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Summary

The aim of this thesis is the development of high performance computing (HPC) in-
novative algorithms and implementations for computing matrix functions based on matrix
polynomials series. Specifically, algorithms for the calculation of the most commonly-used
functions, the exponential, sine and cosine have been developed.

The study of orthogonal matrix polynomials is an emerging field whose growth is achie-
ving important results both theoretically and practically. The last investigations made by
the doctoral student, together with the members of the research group, High Performance
Scientific Computing (HiPerSC), he is linked, reveal why the matrix polynomials play a
fundamental role in the approximation of matrix functions, providing very interesting pro-
perties. In this thesis new high-performance algorithms based on matrix polynomial series
have been developed. In particular, algorithms for computing the exponential, sine and co-
sine of a matrix using Taylor and Hermite matrix polynomial series have been implemented.
In addition, the error bounds for the approximations calculated have been provided and
optimal theoretical and experimental parameters for such approximations have also been
provided. Final algorithms have been compared to other state of the art implementations
to test the improvement obtained in terms of efficiency and performance.

The results obtained during the investigation and presented in this memory have been
published in several high-level journals and presented as papers at various editions of the
International Congress Mathematical Modelling in Engineering & Human Behaviour to give
them the widest possible distribution. On the other hand, implemented computer codes
have been made freely available to the international scientific community at our web page
http://hipersc.blogs.upv.es.


http://hipersc.blogs.upv.es




Resumen

El objetivo de esta tesis es el desarrollo de algoritmos e implementaciones innovadoras
de altas prestaciones (HPC) para la computacién de funciones de matrices basadas en series
de polinomios matriciales. En concreto, se desarrollaran algoritmos para el célculo de las
funciones matriciales mas utilizadas: la exponencial, el seno y el coseno.

El estudio de los polinomios ortogonales matriciales es un campo emergente cuyo avance
esta alcanzando importantes resultados tanto desde el punto de vista tedrico como practico.
Las tltimas investigaciones realizadas por el doctorando, junto a los miembros del grupo
de investigacién al que estd vinculado, High Performance Scientific Computing (HiPerSC),
revelan por qué los polinomios matriciales desempenan un papel fundamental en la apro-
ximacion de funciones de matrices, proporcionando propiedades muy interesantes. En esta
tesis se han desarrollado nuevos algoritmos de alto rendimiento basados en series polino-
miales matriciales. En particular, se han implementado algoritmos para el cédlculo de la
exponencial, el seno y el coseno de una matriz usando las series matriciales polinomiales
de Taylor y de Hermite. Ademads, se han proporcionado cotas del error cometido en las
aproximaciones calculadas, proporcionando ademds los parametros tedricos y experimenta-
les 6ptimos de dichas aproximaciones. Los algoritmos finales han sido comparados con otras
implementaciones del estado del arte para comprobar la mejora que presentan en cuanto a
eficiencia y prestaciones.

Los resultados obtenidos a lo largo de la investigacién y presentados en esta memoria han
sido publicados en varias revistas de alto nivel y se han presentado como ponencias en diver-
sas ediciones del congreso internacional Mathematical Modelling in Engineering & Human
Behaviour para dotarlas de la mayor difusion posible. Por otra parte, los codigos informati-
cos implementados han sido puestos a disposicién de la comunidad cientifica internacional
a través de nuestra pagina web http://hipersc.blogs.upv.es.
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Capitulo 1

Introduccién y objetivos

En este capitulo se explican los objetivos buscados en las labores de investigacion llevadas
a cabo durante la realizacion de esta tesis. Ademads, se presenta un resumen del estado del
arte relativo al cdlculo de funciones matriciales y, por ultimo, se hace una descripcién de
como esta organizada esta memoria.

1.1. Objetivos

El objetivo principal de esta tesis ha sido el desarrollo de nuevos algoritmos de altas
prestaciones para el calculo de funciones matriciales. Este campo ha suscitado bastante in-
terés y ha recibido un gran impulso en los tltimos anos debido a su aplicacién en numerosas
areas de la Ingenierfa, con nuevas aplicaciones y abundante bibliograffa [SIDR15, SIDR14,
Sas12, Hig08, AMHO09, Hig05, HH05, AMHR15, ML03]. Funciones como la exponencial, el
seno, el coseno o el logaritmo aparecen en la resolucion de sistemas de ecuaciones diferencia-
les de primer y segundo orden asociados a multitud de aplicaciones. También aparecen en
numerosos problemas de Ingenieria, como la resolucién de modelos de Markov, en Teorfa de
Control, Circuitos, Resonancia Nuclear Magnética o en el campo de procesado de imagen y
video, por poner algunos ejemplos. Tanto el coste computacional como el error a la hora de
calcular las funciones matriciales pueden ser elevados, especialmente cuando trabajamos con
matrices de gran dimensién, por lo que se hace patente la necesidad de contar con métodos y
algoritmos que nos aseguren una buena precision con el coste mas bajo posible. Tradicional-
mente se ha considerado que los métodos basados en aproximaciones racionales, como Padé
0 Chebyshev, eran mas adecuados para resolver estos problemas que los métodos basados
en polinomios matriciales ortogonales, como las series de Taylor o Hermite, por ejemplo.
Sin embargo, a lo largo de nuestra investigacion hemos desarrollado métodos basados en
polinomios matriciales con excelentes resultados que superan a los algoritmos del estado del
arte, como se podra ver en los articulos incluidos en este trabajo.

En lo que respecta a esta tesis, nos hemos centrado en tres de las funciones matriciales
mas utilizadas, como son las funciones exponencial, seno y coseno. En la siguiente seccién se
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1.2. Resumen del estado del arte 8

realiza un detallado estado del arte de dichas funciones, incluyendo algunas de sus posibles
aplicaciones, asi como los métodos mas utilizados para su célculo.

1.2. Resumen del estado del arte

A lo largo de esta seccion, C™*™ denota el conjunto de matrices complejas de tamano
nxn, I denota la matriz identidad para dicho conjunto, ||-]| indica cualquier norma matricial
subordinada y o(A) denota el espectro de la matriz A, es decir, el conjunto de todos sus
valores propios.

De manera informal, dada una matriz cuadrada A y una funcién compleja de variable
compleja f(z) definida sobre el espectro de A, entonces la matriz f(A) se puede obtener
sustituyendo la variable z por la matriz A en la expresién que define a f(z). Formalmente, sin

embargo, existen diversas formas equivalentes de definir f(A). Posiblemente la mds elegante
de ellas sea la que presentan Golub y Van Loan en [GL96, capitulo 1]:

Definicién 1.1 Sea A una matriz cuadrada de dimension n definida en el conjunto de los
numeros complejos C y f(2) una funcion analitica definida en un abierto U c C que contiene
el espectro de A. Si T' c U es una curva rectificable que rodea al espectro de A, entonces la
matriz f(A) se define como

F(A) = % § 1)Uz 4)

De este modo, el elemento (k,7) de la matriz f(A) vendria dado por la expresién

1 T -
frj= 5 jé:f(z)ek (I,z-A)'e;dz,
donde ey, y ej xon la k-ésima y la j-ésima columna de la matriz identidad I,,, respectivamente.

Esta definicién proviene del teorema integral de Cauchy, por lo que se trata de una
definicién independiente de la curva I'.

A partir de esta definicion se pueden demostrar propiedades, calcular y definir de otras
formas funciones de matrices:

Propiedad 1.1 Sea A € C™™ y f(z) una funcidn analitica definida en un abierto U c C
que contiene el espectro de A, entonces A y f(A) verifican la ecuacidn conmutante

AF(A) = F(A)A.

Propiedad 1.2 Sea A € C™™ y f(z) una funcidn analitica definida en un abierto U c C
que contiene el espectro de A, entonces A y f(A) verifican que

FAT) = F(A)T.

8



9 Capitulo 1. Introduccién y objetivos

Propiedad 1.3 Sea A € C"*" y f(z) una funcidén analitica definida en un abierto U c C
que contiene el espectro de A. Si A= XBX™!, entonces

F(A) =X F(B)X .

Propiedad 1.4 Sea A € C™"™ y f(z) una funcidn analitica definida en un abierto U c C
que contiene el espectro de A. Si X conmuta con A, entonces X conmuta con f(A).

Propiedad 1.5 Sea A € C"*" y f(z) una funcion analitica definida en un abierto U c C
que contiene el espectro de A. Si A = (A;;) es una matriz triangular a bloques, entonces
F = f(A) es triangular a bloques con la misma estructura que A y Fy; = f(Ay).

Propiedad 1.6 Sea A € C™™ y f(2) una funcidn analitica definida en un abierto U c C que
contiene el espectro de A. Si A es una matriz diagonal a bloques, A = diag( Ay, Ag, -+, A,.),
con A; e CM>™ g =1,2 - r, Y7 1 n; =n, entonces

f(A) = diag(f (A1), f(Az2), - [(Ar)).

Otra manera de definir las funciones de matrices, muy utilizada, estda basada en la forma
canénica de Jordan [Hig08]:

Definicién 1.2 Sea A € C™" y f(z) una funcion analitica definida en un abierto U c C
que contiene el espectro de A. Si
A=XJXx!

es la descomposicion candnica de Jordan de la matriz A, donde J = diag(Jy,, Iy, - JI», ),

Ao 10 - 0
Jan=| 0 0 = i |eCr =12

siendo J no singular y ni +no + -+ +n,. =n, entonces

f(A) = Xdia’g(f(‘])\l)vf(‘])\z)’"'7f(J)\r,~))X_15

donde
o0 s = G G
fo| 0 T f((ni);g,;) f((ni)%) o
[ 0 0 FOu)
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Finalmente, una herramienta béasica para aproximar funciones de matrices son las series
matriciales de potencias, especialmente las series de Taylor. El siguiente teorema garantiza
la convergencia de la serie matricial de Taylor cuando los valores propios entran dentro del
rango de convergencia de la serie escalar de Taylor asociada [Hig08, Teorema 4.7].

Teorema 1.1 Supongamos una funcion f con la siguiente expansion en series de Taylor

oo ®) (o
f(z)= ch(z—a)k, ck=%a
k=0 :

con radio de convergencia r. Dada una matriz A € C™™, entonces f(A) viene dada por la
erpresion

[}

f(A) = en(A-al)*
k=0
sty solo si los valores propios de A, A1, ..., \s, satisfacen una de las siguientes condiciciones

| N-al<r,

» |\i—a| =7 y la serie para f7(N), donde n; es el indice de \;, es convergente en el
punto A=X;, 1=1,...,8s.

De las distintas definiciones que hemos visto, las mas utiles desde un punto de vista
computacional son las basadas en la forma canénica de Jordan de A y en series matriciales
de potencias, ya que permiten la implementacion de algoritmos eficientes y numéricamente
estables.

1.2.1. Funcién exponencial

La funcién exponencial ha motivado numerosas y variadas aproximaciones, recopiladas y
revisadas en [MLO03, Hig08], debido a su relacién con la resolucién de Sistemas de Ecuaciones
Diferenciales (SED) de primer orden. Estos sistemas aparecen en la resolucién de numerosos
modelos asociados a fenémenos fisicos, quimicos, bioldgicos, etc. [Kar59, Var62]. Asi, por
ejemplo, el modelado de fenémenos fisicos mediante SEDs de primer orden de la forma

Y’ =AY, Y(0) =yo, Ae CV", yoe C", (1.1)

donde A es una matriz constante e yo un vector, surge en numerosas dreas [Kar59, Lau85].
La solucién de este problema puede escribirse en términos de la exponencial de una matriz
et [Kar59]:

Y (t) = etyp.

No obstante, la aplicacién de la exponencial de una matriz no sélo se circunscribe a la
resolucién de (1.1), sino que también aparece en numerosos problemas de Ingenieria como
la Resonancia Nuclear Magnética, la resolucién de modelos de Markov (junto con la funcién
logaritmo) o en Teorfa de Control [Hig08]. Por ejemplo, una de las aplicaciones més recientes
en las que ha sido utilizada con éxito es en areas relativas al procesado de video como son
la codificacién de video y el reconocimiento de objetos [WSTO11, CO09, TVSC11, MRO7].

10



11 Capitulo 1. Introduccién y objetivos

La funcién exponencial también puede ser utilizada para resolver la Ecuacion Diferencial
Matricial de Riccati [J109, JI11], que aparece en éreas de Fisica aplicada e Ingenierfa, como
Teoria de Control, Sitemas, Mecéanica, etc.:

X'(t) = Q(t) + X(H)A(t) + B()X (t) - X()R()X (), to <t <ty, X(to) = Xo e R™™,
donde A(t) e R™™, B(t) e R™™ Q(t) e R™", R(t) e R™™ y X (t) e R™",

En cuanto a las formas de resolucién, existen multiples métodos para calcular la expo-
nencial de una matriz [ML03, Hig08], aunque los mds prometedores para ser utilizados en
implementaciones de altas prestaciones se encuentran los basados en aproximaciones racio-
nales y polinémicas. Estos métodos permiten la reorganizacién del cédigo de forma que se
puedan usar nicleos computacionales basicos para el cdlculo eficiente de operaciones de tipo
matricial. A continuacién se explica més en detalle en qué consisten estos métodos.

1.2.1.1. Polinomios matriciales ortogonales

Entre las distintas series de polinomios matriciales, caben destacar en el area que nos
ocupa las series de Taylor y de Hermite [JC96, DJ98]. Las series de Taylor son una he-
rramienta béasica para la aproximacion de funciones de matrices. Asi, la serie matricial de
Taylor que nos permite aproximar la exponencial de una matriz viene dada por la expresion:

oo
A=y
k=0

que, puesto que converge para z € C, resulta ser también convergente para cualquier matriz
cuadrada A (Teorema 1.1).

2 3

AP =T+ A+ —+ — 4.,
! 213!

@‘lH

A la hora de obtener una aproximacion lo suficientemente precisa, deberemos contar con
dos tipos de errores: errores de truncamiento y errores de redondeo. Los errores de trunca-
miento surgen debido a la necesidad de despreciar los términos de la serie a partir de cierto
orden, puesto que no es posible calcular los infinitos términos. Es fundamental establecer
adecuadamente el nimero de términos a calcular para obtener un buen equilibrio entre pre-
cision y eficiencia. Los errores de redondeo, por su parte, son inherentes al calculo aritmético
en coma flotante, al contar éste con una precisiéon finita. Es importante, en particular, evitar
en lo posible el problema de la cancelacién de digitos significativos que se produce cuando se
suman y restan nimeros del mismo orden de magnitud [ML78]. Por otra parte, los errores
de redondeo y los costes computacionales aumentan conforme aumenta la norma de A. Para
evitar este problema se utiliza la técnica de escalado y potenciacién (scaling and squaring
method, [ML78, Fun04, Hig05]), basada en el uso de la igualdad

€A _ (6A/m)m,
donde m = 2s, siendo s entero no negativo. De este modo, puesto que la serie de Taylor es
precisa cerca del origen, se puede calcular eA/™ con suficiente precisién al reducirse la norma
de la matriz, para posteriormente obtener de manera aproximada la matriz e mediante
sucesivas potenciaciones. El Algoritmo 1.1 muestra un algoritmo general de Taylor con
escalado y potenciacién para el calculo de la exponencial de una matriz.

El preprocesado de la matriz, pasos 2-5, es opcional y se usa para reducir la norma de la
matriz. Para ello, se usan dos técnicas. Por una parte, teniendo en cuenta que tanto la serie

11



1.2. Resumen del estado del arte 12

Algorithm 1.1 Algoritmo general de Taylor para calcular la exponencial de una matriz,
A e C™™ usando la técnica del escalado y potenciacién

1: Preprocesado de la matriz A:

2 w = trace(A)/n

3 A<« A-ul

4 Determinar una matriz diagonal D tal que D' AD esté equilibrada.
5: A« D 'AD

6: Eleccién del orden de aproximacion més adecuado, p, y del parametro de escalado, s.
7. Calcular la aproximacién de Taylor de orden p: B = T),(A/2°).

8 fori=1:sdo

9. B=DB?

10: end for

11: Postprocesado de la matriz B:

12: B« e*DBD™!

Y520 AR k! como la serie et Y500 (A — ul )k [k! para cualquier p e C convergen a e, se trata

de buscar un valor de u tal que ||A-pul|| < ||A|| de forma que se acelere dicha convergencia. El
Teorema 10.18 junto con el Teorema 4.21 (a) de [Hig08] sugieren que un buen valor para p
vendria dado por p = trace(A)/n, donde trace(A) es la suma de los elementos de la diagonal
de A, lo cual coincide con la suma de sus valores propios. No obstante, hay que tener en
cuenta que esta técnica no siempre produce buenos resultados, e incluso puede provocar
una pérdida de precision en algunos casos, por lo que no es recomendable utilizarla de
forma automadtica [Hig08]. La segunda técnica usada en el preprocesado consiste en intentar
equilibrar las normas de la i—ésima fila y la i—ésima columna, con 1 < ¢ < n, determinando
una matriz diagonal D con la que aplicar la transformacién de semejanza A = D"'AD. Este
equilibrado es un proceso heuristico que tiende a reducir la norma, aunque en determinados
casos puede provocar una pérdida significativa de precision, por lo que es recomendable
usarlo con precaucion. Si optamos por realizar el preprocesado de la matriz A, tendremos
que realizar el postprocesado de la matriz B para revertir todos los cambios (paso 12).

En el paso 6 se seleccionan el orden de aproximacion, p, y el escalado a aplicar, s. La
elecciéon correcta de estos dos pardmetros es fundamental para obtener resultados precisos
con un coste computacional minimo. Posteriormente se calcula la exponencial de la matriz
escalada mediante la serie matricial de Taylor de orden p,

o1

Tp(A/2°) = 3,

2 (A)2%)F.

Para realizar este paso de la forma maés eficiente posible, se hace necesaria la utilizacién de
algin método que permita reagrupar los términos del polinomio matricial, como el desa-
rrollado por Paterson-Stockmeyer [PS73] o, mejor atin, el nuevo y mds eficiente método
desarrollado recientemente por Sastre [Sas18]. Por tltimo, es necesario realizar s pasos de
potenciacién sucesivos para obtener la exponencial de la matriz original A.

En el caso de las series de Hermite, supongamos una matriz B de estabilidad positiva
en C™" es decir, Re(\) >0, para todo A € o(B), entonces el polinomio matricial de orden
n de Hermite se define en (3.4) de [JC96, p. 25] como

n n—-2k
3] (-1)* (2v2B)"

HrL ,B =n! ’
(. B) ",;) kl(n - 2k)!

(1.2)

12



13 Capitulo 1. Introduccién y objetivos

y de las ecuaciones (3.1) y (3.2) del mismo articulo se obtiene su funcién generadora

G(a,t) = 2B = SN (2, B) nl, |t < oo, (1.3)

n>0

donde x € Cy t € C. Si cogemos A =+/2B, y =tx y A = 1/t, entonces podemos reescribir la
ecuacion anterior como

Ay _ 712 1 ( 1 2) rXT
eV =ex E ——H, | \y,=A%), AeC, yeC, AcC™, 1.4
S0 Al n\ Y 2 4 (14)
sin restricciones para o(A). Y la ecuacién (1.2), por su parte, se puede reescribir como

Hn()\y,AQ/Q) 'Z ( 1)E(AyA)n2F

& kl(n-2k)! (1:5)

también sin restricciones en o(A). Llamando h,,(\y, A) a la suma de los primeros m térmi-
nos de la serie (1.4), tenemos

L 1
O 4) = 32 n(Ay,§A2)wAy, AyeC, AeC™. (1.6)

Esta es la serie que se usa en el método para calcular la exponencial de la matriz A, donde
m es el orden de aproximacién [SIDR11]. A partir de (1.5) y (1.6), por induccién tenemos
que

m—1 m—1 _
f[E* (T+ Ay)+ By T (G2 can®y
AY™2 (AT L @A™t (An” : :
+E0( (TZ ot (TZ_Q)! )+ (YZ_I)! + :j“ ], si m impar,
hm(Ay, A) = (1.7)
1 m m _ 2 m _ 3 4
exz [EO2 I+E? ! (Ay + (Ale) ) +E? 2 (—(Agyl) + —(Af!) ) 4o
A m-3 A m-2 A m-1 Ay)™
~+ Eg (((51)73)! + ((ﬁﬁz)g ) ((721)! +4 gl)'

], si m par,

donde

(——)k

i, jeN,j>i. (1.8)

J

Bl=2.
Obsérvese que para |A| — oo, exr = 1, Eg =1,y hm(A\y, A) tiende a la serie de Taylor de
orden m para el célculo de eAy. Para un célculo eficiente y preciso, serd necesario ajustar
adecuadamente el valor de A\ para cada orden de aproximacién m que vayamos a utilizar. El
algoritmo necesario para obtener la exponencial de una matriz mediante las series de Hermite
serfa practicamente idéntico al que hemos visto previamente para el caso de Taylor, haciendo
uso también la técnica del escalado y potenciacién para reducir los costes computacionales
y los errores de redondeo, pero utilizando la aproximacién de Hermite en lugar de la de
Taylor en el paso 7, obviamente.

1.2.1.2. Aproximaciones racionales

Las aproximaciones racionales son otra potente herramienta para el calculo de aproxima-
ciones de funciones. Entre estas, las mas utilizadas son las de Chebyshev y, especialmente,

13



1.2. Resumen del estado del arte 14

las de Padé [ML78, ML03, Hig08, Hig05]: dada la funcién escalar f(z), la funcién racional

_ pkm(z)
ren(2) =)

es un aproximante de Padé de orden [k, m] de la funcién f si pgm ¥ Grm son polinomios de
grados, como mucho, k y m, respectivamente, qg,(0) =1y

F(2) =1rm (2) = O,

Esta tltima condicién nos muestra que 7., reproduce los primeros k+m+1 términos (desde
20 hasta z("*%)) de la serie de Taylor de la funcién f sobre el origen. Obsérvese que si m = 0,
rLm coincide con la serie de Taylor de orden k.

Si el aproximante de Padé de orden [k/m] existe, entonces es tnico. Para el caso de la
funcién exponencial, los aproximantes de Padé de orden [k/m] son conocidos para cualquier
kym:

Eoo(k+m—j5)k!2d 2o (k+m—j)im!(-z)’
Prn(2) = Y. IR ()= Y JEmi)
2 (b +m)!l(k - 5)!5! = (k+m)li(m - j)l5!
Asi, dada una matriz A € C™", la aproximacién de Padé para calcular su exponencial
vendria dada por la expresién

e % 1 (A) = [@rm (A)] ™ Prm (A).

El error cometido en esta aproximacién viene dado por [GL96, cap. 11]

—1)ym 1
et —rpm(A) = iA’“m“q,m(A)-1 f A1 - t)ktmat.
(k+m)! 0

El problema de este método es que solo proporciona buenas aproximaciones en un entorno
del origen, tal y como revela la expresién anterior. Si embargo, este problema se puede evitar
haciendo uso de la técnica de escalado y potenciacién comentada previamente.

Tradicionalmente se ha considerado [ML03, Hig08, GL12] que los aproximantes diago-
nales (k = m) son mejores que los no diagonales (k # m) porque con k # m, g, tiene
menos precisién que rj;, donde j = max(k,m), aunque r;; se puede evaluar con argumento
matricial con el mismo coste [Hig08, p. 4]. A grandes rasgos, la explicacién consiste en que
las potencias de la matriz A calculadas para el numerador pueden reutilizarse para obtener
el denominador con el mismo orden. Es bastante habitual expresar los aproximantes diago-
nales con un tnico subindice: rp,(2) = pm(A)gm(A)~. Sin embargo, Sastre en [Sas12] ha
demostrado tedricamente que las aproximaciones no diagonales con numerador de mayor
grado que el denominador pueden transformarse en aproximaciones mixtas racionales y po-
linomiales que alcanzan mayores 6rdenes de aproximacion que las diagonales para el mismo
coste computacional.

El Algoritmo 1.2 muestra un algoritmo general para el cdlculo de la exponencial de una
matriz mediante Padé combinado con la técnica de escalado y potenciacion.

Las fases de preprocesado y postprocesado son idénticas a las explicadas en el algoritmo

de Taylor (Algoritmo 1.1). Al igual que en el caso del método de Taylor, para el cdlculo de
Pm(A) v gm(A) es conveniente el uso de algiin método que permita reagrupar los términos

14



15 Capitulo 1. Introduccién y objetivos

Algorithm 1.2 Algoritmo general de Padé para calcular la exponencial de una matriz,
A e C™™ usando la técnica del escalado y potenciacién

Preprocesado de la matriz A.
Eleccién del orden de aproximacion mas adecuado, m, y del parametro de escalado, s.
Calcular p,,, (A/2°) v gm(A/27).
Resolver el sistema ¢,,(A/2°)B = p,,(A/2°) para B.
fori=1:sdo
B=B?
end for
Postprocesado de la matriz B.

del polinomio matricial. Cabe senalar que en este método se hace necesaria la resolucién de
un sistema de ecuaciones (paso 4), lo que conlleva restricciones sobre la matriz A para que
la resolucién del sistema sea factible y ademas se pueda realizar de forma precisa.

El método de Padé combinado con la técnica de escalado y potenciaciéon ha sido el mas
utilizado durante mucho tiempo, ya que las aproximaciones basadas en series de polinomios
matriciales de Taylor fueron descartadas en los anos 70 debido a la conclusién cominmen-
te aceptada [MLO03, Hig08, GL12] de que las aproximaciones racionales conseguian una
precision similar con un coste inferior. En los ltimos anos se han producido importantes
contribuciones en el desarrollo de métodos que utilizan la técnica de escalado y potenciacion
basados en aproximaciones de tipo Padé racional [Hig05, AMH09]; sin embargo, también
se han producido importantes contribuciones en aproximaciones basadas en polinomios de
Taylor y Hermite, con implementaciones en altas prestaciones que superan en precisiéon y
eficiencia a los algoritmos basados en aproximantes de Padé [Hig05, AMHO09]. Dichas contri-
buciones han dado lugar a varios articulos de investigacion, algunos de los cuales se incluyen
en el capitulo 2 de esta tesis.

1.2.1.3. Otros métodos

Existen mas métodos para el cdlculo de la exponencial de una matriz, aunque ninguno
de ellos es tan utilizado como los métodos que hemos visto en los apartados anteriores, ya
que ofrecen en general peores prestaciones. Entre el resto de los métodos cabria destacar los
basados en la descomposicién de matrices. Estos métodos se basan en hallar transformaciones
de semejanza

A=XBX!

de manera que el célculo de f(B) sea mds sencillo que el de f(A). Una vez se ha obtenido
f(B), se aplica la Propiedad 1.3 para obtener

f(A)=Xf(B)X

Los métodos basados en la descomposicién de matrices resultan ser muy eficientes en pro-
blemas que involucran a matrices de dimension elevada. Tienen la ventaja de que si A es una
matriz simétrica, entonces estos métodos proporcionan algoritmos simples y efectivos. Sin
embargo, tienen el problema de que si la matriz estd mal condicionada, entonces se pueden
producir elevados errores de redondeo.

15



1.2. Resumen del estado del arte 16

Entre este tipo de métodos podemos encontrar, por ejemplo, los basados en la diago-
nalizacién de una matriz: si A € C™" tiene un conjunto de vectores propios vy, v, Un
linealmente independientes y consideramos la matriz v = [vq, va, -+, v, ], entonces se verifica
la ecuacion matricial

AV =VD,

donde
D = diag(/\l, )\2, ) )\n)a

siendo Ap, Ag, ..., A, los valores propios de A. Aplicando las propiedades 1.3 y 1.6 se tiene
que
et = Vdiag(e, e, -, e )V

Otro método dentro de esta categoria es el basado en la forma canénica de Jordan. Asi,
segtn la Definicién 1.2, si una matriz A € C™*" admite la descomposicién canénica de Jordan

. -1
AZXdlag(J)\17J)\2,-"7J)\T)X 5
entonces su exponencial se podria calcular como
et = Xdiag(e’1, ez .. e/ ) XL

Este método tiene el problema de que al utilizar aritmética en coma flotante, cualquier
pequeno error de redondeo puede modificar significativamente la estructura de X y de
diag(Jx,, JIxys e+ I, ), produciendo resultados muy poco precisos. No obstante, en [KR80]
se puede encontrar un algoritmo preciso y estable para calcular la forma canénica de Jordan
de una matriz compleja cuadrada usando aritmética finita.

Un dltimo método que cabe destacar dentro de esta categoria es la descomposicién de
Schur: dada una matriz A € C™", su descomposicién de Schur viene dada por [DH03]

A=QS5Q",

donde @ € C™™ es una matriz ortogonal y S € C"*™ es triangular superior, de manera que
los valores propios de A son los elementos diagonales de S. Aplicando la Propiedad 1.3,
tenemos que

f(A)=Qf(5)Q"

Tras esta transformacion, el problema se reduce a calcular f(.9), lo cual se puede hacer por
diversos métodos que no entraremos a valorar.

Por otra parte, si A € R™" es real, entonces hablamos de la descomposicién real de
Schur. En este caso serfa deseable poder reducir A a forma triangular usando matrices
ortogonales reales, ya que la aritmética real permite implementar algoritmos mas eficientes
computacionalmente que la aritmética compleja. Si embargo, una matriz real puede tener
valores propios reales, pero también complejos en forma de pares conjugados. Esto implica
que en el caso real, la matriz S es una matriz triangular superior por bloques, con bloques
diagonales de tamano 1x1 o 2x2, de forma que los bloques de tamano 1x 1 corresponderian
a los valores propios de A reales y los de tamano 2 x 2 a sus valores propios complejos
conjugados.

16



17 Capitulo 1. Introduccién y objetivos

1.2.2. Funciones seno y coseno

Aunque la funcién exponencial de una matriz es sin duda la que maés atencién acapara y la
que, por lo tanto, ha sido més estudiada, las funciones seno y coseno matriciales son también
muy utilizadas puesto que su calculo se hace necesario en gran cantidad de problemas.
Asi, de la misma forma que en la resolucién de sistemas modelados por SEDs de primer
orden surge la funciéon matricial exponencial, las funciones matriciales trigonométricas seno
y coseno juegan un papel fundamental en la resolucién de sistemas modelados por sistemas
de ecuaciones diferenciales de segundo orden. Por ejemplo, el problema

2
% +Ay=0, y(0)=yo, ¥'(0)=uyj,

donde A € C™™, tiene como solucién
y(t) = cos(VAt)yo + (VAt) Lsen(VAt)y),

siendo VA la rafz cuadrada de A. El seno y coseno matricial también surgen en otros
problemas mas generales de este tipo, en los que aparece un término f(t) en la parte derecha
de la ecuacién diferencial, como pueden ser los procedentes de los sistemas mecanicos sin
amortiguamiento o de la semidiscretizacién de la ecuacién de ondas [Ser79, SB80, HS03,
HHO5].

En 1980, Serbin y Blalock propusieron uno de los primeros métodos eficientes para el
célculo del coseno matricial [SB80], que tuvo su precursor en [Ser79]. Dicho método empleaba
aproximaciones racionales y la reduccion de la norma de la matriz junto con la féormula del
angulo doble,

cos(24) = 2cos*(A) - 1,

para el calculo del coseno de la matriz original. La técnica del angulo doble permite reducir
la norma de la matriz de trabajo, obteniendo asi unos resultados més precisos, de forma
similar a la técnica del escalado y potenciacién utilizada en el calculo de la exponencial
matricial. Por otra parte, utilizando la relaciéon

sin(A) = cos(A - g[),

se puede utilizar el mismo algoritmo para calcular tanto el seno como el coseno, por lo
que habitualmente se implementa tinicamente un algoritmo, tipicamente el del coseno. A
continuacion se explican los métodos mas habituales utilizados para el célculo de estas
funciones trigonométricas que, como ocurre en el caso de la exponencial, son los aproximantes
de Padé y las series de polinomios matriciales ortogonales.

1.2.2.1. Aproximantes de Padé

De entre las diversas contribuciones realizadas posteriormente al trabajo de Serbin y
Blalock, caben destacar las propuestas realizadas por Higham, Smith y Hargreaves en
[HS03, HH05, AMHR15], basadas en la férmula del d&ngulo doble y en aproximantes de Padé.
Estas propuestas mejoran considerablemente la eficiencia y precisién del algoritmo original,
proporcionando adem&s un analisis teérico més preciso de los errores de truncamiento y

17



1.2. Resumen del estado del arte 18

redondeo. A diferencia del caso de la exponencial, no sabemos si existe un aproximante de
Padé, i, para cualquier valor de k y m. Sin embargo, se pueden calcular aproximantes
concretos utilizando la formulacién de Magnus y Wynn [MW75], que proporciona los coefi-
cientes de los aproximantes diagonales, r,,, en términos de determinantes de matrices cuyas
entradas son coeficientes binomiales. Asi, los dos primeros aproximantes de Padé para la
funcién coseno son [Hig08]

5 ,.2 115,.2 313 .4

()_p2($)_1_ﬁx ()_p4($)_1_ﬁx+15120x
ro(x) = =i n@)= ST
q2(x) 5T qa(z) * 9537 T 151207

Obsérvese que como la funcién coseno es par, solo debemos considerar los aproximantes de
grado par, (2m). Ademds, el numerador y denominador de los coeficientes racionales crece
muy rdpidamente, por lo que para calcular rq,, resulta conveniente evaluar pa, = Y ag; 2%
Y Qam = Yimo bo; % y después resolver el sistema de ecuaciones miltiple gory = py. Para
evaluar eficientemente pa,, ¥y ¢onm,, €s conveniente tratarlos como polinomios de grado m en
A? y utilizar algin método de reagrupacién de términos del polinomio matricial.

El Algoritmo 1.3 muestra los pasos para calcular el coseno matricial mediante Padé
usando la técnica del angulo doble.

nxn
)

Algorithm 1.3 Algoritmo general de Padé para calcular el coseno de una matriz, A € C
usando la técnica del doble dngulo

1: Preprocesado de la matriz A:

2 Determinar j que minimice ||A - 75 I||

3 A<« A-7jl

4 Determinar una matriz diagonal D tal que D' AD esté equilibrada.

5: A« D'AD

6: B=A?

7: Eleccién del orden de aproximacion mas adecuado, m, y del parametro de escalado, s.
8: Calcular p,,(B/4°) v ¢m(B/4%).

9: Resolver el sistema ¢, (B/4°)C = p,,(B/4°) para C.

10: for i=1:s do

1m: C=20%-1

12: end for

13: Postprocesado de la matriz C:
14: C < (-1)’bCD™!

Durante el preprocesado, que es un paso opcional, lo que se pretende es reducir la norma
de la matriz A mediante diversas transformaciones, para lo cual se usan dos técnicas: en
primer lugar se aprovecha la periodicidad de la relacién

cos(A-mjI) = (-1)cos(A), jeZ,

para buscar el valor de j que minimice la norma de la matriz A — 7wjI. Este valor se puede
buscar utilizando el Teorema 4.21 de [Hig08]. La segunda técnica, que también se usa en el
caso del calculo de la exponencial, consiste en intentar equilibrar las normas de la i—ésima
fila y la i—ésima columna, con 1 < i < n, determinando una matriz diagonal D con la que
aplicar la transformacién de semejanza A = D™ (A-74I)D. Este equilibrado es un proceso
heuristico que tiende a reducir la norma, aunque es algo que no se puede garantizar, por lo
que habria que utilizarlo inicamente con las matrices donde la norma realmente se reduzca.

18



19 Capitulo 1. Introduccién y objetivos

Posteriormente, se hace el cambio de variable B = A% y se averigua el orden de aproxi-
macion m mas adecuado y el escalado s que aplicaremos a la matriz. Al igual que ocurre
en el caso de la funcién exponencial, la eleccion adecuada de estos parametros es basi-
ca para obtener resultados precisos. A continuacién se obtienen los polinomios p,,(B/4°)
vy ¢m(B/4%) que determinan el aproximante diagonal de Padé de orden m y se calcula
C = pi(B/4°)[qgm (B/47) resolviendo el sistema de ecuaciones g, (B/4°)C = p,,(B/4°) (ver
1.2.1.2). Una vez resuelto dicho sistema, es necesario revertir el escalado que hemos aplicado
utilizando la férmula del dngulo doble s veces (pasos 10-12). Finalmente, si se llevé a cabo
la fase de preprocesado, serd necesario realizar el postprocesado de la matriz C' (paso 14).

1.2.2.2. Series de polinomios matriciales

En [DJ98] se propone por primera vez un método basado en series de polinomios matri-
ciales ortogonales de Hermite para el cdlculo del seno y el coseno matriciales. Este método
ha sido posterioremente revisado y mejorado dentro del proceso de investigacion de esta
tesis, dando lugar a nuevos algoritmos usando series tanto de Hermite como de Taylor, que
mejoran ampliamente en precisién y velocidad a los obtenidos con aproximantes de Padé,
como se puede ver en las publicaciones incluidas en el capitulo 3.

Analizando el caso de las series polinomiales de Hermite, tenemos que dada una matriz
A eC™ y un escalar y € C, el coseno matricial cos(Ay) se puede calcular como

iAy + —iAy
cos (Ay) = %

Utilizando la definicién del polinomio matricial de Hermite definido en (1.2) en combinacién
con [JCI6, p. 25], resulta que

Hy,(-z,A)=(-1)"H, (z,A).

Por lo tanto, tenemos que
1 1 1
cos (Ay) = en? ————Hy, (z'y,u7 —A2) .
n%% w2 (2n)! 2

Tomando A =iy en la expresién anterior obtenemos la expresiéon final:

e -~ l 2
cos (Ay) =e 7; )\2”(2n)!H2n (y)\, 2A ) . (1.9)

Actuando de forma andloga para el caso del seno matricial, teniendo en cuenta que
eiAy _ e—iAy
sin (Ay) = ——,
24
se deduce que

sin (Ay) = e 3z > D"

1
), )\,—Az). 1.10
el (on 4 1)1 2 (y 2 (1.10)
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1.2. Resumen del estado del arte 20

Si denotamos como Oy (A, A?) v Sy (), A?) a la suma parcial de los Nth primeros térmi-
nos de las series (1.9) y (1.10), respectivamente, para y = 1 obtenemos que

L N (1) 1
N E R B Gl n(A —AQ) wcos(A), AeC, AeC™
CN( ) ) € A nz::(] )\2”(271)' 2 72 COS( )a GC, G(C ) y

L XN (-n" 1
AN z=e Y 2 H,, ()\ —A2) ~sin (A4), A AeCr.
SN(A,A%) =e > nZ::O ey i\ g sin(A), AeC, AeC

En lo que respecta a Taylor, el coseno y el seno matricial de una matriz A € C™*", se
puede definir como

) (_1)kA2k_I_A2 A4 A6

COS(A):];) b BT
o _1\k 3 5 7
sin(4) = Z&Az’”l:A_A_JFA__A_Jr
2 2k + 1) TR

Tomando B = A2, podemos expresar estas aproximaciones de Taylor de orden 2m como
polinomios de orden m. Por ejemplo, en el caso del coseno tendriamos

Pm(B) = i (_1)Z

B w A).
Z @iy P e

Los algoritmos 1.4 y 1.5 muestran los algoritmos generales para calcular el coseno ma-
tricial usando series polinomiales de Hermite y de Taylor, respectivamente. Aunque los
algoritmos son muy similares, se han incluido los dos por claridad y limpieza. Es ambos
casos es posible llevar a cabo un preprocesamiento previo de la matriz con la intencién de
reducir su norma y mejorar asi la precision del cédlculo. Las técnicas a utilizar serian las
mismas que se han explicado en el algoritmo de Padé (Algoritmo 1.3).

Algorithm 1.4 Algoritmo general de Hermite para calcular el coseno de una matriz, A €
C™ ™ usando la técnica del doble dngulo

1: Preprocesado de la matriz A.
2. B=A?
Determinar el valor éptimo de A, el orden de aproximacién méas adecuado, N, y el
parametro de escalado, s.
Calcular la aproximacién de Hermite de orden N: C = Cn (A, B/4%).
fori=1:sdo
C=20?-1
end for
Postprocesado de la matriz C.

o

® ST
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21 Capitulo 1. Introduccién y objetivos

Algorithm 1.5 Algoritmo general de Taylor para calcular el coseno de una matriz, A e C™*",
usando la técnica del doble dngulo

Preprocesado de la matriz A.
B = A?
Eleccién del orden de aproximacion mas adecuado, m, y del parametro de escalado, s.
Calcular la aproximacién de Taylor de orden m: C = P,,(B/4°).
fori=1:sdo
C=20%-1
end for
Postprocesado de la matriz C.

1.2.3. Software para el calculo de funciones matriciales

Existen muy pocos paquetes numéricos para el cdlculo de funciones matriciales, tanto
dentro del software libre como del comercial. En el ambito del software libre cabe destacar
el paquete Expokit [Sid98], el cual consta de c6digo en FORTRAN 77 y MATLAB orien-
tado al calculo de la exponencial de una matriz. En concreto, ofrece rutinas en aritmética
real o compleja, para calcular la exponencial de pequenas matrices densas, la exponecial
de matrices dispersas grandes por un vector y la solucién de sistemas lineales de ecuacio-
nes diferenciales ordinarias (1.1). Para ello, utiliza aproximaciones racionales de Padé y
Chebyshev y productos del tipo e*v, siendo A una matriz dispersa y v un vector, mediante
un algoritmo basado en subespacios de Krylov. Por otra parte, también existe The Matriz
Function Toolbox [Hig02] que contiene implementaciones en MATLAB de muchos de los
algoritmos descritos en [Hig08], aunque los c6digos no han sido diseniados buscando las altas
prestaciones, sino la simplicidad y facilidad de comprensién.

En lo que respecta a las herramientas comerciales para el cdlculo de funciones de ma-
trices, solamente se pueden destacar dos: MATLAB y The NAG Library [Int02]. En ambas
herramientas las implementaciones de las rutinas que calculan funciones matriciales estan
basadas en los mismos métodos:

= Para el calculo de la exponencial de una matriz se utilizan aproximantes de Padé.

= Para el cédlculo del resto de las funciones matriciales se usa el algoritmo de Schur—
Parlett.

