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LOCAL COMPACTNESS IN RIGHT BOUNDED
ASYMMETRIC NORMED SPACES

N. JONARD-PEREZ AND E.A. SANCHEZ-PEREZ

ABSTRACT. We characterize the finite dimensional asymmetric normed
spaces which are right bounded and the relation of this property with
the natural compactness properties of the unit ball, such as compactness
and strong compactness. In contrast with some results found in the ex-
isting literature, we show that not all right bounded asymmetric norms
have compact closed balls. We also prove that there are finite dimen-
sional asymmetric normed spaces that satisfy that the closed unit ball
is compact, but not strongly compact, closing in this way an open ques-
tion on the topology of finite dimensional asymmetric normed spaces.
In the positive direction, we will prove that a finite dimensional asym-
metric normed space is strongly locally compact if and only if it is right
bounded.

1. INTRODUCTION

It is well known that a normed vector space is locally compact if and only
if it is finite dimensional. However, in the asymmetric case this is no longer
true. In the context of asymmetric normed spaces, this matter is related
to the relevant notion of right boundedness that has been widely used (see
e.g. [2, 9]; see Section §2.1 for the definition). Right bounded asymmetric
normed spaces were introduced in [14, Definition 16]. In that same paper it
was stated that the closed unit ball of a right bounded asymmetric normed
space is always compact ([14, Proposition 17]). However, we will show in
Example 4.1 that —except if the constant 7 in the definition of right bound-
edness is 1— this result is not true (the proof given in [14, Proposition 17]
is correct for r = 1). Therefore, it is natural to ask if it is possible to give
a characterization of right boundedness for finite dimensional asymmetric
normed spaces in terms of a weaker compactness-type property: local com-
pactness. Recall that a topological space X is locally compact iff every point
x € X has a local base consisting of compact neighborhoods.

The aim of this work is to solve that problem. Another relevant compact-
ness property that can also be found in the literature —strong compactness—,
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and its local version will be considered. As part of our main result, we will
prove that right boundedness and strong local compactness are equivalent
notions in the class of asymmetric normed spaces. However, we will also
show that there are finite dimensional asymmetric normed spaces of dimen-
sion 3 such that the closed unit ball is compact and right bounded, but not
strongly compact (see Example 5.1). We will also prove other equivalences
related with the geometry and the topology of the asymmetric closed unit
balls.

2. PRELIMINARIES

Consider a real linear space X and let R™ be the set of non-negative real
numbers. An asymmetric norm q on X is a function ¢ : X — RT such that

(1) g(az) = aq(z) for every x € X and a € RT,
(2) q(z+y) <q@)+q(y), z,y € X, and
(3) for every x € X, if q(z) = ¢(—z) = 0, then x = 0.

The pair (X, q) is called an asymmetric normed linear space. An asym-
metric norm defines a non-symmetric topology on X that is given by the
open balls Bd(z) := {y € X : ¢q(y —x) < e}. This topology is denoted by 7.

We will denote by 6, the set of all x € X such that ¢(z) = 0. The set 6,
is a convex cone; this means that px € 6, and x +y € 0, for every z,y € 0,
and p > 0. This set plays a fundamental role in many topological, geometric
and analytic results about asymmetric normed linear spaces. In particular,
(X, q) is Ty if and only if §, = {0}.

The following are well known results concerning the set 6, (see [14] for
the proofs) that will be needed in the paper.

(O1) For any open set U C X, we always have that U = U + 6,.

(02) K C X is compact if and only if K + 6, is compact.

For every asymmetric normed space (X, ¢q) the map ¢° : X — R defined
by the rule

¢*(2) = max{q(z), a(~2)}, @€ X,
is a norm that generates a topology stronger than the one generated by gq.
We will use the symbols B and Bf to distinguish the balls of (X, ¢) and

(X, ¢®%), respectively. More precisely, for every z € X and € > 0 we will use

the following notations
Bi(z) ={y € X |q(y — ) <e},
Blla] ={y e X | q(y —z) < e},
B (z) ={ye X | ¢’(y —z) <&},
BI[a]={y e X | ¢*(y — ) < &}.

s

The set B[z] is called the closed ball of radius ¢ centered at x. However,
in general this set is not closed with respect to 7,.
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In order to avoid confusion, when necessary, we will say that a set is ¢-
compact (g°-compact) if it is compact in the topology generated by ¢ (¢°).
We will use the expressions g-open and g-closed sets (¢°-open and ¢°-closed
sets) in the same way.

