-normalizable solution of Ṽi+1 (ηi+1, . . . , ηn) at energy E(i)
0

Φ1 (η1, η2) Non-normalizable solution of Ṽ2 (η2) at energy E(1)
0

φ

φ Temporal evolution of an electromagnetic field

φm Phase of Am

χ

χ(1) First-order electric susceptibility tensor

χa,b Linear MCC describing linear coupling from core b to core a

χax,bx Linear MCC describing linear coupling from PCM bx to PCM ax

χ̃(1) Fourier transform of the first-order electric susceptibility

χ
(1)
xx Element of the first-order electric susceptibility tensor

χ
(1)
ij Element of the first-order electric susceptibility tensor

χ̃
(1)
ij Fourier transform of χ(1)

ij

χNL Nonlinear coefficient

χ2
4 Chi-squared distribution

χ
(3)
xxxx Element of the third-order electric susceptibility tensor

χ
(3)
ijkl Element of the third-order electric susceptibility tensor

χ
(3I)
ijkl Element of the third-order electric susceptibility tensor associated to the instantaneous

(I) response of the nonlinear polarization

χ
(3R)
ijkl Element of the third-order electric susceptibility tensor associated to the Raman (R)

response of the nonlinear polarization

χ(1) First-order electric susceptibility tensor

χ̃(1) Fourier transform of χ(1)
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ψ

ψ Wave function. Also, scalar-valued function

ψ± Limit of ψ function at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+
are usually denoted by the symbols a and b, respectively. These limits also apply to
the time domain

ψD Temporal evolution of D

ψE Temporal evolution of E

ψE Wave function of a quantum system with energy E

ψi Arbitrary wave function associated to dimensionless coupled local-mode equations

ψn n-th bound state of a quantum potential, spatial waveguide or temporal waveguide.
Also, arbitrary wave function associated to dimensionless coupled local-mode equations

ψq Arbitrary wave function associated to dimensionless coupled local-mode equations

ψr Arbitrary wave function associated to dimensionless coupled local-mode equations

ψs Arbitrary wave function associated to dimensionless coupled local-mode equations

ψ
(1,2)
I Incident wave of the temporal scattering problem in both superpartners

ψ
(1,2)
R Reflected wave of the temporal scattering problem in both superpartners

ψ
(1,2)
T Transmitted wave of the temporal scattering problem in both superpartners

ψ0 Ground state wave function

ψ(1) Wave function of the first SUSY system

ψ(2) Wave function of the second SUSY system

ψ(3) Wave function associated to Ĥ
(3)

in 2D SUSY QM

ψ
(1)
0 Ground state of the first SUSY system

ψ
(2)
0 Ground state of the second SUSY system

ψ
(1)
n Bound state of the first SUSY system with n nodes

ψ
(2)
n Bound state of the second SUSY system with n nodes

ψ
(1)
0,± Limit of ψ(1)

0 function at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and
x+ are usually denoted by the symbols a and b, respectively. These limits also apply
to the time domain

ψ
(2)
0,± Limit of ψ(2)

0 function at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and
x+ are usually denoted by the symbols a and b, respectively. These limits also apply
to the time domain

ψ
(1)
0,eq Ground state of Ĥ1,eq

ψ
(2)
0,eq Ground state of Ĥ2,eq

ψ
(1)
n,eq Bound state of Ĥ1,eq with n nodes
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ψ
(2)
n,eq Bound state of Ĥ2,eq with n nodes

ψ
(i)
0 Ground state of the i-th system in a SUSY chain

ψ
(k)
n Bound state of Ĥk with n nodes

ψ
(1)
λ Eigenfunction of an EVP associated to the eigenvalue λ

ψ
(2)
λ Eigenfunction of an EVP associated to the eigenvalue λ

ψ
(1)
λ0

Eigenfunction of an EVP associated to the eigenvalue λ0

ψ
(1)
E Wave function of the first SUSY system with energy E

ψ
(2)
E Wave function of the second SUSY system with energy E

ψ
(i)
mi,n Radial dependence of Ψ(i)

mi,n connected to R(i)
mi,n as ψ(i)

mi,n (r) :=
√
rR

(i)
mi,n (r)

ψ
(i)
mi,n,− Limit of ψ(i)

mi,n at r → 0

ψ
(i)
mi,n,+ Limit of ψ(i)

mi,n at r → ∞

ψ
(n)
k (am) k-th bound state of the n-th system of a SUSY chain constructed using SIP

ψ(n) (am) Wave function of the n-th system of a SUSY chain constructed using SIP

ψ̃
(1)
0 (η1) Ground state of Ṽ1(η1)

ψ̃
(1)
n (η1) Bound state of Ṽ1(η1) with n nodes

ψ̃m,n Quantum wave function

Ψ Three-dimensional quantum wave function

Ψn Two-dimensional mode profile distribution of a guided mode of a rectangular waveguide.
Also, temporal evolution of an optical pulse propagating inside a TWG

Ψmn Three-dimensional bound state associated to a 3D potential with axial symmetry

Ψnlm Three-dimensional bound state associated to a 3D potential with radial symmetry

Ψ
(i)
mi,n Transversal component of Ẽ

(i)

mi,n

Ψ̃0(η1) Three-dimensional BIC associated with the spherical potential Ṽ (3D)
1 (η1)

Ψ̃0,± (η1) Limit of Ψ̃0(η1) at x → x±, with x ∈ [x−, x+] ⊆ R. In the main text, x− and x+ are
usually denoted by the symbols a and b, respectively. These limits also apply to the
time domain
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ω

ω Angular frequency

ω± Limit of ω (t) at t→ ±∞

ωi Angular frequency of the i-th T-SUSY system in a SUSY chain

ωi,± Initial (−) and final (+) angular frequency of the i-th T-SUSY system

ω0 Angular frequency of the optical carrier. Also, angular frequency of the acoustic carrier

ωn Angular frequency of an optical carrier different from the central optical carrier

ωI Incident angular frequency

ωR Reflected angular frequency

ωT Transmitted angular frequency

ωOF Central angular frequency of a band-pass optical filter

Ω Eigenvalue. Also, free-parameter

Ωn n-th eigenvalue of an EVP

Ω(1) Eigenvalue of the first SUSY system

Ω(2) Eigenvalue of the second SUSY system

Mathematical Symbols
0 Binary element of Z2

1 Binary element of Z2

∩ Intersection operation (set theory)

∪ Union operation (set theory)

∼
x→a

Equivalence of functions at x→ a. By definition, f ∼
x→a

g iff limx→a f(x)/g(x) = 1

+K Internal operation of K

·K Internal operation of K

+V Internal operation of V

·KV External operation of V with the field K

+V∗ Internal operation of V∗

·KV∗ External operation of V∗ with the field K

| | Absolute value of a real number or modulus of a complex number

∥ ∥ Norm

[ , ] Lie bracket, also termed as commutator

{ , } Anticommutator⊕
Direct sum
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⟨ ⟩ Ensemble average operator

⟨ , ⟩ Inner product

⟨ | ⟩ Inner product

⟨ | ⟩V Inner product of the vector space V

⟨ | ⟩W Inner product of the vector space W

⟨ | Bra

| ⟩ Ket

∂ni n-th order partial derivative in the ûi direction

∂nt n-th order time derivative (partial derivative)

∇ Nabla operator. Also, gradient operator

∇· Divergence operator

∇× Curl operator

△ Laplacian operator

△T Transverse Laplacian operator
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