El inconveniente de las implementaciones basadas en el algoritmo de Schur—Parlett es que
son muy costosas desde el punto de vista computacional. Ademds, al estar basadas en
la forma de Schur de una matriz, su paralelizacién resulta ineficiente. Por otra parte, el
inconveniente de MATLAB es que la ejecucion de programas es mas lento que si se trata de
implementaciones en C o Fortran. Las librerias de NAG, por su parte, son muy completas
y ofrecen librerias para trabajar en multitud de lenguajes y entornos de programacién.

Dentro del marco de esta tesis se ha desarrollado e implementado abundante software

para el calculo de funciones matriciales basado en aproximaciones polinémicas. Como hemos
visto en la seccién anterior, las aproximaciones polinémicas junto con las aproximaciones
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1.3. Organizacién de la tesis 22

racionales son los métodos mas utilizados actualmente, ya que son los que mejores resul-
tados estdn dando. Estos métodos son, ademds, los mas adecuados para ser utilizados en
implementaciones de altas prestaciones, puesto que por una parte permiten reorganizar los
célculos de forma que pueden realizarse de manera muy eficiente, y por otra, la mayor parte
de las operaciones a realizar se pueden llevar a cabo usando nticleos computacionales bésicos,
como pueden ser BLAS [DCHHS88] y LAPACK [ABB*92], pues consisten fundamentalmente
en el calculo de productos de matrices.

1.3. Organizacién de la tesis

El contenido de esta memoria esta organizado en cinco capitulos. En este primer capitulo
introductorio se han especificado los objetivos buscados durante la realizacién de la tesis y se
ha realizado un resumen del estado del arte relativo al cdlculo de las funciones matriciales que
nos ocupan: se han presentado algunas de sus definiciones, se han descrito sus propiedades
mds importantes y se han detallado los métodos méas habituales para su céalculo.

En el segundo capitulo se presentan los articulos relacionados con el calculo de la funcién
exponencial de una matriz. Se incluyen 5 articulos a través de los cuales se observa la
evolucién de los algoritmos de calculo a lo largo de la investigacién.

El tercer capitulo esta dedicado al célculo de las funciones seno y coseno matricial, con
la inclusion de tres articulos relacionados con dichas funciones.

En el capitulo cuarto se incluyen dos articulos sobre la resolucién de ecuaciones diferen-
ciales ordinarias, en los que se hace necesario el calculo de la exponencial de una matriz.
Finalmente, en el iltimo capitulo se presentan las conclusiones del trabajo realizado, asi
como el trabajo actual y futuro dentro de la linea de investigacién seguida en la tesis.
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Capitulo 2

Exponencial de una matriz

2.1. Introduccion

En este capitulo se presentan los articulos relacionados con el calculo de la funcién
exponencial. Se han incluido 5 articulos, a través de los cuales se puede apreciar la evolucion
del algoritmo de célculo conforme el proceso de investigacién ha ido avanzando en el tiempo.
La tltima versién (seccién 2.6), presenta unos resultados realmente competitivos tanto a
nivel de precisiéon como de tiempos de ejecucién. En todos los casos se utiliza la técnica
de escalado y potenciacién [MLO03, Hig05, Hig08, Fun04] que, como se explica en la seccién
1.2.1, permite reducir significativamente los errores de redondeo al explotar la propiedad

GA _ (e(A/m))m

Los métodos de célculo empleados estan basados en series de polinomios matriciales or-
togonales de Taylor y de Hermite (seccién 2.2). A continuacién se presenta la lista de los
articulos incluidos en este capitulo, junto a una breve resena de la novedad que ofrece cada
uno de ellos:

= “Efficient orthogonal matrixz polynomial based method for computing matriz exponen-
tial” (seccién 2.2, [SIDR11b]): en este primer trabajo se desarrolla un método basado
en series de polinomios matriciales de Hermite para el calculo de la exponencial. Ins-
pirdndonos en las ideas presentadas por Higham en [Hig05], obtenemos una cota para
el error de tipo backward que permite obtener el escalado 6ptimo tedrico para matrices
generales en el método de Hermite. Para poner a prueba este método, se implemen-
taron dos algoritmos en MATLAB que resultaron ser mas precisos que los del estado
del arte en practicamente el 80% de los casos testados, ademéas de tener un coste
computacional inferior en el 10% de los mismos. Estos resultados tan positivos nos
animaron a seguir investigando en esta direccion.

s “Accurate matriz exponential computation to solve coupled differential models in En-
gineering” (seccién 2.3, [SIDR11a]): a partir de las ideas desarrolladas en el articulo
anterior, en este trabajo se presenté un nuevo algoritmo basado en aproximaciones
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de Taylor y en el calculo de polinomios de matrices mediante el método de Paterson-
Stockmeyer, junto con un estudio de errores de tipo forward y backward para la deter-
minacién de los valores 6ptimos del orden de la aproximacion y del escalado. Para ello
se usaron nuevas cotas mas ajustadas tanto para matrices normales como no normales.
Aplicado al método de Taylor, la implementacién desarrollada en MATLAB del nuevo
algoritmo demostré ser més preciso en la mayoria de los casos que los algoritmos del
estado del arte, con un coste computacional similar. Para poder comparar nuestro
algoritmo con los mas avanzados del estado del arte hasta el momento, también rea-
lizamos la implementacién en MATLAB del nuevo algoritmo propuesto por Al-Mohy
y Higham en [AMHO09].

s “New scaling-squaring Taylor algorithms for computing the matriz exponential” (sec-
cién 2.4, [SIDR15]): en este articulo se desarrollaron e implementaron en MATLAB
cuatro nuevos algoritmos de Taylor para el cdlculo de la funcién exponencial. Dichos al-
goritmos son variantes del algoritmo estandar, basadas en dos modificaciones pensadas
para reducir el coste computacional sin afectar a la precisién. La primera modificacion
afecta al orden del parametro de escalado utilizado, mientras que la segunda se basa
en despreciar en el cédlculo los términos de mayor orden de la serie de Taylor, cuando
esto no afecte a la precisiéon final obtenida. Cabe senalar que la primera versién de
este articulo se envié en el ano 2008, siendo anterior al articulo anterior; sin embargo,
por cuestiones de la revista tardé mucho tiempo en publicarse.

= “Accurate and efficient matriz exponential computation” (seccién 2.5, [SIDR14)): la
novedad del algoritmo presentado en este articulo es la introducciéon de variabilidad
en las cotas de los errores relativos de tipo forward y backward de la aproximaciéon de
Taylor, teniendo en cuenta para ello los errores en coma flotante que se comenten en
dicho método. Asi, las nuevas cotas dependen tanto del tamano de la matriz, como del
orden usado en la aproximacion de Taylor. La implementacion en MATLAB de este
algoritmo consiguié reducir el coste computacional en la mayoria de los casos, con un
impacto muy pequeno a nivel de precision al compararlo con el algoritmo desarrollado
en [SIDR11a] y obteniendo mejor precisién que los basados en Padé.

s “High performance computing of the matriz exponential” (seccién 2.6, [RSID16]): en
este articulo se presenta la ultima y maés eficiente version desarrollada durante el desa-
rrollo de la tesis para el calculo de la funcién exponencial. Este nuevo algoritmo se
basa en las mejoras realizadas en los articulos anteriores, especialmente en el articulo
“Accurate matrix exponential computation to solve coupled differential models in En-
gineering”, pero simplificando significativamente el cdlculo de las cotas del error usados
para seleccionar tanto el orden de aproximacion como el pardmetro de escalado. De
este modo conseguimos un algoritmo con mejores prestaciones que los del estado del
arte, incluidos los presentados en nuestros anteriores articulos. En este caso, ademas
de implementar el nuevo algoritmo en MATLAB, también se realiz6 la implementacién
en FORTRAN para poder realizar una comparativa con el principal software comer-
cial disponible para calcular la matriz exponencial, la librerfa NAG [NAG02], con unos
resultados sobresalientes, tanto en precisiéon como en tiempo computacional.

En las proximas secciones de este capitulo se presentan los articulos mencionados al
completo.
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2.2. Efficient orthogonal matrix polynomial based met-
hod for computing matrix exponential

Referencia del articulo:
J. Sastre, J. Ibdnez, E. Defez, and P. Ruiz
Efficient orthogonal matriz polynomial based method for computing matriz exponential
Applied Mathematics and Computation, Volume 217, Issue 14, March 2011, Pages 6451-6463, ISSN
0096-3003, http: //dz. doi. org/10. 1016/ 5. amc. 2011. 01. 004

Abstract

The matrix exponential plays a fundamental role in the solution of differential sys-
tems which appear in different science fields. This paper presents an efficient method
for computing matrix exponentials based on Hermite matrix polynomial expansions.
Hermite series truncation together with scaling and squaring and the application of
floating point arithmetic bounds to the intermediate results provide excellent accuracy
results compared with the best acknowledged computational methods. A backward-
error analysis of the approximation in exact arithmetic is given. This analysis is used
to provide a theoretical estimate for the optimal scaling of matrices. Two algorithms
based on this method have been implemented as MATLAB functions. They have been
compared with MATLAB functions funm and expm obtaining greater accuracy in the
majority of tests. A careful cost comparison analysis with expm is provided showing
that the proposed algorithms have lower maximum cost for some matrix norm inter-
vals. Numerical tests show that the application of floating point arithmetic bounds
to the intermediate results may reduce considerably computational costs, reaching in
numerical tests relative higher average costs than expm of only 4.43 % for the final Her-
mite selected order, and obtaining better accuracy results in the 77.36 % of the test
matrices. The MATLAB implementation of the best Hermite matrix polynomial based
algorithm has been made available online.

2.2.1. Introduction

Many engineering processes are described by systems of linear first-order ordinary dif-
ferential equations. Solving this kind of systems involves the evaluation of the exponential
of square matrices, and the same occurs with the partial differential case when using the
semi-discretization method [FDC46]-[Smi85].

A survey of methods for computing the exponential matrix was made by Moler and
Van Loan in [MLT78], which was updated in [MLO03]. This paper and recent researches
[Hig05, AMHO09] show that probably one of the more promising methods is the scaling
and squaring technique, which is also the most widely used. This technique exploits the
relation exp(A) = (exp(Q‘SA))QS, for a square matrix A and a nonnegative integer scaling
parameter s. Most approximations to the exponential of the scaled matrix exp(27°A) are ba-
sed on Padé expansions. [Hig05] provides a scaling and squaring Padé method with excellent
results of efficiency and accuracy, which is the method implemented in the last MATLAB
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versions, and [AMHO09] has recently proposed a new scaling and squaring algorithm that
alleviates the overscaling problem for nonnormal matrices.

In this paper we use Hermite matrix polynomial expansions of the matrix exponential
together with scaling and squaring and the application of floating point arithmetic bounds
to the intermediate results in order to perform a competitive method for computing the
matrix exponential. This method has the advantage that it does not need the solution of
multiple linear systems or the computation of matrix inversions. Moreover, adapting the
analysis made in [Hig05] to the Hermite matrix series, a backward-error bound in exact
arithmetic has been provided to find the optimal matrix scaling, i.e. the optimal value of
scaling parameter s. A careful theoretical cost comparison with the method in [Hig05] has
been provided, showing that Hermite method has lower cost for some matrix norm intervals.

This paper is organized as follows. Section 2.2.2 summarizes notation and previous results
about Hermite matrix polynomials and includes the Hermite series expansion of the matrix
exponential to be considered. Section 2.2.3 deals with the approximation error analysis and
optimal scaling. Section 2.2.4 is addressed to study the cost of the method, and to present
numerical tests in order to check the method accuracy performance. Finally conclusions are
given in Section 2.2.5.

2.2.2. Hermite matrix polynomial series expansions of matrix ex-
ponential

Throughout this paper, for a complex number 2z, R(z) and J(z) denote its real and
imaginary parts, respectively, and |-| denotes any subordinate matrix norm. R™" and C™"
denote the set of real and complex matrices of size r x r, respectively, and I denotes the
identity matrix for these sets. For a matrix A € C™"| its spectrum o(A) denotes the set of
all the eigenvalues of A. If f(z) and g(z) are holomorphic functions of the complex variable
z, which are defined in an open set € of the complex plane, and B is a matrix in C™"
with o(B) c €, then from the properties of the matrix functional calculus [DS57, p. 558],
it follows that f(B)g(B) = g(B)f(B). If Dy is the complex plane cut along the negative
real axis and log(z) denotes the principal logarithm of z, [SZ71, p. 72], then 23 represents
exp(%log(z)). If B is a matrix with o(B) c Dy, then Bz = /B denotes the image by 22
of the matrix functional calculus acting on the matrix B. We say that matrix A in C™" is
a positive stable matrix if Re(z) > 0 for all z € 0(A). [z] denotes the entire part of z, [z]
denotes the least integer not less than z and |z | denotes the greatest integer not exceeding
x.

For the sake of clarity in the presentation of the next results we recall some properties
and results about Hermite matrix polynomials that have been established in [DJ98] and
[JC96]. If B is a positive stable matrix in C™", the n—th Hermite matrix polynomial is
defined in (3.4) of [JC96, p. 25] by

5] (-1)* (2v2B)" "
HrL ,B =n! ’
(. B) ”,;) kl(n - 2k)!

(2.1)
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31 Capitulo 2. Exponencial de una matriz

and from (3.1) and (3.2) of [JC96, p. 24] one gets its generating function

G(a,t) = e™V2BHT = SN H (2, B)" !, |t] < oo, (2.2)

n>0

where z € C and t € C. Taking A =v/2B, y=tx and A =1/t in (2.2) it follows that

1 1
Moy g, ()\y,—Az), MeC, yeC, AeC™ (2.3)
S0 Al 2
without restrictions on o(A). From (2.1) one gets

Hn(Ay,AQ/Q) nl Z M (2.4)

= kl(n-2k)

also without restrictions on o(A). Denoting by h,,(A\y, A) the m—th partial sum of series
(2.3), one gets

1 1
O 4) = 32 n(Ay,§A2)zeAy, AyeC, AeC™. (2.5)

This expansion is the one to be used in the method for computing the matrix exponential,
and we will refer to m as the order of the approximation. Using (2.4) and (2.5) by induction
it is easy to show that

m=1 m=1_ 2 3
ex? [E02 (I+Ay)+E,* 1(%+%)+---

A m-3 A m-2 A m-1 Ay)™
e+ B (((723)! + ((31)72)! )+ ((n?'JL)—l)! + ﬂ:l{L)‘ ] , odd m,
hm(Ay, A) = (2.6)
m 3 4
%[EzhEz (Ay+ (A21~;>2)+E2 2(<A3y!> + 4 )+
Aqy)™ 3 A m-—2 A m—1 Ay)™
+ B (((Z)-s)! + ((i)—z)! )+ ((TZ)—1)! ¢ :;IL)I ] , even m,
where 3
J (_L)
2 .. L
:Z u , i, jeNj >0 . (2.7)
k=i :

Note that for [A| = oo, ex? = 1, Eg =1, and h,,(A\y, A) tends to the Taylor series of order m
of matrix exponential e“Y.

2.2.3. Error analysis.

Using (2.6) with y = 1 and taking into account Taylor series of exp (—%) for odd m it
follows that

6A - hm()‘vA) = J\/IIim (h]\/f(>‘7A) - hm(AzA))

1 —%k _%k 2 3
g e g ().
5z)

|
m+1 . k> m2—1 3!

k

(_712)19 ( Amfl Am) ﬁ
(m-1! ml Zz: ! jyzn:u J!
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| M

1 \k
a1 -5z m=1 [ A2 A3
:eﬂ[ > ( X ALE ( +—)+
k! 2!

kil Sz 3!
m=1 ( A4 A5 m=1 Am-1 A™M me1 Ad
E 2. [—+— ey E. 2 i E. 2 A7
! ’";3(4!+5!)+ it ((mfl)!+m!)+ 0 jzgﬂ j!]
m— 2 3 m 4 5
bt [ (£ £) B (5 5):
mo1 ( Am-1  pm m=1 AJ
e+ B2 [+ )+ E, 2 = 2.8
T ((mfl)! " m!) 0 jz;:u J! (2:58)
Analogously, using (2.6), for even m one gets
2 3 4
A g my g A m (A% A
e —hm()\,A):(l—eﬂEO )e +ex2|: (A+2—)+E,% 1(3! ST
m Amfl A™ m Aj
+o+ B2 (—'+—')+E02 > —|] . (2.9)
(m-1)! m! jem+1 J

In a similar way to the demonstration of Theorem 2.1 of [Hig05, p. 1182] we have the
following result:

Theorem 1 Assume that the matriz exponential Hermite approximation hy, (X, A) of (2.5)
satisfies
e M h(A2A) =T+G, (2.10)

where |G| < 1. Then there exists a matriz E that commutes with A such that
[hm(X,2754)]% = 24P (2.11)
and

|E] _ ~log(1 - |G])

=l (2.12)
| Al |27 Al

We seek to bound the norm of G in (2.10) in terms of |27° A|. Define the function
p(AA) = e Ahy, (N A) -1, (2.13)

and note that using (2.8), (2.9) and (2.13) one gets

PO A) = —eA(eA = (A, 4)) (2.14)
. 2 3 . 4 5
(e%ZEOTlfl)Ife"AeA%[E z (A—+A—)+ET,(A +A—)+
2! 3! p) 4! 5!
m— m-1 m m=1 J
+o+ B 1(A A—)+E021 > A:I,oddm
(m-1)! ! jzm+l J!
_ (2.15)
m m 2 m 3 4
(3 By —1) - es [Ej (A+ %) +ES (% + %)+
m m—1 m m J
+ +E17( A—)+EO2 > A] , even m
( 71)' m! jem+1 J-
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Hence, taking into account (2.15), and using Taylor series of e~ one gets

1 m=1

e’ By -1 +N(5E) 3 el 67, odd m
lp(A,27°A4) < n = (2.16)
eA%E(f —1‘ +em(%2) > |c;-|97 , even m
j=1

where 6 = [27° A|. Note that using (2.15) for |\| - oo it follows that

Al mo A
g5
4 |
j=0 J*

j2m+1 J!

Ip(X, A)| = H—e_A s A[ =0, (2.17)

which is the corresponding bound for Taylor series approximation of matrix exponential.
Using (2.10), (2.15) and (2.16) it follows that

IGI = lp(A, 272 A)] < fin (A, 0) (2.18)
where f,,,(),0) is given by the expressions on the right hand side of (2.16) depending on m

being odd or even. Note that taking |\| - oo, using (2.17), (2.18) and Taylor expansion of
e, it follows that

1G] = 1p(A, 272 A) | < fim(JA] > 00,0) (2.19)
where .
Sm(Al = 00,0) = > |cf|67, (2.20)
j>m+1

which is the corresponding bound for Taylor approximation of matrix exponential. Combi-
ning (2.12) with (2.18) one gets

IE] _ ~log(1 - fmn(1,0))
41 © 0

(2.21)

Using MATLAB’s Symbolic Math Toolbox we have evaluated f,,(A,6) for (2.18) and (2.20),
in 250 decimal digit arithmetic, summing the first 150 series terms in both expressions,
where the coefficients ¢;, ¢ and ¢} have been obtained symbolically, ¢;, ¢} being functions
of parameter .

For m = 1,2,...,30 we have used a zero-finder to determine the largest value of 6,
denoted by 022, such that the backward error bound (2.21) for |A\| = oo does not exceed the
unit roundoff v in IEEE double precision arithmetic, v = 273, These values correspond to
Taylor approximation of matrix exponential. Table 2.1 presents the results with 4 significant
digits.

Substituting these values in (2.21) and varying parameter A, experimentally the bound
(2.21) is monotonically decreasing to v for A > 0 and m = 1,2,...,21, and it has minima lower
than u for 6 < A < 27 and m = 22,23,...,30, see figure 2.1. So it is possible to determine
0, > 057 for m > 22 searching for those minima. We have used an iterative process and
a minimum finder to obtain the new maximum values of 6,,, m = 22, 23,..., 30, and the
minima of A > 0 for which the backward error bound (2.21) does not exceed u. Table
2.2 presents the results for the new 0,, values with 4 significant digits. Therefore, we will
consider Taylor approximation of matrix exponential for m < 21 and Hermite approximation
for m > 22.
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m 1 2 3 4 5 6 7 8
07 | 2.220e-16 2.581e-8 1.386e-5 3.397e-4 2.401e-3 9.066e-3 2.384e-2 4.991e-2
m 9 10 11 12 13 14 15 16
077 | 8.958e-2  1.448e-1 2.142e-1 2.996e-1 3.998e-1 5.139e-1 6.411le-1 7.803e-1
m 17 18 19 20 21 22 23 24
077 | 9.305e-1 1.091 1.260 1.438 1.624 1.816 2.015 2.219
m 25 26 27 28 29 30

0 2.429 2.643 2.861 3.084 3.310 3.540

Table 2.1: Maximal values 62 of |27 A| such that the backward error bound (2.21) does
not exceed u = 273 for |\| = oo, i.e. Taylor expansion of matrix exponential.

0
06=0
m
=
S,
‘3

~log(1-f(:.8))/8,

Figure 2.1: Bound (2.21) for m =22, 23,..., 33 and 0 = 6;°, vs. parameter \.

m 22 23 24 25 26 27 28 29 30
0 | 1.816  2.020 2.229 2441 2.659 2.884 3.113 3.342 3.579
26.904 15.311 15.986 16.661 11.074 10.009 10.381 10.753 7.596

Table 2.2: Maximal values 6, of |27°A| such that the backward error bound (2.21) does
not exceed u = 27°3 and values of \ for which this is accomplished.

m hm (A, A)

4 (FOJAVAZ + FOJ31A + Fg [21) A% + Ff A+ IZ 1
((FOJ61A% + EQ[5IA + FLJA) A% + F] [31A+ FZ[21) A%+
FRA+F3I
((FOJNAS + FQ[81AZ + FE[TIA + F§[611) A3 + F2[51A%+
F2IALA+ F3[3W)A3 + F3[2A% + F} (A+1)

6

1

Table 2.3: Evaluation of h,, (), A), where Fj} = e;*ZE{}. Set 37 =1 and F = 1 to obtain the

Taylor approximation.

From pages 73-74 and Table 4.1 of [Hig08, p. 74], using Horner’s and Paterson-Stockmeyer’s
methods [PS73], we can evaluate a matrix polynomial of degree m
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m 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Tm | O 1 2 2 3 3 4 4 4 5 5 5 6 6 6
Cpm [52.00 26.21 18.14 13.52 11.70 9.79 9.39 8.32 7.48 7.79 7.22 6.74 7.32 6.96 6.64
m | 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Tm | 6 7 7 7 7 8 8 8 8 8 9 9 9 9 9
Cmp| 636 7.10 6.87 6.67 6.48 7.30 7.14 6.99 6.84 6.71 7.59 7.47 7.36 7.26 7.16

Table 2.4: Number of matrix multiplications, ,,. Measure of overall cost C,,.

Pn(A) = I:Z:pkAk, (2.22)

maximizing the degree of the polynomial for a given number of matrix product evaluations,
for m* = {1,2,4,6,9,12,16,20,25,30,36,...}, i.e. for m = k% k=1,2,3,..., and m = k? - k,
k=2,3,..., using next evaluation formula

Pm(A) = (( (qum + Aq_lpm—l +et Apm—q+1 + Ipm—q)

x A%+ Aqilpm—q—l + Aq72pm—q—2 teet Apm—2q+1 +pm—2q‘)

x A9+ Aq_lpq—l + Aq_2pq—2 4o Ap1 + Ip07 (223)

calculating and saving previously the matrix powers A2 A3, ..., A9 where one can take
q=[v/m] or ¢ =|/m]. The even matrix powers can be calculated as A% = AA, A* = AZA?%
A% = A%A? . and the odd matrix powers as AZ**t = AA%* k=12 ... Using (2.6), (2.7)
and (2.23), Table 2.3 presents the evaluation formula of h,, (A, A) for some m € m*, where we

use the coefficients Fj' = >z El and we selected ¢ = |\/m| to minimize the number of matrix
powers in memory. Note that one can obtain Taylor approximation from this table setting
ex =1 and E§ = 1. On the other hand, given parameter A, the coeflicients of the matrix
powers in the approximations h,, (A, A) can be evaluated only once in 250 digit precision
arithmetic before being rounded to IEEE double precision arithmetic. Evaluating h,, (X, A)
for the rest of values of m in a similar way, we determine the cost of evaluating h,, (A, A),
in terms of matrix powers. Selecting the optimal scaling parameter as s = [log, || A]|/0m ] if
[|A|| > 0., and s = 0 otherwise, the cost of the algorithm in matrix multiplications is

Tm + 8 = T, + max([log, || 4] — logy 0, 1,0) , (2.24)

where m,, denotes the number of matrix products evaluated to obtain Taylor or Hermite
matrix polynomial approximations. It is important to note that the lower the 6,, values
are, the larger the number of final squaring steps are necessary. Considering ||A]| > 6, and
ignoring the constant shift ||A|| we have to minimize

C’H’L =Tm — 10g2 07” ) (225)

in order to obtain the best choice for m in the Hermite approximation, see [Hig05, p. 1184].
Considering Taylor approximation of matrix exponential for m < 22 and therefore 6,, =
07, m < 22, table 2.4 presents the values Cy, and m,, for m=1,2,...,30.

From table 2.4, C,, has an absolute minimum for m = 16, and local minima for m =
9,12,20,25, 30, which correspond with optimal values in terms of number of matrix products.

35



2.2. Efficient orthogonal matrix polynomial based method for computing matrix exponential 36

Hermite Padé

m O A Tm | m or, .
4 3.39716883997686e-4 - 2 3 1.495585217958292e-2 2
6  9.06565640759510e-3 - 3 5 2.539398330063230e-1 3
9 8.95776020322334e-2 - 4 7 9.504178996162932e-1 4
12 0.2996158913811581 - 5 9 2.097847961257068 5
16 0.7802874256626574 - 6 13 5.371920351148152 6
20 1.4382525968043369 - 7

25 2.441356829252848 16.66121324200387 8

30 3.578700513755017 7.596210771817034 9

Table 2.5: Theoretical optimal values of ,,, for Hermite method (m = order of approxima-
tion, 7, = number of matrix products). For m < 20, 6,, = 67, i.e. the values relating to
Taylor approximation. For m = 25, 30, 6,, have been obtained for the Hermite approxima-
tion, with the corresponding optimal values of A. Parameter comparison with Padé expm

method.

Thus, considering this analysis the optimal order, meaning with minimal cost, would be m =
16. Table 2.5 presents the corresponding values of 6, in IEEE double precision arithmetic
and a comparison with the same values for Padé method proposed in [Hig05]. From Table
2.5 one gets that 05y < 2014. Thus, if m = 20 and the resulting scaling parameter is s > 1
then there exist matrices such that 659/2 < ||A/2°|] < 616, and for such matrices one can
use order m = 16 instead of 20 in the approximation, saving one matrix product. The same
occurs with orders m = 25 and 20, and m = 30 and 25 and we will take this into account in
the Hermite based algorithms. We will show in section 2.2.4 that with this modification the
optimal maximum order is m = 20 instead of m = 16.

With respect to rounding errors, we rule out m =1 and 2 as maximum orders, as Taylor
approximation can suffer from loss of significance in floating point arithmetic for those orders
taking into account the values of 5° and 65° from Table 2.1, see [Hig05, p. 1184].

The effect of rounding errors on the evaluation of the matrix polynomial h,,(\, A) can
be bounded analogously to the numerator of Padé approximants in [Hig05, p. 1185]. Using
Theorem 2.2 of [Hig05, p. 1184], taking into account that |A[, < 6,,, eIl < |le?]], and
noting that h,, (A, A) has all positive coefficients for A > 1, it follows that

||hm()\7A)_iLm(A7A)H1 <Fmnhim (A, ”AH1) N%meHAHl < Fm HeA”1 214l
= T [P (X, A) [y €24 <F [ B (X, A) [ €27, (2.26)

where A e C™", iLm()\, A) is the computed Hermite approximation using explicit formation
of matrix powers as in (2.23), and F, = cku/(1-cku) with ¢ a small integer constant [Hig02a].
Hence, the relative error is bounded approximately by F,,e2’™, which is a satisfactory
bound taking into account the values of 6,, given in Tables 2.1 and 2.2. Analogously, a
similar bound can be obtained for Taylor matrix polynomial.

We have implemented two algorithms for computing the matrix exponential by the Her-
mite method presented in this paper. The first algorithm (dgeexfher) computes, for double
precision general matrices, the exponential function by a Hermite approximation using the
classical Horner’s and Paterson-Stockmeyer methods [PS73], [GL96, p. 568], [Hig08, p. 73].
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The second algorithm saves computational cost taking into account the relative accuracy
bounds in IEEE double precision arithmetic. The underlying idea is that if the contribution
of the highest degree terms of the Hermites series to the exponential of the scaled matrix
is negligible taking into account floating point arithmetic bounds, then we can save the
evaluation of matrix products without substantial changes in the final result. For example,
for m =9, let

F = pgA3 + pg A% + pr A, (2.27)

where p;, i = 0,1,---,9, are the coefficients of the matrix powers A’ of the corresponding
Hermite expansion in Table 2.3. Since

[poA° +ps® +pr 7| _|FY | A%

[eA] ST el 22
if 2
min{|F|,|F + peI|}] 4>
UFLIF +peIl A (2.29)
e~l4l
or
|F] < [ps|u, (2.30)

then matrix F' or matrix F'+ pgl can be neglected saving one matrix product. This is likely
to occur for instance if the norm of matrix A was only slightly greater than 6. Similar tests
can be devised and applied recursively, eliminating sets of 3 terms each time. It is important
to note that if the condition is accomplished more than once or twice in the evaluation of
himn(A, A) for a scaled matrix A, it might be a sign of overscaling.

With respect to the computational cost of the bound test, if we denote B the original
unscaled matrix, then A = B/2°. Therefore, when doing the tests, the norm of the original
unscaled matrix and the matrix power A? are already obtained. Hence, making the recursive
tests only involves in practice to evaluate once at the beginning the norm of A3, the expres-
sion ue 14 = e IBI/2"  and two matrix norms for each test. The cost of these operations
for r x  matrices is of order O(r?), negligible when compared to a matrix product, whose
cost is of order O(r?).

Similar tests can be applied to the evaluation of Taylor approximation of orders m =
4,6,9,16,20, and h,, (A, A) with m = 25,30, giving Algorithm 2.2 (dgeexfhrp) which com-
putes, for double precision general matrices, the exponential function by scaling-squaring
Hermites approximation reducing the number of matrix products when possible. This algo-
rithm has essentially the same stages as Algorithm 2.1, checking the tests when needed and
potentially saving matrix products. Numerical tests will show that in practically the 100 %
of the test matrices the savings are obtained with the same accuracy in double precision
arithmetic. Both algorithms 2.1 and 2.2 do not consider orders m = 1 and 2 because ||A]|
should be very small to use those orders, given the low values of #; and 65, see Table 2.1.

Algorithm 2.1 can be divided into the following stages (algorithm 2.2 can be divided in
analogous stages):

1. Preprocessing of matrix A using the techniques proposed by Ward in [War77] (steps
1-4). Note that in numerical tests we did not use preprocessing because turning it on
provided similar comparison results to those turning it off.
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2. After preprocessing, the optimal value of the scaling parameter s is calculated (steps
5-20).

3. In steps 17 and 35-37 the matrix scaling and the squaring of the approximation is
done, respectively.

4. Finally in step 38 the postprocessing is applied. In the same way as preprocessing, this
step has not been applied in numerical tests.

We have made available online a MATLAB sequential version of the complete algorithm
dgeexfhrp at http://personales.upv.es/jorsasma/dgeexfhrp.zip, which implements
the rest of cases m =9,12,...,30 from lines 31-34 of the algorithm, and offers the possibility
to select the maximum order m.

Algorithm 2.1 computes the exponential of a matrix by Hermite series with scaling and
squaring and maximum order m = 30.

S Rl e

Function F = dgeexfher(A)
Input: Matrix A € C™*" Output: Matrix F = e4 e C™*"

i p = trace(A)/r

A« A-pul
Determine a diagonal matrix D and a permutation matrix P such that D' PT APD is balanced
A<D 'PTAPD > Preprocessing of A

: Initialize 6 with values of Tables 2.5, and coefficients p; for each approximation order m =4,6,9, -, 30.
: normA = ||Al|1

for m = [46 9 12 16 20 25 30] do
if normA < 6,, then
break
end if

: end for
. if normA > 639 then

s =logy(normA/030)

if normA/2° < 625 then > This condition can occur because 030/2 < 625
m =25

end if

A<« AJ28 > Scaling Phase: matrix A is scaled

: else

s=0

: end if
D Ag = A2
: if m ==4 then > Taylor approximation for m =4, 6, 9, 12, 16, 20

F= A2 (p4A2 +p3A +p2[) +p1A +p0]

: else if m ==6 then

F = A2 (A2 (p6A2 +p5A +p4I) +p3A +p2[) +p1A +p0[

. else if m ==9 then

Az =A-As
F= Ag (A3 (p9A3 +p8A2 +p7A +p61) +p5A2 +p4A +p3]) +p2A2 +p1A +p()[

: else if m == 12 then

: end if

: for k=1:sdo > Squaring Phase: Repeated squaring of matrix F
F=F?

: end for

: F«etPDFD1PT > Postprocessing of F'
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Algorithm 2.2 computes the exponential of a matrix by scaling and squaring Hermite ap-
proach with maximum order m = 30 reducing the number of matrix products when possible.

Function F = dgeexfhrp(A)
Input: Matrix A e C™" Output: Matrix F = e? ¢ C™*"
: Same as dgeexfher(A) lines 1-22
w= 2753
LowBound = ue
if m ==4 then
F =psAg +p3A
auz = |l
F=F+pol
if (auzx < |p2|u) or (min{auz, ||F||1}-||A2||1 < LowBound) then
9: F=p2As+p1A+pol > One matrix product is saved
10: else
11: F:F'A2+p1A+pUI
12: end if
13: else if m ==6 then
14: normAs = ||Az2||1
15: F = p6A2 +p5A
16: auz = ||F||1
17: F=F+pyl

—-normA/2°

18: if (aux < |paju) or (min{auz, ||F||1}-||42]|? < LowBound) then

19: F =pgAs +p3A > One matrix product is saved
20: else

21: F=F~A2+p3A

22: end if

23: auz = ||F||1
24: F=F+pal

25: if (auz < |p2lu) or (min{auz, ||F|[1} -||A2|l1 < LowBound) then

26: F=p2As+p1A+pol > One matrix product is saved
27: else

28: F=F~A2+p1A+p0[

29: end if

30: else if m ==9 then

35: end if
36: Same as dgeexfher(A) lines 35-38

2.2.4. Numerical examples

The main objective of this section is to compare MATLAB implementations of the algo-
rithms developed in Section 2.2.3 with other efficient algorithms implemented in MATLAB
that compute matrix exponential. MATLAB 7.7 (R2008b) implementations were tested on
an Intel Core 2 Duo processor at 2.52 GHz with 4 GB main memory. In the comparative
the following MATLAB functions were used:

= Expm is a MATLAB function that uses Padé approximants of exponential function
with scaling and squaring proposed by Higham in [Hig05].

= Funm is a built-in MATLAB 7.7 function that enables computation of general matrix
functions at square matrices. The matrix function must have a Taylor series with an
infinite radius of convergence, except for the matrix logarithm, which is treated as
a special case. The exponential, cosine, sine, hyperbolic sine, hyperbolic cosine and
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the logarithm of a matrix are all allowed. This function implements the Schur-Parlett
algorithm of Davies and Higham [DHO3].

Algorithm accuracy was tested by computing the relative error

E- le* - Y]
)
leA ]l

where Y is the computed solution and e the exact solution.

As it is mentioned above, in the tests we did not use any preprocessing/postprocessing in
the Hermite implemented algorithms. Analogously to the experiments in [Hig05], we found
that turning on preprocessing in this algorithm provided similar results to those presented
in this section without preprocessing.

Regarding memory issues, it is important to note that Algorithm 2.1 needs the same
matrices in memory as expm when both methods use their maximum orders, m = 30 and
m = 13 respectively: A, A% ... A® plus one to perform the calculation for Hermite method,
and A, A% A* AS plus two for the numerator and denominator for Padé method, taking
into account that the final rational approximation can be performed re-using the memory
allocated for the power of A involved in the numerator and denominator computation.

Regarding computational cost, from Table 2.4 and Table 2.3 of [Hig05], Table 2.5 presents
the orders of the approximation, the 0., and 0, values and the number of matrix products
Tm and m . required for Hermite dgeexfher functlon and Padé expm function, respectively.
Note that the number of matrix products for dgeexfher is a maximum bound of the matrix
products for dgeexfhrp. Then, using (2.24), for matrices with ||A|| > 0}5 = 5.37 (showing
three significant digits), the cost of dgeexfher in terms of matrix products, denoted by C’,’Z ,
and representing the maximum cost of dgeexfhrp, is

Cat = 9+sm = 9+[log, ||Al|-log,(3.58)], i H H >2.44, (2.31)

A
Cat = 8+su = 8+[log, || A -log,(3.58)], if % <2.44, (2.32)

where sy denotes the scaling in Hermite methods. On the other hand, the cost of expm Padé
method, denoted by C'2

m?
Cf =6+ Crg+sp=6+Crs+[log, || Al - log,(5.37)], (2.33)

where
sp = [log, ||Al| - log, (5.37)]1, (2.34)

denotes the scaling in expm and Crg denotes the cost of solving the multiple right-hand
sides linear system in Padé method, in terms of matrix products. From [BD99] the cost of
the matrix product in R™" and the solution of the multiple right-hand sides of the same

L % flops, respectively. Therefore,

. . 7’ . . 3
size with Padé approximants is 2r® — 7% and % - 2

asymptotically Cps ~ 4/3.

Taking into account that 930 for Hermite methods is greater than 6}4/2 for Padé method
[Hig05, p. 1186], taking expm’s matrix scaling by 2°7, for matrices with

A
5.37/2 = 2.68 < ” ” <3.58, (2.35)
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Hermite methods use m = 30 and sy = sp, therefore dgeexfhrp needs a maximum of
3 — CLs more matrix products than expm, which results in a maximum relative higher cost
of (1+2/3)/(7+1/3+sp)x100% < 20 % in matrix products, which decreases with the matrix
norm because of the increasing scaling. For matrices such that

1A

3.58 < bTrS

<2x2.44 = 4.88, (2.36)

Hermite methods use m = 25 and sy = sp + 1, therefore dgeexfhrp needs a maximum of
3 — CLg more matrix products than expm again, resulting in the same relative higher cost
(1+2/3)/(7T+1/3+sp) x100% < 20 % in matrix products, decreasing with the matrix norm.
In fact, using (2.35) and (2.36), for instance for matrices with norm

343.80 < ||A|| < 624.98, (2.37)

it follows that sp = 7 and the maximum relative higher cost of dgeexfhrp decreases to
11.63 %. Finally, for matrices such that

A
4.88 < !—J <5.37, (2.38)
Hermite methods use m = 30 and sy = sp + 1, therefore dgeexfhrp needs a maximum of
4 — Cs more matrix products than expm, resulting in a maximum relative higher cost of
(2+2/3)/(T+1/3+sp) x100% < 32% in matrix products. Note that this norm interval
represents only the 18.21 % of the total interval considered in the three cases (2.35), (2.36)
and (2.38).

The cost comparison for matrices with [|A]| < 5.37 is presented in Table 2.6, where the
0,, values are presented with three significant digits, and CZ represents a bound on the
maximum cost of dgeexfhrp. Note that there are some cases where the maximum cost for
dgeexfhrp is lower than the cost for expm, i.e. 2.53¢ — 1 < [|A]| € 2.99¢ - 1, 1.49¢ — 2 < ||4]| <
8.95¢ — 2 and ||A|| < 9.06e — 3, reaching relative efficiency gains from 6.25% up to 40 %. For
matrices satisfying 4.88 < [|A|| < 5.37 the maximum cost of dgeexfhrp is 36.36 % higher and
in the rest of cases dgeexfhrp maximum cost exceeds expm cost in 2/3 or 1+ 2/3 matrix
products. Once again the interval where the cost difference is higher is a small part of all the
interval considered, representing only the 9.11 % of the total. One more final squaring step
than in expm is required for matrices satisfying 3.58 < ||A||/2°7 < 5.37 with ||4]| > 5.37, and
3.58 < ||4]| < 5.37. This might be a possible source of error, especially if A is ill-conditioned.
However, Hermite methods with maximum order m = 30 obtained better accuracy than
expm in a high percentage of cases in numerical tests (see Table 2.8).

In a similar way, it is easy to show that, for any matrix A € C™", the maximum cost of
using dgeexfhrp with maximum order m = 16 is the same as using m = 20. Thus, maximum
order m = 20 should be used instead of 16 because taking into account that o9 > 014, the
scaling parameter s with m = 20 is lower in the majority of matrix norm intervals, and the
squaring process might be a possible source of error. Analogously, it is also easy to check
that if we use maximum orders m = 20 or 25 then dgeexfhrp presents a maximum higher
cost than expm of 1+2/3 matrix multiplications, instead of 2+2/3 that dgeexfhrp presented
with m = 30. On the other hand, dgeexfhrp with maximum orders m = 20 and 25 presents
lower maximum cost than expm for the same matrix norms as dgeexfhrp with m = 30.

It is important to note that all the costs of dgeexfhrp presented in this analysis are
maximum costs and, as we will see in tests, they may decrease considerably in practice.
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dgeexfhrp expm
cI_ch
Norm ranges m sy cH | m sp ck T

[|A]] < 3.39e — 4 4 0 2 3 0 2+Crs -40
3.39e -4 < ||A]| <9.06e-3 | 6 0 3 3 0 2+CpLs -10

9.06e -3 < ||A]|<1.49¢e-2 | 9 0 4 3 0 2+Crs 20
1.49e -2 < ||A]|<8.95e -2 | 9 0 4 5 0 3+CLs -7.69
8.95¢ -2 < ||A]| <2.53¢-1 | 12 0 5 5 0 3+CLs 15.38
2.53e-1<||A||<2.9% -1 | 12 0 5 7 0 4+Crs -6.25
2.99e-1<||A||<7.80e-1 | 16 0 6 7 0 4+Crs 12.50
7.80e—-1<||A||<9.50e-1 | 20 0 7 7 0 4+Crs 31.25
9.50e — 1 < [|A]| < 1.43 20 0 7 9 0 5+CLs 10.53
1.43 < [|4]| < 2.09 25 0 8 9 0 5+CLs 26.32
2.09 <||A|| £ 2.44 25 0 8 13 0 6+CLs 9.09
2.44 < ||A|| < 3.58 30 0 9 13 0 6+CLs 22.73
358 < ||Al|£2x2.44 25 1 9 13 0 6+CLs 22.73
2 x2.44 < ||A|| <5.37 30 1 10 13 0 6+CLs 36.36

Table 2.6: Comparison of maximum theoretical cost CZ in terms of matrix products for
dgeexfhrp with maximum order m = 30, and cost CL for expm, for ||A|| < 5.37.