A subset K C X in an asymmetric normed space (X,q) is strongly q-
compact (or simply, strongly compact) if and only if there exists a ¢*-compact
set S C X such that

SCKcCS+4,

Every strongly compact set is g-compact, but the converse is not true (see
e.g. [2, 8, 15]). If each point of the asymmetric normed space X has a local
base consisting of strongly compact sets we will say that X is strongly locally
compact. Evidently, if X is strongly locally compact then it is also locally
compact.

Since g(x) < ¢°(x) for every x € X, we always have the following inclu-
sions
(1) BY (z) 46, C BY(x) and BY [z]+6, C Biz].

Addition in asymmetric normed spaces is always continuous but scalar
multiplication is not (see e.g. [7]). However it is well-known that multi-
plication by non negative scalars is continuous. For the convenience of the
reader, we include the proof of this result that will be used often in the

paper.

Lemma 2.1. Let (X, q) be an asymmetric normed space. The map RT x
X — X given by (u,z) — px is continuous if we endow R with the Fu-
clidean topology.

Proof. Let € > 0 and (u,x) € RT x X. Then there exists ; > 0 such that
501q°(x) < €/2. Since p > 0, if we define do := €/2(u + 1) we have that
d2 > 0. Now take A > 0 such that |\ — pu| < é and y € Bj (). Thus
q(Ay — pz) = q(Ay — Az + Az — px)
< q(\y — Az) + Az — pw)
< Mgly — o) +¢* Oz — pa)

€
< (p+0)=7——+|rA—pul¢’
(ke 1>2(u+51) A — plg*(z)
€ s €. _
<§+51q(:c)<2+2 E.
This proves the lemma. ([l

Let A be a convex and absorbing subset of a vector space X. Let us recall
that the gauge functional g4 of A is defined as

ga(z) =inf{t >0 |z € tA}, zeX.
It is well known that g4 satisfies the following properties
(a) ga(z +y) < ga(z) + ga(x) for every z,y € X.
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(b) ga(tx) =tga(z) for every t > 0 and = € X.
(c) {z € X |ga(z) <1} cAC{re X|[ga(z) <1}
(d) If X = R™ and A is closed with respect to the euclidean topology of R™,
then A ={x € X | ga(z) < 1}.
(see, e.g., [18, Theorem 1.35] and [19, §5.6 p. 236]).
Furthermore, if A does not contain any line, then g4 also satisfies
(&) ga(z) = 0= ga(—z) = = = 0.
Since every n-dimensional normed space is linear and topologically iso-

morphic to the euclidean space R™, all previous properties directly imply
the following lemma.

Lemma 2.2. Let (X,q) be a finite dimensional asymmetric normed space.
Let us assume that A C X is an absorbing q°-closed convex subset of X such
that A does not contain any line. Then the gauge functional g4 of A is an
asymmetric norm on X for which its unit closed ball coincides with the set

A.

2.1. Equivalent and right bounded asymmetric norms. Let us show
some basic facts on the relation among equivalent asymmetric norms and
the right boundedness property for the corresponding spaces that will be
used later on. Some of the proofs are straightforward, so we will write only
some hints for getting them.

Let X be a real vector space. Two asymmetric norms in X, g and p, are
said to be equivalent if and only if there exist k > 0 and A > 0 such that

kq(x) < p(r) < Ag(x) forall z e X,

(or equivalently, if and only if ABJ[0] C BY[0] C xB{[0]). Obviously, two
equivalent asymmetric norms in X generate the same topology. For the
proof of the next result it is enough to take into account that for equivalent
q and p, ¢(z) = 0 if and only if p(z) = 0.

Lemma 2.3. Let q and p be equivalent asymmetric norms in a vector space
X. Then ¢° and p* are equivalent and 0, = 0,.

An asymmetric norm ¢ in a vector space X is said to be right bounded if
and only if there exists > 0 such that
rB0] € BY[0] +6,.

In this case we also say that B[0] is right bounded. In the particular case
when r = 1, we will simply say that ¢ is 1-bounded. Using (1) we infer the
following

Remark 2.4. Let (X,q) be an asymmetric normed space. The norm q is
1-bounded if and only if BY[0] = BY [0] + 0,.

