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Introduction 
Traditional electromagnetic (EM) heating applications include thermal processing of food 
products, microwave assisted chemistry, and high temperature treatment of materials [1-3]. 
Currently, under development is a new technology of high-power EM heat exchangers (HX) 
intended for power beaming applications in wireless energy transfer [4, 5]. The key function 
of EM HX is to efficiently convert EM energy into heat (and, subsequently, into useful 
mechanical work). One of the challenges in front of the designers of such high-power 
devices is the nonlinear phenomenon of thermal runway.  
The loss factor �″ is a key mechanism behind heat generation during EM heating. For typical 
ceramics, ϵ″ increases exponentially with temperature, and that can potentially initiate 
thermal runaway putting the heating process out of control and damaging the material. 
Equilibrium EM heating can be represented by a parametric plot of the average steady-state 
temperature as function of the applied power that is known as a power response curve. In a 
layered structure, for the wavelengths of the incident wave that are much larger than the 
layer’s thickness, the power response curve is an S-shaped bifurcation diagram [6, 7] (or S-
curve) with two stable branches. Typically, temperatures are low at the lower branch of the 
S-curve and may be very high (up to 1,500-2,000 K) at the upper branch [8]. 
The recent analytical [8, 9] and numerical [10] models show that, for a triple (lossless-lossy-
lossless) layered system, when thickness of the structure is comparable with the wavelength, 
an electric field resonance can be achieved in the lossy layer. This resonance causes the S-
curve to acquire another (middle) stable branch and become a double S-curve. In this case, 
thermal runway triggered at lower power can stabilize at the middle branch (500-1000 K). 
That suggests that during thermal runaway temperature may be controlled by the electric 
field resonance and be limited to some reasonable (not damaging) values. Our goal is to 
determine if thermal runaway in an EM HX can be controlled with this mechanism in a 
layered layout [4, 5].  
The models in [8-10] considered a triple layered geometry where symmetric irradiation from 
both sides of the layers was applied. In this paper, we analyze a more practical case, where 
the plane wave is applied to a grounded two-layer (lossless-lossy) structure. The grounded 
end of the lossy layer may cause total reflection of the EM waves. We show that the 
resonance producing a double S-curve can be achieved in the lossy layer by choosing its 
thickness such that a constructive interference between the incident and reflected waves is 
achieved. First, we analytically solve the EM-thermal coupled problem with a thin-domain 
approximation [8, 9] to get a power response curve. To validate the results, we simulate a 
numerical model in COMSOL Multiphysics and compare the power response curves 
produced by both approaches. Finally, a parametric study is carried out to identify factors 
affecting the shape of the double S-curve. 
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where ���� = ℎ��/�� is the scaled Bio number, ℎ is the heat transfer coefficient at � = −�, 
and � = ��/�� is the ratio of thermal conductivities of regions 2 and 3, respectively. 
Boundary conditions (5) describe continuity of the electric field and its derivative at the 
interfaces between the regions, (6) suggests that the layered structure is attached to the 
ground/metal plate at � = 1. We assume that thermal lossless to the surrounding are scaled 
with ��; since � is assumed to be small, thermal losses are also small. Eq. (7) describes the 
thermal losses to the surrounding by Newton’s law of cooling, (8) states that the interfaces 
between the regions are in perfect thermal contact, i.e., heat flux and temperature are 
continuous, and (9) is adiabatic boundary condition at the metal plate. 
We first solve the coupled system (1)-(3) analytically using a thin domain approximation 
(� ≪ 1) and compute the power response curve. Then we solve the system in COMSOL 
Multiphysics and compare the power response curves produced by both the models. 
 

Assumptions  
Since the main objective of this paper is demonstration of a principle possibility of the 
control over thermal runaway in the structure in Fig. 1, we do not consider here practical 
materials leaving that for future consideration. Thermal properties as well as �� are assumed 
to be temperature independent, and all the materials are non-magnetic (�� = 1). Since another 
objective of this study is to find desirable permittivity of region 2, we consider a wide range 
of values for r2. As it is shown below, the power response curves are independent of thermal 
parameters of regions 2 and 3, so we choose specific heat Cp, density , and thermal 
conductivity k of region 2 to be the same as those of zirconia. The material properties used 
in computations are listed in Table 1. For computation of power response curves, we take  
= 0.1. The relation between �� and � is determined by curve fitting using the least squares.  
 