Table 2.7: Relative error comparison (%) between dgeexfher and dgeexfhrp.

maximum order m=16 m=20 m=25 m=30
Edgeexfher < Edgeexfhrp 3.77 0 0 0
Eigeexther = Fageexturp  99.28 99.06  100.00 100.00
Eageexther > Fageextnrp 0.94 0.94 0.00 0.00
Pageextner/Pageextnrp ~ 105.52  108.43  108.58  109.91

For tests, 105 matrices were used: 49 matrices from the Matrix Computation Toolbox
[Hig93], 24 matrices from the Eigtool MATLAB package [Wri02], 18 matrices from papers
of the state-of-the-art of matrix functions [ML03, War77, DH03, NH95, K198, Wes90, Lu03,
DP00], and 14 special matrices such as matrices of Vandermonde, Hankel, Toeplitz, Wilkin-
son, symmetric matrices, defective matrices and non defective matrices.

In the examples the matrix exponentials were calculated analytically, when it was pos-
sible, or by using [33/33] diagonal Padé method with scaling and squaring with 1000-digit
precision in an iterative way: different increasing scalings starting from that provided in
[Hig05] for expm were used, until the norm of the relative difference between the approxima-
tions converted to IEEE double precision arithmetic was zero in four iterations. The [33/33]
diagonal Padé approximation was evaluated with matrix power aggregation similar to that
proposed in [Hig05, p. 1183].

Table 2.7 shows a comparative between the implementations dgeexfher and dgeexfhrp.
The three first rows contain the percentage of times that relative error of a function is lower,
equal or greater than relative error of other function. The last row of Table 2.7 contains
the ratio of the total number of matrix products evaluated for the two functions over all
test matrices, denoted by Pageexsner and Pageexsnrp. Both functions presented practically the
same accuracy, however the total number of matrix products evaluated for dgeexfhrp is
lower than those for dgeexfher.
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Table 2.8: Comparison of relative error and total number of matrix products (%) between
dgeexfhrp and expm. The error comparison results were exactly the same with dgeexfher
at a greater cost (see last table row).

maximum order m=16 m=20 m=25 m=30
Eageextnrp < Eexpm  44.34  68.87 77.36 77.36
Eageextnrp = Eexpn 1.89 2.83 1.89 1.89

Eageexturp > Eexpn ~ 53.77 28.30 20.75 20.75
Pageexthrp/Pexpn  106.62  103.76  104.01 104.43
Pageexther/Pexpn  112.561  112.51  112.93 114.78

Table 2.9: Relative error comparison between dgeexfhrp and funm. The results were exactly
the same with dgeexfher.

maximum order m=16 m=20 m=25 m=30
Eageexthrp < Efunn  71.70 7736 79.25  80.19
Edgeexfhrp = Etunn 0.94 0 0 0

Eageexthrp > Brunn  28.30  22.64  20.75 19.81

Table 2.8 presents the relative error and matrix product comparison of dgeexfhrp and
dgeexfher with expm. dgeexfher obtained the same comparative results of accuracy as
dgeexfhrp at a higher cost, see the last two rows. dgeexfhrp relative error is lower than
expm relative error for m > 20 (68.87 %-77.36 %), with a slightly higher cost, varying the
ratio of matrix products between 103.76 % and 104.43 % for m = 20, 25, 30.

In Table 2.9 the relative errors of dgeexfhrp and dgeexfher are compared to funm. As
shown in these tables, once again dgeexfher and dgeexfhrp obtained the same comparative

results of accuracy, and in general their relative errors were lower than the relative errors of
funm (71.70 %-80.19 %).

Figure 2.2a presents the normwise relative errors of dgeexfhrp, expm and funm (a similar
figure is obtained when dgeexfher is used). This figure shows the relative error of all im-
plementations sorted in decreasing order, and a solid line that represents the unit roundoff
multiplied by the relative condition number of the exponential function at X [Hig08, p. 56],

X+E X
0 [ -] 11
condexp ( )_EE%HHE - leX[
<€

Relative condition number was computed using the MATLAB function expm_cond. This
function is incorporated into the Matrix Function Toolbox developed by Higham [Hig08,
Appendix D] and available at http://www.ma.man.ac.uk/~higham/mftoolbox.

For a method to perform in a backward and forward stable manner, its error should lie
not far above this line on the graph [Hig05, p. 1188]. Figure 2.2a shows that all functions
perform in a numerically stable way on this test, even for matrices 64-70 where there were
overscaling problems [DP00].
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Figure 2.2: Comparative of dgeexfhrp, expm and funm.

Performance profile [DMO02] is presented in Figure 2.2b. This figure shows the perfor-
mances of the compared functions, where o coordinate varies between 1 and 5 in steps equal
to 0.1, and p coordinate is the probability that the considered function has a relative error
lower or equal than a-times the smallest error over all the methods. The probabilities are
defined over all matrices considered in the tests. As shown in this figure, dgeexfhrp with
maximum order m = 30 is the most accurate function, and it was achieved with very similar
cost to dgeexfhrp with maximum orders m = 16,20 or 25. Hence, we consider m = 30 as the
best choice of maximum order for dgeexfhrp.

2.2.5. Conclusions

In this work an efficient method to approximate the matrix exponential based on Her-
mite matrix polynomial expansions has been presented. Following the ideas of [Hig05] we
have developed an optimal backward error bound for the scaling and squaring Hermite met-
hod in exact arithmetic, which depends on A only through |A| and enables to obtain the
theoretical optimal scaling for general matrices. The optimal parameter A of the algorithm
has been obtained for each order m = 21,22,...,30, providing greater values of the Hermite
scaling parameter 6, than Taylor methods for those orders, i.e. 6,, > 057, m =21,22,...,30,
where 0,7 is the scaling parameter for Taylor methods, see Tables 2.1 and 2.2. Based on that
result, two mixed Hermite-Taylor algorithms have been developed in order to evaluate diffe-
rent order matrix polynomial approximations: a Hermite-Taylor series Paterson-Stockmeyer
algorithm, dgeexfher, and a modified algorithm, dgeexfhrp, which taking into account
floating point arithmetic error bounds may reduce the number of matrix product evalua-
tions. This modification (dgeexfhrp) presented practically the same accuracy as dgeexfher
in numerical tests with a lower computational cost of up to 9.91 %. Both algorithms use Her-
mite series for order m > 20 and Taylor series for order m < 20. From experimental results,
we have identified the most efficient choice of maximum degree m of Hermite approximation
in terms of efficiency and accuracy: m = 30.
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We have shown that dgeexfhrp with maximum order m = 30 has lower theoretical
maximum cost than expm for some matrix norm intervals, and in numerical tests the cost
of dgeexfhrp was similar to that for expm.

dgeexfhrp stores the same number of matrices in memory as expm when both functions
use their maximum orders, m = 30 and m = 13 respectively, and does not need the solution
of multiple linear systems. [Hig05] shows that this solution does not introduce large errors
in expm. However, dgeexfhrp obtained higher accuracy than both funm and expm in the
majority of test matrices, i.e. the 80.19% and 77.36 % respectively. These results are based
on empirical observations. However, numerical results are promising and further research on
Hermite matrix polynomial series for the matrix exponential is being carried out to reduce
the computational costs.
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Abstract

The matrix exponential plays a fundamental role in linear systems arising in enginee-
ring, mechanics and control theory. This work presents a new scaling-squaring algorithm
for matrix exponential computation. It uses forward and backward error analysis with
improved bounds for normal and nonnormal matrices. Applied to the Taylor method,
it has presented a lower or similar cost compared to the state-of-the-art Padé algo-
rithms with better accuracy results in the majority of test matrices, avoiding Padé’s
denominator condition problems.

2.3.1. Introduction

Many engineering processes are described by systems of linear first-order ordinary dif-
ferential equations with constant coefficients, whose solutions are given in terms of the
matrix exponential, and a large number of methods for its computation have been proposed
[ML03, Hig08]. This work presents a competitive new scaling and squaring algorithm for
matrix exponential computation. Throughout this paper C™™ denotes the set of complex
matrices of size n x n, I denotes the identity matrix for this set, p(A) is the spectral radius
of matrix A, and N denotes the set of positive integers. The matrix norm |-| denotes any
subordinate matrix norm; in particular |-|; is the I-norm. This paper is organized as follows.
Section 2.3.2 presents the scaling and squaring error analysis and the developed algorithm,
and Section 2.3.3 deals with numerical tests and conclusions. Next theorem will be used in
next section to bound the norm of matrix power series.

Theorem 2 Let hy(r) = Yy bpa® be a power series with radius of convergence w, and
let hy(z) = Yys br|z®. For any matriz A € C™" with p(A) < w, if ay is an upper bound

for [|A¥]] (J|A¥|| < ax), pe N, 1<p<l, and ap = méx{(ak)% sk=p,LI+1,... l+p-1}, then
Ihi(A)]| < hi(ey). If p = 2 and 1 is odd the same bound holds taking cg = méx{(ak)% tk=2,1}.

Proof. For the first part note that

l+p-1 l+p-1

(A<D D bispllAPIPNAT < 3 Y [bisjplay™ = 3 brlag = bu(ap).  (2.39)
3>0 >0 k>l

i=l i=l
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If p =2 and [ is odd note that if £ > [ is odd then k = 25 + 1, j € N, and one gets

) 1 2j+1-1 l 2j+1-1 2j+1
AR = A2 < AP < vy T = (o) (@) < ma {0} < of,

. 25
and for even k> 1, k=25, j e N, ||A¥|| < ||A%]] < (a%m) < ak. Hence

[P (A < D 1billAF[ < D [biles = hu(az). O (2.40)
sl sl

2.3.2. Error analysis and algorithm

If we denote the truncated matrix exponential Taylor series as T}, (A4) = X%, At/4), and
its remainder as Ry, (A) = Yismi1 A'/il, for a scaled matrix 27° A, s e Nu{0}, see [SIDR11Db],
we can write

(T (275A4)) = e (I + gma1 (275A)) = A2 hmn (274) (2.41)
gme1(27°A) = =2 AR, (27°A), hinar (27°A) = log (I+gms1 (27°A)), (2.42)

where log denotes the principal logarithm, h,,.1(X) is defined in the set €, = {X e Cvn .
P (e’XTm(X) - I) < 1}7 see [AMHO09, sec. 3], and both g,,,+1(27°A) and hy,41 (27°A) are ho-
lomorphic functions of A in €;,, and then commute with A. If we choose s so that 27°A4 € (2,
then from (2.41) one gets that AA = 2%h,,,1 (27°A) and AE =4 [(I + Gme1 (2“24))25 - I]
represent the backward and forward errors in exact arithmetic from the approximation of
e by the Taylor series with scaling and squaring, respectively. If s is chosen so that

[Ams1 (27°A)| <méx {1, |27 ° A} u, (2.43)

where ©=273 is the unit roundoff in IEEE double precision arithmetic, then: if 275 | A[ > 1,
then AA < | A w and using (2.41) one gets (T, (275A4))> = eA*24 x eA and if 275 | 4| < 1,
using (2.41)-(2.43) and the Taylor series one gets

IR (275 A)| = HeQ_SAngrl (2‘5A)H = \&“*A(ehmﬂ(?'m) —I)”
= e% Shar (e (274" 1| < |24 | S w1
8 [T (275 A) | u (L+u/20 402 31+ )~ [T (275 A) | e (2.44)

Hence, as we will evaluate explicitly T, (27°A), by (2.44) one gets Tp,, (27°A) + R, (27°A) »
T, (27 A), and there is no need to increase m or the scaling parameter s to try to get better
accuracy. Using the Taylor series in (2.42) one gets

m -1 k+1 m T k m

g (@) = 5 D, hpa(a) = ¥ T ma O v e o)
k>m+1 k>1 k k>m+1

where b,gm) and c](gm) depend on order m, and b,im) = c,im), E=m+1,m+2,...,2m+1. Using

MATLAB symbolic Math Toolbox, high precision arithmetic, 200 series terms and a zero
finder we obtained the maximal values ©,, of © = [27°A|, shown in Table 2.21, such that,
using the notation of Theorem 2

st 275A) || € st (©) = Spomn ™0 < mix{1,0} u. (2.46)
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Hence, if ||27°A|| < ©,, then (2.43) holds. For the cases where O,, > 1, note that f(©) =
j— (©)-0Ou is a continuous function in [0,0,,] and f(6,,) =0, f(0) = 0. For m = 20, 25,30
we have checked that there are no other zeros in [0,0,,], and f(©) <0, © €]0,0,,[. Thus,
for those orders the next bound holds

st (275 A) || < Bnet (1275 A]]) = hansr (©) <Ou, 0<O < O,,. (2.47)

In Section 2.3.2.2 we will obtain an initial maximum value of the scaling parameter s,
denoted by sg, using values 0,,,, Theorem 2, (2.47) and the powers of A computed for the
evaluation of T,, (27°A) which we analyze in next subsection.

2.3.2.1. Taylor matrix polynomial evaluation

For the evaluation of T,,, (27 A) we have improved the Horner’s and Paterson-Stockmeyer’s

method of [SIDR11b] calculating matrix powers A; = A%;i=2,3,...,¢q in the same way, but
including the scaling in the Taylor series coefficients and saving some divisions of matrix A
by scalar as follows:

T (27°4) = f{ 52 A (20 1)) A 220+ A2 =g 2))

Aq
228(m-q+1)(m-q)

+25(m—q+1)1} +Aq,1}/[25(m—q—1)]+Aq,2}

/[2°(m-q-2)] +~~-+A2}/[2S(m—2q+2)] +A+25(m—2q+1)1}

A s R
" 225 (m-2q +q1)(m “2g) +A2}/[2‘ (ax 2] arla 1)1}
x 225(?%)(1 + Aq—l}/[Qs (q-1)]+-+ Az}/[252]+A}/25 +1. (2.48)

Note that the matrix powers A; will be obtained before the optimal scaling s is calculated

and with this formula it is not necessary to calculate explicitly and save scaled matrices
A;[250 - A; i =1,2,...,q. We will use the optimal values of m in terms of the number of
evaluations of matrix products my = [1,2,4,6,9,12,16,20,25,30], k = 0,1,...,9, respecti-
vely, see [SIDR11b]. If the maximum allowed order, denoted by ms, is 25 or 30, we will
take ¢ = [1,2,2,3,3,4,4,5,5,5] for each value of my, respectively, because in the scaling
algorithm it will be necessary that the two last orders mj;_1 and mj; use the same matrix
powers of A, i.e. A',i=2,3,...,q. If the maximum allowed order is m; = 20 we will use ¢ = 4
for that order for the same reason. Counting the number of evaluations of matrix products
in (2.48), denoted by II,,, , including those for obtaining matrix powers A%, i = 2,3,... ¢,
for the proposed values of my, and ¢ we have that using (2.48), T,,, (27°A) is evaluated in
II,,, = k matrix products. Similar rounding error bounds to those in [SIDR11b] could be
applied to the intermediate results in T;,,, (27°A) to try to save matrix products.

2.3.2.2. Scaling algorithm

For all norms appearing in the scaling algorithm we will use the 1-norm. Let mjs be
the maximum allowed Taylor order. Using the same bounds and process that we will use
in the proposed scaling algorithm described below, we will first check if any of the Taylor
optimal orders my, = 1,2,4,...,mpr—1 satisfy (2.43) without scaling, i.e. with s = 0. If not,
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Table 2.10: Maximal values ©,, = [27°A| such that hy.1 (©,,) < méx{1,0,,}u, coefficient

ratios c,(cm) /cf:::)2 for the first values of k > m + 1, and values u/ |c$:::)2 .

e el _u_
m O m+1 m+3 m+4 m+5 cﬁnwfré
1 1.490116111983279e-8 -3/2 -3/4 3/5 -1/2 3.3e-16
2 8.733457513635361e-6 -4/3 -2/5 0 1/7 8.9e-16
4 1.678018844321752e-3 -6/5 -3/7 1/8 -1/36 1.6e-14
6 1.773082199654024e-2 -8/7 -4/9 2/15 -1/33 6.4e-13
9  1.137689245787824e-1 -11/10 -11/24 11/78 -11/336 4.4e-10
12 3.280542018037257e-1 -14/13 -7/15 7/48  -7/204 7.5e-7
16 7.912740176600240e-1 -18/17 -9/19 3/20 -1/28 4.2e-2
20 1.438252596804337 -22/21 -11/23 11/72  -11/300 5.9e03
95 2.428582524442827 27/26  -27/56  9/58  -3/80 4.7¢10
30 3.539666348743690 -32/31 -16/33 8/51  -4/105 9.4el7

we will calculate the optimal scaling s for order m; as follows: First, we will compute the
I-norm estimate of ||A™™*!|| using the block 1-norm estimation algorithm of [HT00]. For
a n xn matrix this algorithm carries out a 1-norm power iteration whose iterates are n x ¢
matrices, where t is a parameter that has been taken to be 2, see [AMHO09, p. 983]. Hence, the
estimation algorithm has O(n?) computational cost, negligible compared to matrix products,
whose cost is O(n?). The bounds ay, for ||A¥|| needed to apply Theorem 2 in (2.46) will be
obtained using the products of norms of matrix powers estimated for previous and current
tested orders, ||A™**Y||, k=0,1,2,..., M, and the powers of A computed for the evaluation
of Tpn,, (275A), A® i=1,2,...,q, as

i7712+1

HAkH <ap = mI’H{HAH“ HA2H12 HAqHZq HAm1+1”inL1+l HAm2+1

||AmM+1 ||l7”1\4+1

X

: il + 2i2 + et qiq + (m1 + ]_)Z"m.1+1

+

(M + 1)imges + -+ (mag + 1)imy 1 = k} (2.49)

where the minimum is desirable, but not necessary. We will obtain successively o, value of
Theorem 2 with [ =mp;+1forp=2,3,...,q,m1+1,ma+1,...,my+1, stopping the process
when (a,)"? <méx{(ax)*:k=m+1,m+2,...,m+p}. We will select the minimum value
of all values «,, denoted by cmin. Then we will take the appropriate initial minimum scaling
parameter sp > 0 so that 27°mnin < Ony,y,, 1€ if apmin < O, then so = 0, and otherwise
s0 = [10g9(min/Om,,)]- Then, if ©,,,, < 1 using Theorem 2 and (2.46), and taking for
simplicity in the rest of the algorithm description m =m)y, it follows that

Hhm+1 (2_5014) || < Bm+1 (2_Soamin) < Bm+1 (Gm) <u, (250)
and (2.43) holds. Taking into account that [|A*||'/* <||A||, from (2.49) it follows that a,lc/k <
(JJA|[F)/* = ||A]|. Thus, @i from Theorem 2 satisfies amin < ||A|| . Hence, if m = 20,25 or
30, where ©,,, > 1, using (2.47) one gets

et (270 A) || € Pt (27 Qi) € 270 Qi 1 < 27| Alfu, (2.51)

and (2.43) also holds.
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Once obtained s, if sg > 1 check if (2.43) holds reducing the scaling s = so— 1, and using
the bounds for ||AkH < ay, to test if bound

| o
(m)

m+2

s (2 A _
lc (m)

Cm+2

Crn+2

(2.52)

k>m+1 | C

holds, truncating the series. Note that we will stop the series summation if after summing
one term the sum is greater than méx{1, ||2’SA||}u/|c£nWi)2 This has been the case many
times in numerical tests after calculating just the first series term. If the sum of one or more
terms is lower than the bound but the complete truncated series sum is not, we can estimate
|A™*2|| to improve the bound a,,.2 and check if (2.52) holds then. This has improved the
computational cost in numerical tests. If (2.52) does not hold with s = so — 1, then we will

check if next bound holds

—_ 1 m s m m (m)
[hmer @A) _JA™ 2T | e As GiAs | Cregada
m — 9s(m+2 m m m m _
R ] I e E R R
c,gm)
+ abra * <max {1,]27° 4} (m) (2.53)
kxm+2+q | Cpp o | Crni2

where we will truncate the series by k =m + N, with N > 2 + ¢, and we have divided by the
coefficient of A to save the product of matrix A by a scalar. We propose using at least one
term of the infinite series because the norm of the previous matrix polynomial in (2.53) might
vanish in some cases where the infinite series might be large, e.g. scalar A when A is a zero of
the resulting scalar polynomial. For convenience we will also truncate the series in (2.52) by
the same value of k, i.e. kK = m+ N. For the proposed orders mj and the first 1000 series terms

we have observed in (2.45) that 5™, = (=1)7[b{"™) | and 1/(j +1) < [p™ /b <175, j > 1,

m+j m+j m+1+5/ "m+j

and then bounds for the last terms of gn,+1(||27°A4]|) and hu,41(]|27°A4]|) can be obtained.

Table 2.10 presents some values of c,i ™) / cfn +)2, and the values u/ |c7(n +)2| Next we obtain lower
bounds for expression (2.53) to avoid its unnecessary evaluation: Taking

(m) (m) (m)
‘< m S m s 1 s(g-1
Tnas = max{ mid o0 AL [ S| | Aa) j20, o | 0L 4, ) 2500 >}, (2.54)
m+2 Cm+2 m+2
and T; as the other ¢ elements of the same set, note that
M ost (m)A C(m)A My
m+1 m+3 m+4 m+q+1*474 .
o + "o oS 7 > minsum, (2.55)
cm+2 'm-ﬁ-22S cm+22 ® c’m-ﬁ-225 a4

where minsum = méax {O, Trnaz — Yoy Ti}, and if

HA77L+1 ” ‘ m+N C](CM) .
a(mrzy X Mnsum + Z o 2sk > max {1 HQ AH} (m) (2.56)
k=m+2+q | Cppy 15 |cm+2

then there is no need to evaluate bound (2.53). Using (2.56) saved many times the evaluation

of (2.53) in numerical tests. Using now the 2-norm and taking into account that for normal

matrices ||A%||2 = ||A|l%, ¢ = 2,3, ..., for any scalar coefficients dj, e R,k =0,1,...,q, one gets
[A™ M lalldo +di A + -+ dg AT]lz < [A™l2(|do] + |da [[|Al2 + -+

+ ldglllAll2) = ldoll[A™*H |z + [ [A™* ||z + - + Idgl | A™ ]l (2.57)

and then using the 2-norm, the bound in (2.53) is lower or equal than the bound in (2.52)
for normal matrices. As our algorithm uses 1-norm, any of (2.52) or (2.53) may be the lower
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bound depending on the matrix. In the case of nonnormal matrices any of (2.52) or (2.127)
may also be the lower bound. Moreover, the first m + 1 non-zero coefficients of hy,41(x)

have an alternating sign, see Table 2.10, and then the bound in (2.127) may be higher for
matrices with all negative elements and lower for matrices with all positive elements. For
instance, considering normal matrices B; and By, and nonnormal matrices Bs, By

1 2 1 2 1 25 1 1
31:(_2 1)732:(2 -1 ),33:(0 3 )734:(2 1), (2.58)

and Bs = —By, for m = 4 one gets HBE“1 ||c§4)/cé4)l + B; + c$4)/cé4)Bi2||1 = 108.3, 475.7,

718.3,175.4,712.8 and | BY|, [c$” /eS| + | BY|, + | BT |, les? /e§?| = 387 4, 375.7,43.3,605.1,
605.1, respectively, confirming that any of both bounds may be the best depending on the
case. We have also obtained the corresponding o,;, values from the scaling algorithm, for
m = 4, using norms of matrix powers ||BZ||; and ||B?||, i.e. min = 2.53,2.37,1.92, 2.60, 2.60,

being lower in all cases than those obtained using theorem 4.2 of [AMHO09], i.e. méx{”BfH}/z,

|1B3|11/%} = 2.65,2.47,2.96, 2.65, 2.65, respectively.

If any of both bounds (2.52) or (2.127) is satisfied with sp—1 then repeat the process with
s=50-2,50—3,... Note that the computational cost of evaluating (2.52) or (2.127) is O(n?)
and if any of them is satisfied with 0 < s < s their evaluation saves matrix products, whose
cost is O(n?). If the last value of scaling parameter s where (2.52) or (2.127) are satisfied
is s > 1 then if ©,,,, < 20,,,, , it is possible that the same value of scaling s and order
mpr-1 also satisfy (2.52) or (2.127), see [SIDR11b], and this occurred in numerical tests.
Thus, if the final resulting scaling is s > 1 we propose testing bounds (2.52) and/or (2.127)
with the same value of the scaling parameter s, and order mp;_,. Finally, the algorithm will
return s and the minimum order satisfying (2.52) or (2.127), which may be mp; or mpys_1.
Tt is possible to evaluate T,,(27*A) with both orders with the optimal number of matrix
products at this point because we set in its evaluation that both last orders used the same
matrix powers of A.

The complete matrix exponential computation algorithm will consist of: using Theorem
2, (2.52) and (2.53) check if one of orders m =1,2,4,... ,mp_1 satisfies (2.43) with s = 0.
If not, obtain the values of scaling parameter s and order m using the previous algorithm,
and use (2.48) and squaring to evaluate (7, (2_SA))2&. We have made available online the
commented MATLAB implementation of the algorithm, denoted by exptayns, in http://
personales.upv.es/jorsasma/exptayns.zip.

If 7, m (A) denotes the computed Taylor approximation, using error analysis techniques for
the evaluation of matrix products from [Hig02a, sec. 3.5] we have that ||Tm(A) -Tn(A) || <

AmnTim (JA]) € AmnelAl, where 3y = lflzzu, with ¢ a small integer constant. This bound

might be unsatisfactory taking into account that with the proposed scaling algorithm |A|
can be large. However, the proposed algorithm behaved in a stable way in all numerical

tests.

2.3.3. Numerical experiments and conclusions

133 matrices from 2x2 to 10x10 from MATLAB (gallery test matrices and other special
matrices), Eigtool package [Wri02], and references [SIDR11b, Hig05], have been used to com-
pare the proposed algorithm exptayns to MATLAB functions expm [Hig05], and expm_new

o1


http://personales.upv.es/jorsasma/exptayns.zip
http://personales.upv.es/jorsasma/exptayns.zip

2.3. Accurate matrix exponential computation to solve coupled differential models in Engineering 52

Table 2.11: Cost in terms of total number of matrix product evaluations (P) and relative
error comparison between exptayns, expm and expm_new.

Maximum allowed Taylor order m s 16 20 25 30
Eexptayns < Eexpn 0 74.44 90.98 89.47 88.72
(Pexptayns — Pexpn) /Pexpn % -15.47  -15.69 -14.95 -14.35
Eexptayns < Eexpnnew % 66.17 87.22 87.22 86.47
(Pexptayns - Pexpmmew)/Pexpmmew % 1-31 1‘04 1-94 2-65

from [AMHO09]. The accuracy was tested by computing relative errors E = ||e - X||1/|le?]|1,
where X is the computed approximation. The “exact”value of matrix exponential e was
computed using MATLAB’s Symbolic Math Toolbox and a [33/33] diagonal Padé met-
hod with scaling and squaring at 1000 decimal digit precision. We have compared function
exptayns truncating the series in (2.52) and (2.53) by N =150 terms, and truncating them
with N = ¢+2 terms. The same results were obtained in almost the 100 % of the test matrices
and we used definitely NV = g + 2 series terms in the comparison with expm and expm new.
Table 2.11 shows that the cost for exptayns is lower than the cost for expm, and slightly
greater than that for expm new, and that exptayns is more accurate than both methods
in the majority of test matrices. Figure 2.3a shows the performance profile [DM02] of the
compared functions, where the o coordinate varies between 1 and 5 in steps equal to 0.1,
and p coordinate is the probability that the considered method has a relative error lower
than or equal to a-times the smallest error over all the methods, where probabilities are de-
fined over all matrices. Figure 2.3b shows the ratio of relative errors Eqypn new/Eexptayns Using
the Taylor maximum orders mjps = 16 and 30. Figures 2.3a and 2.3b show that exptayns
has better accuracy than the other functions in the majority of test matrices. A normwise
relative error study [Hig08, p. 252-253] was also made and showed that the three functions
performed in a numerically stable way on this test.

To sum up, a new scaling and squaring competitive algorithm has been proposed. It
is based on a mixed backward and forward error analysis which uses improved bounds for
normal and nonnormal matrices. Applied to the Taylor method, it has shown to be more
accurate than existing state-of-the-art algorithms in the majority of matrices in numerical
tests, with lower or similar cost. Its extension to IEEE single precision arithmetic is straight-
forward. Now, we are applying the new scaling and squaring algorithm to the Padé method,
however, denominator condition problems are expected as in [AMHO09].
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Figure 2.3: (a) Performance profile (ma; = 16,20,25,30). (b) Ratio of relative errors
Eexpmllew/Eexptayns with Taylor maximum orders mp; = 16 and 30.
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2.4. New scaling-squaring Taylor algorithms for com-
puting the matrix exponential
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Abstract

The matrix exponential plays a fundamental role in linear differential equations arising
in engineering, mechanics, and control theory. The most widely used, and the most
generally efficient, technique for calculating the matrix exponential is a combination of
“scaling and squaring” with a Padé approximation. For alternative scaling and squaring
methods based on Taylor series, we present two modifications that provably reduce the
number of matrix multiplications needed to satisfy the required accuracy bounds, and
a detailed comparison of the several algorithmic variants is provided.

2.4.1. Introduction

Many engineering and physics phenomena are governed by systems of linear first-order ordi-
nary differential equations with constant coefficients, whose solution is given in terms of the
matrix exponential exp(A), A € C™*". Thus, the matrix exponential plays an important role
in many areas of science and technology: control theory, electrodynamic theory of stratified
media, the theory of multimode electric power lines, etc. [HLS98, CM02, KT05, IHARQ9].
Numerous methods have been proposed for matrix exponential computation [ML03, Hig08].
Of all the methods, Padé approximation in combination with the scaling and squaring tech-
nique is the most popular general method [Hig05]. This paper presents two modifications of
a Taylor-based scaling and squaring algorithm that are designed to reduce computational
costs while preserving accuracy. A previous unpublished and extended version of this work
can be found in [SIDR09].

Throughout this paper R™™ and C™"™ denote the sets of real and complex matrices
of size n x n, respectively, and I denotes the identity matrix for both sets. N denotes the
set of positive integers and the matrix norm |-| denotes any subordinate matrix norm,
and in particular |-|;, the 1-norm. [z] denotes the lowest integer not less than x and |z]
denotes the highest integer not exceeding x. This paper is organized as follows. Section 2.4.2
presents a state of the art on matrix exponential computation. Section 2.4.3 deals with the
proposed improvements. Numerical experiments are presented in Section 2.4.4. Finally, the
conclusions are given in Section 2.4.5.
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2.4.2. State of the art

Given a complex matrix A, exp(A) can be well approximated by either a Padé or Taylor
series approximation if |A| is small enough. This suggests exploiting the relation

exp(A) = (exp(2°A4))% | (2.59)

where s is a nonnegative integer scaling parameter. Based on (2.59), the idea of a scaling
and squaring method is to choose s so that |27°A| is sufficiently small, to use Padé or Taylor
series to approximate exp(27°A), and finally to square the result s times, in the so-called
squaring phase. It is well known that the squaring phase can be badly affected by rounding
errors (see [Hig08, p. 248]) and it is therefore desirable to keep s as small as possible.

2.4.2.1. Taylor and Padé series

The Taylor series approximation to exp(A), discussed in [Wes90, GL96, MLO3][PCK91,
p. 210] is
m AZ
T, (A) = Z (2.60)

where m is the degree of the matrix polynomial Tm(A)7 and the total number of terms in
the series is m + 1. In general, a larger value of m will improve accuracy, i.e. reduce the
absolute error. From now on, we refer to m as the order of the approximation. A naive use
of Taylor series is well known to produce serious cancellation error [GL96, p. 567][ML03,
p. 10]. Taylor series approximations, the topic of this paper, are discussed in more detail in
Section 2.4.2.2.

Padé approximants [War77, GL96, MLO03, Hig05, Hig08] are basic tools for computing
the matrix exponential. The [k/l] Padé approximant rg;(A) of the matrix exponential is
defined by

rr(A) = pra(A) (gra(A)) ™
e (- CDik+1- 0,
+ ] ; 1 +1-
pri(A) = Z m Al qu(A) = Z e+ D)1= ;,],

Diagonal approxnnants (k =1) are preferred because 7, is more accurate than ry; with
k # [ but can be evaluated at the same cost. A Padé-based scaling and squaring algorithm
is given in [Hig05].

For reasons discussed in [Hig05] and [HAM]10], the most popular techniques for compu-
ting the matrix exponential are based on scaling and squaring using a Padé approximation,
which, in general, produces acceptable accuracy with less work than a Taylor-series method.

2.4.2.2. Details about Taylor series approximants

Algorithm GSQT summarizes the general structure of a Taylor-based scaling and squa-
ring algorithm for computing the matrix exponential, where preprocessing and postproces-
sing (see [War77]) have been omitted.
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Algorithm GSQT (general scaling and squaring Taylor algorithm)
% Input: An n x n matrix A, preprocessed if appropriate;
% K, the maximum allowed number of matrix products; and
% {my},k =1: K, the orders of the associated polynomials, from Table 2.13.
Step 1. Execute Algorithm Order-scale, which selects the order and scaling parameter of
the Taylor polynomial.
Step 2. Execute Algorithm Taylor-eval to evaluate the Taylor polynomial in the scaled
matrix.
Step 3. Execute the appropriate number of squaring steps of the Taylor polynomial.

The proposed modifications affect Algorithms Order-scale (see Section 2.4.3.1) and
Taylor-eval (Section 2.4.3.2).

2.4.2.3. Relations between the order and the computational effort

The principles that underlie implementation of the Order-scale choice in Algorithm
GSQT are based on [PS73, GL96, Hig05], and [Hig08, pp. 72-74]. Given a matrix A, a scaling
parameter s, and relative machine precision u (typically, IEEE double precision), [Hig05]
shows how to define a sequence {6,,} such that an (m,m) diagonal Padé approximation to
exp(A) produces an acceptable backward error bound if |27* A|| < 0,,,. Applying an analogous
procedure to Taylor series, [SIDR09] calculated a sequence {©,,} such that, if

[27° Al < O, (2.61)

using an order-m Taylor series approximation gives an acceptable relative backward error
bound using IEEE double precision. Table 2.12 displays values of {6,,} and {©,,}.

Table 2.12: Comparison of Padé and Taylor approximations.

Padé Taylor
m 0, Tm, m O,, 11,
3 15e2 2 3 1.3%-5 2
4 8b5e2 3 4 3.40e-4 2
5 2b5el1 3 5 2.40e-3 3
6 5.4e-l1 4 6 9.07e-3 3
7 95el 4 7 2382 4
8 1.5e0 5 8 5.00e-2 4
9 21e0 5 9 896e-2 4
10 280 6 10 1.44e-1 5
11 3.6e0 6 11 2.14e-1 5
12 450 6 12 3.00e-1 5

The work associated with approximating the matrix exponential using Padé or Taylor
series is measured by convention as the number of matrix products. A matrix polynomial
can be evaluated in a straightforward way using Horner’s nested multiplication method (see,
e.g., [GLI6, p. 574]). [Hig05] and [Hig08] show how Horner’s technique can be combined with

56



57 Capitulo 2. Exponencial de una matriz

a method due to Paterson and Stockmeyer [PS73] to produce the smallest number of matrix
products, denoted by 7,,, needed to calculate the (m,m) diagonal Padé approximant.

As described in [SIDR09], an analogous procedure can be applied to a degree-m Taylor
approximation of exp(A). In the Paterson-Stockmeyer method, a positive integer g < m is
chosen and the polynomial (2.60) is written as a degree-r polynomial in A? with r = |m/q|:

T (A) = Y By (AN, r=|m/q], (2.62)
k=0
where the Paterson-Stockmeyer coefficients { By}, k =0,...,r, are themselves matrix poly-
nomials:

g-1 )
By, = Z byi+j A7, k=0,...,r =1, and B, = by I + -+ + b, A" (2.63)
3=0

Note that, with this form, each By, k =0,...,r—1, contains ¢ terms, whereas B,. contains
m—qr+ 1 terms. The Paterson-Stockmeyer form is recursively evaluated as follows with the
Horner technique, where Fj gives the final result.

FrzBr;
for j=r-1:-1:0, F;=DB;+A%xFj,;; end for

In general, forming a degree-m Taylor polynomial in this way with the Horner-Paterson-
Stockmeyer technique requires ¢ + 7 — 1 matrix products, with g — 1 of these used to form
A% ... A4 plus r = |m/q] matrix products to compute the sequence {F;}. However, in the
special case when ¢ divides m (i.e., when m = gr), then only r — 1 matrix products are
needed to apply Horner’s technique because the Paterson-Stockmeyer coefficient B, = b,,, I
is a multiple of the identity; hence forming F,_; does not involve a matrix product.

Given ¢ < m, the number of matrix products needed to compute 7}, using the Horner-
Paterson-Stockmeyer procedure is thus given by g + [m/q] — 1 —(q,m), where ¥(q,m) = 1
if ¢ divides m and 0 otherwise. The value of ¢ for which T,, can be computed with the
smallest number of matrix products is obtained by approximately minimizing g+m/q, giving
q = |v/m]. We use II,,, to denote the associated “optimal”’number of matrix multiplications:

I = [Vm] + [m//m)].

Calculation of the Taylor-based sequences {©,,} (2.61) and {II,,} is summarized in
[SIDRO9] and in an appendix of [HAM10], with 0,,, denoting ©,,, and 7,, denoting II,,. For
selected values of m, Table 2.12 displays 6,, and 7, for Padé approximants, and ©,, and
I1,, for Taylor approximants.

Comparing m,, and II,,, keeping in mind that 6,,, > ©,,, for each m, we see that, as noted
in [SIDR09] and the Appendix of [HAMI10], a Padé approximation requires fewer matrix
products except when || A| lies in the following three intervals:

JA| < 9.07¢ -3 (Og),
1.50e -2 (05) < |A| < 8.96e—2(Og), and (2.64)
2.54e -1 (05) < |A| < 3.00e-1(012).
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Table 2.13: k, my, qx, 7k, Om,,, and IL,,,

klme | g | e | Om | ln,
1 2 1 2 | 2.58e-8 1
2 4 2 2 | 3.40e-4 2
3 6 2 3 1 9.07e-3 3
4 9 3 3 | 8.96e-2 4
5 12 3 4 | 3.00e-1 5
6 16 4 4 | 7.80e-1 6
7 20 4 5 1.44e0 7
8 25 5 5 2.43e0 8
9 30 5 6 3.54e0 9
10 | 36 6 6 4.97¢e0 10
11 | 42 6 7 6.48e0 11

2.4.2.4. Maximizing the order

Combining the analysis of [Hig05] and the results of Table 2.12 when k is a specified
number of matrix products, [SIDR09] shows how to define my, the highest-order Taylor
approximation that can be obtained with k£ matrix products when |A| < ©,,,. For k =1:11,
Table 2.13 shows my, g, and ry (the associated Paterson-Stockmeyer indices), II,,,, and
Om,,-

Assuming that |A| < ©,,,, Table 2.13 shows that for even k, the largest Taylor polyno-
mial order achievable with k matrix products is my, = (k+2)?/4, with g = 7 = (k+2)/2 and
Mmg+1 = Mg + gk, so that allowing one additional matrix product increases the order of the
Taylor polynomial by ¢x. For an odd number k of matrix products, where g = (k+1)/2 and
7L = qr + 1, the order of the Taylor polynomial increases by gp + 1 if £+ 1 matrix products
are allowed.

In all cases of interest to us, my = qxrg. This means that the Paterson-Stockmeyer form
of T,, (2.62) can be expressed as an equivalent polynomial of degree r — 1 in A9, giving the
following expression in which the “extra”term byl is added separately:

r=1 _ q .
Trn(A) =bol + > Bp(AY)* with By = bgxsj A, k=0,...,r - 1. (2.65)
k=0 j=1

Note that, as distinct from (2.62), the Paterson-Stockmeyer coefficients are barred, and that
every By, k=0,...,r -1, contains ¢ terms.

The following three pseudocode fragments show explicitly how the Taylor polynomial
Tmn(A) is evaluated using (2.65) when m = gr. The reader should note in particular the
ranges of the indices k£ and j.

Algorithm Taylor-eval
% Horner-Paterson-Stockmeyer evaluation of the order-m Taylor polynomial
% of exp(A) with m = gr.
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% Input parameters: m; q; 7; {A;=A’},j=1:¢q; {b;},i=0:m.

Execute Algorithm PS-coeff; % calculate {B;},j=0:7r-1;
Execute Algorithm HPS-eval, % calculate T, (A);
end % Taylor-eval

Algorithm PS-coeff
% calculation of the r Paterson-Stockmeyer coefficients { By} in (2.65), where b; = 1/i!.
% Input: q; r; {A;=A7},j=1:q; {b;},i=0:qr.
for k=0:r-1

Bk = 0;

for j=1:¢q

Bk = Bk + bqurjAj;

end for j
end for k
end % PS-coeff

Algorithm HPS-eval
% Horner-Paterson-Stockmeyer evaluation of the order-m Taylor polynomial
% of exp(A) with m = ¢r, from (2.65).
% Input: r; by; Ay =A% {Br},k=0:7-1.
F= Br—l;
for j=r-1:-1:1
F:Bj,l'ﬁ-AqXF;
end for j
F=F+byl;
end % HPS-eval

2.4.2.5. Estimating the total cost

Based on [Hig05], the following approach can be used to estimate the cost of calculating
the matrix exponential as a function of the order m. For Taylor series, if |A| > ©,, for
some order m, the scaling parameter s can be chosen as the smallest value of s such that
|A/2°] < ©,,, namely, s = [logy(|A]/Om)]. After calculating the order-m Taylor approxi-
mant of exp(A/2%), the result will be squared s times, so that the total number of matrix mul-
tiplications required to calculate the order-m Taylor approximation is IL, +[logy (| A]/©m)].
An approximation of this value that depends only on m, denoted by I',,, is obtained by omit-
ting the ceiling operation and the constant |A[:

Ty, =11, — logy (). (2.66)

When estimating the total for Padé approximations, [Hig05] rules out m =1 and m = 2
because of the unfavorable numerical consequences resulting from the need for a large s to
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make |A/2°| small enough. The same argument applies to very low-order Taylor polyno-
mials, and we therefore show the values of I';,,, (2.66) in Table 2.14 only for k > 2.