Lemma 2.5. An asymmetric normed space (X, q) is right bounded if and
only if there exists a ¢°-bounded set K such that

B{[0] C K + 6,
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Proof. If (X, q) is right bounded, we can find r > 0 such that rB}[0] C
BY[0] + 0,. Then the set K := %st [0] is ¢*-bounded and

BI0] C K +1/r0y = K +0,.
For the second implication, let h > 0 be such that K C hBi]s [0]. Then
BI0] € K + 6, C hBY [0] + 6, = hBY [0] + hé,.
Thus 1/hB{[0] C BT + 6, which proves that ¢ is right bounded. O

2.2. The canonical 1-bounded equivalent asymmetric norm. In [9]
Conradie introduced a new asymmetric norm associated to an asymmetric
normed space (X, p) in the following way. For every z € X let us define

gp(z) = inf{p*(z —y) | y € O}.
It was proven in [9] that ¢, : X — [0,00) is an asymmetric norm satisfying
the following properties:
(pl) p(x) < gp(x) for all z € X,
(v2) BI(0] ¢ BY(0]
(p3) BY*[0] = BY [0] + 6,
(p4) p is equivalent to g, if and only if p is right bounded.

In the next lemma we prove some other fundamental properties about the
norm ¢, that will be used later on.

Lemma 2.6. Let (X, p) be an asymmetric normed space. Then the following
statements hold

(p5) 0 = by, (equivalently, p(x) = 0 if and only if gy(x) = 0).

(p6) p* = g (in particular BY"[0] = B}*[0]).

(p7) qp is 1- bounded

(p8) B{*[0] = BY[0] if and only if p is 1-bounded.

Proof. (p5) The inclusion 6,, C 6, follows from property (pl). Now, if
x € 0p, we can use the definition of g, to infer that

0 < gyla) < p'(x — 2) = p*(0) = 0.

Then gy(z) = 0 and therefore x € 0, .
(p6) Let z € X. By property (pl), we have that g,(z) > p(x) and

Qp(_-T) > p(—x). Thus
q;(x) = max{q,(z), gp(—2)} > max{p(x), p(—z)} = p(z).

On the other hand, the definition of g, guarantees that p*(z) = p*(x — 0) >
¢p(x) and p*(—x) = p*(—2—0) > ¢p(—x). Since p® is a norm, p*(z) = p°
and therefore

3
\
&

p*(z) > max{gy(r), gp(—7)} = qls)(x)_
Then we get p*(x) = g, (), as desired.
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(p7) Using Remark 2.4 and properties (p3), (p5) and (p6) we get that
BY[0] = BY'[0] + 6, = B [0] + 0,

Then g, is 1-bounded.
(p8) This is a direct consequence of Remark 2.4 and property (p3).
O

Lemma 2.7. Let ¢ and p be equivalent asymmetric norms in a vector space
X. Then q is right bounded if and only if p is right bounded.

Proof. 1f q is equivalent to p, then by Lemma 2.3 ¢° and p® are also equivalent
and 6, = 0,. It follows from this that g, and ¢, are equivalent. If ¢ is right
bounded, by property (p4) ¢ is equivalent to g, which is equivalent to g,
therefore p is equivalent to g, and using property (p4) again we infer that p
is right bounded, as desired. O

3. CONVEXITY AND COMPACTNESS

In this section we will show some results relating to compactness proper-
ties of subsets of asymmetric normed spaces, mainly for convex sets. The
notion of local compactness arises in a natural way in the characterizations,
which are given in terms of an equivalent asymmetric norm satisfying some
special properties.

It is well known that in finite dimensional normed spaces, the convex hull
of a compact set is compact. In the following lemma we show the asymmetric
version of this result.

Lemma 3.1. Let A C X be a g-compact set in the finite dimensional asym-
metric normed space (X, q). Then the convex hull conv(A) is also q-compact.