Thin Domain Approximation 
The 1D Helmholtz equation (1) can be solved exactly in terms of � and the general solution 
has the form 
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�, and the coefficients �� and �� depend on the boundary 

conditions (4)-(6). Under the thin-domain approximation � ≪ 1, we can expand tempera- 
tures in the form of asymptotic series 
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Table 1. Properties of the Materials in Region 3 (Zirconia, [11]) and Region 2. 
 

Region ��′ ��(��) [S/m] � [Kg/m3] ��[J/kgK] �[W/mK] 

2 6.69-133.8 0 2848 217 0.2 

3 6.69 0.00046�
�.����

(����)
��

�
 2848 217 0.2 

 
 
Substituting �� in (4)-(5), we get zero order terms and first order terms as 
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(�)

��� = 0, 
����

(�)

��� = 0. 
 

Applying boundary conditions (7)-(9), we see that both zero and first order solutions are 
independent on �, and the leading order solution can be written as 
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Second order correction term results in the system of equations  
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Integrating (10) over (−�, 0) and (11) over (0, 1), and applying boundary conditions (7)-(9), 
we get an ordinary differential equation governing average temperature in the form 
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��. At steady state, solution of (12) can be written down as 
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where � and �� are now average non-dimensional and dimensional steady-state temperatures, 
respectively, ���

 is the dimensional effective loss factor of region 3, and �� is the non-

dimensional electric field in region 3. The second formula in (13) for the dimensional power 
density of the incident wave ��� = ��

�/2� (here � is the characteristic impedance of free 
space) is obtained by substitution of the dimensional quantities in the first formula. So (13) 
defines the power response curve as a parametric plot of � (or ���) and � (or ��). We see that 
the power responses are indeed independent of thermal properties of regions 2 and 3.  
 
COMSOL Multiphysics Model 
We now solve the coupled system (1)-(3) along with the boundary conditions (4)-(9) in 
COMSOL Multiphysics. We use quadratic Lagrange elements to spatially discretize the 
geometry and determine maximum size of the element according to the meshing criteria 
discussed in [10]. Also, due to a high degree of nonlinearity, we use COMSOL’s adaptive 
time-dependent solver and steady-state is assumed to be reached when an absolute difference 
between average temperatures at previous and current time step falls below 10-4. This solver 
discretizes temporal gradients using second order backward difference method. To get a  
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                                           (a)                                                                    (b) 

Fig. 2. Power response curves without (a) and with (b) an electric field resonance in region 
3 for r2 = 71; stable (solid curves) and unstable solutions (dashed curves).  

 
power response curve in the COMSOL model, simulation is performed for different values 
of ���, and the average steady-state temperature is plotted as a function of ���. 
 
Computational Results 
A. Effect of Electric Field Resonance 
Gaone et al in [8, 9] thoroughly studied the effect of the electric field resonance on the power 
response curve of a layered structure. For a triple layer (lossless-lossy-lossless), a power 
response curve becomes a double S-curve if electric field resonance is achieved in the lossy 
layer. The resonance criteria considered in [8-10] are given for any odd multiple ��, �� as 
 

 �� =
����

4
 and �� =

����

2
, (14) 

 

where �� and �� are the wavelengths of EM wave in region 2 and 3, respectively.  
For the geometry considered in this paper, we follow the criteria (14) and choose �� = 1 
and �� = 3. The ground/metal plate boundary acts as a perfect reflector of the EM waves in 
region 3. The total reflection causes constructive interference between incident and reflected 
waves, and resonance builds up in the lossy layer. From Fig. 2, we see that as we achieve 
electric field resonance in the lossy layer, S-curve transitions into a double S-curve.  
A branch of a power response curve is stable (or unstable) if it has a positive (or negative) 
slope [7]. It can be seen from Fig. 2(a) that, when the incident power of the EM wave is 
higher than critical power at point A, thermal runaway is triggered there, but stabilized at 
the upper stable branch (~2000 K). However, from Fig. 2(b), we see that the double S-curve 
has a new stable (middle) branch between lower and upper branch. When incident power is 
above critical power at B but less than power at C, thermal runway may stabilize at the 
middle branch (~ 1000 K). We also notice that because of the electric field resonance, more 
EM energy is trapped inside the lossy layer as compared to a non-resonant case. Therefore, 
critical power levels (powers corresponding to points B and C) are significantly lowered. 
 
B. Comparison with COMSOL Model 
We now compare the power response curves generated by the analytical and COMSOL 
models. From Fig. 3, we see that, for h = 2.54 W/(m2K), the curves do not match well with 
each other. The disagreement is due to the differences in corresponding assumptions. The 
analytical model approximates the solution for a very thin and long channel assuming 
uniform temperatures in the Z-direction. On the other hand, COMSOL model considers 
spatial variation of temperature in Z. The effect of spatially varying temperature on the 
power response curve was discussed in [10]. We now maintain h = 0.64 W/(m2K), and 
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                                           (a)                                                                      (b) 

Fig. 3. Power response curves obtained by the analytical and COMSOL models for  
r2 = 71, ���� = 0.1 (a), and ���� = 0.025 (b).  