Table 2.14: Overall cost (2.66) as a function of Taylor order m.

k 2 3 4 ) 6 7 8 9
my, 4 6 9 12 16 20 25 30
[y, | 1352 | 979 | 748 | 6.74 | 6.36 | 6.48 | 6.72 | 7.18

Table 2.14 shows that, as measured by I', six matrix products, corresponding to order
mg = 16, produce the minimum computational cost for a Taylor-based approximation.

The usual practice in Taylor-based methods is to decide in advance on the maximum
allowed number of matrix products, denoted by K. Based on this practice, Algorithm
Order-scale-1 summarizes the procedures for choosing the order m and the scaling para-
meter § in a standard Taylor-based method when K is given.

Algorithm order-scale-1
% Standard technique for choosing the order 7 and the scaling parameter §
% to compute a Taylor approximation to exp(A).
% Input: K, the maximum number of matrix products allowed to evaluate
the polynomial; {my} and ©,,, from Table 2.13.
% Output: k, 7, and 3 (the values needed).
m=mg; k=K ;
if |A| > O, then
5 = [(108(|A|/Om,)]
else
§=0;
fork=1:K
if |A| <©,,, then 7 = my; k = k; break; end if
end for k
end if
end % Order-scale-1

In the remainder of this paper, we consider new strategies designed to reduce the number
of matrix multiplications while preserving accuracy.

2.4.3. Proposed modifications

We propose two modifications to the standard Taylor-based method presented in Section
2.4.2.2. The first modification, described in Section 2.4.3.1, replaces Algorithm Order-scale-
1 with a method that changes the order and the scaling parameter if another combination
of these values reduces the number of matrix products. The second modification, discussed
in Section 2.4.3.2, neglects higher-order terms in the Taylor series based on relative error
bounds.
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2.4.3.1. Modification of the choices for order and scaling

Two modifications are proposed of Algorithm Order-scale-1 for choosing the order and
scaling parameter. The motivation for the first change is based on the logic of Algorithm
Order-scale-1. If [A| < ©,,,, k is taken as the largest value such that |A[ < ©,, with

m =my and § = 0; evaluation of the Taylor polynomial then requires & matrix products.
When |A| > O, , then k = K, i = mg, and

3= floga(L20)). (2.67)

We know in this case that § > 1 and, by definition of §, that

1 IA]
-0, < —
2 K 25

<O, (2.68)

With these latter choices, a Taylor approximation of order my to exp(A) can be com-
puted with K + § matrix products.

But it is possible in some cases to reduce this number. If K, 5, and ||A|| are such that
|A]/2% < Oy, , then we can take k* = K — 1, so that the order of the Taylor polynomial is
mg_1, keeping s* = §. Thus the number of matrix products is K — 1 + §, one smaller than
with the original choices. It follows from (2.68) that this situation is possible only when
Ompy > %@mK, which is true only for K > 7 (see Table 2.13). The strategy just described
corresponds to executing Algorithm Order-scale-2, shown below, with option = 1.

If one is prepared to accept additional squarings, the idea can be generalized in a limited
way for certain values of |A| when K =8 and K =9, as implemented in Algorithm Order-
scale-2. The idea is to find k* < K -1 and s* > § such that |A]/2° < O, and k* + 5% <
K -1+ 8, meaning that, using order my+ and scaling parameter s*, the total number of
matrix products is smaller than with option = 1. Allowing such changes corresponds to
option = 2 in Algorithm Order-scale-2.

The pseudocode for Algorithm Order-scale-2 assumes that K <9, since it is straight-
forward to show (see [SIDR09]) that performing the analogue of option 2 with K > 9 does
not reduce the number of matrix products.

Algorithm order-scale-2
% Two alternative ways to choose the order m* of a Taylor approximation
% to exp(A) and the scaling parameter s*;
% Input: option, set to 0, 1, or 2; K, the maximum number of matrix products
% allowed in evaluating the polynomial; {my} and {©,,, } from Table 2.13.
% Output: k*, m*, and s*.
m* =mg; k* = K,
if |A| < O, then

s*=0;§=0;

for k=1:K

if |A| £ ©,,, then m* = my; k* = k; break; end if
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Table 2.15: Matrix products needed when using options 0, 1, and 2 in Algorithm Order-
scale-2 for K > 7 to approximate exp(A) when |A[/2° lies in the intervals shown, where 3
is defined by (2.67).

K | option Interval of | Al /2° k* | m* | s | Matrix products
7 0 (50920,020] = (0.72,1.44] [ 7 | 20 5 T+38
7 1 (5620,016] = (0.72,0.781] | 6 | 16 | 3 6+35
7 1 (©16,090] = (0.781,1.44] | 7 | 20 | 3 T+3
8 0 (3025,025]=(1.215,2.43] [ 8 [ 25 | 3 8+35
8 1 (5925,020] = (1.215,1.44] | 7 | 20 § T+3§
8 1 (@20,@25] = (144,243] 8 25 s 8+ 5
8 2 (5625,020] = (1.215,1.44] [ 7 | 20 § T+§
8 2 (020,2016] = (1.44,1.562] | 6 | 16 | 5+1 T+3
8 2 (2916;@25] = (1562,243] 8 25 § 8+ 5
9 0 (5630,030] = (1.77,354] [ 9 [ 30 [ 3 9+5
9 1 (5030,025] = (1.77,2.43] | 8 | 25 [ 3 8+5
9 1 (O25,030] = (2.43,3.54] 9 |30 | 3 9+35
9 2 (3630,025] = (1.77,2.43] | 8 | 25 [ 3 8+34
9 2 (@25, 2@20] = (243, 288] 7 20 S§+1 8+ 38
9 2 (2040,4016] = (2.88,3.124] | 6 | 16 | 5+2 8+35
9 2 (4016,030] = (3.124,3.54] | 9 | 30 | 3 9+3

end for

if option =2 then

if k>8 and |A|| <20,,, , then k* =k —2; m* =my+; s* =1,

else if k=9 and |A|| <40,,,_, then k* =k —3; m* = my; s* = 2;

end if
end if
else

8 = [log, ([ Al/Omy)T; 5 = 8;

if option >0 then

% end logic for option =2
% here, it must be true that |A| > O,

% possibly change the order and scale

if K>7and |A|/2°<O,,, , then k* = K —1; m* = mys;
else if option = 2 then

if K>8and ||A]/2° <20
else if K =9 and |A|/2° <40

MmK-2

MmK-3

k*=K-3; m"=my+; s* =§+2;

end if
end if
end if
end if
end

% end logic for option =2

% end logic for option >0
% end logic for |A] > O,
% Order-scale-2

then k" = K -2, m* =my«; s* =5+ 1;
then

When K > 7, assuming that § is defined by (2.67), Table 2.15 shows the number of
matrix products needed with option 0 (the standard method), option 1, and option 2 to

approximate exp(A) when |A[/2° lies in the intervals shown.
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For certain intervals of || A, the total number of matrix products needed to form the
Taylor polynomial with option 2 can be lower than with option 1. However, in those cases
the number s* of squarings is larger, possibly leading to more numerical error. Numerical
tests that explore this issue are given in Section 2.4.4.

2.4.3.2. Neglecting higher-order terms of the Taylor polynomial

The motivation for the second modification is that, in some circumstances, the highest-
order terms in the Taylor polynomial are negligible relative to | exp(A)|, where “negligible”
is defined in terms of the level of rounding error.

Recall from Algorithm Taylor-eval in Section 2.4.2.2 that, given a number of mul-
tiplications k, the Taylor approximation of order my is defined by applying the recursi-
ve Horner-Paterson-Stockmeyer procedure, where there are r; Paterson-Stockmeyer coeffi-
cients, By, By,...,B,,_1, each a matrix polynomial in A of degree q; (see Algorithm PS-
coeff). It follows from the discussion in Section 2.4.2.4 that reducing the number of matrix
multiplications from k& to k — 1 implies a reduction by ¢ in order of the Taylor polynomial
(see Table 2.13).

Let k denote a number of matrix products, with m, ¢, and 7 the associated values, so that
m = ¢r. From Algorithms PS-coeff and HPS-eval, the ¢ highest-degree terms in T;,(A)
can be expressed as

Hys(A) = Byy (A7), (2.69)
These terms need not be formed or included in the Taylor polynomial if
le™ Hq i (A)] < u, (2.70)
where u is unit roundoff, since then
|Hg# (A)] = e e™ Hy o (A)] < e ]u. (2.71)
In this case, the desired accuracy can be achieved by omitting these ¢ terms, thereby using

k -1 matrix products to form a Taylor polynomial of order m;_, = (7 - 1)4, since, using
(2.71), it follows that the difference between T, (A) and T, (A) satisfies

| T, (A) = T (D€ = |1 Hae () 1/ ]e] <, (2.72)

and then it is not significant for machine precision. A practical test of whether (2.70) holds
can be based on obtaining bounds on the separate factors of | H; »(A)|:

| Hr ()] < | Bea [ A7), (2.73)

where computing the norm of B;_; does not involve any matrix products beyond those
needed to compute the coefficient itself. Thus satisfaction of the following relationship shows
that the desired accuracy can be achieved while reducing the number of matrix products by
one:

le 4 1B [ A7) < w. (2.74)
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If [A] <O, , since |- A| = | A|, then e » T, (-A). Thus, using (2.65) we can obtain the
following bound for |e~4|, denoted by beyp,
A A S Al ad)!
le™ | & | T, (=A)] < bexp = [b0] + Boll + 3 | BillA”[, (2.75)
=1
where B; = Z?ﬂ(—l)ql”bqlﬁflj, [l =0,...,r—1. Bound (2.75) can be evaluated with no

matrix products reusing the matrix powers A7, j = 2,3,....4, computed for evaluating
T, (A) in the following algorithm.

Algorithm bexp-bound
% Calculation of bound bex, of | exp(-A)| from (2.75), with m = gr.
% Input: q; r; {A;=A7},5=1:¢; {b;=(-1)"/il},i=0:qr.
Execute Algorithm PS-coeff with b; = (-1)*/i! % calculate (B)},1=0:r-1;
besp = | Br-1;
for [=r-1:-1:2
bexp = | Bi-1] + [ Aq|l % bexps
end for [
bexp = [bol + Bo | + [ Aq]| X bexp;
end % bexp-Bound

Note that, since | A < ©,,_ then
bexp < 3 | A it = Ton (| A]) » 41, (2.76)
i=0

and beyp, is strictly lower than el 4l for some matrices, e.g. for matrix

1.25 1.25
A_( 1.25 1.25 )’ (2.77)

it follows that |All; = 2.5, Og5 < |A[1 < O30, and then, Algorithm Order-Scale-2 with
K =9 and option= 1 gives m* = 30 and s* = 0. Then, from Table 2.13 it follows that ¢ =5
and 7 = 6. Computing symbolically the exact value of e™* and using the 1-norm in (2.75)
gives

le 1 =1 < beyp = 1.25 < eIl = 1218, (2.78)

and bexp | Bs| 1] A®| = 7.57¢ = 17 < u ~ 1.11e - 16 (IEEE double precision), showing that
(2.74) holds and the number of matrix products can be reduced. However, using bound
le=4| < elAl in (2.74) gives el | Bs|| 1| A%|5 = 7.39e — 16 > u and condition (2.74) is not
guaranteed. Hence, since bound beyp, is not greater than el4l and can be lower for some
matrices, we use it in (2.74) to give the final condition

bexp | Br- |1 A7 < . (2.79)

Similar tests can be devised and applied recursively, eliminating sets of  terms each time:
if bexp | Bi—j ||| A9)|" ™7 < w with j = 2, then the number of matrix products can be reduced to
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Table 2.16: k, my, Oy, , O

mys and Uo,

mi | Om, CI D

2 | 2.5810e-8 | 8.73346-6 | 8.7334e-6
4 | 3.3972e-4 | 1.6778¢-3 | 1.6778e-3
6 | 9.0657e-3 | 1.7720e-2 | 1.7720e-2
8.9578¢-2 | 1.1354e-1 | 1.1354e-1
12 | 2.9962e-1 | 3.2690e-1 | 3.2690e-1
16 | 7.8029¢-1 | 7.8738¢-1 | 7.8738e-1
20 | 1.4383¢0 | 1.4070e0 | 1.43830
25 | 2.4286e0 | 2.3392¢0 | 2.4286e0
30 | 3.5397e0 | 3.3908¢0 | 3.5397¢0

© 00~ O Tk W N
Ne)

k —2 computing a Taylor polynomial of order i = (7 —2)q, and so on with j =3,4,...,7—1
computing Taylor polynomials of orders 7 = (# — j)§ with k — j matrix products.

The next theorem establishes that (2.74) holds for matrices whose norm lies in certain
intervals, so the number of matrix products can be reduced for those matrices.

Theorem 3 Let my = qirr where qi = ri, = (k+2)/2 for even k >0, and g, = (k+1)/2
and i, = g, + 1 for odd k > 0. Let A e C™", let H, . (A) be the qi highest-degree terms
in T, (A) = X8 A'[il, let u be the relative machine precision, and let ©;,,_, be the values
such that

O, , = max{6, ¢’ Hy, o (0) < ). (2.80)
Then, if | A <O, then condition (2.74) holds and | Ty, (A) = Ty, (A)[ /] ] < u.

PrOOF. Using (2.74), (2.69), (2.65), and (2.80), since e[ < el4l, if |A| <O, it
follows that

- > TR— X
e N Br-a | A% [ < eV Hg, 1, (JA) < €70t Hoy 1, (07, ) <, (2.81)

Mp-1

and condition (2.74) holds. Hence, from (2.69)-(2.71) it follows that (2.72) holds. o

Using a zero finder we computed the values @;nk, k=1,...,9, presented in Table 2.16.
Note that ©;, > ©,,, for k = 1,...,6. Thus, if k and |A| are such that ©,,, _, < [A] <
©;,,_,» then, Theorem 3 states that we can omit the last ¢ terms of T}, (A) and compute
Taylor polynomial T,,, , (A) instead, reducing the number of matrix products by one. Hence,
taking ¥, = mdx{0,,,,0;,, }, see Table 2.16, and substituting ©,,, with J,,, in Algorithm
Order-scale-2, the number of matrix products is reduced with respect to the original
Algorithm Order-scale-2 for matrices with 6, < |A| < ©.,, m =2,4,6,9, 12, 16, and
O16 < |A|/2° < ©), where s* is the scaling parameter obtained by Order-scale-2 with

the new ¥,,, values.

Taking into account the new values ¥,,, from Table 2.16 and proceeding in a way similar
to [SIDRO9], the intervals of |A|, where a Taylor approximation requires fewer matrix
products than Padé approximation, increase with respect to those given in (2.64): |A| <
0.11 (99) and 0.25 (65) < | A] < 0.33 (¥12).
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Note that ©,,, > 07, for my =20, 25, 30. However, using (2.76) it follows that condition
(2.79) is less restrictive than (2.81), and the example was given above of the matrix from
(2.77) where condition (2.79) holds with m = 30 for |Al; = 2.5 > O95 > O);.

Algorithm HPS-eval-2 is analogous to HPS-eval, but implements the performance of
bound tests based on (2.79) to reduce the number of matrix products.

Algorithm HPS-eval-2
% Horner-Paterson-Stockmeyer evaluation of the order-m Taylor polynomial
% of exp(A) with m = ¢r, performing bound tests to check if the higher-order
% terms of the Taylor series can be neglected.
% Input: s; q; r; {bi},i=0:qr; {A;=A7},j=1:q {Bg},k=0:r-1; w.
% Output: F =T,,(A).
Execute Algorithm bexp-bound; % Compute bound bezyp
F= Br—l;
for j=r-1:-1:1
if (bwpﬂFHlHAq”] <wu) then
F=DBj; % Reduction of one matrix product
else
F:Bj,l-f-AqXF;
end if
end for j
F=F+byl,;
end % HPS-eval-2

Taking into account the two proposed modifications, in the next section we test the
following versions of the Taylor Algorithm GSQT presented in Section 2.4.2.2:

= TSTD (Taylor standard) uses Algorithm Order-scale-2 with option 0 and Taylor-eval.
Cost k* + s* matrix products (see Order-scale-2).

s TPS (Taylor Paterson-Stockmeyer) uses Algorithm Order-scale-2 with option 1 and
Taylor-eval. Cost k* + s* matrix products.

= OTPS (Optimal TPS) uses Algorithm Order-scale-2 with option 2 and Taylor-eval.
Cost k* + s* matrix products.

= TPSBT(TPS performing Bound Tests) is analogous to TPS except for the use of the
new 1, values in Algorithm Order-scale-2, and the Algorithm HPS-eval-2 instead of
HPS-eval in Taylor-eval to perform the bound tests. Cost less than or equal to k* + s*
matrix products.

= OTPSBT (Optimal TPSBS) is analogous to TPSBT using option 2 in Algorithm
Order-scale-2. Cost less than or equal to £* + s* matrix products.

Finally, we analyze the rounding error for the proposed Taylor algorithms. The effect of
rounding errors in the evaluation of the Taylor matrix polynomial can be bounded similarly
to the numerator of Padé approximants [Hig05, p. 1185]. Since e~ I4l < e4 |, using Theorem
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2.2 of [Hig05, p. 1184] with ||A|; < v.,, where v, = ©,, for TSTD, TPS and OTPS, and
Upy = U, for TPSBT and OTPSBT, and noting that all the coefficients in the Taylor matrix
polynomial are positive, it follows that

IN

1T (A) =T (D], < FrnTon (AL % Frnel A < T ], 214

o | T (A) | €240 < T [T (A)] €2, (2.82)

12

where A € C™*™, Tm(A) is the computed Taylor approximation, and 7y = cku/(1-cku), where
¢ is a small integer constant [Hig02a]. Hence, the relative error is bounded approximately by
Amn€2v™, which is a satisfactory bound taking into account the values of ©,, and ¥,, given
in Table 2.16 (see [Hig05, p. 1185]), and there is no rounding error contribution of solving
multiple linear systems as in Padé methods.

2.4.4. Numerical experiments

MATLAB implementations of Algorithms TPS, TPSBT, OTPS and OTPSBT with
myg = 20,25, and 30 were compared to the standard Taylor algorithm TSTD, and the
MATLARB scaling and squaring Padé function expm with maximum orders m = 13, 17, and
21; see [Hig05]. Tests were done on an 2.8 GHz Intel Xeon processor with 4 GB main memory
and MATLAB 7.7. Accuracy was tested by computing relative error E = |le — X|1/[e? |1,
where X is the computed solution, and the “exact”value e?* was computed using the Sym-
bolic Math Toolbox of MATLAB and a [33/33] Padé method with scaling and squaring, at
1000-digit decimal arithmetic for Case Study 1 (small matrices), 250-digit decimal arithme-
tic for Case Study 2 (matrices 50 x 50), and quadruple precision in Case Study 2 (matrices
500 x 500). An extra output parameter P was added to all tested functions to return the
number of matrix products. 4/3 products were added in function expm for each solution of
a multiple right-hand side linear system [BD99].

2.4.4.1. Case Study 1

In this test we considered the same test matrices as in [Hig05], except for three matrices
where expm gave infinite results in MATLAB, i.e. matrices 17 “ipjfact”, 42 “invhilb”, and
44 “pascal”’with size 8 x 8, from the matrix function given in the Matrix Function Toolbox
[Hig08, Appendix D], and matrix 43 “magic”, which was repeated as matrix 49. Table 2.17
shows the total number of matrix products P computed by each function to evaluate the
matrix exponential of the 62 test matrices. It shows that the proposed Taylor algorithms,
and especially TPSBT and OTPSBT, need fewer matrix products than the standard Taylor
algorithm TSTD, and between 5.08% and 6.50 % more matrix products than expm. The
cost of OTPSBT is very similar for my = 20, 25, 30, as expected; see Algorithm Order-
scale-2. Thus, from now on we consider only myg = 30 for OTPSBT. Figure 2.4a shows
the relative error ratios of all proposed Taylor functions with respect to the standard TSTD
for mg = 30. This figure shows that the TPS and TPSBT errors are similar to that of
the standard TSTD for all matrices. However, OTPS and OTPSBT errors are greater for
some matrices, confirming that the extra squaring in both algorithms can lead to more
numerical error; see subsection 2.4.3.1. Figure 2.4a also shows that TPS error and TPSBT
error are similar for all matrices. The same happens with OTPS and OTPSBT. This fact is
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Table 2.17: Total number of matrix products P computed by each function to evaluate the

exponentials of all the test matrices from Case Study 1.

10

10°

10°

70

mi | TSTD TPS OTPS TPSBT OTPSBT | max. m expm | expm
20 | 724 719 719 668 668 13 635.67
25 | 739 724 719 673 672 17 637.67
30 | 757 739 719 677 672 21 649.67
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Figure 2.4: Comparison results, Case Study 1.
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Table 2.18: Total number of matrix products P computed by each function to evaluate the
exponentials of all 50 x 50 matrices from Case Study 2.

mg | TSTD TPS OTPS TPSBT OTPSBT || max. expm order | expm

20 469 465 465 430 430 13 408.67
25 479 469 465 432 431 17 412.33
30 487 479 465 429 431 21 416.33

supported by (2.72), which shows that the norm of the neglected terms in functions TPSBT
and OTPSBT, relative to the exact value exp(A), is not significant for machine precision.

Figure 2.4b presents the relative error ratios for the most efficient Taylor functions
TPSBT and OTPSBT with mx = 30, and expm with optimal maximum order m = 13
[Hig05]. Figure 2.4b shows that OTPSBT and TPSBT displayed error comparable to expm.
Figure 2.4c shows the performances [DM02] of TPSBT and OTPSBT, and expm with ma-
ximum orders m = 13, 17, 21 (see [Hig05]), where the a coordinate varies between 1 and 5
in steps equal to 0.1, and the p coordinate is the probability that the considered algorithm
has a relative error lower than or equal to a-times the smallest error over all the methods,
where probabilities are defined over all matrices. Figure 2.4c shows that in this case study
the most accurate function was TPSBT with mg = 30 followed by OTPSBT with my = 30
confirming that the extra squaring in OTPSBT can yield a lower accuracy.

To test numerical stability we plotted the normwise relative errors of the considered
functions. Figure 2.4d shows the relative errors of all implementations, and a solid line that
represents the unit roundoff multiplied by the relative condition number of the exponential
function at X [Hig08, p. 56],

X+FE X
condeyp (X) = lim su He e H 1X]
R T A P

Relative condition number was computed using the MATLAB function expm_cond from
the Matrix Function Toolbox [Hig08, Appendix D] (http://www.ma.man.ac.uk/~higham/
mftoolbox). For a method to perform in a backward and forward stable manner, its error
should lie not far above this line on the graph [Hig05, p. 1188]. Figure 2.4d shows that all
functions performed in a numerically stable way.

2.4.4.2. Case Study 2

In this case study 39 matrices of dimension n = 50 and 36 matrices of dimension n = 500
from MATLAB function matrix in the Matrix Computation Toolbox were used as the
test battery (matrices whose exponential cannot be represented in double precision becau-
se overflow errors were excluded from the 52 total possible matrices). Fortran versions of
functions TSTD, TPS, OTPS, TPSBT, OTPSBT with mg = 30 and expm with maximum
order m = 13 [Hig05] were implemented, and made available online in [FOR], to measure
execution times for the 500 x 500 matrices. Tables 2.18 and 2.19 present the total number
of matrix products P computed to evaluate the exponential of all matrices, and Table 2.19
also presents the mean and standard deviation of the total execution time ¢ in seconds to
compute the exponential of all 500 x 500 matrices with 100 repetitions of the experiment.
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Figure 2.5: Comparison results, Case Study 2.
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Table 2.19: Total number of matrix products P to compute the exponential of all 500 x 500
matrices from Case Study 2. Mean and standard deviation of total execution time ¢ in
seconds for 100 repetitions of the experiment, with myg = 30 in Taylor functions, and the
optimal maximum order m = 13 in expm; see [Hig05].

| TSTD TPS OTPS  TPSBT  OTPSBT | expm

P 506 487 479 440 439 425
mean(t) (seconds) 829.97 787.39 T782.67 692.28 694.59 | 762.58
standard deviation(t) 2.51 2.31 2.33 2.11 1.99 2.26

We omitted plotting the normwise relative errors for the 500 x 500 matrices because they
were too large to compute the relative condition number.

Similar conclusions to those from Case Study 1 are obtained from Tables 2.18 and 2.19
and Figure 2.5: TPSBT and OTPSBT with mg = 30 had a lower cost than TSTD, and
between 3.29 % and 5.46 % more matrix products than expm with maximum order m = 13,
and TPSBT and OTPSBT execution times for the 500 x 500 matrices were 9.21 % and 8.91 %
lower than expm, respectively. TPS and TPSBT errors were similar to TSTD error in all
cases. OTPS and OTPSBT errors were greater than TSTD error in some cases, as expected
because of the extra squaring. In the majority of tests TPS and OTPS had similar errors to
TPSBT and OTPSBT, respectively, as supported by (2.72). The performance profiles show
that TPSBT with myg = 30 was the most accurate function in both the 50 x 50 and the
500 x 500 matrices.

2.4.5. Conclusions

This work developed four new Taylor algorithms TPS, OTPS, TPSBT, and OTPSBT
to compute the matrix exponential based on two modifications to the standard algorithm
that reduce computational cost and preserve accuracy. The first modification changes the
order and the scaling parameter of the standard scaling algorithm if another combination
of these values reduces the number of matrix products. The second modification neglects
higher-order terms in the Taylor series based on relative error bounds. Finally, a detailed
comparison of the several algorithmic variants was provided.
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2.5. Accurate and efficient matrix exponential compu-
tation

Referencia del articulo:
J. Sastre, J. Ibdanez, P. Ruiz and E. Defez
Accurate and efficient matriz exponential computation
International Journal of Computer Mathematics, Volume 914, Issue 1, 201/, Pages 97-112, ISSN
0020-7160, http: //dz. dot. org/10. 1080/ 00207160. 2013. 791392

Abstract
This work gives a new formula for the forward relative error of matrix exponential
Taylor approximation and proposes new bounds for it depending on the matrix size and
the Taylor approximation order, providing a new efficient scaling and squaring Taylor
algorithm for the matrix exponential. A Matlab version of the new algorithm is provided
and compared with Padé state-of-the-art algorithms obtaining higher accuracy in the
majority of tests at similar or even lower cost.

2.5.1. Introduction

Matrix exponential plays a fundamental role in linear systems arising in many areas of
science, and a large number of methods for its computation have been proposed [MLO3,
Hig08]. This work improves the scaling and squaring algorithm presented in [SIDR11a]
providing a competitive scaling and squaring algorithm for matrix exponential computation.
The new algorithm employs an improved version of Theorem 1 from [SIDR11a] to bound
the norm of matrix power series. A new formula for the forward relative error of Taylor
approximation in exact arithmetic and new sharp bounds for forward and backward relative
errors are given. Moreover, taking into account that the roundoff error in the computation
of Taylor matrix polynomial tends to increase with the matrix size and the approximation
order, we propose increasing the allowed bounds for the error in exact arithmetic with both
parameters. A Matlab version of the new algorithm is given. Numerical tests showed that
it provided higher accuracy than Padé algorithms from [Hig05, AMHO09] at similar or even
lower cost.

Throughout this paper C™*™ denotes the set of complex matrices of size n xn, I denotes
the identity matrix for this set, p(A) is the spectral radius of matrix A, and N denotes the set
of positive integers. The matrix norm ||| denotes any subordinate matrix norm, and ||||cc and
| -]l1 denote the co-norm and the 1-norm, respectively. Both norms are simple to compute,
so they have been very used in the matrix function computation literature; particularly, the
1-norm is used in recent studies on matrix exponential computation [Hig05, AMHO09], and
[HTO00] provides an algorithm for its estimation which will be used in this paper.

This paper is organized as follows. Section 2 presents the scaling and squaring error
analysis and the improved algorithm. Section 3 deals with numerical tests and gives some
conclusions. The following theorem will be used to bound the norm of matrix power series,
see [SIDR11a, Th. 1].
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Theorem 4 Let hi(z) = Y st bra® be a power series with radius of convergence R, and let
hi(x) = Xpsy [br]zE. For any matriz A e C™™ with p(A) < R, if ay, is an upper bound for
I|AF]| (1A% < ax), peN, 1 <p<l, po €N is the multiple of p with 1 <py<l+p—-1, and

ap:méx{ak% ck=p,Ll+1,1+2,....,p0-1L,po+ 1,po+2,...,.l+p—1}, (2.83)

then ||hi(A)]] < hi(ay).

Proof. Since pg is a multiple of p, then po/p € N and ||AP°|| = || APPo/?|| < || AP||Po/P. Hence, it
follows that

l+p-1

A < S llA < 53 el A7 )4
k>l 720 =l
po—1 . . . l+p-1 . .
. z[z brasn AP IAT + oyl A7 4 |bi+jp|||AP||ﬂ||Al||]
j=0L i=l i=po+1
l+p-1

<O |bijplab T = kzz lbrlad = hy(ay). (2.84)
>

720 =l

Theorem 4 unifies the two cases in which Theorem 1 from [SIDR11a, p. 1835] is divided,
and avoids needing a bound for ||AP°|| to obtain a,, see (2.83).

2.5.2. Taylor Algorithm

Taylor approximation of order m of exponential of matrix A € C™*™ can be expressed as

the matrix polynomial T}, (A) = Y. AF/k!. The scaling and squaring algorithms in Taylor
k=0

RN s
approximations are based on the approximation e? = (62 A) ~ (Tm(Q‘SA))2 [MLO03],
where the nonnegative integers m and s are chosen with the aim of achieve full machine
accuracy at minimal cost. Similarly, this method is applied in Padé approximation.

In [Hig08, p. 241], the author states that Padé approximations are preferred to Taylor
series approximations in the context of scaling and squaring methods because they pro-
vide a given accuracy with lower computational cost. However, in [SIDR11a] the authors
presented a scaling and squaring Taylor algorithm based on an improved mixed backward
and forward error analysis, which was more accurate than existing state-of-the-art Padé
algorithms [Hig05, AMHO09] in the majority of test matrices with a lower or similar cost.
Moreover, modifications to Padé algorithm had to be carried out in [AMHO09, p. 983] to
improve the denominator conditioning, whereas Taylor algorithms have no denominator.

In [Hig08, p. 247-248], an analysis about rounding errors and numerical stability of the
scaling and squaring methods are performed. The author states that the overall effect of
rounding errors in the computation by repeated squaring may be large relative to the com-
puted exponential. This may or may not indicate instability of the algorithm, depending on
the conditioning of the e problem at the matrix A. If A is normal, then the scaling and
squaring method is guaranteed to be forward stable; hence, the square phase is innocuous
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and the error in the computed exponential is consistent with the conditioning of the pro-
blem. Another case where the scaling and squaring method is forward stable corresponds to
matrices with nonnegative nondiagonal entries as shown in[ACF96].

The scaling and squaring method has also a weakness when applied to block triangular
matrices [DP00, DPO01]. The exponential of a block 2 x 2 block triangular matrix A can be
computed as

)

1

ox A1 Ags _ eAn feA“(l_s)AlgeAzzst

Pl 0 Ay 0 N
0 eA22

where matrices A1; and Aso are square matrices. However, since matrix Aj, appears only
in the (1,2) block of e, then e depends linearly of Ajs, and the accuracy of computing
et should be unaffected by |Ais| and should depend only on ||Ay;| and |Ass|. Since s
depends on ||A|, when |A12] >> méx {|A11]|,||A22]} the diagonal blocks Aj; and Ass are
overscaled with regard to the computation of e and e”2?, and this can affect the accuracy
of computing e?.

In [DPO01] L. Diecci and A. Papini obtain improved error bounds for Padé approximations
to e when A is block triangular. As a result, improved scaling strategies ensue which
avoid some common overscaling difficulties. Later, [AMHO09] presents an algorithm that
reduces the overscaling problem choosing parameter s, based on the norms of low powers
of matrix A instead of in ||A||, and computes the diagonal elements in the squaring phase
as exponentials instead of from powers of the diagonal Padé approximation for the case
of triangular matrices. In [SIDR11a], estimations of norms of higher powers of matrix A
(greater than or equal to m+1) are used to obtain the scaling parameter s, and similar
ideas to those in [AMHO09] can be used in the case of Taylor approximations to compute the
diagonal elements for triangular matrices.

Algorithm 2.3 presents a general scaling and squaring Taylor algorithm for computing
the matrix exponential, where the maximum allowed value of m is denoted by m ;.

Algorithm 2.3 Given a matrix A € C"" and a maximum order mjs, this algorithm
computes C = e by a Taylor approximation of order m < m ;.

1: Preprocessing of matrix A.
2: SCALING PHASE: Choose m < mjs, and an adequate scaling parameter s € Nu {0} for
the Taylor approximation with scaling.

3: Compute B =T,,(A/2°) using (2.85)
4: fori=1:sdo

5: B = B2

6: end for

T

Postprocessing of matrix B.

The preprocessing and postprocessing steps are based on applying transformations to
reduce the norm of matrix A, see [Hig08], and will not be studied in this paper.

In Step 2, the scaling phase, the optimal order of Taylor approximation my < mp; and
the scaling parameter s are chosen.
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Table 2.20: Values of ¢ depending on the selection of my,.

k 01 2 3 4 5 6 7
mar \ my 1 2 4 6 9 12 16 20
16 1 2 2 3 3 4 4
20 1 2 2 3 3 4 4 4
25 1 2 2 3 3 4 4 5 5
30 1 2 2 3 3 4 4 5 5 5

For the evaluation of T,, (27°A) in Step 3 we use the modified Horner and Paterson—
Stockmeyer’s method proposed in [SIDR11a, p. 1836-1837]. From [SIDR11la, p. 6454-6455]
matrix polynomial T}, (2°A) can be computed optimally for m in the set M = {1,2,4,6,9,12,
16,20,25, 30, ...}, where we denote the elements of M as mg, m1, ma,..., respectively, by
using Paterson-Stockmeyer’s method [PS73], see [Hig08, p. 72-74] for a complete description.
First, matrix powers A%, A% ... A% are computed, where ¢ = [\/my| or |\/mx], both values
dividing my, and giving the same cost [Hig08, p. 74].Then, the truncated Taylor series is
computed using (10) of [SIDR11la, p. 1837], which includes the matrix scaling in Taylor
series coeflicients and saves some divisions of matrix A by scalar in the next way

25m

T (27°A) = {{ﬁ +Aq_1}/[25(m—1)]+14q_2}/ [25(m—2)]+--~A2}/ [2°(m—q+2)] +A

Aq
225(m—-q+1)(m-q)

+25(m—q+1)1} +Aq_1}/[2s(m—q—1)]+Aq_2}

/[2°(m—-q—-2)] + - +A2}/[2‘9(m72q+2)] +A+2°(m-2q+ 1)[}

Aq s s
x 5 (m —2q + 1) (m ~20) T +A2}/[2 (g+2)]+A+2°(g + 1)[}
Aq s s s
X P(g+1)q + Aq—l}/ [2°(g-1)]++ Az}/[? 2]+A}/2 +1. (2.85)

Analogously to Sastre et al. [SIDR11a], in the proposed scaling algorithm it will be
necessary that the same powers of A are used for the two last orders my;_1 and myy, i.e.
A’ i=23,...,q. For each value of my; Table 2.20 shows the selected optimal values of ¢
for orders my, k=0, 1, 2,..., M, denoted by ¢qx. For example, if my; = 20 and my =9 is the
optimal order obtained in the scaling phase, then ¢4 = 3.

Taking into account Table 4.1 from [Hig08, p. 74], the total cost of evaluating T;,,, (27°A)
in terms of matrix products for k£ =0, 1,..., denoted by II,,, , is II,,, = k. Finally, after the
evaluation of T,, (27°A4), s repeated squarings are applied in Steps 4-6. Thus, the compu-
tational cost of Algorithm 2.3 in terms of matrix products is Cost(myg,s) = k + s.

2.5.2.1. Roundoff error analysis

The main contributions of this paper are concerned with the selection of m and s in the
scaling phase, where the roundoff error in the computation of (2.85) will play an important
role. The roundoff error can be studied by using a componentwise analysis [Fas93, pp. 18-19].
If we denote |A| = (|ai;|)nxn, then
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1. |[fl(A+B)-(A+B)|<u|A+ B|, A,BeC™",
2. |fI(AB) - AB| <nu|A||B|,

3. ’fl( 5 pkAk)— 5 peAt| 2 m(na1) ol AL,
k=0 k=0 k=0

where < denotes the inequality avoiding the terms of order greater than or equal to u?, where
u=27%3 is the unit roundoff in IEEE double precision arithmetic. Taking into account these
properties, it is straightforward to prove that the roundoff error for computing T, (275 A) by
using (2.85) verifies |fI (T,,(275A)) = T, (272 A)| <p(m, n)uT,, (275 |A]), where u is the unit
roundoff, m € M, and for large n, asymptotically it follows that

p(m,n) =mn,m > 2. (2.86)
Hence if we use the 1-norm, then

[f1(Tm(27°4)) - T (2 A) |,
Tm(27°]Al)

< (m,n)u. (2.87)

This is a worst-case bound. If we denote the actual roundoff error in computing (2.85) from
(2.87) as ¢(m,n)u, and noting that minimum roundoff errors of value u are expected, by
(2.86), for large n in the majority of cases we can assume that

1<op(m,n) <mn. (2.88)

From [Hig02a, p. 52] a well-known rule of thumb to obtain realistic error estimates in (2.87)
is that if the bound is f(n)u then the error will be typically of order \/ f(n)u, and this rule
of thumb can be supported by assuming that the rounding errors are independent random
variables and applying the central limit theorem. By (2.86) and (2.87) the application of
this rule gives

é(m,n) ~ /mn. (2.89)

Rounding errors do not necessarily behave like independent random variables [Hig02a, p.
52] and there will be cases where the application of this rule will be pessimistic and others
where it will be optimistic. However, in numerical results we will see that the use of (2.89)
allows to reduce the cost of Algorithm 2.3 with no important effects in accuracy in the
majority of cases.

2.5.2.2. Analysis of truncation error

Following [SIDR11a, p. 1836], if we denote the remainder of the truncated exponential
Taylor series of A € C™" as

Rn(A)= Y AF/k, (2.90)
k>m+1
for a scaled matrix 27°A, s e Nu {0}, we can write

(Tn(27°A))" = e (I + g (27°4))7 = A2 P (274), (2.91)
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where

Ims1(27°4) = —e 2 AR, (27°4), (2.92)
Bt (275A) = log (I+gme1 (275 A)), (2.93)

where log denotes the principal logarithm, h,,,1(X) is defined in the set
Q= {X eC”":p(e ¥ T(X)-1) <1}, (2.94)

and both ¢,,4+1(27°A) and hy,41 (27°A) are holomorphic functions of A in €, and then
commute with A. Using scalar Taylor series in (2.92) and (2.93) one gets

gmi () = 3 bk = (P @ 1) = 3 (B (2))F /R, (2.95)
k>m+1 k>1
-1 k+1 . k m
hm+1(1‘) _ Z ( ) (gm 1(]})) _ Z C](g )l‘k, (296)
k>1 k k>m+1

where b,(gm) and clgm) depend on order m. From (2.95) and (2.96) it follows that
B =™ k=malm+2,...,2m+1, (2.97)
and if A1 (27°A)| < 1 then
Gt (5A) = Bt (75 A) 4 (s (AN 224 hn (2 4), (2.98)
and, similarly, if [|gm+1(27°4)] < 1
B (27 4) = G (2 A) + (gt (25 A2 4o m gt (2FA). (2.99)

Using (2.90) and the exponential Taylor series in (2.92) it follows that

_m+l 1 L 1 1 9 1
Im+1(x) = m{(—l)O&Jr(—l) [ﬂ—m]z+(—1) [5
1 1

T 1(m+2) i 0'(m +2)(m+ 3)]m2 toet (—1)kaz(€m)$k ey (2.100)

where by induction the general term of coefficient a,({m) is

1 1 1

" = a Gh-Dlm+2)  (k-2)(m+2)(m+3) (2.101)
(_l)k—?) (_1)k—2
B m A 2)(m+3)(m+k-2)  20(m+2)(m+3)—(m+k-1)
()" . (1"

+ .
Uim+2)(m+3)-(m+k) 0O(m+2)(m+3)--(m+k+1)
Summing from the last term to the initial terms of a]im) it is easy to show that the sum of

the last 7 terms of a,(cm) becomes

(_1)k—(i—1)
(G- m+2)(m+3)--(m+k-(i-1))(m+k+1)

(2.102)
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and then it follows that
(m) _ m+1

o - T 1TH) (2.103)
Hence, using (2.100) it follows that
gms1(x) == Dt (2.104)
Sokim!(m+1+k)’
and then S »
Zﬁil T (2.105)

This expression confirms the observation from [SIDR11a, p. 1838], where for the orders my
that were proposed in the algorithm presented therein and the first 1000 series terms, using
Matlab’s Symbolic Math Toolbox we checked experimentally that the following expression
holds

1 b(ﬂ1)1€+1 1
RUELISN P T 2 Y 2.106
k+1 | plm) & (2.106)

Once obtained the closed form (2.104) for gp,+1(2), hm+1(2) can be obtained using (2.96),
and now we set the basis for the scaling algorithm. If we choose s so that 27°A € Q,,, see
(2.94), then from (2.91) one gets that

AA =2, (27°4), (2.107)

represents the backward absolute error in exact arithmetic from the approximation of e
by Taylor series truncation with the scaling and squaring technique. If the minimum value
of s is chosen so that

et (27 A)] < 127 Al w, (2.108)

or
| gt (275 A) | < d(m,n)u. (2.109)

where ¢(m,n)u is the roundoff error in computing (2.85), see Section 2.5.2.1.