Proof. Let n be the (algebraic) dimension of X. We apply Carathéodory’s
Theorem ([19, Theorem 2.2.4]) to infer that

conv(A) = {Z)\iai s a; € A, A >0 and Z)‘i = 1}.

i=0 i=0
On the other hand, the topological product A™*! is also compact since A is
compact. Now, let us consider the n-dimensional simplex

n
A= {(Ao,...,)\n) e R™ | \; > 0 and ZAZ:1}.
i=0
If we equip A with the Fuclidean topology, it becomes a compact space.
Now, let ¢ : A" x A — conv(A) be the natural map defined by

n
©(ao, -, any Aoy - -, Ap) = Z)‘iai‘
1=0

Clearly ¢ is an onto function. Now observe that ¢ is continuous since
addition is continuous in X ([7, Proposition 1.1.40]) and scalar multiplication
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by positive numbers is also continuous (Lemma 2.1). Using the fact that
A" x A'is compact we can then conclude that conv(A) is also compact. [

Lemma 3.2. Let A be a strongly compact set in the finite dimensional
asymmetric normed space (X, q). Then conv(A) is also strongly compact.

Proof. Let K C A be a ¢®-compact set such that K C A C K + 6,. By [19,
Theorem 2.2.6], conv(K) is ¢°-compact. Furthermore, we have that

conv(K) C conv(A) C conv(K + 6,).

Since conv(K') 4 6, is a convex set containing K + 6,, we conclude that
conv(K +64) C conv(K) + 6, and therefore

conv(K) C conv(A) C conv(K) + b,.
This proves that conv(A) is strongly compact. O

Lemma 3.3. Let A be a strongly compact set in an asymmetric normed
space (X, q). Then the ¢°-closure of A is also strongly compact.

Proof. Let K C X be a g*-compact set such that K C A C K +6,. For any
B C X, let us denote by B the ¢*-closure of B. Then we have that
K cA cK+0, .

Since K is ¢°-closed we have that K = K . On the other hand, since 04 is
¢®-closed (see e.g. [16, Lemma 3.6]) and the sum of a compact set with a
closed set is closed in normed spaces ( [19, Theorem 1.8.10-(ii)]) we infer that
K +0, is ¢°~closed. Therefore K +6, = K + 0, and then K ¢ A° ¢ K +4,
which proves that A is strongly compact, as desired. O

Proposition 3.4. Let (X,q) be a finite dimensional asymmetric normed
space. If the origin has a compact neighbourhood U, then there exists an
equivalent asymmetric norm p such that each closed ball BY[z] is compact.
If additionally U is strongly compact, then the balls BY[z] are also strongly
compact.

Proof. Let U be a g-compact neighbourhood of the origin. Then there exist
€ > 0 and k > 0 such that

eB[0] c U c kB{[0].

Let us denote by A the g®-closure of the convex hull of U. By Lemma 3.1
and [16, Lemma 3.2], we have that A is compact. Since xB{[0] is convex
and g®-closed, we have that

(2) eBY[0] c U c A c xB}[0]
Now let p be defined as the gauge functional of A. Namely,
p(x) == {inft > 0| z € tA}.

Since A is absorbent, convex and does not contain any line, p defines an
asymmetric norm such that BY[0] = A (Lemma 2.2). Furthermore, by (2)
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p is equivalent to ¢q. Since A is g-compact, it is also p-compact and all the
closed balls BF[z] = rBY[0] + x are also compact.

Now, if U is strongly compact we get by Lemma 3.3 that A = BY[0] is
strongly compact and therefore all closed balls BF[z] are strongly compact,
as desired. O

4. STRONG LOCAL COMPACTNESS

The aim of this section is to analyze the boundedness properties of strong
locally compact asymmetric spaces. As we said in the introduction, in gen-
eral right bounded spaces do not have compact unit balls. Indeed, let us
start with the following example, which is a counterexample to [14, Propo-
sition 17].

Example 4.1. There exists a finite dimensional asymmetric normed space
(X, q) such that the closed unit ball B{[0] is right bounded and not q-compact.

Proof. Let X = R2. Define the set A C X as follows

1
A:{(:U,y)GRQ\yS—i-Z x<2}.
r—2
Let ¢ : X — [0,00) be defined as the gauge functional of A. Namely
q((z,y)) =inf{t > 0| (z,y) € tA}.

Clearly ¢ is an asymmetric norm in X such that A = B{[(0,0)]. We also
consider the asymmetric lattice norm p : R? — R given by

p((z,y)) = max{z",y"}

where zt = max{x,0}. Clearly BY[0] C B[0] € 2B[0] which implies that
p and ¢ are equivalent. Since p is right bounded, it follows from Lemma 2.7
that ¢ is also right bounded.