 

      
                                           (a)                                                                      (b) 

Fig. 4. Power response curves (a), and ln�|��|�
�
 (b) as functions of temperature for  

� = 3, r2 = 71 and varying factor ��.  
 
further limit thermal lossless to the surrounding making spatial variation of temperatures 
more uniform. We expect that as ℎ → 0, the response curves given by both models get closer. 
From Fig. 3(b), we observe that the power response curves are in satisfactory agreement. 
 

C. Parametric Study 
In this section we discuss how ��, ����, and ���

 affect the shape of the power response 

curve. Throughout this parametric study, thermal properties are the same as in Table 1. For 
many typical ceramics, the loss factor increases exponentially with temperature, therefore, 
we assumed �� to have a form of ����� [8-10]. 
First, we hold � constant and vary ��. From Fig. 4(a) it is seen that when �� is increased, the 
region of unstable solution diminishes, and for �� = 0.001 the only stable solution is found 
in the low power region. To understand why an unstable solution disappears in low power 
region with increasing ��, we take natural logarithm of both sides of (13) and take its 
derivative with respect to temperature 
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A branch is stable (or unstable) if  
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                                        (a)                                                                        (b) 

Fig. 5 Power response curves for ���
= 71 and varying � (a) and ���� (b).  
 
 

      
                                           (a)                                                                      (b) 

Fig. 6. Magnitude of the non-dimensional electric field as a function of � for � = 3 and 
varying �� (a) and for ���

= 71 and varying � (b).  
 
 
 
 

 

 
Fig. 7. Power response curves for varying � = ���

/���
. 

 

From Fig. 4(b), we notice that in the lower unstable temperature range, −
�

��
�ln�|��|�

�
� is 

larger when �� = 0.001 compared to other cases. This makes combined contribution of � 
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and 
�

��
�ln�|��|�

�
� in (15) smaller than 1/�; as a result, only a stable solution exits in the 

lower temperature region. From (15), we observe that the range of stable temperatures may 
increase if � is increased. We confirm this in Fig. 5(a), where the length of the stable 
branches increases with increasing �. It can be also seen that with increasing �� or �, the EM 
losses also increase, which causes |��| to decrease, as seen in Fig. 6. Since less EM energy 
is available for the source of thermal energy, temperatures of the middle and top branches 
keep dropping down, as seen in Fig. 4(a) and Fig. 5(a).  

Describing the effects of thermal losses to the surrounding, we see from Fig. 5(b) that as 
���� goes up, the length of the middle branch also increases. This behavior may be expected 
since we see from (13) that � is proportional to ��. We define the ratio of permittivities of 
regions 2 and 3 as = r2/r3. Keeping r3 constant, we change r2 by varying �. When r2 
changes, the thickness of region 2 also changes by (14). From Fig. 7, we see that when � =
1, the electric field resonance breaks, and an S-curve emerges. We also observe that the 
length of the middle branch increases with �. This is expected because the strength of the 
resonance in region 3 is greatest when r2 is large and r3 is small [8, 9]. Thus for a double 
S-curve to have a shape such that thermal runaway could be stabilized at the middle branch, 
having higher permittivity of the outer layer is preferable.  
 

Conclusions 
We have described two (1D analytical and numerical) models of a grounded two-layer 
system undergoing EM heating by plane waves. It has been demonstrated that the resonance 
producing a double S-curve can be achieved with a one-sided irradiation. Because of the 
electric field resonance, thermal runaway starts at lower power levels, but may stabilize at 
the middle branch of the double S-curve. With the thin-domain asymptotic approximation, 
the system of equations is reduced to a time-dependent ordinary equation. Its steady-state 
solution gives the power response curve. A numerical model has been built in COMSOL 
Multiphysics. Double S-curves generated by both the models are found to be in satisfactory 
agreement. We have shown that temperatures of the middle and upper branches may be 
decreased by increasing the electrical conductivity of the lossy layer as less EM energy is 
available for heat generation. It has been demonstrated that the length of the middle branch 
increases with thermal losses to the surrounding. Thus the resonance-based control is, in 
principle, possible for the considered structure (with the ground/metal surface on the back 
of region 3), but it depends on the relation between dielectric constants of regions 2 and 3. 
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