= If the minimum value of s is given by (2.108), then from (2.107) it follows that AA <
| Al v and using (2.91) it follows that

(T (27°A4))7 = eA+84 5 4, (2.110)

= If the minimum value of s is given by (2.109), using (2.91), (2.92) and the exponential
Taylor series it follows that

[Bon (27 4)| = [ Agmir (272 4)| < 274 | 6, m)u, (2.111)

and, taking into account that a relative roundoff error ¢(m,n)u will be introduced
in the numerical evaluation of the matrix polynomial 7T, (27°A), there is no point in
increasing the scaling parameter s or the approximation order m to reduce further the
norm of Taylor remainder R,, (27°A).
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Table 2.21: Maximal values ©,,, such that iLm+1 (Om) < ©,,u, maximal values ém such that

Jm+1 ((:)m) <o(m,n)u for ¢(m,n) =1, and values 9, = méx{@,m(:)m}.

m O 0, for ¢(m,n) =1 I,

1 2.220446049250264e-16 1.490116111983279¢-8 1.490116111983279¢-8
2 2.580956802971767e-8 8.733457513635361e-6 8.733457513635361e-6
4 3.397168839976962¢-4 1.678018844321752¢-3 1.678018844321752¢-3
6 9.065656407595101e-3 1.773082199654024¢-2 1.773082199654024¢-2
9  8.957760203223343¢-2 1.137689245787824¢-1 1.137689245787824e-1
12 2.996158913811581e-1 3.280542018037257e-1 3.280542018037257e-1

16 7.802874256626574e-1
20 1.438252596804337
25 2.428582524442827
30 3.539666348743690

7.912740176600240e-1
1.415070447561532
2.353642766989427
3.411877172556771

7.912740176600240e-1
1.438252596804337
2.428582524442827
3.539666348743690

Using (2.96) and (2.104), Matlab’s Symbolic Math Toolbox, high precision arithmetic,
200 series terms and a zero finder we obtained the maximal values ©,,, of © = |27° A|, shown
in Table 2.21, such that, using notation of Theorem 4

[hne1 2 A) [ < homer ) = 3 [™)0F < Ou, (2.112)
k>m+1
In a similar way, for a given value of ¢(n,m) the maximal values ©,, such that
gme1 (27 A) | € Gons1 (©) = 3 0™ OF < p(m,n)u, (2.113)

k>m+1

can be easily obtained. Table 2.21 shows ©,, values for the more restrictive case from (2.88),
i.e. when ¢(m,n) = 1, which is the case used in the error analysis of [SIDR11a, p. 1836].
Hence, if ||27%A|| < ¥, where 9, = méx{@m,(:)m} then (2.108) or (2.109) hold. For the
values of m where ©,, > 1 in Table 2.21, i.e. m = 20, 25 and 30, it follows that ¥,, = ©,,.
We recall bound (9) of [SIDR11a, p. 1836], which holds for those values of m and will be
needed in the scaling algorithm:

hamsr (275 A) || € Bet (1275 A]]) = bt (©) <Ou, 0<O < O,,. (2.114)

2.5.2.3. Scaling algorithm

The new proposed scaling algorithm has some improvements with respect to that pro-
posed in [SIDR11a, p. 1837-1838] that we describe in this section. For all norms appearing
in the scaling algorithm we will use the 1-norm, and from Algorithm 2.3 recall that mas
is the maximum allowed Taylor order. Using the same bounds and a similar process that
we use in the proposed scaling algorithm described below, we will first verify if any of the
lower Taylor optimal orders my, = 1,2,4,...,my-; satisfy (2.108) or (2.109) without scaling,
i.e. with s = 0. If not, the optimal scaling parameter s > 0 for order mj; is computed. This
computation has two phases: Calculation of an initial value of the scaling parameter sg, and
the refinement of this value to test if it can be reduced. In this paper the main improvement
with respect to the algorithm from [SIDR11a] is applied to the refinement of the scaling pa-
rameter, where roundoff error and function ¢(m,n) from (2.89) will play an important role.
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The calculation of the initial scaling parameter sy remains practically unchanged except for
the use of the new Theorem 4 instead of Theorem 1 from [SIDR11a], and it is described for
clarity in the following section.

2.5.2.4. Calculation of initial scaling sg

First, the 1-norm estimate of |[A™#*1|| is computed using the block 1-norm estimation
algorithm of [HT00]. For a n x n matrix this algorithm carries out a 1-norm power iteration
whose iterates are n x t matrices, where t is a parameter that has been taken to be 2, see
[AMHO9, p. 983]. Hence, the estimation algorithm has O(n?) computational cost, negligible
compared to matrix products, whose cost is O(n?).

Similarly to [SIDR11a, p. 1837], the upper bounds ay, for ||A¥|| needed to apply Theorem
4 in (2.112) and (2.113) are obtained using products of norms of matrix powers estimated
for current and previous tested orders, i.e. [[A™**||, k=0,1,2,..., M, and the powers of A
computed for evaluation of T,,, (275A4), A, i=1,2,...,q, as

Tmq+1 |Am2+1 Him2+1

||Ak|| <ap = mfn{”AHh ||A2||12 HAquq ||Am1+1

) AT L g Dy et g + (g + iy

4 (g + Vimgnr + oo+ (mng + Vimyy 1 = ki, (2.115)

and a simple Matlab function was provided in [SIDR11a] to obtain ag, see nested function
powerbound from exptayns.m available at http://personales.upv.es/~jorsasma/
Software/exptayns.m.

Then, we seek for the minimum value of «;, from Theorem 4 with [ = mjy; + 1, denoted
by o, obtaining successively oy, for p=2,3,...,¢,m1+1,ma+1,...,mys +1, stopping the
process for that value of p such that

al? <max{a;’" :k=m+1,m+2,...,po~1,p0+1L,po+2,...,m+p}, (2.116)

where pg is the multiple of p with m +1 < py < m + p. In the following we show that if
condition (2.116) holds, then for p’ > p it follows that o, > «,:

By (2.115) one gets a,, < at”/", and then using (2.116) it follows that

a;{)poSazl,/pSméx{allc/k:k=m+1,m+27...,p0—17p0+1,p0+2,...,m+p}, (2.117)
and then
op = méx{allc/k:k::m+1,m+2,...,p0—1,p0+1,p0+2,...,m+p}
= méx{a)* i k=m+1,m+2,... m+p}. (2.118)

Hence, for p’ > p, if

/'

1 ’ 1/k
a)V <méx{a," i k=m+1m+2, . ph-1ph+1,pp+2,....m+p'}, (2.119)
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where p(, is a multiple of p’, then in a similar way it follows that

1k
Qy max{ak/ tk=m+1,m+2,....m+p'}

[\

méx{a]t/k:k:m+1,m+2,...,m+p}:ap. (2.120)

Otherwise, if (2.119) is not verified, as a;{p, > a;{p:’ it follows that
0

apy = a;{p’>méx{a,1€/k:k:m+1,m+2,...,m+p'}
> méx{a)* k=m+1,m+2,... . m+p}=aq,, (2.121)

and then, by (2.120) and (2.121) a, > .

Once obtained ap,m, we take the appropriate initial minimum scaling parameter sg > 0
so that 27°°amin < Uim,,, i€

if Omin < 19mM,

0
Sp = ’ . 2.122
0 { [logQ(amﬁl/ﬂmM )17 lf Qmin > ’ﬂmM . ( )

Then, if 9,,,, = max{O,,, Om,, } = Om,, using Theorem 4 and (2.113), taking for simplicity
from now on m = myy, it follows that

[ gm1 (27 A || € et (27 i) < Gmst (Om) <, (2.123)

and (2.109) holds. Taking into account that ||A*||'/* < ||A], from (2.115) it follows that
a,lc/k < (||A]F)* = ||A]|. Thus, cungy from Theorem 4 satisfies amm < ||A|| . Hence, if 9, = ©,,
from Table 2.21 it follows that m = 20,25 or 30, and using (2.114) one gets

st (270 A) || € Bni1 (27 i) < 2750 Qg w0 < 27| Au, (2.124)
and (2.108) holds.

After obtaining the initial value of the scaling parameter sg, it will be refined as described
in the following section.

2.5.2.5. Scaling refinement

In this section bounds for ||gm+1(2°A)|| and |[hm+1(27°A)| of the same type of (14) and
(15) from [SIDR1la, p. 1838] are used for the scaling parameter refinement. Both series
from (2.96) and (2.104) will be truncated with the same number of terms as in Section 3 of
[SIDR11a, p. 1839], i.e. ¢ + 2 where ¢ takes the values from Table 2.20. Taking into account
(2.97) one gets that the first m+ 1 coefficients of g,,+1(2°A) and hyp,41(27°A) are equal, and
if ¢ takes the values from Table 2.20 it follows that m + 1 > ¢ + 2 for m > 4. Then, using
(2.95)—(2.97) we take

S AV = m+q+2 (m) 54 Kl m+q+2 (m) ‘A k|l 4
lgm+1(2°A)| =~ Z by, (2°A)%| = Z € (2°A)" | » [hme1(2°A) ], (2.125)
k=m+1 k=m+1

and the refinement will be considered for m > 4.
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Hence, once the initial value sy of the scaling parameter is obtained, if sg > 1 we test if
(2.108) or (2.109) hold with the reduced scaling parameter s = so — 1, using the bounds for

HAk” < ay, from (2.115) and testing if bound

m 2
Jrzqfr ‘cim)| ar/2°" < méx {p(m,n),|27°A|} u, (2.126)

k=m+1

holds taking ¢(m,n) = /nm from (2.89). Note that we stop the series summation if the first
term does not verify the bound. If the sum of one or more terms is lower than the bound
but the complete truncated series sum is not, we can estimate ||A"*?|| to improve the bound
am+2 and check if (2.126) holds then, see [SIDR11a]. If (2.126) does not hold with s = sg—1,
then we check if next bound holds

m+qg+1
Z C(km)(z—sA)k:—m—l
k=m+1

[A™
92s(m+1)

(m)

m+q+2

‘e Tmra? o mgx {p(m,n), [27A| e, (2.127)

2(m+q+2)s

where ¢(m,n) = \/nm, matrix powers A%, i =2,3,..., ¢ from the computation of T}, (27°A)
by (2.85) are reused, and we can divide by the coefficient of A to save the product of matrix
A by a scalar. In a similar way to [SIDR11a, p. 1838], lower bounds for expression (2.127)
to avoid its unnecessary evaluation can be easily obtained.

If any of both bounds (2.126) or (2.127) holds with so — 1 then repeat the process with
s=50-2,80-3,... Note that computational cost of evaluating (2.126) and (2.127) is O(n?),
negligible when compared to matrix product costs, which are O(n?).

Note that from Table 2.21 for my > 20 it follows that 9, /2 < ¥y, _,. Thus, if the last
value of s where (2.126) or (2.127) hold is s > 1 and 9,,,,/2 < ¥, , it is possible that
order m ;- also verifies (2.126) or (2.127) with the same value of scaling s, see [SIDR11a].
Hence, if final resulting scaling is s > 1 bounds (2.126) and/or (2.127) should be tested
with the same scaling parameter s and order mjy;_;. Finally, the algorithm returns s and
the minimum order my; or mps_1 satisfying (2.126) or (2.127). It is possible to evaluate
T, (27 A) with both orders with optimal number of matrix products at this point because
we set in its evaluation that both last orders used the same matrix powers of A [SIDR11a].

Summarizing, the complete scaling algorithm from Step 2 in Algorithm 2.3 consists of:

1. Check if one of optimal orders m =4,6,...,mpr—1, m € M satisfies (2.126) or (2.127)
with s = 0 using the 1-norm estimate of ||A™*!|| from [HT00] and reusing the matrix

powers A’ i=2,3,...,q needed to compute Taylor matrix polynomial for each tested
value of m, returning s = 0 and the order m which satisfies (2.126) or (2.127) if it
exists.

2. If there is no value of m < mps_; that satisfies (2.126) or (2.127) with s = 0 then obtain
an initial value sg of the scaling parameter with order mj; as described in Section
2.5.2.4.

3. If sg > 0 refine the selection of sq testing if (2.126) or (2.127) hold with s =s9-1, 59—
2,..., returning the lowest value of s that verifies (2.126) or (2.127).

4. If the final selection of s is not zero, test if (2.126) or (2.127) hold with s and mps_1,
returning mps-1 if (2.126) or (2.127) hold with it, or otherwise returning m ;.
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Maximum order mp; = 30 is recommended as it obtained the highest accuracy results in
[SIDR11a]. For more details about the implementation we made available online a fully com-
mented Matlab version of the complete Algorithm 2.3, denoted by exptaynsv2, in http://
personales.upv.es/~jorsasma/Software/exptaynsv2.m, where changes in the selection
of order m and scaling parameter s are avoided when no cost reductions are achieved with
respect to the original algorithm exptayns from [SIDR11a].

2.5.2.6. New bounds for |g,,+1(2°A)|| and |hp1(27°4)|

This section provides bounds for the complete series of | g1 (272 A)| without truncation.
These bounds are used to provide bounds for |h,+1(27°A)||. From (2.104), if B € C™*™ and
r e Nu {0}, then

1 k=r (_1)k:Bm+1+k: ||Bm+7‘+2||
el (B < — e 2.128
g1 (B m! ,;;)k!(m+1+k) m!(r+ 1) (m+r+2) #lFme2er (B ( )
where
1 (_1)kBm+1+k: 1 HB”Hk”
| fms2er (Bl = — < . (2.129)
= m! k;2k!(m+1+k‘) ml(m + 7 +3) 5, k(2
If B .
Pmay = MEX{O 1,y Omins b = Omnss (2.130)
using qu,;, from Section 2.5.2.4, it follows that
~ 1 (2_Samin)m+k
| fms24r (277 A)|| < (2.131)
- mi(m+r+3) 0y k(221
(2—samin)m+r+2 2_sam1’n
< 1+
ml(m+7r+3)(r+2)! (r+3)(1+—2=)
(2_Samin)2
+ cee
(T+3)(T‘+4) (1+ ﬁ)
-5 o \mA+T+2 ) —-s C\mAT+2
¢ Cramn)TT 5 s (2 Tmin) N CRED)
ml(m+7r+3)(r+2)! 5 ml(m+r+3)(r+2)11-0
where o
o
8= men , (2.133)
(T + 3) (1 + m+1r+3)

must verify 3 < 1, and the binomial theorem has been used taking into account (1+x)7 > 1+jx
for x > 0. If a sharper bound is needed, using (2.131) note that

B 1 (2_samin)m+k

Ifms2er QAN € ———

e ml(m+r+3) .55 k'(:ﬁ:—}:g)
< (2isamin)m+1 (2isami”)k
- oml(m+r+3) k>r+2 k!
9-s in m+1 e r+1 928 min k

< ( & ) 62 Qmin _ Z u , (2134)

m!(m+r+3) =0 k!
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and an accurate enough approximation to this bound can be obtained using for instance
Matlab’s exponential function exp if r is not large and 27°qy,;, is not very small. Taking
r =q, as in Section 2.5.2.5, and using Table 2.20, it follows that g < 5. On the other hand,
for mys > 16, taking into account (2.122), (2.130) and Table 2.21 it follows that

275 Amin > O16/2 ~ 0.3956, (2.135)

which is not so small to produce problems in the evaluation of bound (2.131). For instance,
with the maximum value of ¢ and the minimum value of 27°q,,,;,, using Matlab we obtained
that .
~ ~ k
exp (016/2) - > (O©16/2)" Jk! = 3.16626365 x 107", (2.136)
k=0

obtaining the same result for the 9 decimal digits shown using Matlab’s Symbolic Math
Toolbox and high precision arithmetic.

If Uy, = MAx{Opn,,, Omsy } = Oy, then using (2.96), for |[gm.1(275A4)|] «< 1 it follows
that

Hhm+1(2_sA)|| < ||gm+1(2_SA)|| +0 |:||gm+1(2_sA)H2] N ||gm+1(2_sA)||a (2-137)

If ||gm+1(27°A)|| < 1 is not small, using Taylor series of function log(1 - z) and (2.96) it
follows that
o1 (27 A < ~log(1~ [gmer (2 A)). (2.138)

2.5.3. Numerical experiments and conclusions

This section compares the Matlab implementation of the proposed Taylor algorithm,
denoted by extaynsv2, with the original function exptayns from [SIDR11a] (http://
personales.upv.es/~jorsasma/Software/exptayns.m), and functions expm and
expm_new which implement Padé algorithms from [Hig05] and [AMHO09], respectively.
Algorithm accuracy was tested by computing the relative error E = |le? - Y/ le?|

1 )
where Y is the computed approximation. Cost was given in terms of matrix products. The
asymptotic cost in terms of matrix products for solving the multiple right-hand side linear
system appearing in Padé algorithms was taken 4/3 [BD99]. We were interested in testing a
wide range of matrices (diagonalizable and nondiagonalizable matrices) with a considerable
dimension (between 128 and 1024), and whose exponentials could be computed accurately
using orthogonal transformations. For this reason we chose the sets of matrices (1) and (2).
The matrices of set (3) appear in the state of the art in the exponential matrix computation
[Hig05, AMHO09]. These sets of matrices are described below:

1. 3 sets of one hundred diagonalizable matrices of sizes 128, 256 and 1024, respectively.
These matrices have the form VT DV, where D is a diagonal matrix whose diagonal
elements are random values between —k and k with different integer values of k, and
V is an orthogonal matrix obtained as V' = H/16, where H is the Hadamard matrix.

2. 3 sets of one hundred matrices with multiple eigenvalues of sizes 128, 256 and 1000,
respectively. These matrices have the form VT DV, where D is a block diagonal ma-
trix whose diagonal blocks are Jordan blocks with random dimension and random
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Table 2.22: Comparison of functions exptaynsv2 (labelled 2) and exptayns (labelled 1)
with maximum order mj; = 30: Maximum and minimum values of the matrix norm for
each matrix set, maximum and minimum relative error ratios Eo/E;, maximum and mini-
mum relative error ratio Ey/u where u is the unit roundoff, number N of matrices where
exptaynsv2 cost is one matrix product lower than exptayns.

diag 128 diag 256 diag 1024 Jord 128 Jord 256  Jord 1024

max{|AJ1} _ 6.07el  3.75c2 7.28¢2 21402 2.43c2 1.01¢6
min{| A1}  4.65el 3.59 7.21 5.27 5.93 1.20e3
max{Ey/E1} 102 1.01 1.00 1.12 1.06 1
min{Es/E1} 0.99 0.98 1.00 0.99 0.89 1
max{E1 }/u 2.28el 6.34el 2.13e2 1.54e3 6.89e3 7.22el1
min{E1 }/u 9.82 1.14 8.71 2.38 3.53 4.03e2
N (%) 67 10 6 11 12 0

eigenvalues between —50 and 50, and V' is an invertible matrix with random values in
[-0.5,0.5] for size 1000, and an orthogonal matrix obtained as V = H/16, where H is
the Hadamard matrix for sizes 128 and 256.

3. 43 25 x 25 matrices, 39 100 x 100 and 32 1000 x 1000 from the function matrix from
the Matrix Computation Toolbox [Hig02b]. Matrices whose exponential cannot be
represented in double precision due to overflow were excluded from all the matrices
given by function matrix for each size.

The “exact”value of matrix exponential e was computed using Matlab’s Symbolic Math
Toolbox or quadruple precision in Fortran, by using the following methods:

= For matrix sets 1 and 2: e = VTePV, where VTePV was computed by using the vpa
function of Matlab with 32 decimal digit precision.

= For matrix set 3: Taylor method with different orders and scaling parameters for
each matrix to check the result correctness, using quadruple precision for 1000 x 1000
matrices, and 128 decimal digit precision for the remaining matrices.

Table 2.22 presents the results for sets (1) and (2) showing that maximum and minimum
exptaynsv2 and exptayns relative error ratios Eo/E;, where E5 is the relative error with
function exptaynsv2 and F; is the relative error for exptayns, are very close to unity
for all matrix sets. This is verified even for the first set, whose norm range is such that
exptaynsv2 saves one matrix product for 67 % matrices. In the remaining sets, which have
a greater norm variability, the percentage of matrices where exptaynsv2 saves products is
lower, between 0 and 12%. Table 2.22 also shows that the relative error tends to increase
with the matrix size, as expected. Figures 2.6a and 2.6b show the costs in terms of matrix
products and the performance profiles [DM02] of exptaynsv2, exptayns, expm_new and
expm for the two sets of the test matrices, where o coordinate varies between 1 and 5 in
steps equal to 0.1, and p coordinate is the probability that the considered method has a
relative error lower than or equal to a-times the smallest error over all the methods, where
probabilities are defined over all matrices. Taylor functions had the highest accuracies with
costs similar or even lower than expm_new.
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(a) Diagonalizable matrices n = 128. (b) Jordan matrices n = 256.

Figure 2.6: Performance profile and cost in terms of matrix products for the 128 x 128
diagonalizable and 256 x 256 Jordan matrices from sets 1 and 2, and mp; = 30 in Taylor
functions.

Figure 2.7a presents the relative error ratios Fy/F; for the 1000x1000 matrices from set 3,
showing that there are three matrices (9.38 %) where exptaynsv2 saved one matrix product.
It also shows that there is one matrix where FEs/E; was significant. It can be explained
because for that matrix £; = 0.00017u was much lower than the minimum expected error,
i.e. the roundoff error u. In the remaining two cases Fs and E; had the same order. Figure
2.7b gives the same conclusions as Figures 2.6a and 2.6b.

In order to test the most critical cases for function exptaynsv2 with respect to error, we
multiplied each matrix A; from the 25 x 25 matrices from test set 3, 1 <7 <43, by a different
constant ¢; > 1 such that exptaynsv2 cost for matrix ¢; x A; was one matrix product lower
than the cost of the same function with matrix (¢; + 0.01) x 4;. The same was done with
the 100 x 100 matrices from the same set. For the majority of the new matrices t; x A;,
exptaynsv2 cost was one matrix product lower than exptayns cost, showing that the new
proposed bounds based on ¢(n,m)u = /mnu were verified, while the original bounds from
[SIDR11a] based on u were not. Maximum relative error differences between both functions
were then expected for those matrices. Figure 2.8 presents the results for the modified sets
of matrices sized 25 and 100, and similar conclusions to those from Figures 2.7a and 2.7b
can be obtained, with the only difference that in the new matrix sets there were some cases
where Fo was significantly lower than Ej.

To sum up, a competitive modification of the Taylor algorithm from [SIDR11a] has been
proposed based on increasing the allowed forward error bound depending on the matrix
size and Taylor order. The proposed modification reduces the cost with a small impact on
accuracy, being more accurate than Padé existing state-of-the-art algorithms in the majority
of tests with similar or even lower cost.
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Figure 2.7: Relative error ratios Ey/E; for functions exptayns (E1) and exptaynsv2 (Es),
performance profile and cost in terms of matrix products, for my; = 30 and the 1000 x 1000
matrices from the Matrix Computation Toolbox.
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Figure 2.8: Relative error ratios E2/FE; for functions exptayns (F,), exptaynsv2 (FEs),
performance profiles and cost in terms of matrix products, for mj; = 30 and matrices with
sizes 25 and 100 from the Matrix Computation Toolbox multiplied by constants ¢;, see text.
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2.6. High perfomance computing of the matrix expo-
nential
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Abstract

This work presents a new algorithm for matrix exponential computation that signifi-
cantly simplifies a Taylor scaling and squaring algorithm presented previously by the
authors, preserving accuracy. A Matlab version of the new simplified algorithm has
been compared with the original algorithm, providing similar results in terms of accu-
racy, but reducing processing time. It has also been compared with two state-of-the-art
implementations based on Padé approximations, one commercial and the other imple-
mented in Matlab, getting better accuracy and processing time results in the majority
of cases.

2.6.1. Introduction

Matrix function computation has received remarkable attention in the last decades due
to its usefulness in a great variety of engineering problems. Especially noteworthy is the
matrix exponential, which emerge in the solution of systems of linear differential equations
in numerous applications and a large number of methods for its computation have been
proposed [MLO03, Hig08]. Moreover, in many cases, the resolution of these systems involve
large matrices, so, not only accurate, but also efficient methods are needed. In this sense,
the authors presented in [SIDR15] two modifications of a Taylor-based scaling and squaring
algorithm to reduce computational costs while preserving accuracy.

In [SIDR11a] the authors presented a scaling and squaring Taylor algorithm based on an
improved mixed backward and forward error analysis, which was more accurate than existing
state-of-the-art algorithms for matrix exponential such as that in [AMHO09], in the majority
of test matrices with a lower or similar cost. Subsequently, in [SIDR14], the authors gave
a new formula for the forward relative error of matrix exponential Taylor approximation
and proposed to increase the allowed forward error bound depending on the matrix size and
the Taylor approximation order. This algorithm reduces the computational cost in exchange
for a small impact in accuracy. In this work, we present a new algorithm that significantly
simplifies the one presented in [SIDR11la] providing a competitive scaling and squaring
algorithm for matrix exponential computation in comparison with both previous algorithms

and the state-of-the-art implementations based on Padé approximations from [AMHO09] and
[NAGO2].

Throughout this paper C™*™ denotes the set of complex matrices of size n xn, I denotes
the identity matrix for this set, p(A) is the spectral radius of matrix A, and N denotes
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the set of positive integers. The matrix norm |-| denotes any subordinate matrix norm; in
particular ||-|; and ||, are the 1-norm and the 2-norm, respectively. The symbols [-] and
|-| denote the smallest following and the largest previous integer, respectively. This paper is
organized as follows: Section 2.6.2 presents a general scaling and squaring Taylor algorithm;
Section 2.6.3 presents the scaling and squaring error analysis; the new algorithm is given
in Section 2.6.4; finally, Section 2.6.5 shows numerical results and Section 2.6.6 gives some
conclusions. Next Theorem 5 from [SIDR14] and the new Theorem 6 will be used in section
2.6.3 to bound the norm of matrix power series.

Theorem 5 Let hy(x) = ¥y b be a power series with radius of convergence R, and let
hi(z) = Xpsy br]z". For any matriz A e C™" with p(A) < R, if ai, is an upper bound for
I|A®|| (||A*]| < ax), peN, 1<p<l, poeN is the multiple of p with 1 <py<l+p—-1, and

ap:méx{aé ck=p,LI+1,1+2,....,po—Lipo+1,po+2,...,l+p—1}, (2.139)

then || (A)]| < u(a,):

Theorem 6 Let €N, [>1, and let ¢ € N be the minimum value with 1 < q <1 such that
A% < méx{|A*|F :k=1,01+1,....90~Lgo+1,q0+2,....1+q—1}, (2.140)
where qo € N is the multiple of ¢ with 1 < qy <l+q—1. Then if
| Ak %o = max{|A*|* ck=01+1,...,q0-1,q0+1,qo+2,...,0+q—1} (2.141)
then
‘ ki ko || 7
max{|A%|* : k>1} =] A% (2.142)
Proof. Since qp is a multiple of ¢, then ¢p/q € N and using (2.140) and (2.141) one gets
| A% |0 = | Adaola|tfio < | A9|aolaa0) | AT)|T < | ARo Mk, (2.143)

For any integer k > [+q we can write k = [+i+jq for positive integers ¢ and j with 0 <i < ¢g-1
and j = [k - (I+1)]/q, and then using (2.140), (2.141) and (2.143) it follows that

. R +i j £ c
Akt < [JA AT ]" < [jako) 5 jabo 85 ]" < jabo|mor < Ak mn  (2.144)

2.6.2. Taylor algorithm

Taylor approximation of order m of exponential of matrix A € C™*" can be expressed as

the matrix polynomial T},,(A) = ¥ A*/k!. The scaling and squaring algorithms with Taylor
k=0

e\ 2° s
approximations are based on the approximation e? = (62 A) ~ (Tm(Z‘SA))2 [ML03],

where the nonnegative integers m and s are chosen to achieve full machine accuracy at a
minimum cost.
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A general scaling and squaring Taylor algorithm for computing the matrix exponential
is presented in Algorithm 2.4, where mj; is the maximum allowed value of m.

Algorithm 2.4 General scaling and squaring Taylor algorithm for computing B = e?, where
A e C™™ and myy; is the maximum approximation order allowed.

1: Preprocessing of matrix A.
Choose my < mys, and an adequate scaling parameter s € Nu {0} for the Taylor appro-
ximation with scaling.

»

3: Compute B =T,,, (A/2°) using (2.145)
4: fori=1:sdo

5: B = B?

6: end for

7

Postprocessing of matrix B.

The preprocessing and postprocessing steps (1 and 7) are based on applying transfor-
mations to reduce the norm of matrix A, see [Hig08, AMH11], and will not be discussed in
this paper.

In Step 2, the optimal order of Taylor approximation my < mj; and the scaling parameter
s are chosen. Matrix polynomial 7,,(2°A) can be computed optimally in terms of matrix
products using values for m in the set my = {1,2,4,6,9,12,16,20,25,30,...}, k = 0,1,..
respectively, see [Hig08, p. 72-74]. The choice of s is fully described in section 2.6.3.

bl

After that, in Step 3, we compute the matrix exponential approximation of the sca-
led matrix by using the modified Horner and Paterson—Stockmeyer’s method proposed in
[SIDR11a, p. 1836-1837]. Note that this modified method has the same optimal values for
m as the original one:

Tm (27°A4) = {{2‘3—; +Aq,1}/[25(m—1)]+Aq,2}/[25(m—2)]+.-- + Ag}/[QS(m—q+2)] +A

Aq
22s(m-q+1)(m-q)

+25(m—-q+ 1)[} +Aq-1}/[23(m—q—1)]+Aq—2}

/[2°(m-q-2)] +~-~+A2}/[23(m—2q+2)] +A+23(m—2q+1)1}

Aq
x +
225(m —2q+1)(m - 2q)

x 223(21 g + Aq—l}/[2s(q -]+ + Az}/[252]+A}/25 +1, (2.145)

+A2}/[2“"(q +2)]+A+2° (g + 1)[}

where matrix powers A; = A*.i=1,2,...,q are computed, with ¢ = [ /mk] or |\/my], both
values dividing my, and giving the same cost [Hig08, p. 74]. Table 2.23 shows some optimal
values of ¢ for orders my, k=0, 1, 2,..., M, with mj; = 20,25, 30, denoted by gy.

Finally, after the evaluation of T, (27°A), s repeated squarings are applied in Steps 4-6
and the postprocessing is applied in Step 7 to obtain the matrix exponential approximation of
the original matrix A. The computational cost of Algorithm 2.4 in terms of matrix products
is Cost(myg,s) =k +s.
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Table 2.23: Values of g depending on the selection of m ;.

k 01 2 3 4 5 6 7 8 9
mar \ my 1 2 4 6 9 12 16 20 25 30
20 1 2 2 3 3 4 4 4
25 1 2 2 3 3 4 4 5 5
30 1 2 2 3 3 4 4 5 5 5

2.6.3. Error analysis

Following [SIDR11a, SIDR14], denoting the remainder of the Taylor series as R,,(A) =
Y sma1 AF/EL for a scaled matrix 2754, s e Nu {0}, we can write

(T (27°4))" = €A (I + gner (27°4))7 = A2 s (274), (2.146)
Gms1(27°A) = =€ 2 AR, (27°A), huper (27°A) =log (I+gme (27°4)), (2.147)

where log denotes the principal logarithm, h,,.1(X) is defined in the set Q,, =
{X eC™™:p (e‘XTm(X) - I) < 1}, and both ¢,,41(27°A) and hyy,.1 (27 A) are holomorphic
functions of A in Q,, and then commute with A. As showed in [SIDR11a], h,,.1(27°A) and
gm+1(27°A) are related with the backward and forward errors in exact arithmetic from the
approximation of e by the Taylor series with scaling and squaring, respectively. Choosing
s so that

[Pme1 (27°A) | < méx {1, |27 A} u, (2.148)
where u=2753 is the unit roundoff in IEEE double precision arithmetic, then: if 27 [ A > 1,

then the backward error AA < || Al| u and using (2.146) one gets (T, (2_5A))2b = AAA A
and if 27° | A| < 1, using (2.146)-(2.148) and the Taylor series one gets

[ B (27 A) | % | T (270 A) | e (2.149)

Hence, as Algorithm 2.4 evaluates explicitly T}, (27°A), by (2.149) one gets e? 4 =

T (27°A) + R, (27°A) ~ T, (27°A), and there is no need to increase m or the scaling
parameter s to try to get a higher accuracy. Using scalar Taylor series in (2.147) one gets

_1\k+1 T k
gm+1(2) = Z b,(cm)ack, hm+1(x):z( D) %mﬂ( ) = Z cl,(:n);zck7 (2.150)

k>m+1 k>1 k>m+1
where b,(cm) and c,(cm) depend on the order m. Moreover, b,gm) = c,(Cm), k=m+1,m+2,...,2m+1

and if |hpe1(27°A)] < 1 or if |gm+1(27°A)| < 1, then hp,1(27°4) » gme1(27°A), see
[SIDR14]. Using MATLAB symbolic Math Toolbox, high precision arithmetic, 200 series
terms and a zero finder we obtained the maximal values ©,, of © = ||27° A, shown in Table
2.24, such that, using the notation of Theorem 5

st (275 A) || € P (©) = Ssmar €™ |OF < max{1,0} u. (2.151)
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Table 2.24: Maximal values ©,, = [27°A| such that A1 (©,,) < méx{1,0,,}u, coefficient

ratios cfﬁ)l /cgﬁé, values u/ |c$:1)2|, maximal values ©,, using only the first 2 terms in series
fLerl(@m), and values ﬁm+1(ém)/(méX{1, @m}u) considering 200 series terms.
m O, el el O e
1 1.490116111983279e-8 -3/2 3.3e-16 1.490e-8  1.00
2 8.733457513635361e-6 -4/3 8.9e-16 8.733e-6  1.00
4 1.678018844321752¢-3 -6/5 1.6e-14 1.678e-3  1.00
6 1.773082199654024e-2 -8/7 6.4e-13 1.777e-2  1.02
9 1.137689245787824e-1 -11/10 4.4e-10 1.150e-1  1.11
12 3.280542018037257e-1  -14/13 7.5e-7 3.358e-1 1.37
16 7.912740176600240e-1  -18/17 4.2e-2 8.269e-1  2.19
20 1.438252596804337 -22/21 5.9e03 1.474 1.70
25 2.428582524442827 -27/26 4.7e10 2.538 3.36
30 3.539666348743690 -32/31 9.4el7 3.771 8.34

Hence, if |[27°A]| < ©,, then (2.148) holds. For the cases where ©,, > 1, note that f(©) =
j— (©)-0Ou is a continuous function in [0,0,,] and f(O,,) =0, f(0) = 0. For m = 20,25, 30
we have checked that there are no other zeros in [0,0,,], and f(©) <0, © €]0,0,,[. Thus,
for those orders the next bound holds

st (275 A) || < hmet (1275 A]]) = honsr (©) <Ou, 0O <O,,. (2.152)

2.6.4. New Taylor algorithm
2.6.4.1. New scaling algorithm

In this section a new scaling algorithm is proposed, being a simplification of that presen-
ted in [SIDR11a, p. 1837-1838]. For all norms appearing in the scaling algorithm we will use
the 1-norm, and mj; will be the maximum allowed Taylor order. Using the bounds and a
similar process that we describe below, we will first check if any of the Taylor optimal orders
my =1,2,4,... my—q satisfy (2.148) without scaling, i.e. with s = 0. If not, we will calculate
the optimal scaling s for order mj; in two phases: first, we will calculate an initial value of
the scaling parameter, sg, and then we will try to refine it, testing if it can be reduced. In
this paper we have simplified both phases with respect to the algorithms from [SIDR11a]
and [SIDR14], avoiding costly and complex checks that rarely allow to reduce the scaling
parameter.

We begin estimating the 1-norm of ||A™*!(| using the block 1-norm estimation algorithm
of Higham and Tisseur [HT00]. For a nxn matrix this algorithm carries out a 1-norm power
iteration whose iterates are n x t matrices, where ¢ is a parameter that has been taken to
be 2, see [AMHO09, p. 983]. Hence, the estimation algorithm has O(n?) computational cost,
negligible compared to the cost of a matrix product, i.e. O(n?).
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In [SIDR11a, p. 1837], the upper bounds aj for ||A¥|| needed to apply Theorem 5 in
(2.151) were obtained using products of norms of matrix powers estimated for current and
previous tested orders, i.e. ||[A™**|, k=0,1,2,...,M, and the powers of A computed for
evaluation of T),,,, (27°A), A', i=1,2,...,q, as

| 45] < ax = min {JAL™ 477 far amsret famest e
x At fmaret i1+ 2ig + -+ qig + (Mg + 1)imy 0
+ (Mg + D)imgss + -+ (mag + )iy, 11 = k;} (2.153)
where the minimum was desirable, but not necessary. Then, in [SIDR11al, «, values from
Theorem 5 with [ = mps + 1, see (2.139), were obtained successively for p =2,3,...,q,mq +
1,mg + 1,...,mpr + 1, stopping the process when (a,)"? < max{(ap)"/* : k = m +1,m +

2,...,m+p}, since if this condition holds, then for p’ > p it follows that o, > ¢, , see [SIDR14,
p. 105] for a demonstration. Then, the minimum value among all values «,, denoted by cin,
was selected.Finally, the initial minimum scaling parameter sp > 0 so that 27°°a,nin < Oy,
was computed as follows: if apnin < O, then sg = 0, and otherwise sg = [10gs(Wmin/Om,, ) ]-
In [SIDR11a] it was also shown that taking s = so then (2.148) holds.

In this work, we have simplified all that process by directly approximating

1/(m+1) al/(m+2)}, (2.154)

Qmin ® MAX{ a1 G

where @,,,1 and a,,,2 are the 1-norm estimation of ||[A™*!|| and ||[A™*?||, respectively, using
the block 1-norm estimation algorithm of Higham and Tisseur [HT00]. Theorem 6 establis-
hes that max{|A¥|* : k > [} is obtained for [ < k <1+q—1, where 1 < ¢ < [. If we use
maximum Taylor order mj; = 30 for the computation of a matrix exponential then from
Theorem 5 and 6 it follows that [ = mps +1 =31 and [ + ¢ - 1 < 61. For normal matrices,
since |A¥|y = |A|5, then méX{HAkHQ% D kx>l = méx{”AHQ% : k21}=]|Al2 and (2.154) will
be a good approximation (it would be exact if we used the 2-norm and the exact values
of [|[A™*||y and ||[A™*2||3). For the case of nonnormal matrices Figure 2.9 shows the values

{HAkH;/k 61 for 103 matrices A from the matrix exponential literature with |A[2 = 1 and
sizes from 2x 2 to 100 x 100, see [AMHO09, p. 973]. Since |A*|/* — p(A) as k - co [AMH09,
p. 972], in the majority of matrices the values | A*|/* tend to be decreasing and tend to
have less variations for higher matrix powers, so (2.154) will be a good approximation for
méx{|A¥|% : k>myr+1}. In fact, for those nonnormal matrices with monotonically decrea-
sing sequence |AF|%, k=1,2,... it follows that max{||A¥|* : k>my +1} = HAmM“Hﬁ
and then the value a,;, from (2.154) gives the best possible selection. The fact of taking
at least two matrix powers in (2.154) comes from the example matrix (3.8) from [AMH11]

1 a
A:[ 0 -1 ] lal >> 1, A%, = 1, | 4], = 1 + |a, (2.155)

where the norm of the odd powers is much greater than the norm of the even powers. Note
that in this case

1

max{| A5 F : k2 m+ 1} = max{ AT T | AT e (2.156)
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Figure 2.9: {| A%, Ak 01 for 103 matrices A with |A]2 = 1 and sizes from 2 x 2 to 100 x 100.

and it is necessary to check at least two matrix powers to obtain the maximum. Numerical
tests confirmed that using only two terms in (2.154) made no noticeable difference in the
accuracy results in the majority of test matrices.

Once obtained sy, if so > 1 we check if (2.148) holds reducing the scaling s = so — 1, and
using the bounds for ||AkH < ay to test if bound

(m)
hm 27°A
| ,+1(En) ) cfm) ’;<max{1 27 A} —L (m) (2.157)
| Conso k—m+1 Crnt2 m+2

holds, truncating the series. Note that we will stop the series summation if after summing
(m)

m+21°

the first term, the sum is greater than max{1,||27°A||}u/|c

values of c,(cm) /c;:%, and the values u/ |c1($r)2 . In (2.157) we have simplified the process of

determining the error bound with respect to those in [SIDR11a] and [SIDR14], using only the
two first terms of the error series, instead of the ¢ terms used in algorithms from [SIDR11a]
and [SIDR14]. Table 2.24 shows the maximal values ©,, such that hm+1(®m) <max{1, O,, u
using only the first 2 terms in series hm+1(®m) and the values hm+1( m)/(méx{1, O )
considering then 200 series terms. These values show that for normal matrices, considering
only two series terms makes little relative difference, (< 8.34) in the worst case, with respect
to considering all the series terms.

Table 2.24 presents some

For nonnormal matrices the value of the remaining 1series terms will depend on the values
|A¥ Y% k> m + 3 and their ratio with max{|A™*"" |7,
| Am*2 %ﬂ} Given the results from Figure 2.9, typically the terms of the power series of

function |h;,41 (27°A)|| will be decreasing, so the first terms tend to determine the error
bound.
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Taking all the previous into account we decided to reduce the number of terms of the
error series to be used and we checked empirically that using more terms rarely modified
the final result. Again, taking into account matrix (2.155) we use the first two terms of the
power series of |hp,.1 (27°A4)].

In this step, we have also removed a complex and costly test that previous versions of
the new Taylor algorithm do when expression (2.157) does not hold with s = so — 1, see (15)
from [SIDR11a] and (45) from [SIDR14]. We have found empirically that when (2.157) does
not hold, then very rarely those tests are satisfied.

In the next subsection, a detailed description of the new algorithm is given.