Now let us observe that BY[(0,0)] is non compact. Indeed, let us consider
the family U = {B{((2,t))}i<o. Clearly, for every ¢t < 0,

1
B((2,1) = {(:v,y) eR*y< H+2+t,x<4}

and U is an open cover for B{[(0,0)]. Furhtermore, if ¢ > s, then B{((2,s)) C
Bi((2,t)) and therefore U is a nested family. A simple calculation shows
that every point (z,y) € B{[(0,0)] such that y = 1/(z —2) + 2 and = >
3 — /1 —2/t cannot belong to B{((2,t)). Since U is nested we conclude
that BY[(0,0)] cannot be covered with a finite subfamily of ¢/ and therefore
B{[(0,0)] is not compact.
The fact that B{[0] is not compact, can also be proved using [8, Theorem
4.4] (c.f. [8, Examples 2.7 and 2.11-(a)]).
]
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Remark 4.2. Let p be the asymmetric lattice norm defined in Example 4.1.
It is well known that BY[(0,0)] is p-compact and therefore (X,p) is locally
compact (in fact, it is strongly locally compact). Since (X,p) is equivalent
to (X, q) we infer that an asymmetric normed space can be locally compact,
even if the closed unit ball is not compact.

After Example 4.1 and Remark 4.2, it is natural to ask what is the rela-
tion between right boundedness and strong local compactness in finite di-
mensional asymmetric normed spaces. The aim of this section is to answer
that question.

The proof of the following result is given by the same argument used in
[14, Proposition 17].

Lemma 4.3. Let (X,q) be a finite dimensional asymmetric normed space.
If q is 1-bounded, then B}[0] is strongly compact and therefore (X,q) is
strongly locally compact.

Proof. Observe that st [0] is g°-compact (because X is finite dimensional).
Now, since ¢ is 1-bounded, we have that

BY[0] ¢ BY[0] = BY[0] + 6,

This directly implies that B{[0] is strongly compact.
U

Many important asymmetric normed spaces are 1-bounded. For example,
every asymmetric norm defined by a Banach lattice norm is 1-bounded (]2,
Lemma 1]). Furthermore, as we have already shown, the norm ¢, associated
to an asymmetric normed space (X,p) is 1-bounded. This gives us the
following

Corollary 4.4. If (X,p) is a finite dimensional asymmetric normed space,
then B{"[0] is strongly compact and therefore (X, qp) is strongly locally com-
pact.

Lemma 4.5. The asymmetric normed space (X, p) is right bounded if and
only if there exists an equivalent norm q such that q is 1-bounded.

Proof. For the first implication just consider ¢ = ¢, and properties (p4) and
(p7). The second implication follows directly from Lemma 2.7 O

Proposition 4.6. Let (X,p) be a finite dimensional asymmetric normed
space. If the origin has a strongly compact neighborhood, then p is right
bounded.

Proof. By Proposition 3.4, we can find an equivalent norm ¢ such that B{[0]
is strongly compact. Then there exists a ¢*-compact set K C X such that
K C Bf[0] C K + 6,.

Since X is finite dimensional we have that ¢° and p® are equivalent norms,
then K is p® compact and we can find a > 0 such that K C aB} [0]. On the
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other hand, since q is equivalent to p, there exists b > 0 with bBY[0] C BY[0].
Using Lemma 2.3, we infer that

bBP[0] c BY[0] € K + 6, C aBY[0] + 0,
— aBY"[0] + ab, = a(BY"[0] + 6,).

Therefore rBY[0] C st [0] + 6, with r = b/a, and then p is right bounded,
as desired. O

Now we summarize all the previous work in the main result of this section.

Theorem 4.7. Let (X, p) be a finite dimensional asymmetric normed space.
The following statements are equivalent:

(1) p is right bounded.

(2) There exists an equivalent asymmetric norm q in X such that q is 1-
bounded.

(3) There exists an equivalent asymmetric norm q in X such that B{[0] is
strongly compact.

(4) (X,p) is strongly locally compact.

Proof. The part (1) <= (2) was already proved in Lemma 4.5.
Implication (2) = (3) follows from Lemma 4.3.
Finally, implication (3) = (4) is obvious and (4) = (1) was proved in
Proposition 4.6. U

If the closed unit ball of an asymmetric normed space (X, p) is p-compact
(or even strongly p-compact), then X need not be finite-dimensional. Con-
sider for example X = (s and p((z,)) = sup,ena,t. It was shown in
Example 5 of [2], that the closed unit ball of this space is p-precompact, and
so by [8, Proposition 4.10] it is also strongly p-compact.