2.6.4.2. Taylor algorithm

The new proposed algorithm is presented in Algorithm 2.5. For all norms appearing in the
scaling algorithm we use the 1-norm. The maximum allowed Taylor order, my, is an input
parameter. In our experience, the optimal values for mj; are 20,25 or 30, increasing slightly
the cost in tests with increasing mj; but also improving the accuracy, see Fig. 1 and Table
2 of [SIDR11a]. For clarity in the algorithm, we have considered that the maximum value
for myy is 30. However, extending the algorithm to higher values for m, is straightforward.

In Steps 3-27, Algorithm 2.5 checks if any of the Taylor optimal orders mj =
1,2,4,...,mys satisfies (2.148) without scaling (s = 0), using the bounds provided in the
previous section. As mentioned above, we compute the 1-norm estimate of ||[A™*"!|| and
||A™*2|| using the block 1-norm estimation algorithm of [HT00].

If no value of my, < mys satisfies (2.148), the algorithm computes «,;, using only the 1-
norm estimate of the matrix powers ||A"™*!|| and ||[A™*?||, and determines the initial scaling
parameter sg in Steps 29-30. Then, if sq > 0, the algorithm checks in Steps 31-37 if the
initial scaling parameter can be reduced, testing if (2.148) holds with s = sg — 1.

Then, in Steps 38-42, similarly to the algorithms proposed in [SIDR11a] and [SIDR14],
Algorithm 2.5 tests if (2.148) holds with s and mps-1; Taylor order m =mps_1 will be used
if (2.148) holds, or m = mys otherwise.

Finally, in Step 43 we use (2.145) to compute the exponential approximation of the
scaled matrix, and in Steps 44-46 s squaring steps are done to obtain the matrix exponential
approximation of the original matrix A.

Algorithm 2.5 Given a matrix A € C™" and a maximum order my;, this algorithm
computes B = e by a Taylor approximation of order m < my;.

Inputs: A € C™*" and maximun order approximation m s
Output: B = e?

1: Set O, anni)l /cgnwfr)2 and u/ |c£n7?2| values from Table 2.24
2: 5«0
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A

lgorithm 2.5 (continued)

3:

22:

26:

if ||A]| < ©1 then
m <« 1
B« A+1,
quit
end if
: for me[2,4,6,...,my] do > Optimal values for m, from 2 to my;
if m =2 then
Compute and save A2
else if m =6 then
Compute and save A3
else if m =12 then
Compute and save A%
else if m =20 then
Compute and save A®
end if
b < méx{L,[|All} - u/lc{,
a(m +1) < [|A™H] > Estimate value of ||A™+1|

if |c§:;i)1 cgﬂ_)ﬂ -a(m+1) <b then

a(m +2) < ||A™+2]] > Estimate value of ||A™*2|]

if |c$nn}r)1/c$i)2| ca(m+1)+a(m+2) <b then
B« T (A) > Evaluate T, (A) using (2.145) with s =0
quit

end if
end if

end for

m < mpyg > Maximum order selected

Qmin < méx{a(m+ 1)V g(m 4+ 2)1/(m+2)}

S0 < [Ing(amin/em)]

. if s >0 then > Check if (2.148) holds reducing the scaling s = sg — 1

s« sg—1

b misc{L, | All/2°) Yu/ ey

m+2
if |c$nn1)1/c£:1)2| ~a(m+1)/20m D5 4 q(m +2)/207+2)5 5 b then
s < So > (2.148) does not hold, then s = sg
end if
end if
m < mpr_1 > Test if scaled matrix allows using mas_1

b < max{L,|[All/2°} - u/|c")

m+2
s if |c§:;i)1 cinwj_)2| ca(m +1)/20m*Ds 4 q(m +2)/2(m+2)s 5 b then
m < mpyg > Scaled matrix does not allow using mp;_1, then m =my;
: end if
: Compute B =T, (A/2°) > Evaluate T;, (279 A) using (2.145)
: fori=1:s5do > Squaring phase
B=RB?
: end for

2.6.5. Numerical experiments and conclusions

In this section we compare a Matlab implementation of the new algorithm, denoted by

exptaynsv3, with the functions exptayns and exptaynsv2 from [SIDR11a] and [SIDR14],
respectively, and also a Fortran version of exptaynsv3 with one of the main commercial

SO
fu

ftware available for computing matrix exponentials: the NAG library [NAGO02]. The four
nctions are available at:

http://personales.upv.es/jorsasma/Software/exptayns.m
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We have also included a comparison of exptaynsv3 with MATLAB function expm_new
from [AMHO09], that implements a scaling squaring Padé algorithm to compute matrix ex-
ponential. The accuracy was tested by computing the relative error E = [le? - X |,/ ||e‘4||1 ,

where X is the computed approximation and the cost is given in terms of matrix products.
We used the following sets of matrices for testing:

1. One hundred diagonalizable matrices of size 1024. These matrices have the form
VT DV, where D is a diagonal matrix whose diagonal elements are random values
between —k and k with different integer values of k, and V is an orthogonal matrix
obtained as V' = H/16, where H is the Hadamard matrix.

2. One hundred matrices with multiple eigenvalues of size 1000. These matrices have the
form VT DV, where D is a block diagonal matrix whose diagonal blocks are Jordan
blocks with random dimension and random eigenvalues between —50 and 50, and V' is
an invertible matrix with random values in [-0.5,0.5].

3. 32 matrices 1000 x 1000 from the function matrix from the Matrix Computation Tool-
box [Hig02b]. Matrices whose exponential cannot be represented in double precision
due to overflow were excluded from all the matrices given by function matrix. The-
se matrices appear in the state of the art in the exponential matrix computation
[AMHO09, Hig05].

The “exact”’value of matrix exponential for matrix sets 1 and 2 was computed by
using transformations e? = VTePV, where VTePV was computed using vpa function from
Matlab’s Symbolic Math Toolbox with 32 decimal digit precision. For matrix set 3, we used
quadruple precision Taylor algorithm in Fortran with different orders and scaling parame-
ters for each matrix to check the result correctness. The maximum order used for Taylor
approximation in all cases was mps = 30.

Figure 2.10 presents the comparison of functions exptaynsv3 and exptayns in terms of
matrix products and relative errors. The new algorithm saved one matrix product in 21.5 % of
cases from the matrix sets 1 and 2, and one matrix product in 3.1 % of cases from the matrix
set 3. Both algorithms achieved very similar accuracy results, with max(|Ey — Es|/|E1]) =
0.0194 for matrix sets 1 and 2, and méx(|E; — Es|/|E1|) = 0.0038 for matrix set 3.

Similarly, Figure 2.11 shows the results of the comparison between the functions
exptaynsv3 and exptaynsv2. In this case considering matrix sets 1 and 2, the new algo-
rithm saved one matrix product in 18.5 % of cases. With respect to matrix set 3, it saved one
matrix product in 3.1 % of cases, whereas it performed one more matrix product in 9.4 % of
cases. In terms of accuracy, see Figure 2.12, results are very similar to those obtained in the
previous case when considering matrix sets 1 and 2, obtaining max(|Es — E3|/|E2|) = 0.0194.
Considering matrix set 3, see Figure 2.12b, the only case where the error difference is sig-
nificant is for matrix 7, where exptaynsv2 gives a 107*® order accuracy, while exptaynsv3
obtains a higher accuracy of order 1072°. For the remaining cases max(|Fy - E3|/|F2|) = 0.41.
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11.5%

78.5%

(a)

96.9%

(b)

Figure 2.10: Comparison of the cost in terms of matrix products (P) and the relative error
(E) between exptaynsv3 (Ps and F3) and exptayns (P and Fj) with matrix sets 1 and 2

(a), and matrix set 3 (b).

11%

81.5%

(a)

87.5%

(b)

Figure 2.11: Comparison of the cost in terms of matrix products (P) and the relative error
(E) between exptaynsv3 (P3 and F3) and exptaynsv2 (P; and Fj) with matrix sets 1 and

2 (a), and matrix set 3 (b).
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Figure 2.12: Relative error comparison between exptaynsv3 and exptaynsv2 with matrix
sets 1 and 2 (a) and matrix set 3 (b). Taylor maximum order mp; = 30.
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Figure 2.13: Relative error comparison between exptaynsv3 and expm new with matrix sets
1 and 2 (a) and matrix set 3 (b). Taylor maximum order my; = 30.

The accuracy comparison between the functions exptaynsv3 and expm_new is presented
in Figure 2.13. Function exptaynsv3 achieved a higher accuracy in 88.5% of the matrices
from matrix sets 1 and 2, and in 87.5% of the matrices from matrix set 3. The number of
matrix products performed by exptaynsv3 to compute all the matrix exponentials of matrix
sets 1, 2 and 3 were 1115, 700 and 351, respectively, whilst expm_new carried out 1338, 1596
and 345.6 matrix products, respectively.

Although matrix set 3 includes some ill-conditioned matrices, we found interesting to
check the behaviour of the functions with a very nonnormal and ill-conditioned matrix,
such as the one generated by the command gallery(’triw’,20,4.1) of Matlab [AMHI1].
We computed the “exact” exponential of this matrix using vpa Matlab’s function with 500
decimal digit precision and the relative error obtained was 1.8163-1071¢ for the three Taylor
functions and 1.1408 - 1071° for expm_new. The number of matrix products performed were
10 for the Taylor functions and 7.3 for expm_new.
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Table 2.25: Execution time comparison in seconds between the functions exptayns,
exptaynsv2 and exptaynsv3 in Matlab.

exptayns exptaynsv2 exptaynsv3

Matrix set 1 262.83 266.94 227.69
Matrix set 2 178.25 179.54 136.37
Matrix set 3 171.93 170.81 165.47

10.6%
15.9% °

84.1%
° 89.4%

(a) (b)

Figure 2.14: Cost in seconds (T) (a) and relative error comparison (E) (b) between
exptaynsv3 (T3 and E5) and fOlecc from NAG Library (T and Ey) with matrix sets
2 and 3.

We have also included an execution time comparative of the three Taylor functions in
Matlab. Although execution time in Matlab is not always reliable, since the three functions
are similar the results can be useful. Table 2.25 shows the total time in seconds taken by
each function to compute all matrix exponentials of each matrix set. As shown, exptaynsv3
computes the exponential faster than the other two previous versions in all cases.

Finally, we have compared a Fortran version of the new algorithm with one of the main
commercial software packages that allows the computation of matrix exponentials. The
function f0lecc from NAG Library, see [NAGO2], computes the matrix exponential of a
real square matrix, using the algorithm based on Padé approximants and the scaling and
squaring method described in [Hig05] and [Hig08].

The tests have been done in a Linux system with an Intel processor, using the Math
Kernel Libraries from Intel. We have used the 32 matrices from Matlab Toolbox and the
100 random Jordan matrices from previous tests. Results are shown in Figures 2.14 and
2.15. In this case, execution time instead of matrix products was used to evaluate the cost
of both functions, and function exptaynsv3 obtained better results than the NAG routine in
both accuracy, 89.4 % of cases, and execution time, 84.1 % of cases. The total time taken by
exptaynsv3 to compute all matrix exponentials was 521 seconds, versus 866 seconds taken
by f0lecc function. Moreover, exptaynsv3 was significantly more accurate in the majority
of cases, see Figure 2.15.
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Figure 2.15: Relative error comparison between exptaynsv3 and function f0lecc from NAG
Software.

2.6.6. Conclusions

A competitive modification of the Taylor algorithm from [SIDR11a] has been proposed
based on a simplification of the calculation of the error bounds used to select the order of
the approximation and the scaling parameter. These modifications were based on theoretical
results for normal matrices and empirical results for nonnormal matrices, leading to a new
simplified algorithm that obtained similar accuracy as previous algorithms from the authors
in the majority of test matrices with a lower processing time, and also better results than
state-of-the-art algorithms based on Padé approximations.
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Capitulo 3

Coseno y seno de una matriz

3.1. Introduccion

Este capitulo estd dedicado al calculo de las funciones seno y coseno matriciales. El
trabajo realizado durante el desarrollo de esta tesis ha dado lugar a los siguientes tres
articulos relacionados con estas funciones:

» “Computing matriz functions solving coupled differential models” (seccién 3.2, [DSIR09)):
En este primer trabajo se presenta un algoritmo que permite el calculo simultaneo del
seno y el coseno de una matriz. El célculo se realiza mediante el uso de series de matri-
ces polinomiales de Hermite y estd basado en una modificacion del método propuesto
en [DJ98]. La implementacién en MATLAB de este algoritmo consiguié muy buenos
resultados al compararlo con la funcién funm de MATLAB, que permite calcular el
seno y coseno matricial (usando un algoritmo de Shur—Parlett [DHO03]).

= “Computing matriz functions arising in engineering models with orthogonal matrix
polynomials” (seccién 3.3, [DSIR13]): en este articulo se desarrolla un nuevo algorit-
mo para el calculo del coseno que incluye mejoras muy significativas con respecto al
presentado en el articulo anterior. Por una parte, se incluye escalado de la matriz,
baséndose en la férmula del doble dngulo (ver seccién 1.2.2): cos(2A4) = 2cos®(A) - 1.
Ademsds, se utiliza el método de Horner y Paterson—Stockmeyer [PS73] para calcu-
lar el polinomio matricial de Hermite y también se establece una nueva cota para el
error absoluto y se realizan comprobaciones de precisiéon para establecer si se pueden
despreciar los términos de orden mas alto de la serie polinémica sin que afecte a la
precisién final. Una vez implementado en MATLAB, las pruebas numéricas realiza-
das demuestran que el algoritmo obtenido resulta muy competitivo al compararlo con
otras funciones del estado del arte.

» “Efficient computation of the matriz cosine” (seccién 3.4, [SIRD13]): por ultimo, en
este articulo se presenta el algoritmo més competitivo de todos. Se ajustan significa-
tivamente las cotas del error absoluto de tipo forward y se utiliza un algoritmo del
mismo tipo que el aplicado a la exponencial en “Accurate matrix exponential compu-

107



3.1. Introduccién 108

tation to solve coupled differential models in Engineering” (seccién 2.3). En las pruebas
experimentales se compara este algoritmo en MATLAB con el presentado en el articulo
anterior y con la funcién cosm, que es una implementacién en MATLAB del algorit-
mo basado en aproximantes de Padé presentado en [HHO5]; los resultados obtenidos
mejoran tanto en precisién como en tiempos de ejecucién a ambos algoritmos en la
mayoria de los casos.

En las siguientes secciones de este capitulo se pueden consultar los articulos mencionados
al completo.
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3.2. Computing matrix functions solving coupled diffe-
rential models !

Referencia del articulo:
E. Defez, J. Sastre, J. Ibinez and P.A. Ruiz
Computing matriz functions solving coupled differential models
Mathematical and Computer Modelling, Volume 50, Issues 5-6, September 2009, Pages 831-839, ISSN
0895-7177, http: // dz. doi. org/10. 1016/ 5. mcm. 2009. 05. 012

Abstract
In this paper a modification of the method proposed in [DJ98] for computing matrix sine
and cosine based on Hermite matrix polynomial expansions is presented. An algorithm
and illustrative examples demonstrate the performance of the new proposed method.

3.2.1. Introduction

It is well known that the wave equation

200 P
oz2 o2’
plays an important role in many areas of engineering and applied sciences. The matrix
differential problem

(3.1)

Y1)+ AY (1) =0, Y(0) =Yy, Y'(0) =Y, , (3.2)

where A is a matrix and Yy and Y7 are vectors, arises from spatially semi-discretization of
the wave equation (3.1), see [SB80]. Matrix problem (3.2) has the exact solution

Y (t) = cos (VAL)Yo + (JZ)f1 sin (VALY (3.3)

where /A denotes any square root of a non-singular matrix A (see e.g. equation 1.2
of [HHO5]). More general problems of type (3.2), with a forcing term F(¢) on the right-hand
side arise from mechanical systems without damping, and their solutions can be expressed
in terms of integrals involving the matrix sine and cosine [Ser79]. Thus, trigonometric ma-
trix functions play an important role in second order differential systems, similar to matrix
exponentials in first order differential problems.

A general algorithm for computing the matrix cosine which uses rational approxima-
tions and the double-angle formula cos (24) = 2cos? (A) — I was proposed by Serbin and

IThis work has been partially supported by the Generalitat Valenciana GV /2007/009.
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Blalock [SB80]. Higham in [HHO05, HS03, Hig08] developed a particular version of this al-
gorithm based on the Padé approximation including truncation and rounding error analysis.

In this paper, that may be regarded as a continuation of [DJ98], we use Hermite matrix
polynomial expansions of the matrix cosine and sine in order to perform a very accurate
and competitive method for computing them compared to the results given by the function
funm of MATLAB. The implementations have been tested on an Intel Core 2 Duo T5600
with 2 GB main memory, using 7.5 (R2007b) MATLAB version.

This paper is organized as follows. Section 3.2.2 summarizes previous results of Hermite
matrix polynomials and includes a new Hermite series expansion of the matrix sine and
cosine. Section 3.2.3 deals with the Hermite matrix polynomial series expansion of cos (At)
and sin (At) for an arbitrary matrix as well as with its finite series truncation with a prefi-
xed accuracy in a bounded domain, and an algorithm of the method is given. Section 3.2.4
deals with a selection of examples in order to investigate the accuracy of the new method
proposed here. Finally, conclusions are presented in section 3.2.5.

Throughout this paper, [z] denotes the integer part of z. The matrices I, and 0.,
in C™" denote the matrix identity and the null matrix of order r, respectively. Following
[GLY6], for a matrix A in C™", its infinite-norm will be denoted by |A|,, and its 2-norm
will be denoted by || A ||,. Finally, if A(k,n) are matrices in C™” for n > 0,k > 0, from [DJ98]
it follows that

S YAk = Y S Ak k) . (3.4)

n>0 k>0 n>0 k=0

3.2.2. Hermite matrix polynomials series expansions of matrix sine
and matrix cosine

For the sake of clarity in the presentation of the following results we recall some properties
of Hermite matrix polynomials which have been established in [DJ98] and [JC96]. From (3.4)
of [JC96, p. 25] the nth Hermite matrix polynomial satisfies

[2] k n—2k

1 27 (-1)" (xA)
H, -A2)= Yy A
(x’ 2 "L T (- 2k))

for an arbitrary matrix A in C™". Taking into account the three-term recurrence relationship
(3.12) of [JCY6, p. 26], it follows that

H, (2, A%) =2AH, 1 (z,3A%)-2(n-1)H, > (2,2A4%) |, n>1

: (3.5)

, (3.6)
H_]_(J}, %A2) = err 5 Ho(l’» %A2) = IT
and from its generating function in (3.1) and (3.2) [JC96, p. 24] one gets
1
pPtAtT _ S H, (:C’ §A2) t"[n!, |t| < oo, (3.7)
n>0
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where x,t € C. The nth scalar Hermite polynomial is given by [Leb72, p. 60]
e )

H,(x)=n! ,n>0, 3.8
(@) =n ,;J K(n—2k) " (38)
which coincide with the n—th matrix Hermite polynomial (3.5) when r =1 and A = 2.
Taking y =tz and p =1/t in (3.7) it follows that
a1 1 1
Mooy Lop, (uy,—A2), LeC, yeC, AeC™ (3.9)
n>0 'unn! 2

Now, we look for the Hermite matrix polynomials series expansion of the matrix cosine
cos (Az). Given an arbitrary matrix A € C™" with

eiAy + 6—2’Ay
2
and using (3.9) in combination with [JC96, p. 25], it follows that

Hy, (-z,A)=(-1)"H, (z,A) .

cos (Ay) =

Thus, one gets

N 1 1
Ay) =en? S ——— iy (i ,—AQ). 3.10
€08 (4y) =7 T o Hon (i (3.10)

Taking A =iy in (3.10), we obtain the looked for expression:

e =" ( 1 2)
cos (Ay) =e %/\2”(2”)!}[% y)\,2A . (3.11)

In a similar form, taking into account that
iAy _ e—iAy
2i ’
—1)"
sin (Ay) = e N > (1)

S 2201 (20 + 1))

sin (Ay) = €

it follows that .
Hapiy (y)\, §A2) : (3.12)

Remark 3.2.1 Observe that when X = 1, expressions (3.11) and (3.12) are formulae (19)
and (20) of [DJ98, p. 109].

Denoting by Cn (A, \) the Nth partial sum of series (3.11) for y = 1, one gets
Cx(nA) = 50 D" g Ly A C, AeC™
N()\, ) =€ A z W 2n A,E NCOS( )7 A€ s € . (313)

Observe that the case A = 1 corresponds with the matrix cosine approximation C'(A;1; N)
given in [DJ98]. Denoting by Sy (A4, \) the Nth partial sum of series (3.12) for y = 1, one
gets

n=0

Sy A) =i 30 D"

1 2 . TXTr
3 iy sy e ()\,iA )Nsm(A), AeC, AcC™.  (3.14)

In Section 4 we shall see that the introduction of the additional parameter A will improve
the results given in [DJ98].
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3.2.3. Accurate and error bounds for cosine and sine approxima-
tion. Algorithm

By (3.5) and (3.8), it follows that

1 [l (Ja] | A])" "
H (x,—AZ) < — 3.15
H "\ 2 2 ,;) El(n - 2k)! (3.15)
and thus (
1 @n)L(AA])* "
o (A 542)| < (3.16)
H 27 )l ,;) k1(2(n - k))!
Using (3.4), the following expression holds
n A 2(n-k)
1Al = cosh (| A],)ex® . (3.17)

%5 VP G D)

Taking the approximate value Cn(\, A) given by (3.13) and taking into account (3.16), it
follows that

[~

cos(A)-Cny(N, A < e —H n()\ AQ)
Jeos (4) = Cn (A, A), X | i
1 N
< e a2 s
ngﬂ kzo AREL(2(n — k))!
IR I 7 O
-0 L;),;O)\%k!@(n—k))' nZOkZOA%k'(zn 1))!

Considering the previous expression, one gets an error bound for approximation (3.13):

A 2(n-k)
[AlL (3.18)

1 N n
Jeos (A) - O (X, A)], < €732 [h (A = 2 2 oo~ hy):

Now, let € >0 be an a priori error bound. Using (3.18), if N is the first positive integer so

that -
A 2(n—k
Al > cosh (| A]l,)ex® —cex? | (3.19)

N n
24 2 V(b))
from (3.18) and (3.19) one gets,

lcos (A) =Cn (N A,y < €
Summarizing, the next result, similar to theorem 3.1 of [DJ98], has been proved:
Theorem 7 Let A be a matriz in C™" and let A > 0. Let € >0. If N is the first positive
integer so that inequality (3.19) holds. Then

[cos (A) -Cn (X A)|, < €. (3.20)
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Furthermore, using that relation sin (A) = cos (A -51 ), it is possible avoid the computation
of the matrix sine. On the other hand, we can obtain a similar result to theorem 7 for the
case of the matrix sine:

Theorem 8 Let A be a matriz in C™" and let X > 0. Let € > 0. If N is the first positive
integer so that inequality

n 2(n-k)+1
JAs

¢ N2FEN(2(n— k) + 1)

> sinh(HAHQ)e%? —eexT

N
2.
n=0k

holds. Then, approximation Sy (X, A) given by (3.14) satisfies

Jsin (A) - Sy (A, A)|, < e . (3.21)

Starting with expressions (3.13) and (3.14), it is possible to simultaneously compute the
matrix cosine and sine using the following algorithm 3.1.

Algorithm 3.1 computes sine and cosine of a matrix by means of Hermite approximants.
Function [C, S] = sincosher(A, N, \)
Inputs: Matrix A € R™"; 2N + 1 is the order of the Hermite approximation (N € N) of

sine/cosine function; parameter A € R
Output: Matrices C = cos(A) e R™" and S =sin(A) e R™"

1: Hy =1,
2: Hy = AA
3: C'=H,
4: § = Hl/)\
5. aux = 1/A
6: forn=2:2N +1 do
7 H:)\AHl—Q(TL—l)HO
8: Hy = Hy;
9: H=H
10: aux = auzx/(An)
11: if mod(n,4) <2 then
12: if mod (n,2) ==0 then
13: C=C+auxH,
14: else
15: C=C-auzH,;
16: end if
17: else
18: if mod (n,2) ==0 then
19: S=S+aurH,;
20: else
21: S=S5-auzH,
22: end if
23: end if
24: end for
25: C=e V0
26: S =e S
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3.2.4. Numerical examples

In this section we provide results for numerical experimentation of the computational
method based on expansion (3.11) compared with the results given by the function funm of
MATLAB. This function allows to compute general matrix functions by the Schur-Parlett
algorithm, [DHO03], and it is the only function that MATLAB has to compute matrix sine
and cosine. The implementations have been tested on an Intel Core 2 Duo T5600 with 2
GB main memory, using 7.5 (R2007b) MATLAB version.

In the first example, we apply the computation of the matrix cosine of a matrix A treated
in [DJ98] using the expansion (3.11). Note that there are different possible choices for the
parameter .

Example 3.2.1 Let A be a matriz defined by
3 -1 1
A=12 0 1], (3.22)

with o(A) = {1,2}. Matriz A is non-diagonalizable. Using the minimal theorem [DS57, p.
571], see also [DJ9S], the exact value of cos (A) is

( cos (2) —sin (2) sin (2) —sin (2) )
cos(A) = —cos (1) +cos(2)—sin(2) cos(l)+sin(2) -sin(2)
—cos (1) +cos(2) cos(1) —cos(2) cos(2)

-1.865746569240964 1.449599732693821  -0.909297426825682
-0.956449142415282  0.956449142415282 -0.4161468365471424

(—1.325444263372824 0.909297426825682  —0.909297426825682 )

In [DJ9S], for an admissible error e = 107>, we need N = 15 to provide the required accuracy.
In practice, the number of terms required to obtain a prefived accuracy uses to be smaller
than the one provided by Theorem 3.1 of [DJ98]. So for instance, taking N =9 one gets:

—-1.3254444650245485 0.9092974459509594 —0.9092974459509594
-0.9564494509134919  0.9564494509134919 -0.4161470190735891

Co(1,A) = ( —-1.8657468968644513  1.4495998777908623 —0.9092974459509594

and
[cos (A) — Co(1,A)], = 7.995228661905607 x 1077 .

We will compare these results obtained letting X = 1 in Theorem 8.1 of [DJ98] with the
new Theorem 7. Taking \ = 2000, using Theorem 7 we need N = 10 to obtain the same
prefized accuracy. Again, the number of terms required to obtain a prefized accuracy uses to
be smaller than the one provided by (3.20). For instance, taking N =7 one gets

-1.3254442633775207  0.9092974268299509  -0.9092974268299509
C7(2000,A) = | -1.8657465692456603 1.4495997326980907 —0.9092974268299509 ,
—-0.9564491424157093 0.9564491424157093 -0.41614683654756973

and
cos (A) — C7(2000,A)[, = 7.717270333884585 x 1078 .
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115 Capitulo 3. Coseno y seno de una matriz

The choice of parameter \ can still be refined. For example, taking A = 4.1 one gets
lcos (A) — C7(4.1,A)|, = 7.098351906265066 x 10710,
Figure 3.1 presents the error 2-norm of approzimation (3.11) for N =8 fized and X €]0,25].

Relative error

Figura 3.1: For N =8 fixed and varying A.

This figure illustrates how the error norm depends on the varying parameter A and it becomes
evident that an adequate choice of A may provide results with higher accuracy.
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107}

Relative error
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n

Figura 3.2: Relative error of Hermite series (3.11) for example 3.2.1 for A =4.1.

Figure 3.2 shows the 2—norm error bound of Cy (), A) for the fixed value of A = 4.1 varying
N. For N =10, we obtain

lcos (A) — Cio(4.1,A)[, = 1.7763568394002505 x 107'7 .
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Example 3.2.2 In this experiment we consider 100 random matrices of the form
A=PDP™, (3.23)

where D is a diagonal matriz with uniform random values in the interval [-5, 5] and P is
a matrix with uniform random values in the same interval. The dimensions of all matrices
are 100 x 100. We have computated the approzimation of the matriz cosine Cn (A, A) and
sine Sy (A, A) with N =20 and the experimental value of A was \ = 0.7936.

It is well known that the exact solutions are
cos (A) = Pcos(D)P™ | sin(A) = Psin(D)P™"' .

In the experiment each exact solution has been obtained at 256—digit precision using MATLAB’s
Symbolic Math Toolbox.

Figure 3.3 shows the comparison between the relative errors of function funm of MATLAB
and series (3.11) with X =0.7936 using the infinite norm:

=12~ Jeo (3.24)

The mean processing time for funm was 0.114550 seconds and the mean processing time for
the Hermite approximation was 0.023535 seconds. The first average time corresponds only
to the computation of cos (A) using the function funm. The second value corresponds to the
computation of cos (A) and sin (A) using Hermite expansion. Our proposed implementation
was 4.8672 times faster. In the computation of cos (A), the Hermite method gave a smaller
error than funm in 70 % of the test cases. In the computation of sin (A), the Hermite method
gave a smaller error than funm in 67 % of the test cases.

Example 3.2.3 We consider 100 randomly matrices in the same conditions as in experi-
ment 3.2.2. We have computed the approximation of the matriz cosine Cn(\, A) and sine
Sn (A, A) with N =25. We choose in this new experiment X\ = 0.6175.

Figure 3.4 shows the comparison between the relative errors of function funm of MATLAB
and series (3.11) with X\ = 0.6175 using infinite norm (3.24).

Now, the mean processing time for funm was 0.113997 seconds and the mean processing ti-
me for the Hermite approzimation was 0.027875 seconds. The first average time corresponds
only to the computation of cos (A) using the function funm. The second value corresponds to
the computation of cos (A) and sin (A) using Hermite expansion. Our proposed implemen-
tation was 4.0896 times faster. In the computation of cos(A), the Hermite method gave a
smaller error than funm in 74 % of the test cases. In the computation of sin (A), the Hermite
method gave a smaller error than funm in T4 % of the test cases.
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3.2.5. Conclusions

In this paper a modification of the method proposed in [DJ98] for computing matrix
cosine and sine based on Hermite matrix polynomial expansion is presented. Numerical tests
and an algorithm are given. The described method allows the simultaneous evaluation of
the matrix sine and cosine and it has been compared with the function funm of MATLAB.
The method depends on the parameter A, whose impact on the numerical efficiency is
currently studied. Furthermore, pending work focuses on the optimal scaling of the matrix
and the study of the evaluation [PS73] of the approximations (3.13) and (3.14). To do
parallel implementation of the algorithms presented in this work in a distributed memory
platform, using the message passing paradigm, MPI and BLACS for communications, and
PBLAS and ScaLAPACK [BCC*97] for computations.
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3.3. Computing matrix functions arising in engineering
models with orthogonal matrix polynomials?

Referencia del articulo:
E. Defez, J. Sastre, J. Ibdnez and P. Ruiz
Computing matriz functions arising tn engineering models with orthogonal matriz polynomials
Mathematical and Computer Modelling, Volume 57, Issues 7-8, April 2013, Pages 1738—1743, ISSN
0895-7177, http: // dz. doi. org/10. 1016/ 5. mcm. 2011. 11. 022

Abstract

Trigonometric matrix functions play a fundamental role in the solution of second order
differential equations. Hermite series truncation together with Paterson-Stockmeyer
method and the double angle formula technique allow efficient computation of the ma-
trix cosine. A careful error bound analysis of the Hermite approximation is given and
a theoretical estimate for the optimal value of its parameters is obtained. Based on
the ideas above, an efficient and highly-accurate Hermite algorithm is presented. A
MATLAB implementation of this algorithm has also been developed and made availa-
ble online. This implementation has been compared to other efficient state-of-the-art
implementations on a large class of matrices for different dimensions, obtaining higher
accuracy and lower computational costs in the majority of cases.

3.3.1. Introduction

Matrix functions play a relevant role in different areas of science and technology. They
arise most frequently in connection with the solution of differential systems and control
theory. For example, it is well known that the wave equation

0? 0?
2% _ 0 : (3.25)
ox?  Ot?
plays an important role in many areas of engineering and applied sciences. When we use
the spatially semi-discretization method of the wave equation (3.25), we obtain the matrix
differential problem

Y'(4)+ AY(£) =0, Y(0) =Yy, Y'(0) =Y, , (3.26)

where A is a square matrix and Yy and Y7 are vectors, see [SB80] for details. Matrix problem
(3.26) has the solution

Y (t) = cos (\/Zt)YO + (\/Z)_l sin (\/Zt)Yl, (3.27)

where /A denotes any square root of a non-singular matrix A (see e.g. expression (1.2)
of [HHO5]). More general problems of type (3.26), with a forcing term F(¢) on the right-hand

2This work has been supported by the Spanish Ministerio de Educacién grant MTM2009-08587.
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side arise from mechanical systems without damping, and their solutions can be expressed in
terms of integrals involving the matrix sine and cosine [Ser79]. Thus, trigonometric matrix
functions play an important role in second order differential systems, similar to matrix
exponential e!* in first order differential systems [MLO03].

Moreover, the matrix cosine is used in the method of Yau-Lu for reducing the symme-
tric eigenvalue problem (finding all the eigenvalues and eigenvectors of a dense symmetric
matrix) to a number of matrix multiplications [YL93].

Computing the matrix sine reduces to computing the matrix cosine through sin (A4) =
cos (A - 51). Thus we concentrate on the matrix cosine. Serbin and Blalock proposed a gene-
ral algorithm for computing the matrix cosine in [SB80], which uses rational approximations
and the double angle formula

cos (24) = 2cos? (A) - 1. (3.28)

In [DJ98] new methods for computing matrix exponential, sine and cosine based on Her-
mite matrix polynomial series were presented. A new bound for Hermite matrix polynomials
was provided and it was used to give expressions for obtaining the number of Hermite series
terms depending on the desired approximation error in exact arithmetic. Later, Higham,
Smith and Hargreaves developed two algorithms based on (3.28) and Padé approximation
in [HS03, HHO5], including truncation and rounding error analysis. Recently, in [DSTR09]
the authors introduced a new parameter in the matrix cosine and sine Hermite series from
[DJ98] and new error bounds, improving both accuracy and efficiency.

In this paper we use the new matrix cosine Hermite series from [DSIR09], providing
sharper bounds for Hermite matrix polynomials and the approximation error, and computing
the optimal values of the series parameter to develop a competitive Hermite algorithm
for computing the matrix cosine in IEEE double precision arithmetic that uses: matrix
scaling based on (3.28), Paterson-Stockmeyer’s method for the evaluation of Hermite series
[PS73, SIDR11b], and accuracy bound tests similar to those proposed in [SIDR11b, p. 6456-
6457). A MATLAB implementation of this algorithm is made available online and it is
compared with the MATLAB function funm [DHO03] and a MATLAB implementation based
on the Padé algorithm given in [HHO5], i.e. function cosm, providing higher accuracy and
efficiency than both methods in the majority of test matrices.

This paper is organized as follows. Section 3.3.2 summarizes previous results of Hermite
matrix polynomial series expansion of cos (A) and the development of a new error bound. In
Section 3.3.3, an algorithm based on that error bound is described. Numerical experiments
are presented in Section 3.3.4. Finally, conclusions are given in Section 3.3.5.

Throughout this paper, [x] denotes the integer part of . To obtain the above mentioned
error bound, we will use any subordinate matrix norm | A |, A € C"™*", and in the subsequent
error analysis, we will use the 1-norm | A ||;. If A(k,n) is a matrix in C™" for n > 0,k > 0,
the following identity holds [DJ98]:

ZA(k,n):ZZn:A(k,n—k). (3.29)

n>0 k>0 n>0 k=0

121



3.3. Computing matrix functions arising in engineering models with orthogonal matrix polynomials 122

3.3.2. Hermite matrix polynomial series expansions of matrix co-
sine. Error bound

For the sake of clarity in the presentation of the following results we recall some properties
of Hermite matrix polynomials which have been established in [JC96, DJ98, DSIR09]. From
(3.4) of [JC96, p. 25] the nth Hermite matrix polynomial satisfies

Loy )y
Hn (]J,§A )ZTL'ICZ:OW 5 (330)

for an arbitrary matrix A in C™". From [DSIR09], we have the following Hermite matrix
polynomial series expansion of the matrix cosine cos (Ay):

e (-n" l 2
cos(Ay) =e TZ;) 22 (2n)] Hy, (y/\, 2A ) . (3.31)

Denoting by Oy (), A?) the Nth partial sum of series (3.31) for y = 1, one gets the approxi-
mation

N n
2y _ - (-1) ( 1 2)N
Cny(\ A7) =e™a 7;)—)\2n(2n)!H2n A, 2A ~cos(A), NeC. (3.32)

Working similarly as in [DTS11, pp. 1913], we can obtain a bound for Hermite ma-
trix polynomials |Ho, (z, %AQ)H based on ||A?%|], see [HHO05], using the Taylor series for the
hyperbolic cosine cosh(y) = 3,50 ¥*"/(2n)!. Taking norms in (3.30), one gets

1\ 2(n-k)
o (1421°)

1
H. (x,—AQ) ) 1D S T OO ) 3.33
20 (522 | < 0ot 3 Sz (3:3)
On the other hand, using (3.29), it follows that
1\2 1\2n
(ll221%) " (1el]421°)

215) _ ANV Y ———
eCOSh(|$| HA ” ) - 7;) (Qn)l gk' 1720 k>0 (2n)'k'
o1 2(n-k)
. (12217)
= XX mme o e, (3.34)

and as a consequence

1\ 2(n—k)
o (1421%) - .
2 iy T ot (1 4T7). (339
=0 . :

Multiplying by (2n)! in (3.35) and using (3.33), we have the result:

1
Jr (73]
2

< (2n)!ecosh (a: ||A2H%), VezeR, n>0, YAeC™". (3.36)
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Taking into account approximation (3.32) and bound (3.36), it follows that

RO IR e oo LACE 2y |
[cos (A) —Cn (N, A%)| < e kz%:ﬂ o (o)) Hyy, )\,2A
< el_%?cosh()\HAQH%) Z %
k2N+1)‘
1-5% 2|3 1 o1
= e X CObh(AHA || )kgoﬁ—kgoﬁ . (337)

Simplifying the geometric series in (3.37), we have finally the bound:

¢! cosh ()\ 42 )
(AZ-1)A2N

”cos (A) - Cn (A, A2)|| < (3.38)

3.3.3. Algorithm

In this section we describe Algorithm 3.2 (cosher), based on Hermite series, which uses
bound (3.38) for choosing the scaling factor for computing the matrix cosine.

Algorithm 3.2 (cosher) Given a matrix A € C™" and the order N of Hermite matrix
approximation of the cosine function, this algorithm computes B 2 cos(A).

1: Preprocessing of matrix A: A.

2: Compute optimal values of A and s.

3: SCALING PHASE: A = A/2°

4: Compute B =C N (A, [12), where C'y is the Hermite approximation of the cosine function.
5: fori=1:sdo

6: B=2B*-1

7: end for

8:

Postprocessing of matrix B: B.

The preprocessing and postprocessing are based on applying transformations to reduce
the norm of matrix A and recover the matrix B = cos(A) from the matrix B obtained in the
Loop 5-7. The available techniques to reduce the norm of a matrix are argument translation
and balancing [Hig08, p. 299]. The argument translation is based on the formula

cos(A —mjI) = (1) cos(A), k € Z,

and on finding the integer ¢ such that the norm of matrix A — wql is minimum. This
value can be calculated by using Theorem 4.18 from [Hig08]. Balancing is a heuristic that
attempts to equalize the norms of the kth row and kth column, for each k, by a diagonal
similarity transformation defined by a non singular matrix D. Balancing tends to reduce
the norm, though this is not guaranteed, so we will use it only for matrices where the norm
is really reduced. For those matrices, if A = D™1(A - mql)D is the obtained matrix in the
preprocessing, the postprocessing consists of computing B = (=1)9D cos(B)D.
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For the evaluation of Cn (A, AQ) the Horner and Paterson-Stockmeyer’s method can be
applied [PS73, SIDR11b], obtaining previously with MATLAB the symbolic expression of
Cn (A, 1212) as a polynomial of matrix A% with degree N and coefficients depending on X, for
each considered value of N. The double angle formula (3.28) is used to recover cos(A) from
the matrix B obtained in Step 4, see [SB80] for details.

The optimal values of N with respect to cost of the evaluation of matrix polynomial
Cn (A, 1212) with Paterson-Stockmeyer method are included in the set Sy = {1,2,4,6,9,12, 16,
20,---}, see [SIDR11b, p. 6454]. The scaling factor s and the parameter ) is chosen as follows.
If Ny, where k is the position of N in Sy, is the chosen order of Hermite approximation, the
number of matrix product evaluations in Algorithm 3.2 is equal to k + s. Hence, the number
of matrix products depends on the scaling factor s. For the evaluation of cos (A) with IEEE
double precision arithmetic, analogously to [HHO5], we consider an absolute error-based
algorithm. If we take the error in (3.38) to be lower than or equal to the unit roundoff in
double precision floating-point u = 2753, i.e,

elmxr cosh()\ H(A/28)2H1)
(A2 - 1)A2N =

(3.39)

then

A

u(A2-1)A2N
el-1/22

1 .
5> 5 log, (||A2||1) +log, (3.40)

arc cosh (

We choose the parameter A = Ay, where Ay is the value of A such that the right-hand
side of (3.40) reaches the minimum value. Hence, if we define

1 A2 — DALY
Opn = arc cosh (U(Lz)mm (3.41)

min 61_1/>\

min

then, using (3.40), it follows that

s = "10& (%)“ . (3.42)

We discard the values of N except for {1,2,4,6,9,12,16,20}, because for N = 25, 30 the
corresponding values of A\,i, are negative. The values of A\, are listed in Table 3.5a. These
values are independent of the norm of matrix A2, see (3.40), and they have been computed
by using the symbolic functions diff and solve from the Symbolic Math Toolbox 5 of
MATLAB. The values Oy of (3.41) are listed in Table 3.5b.
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Amin OnN
N=1  28614.3702451495925 N=1 1.3988322173046763-10 7
N=2 1304.99637514915918 N=2 4.5977704110066707-1072
N=4  110.428178898694292 N=4 9.0556596644120163-102
N=6  38.3201292093300207 N=6 3.6534325997941364-107*
N=9  17.3255806739152432 N=9 1.1543637495804793
N=12 11.2995380153548675 N=12 2.3009899711770276
N=16 8.08117035928883672 N=16 4.2073703112196084
N=20 6.56678564572528643 N=20 6.3959908727565082
(a) Optimal values of Ay p,. (b) Values of ©n from (3.41).