We finish this section by giving a useful characterization of equivalent
right bounded asymmetric norms.

Theorem 4.8. Let X be a real finite dimensional linear space. Two right
bounded asymmetric norms p and p' are equivalent if and only if 6, = O,y .

Proof. The “only if” implication was already mentioned in Lemma 2.3. For
the “if” implication, observe that right boundedness of p and p’ implies that p
is equivalent to ¢, and p’ is equivalent to g,y. Since X is finite dimensional,
p® and ¢° are equivalent, and if 6, = 6,, it follows that ¢, and ¢, are

equivalent. But then p and p’ are also equivalent.
O

5. RIGHT BOUNDEDNESS AND THE GEOMETRY OF THE UNIT BALL

Let us finish the paper by exploring the relation among right boundedness,
compactness and the geometry of the closed unit ball in a finite dimensional
asymmetric normed space.
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In [16] it was proven that the convex hull of the extreme points of a
compact convex set in an asymmetric normed space defines the topology of
the set. In this section we will use the techniques used there to understand
the relation among the geometry and the topology of the closed unit balls
in finite dimensional asymmetric normed spaces.

Given a convex set K in an asymmetric normed space (X, q), let us denote
by E(K) the extreme points' of K + 6,, and by S(K) the convex hull of

First, it is interesting to note compactness of the set E(K) is not a neces-
sary condition to guarantee the compactness of a convex set K. For exam-
ple, consider the the asymmetric lattice norm (R?, p) defined in Example 4.1.
Then the set

K={(z,y) €eR? |z <0andy < —2?}
is a strongly compact convex set with an unbounded set E(K).

On the other hand it was proven in [8] that in a finite dimensional asym-
metric normed lattice (X, q), all g-compact and ¢°-closed sets are strongly
compact. If the dimension of X is 2, then it is also known (see [15]) that
every g-compact and convex set is strongly compact (even if it is not ¢°-
closed). Nevertheless, not all compact convex sets are strongly compact
(the reader can find an example of this in [15]). After these results, it is
natural to ask if in general, a compact convex set of a finite dimensional
asymmetric normed space (X, q) is strongly compact if it is ¢*-closed. Even
more, after Theorem 4.7 another natural question arises. On one hand, The-
orem 4.7 shows that local compactness of an equivalent norm characterizes
right boundedness and strong local compactness. Therefore, we can ask if in
general compactness of the unit ball implies strong compactness. The next
example solves these two questions negatively.

Example 5.1. There is a finite dimensional asymmetric normed space such
that B}[0] is compact, but not strongly compact.

Proof. In order to see this, consider the cylinder C' = {(z,y,2) € R3 |
y2 +22<landzx< 1} in R3, and let us define

R ={(2,0,0) € R? | z < 0}.
Let p: R3 — [0,00) be the gauge functional over the set C'
p(u) =inf{t >0 |u € tC}.

Then p is an asymmetric norm in R?, for whom the closed unit ball is the set
C and such that ¢, = R. We will define an equivalent norm ¢ : R3 — [0, 00)
with the required characteristics.

To do that, let us start by defining, for each n € N, the values:

= _nr nd = sin _nr
=S o) M AT On )

1a point x € A is an extreme point of A if x = y = z whenever y,z € A and
x = Ay + (1 — A)z for some A € (0,1).
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And let us consider the sequence (uy)nen in R3, where u, = (=, yn, zn).
Evidently, in the topology 7, the sequence (uy,)n,en converges to the point
(1,0,1), and therefore the set A1 = {u,, | n € N} U{(1,0,1)} is p-compact.

On the other hand, the set Ay = {(1,y,2) € R? | |y| + |2| < 1} is clearly
pS-compact and therefore it is also p-compact. Thus A; U As is compact.
Let A = conv(A; U Ay). By Lemma 3.1, A is p-compact and therefore A
is also p-compact. This in combination with [16, Lemma 3.7] and property
(02) yields that B := A° 46, is p-compact. Furthermore, the set B satisfies

(1) B=B+6,
2) %CCBCC

Define now ¢ : R? — [0, 00) as the gauge functional over B. Namely
q(u) =inf{t >0 | u € tB}.

Clearly B is the closed unit ball with respect to ¢ and 8, = R = 0,,. Property
(2) implies that ¢ is equivalent to p. In particular, since p is obviously right
bounded, we also get that ¢ is right bounded (by Lemma 2.7). By the same
reason, since B is p-compact it is also g-compact, as desired.

It just remains to prove that B is not strongly compact. For that purpose,
suppose the opposite. Then we can find a ¢®-compact set K such that
K C B C K + 04. Since B is convex, we can use Lemma 3.1 in order to
assume without any loss of generality that the set K is convex. We can also
observe that

KcBCK+6,CcB+0,=0,

and therefore B = K + §,. Now, by [16, Theorem 4.1] the set of extreme
points F(B) is contained in K. Since every point in the set A; is an extreme
point of B, we infer that A; C K. In particular, we get that A; is ¢°-

bounded, which is a contradiction.
O

In particular this gives the existence of g°-closed convex sets in finite
dimensional asymmetric normed spaces that are compact but not strongly
compact (c.f. [8]). Example 5.1 also shows that there is a g-compact closed
unit ball of an asymmetric normed space of dimension 3 such that the set
of its extreme points E(B{[0]) is not ¢*-bounded.

In what follows we show that some positive results can also be found on
the relation among extreme points and right boundedness.

Other results on the behavior of asymmetric norms in finite dimensional
spaces can be proven using the tools developed above.

Lemma 5.2. For any finite dimensional asymmetric normed space (X, q),
we always have B{[0] = S(B][0]) + 6.
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Proof. Using a well-known result of Klee [17], we know that Bf[0] is the
convex hull of its extreme points and its extreme rays®. This implies that
S(B{[0]) c Bf|0] and therefore
S(B{[0)) + 6, < B{[0] + 6, = B{[0].
In order to prove the other inclusion, let € Bf[0]. By [16, Lemma 3.6
every extreme ray of BY[0] is parallel to some ray contained in ;. Then

we can find ay,...,an, ani1,...,ap € E(BY[0]), b1,...,b, € 6, and scalars
Ay Apyt1, ..o, tn > 0 such that

n p
T = Z Ai(a; +t:b;) + Z Aia;  and Z)\i =1.
=1

i=n+1 i=1

Since 6, is a convex cone, the point Y ;" ; A;it;b; lies in 6,. On the other
hand, we know that Y F_, \ja; € S(B}[0]). Thus

n p
T = Z Ai(a; + t;b;) + Z i@
=1

1=n+1

D n
= " Niai+ > Aitib;
i—1 i=1
€ S(B{[0]) + 0;-
(I

Proposition 5.3. Let (X,q) be an asymmetric normed space such that
E(B{[0]) is ¢*-bounded. Then q is right bounded.

Proof. If E(B{[0]) is ¢°-bounded, so is S(B{[0]). Thus, by Lemmas 2.5 and
5.2 we conclude that ¢ is right bounded. ([

The converse of Proposition 5.3 is false. A counterexample of this situa-
tion was already shown in Example 4.1, where the norm is right bounded,
but the set of extreme points of Bf[0] is not ¢*-bounded.

However, if the norm is 1-bounded, the situation is different as we can see
in the following

Proposition 5.4. Let (X,q) be a finite dimensional 1-bounded asymmet-
ric normed space. Then E(B{[0]) C Bi]S 0] and therefore E(B}[0]) is ¢°-
bounded.

Proof. Since q is 1-bounded, BY[0] = BY [0] +6p. Since BY [0] is ¢°-compact
(and g-compact), we can use [16, Theorem 4.1] to infer that E(B{[0]) C
B‘fs [0] as desired. O

2An open half line R = {a+1th]|abe X, t >0} is called an extreme ray of A if
Y,z € R whenever A\y + (1 — A\)z € R, where y,z € A and A € (0,1). In this case, if R is
an extreme ray and the extreme a lies in A, then a is an extreme point of A.
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Let us finish the paper with the following open question, that is suggested
by the strong relation between right boundedness and local compactness.

Question 5.5. Let (X, q) be a finite dimensional asymmetric normed space.
If X is locally compact, is q right bounded? In particular, if BY[0] is compact,
is q Tight bounded?

The authors want to thank the referce for the careful reading and the
suggestions that helped to improve the final version of this paper.
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