Figura 3.5: Tables of Ay and Oy .

In the final MATLAB implementation of cosher, available online in http://personales.
upv.es/~jorsasma/cosher.m, we have applied similar accuracy bound tests to those in
[SIDR11b, p. 6456-6457] to the sum of the highest degree terms of the Hermite series
C’N()\,/P). The tests consist of verifying if the norm of the sum of several highest de-
gree terms is lower than the unit roundoff. If that is the case, then the corresponding series
terms can be neglected, permitting to save matrix products. This kind of tests were already
performed with the matrix exponential Hermite series in [SIDR11b], saving matrix products
and therefore reducing the cost for some matrices. For a complete description of algorithm
cosher see MATLAB implementation cosher.m mentioned above.

The analysis of rounding errors of Algorithm 3.2 can be made analogously to the analysis
of rounding errors given in [Hig08, p. 293] for polynomials pa,, (A) or g2, (A) from the Padé
approximation, see (12.25) from [Hig08, p. 293], and the analysis of the rounding error in
the evaluation of A? given in the same reference. A complete analysis is given in [DSIR11].

3.3.4. Numerical examples.

In this section we compare MATLAB implementation cosher with functions funm and
cosm. funm is a MATLAB function that computes matrix cosine and other matrix functions
at square matrices using the Schur-Parlett algorithm from [DHO3]. cosm is a MATLAB
implementation of Algorithm 5.1 proposed in [HHO05] which uses Padé approximants of
cosine function (http://www.maths.manchester.ac.uk/~higham/mftoolbox). MATLAB
7.9 (R2009b) implementations were tested on an Intel Core 2 Duo processor at 2.52 GHz
with 4 GB main memory. Algorithm accuracy was tested by computing the relative error

_Jeos(A) - T,
cos(A],

where Y is the computed solution and cos(A) the exact solution. In the tests we did not
use any preprocessing/postprocessing in the implemented algorithms. Analogously to the
experiments in [Hig05], we found that turning on preprocessing in this algorithm provided
similar results to those presented in this section without preprocessing. We used a set of
102 test matrices: forty-seven 10 x 10 matrices obtained from the function matrix of the
Matrix Computation Toolbox [Hig93], twenty four 9 x9 or 10 x 10 matrices from the Eigtool
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MATLAB package (http://web.comlab.ox.ac.uk/pseudospectra/eigtool), twenty four
matrices from the state-of-the-art of matrix functions [DHO03, War77, ML03, NH95, Wes90,
Lu03, DP00, SIDR11b] and seven from built-in MATLAB functions, sized from 2x2 to 20x20.
For a complete description of the set of text matrices see [SIDR11b]. The “exact”matrix
cosine was calculated analytically when possible, and otherwise using MATLAB’s Symbolic
Math Toolbox with high precision arithmetic.

Tables 3.6a and 3.6b show the comparatives cosher-cosm and cosher-funm for N €
{9,12,16,20}. The first three rows show the percentages of times that the relative error of
the first function is lower, equal or greater than the relative error of the second function.
The fourth row shows the ratio of matrix products needed for computing the matrix cosine
for over all the test matrices. In the same way as in [SIDR11b, p. 6459] we have considered
that the asymptotic cost in terms of matrix products for solving the multiple right-hand
side linear system that appears in Padé algorithm is 4/3. The computational cost of funm
depends greatly on the eigenvalue distribution of the considered matrix. If A € C™", this
cost is roughly between 2873 flops and 7*/3 flops [Hig08, p. 228]. Since the cost of a square
matrix product is 213 flops, we estimated by default that the cost of funm is 14 matrix
products.

N=9 N=12 N=16 N =20 N=9 N=12 N=16 N=20

L {3333 6765 84.31 72.55 64.71 7451 77.45 73.53
E 0 0 0 0 0 0 0 0
G | 66.67 3235 15.69  27.45 35.29 2549 2255 2647
R | 094 0.92 0.92 0.91 0.60 0.58 0.58 0.58
(a) Comparative cosher-cosm. (b) Comparative cosher—funm.

Figura 3.6: Comparatives cosher-cosm and cosher-cosm. The first three rows show the
percentage of times that relative error of cosher is lower (L), equal (E) or greater (G) than
relative error of cosm or funm. The last row shows the ratio (R) of costs in terms of matrix
products between cosher and cosm (3.6a), and cosher and funm (3.6b).

Figure 3.7 shows the performances [DM02] of the functions compared, where « coordinate
varies between 1 and 5 in steps equal to 0.1, and p coordinate is the probability that the
considered algorithm has a relative error lower than or equal to a-times the smallest error
over all the methods, where probabilities are defined over all matrices.
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— - — - cosher(N=9)
—+— cosher(N=12)
—x— cosher(N=16)
—%— cosm
—o— funm

1 15 2 25 3 3.5 4 4.5 5
a

Figura 3.7: Performance profile of cosher, cosm and funm for the set of test matrices.

From tests, the following conclusions can be emphasized:

= Computational cost of cosher is lower than computational costs of cosm and funm for
all considered orders.

= Function cosher is more accurate than cosm for N = 12, 16, 20, and it is more accurate
than funm for all considered orders.

= In the performed numerical tests, the optimal order of Hermite algorithm is N = 16.

3.3.5. Conclusions.

In this work an efficient algorithm to compute the matrix cosine based on Hermite matrix
polynomial expansions has been proposed, improving the algorithms proposed by the authors
in [DJ98, DSIR09]. The new algorithm uses a scaling technique based on the double angle
formula, the Horner and Paterson-Stockmeyer’s method for computing the Hermite matrix
polynomial approximation, a new bound of the absolute error in exact arithmetic, and
accuracy bound tests for neglecting higher order series terms. A MATLAB implementation
of this algorithm has been compared with the built-in MATLAB function funm and the
MATLAB function cosm based on the Padé algorithm given in [HHO05]. Numerical tests
show that the new algorithm has lower computational cost and higher accuracy than both
functions funm and cosm for several orders of the Hermite approximation, reaching its best
performance when Hermite approximation of order NV = 16 is used.
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3.4. Efficient computation of the matrix cosine 3
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Abstract

Trigonometric matrix functions play a fundamental role in second order differential
equation systems. This work presents an algorithm for computing the cosine matrix
function based on Taylor series and the cosine double angle formula. It uses a forward
absolute error analysis providing sharper bounds than existing methods. The proposed
algorithm had lower cost than state-of-the-art algorithms based on Hermite matrix
polynomial series and Padé approximants with higher accuracy in the majority of test
matrices.

3.4.1. Introduction

Many engineering processes are described by second order differential equations, who-
se exact solution is given in terms of trigonometric matrix functions sine and cosine. For
example, the wave problem

dz2  ot2
plays an important role in many areas of engineering and applied sciences. If the spatially
semi-discretization method is used to solve (3.43), we obtain the matrix differential problem

(3.43)

X"(t)+AX(t)=0, X(0)=Xo, X'(0)=Yy, (3.44)

where A is a square matrix and Y and Y7 are vectors. The solution of (3.44) is
-1
X(t) = cos (\/Zt)Xo + (VZ) sin (\/Zt)Xl, (3.45)

where \/A denotes any square root of a non-singular matrix A [Hig08, p. 36]. More general
problems of type (3.44), with a forcing term F'(t) on the right-hand side arise from mecha-
nical systems without damping, and their solutions can be expressed in terms of integrals
involving the matrix sine and cosine [Ser79].

The most competitive algorithms for computing matrix cosine are based on Padé appro-
ximations [SB80, HS03, HHO05], and recently on Hermite matrix polynomial series [DSIR13,
DSIR11], using scaling of matrix A by a power of two, i.e. A/2° with a nonnegative integer
parameter s, and the double angle formula

cos2A =2cos* A-1. (3.46)

3This work has been supported by Universitat Politécnica de Valéncia grant PAID-06-011-2020.
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Matrix sine can be computed using formula sin(A) = cos (A—% ) and an algorithm to
compute both cosine and sine with a lower cost than computing them separately has been

proposed in [Hig08, Algorithm 12.8].

In this work we present a competitive scaling algorithm for the computation of matrix
cosine based on Taylor series. It uses matrix scaling based on sharp absolute forward error
bounds of the types given in [SIDR11a], and Paterson-Stockmeyer’s method for the evalua-
tion of Taylor matrix polynomial [PS73]. A MATLAB implementation of this algorithm is
made available online and it is compared with MATLAB function cosher based on Hermite
series [DSIR13, DSIR11], and MATLAB function cosm implementing the Padé algorithm
from [HHO5].

Throughout this paper C™*™ denotes the set of complex matrices of size n xn, I denotes
the identity matrix for this set, p(A) is the spectral radius of matrix A, and N denotes the
set of positive integers. The matrix norm ||| denotes any subordinate matrix norm, in par-
ticular |-, is the 1-norm. This paper is organized as follows. Section 3.4.2 summarizes some
existing results for efficient matrix polynomial evaluation based on Paterson-Stockmeyer’s
method [PS73]. Section 3.4.3 presents a general Taylor algorithm for computing matrix co-
sine. Section 3.4.4 deals with the error analysis in exact arithmetic. Section 3.4.5 describes
the new scaling algorithm. Section 3.4.6 provides a rounding error analysis. Section 3.4.7
deals with numerical tests, and Section 3.4.8 gives the conclusions.

3.4.2. Matrix polynomial computation by Paterson-Stockmeyer’s
method

m .
From [SIDR11b, p. 6454-6455] matrix polynomial Taylor approximation P, (B) = >_ p;B*,

i=0
B e C™"™ can be computed optimally for m in the set
M ={1,2,4,6,9,12,16,20,25,30,...}, (3.47)
where we denote the elements of Ml as mg, m1, mao,..., respectively, by using Paterson-

Stockmeyer’s method [PS73], see [Hig08, p. 72-74] for a complete description. First, matrix
powers B2, B3, ..., B9 are computed, where ¢ = {\/m_k] or [\/my |, both values dividing my,
and giving the same cost [Hig08, p. 74]. Then, evaluation formula (23) from [SIDR11b, p.
6455] is computed

Pmk (B) (( (qumk + Bq_lpmkfl Tt Bpmk*qul + Ipmlc*Q)

-1 -2
x BY+ B1 Pmy-q-1t B1 Pmy—q-2t -+ Bpmk—2q+1 + Ipmk—Qq)

-1 -2
x B?+ BY Pmy-2¢-1 F B1 Pmp-2¢-2 +* + BDimy—3¢41 + Ipmk{’)q)

x B1+ BT p, 1 + B 2p, o+ -+ Bpy + Ipg. (3.48)

Taking into account Table 4.1 from [Hig08, p. 74], the cost of evaluating P,,, (B) in terms
of matrix products, denoted by Il,,,, for k=0, 1,... is

I, = k. (3.49)
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3.4.3. General Algorithm

Taylor approximation of order 2m of cosine of matrix A € C™™ can be expressed as the
polynomial of order m

Pu(B) =) piB', (3.50)
i=0
where p; = (GOR and B = A?. Since Taylor series is accurate only near the origin, in algorithms

)]
that use this approximation the norm of matrix A is reduced using techniques based on the

double angle formula (3.46), similar to those employed in the scaling an squaring method
for computing the matrix exponential [MLO03]. Algorithm 3.3 costay computes the matrix
cosine based on these ideas, considering the values of mj € M for the truncated Taylor series
(3.50), with a maximum allowed value of my, equal to mys.

Algorithm 3.3 costay: Given a matrix A € C™" and a maximum order mp; € M, this
algorithm computes C' = cos(A) by a Taylor approximation of order 2my < 2mjs and the
double angle formula (3.46).

1: Preprocessing of matrix A.

2. B=A? > The memory for A is reused for B

3: SCALING PHASE: Choose my < mys, mi € M, and an adequate scaling parameter s €
Nu {0} for the Taylor approximation with scaling.

4: Compute C = P,,, (B/4%) using (3.48)
5. fori=1:sdo

6: C= 202 -1

7: end for

8

: Postprocessing of matrix C'.

The preprocessing and postprocessing are based on applying transformations to reduce
the norm of matrix A and recover the matrix C % cos(A) from the result of Loop 5-7. The
available techniques to reduce the norm of a matrix are argument translation and balancing
[Hig08, p. 299]. The argument translation is based on the formula

cos(A—-mjI)=(-1) cos(A), keZ,

and on finding the integer 7 such that the norm of matrix A—mjI is minimum. This value can
be calculated by using Theorem 4.18 from [Hig08]. Balancing is a heuristic that attempts
to equalize the norms of the kth row and kth column, for each k, by a diagonal similarity
transformation defined by a non singular matrix D. Balancing tends to reduce the norm,
though this is not guaranteed, so it should be used only for matrices where the norm is
really reduced. For those matrices, if A = D™'(A - wjI)D is the obtained matrix in the
preprocessing step, the postprocessing consists of computing (-1)? DO D™, where C' is the
matrix obtained after Loop 5-7.

We consider as input argument the maximum Taylor order mj; that can be used for

computing the matrix cosine. In the SCALING PHASE the optimal order of Taylor approxi-
mation my < mys and the scaling parameter s are chosen. Analogously to [SIDR11a], in the

130



131 Capitulo 3. Coseno y seno de una matriz

proposed scaling algorithm it will be necessary that the same powers of B are used in (3.48)
for the two last orders mas_y and may, i.e. B',i = 2,3,...,q. For each value of mj; Table
3.1 shows the selected optimal values of ¢ for orders my, k=0, 1, 2,..., M, denoted by g.
For example, if mjy; = 20 and my4 = 9 is the optimal order obtained in the SCALING PHASE,
then g4 = 3.

For the evaluation of P, in Step 4 the Paterson-Stockmeyer’s method described in
Section 3.4.2 is applied. Then, the double angle formula is used to obtain cos(A) in Steps
5 -7 from matrix C' of Step 4. Thus, using (3.49) it follows that computational cost of
Algorithm costay in terms of matrix products is

Cost(my,s) =1+k+s. (3.51)

Tabla 3.1: Values of ¢g; depending on the selection of m ;.

k 01 2 3 4 5 6 7
mar \ my 1 2 4 6 9 12 16 20
12 12 2 3 3 3
16 1 2 2 3 3 4 4
20 1 2 2 3 3 4 4 4

3.4.4. Error analysis in exact arithmetic and practical considera-
tions

Using (3.50), it follows that

Epy. s = [cos (4/2°) = P, (B/4°)]| = (20)14°

(3.52)

i=mp+1

represents the forward absolute error in exact arithmetic from the approximation of cosi-
ne matrix function of the scaled matrix A/2° by Taylor series truncation. Analogously to
[HHO5], for the evaluation of cos(A) in IEEE double precision arithmetic we consider an
absolute error-based algorithm, by selecting the appropriate values of m; and s such that

Enm, s S, (3.53)

where « = 2753 is the unit roundoff in IEEE double precision arithmetic, providing high ac-
curacy with minimal computational cost. The application of the proposed scaling algorithm
to IEEE single precision arithmetic is straightforward and it will not be included in this

paper.
In order to bound the norm of the matrix power series in (3.52), we will use the following

improved version of Theorem 1 from [SIDR11a, p. 1835]:

Theorem 9 Let hy(z) = ¥ p;z’ be a power series with radius of convergence w, iLl(x) =

i=l

0Zo:|pi|ac", B e C™™ with p(B) <w, l e N and t € N with 1 <t <. If ty is the multiple of t
izl
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such that I <tg <l+t-1 and
Br=max{b} s j=t,1,1+1,... to~Lto+ 1,tg+2,... .1 +t-1}, (3.54)
where b; is an upper bound for ||B?||, ||B?|| < b;, then

[h(B)I| < hu(Be).- (3.55)

Proof. Note that || B |[Y/to < (|| BY||'o/*)}/to = || B*||*/*, and then, if we denote
at—maX{HBJH j=tll+1, l+t—1}, (3.56)
it follows that

ap = méx{”Bj”% :j:t,l,l+1,...,t0—1,t0+1,t0+2,...,l+t—1}

< B (3.57)
Hence
I+t-1 I+t-1 it
I (B) < Z Z it IBIPIBI < Y 3 [pisgelay™
720 =l 720 4=l
< 2 lpilBi = (Br).- O (3.58)

>

Theorem 9 simplifies Theorem 1 from [SIDR11a, p. 1835] avoiding the need for the bound
by, for [|B™]| to obtain 8, see (3.54).

Similarly to [SIDR11a] we use three types of bounds for the absolute error. Using (3.52)
and Theorem 9 it follows that

oo B(Wk) 48)¢
Emk,s g Z ( t / )

T (3.59)
ad B/4?°
Enps €0 1% (3.60)
1 1 i+mp+1 B/43 7 oo B/43 i
Fms H(B/ZLS)mH ” 7,2(:] : (2)(z+mk(+ 1/))') i=m};q1c+2 ((2/—1')!)’, (3.61)

where my € Ml and 5t(m’“), l=myg+1, 1<t <, are the values given in (3.54) from Theorem

9. The superscript on ﬁt(mk) remarks the dependency on the order my through the value of
I. In order to compute (3.54), bounds b; for the norms of matrix powers ||B7|| are needed.
Analogously to [SIDR11a], first, ||B"”"+1||1 will be estimated using the block 1-norm esti-
mation algorithm of [HT00], taking b, 11 = HB’”’“”HI. For a n x n matrix, this algorithm
carries out a l-norm power iteration whose iterates are n x r matrices, where r is a para-
meter that has been taken to be 2, see [AMHO09, p. 983]. Hence, the estimation algorithm
has O(n?) computational cost, negligible compared with a matrix product, whose cost is
O(n?). Then, we compute bounds b; for the rest of needed matrix power 1-norms involved in
(3.54), (3.60) and (3.61) using products of the estimated 1-norm of matrix powers, and the
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133 Capitulo 3. Coseno y seno de una matriz

norms of the matrix powers needed for the computation of Pp,, , taking for them b; = ||B’||;,
Jj=1,2,...,q, see Section 3.4.2. Thus, if b., = [B*|,, k =1,2,...,L, are all the known
norms of matrix powers we obtain the remaining bounds of norms of matrix powers using

|B7], < bj = min {bl - bi2--biL : eyiy +egiy + -+ +epis = j} . (3.62)

Note that the minimum in (3.62) is desirable but not necessary. A simple Matlab function
has been provided to obtain b;, see nested function powerbound from costay.m available at
[Cos], analogous to nested function powerbound in exptayns.m from [SIDR11a].

Then, the values ﬂt(mk) from (3.59) can be obtained using bounds b; in (3.54) with
I =my + 1. Taking into account (3.59), let

Oy, = MAX {0 Y % < u} (3.63)

i=mp+1

To compute O,,, , we follow Higham in [Hig05] using the MATLAB Symbolic Math Toolbox

to evaluate Y (20—;), in 250-digit decimal arithmetic for each my, summing the first 200
i=mp+1 ’
terms with the coefficients obtained symbolically. Then, a numerical zero-finder is invoked

to determine the highest value of ©,,, such that 3 9—1), < u holds. Table 3.2 shows the

i=mp+1 @
values obtained for the first ten values of m;, € M. Using (3.59) and (3.63), if ﬁt(mk) <O,
for two given values of my and ¢, then E,,, o < u, and s = 0 can be used with order my.
Otherwise, for using order my the appropriate minimum scaling parameter s > 0 such that
Bt(m’“)/éls <O, and E,,, s < u should be taken.

Taking into account (3.49) it follows that II,,, , = I, +1, but this is offset by the larger
allowed value of 6 = Bt(mk“)/4s if O,y,,, > 40,,,, since decreasing s by 1 saves one matrix
multiplication in the application of the double angle formula in Steps 5—7 of costay. Table
3.2 shows that ©,,, , > 40,,, for k < 3. Therefore, taking into account (3.59) and (3.63) it
follows that selecting mjys < m4 =9 as maximum order is not an efficient choice.

On the other hand, Table 3.2 shows that ©,,,,,/4 < ©,,, for k > 4. Therefore, for mu; >
ms = 12, if the following expression holds for certain values of s >0 and ¢1, 1 <t; <mps +1

O /4 S B 45 < Oy (3.64)

then, for those matrices where next expression also holds

G)ml\/l/4 < ﬂt(;nMil)/zls < 9mM-17 (365)

for certain value of to, 1 < to <myps_1 + 1, one can select s with mj;_1 instead of my; saving
one matrix product, see (3.51). Therefore, if mjp; > 12 the proposed scaling algorithm will
consider both orders mjy;—1 and mys, selecting the one that provides the lowest cost.
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[e)

Tabla 3.2: Highest values ©,,, such that Y 6 < u.

1=mp+1

my ka
5.161913651490293e-8
4.307719974921524e-5
1.321374609245925¢-2
1.921492462995386e—-1
1.749801512963547

my @mk

12 6.592007689102032
16 2.108701860627005¢el
20 4.735200196725911el
25 9.944132963297543e1
30 1.748690782129054€2

© 00 g O O

=W N = O
O O =N

Bounds (3.60) and (3.61) are used to refine the results obtained with (3.59). In [SIDR11a]
it is shown that using the 1-norm a bound of type (3.60) can be lower or higher than a bound
of type (3.61) for normal and also for nonnormal matrices, depending on the specific matrix,
see (20) [SIDR11a, p. 1839]. Therefore, both bounds are considered.

To approximate bounds (3.60) and (3.61) we use the matrix power l-norm b, +1 =
HBm’“”Hl estimated previously, and the bounds b; for matrix powers obtained from (3.62).
Taking into account that B’ takes the values I, B, ..., B% in the first summation of (3.61),
this summation can be evaluated with a cost O(n?) reusing the matrix powers needed to
compute Py, from (3.50), see Section 3.4.2. Following [SIDR11a], we will truncate adequa-
tely the infinite series of (3.60) and (3.61) determining in Section 3.4.5 the minimum number
of terms needed to introduce negligible errors.

3.4.5. Scaling algorithm

Scaling Phase of Algorithm 3.3 first tests if any of the orders my < mp;—1 € M, mpy; > 12,
verifies (3.53) with s = 0, using the error bounds described in Section 3.4.4. If no order
my, < mp—q verifies (3.53) with s = 0, the algorithm will use Theorem 9, (3.59), (3.63) and
values O,,, from Table 3.2, to obtain initial values of scaling parameter for m;_1 and myy,

denoted by sf)M_l) and s((]M), respectively. If séM_l) >0 or 5(()M) > 0, the algorithm will
verify if s(()Mfl) or s(()M) can be reduced using bounds (3.60) and (3.61), selecting finally the

combination of order and scaling parameter that gives the lowest cost in Steps 4 — 7 from
costay, see (3.51). Next we describe the proposed algorithm.

First we test if mg =1 can be used with s = 0. Note that order mg is not very likely to
be used, given (3.59), (3.63) and the value of ©1 in Table 3.2. Then we do not waste work
estimating || B?||;, and, using Theorem 9 with I = mg+1, (3.59) and (3.63), order mq will be
selected only if

1 ,
D = méax{||B, 1B/} = ||B|| < ©1, (3.66)

taking in practice
0 = min{|[B|l1, | Bllo }- (3.67)

For order m; = 2, taking into account Table 3.1, it follows that ¢; = 2 and then B? is
computed. Analogously this order is not very likely to be used. Then, taking by = || B?|| and
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135 Capitulo 3. Coseno y seno de una matriz

bs = ||B?||||B|| and using Theorem 9 with [ = m; + 1, from (3.59) and (3.63) we will only
select my if
03 = ma{by by = 03 = (1B2 1B < 0, (3.68)

taking in practice
2 .
§2 = (min{||B*|1 || Blly, | Bl || Blloo }) /. (3.69)

Orders my > mg = 4 are more likely to be used given that ©,,, > ©4 ~ 0.013, see Table
3.2. Then, we will test successively each value my € M, from ms = 4 to my, in increasing
order. Whenever the corresponding value of g for the current value of my increases, the
corresponding matrix power B?% will be computed and used for evaluating the different
error bounds. In Subsection 3.4.5.1 we use Theorem 9 and (3.59) to obtain an initial value

of the scaling parameter for my, denoted by s(()k). In Subsection 3.4.5.2 we use (3.60) and

(3.61) to verify if s(gk) can be reduced when s(()k) > 0. The 1-norm will be used for all norms
in both Subsections. The complete algorithm is given finally as Algorithm 3.4.

3.4.5.1. Initial value of the scaling parameter

For each value of my € M, 4 < mj, < mjs, we search for the minimum value of 5t(m’“) values

of (3.54) from Theorem 9 with [ = my, + 1. For that task we estimate b,,, 11 = ||[B™**![|; as
explained in Section 3.4.4, and use the estimated 1-norms of powers of B that have been

computed to test orders mag,mg,...,my_1, i.e. ||B™2M||y, || BTy, || B™E1Y |y, the 1-
norms of the powers of B used for the computation of P, , i.e. B, B,..., B% and bounds
b; obtained from (3.62). Thus, for t = 2,3,..., g, mo + 1,m3 + 1,---,my, + 1 we will obtain
successively

B = max b} < j =ty mp + Lmg + 2, o~ Lt + 1t + 2, my + £, (3.70)

where to is the multiple of ¢ in [my + 1, my + t], stopping the process for the lowest value
t = r such that, see (3.54),

brl/r Sméx{b;/j ] :mk+1,mk+2,...,7‘0—1,7‘0+1,...,mk+r}, (3.71)

where r( is the multiple of r € N such that my+1 < rg < my+r. Next we show that if (3.71) is

verified then it follows that ﬁi(m’“) > B8 for i > r. Note that by (3.62) one gets b, < bl
and then it follows that

b%”’ <bHT < méx{b;/j cjEme+lme+2,. 00— 1Lrg+ 1, ... mp 47} (3.72)
Thus, substituting ¢ by r and to by 7o in (3.70), and using (3.72) it follows that

67{’”’“‘) = méx{b;/j sjEmgp+l,me+2, 10— Lrg+1, ..., my + 7}
= méx{b;/j fjEmp+lmE +2, . mg 7} (3.73)
Hence, for i > r, if

bi/" <max (b j =+ Lmy + 2, i — Lo + 1, my + i), (3.74)
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where i is the multiple of 7 in [my + 1,my + 4], then in a similar way and using (3.73) it
follows that

ﬁl(mk) = ma’Jx{bl/J :j:mk+1,mk+2,...,mk+i}

> méx{b; Wi Sjemg e+ Lmg+2,. . my 1) = B0, (3.75)

Otherwise, if (3.74) is not verified, since ¢ > r and by (3.62) one gets bl/7 bgo/io, then it
follows that

5(mk) - bl/l pia .

>max{ sjEmp+lmg +2,. 0 mg + 1)

> mzix{bj/J fjEmgp+lmE+2,. . mp 47} = ,Bﬁm’“), (3.76)
and then, using (3.75) and (3.76), it follows that 52.(7”’“) > U™ for i > 7.

Let ﬁg'zn") be the minimum value of all computed values Bt(m"), 1<tgr,

ﬁ;nz;;) = ml’n{ﬁt(mk), t=2,3,....,qk,ma+1,mg+ 1, 1} (3.77)
Then the appropriate initial minimum scaling parameter sék) > 0 is obtained such that

_sF) L(my,) .
47%0 B < Oy, dee.

st = max {0, [1/210g, (8752 /0,0,)1} (3.78)
Table 3.3 shows the order and initial scaling selection depending on the values of 5%1), §2)
and 57(71727 m=4,6,...,mp, taking into account (3.64) and (3.65) to use the most efficient
choice between mj; and mjs;_1 in each case represented in the last four rows of the table,
where 7 is a nonnegative integer parameter. If s(()k) =0 then the proposed scaling algorithm
selects my, and s = 0 for Steps 4-7 of Algorithm costay. Otherwise the refinement proposed
in next subsection is carried out.

3.4.5.2. Refinement of the scaling parameter

It s(()k) > 0 for the current value of my, taking into account (3.61), bounds from (3.62)
are used to verify if the following inequality holds:

my+N b,
i

u, (3.79)

PN
./ASt
i=mp+1 cid

where ¢; = (20)!, and s =0 if m <mps-1, and s = s(F) = s(()k) —120if my > mps_1. For testing
(3.79), we have truncated the series in (3.61) by choosing N > g, +2 terms as this number of
terms will be also used when computing (3.61), see (3.80). At the end of this subsection we
provide justification for the number of terms N to select for a negligible truncation error.
We stop the series summation in (3.79) if after summing one term the sum is greater than
u. If the sum of one or more terms is lower than v but the complete truncated series sum is
not, we can estimate by, 12 = ||B™**?||; to verify if (3.79) holds. If (3.79) holds, using (3.60)
it follows that the forward absolute error E,,,  is approximately lower than or equal to w.
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137 Capitulo 3. Coseno y seno de una matriz

Tabla 3.3: Selection of initial scaling sék) and order m € M, m < my; using only the first

part of the proposed scaling algorithm, described in Subsection 3.4.5.1, depending on the
values of ﬁ(m) for mps = 9,12, 16, 20. Total cost, denoted by CZ | is also presented. The cost

min’
with mjys = 12 and 9 is the same and it is presented in one column. Bfnll)n and ﬁr(fl)n are not
calculated for first orders m =1 and 2, using ﬁ;l) and 652) instead. The tests are done from
top to bottom: If the condition for current row is not verified then we test the condition for

the next row. In last four rows ¢ can take the values i =0,1,...

oy 9 12 912 16 20
interval So,m  Sg,m C;;’; So,m, C;fl So,m, C,:Z
Y <o, 0,1 0,1 0 0,1,0 0,1,0
<o, 0,2 0,2 1 0,2,1 0,2,1
B <o, 0,4 0,4 2 0,4,2 0,4,2
B < g 06 06 3 0,63 0,6,3
B < g 0,9 0,9 4 0,9,4 0,9,4
By < O1a 1,9 0,12 5 0,12,5 0,12,5
B <40, 1,9 1,9 5 0,16,6 0,16,6
B <Oy 29 1,02 6 0,16,6 0,16,6
B < 4itle,, 244,9 144,12 644 14012640 0,20,7+i
Bl < 4ir2@, 2449 2449 640 140,16,74+i  i,20,7+i
B < 410y, 3409 24012 T+i 140167+ 0,207+
B 4itl@yg | 3409 24012 T4 140167+ 1+i,16,7+i

If (3.79) does not hold, then, from (3.61) we verify if next bound holds

|3
1

4s(mi+2)

mp+N

B ez (-1)'B
4s(i-1)

Cmp+2 b
c—’;*E < UCm, 425 (3.80)

i=0 Ci+my+1 1 i=mg+qE+2
where s = 0 if my, < mp_1, and s = s(F) = sék) —120if mg > my_1, and we truncate the
series in (3.80) taking N > g + 2. We multiply both sides of (3.61) by ¢, +2 to save the
product of matrix B by a scalar. If the first term of the left-hand side of (3.80) is lower
than ucy,, 12 but the sum of the two terms is not, we can estimate by, 1q,+2 = ||B™**9+2||;

to verify if (3.80) holds then.

Next, we obtain lower bounds for expression (3.80) to avoid its computation in some
cases, see (16)-(18) from [SIDR11a, p. 1838]. Let

oy __Cme2 B
jji - Ci+mk+14s(i71) ;0= 0: qk,
and
Tj(m’“) = max {Ti(mk),i =0: Qk} ,
be. Since

& 2 (-1)'B

> T(mk)
— s R
i=0 Ci+mp+1 4s(i-1)
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where
mE) _ o4 (mx) (m)
¢ ’“)—max{O,Tj DI }
i#]

then if H 1”

Bmk+ i=mp+N c b,

(my) mp+2Y%
—48(mk+2)T k) 4 Z —ci45i > UChn, 12, (3.81)

1=mp+qr+2

then there is no need to test (3.80).

For the case where my, < mpr—1 if (3.79) or (3.80) hold with s = 0, the scaling algorithm
selects my, and s = 0 for Steps 4 — 7 of costay. Otherwise, the two stages of the scaling
algorithm from previous and this subsections are repeated with the next value of my € M
until M =1Mp-1-

For my > mps_1, firstly, an initial value sék)

explained in Subsection 3.4.5.1, see (3.78). If s(()k) = 0, then my and s%%) = 0 are selected.

Otherwise, (3.79) and (3.80) are tested with s(*) = sék) — 1. If none of both bounds hold,
then we take s(®) = sgk), and finally the order mp;_1 or my; that provides the lowest cost
is selected for Steps 4 — 7 of costay. It is possible to evaluate P,,(47*B) with optimal cost
for both orders because we set in its evaluation that both use the same powers of B, see

Section 3.4.3.

of the scaling parameter is obtained as

Note that the cost of evaluating (3.79) and (3.80) is O(n?) and if any of them is verified
with s) < s(()k) matrix products are saved, whose cost is O(n?).

Finally, we provide justification for the truncation of the series in (3.79) and (3.80). From
(3.59), (3.77) and (3.78) it follows that the remainder of the infinite series without the first
N terms, denoted by Ry, +n+1,5(B), verifies

=B = (B )
R, s(B)]l < — < —man - 3.82
| pr @Bl z‘:me;NH (26)!45¢ z‘:me;NH (20)! ( )

If the minimum value of s to be tested is s = s®) = 5 -1 then by (3.78) it follows that
plm) g5 ¢ <46,,,. Hence, using (3.82) it follows that

min

= 40,,,)!
|1 R+ nve1,s(B)]| € Z M

(3.83)
i=mp+N+1 (27’)!

Using Matlab Symbolic Math Toolbox and computing the first 150 terms of the series in
(3.83) with high precision arithmetic, Table 3.4 presents the values of bound (3.83) for my,
k=2,3,...,7, with the corresponding values of ¢, proposed in Section 3.4.3 for each value of
my €M, and N =g, +2,q;,+3,...,q;+8. Since error E,, ¢ must verify I, s <u~1.11- 10716
and rounding errors of values at least nu are expected in the evaluation of P,,, where n is
the matrix dimension, see [Hig08], the values of bound (3.83) from Table 3.4 are satisfactory
taking N = g + 2 for my <12, N = g + 4 for my = 16, and N = ¢i + 7 for my, = 20.

However, in numerical tests we have observed that if (3.79) or (3.80) hold with N = g, +2,
usually the value of B"*) in (3.82) is nearer to O,,,, than to 40,,,,, and bound (3.82) is

man
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139 Capitulo 3. Coseno y seno de una matriz

usually much lower than bound (3.83), therefore N = g + 2 being a good selection for all
m < 20, see Section 3.4.7.

On the other hand, note that the values obtained in Table 3.4 for (3.83) with my =4
and 6 are much lower than the unit roundoff w. Thus, in order to test if we can permit
values of the final scaling parameter up to s = s(()k) — 2 for those orders, we have taken
4?0,,, instead of 40,,, in (3.83) with N = g, + 2, resulting [|[Ratgy+2+1,5(B)|| € 1.3e—22 and
| R6+q5+2+1,s(B)]| € 1.2e-18. Thus, for orders my, = 4 and 6 we can take s = s(F) > s(()k)—Q with
N = qi +2. Taking this into account Algorithm 3.4 describes the proposed scaling algorithm.
The complete algorithm costay has been implemented in MATLAB and made available
online in [Cos|. This version of costay permits the selection of maximum order my; from 6
to 30 for testing purposes.

Tabla 3.4: Values of bound (3.83).

N
Mk, Gk qr +2 qr +3 qr t4 qr +5 qi +6 qx + 7 qr +38
4,2 5.0e-28 7.0e-32 8.0e-36 7.7e-40 6.2e—44  4.4e-48 2.6e-52
6,3 6.9e-26 8.1e-29 8.2¢e-32 7.3e-35 5.6e-38 3.9e—41 2.4e-44
9,3 1.8e-20 1.3e-22 7.9e-25 4.4e-27 2.2e-29 9.8e-32 4.0e-34
12,3 1.0e-16 2.0e-18 3.3e-20 5.0e-22 7.0e-24 8.9e-26 1.0e-27
12,4 2.0e—-18 3.3e-20 5.0e-22 7.0e-24 8.9e-26 1.0e-27 1.1e-29
16,4 3.8e—14 1.4e-15 4.8e-17 1.5e-18  4.5e-20 1.2e-21 3.1e-23
20,4 1.4e-10 8.7e-12 5.0e-13 2.7e-14 1.3e-15 6.2e-17 2.7e-18

Algorithm 3.4 SCALING PHASE: Given matrix B from Step 2 of costay and maximum
order my; with 12 < my; < 20, it computes m < mp;, m € M, ¢ from Table 3.1, and the
scaling parameter s to be used in Steps 4—7. This algorithm uses the values my and ¢ from
Table 3.1, and ©,,, from Table 3.2.

1 by =[|Bll1, di = ||Blle

2: if min {by,d;} < ©; then > Test mg =1
3: return s =0, m=mg, ¢=1

4: end if

5: By = B%, by = ||Bal|1, da = || Ba|oo

6: if min {bg . bl,dg . d1}1/3 < @2 then > Test my = 2
7 return s=0, m=mq, ¢=2

8: end if

9 q=qz, k=1
10: while m <mj; do
11: k=k+1, m=my
12: if ¢ < ¢ then
13: q=qk
14: if ¢ =3 then
15: Bs = By B, bs =||Bs|s
16: else if ¢ =4 then
17: B4=B§, by = ||B4||1
18: end if
19: end if
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20: Estimate b1 = ||[B™ ;.

21: Obtain Bt(m) from (3.54) with l=m+1,t=2,3,...,q,ma+1,m3+1,---,7 where r is
the lowest value such that condition (3.71) is verified, computing the needed bounds b,
for ||B?||; using (3.62).

22: ﬁf:;i = ml’n{ﬁt(m), t=23,....,¢,ma+1,mg+1,- 1}

23 50 =50 = max {0, [1/2108, (800 /0m)]1}

20: if 5" >0 then

25: if (m <6 AND s <2) OR (m <mp_; AND s = 1) then

26: if (3.79) is verified with s =0 then

27: sF) =0

28: else if (3.81) is not verified with s =0 then

29: if (3.80) is verified with s =0 then

30: sF) =0

31: end if

32: end if

33: else if m > mj;_1 then

34: if (3.79) is verified with sék) -1 then

35: s(k) = s(()k) -1

36: else if (3.81) is not verified with s(()k) -1 then

37: if (3.80) is verified with s§*) — 1 then

38: s(k) = s(()k) -1

39: end if

40: end if

41: end if

42: end if

43: if s(*) =0 then > If s() = 0 order m is selected directly
44: return s(k), m, q

45: end if

46: end while

a7 if sM-1D > (M) 41 then > Select the combination with the lowest cost
48: returns:s(M), m=myu, q=qm

49: else

50: return s = S(M_l), m=mp-1, ¢ = qrn-1 D> qn-1=9m
51: end if

3.4.6. Rounding error analysis

The analysis of rounding errors in Algorithm 3.3 is based on the results given in [DSIR11]
and [Hig08, p. 293-294]. In [DSIR11] it was justified that rounding errors in the evaluation
of P,,(B) are balanced with rounding errors in the double angle phase. If we define C; =
cos (Qi_SA) and C; = fl (26’3_1 - I), where f1 is the floating operator [GL96, p. 61], and we
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assume that| E; |, < 0.05||/Cy||1, then rounding error in Step 6 of Algorithm 3.3 verifies
1Bl = [IC; = Cill < (A1) | Bolh[IColhICa [l Ci-a [l +

i-1
Fnr 2 (A1) (221G + 1) [[Caalla-ICialh,

§=0
where 7,,,1 is defined by 7,1 = % [Hig08, p. 332]. Hence the error ||F;||; fundamen-
tally depends on the norms of the matrices ||Co||; and ||Eo||;. From (3.53), values of my
and s are chosen such that | Eg|, < u. Since |[47*A?|| is not bounded with the new proposed
scaling algorithm, it follows that ||Cy|| is not bounded. Taking into account that the values
of ©,,, increase with my, it follows that the values of the scaling parameter s with high
values of my will be typically lower, giving higher values of |[47*A?||, and then ||Cp|| will
usually be higher when permitting the use of higher orders. Hence, despite the error balan-
cing between the evaluation of P,,(B) and the double angle phase, orders not much higher
than the approximately optimal mj; = 12 should be used in the proposed scaling algorithm.

3.4.7. Numerical experiments

In this section we compare MATLAB implementation costay with functions cosm and
cosher. cosm is a MATLAB implementation of Algorithm 5.1 proposed in [HHO5] which
uses Padé approximants of cosine function and it is available online at http://www.maths.
manchester.ac.uk/~higham/mftoolbox. cosher is a MATLAB function based on Hermi-
te series proposed in [DSIR13] and available at http://personales.upv.es/~jorsasma/
cosher.m. Similarly to costay, cosher also allows different maximum orders m; for the
Hermite approximation, recommending m; = 16 for best performance in numerical tests, see
[DSIR13]. Al MATLAB implementations (R2011a) were tested on an Intel Core 2 Duo pro-
cessor at 2.52 GHz with 4 GB main memory. Algorithm accuracy was tested by computing
the relative error .

_Jeos(A) -V
Jecos(A)[;

where Y is the computed solution and cos(A) the exact solution. We used 101 of the 102
test matrices from [DSIR11]. Test matrix 61 was removed due to very large rounding errors
produced when computing the powers of that matrix, making all the tested algorithms fail.
The “exact”matrix cosine was calculated analytically when possible, and otherwise using
MATLAB’s Symbolic Math Toolbox with high precision arithmetic.

In the tests we did not use any preprocessing/postprocessing in the implemented algo-
rithms. Analogously to the experiments in [Hig05], we found that turning on preprocessing
provided similar results to those presented in this section without preprocessing.

Figures 3.8a and 3.8b show the comparisons costay-cosm and costay-cosher for maxi-
mum orders mp;€{9,12,16,20} in both costay and cosher. The first three rows show the
percentages of times that the relative error of the first function is lower, equal or greater
than the relative error of the second function. The fourth row shows the ratio of matrix
products needed for computing the matrix cosine for over all the test matrices with costay
divided by the number of matrix products for the compared function. The asymptotic cost
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in terms of matrix products for solving the multiple right-hand side linear system appearing
in Padé algorithm has been taken 4/3, see [SIDR11a].

As shown in Figures 3.8a and 3.8b, function costay presented more accurate results than
cosm and cosher in the significant majority of tests, especially for mp; = 16 (in 91.09 % of
cases with respect to cosm function and 44.55 % with respect to cosher). Moreover, costay
has lower computational costs than the functions cosm and cosher. Note that the cost gains
of using mp; = 12 and mjp; = 16 are the same. Table 3.3 shows that both orders provide the
same cost in almost all cases in the first stage of the scaling algorithm providing justification
for that. However, ©15 > O12 > Og and then the values of s with mj; = 16 are lower in many
cases than those with my; = 12 and mj; = 9, see Table 3.3, reducing the number of double
angle steps in Algorithm costay. Numerical results show that mps = 16 provided the highest
accuracy with similar cost to mjs = 12, being the best choice for mj; in tests.

We have observed that in a 94.50 % of cases the final value of the scaling parameter is
directly S(()k) given by (3.78), and that bounds (3.79) and (3.80) reduce the scaling parameter

in the majority of cases where 57(:;’2)4‘(5316)‘1) /Om, is slightly greater than 1. There were

only two matrices where 67(717;) 4= (s89-1) /Om, was not approximately 1, taking values 2.72
with order my = 12, and 5.86 with my = 4. With respect to the selection of the number
of terms N to be considered in bounds (3.79) and (3.80) we have observed that taking
N = g + 2, the greatest value of the remainder (3.82) using the values of ﬁfn";’;) obtained
in numerical tests with mj; = 12, 16, 20, was 1.3- 1072, thus confirming that the selection

N = g + 2 is enough in practice for all orders my, < 20.

9 12 16 20 9 12 16 20
59.41 83.17 91.09 77.23 55.45 46.53 44.55 44.55
0 0 0 0 30.69 28.71 20.59 19.80

40.59 16.83 891  22.77 13.86 24.76 34.66 35.65
084 083 083 084 0.88 090 090 092

(a) Comparative costay-cosm. (b) Comparative costay-cosher.

:Ummrgs

Figura 3.8: Comparatives costay-cosm and costay-cosher. The first three rows show the
percentage of times that relative error of costay is lower (L), equal (E) or greater (G) than
relative error of cosm or cosher. The last row shows the ratio (R) of cost in terms of matrix
products between costay divided by the cost of cosm in 3.8a, and cosher in 3.8b.

To test the numerical stability of functions we plotted the normwise relative errors of
functions cosm, cosher and costay for my; = 12,16, 20. Figure 3.9a shows the relative errors
of all implementations, and a solid line that represents the unit roundoff multiplied by the
relative condition number of the cosine function at X [Hig08, p. 55]. Relative condition
number was computed using the MATLAB function funm_condest1 from the Matrix Fun-
ction Toolbox [Hig08, Appendix D] (http://www.ma.man.ac.uk/~higham/mftoolbox). For
a method to perform in a backward and forward stable manner, its error should lie not far
above this line on the graph [Hig05, p. 1188]. Figure 3.9a shows that in general the functions
performed in a numerically stable way apart from some exceptions.
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Figura 3.9: Normwise relative errors and perfomance profile of cosm, cosher (16) and costay
for mps = 12,16, 20.

Figure 3.9b shows the performances [DM02] of the functions compared, where o coordi-
nate varies between 1 and 5 in steps equal to 0.1, and p coordinate is the probability that
the considered algorithm has a relative error lower than or equal to a-times the smallest
error over all the methods, where probabilities are defined over all matrices, showing that
the most accurate function is costay with my; = 16 followed by cosher with my; = 16.

3.4.8. Conclusions

In this work an accurate Taylor algorithm to compute matrix cosine is proposed. The
new algorithm uses a scaling technique based on the double angle formula and sharp bounds
for the forward absolute error, and the Horner and Paterson-Stockmeyer’s method for com-
puting the Taylor approximation. A MATLAB implementation of this algorithm has been
compared with MATLAB function cosher, based on Hermites series [DSIR13|, and the
MATLAB function cosm, based on the Padé algorithm given in [HH05]. Numerical experi-
ments show that the new algorithm has lower computational costs and higher accuracy than
both functions cosher and cosm in the majority of test matrices. The new proposed Taylor
algorithm provided the highest accuracy and lowest cost when maximum order mj; = 16
was used in tests, and this maximum order is therefore recommended.
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Capitulo 4

Aplicaciones

4.1. Introduccion

En este capitulo se incluyen dos articulos relacionados con la aplicacién de la funcién
exponencial matricial en el drea de la resolucién de ecuaciones diferenciales ordinarias. A
continuacion se presenta se presenta un breve resumen de los mismos:

= “Solving Initial Value Problems for Ordinary Differential Equations by two approaches:
BDF and Piecewise-linearized Method” (seccién 4.2, [[HARO09]): en este trabajo se
desarrollan y comparan cinco algoritmos para la resolucién de problemas de valor
inicial dentro del area de las ecuaciones diferenciales ordinarias. Uno de los métodos
analizados requiere del calculo de la exponencial de una matriz en cada paso de tiempo,
para lo cual se utilizan dos versiones basadas en los aproximantes diagonales de Padé:
una utilizando la técnica de escalado y potenciacion y otra sin utilizarla. Para poder
comparar los cinco algoritmos entre si, se han implementado todos ellos tanto en
MATLAB como en FORTRAN.

s “A Piecewise-linearized Algorithm based on Krylov Subspace for solving stiff ODEs”
(seccién 4.3, [ITHRA11]): en este segundo articulo se implementan dos nuevos algoritmos
en MATLAB para la resolucién de ecuaciones diferenciales ordinarias de valor inicial
utilizando un método basado en subespacios de Krylov y se comparan con los dos
mejores algoritmos de los implementados en el articulo anterior. En este caso, de nuevo
se hace necesario el cédlculo de la exponencial de una matriz en cada paso de tiempo,
para lo cual se desarrollé una nueva funcién basada en aproximantes diagonales de Padé
y en la técnica de escalado y potenciacién. Los resultados experimentales demuestran
que los nuevos algoritmos resultan m&as competitivos, especialmente conforme se va
incrementando el tamano del problema.

En las siguientes secciones de este capitulo se pueden consultar los articulos mencionados
al completo.
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4.2.

Solving Initial Value Problems for Ordinary Dif-
ferential Equations by two approaches: BDF and
Piecewise-linearized Methods

Referencia del articulo:
J. Ibanez, V. Herndndez, E. Arias and P.A. Ruiz

Solving Initial Value Problems for Ordinary Differential Equations by two approaches BDF and

Piecewise—linearized Methods

Computer Physics Communications, Volume 180, Issue 5, May 2009, Pages 712-723, ISSN 0010-4655,

4.2.1.

http: //dz. doi. org/10. 1016/ 5. cpc. 2008. 11. 013

Abstract

Many scientific and engineering problems are described using Ordinary Differential
Equations (ODEs), where the analytic solution is unknown. Much research has been
done by the scientific community on developing numerical methods which can provide
an approximate solution of the original ODE. In this work, two approaches have been
considered based on BDF and Piecewise-linearized Methods. The approach based on
BDF methods uses a Chord-Shamanskii iteration for computing the nonlinear system
which is obtained when the BDF schema is used. Two approaches based on piecewise-
linearized methods have also been considered. These approaches are based on a theorem
proved in this paper which allows to compute the approximate solution at each time
step by means of a block-oriented method based on diagonal Padé approximations.
The difference between these implementations is in using or not using the scale and
squaring technique.

Five algorithms based on these approaches have been developed. MATLAB and
Fortran versions of the above algorithms have been developed, comparing both precision
and computational costs. BLAS and LAPACK libraries have been used in Fortran
implementations. In order to compare in equality of conditions all implementations,
algorithms with fixed step have been considered. Four of the five case studies analyzed
come from biology and chemical kinetics stiff problems. Experimental results show
the advantages of the proposed algorithms, especially when they are integrating stiff
problems.

Introduction

Much research has been done by the scientific community on developing numerical met-
hods which permit an approximate solution to ODEs. In recent years many review articles
and books have appeared on numerical methods for integrating ODEs, in particular in stiff
cases [HW96]. Stiff problems are very common problems in many fields of the applied scien-
ces: control theory, biology, chemical kinetics, electronic circuit theory, fluids, etc. One of
the most popular multistep method families for solving IVPs for stiff ODEs is formed by
the BDF methods [CH52, Hin80, Gea7l, BBH89]. Another approach used in this paper is
based on piecewise-linearized methods. These methods solve an IVP by approximating the
right-hand side of the ODE by means of a Taylor polynomial of degree one. The resulting
approximation can be integrated analytically to obtain the solution in each subinterval and
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yields the exact solution for linear problems. In [RGL97, GL98] an exhaustive study of this
approach is introduced. The developed piecewise-linearized algorithms use Theorem 10 and
Corollary 1 (Section 4.2.3) which allow to compute the approximate solution at each time
step by means of a block-oriented method based on diagonal Padé approximations.

The paper is structured as follows. In Section 4.2.2 a BDF algorithm is presented. The
proposed approaches for solving IVPs by a piecewise-linearized method based on diagonal
Padé approximations are presented in Section 4.2.3. The experimental results are shown in
Section 4.2.4. Finally, some conclusions and future work are outlined in Section 4.2.5.

4.2.2. A BDF algorithm

Let the IVP
i(t) = f(t,x(t)), t e [to, ty], z(to) = 2o, (4.1)

where f(t,z(t)) e R™ , t € [to,ts], satisfies the necessary conditions under which the problem
has a unique solution.

In this section an algorithm is presented which solves IVPs for ODEs by means of a
BDF approach [AP98, Chapter 5] which uses a Chord-Shamanskii method [Kel95, Chapter
5] to solve the implicit equations that appear in BDF methods. In a BDF scheme, the
integration interval [to,t] is divided so that the approximate solution at ¢;, x;, is obtained
by solving an implicit nonlinear system obtained by differentiating the polynomial which
interpolates past values of x;, and setting the derivative at ¢; to f(¢;,x;). Several methods
have been implemented for solving that implicit nonlinear system; however, in the context
of stiff ODEs, one of the better choices is to apply implicit schemes based on Newton’s or
quasi-Newton methods.

If {to,t1,--ts} is a partition of interval [to,t;] and a BDF scheme is applied, the appro-
ximate solution x; is obtained by solving the following equation:

Ti— Z QGTi—5 — Atz,lﬁf(tl,l'z) = 0, (42)
j=1

where At;_q =t; —t;_1, and «; (j = 1,2,---,7), B are parameters which appear in Table 4.1,
where r is the order of BDF method

Usually a Newton method is used to solve (4.2) at each time step. In this way, z; is
obtained from the Newton iteration

x) =,
(In - hBJ ) Aw = -F(ah), 2l =2l + Az, 1> 1, (4.3)
where J/7! is the Jacobian matrix evaluated at (z!™1,¢;).
In this paper an inexact Newton technique for solving (4.3) has been used which signifi-

cantly speeds up the implicit BDF integrator without loss of accuracy. This approach [Kel95,
p. 86] uses a combination of the Chord and Shamanskii methods, based on the reduction
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in the nonlinear residual. This latter option decides if the Jacobian should be recomputed
based on the ratio of successive residuals.

If two consecutive approaches 2! and x! verify that | F(z!)| /| F(zi™)]| is below a given
threshold, the Jacobian is not recomputed. If the ratio is too large, the Jacobian matrix at
xi is computed for use in the subsequent chord steps. In addition, a threshold for the ratio of
successive residuals is also input. The Jacobian matrix is recomputed and factored if either
the ratio of successive residuals exceeds the threshold 0 < p < 1 or the number of iterations
without an update exceeds a parameter m € N . Algorithm 4.1 (iodbcs) solves the IVP for

ODEs (4.1) by means of the above BDF Chord-Shamanskii method.
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Algorithm 4.1 [{x;},e] =iodbcs(f f,J f,xo,to, ty, At,r, tol, m, p)

Inputs: functions ff and Jf compute f(7,2) € R™ and the Jacobian matrix J(7,z) € R"
(1 € R, x € R™); vector of initial conditions z( € R™; initial time ¢ € R; final time ¢; € R;
step size At; order r € N of the BDF method; tolerance vector tol € R? that contains
the relative error tolerance (tol;) and the absolute error tolerance (tols); maximum
number m € N of iterations without computing the Jacobian matrix; threshold p

Outputs: Solutions {z;} (z; € R™) at to, to+At, tg+2At,...; e € Z indicates the convergence
of the method (if e = -1 the method does not converge)

1 Initialize a and g according to the values given in Table 4.1

21=0
3 m=[(ty —to)/At];
4 Fori=1:m

4.1 t;=t;o1 + At
4.2 p=min(r,i)
4.3 fo=Yj jTij
4.4 x; =11
4.5 f=ff(ti,z;)
4.6 re=|flo; e =10
4.7 While r. > t17¢ + toly
471 J=Jf(t;,x;)
4.72 [L,U] = lu(I - Atp,J) (LU decomposition)
473 is=0;p=0
4.7.4 While iy <m and p<m
4741 ig=i+1
4.7.4.2 Solve the lower linear system Ly = fo —x; + f for y
4.7.4.3 Solve the upper linear system UAx =y for Ax
4.7.44 z; =x; + Ax
4.7.4.6 . =|fll.
4747 o=rfrm; re =1,
4.7.4.8 If |Az| < tolyrg + r1 Leave While loop 4.7.4
48 If o>1

4.8.1 e =-1 (The method does not converge)
4.8.2 Return
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B a1 g as ay as
r=1 1 1
r=2 2/3 4/3 -1/3
r=3 6/11 18/11 -9/11 2/11
r=4 12/25 48/25 -36/25 16/25 -3/25
r=5 60/137 300/137 -300/137 200/137 -75/137 12/137

Tabla 4.1: BDF method parameters (order r=1, 2, 3, 4 and 5).

4.2.3. A piecewise-linearized approach for solving IVPs for ODEs

Given a partition tg < t; < - < tj-1 < t; = ty of interval [to,ts], IVP (4.1) can be
approximated by means of a set of [VPs obtained as a result of the linear approximation of
f(t,xz(t)) at each subinterval [RGL97, C. 03]

g(t) = fi+ Ji(y(t) —vi) + gi(t =t;), t € [ti, ti1],
y(tz) =Yi, 1= 07 17"'71_ 17
where
Ji= f(ti,y:) e R",
af nxn . .
J; = a—(ti,yi) e R"*"(Jacobian matrix),
x

_9f
9= ot
The IVP associated to the first subinterval is
y(t) = fo+ Jo(y(t) —yo) + go(t —to), t € [to, 1],
y(to) = yo = zo.

(ti,y:) € R™(gradient vector).

Its analytic solution is given by

y(t) =yo + fit €D [ fo + golr ~ to)dr ,t € [to,t1],

therefore it is possible to compute y1 = y(t1).

By proceeding in the same way, the analytic solution of IVP associated to subinterval i,
i=1,-1-1,
g(t) = fi+ Ji(y(t) —wi) + gi(t = t;), t € [ti, tiva], y(ts) =i

is given by
y(t) =yi+ [, e D fi+ gi(r - t)]dr, teltitia] - (4.4)

If second order partial derivatives of f(t,x) are bounded on [to,t,] xR™, then the above
piecewise-linearized method converges [RGL97]. If a (1,1) Padé approximation is used for
computing e”:(*=%)  the above method is consistent of order 1 for autonomous ODEs and 2
for non-autonomous ODEs and linearly stable [GL9S8, p. 26].

The piecewise-linearized approaches for solving IVPs presented in this paper are based
on the following theorem and corollary.
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Theorem 10 The solution of IVP
y(t) = fi+ Jiy(t) —yi) + gi(t =), t € [Li, tisa ], (4.5)
y(tz) =Y; € an
fieR", J; e R™™ g; e R",
y() =y + PR (4=t fi+ P (t 1) gi, (4.6)
where Fl(;)(t—ti) and Fl(é) (t —t;) are the blocks (1,2) and (1,3) of e“i("4)  and
Ji I, 0,

Ci=| 0, 0, I,
On On On

Proof. Defining s = 7 —t; and 6 = ¢ — t;, the integral which appears in (4.4) can be
expressed as

t 0 9
f el fy+ gi(r ) ]dr = [[ e‘]’w_s)ds] fi+ [[ eJ'i(e_s)sds] i (4.7)
0 0

ti

Because C; is an upper-triangular block matrix, the exponential of C;0 has the same
structure,

F(0) FR0) FY )
=l 0 EY0) ERO) |,
0, 0, E0)
where FJ(;)(H), 1< j <k <3, are square matrices of order n. Since

;0 ) Ci0
dedel :CZ‘GCIG e

0=0 = I3n,

the following IVPs are obtained

dFP (6 ‘ :
TLO Q0. F ) - 5 (49
(i)
dF$ (0 ,
2 0) o p00)-=1,. (4.9)
do
dFs (6 :
dy (0) 0, FD(0) = 1., (4.10)
d6
(i)
dFS (0 - :
%() = F2(0), F(0) =0, (4.11)
dr® (o : : :
%() = JiFD(0) + F2(9), FD(0) = 0,,, (4.12)
dF™D 4 , 4
PO 1r0)+ FH ), FY0) =0, (4.13)
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The solutions of (4.8), (4.9) and (4.10) are given by

F(0) =,
F(6) =1,
F@(0) = 1,.

Therefore the solutions of (4.11), (4.12) and (4.13) are

F(0) =01, (4.14)
. 4
Ffé)(9)=/ e’ =) ds, (4.15)
0
. 6
Fl(:f,)(9)=[ e’ sds. (4.16)
0

Note that the integrals involved in (4.7) can be computed by means of (4.15) and (4.16). In
conclusion, once the Jacobian matrix J; and the vectors g; and f; have been computed, the
solution of IVP (4.5) is given by

y(t) = yi + B9 (0) fi + F3(9)gs.
As 0 =1—1t;, then

y(t) =y + FD (¢ —t) fi + PO (t-1;)gs, (4.17)

so the theorem is proved. O

According to Theorem 10, the approximate solution of IVP (4.5) at t;,; is obtained from
the approximate solution at ¢; by the following expression

yis1 = yi + FQ(AL) fi + F2 (At gi, (4.18)
where At; =t;.1 - t;.

For autonomous ODEs the following result is obtained.

Corollary 1 The solution of IVP

g(t) = fi+ Ji(y(t) —vi), y(ti) = i, (4.19)
y(t) = yi + Ffé) (t-t;)fis

where Ffé)(t —t;) is the block (1,2) of matriz e~ and
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Proof. It is enough to apply Theorem 10 for g; = 0,,x1 € R™. O

According to Corollary 1, the approximate solution of IVP (4.19) at ¢;,1 is obtained from
the approximate solution at ¢; by the following expression

Yist = yi + FQ (AL) fi. (4.20)
Algorithm 4.2 is consequence of Theorem 1. This algorithm (inolex) computes the approxi-

mate solution of the IVP for non-autonomous ODEs (4.1) by means of a piecewise-linearized
method based on the exponential of matrix C;At;.

Algorithm 4.2 {z;} = inolex(data, zo,to,t ¢, At)

Inputs: data is a function that computes Jacobian matrix J(7,2) € R™" and function
vector f(7,x) € R™ (7 € R, 2 € R"); vector xy € R™ of initial conditions ; initial time
to € R; final time ¢ € R; step size At e R

Outputs: Vector of solutions {z;} (z; € R™) at tg,to + At, to + 2At,. ..
1 m= (s - to)/AY]
2 Fori=0:m-1
2.1 [Ja fa g] = data(ti;xi)

J I, 0,
22 C=|0, 0, I,

0, 0, O,
2.3 [ =eCAt

2.4 tiv1=1; + At
2.5 xi41 =1+ Fiof + Fizg

4.2.3.1. Algorithms based on the scaling and squaring technique

The (p,q) Padé approximation to e? is defined by
Rpq = [qu(A)]_leq(A)7

where

& (prg-R)pl
ZWAA)_;%@+kMM@—kﬂAk

and

& (prg-k)p!
Do) = 20 - oA

Non-singularity of Dy4(A) is assured if p and ¢ are large enough or if the eigenvalues of A
are negative.
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The problem with this method is that it only provides good approaches near the origin
[GL96, p.573]. This problem can be avoided by using the widely used scaling and squaring
method for computing the matrix exponential [ML03, Hig04] by exploiting the equality

el = (eA/m)m .

The idea is to choose m to be a power of two (m = 27) for which e/™ can be reliably
and efficiently computed, and then to form the matrix (eA/ m)m by repeated squaring. One

commonly used criterion for choosing m is to make it the smallest power of two for which
1A[l/m < 1.

Diagonal Padé approximants (p = q) are preferred, since Ry, (p # ¢) is less accurate than
Ry, where I = max(p,q), but R can be computed at same cost.

Algorithm 4.3 (exmdpa) computes the exponential of a matrix by means of a scaling-
squaring diagonal Padé approximation method with variable order q.

Algorithm 4.3 F = exmdpa(A,q)

Inputs: Matrix A € R™"; order ¢q € N of diagonal Padé approximation of the exponential
function

Output: Matrix F = e? e R™*"
1 nor =||4|e

2 ja =mix(0,1 +int(logy(nor)))

3 5:2]%
4 A=s5A
5 X=A

6 N=I,+c(1)
7 DZIH-FCQ(l)
8 For k=2:q

81 X=XA
82 N=N+c (k)X
8.3 D=D+ca(k)X

9 Solve DF = N for F using Gaussian elimination
10 For k=1:74
10.1 F =F?
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In order to reduce the high computational and storage costs of Algorithm 4.2, a block
oriented version of Algorithm 4.3 has been developed. In this way, ;41 can be computed
without explicitly computing the exponential of matrix CAt (step 2.3 of Algorithm 4.2).
This algorithm only computes blocks (1,2) and (1,3) of the exponential of matrix

Ji In On
A=| 0, 0, I, (4.21)
0, 0, 0O,

X=| 0, X Xy

| n On N33 )
[ D1y D1z Dis |
D= 0, D D |,
| On On DSS ]
Fi1 Fia Fus
F=| 0, Fa Fys
On On FSS
Step 4: A =sA.
sJ; sl 0
A=sA=| 0, 0, s,
0, 0, 0,
Let J; = sJ;, then A can be expressed as
Jz SIn On
A=]10, 0, sI,
0n, 0, Op
Step 5: X = A.
J; sl, 0O,
X=10, 0, sI,
0, 0, 0,
Step 6: N =1, +c1(1)A.
Nii Nz Ny I, +c (1), a(1)sl, 0n
On  Nag Nog |= 0n, I, c()sl, |,
On On N33 On On In
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= On On X23 On On S[n =
On On On On On On

X3 = sX12,

Xi2 = sX11,

X11 = X1y,
Xoz =0y,
Xo3 =0y,
X33 =0,.

Substep 8.2: N = N +¢(k)X.

Nis Ny +c(B)X11 Nig+ci(k)Xio
Nog | = 0, Noo
N33 On On

158

Bearing in mind data dependencies, X;;, 1 <i < j <3, can be computed as follows

Nis +ci1(k) X3

Nog
N33

Piecewise-linearized Methods 158
N11 = In + Cl(l)Ji,
Nig =c1(1)sly,
N1z =0p,
N22 = Inv
N23 = 61(1)517“
N33 =1,.
Step 7: D = I, + co(1) A.
D12 D13 In +CQ(1)J1‘ CQ(l)SIn
Day Doz | = On I, c2(1)sl, |,
On D33 On O’n
D11 = In + CQ(l)Ji,
D12 = CQ(I)SIn,
D13 = O’ru
Do = I,
Doz = ca(1)sl,,
D33 = 1.
Substep 8.1: X = X A.
X1 X2 X Ji sl 0y X1y sX11 sXi2
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As matrices Nag, Nog and N33 do not vary inside loop 8, then

Nog = I,
N23 = Cl(l)SIn,
N33 =1,.

Substep 8.3: D =D +co(k)X.

Di1 D12 Dis Dy +ca(k)X11 Dig+ca(k)Xi2  Dis+ca(k)Xas
0, Daa Do3 |= 0, Dos Do3
On On D33 On On D33
As matrices Daa, Doz and D33 do not vary inside loop 8, then
Doy =1,
Do3 = co(1)s1,,
Das = 1I,,.
Step 9: To compute F' by solving DF = N.
Dy Do Dy3 Fyy Fio Fis Nip Nio N3
On In CQ(l)SIn On F22 F23 = On In Cl(l)SIn s
On On In On On F33 On On In
therefore
Dq1Fi1 = Niy,

D11 Fio + Di2Fs = Nyo,
Dy Fi3+ Di2Fy3 + Di3F33 = N3,

F22 = Inv
F23 + C2(1)5F33 = Cl(l)SIn,
Fi3=1,.

Since ¢1(1) = 0.5 and co(1) = 0.5, then Fy3 = sI,, and matrices Fi1, Fio and Fi3 can be

computed solving the equations
D11 Fi1 = Nug,
Dq1Fi3 = Nig — Do,
D11F13=Ni3-5D13 - Dy3.

It is only necessary to know N117 N12, N13, Dlla D12 and D13 to compute Flla F12 and F13

in step 9.

Substep 10.1: F' = F2. Making the product

Iy Fip Fis Fyy Fig Fis Fyy I
0, Fo Fo3 |=| 0, Iy Iy 0, Foo
On On F33 On On F33 On On
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and equaling the corresponding blocks, then

Fy, = F,
Fip = F11Fio + FiaFss,
Fig = Fi1Fi3 + FiaFys + Fi3F33,

Fyy = F3,
Fy3 = FooFoz + Fo3Fis,
Fy3=F%.

Bearing in mind that before entering in loop 10 Fyo = I, and F33 = I,,, then inside the above
loop Fys = I, and F33 = I,,, therefore

I3 = Fog + Fh3 = 2F53.
Because before entering loop 10 Fy3 = sl,, then
Fyy = 2FsI,
in the k iteration. According to data dependence, Fii, Fi2 and Fi3 can be computed as

Fig = F11Fi3+ FiaoFys + Fiz,
Fig = I Frig + Fo,
Fy, = F}.

The complete algorithm that solves IVP (4.1) corresponds to Algorithm 4.4 (inolsp). This
algorithm solves IVPs for non-autonomous ODEs by a piecewise-linearized approach with
scaling-squaring of the diagonal Padé approximants. This algorithm uses the following au-
xiliary algorithms:

= Algorithm 4.5 (coedpa) computes the coefficients of the polynomials of degree greater
than zero in the diagonal Padé approximation of the exponential function.

= Algorithm 4.6 (inlbsp) computes the approximate solution at ¢;,; of IVP for non-
autonomous ODEs (4.1), obtained after the piecewise-linearized process, by a block-
oriented version of the scaling-squaring diagonal Padé method. This is the block orien-
ted version of Algorithm 4.2. The approximate computational cost of Algorithm 4.6
is 2(q +3jsa¢ + ) n® flops, where jya; = max(0, 1+ int(logy (| JAL|,))).
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Algorithm 4.4 {z;} = inolsp(data, o, to,tr, At,q)

Inputs: Data is a function that computes function vector f(7,z) € R", Jacobian matrix
J(r,2) € R™" and gradient vector g(7,2) € R"™ (7 € R, x € R"); vector zp € R" of

)

initial conditions; initial time ¢y € R; final time ¢; € R; step size At € R; order ¢ € N of
the diagonal Padé approximation of the exponential function

Outputs: Vectors of solutions {z;} (x; € R™) at tg,tg + At, tg + 2At,. ..
1 [e1,c2] = coedpa(q) (Algorithm 4.5)
2 m=[(ty —to)/At]
3Fori=0:m-1

3.1 [fa Jag] :data(ti;xi)
3.2 w1 =inlbsp(J, f,g,x;, At,c1,c2) (Algorithm 4.6)
3.3 tiv1 =1; + At

Algorithm 4.5 [¢1, 2] = coedpa(q)

Inputs: Order g € N of the diagonal Padé approximation of the exponential function

Outputs: Vectors c1,co € R? with the coefficients of terms greater than 0 in the (q,q)
diagonal Padé approximation of the exponential function

1 Cl(].) =0.5
2 02(1) =-0.5
3 Fork=2:q

3.1 ai(k) = goprei (k- 1)

3.2 ca(k) = (=1)*ei (k)
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Algorithm 4.6 y;,; =inlbsp(J, f,g,y;, At,c1,c2)

Inputs: Jacobian matrix J € R™*"; function vector f € R™; gradient vector g € R™; vector
y; € R™; step size At € R; vectors ¢1,co € RY with the coefficients of terms of degree

3

greater than 0 in the (q,q) diagonal Padé approximation of the exponential function

Output: Vector y;11 € R" given by expression (4.18)

1 nor = |J| . At

2 jyae = mdx(0,1 + int(logy(nor))); s = %; J=sJ
3 X =J; Xig=slp; X13=0,

4 Nyp=1I,+c¢1(1)J;N12 =1 (1)sl,; N1z =0,

5 D11 =1, +ca(1)J;D19 = ¢2(2)sl,; D13 =0,

6 For k=2:q

6.1 Xi3=sX12; X12=sX11; X11 =X J
6.2 Ni1 = N13 +Cl(k)X11; Nis = Nio +Cl(k)X12; N13 = N13 + Cl(k)X13
6.3 D11 =D11 + Cg(k‘)X11; D15 =D1o + CQ(k)X12; Di3=D3+ CQ(k)Xll’»

7 Solve Dy Fi1 = Ny for Fiy

8 Solve Dq1Fy9 = Nis — Dy5 for Fya

9 Solve D11 Fi3 = Ni3—5sDq5 — D13 for Fis
10 For k=1:j5a+

10.1 Fi3 = Fi1Fig+ sFig + Fig; Fig = Fi1Fig + Fio; Fiq = F7
10.2 s=2s

11 Y1 =y + Fiof + Fiag

For autonomous ODEs the computational and storage costs can be reduced if Coro-
llary 1 is applied. Hence, another algorithm (iaolsp) can be developed to solve IVPs for
autonomous ODEs by a piecewise-linearized approach with scaling-squaring of the diagonal
Padé approximants.

This algorithm uses the auxiliary Algorithms 4.5 (coedpa) and 4.8. Algorithm 4.8 (ialbsp)
computes the approximate solution at ¢;,1 of IVP for autonomous ODEs (4.1), obtained after
the piecewise-linearized process, by a block-oriented version of the scaling-squaring diagonal
Padé method. The approximate computational cost of Algorithm 4.8 is 2 (q +2j7A8 + %) n?
flops, where jra: = max(0, 1+ int(logy (| JAL|)))-
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Algorithm 4.7 {z;} = iaolsp(data, zo,to,ty, At,q)

Inputs: Data is a function that computes function vector f(7,z) € R™ and the Jacobian
matrix J(7,2) € R™"; vector zp € R™ of initial conditions; initial time to € R; final

)

time ty € R; step size At € R; order ¢ € N of the diagonal Padé approximation of the
exponential function

Outputs: Vectors of solutions {z;} (x; € R™) at tg,tg + At, tg + 2At,. ..
1 [e1,c2] = coedpa(q) (Algorithm 4.5)
2 m=[(ty —to)/At]
3Fori=0:m-1

3.1 [fa Jag] :data(ti;xi)
3.2 wiy1 =dalbsp(J, f,x;, At,c1,c2) (Algorithm 4.8)
3.3 tiv1 =1; + At
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Algorithm 4.8 y;.1 =ialbsp(J, f,yi, At,c1,c2)

Inputs: Jacobian matrix J € R™"; function vector f € R™; vector y; € R™; step size At € R;
vectors ¢p,co € R? with the coefficients of terms of degree greater than 0 in the (q,q)
diagonal Padé approximation of the exponential function

Output: Vector y;11 € R" given by expression (4.20)
1 nor = |J| . At
2 jyae = mdx(0,1 + int(logy(nor))); s = %; J=sJ
3 X1 =J; Xip2 =51,
4 Nyp=1I,+c1(1)J; Nig=c1(1)sI,
5 D11 =1, +c2(1)J; Do =ca(1)sl,
6 For k=2:q

6.1 Xq2=5X11; X11=X11J
6.2 N11:N11 +Cl(k)X11; N12:N12+Cl(k)X12
6.3 D11 = D11 + C2(k‘)X11; D12 = Dlg + CQ(k)Xlg

7 Solve D11F11 = N11 for F11
8 Solve D11F12 = N12 - Dlg for F12
9 For k=1:7 ¢

9.1 Fip=F 1 Fia+ g
9.2 Fyy = F}
9.3 s=2s

10 yio1 =y + Frof

4.2.3.2. Algorithms not based on scale-squaring technique

Since matrix C' of Algorithm 4.2 is multiplied by At, it is possible compute the appro-
ximate solution x;,1; without using the scaling-squaring technique. Therefore, the compu-
tational costs are reduced without loss of accuracy (see Section 4.2.4). Note that in this case
it not is necessary to compute block Ni;. The following algorithms solve IVPs for ODEs by
that method:

= Algorithm 4.9 (inolwp) solves the IVP for non-autonomous ODEs (4.1) by a piecewise-
linearized approach without scaling-square of the diagonal Padé approximants.

= Algorithm 4.10 (iaolwp) solves the IVP for autonomous ODEs (4.1) by a piecewise-
linearized approach without scaling-square of the diagonal Padé approximants.
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These algorithms use the following auxiliary algorithms:

= Algorithm 4.11 (inlbwp) computes the approximate solution at t;.1 of IVP for non-
autonomous ODEs (4.1), obtained after the piecewise-linearized process, by a block-
oriented implementation without scaling-squaring of diagonal Padé method. The ap-
proximate computational cost of Algorithm 4.11 is 2 (q + %) n® flops.

= Algorithm 4.12 (ialbwp) computes the approximate solution at ¢;,1 of IVP for autonomous
ODEs (4.1), obtained after the piecewise-linearized process, by a block-oriented version
without scaling-squaring implementation of the diagonal Padé method. The approxi-
mate computational cost of this algorithm is 2 (q + %) n® flops.

Figure 4.1 shows a scheme with the developed piecewise-linearized algorithms.

Algorithm 4.9 {xz;} = inolwp(data, zo,to,t s, At,q)

Inputs: data is a function that computes f(7,x) € R", J(r,2) € R™" and g(r,2z) ¢ R”
(1 € R, x € R"); vector zp € R™ of initial conditions; initial time ¢y € R; final time
ty € R; step size At € R; order ¢ € N of the diagonal Padé approximation of the
exponential function

Outputs: Vector of solutions {z;} (x; € R™) at tg,tg + At, tg + 2At,. ..
1 [e1,c2] = coedpa(q) (Algorithm 4.5)
2 m=[(t - to) /A
3Fori=0:m-1

3.1 [fa Jag] :data(tiaxi)
3.2 w1 = inlbwp(J, f,g,x;, At,c1, co) (Algorithm 4.11)
3.3 tiv1 =1; + At
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Algorithm 4.10 {z;} = iaolwp(data, zo,to, t s, At,q)

Inputs: Data is a function that computes f(7,2) € R” and J(7,2) e R (1 e R, x e R");
vector xg € R™ of initial conditions; initial time ty € R; final time t; € R; step size
At € R; order g € N of the diagonal Padé approximation of the exponential function

Outputs: Vector of solutions {z;} (x; € R™) at tg,to + At, tg + 2A¢,. ..
1 [e1,¢2] = coedpa(q) (Algorithm 4.5)
2 m = [(t) - to)/ ]
3Fori=0:m-1

3.1 [f’ Jag] :data(tiaxi)
3.2 @iy =talbwp(J, f,x;, At 1, co) (Algorithm 4.12)
3.3 tiv1 = ti + At

Algorithm 4.11 y;.1 = inlbwp(J, f, g, yi, At, c1,¢2)

Inputs: Jacobian matrix J € R™"; function vector f € R™; gradient vector g € R™; vector
y; € R™; step size At € R; vectors c¢1,cy € R? with the coefficients of terms of degree
greater than 0 in the (q,q) diagonal Padé approximation of the exponential function

Output: Vector y;11 € R" given by expression (4.18)
1 J=AtJ
2 Xy1=J; X12=Atl,; Xi3=0,

3 Niz=ci(1)I;; Ni3 =0,
4 D11 = In + CQ(l)J;DlQ = 02(2)817,,; D13 = On
5 Fork=2:q

5.1 Xy3=5X12; Xi9=5X41; X171 = X1 J
5.2 Nig = Nia +c1(k)X12; Nig = Nig + c1 (k) X13
5.3 D11 = D11 + co(k)Xi1; Dig = D1 + co(k)X12; Dig = D1z + co(k)X13

6 Solve D11F12 = N12 - D12 for F12
7 Solve D11F13 = N13 - SD12 - D13 for F13

8 Yis1 =Ys + Fiaf + Fi3g
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Piecewisdinearized Algorithms

Non-autonomous ODES Autonomous ODEs

inolsp inolwp iaolsp iaolwp

Auxiliary Algorithms

inlbsp inlbwp coedpa ialbsp ialbwp

Fig. 4.1: Schema of piecewise-linearized Algorithms 4.4(inolsp), 4.9(inolwp), 4.7(iaolsp) and
4.10(iaolwp)

Algorithm 4.12 y;.1 = ialbwp(J, f,y;, At,c1,c2)

Inputs: Jacobian matrix J € R™"; function vector f € R™; vector y; € R™; step size At € R;
vectors ¢1, o € R? with the coefficients of terms of degree greater than 0 in the (q,q)
diagonal Padé approximation of the exponential function

Output: Vector y;11 € R” given by expression (4.20)
1 J=AtJ
2 X11=J; X190 = Atl,
3 Diy =1, + (1)
4 D1y =ca(1)sl,
5 Fork=2:q

5.1 Xy2 =5X11; X11=Xn1J
5.2 N12 = N12 + Cl(k)X12
5.3 D11 = D11+ c2(k) X115 Dig = Dig +ca(k) X2

6 Solve D11F12 = N12 - D12 for F12

T Yir1 =yi + Fiaof
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4.2.4. Experimental results

The main objective of this section is to compare the algorithms developed in Sections
4.2.2 and 4.2.3. What follows is a short description of the characteristic parameters for the
implemented algorithms:

= jaolsp and inolsp solve IVPs for ODEs by means of a piecewise-linearized approach
and a block-oriented version with scaling-squaring implementation of the diagonal
Padé approximation method:

— Order (g) of the diagonal Padé approximation of the exponential function.

= jaolwp and inolwp solve IVPs for ODEs by means of a piecewise-linearized approach
and a block-oriented version without scaling-squaring implementation of the diagonal
Padé approximation method:

— Order (g) of the diagonal Padé approximation of the exponential function.

= jodbcs solves IVPs for ODEs by means of a BDF method based on a Chord-Shamanskii
iteration:

Order (r) of BDF method.

Relative error tolerance (toly) and absolute error tolerance (tolz).

— Maximum number of iterations without computing the Jacobian matrix (m).
Threshold (p).

As test battery five case studies were considered. The criteria to select these cases studies
were:

= To solve physics and physical chemistry problems by the developed algorithms (case
studies 1, 2, 3 and 5). Case study 4 has been selected because it has a known analytic
solution.

= To prove the implementations on autonomous and non-autonomous ODEs: three IVPs
for autonomous ODEs and two IVPs for non-autonomous ODEs have been selected.

= To compare the implementations when the ODE is stiff (cases studies 1, 2, 3 and 5)
or non-stiff (case study 4).

Numerous tests were made (for each case study the characteristic parameters were varied,
although only the parameters which offered better accuracy and lower computational cost
for each algorithm are presented). Three kinds of tests are shown:

= Variable step size.

= Variable final time.

For each test, the following results are shown:
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= Tables which contain the relative error

E, = | Eia S

loo
oo

|

where * is the computed solution and z is the analytic solution (case study 4) or the
solution computed by the MATLAB function odelbs with a vector of relative error
tolerances rtol = 1072 and a vector of absolute error tolerances atol = 10713 [SGT03]
(case studies 1, 2, 3 and 5).

= Tables with the execution time.

All algorithms were implemented in MATLAB and Fortran. The MATLAB implemen-
tations were tested on an Intel Core 2 Duo processor at 1.83 GHz with 2 Gb main memory,
using MATLAB version 7.5. The tests for the larger dimension problem (case study 5) were
carried out on a SGI Altix 3700 node [Gra03], with 1.3 GHz Intel Itanium II with 3 MB
cache. In this case the algorithms were implemented in FORTRAN using the mathematical
libraries BLAS [DCHHS88] and LAPACK [ABB*92]. The implementations were compiled
with Intel FORTRAN compiler (release 8.1) and SGI SCSL (Scientific Computing Software
Library) mathematical library (release 1.5.1) was used. The SCSL is an optimized version
of BLAS and LAPACK for SGI systems. The implemented algorithms are available online
at [App]. The case studies considered in this work are presented below.

4.2.4.1. Case study 1 (Chemical Akzo Nobel problem)

This case study corresponds to the stiff autonomous ODE [LdS98] defined by

i=f(z),x=x(t) eR% 0<t <180,
2(0) = [0.444, 0.00123, 0, 0, 0.007, 0.35999964]T,

where
—27‘1 +79—T3—Ty
—0.57“1 — T4 — 0.57“5 + Fin
rL—ro+rT
f(a) = ;
—To —T3 — 27’4
9 —T3 + 27"5
-5

and r;, 1 =1,2,3,4,5, and F;, are defined as

4 0.5
T = k‘ll‘lxg 5

r9 = koXgxy,

ko
r3 = }xlmg),
-k 2
7‘4 = 3%1.’1;4,

2 0.5
r5 = kaxgas”,

p(CO,)
7 Ty |-

Fin = klA(
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Er At=0.1 At=0.05 At=0.01 At=0.005 At=0.001
todbcs  2.576e-5  1.223e-5  8.658e-7 2.323e-7 9.823e-9
iaolsp  2.080e-5  5.238e-6 1.485e-7 3.851e-8 1.588e-9
iaolwp  8.100e-6  2.824e-6 1.485e-7 3.851e-8 1.588e-9

Tabla 4.2: Relative errors considering ¢ ;=60 and varying At (case study 1)

The tests were carried out considering:

k1 =18.7, K =344,

ko =0.58, klA=3.3,

ks =0.09, p(CO,)=0.9

ky =0.42, H =737.
This problem originates from Akzo Nobel Central Research in Arnhem. It describes a che-
mical process in which two species, FLLB and ZHU, are mixed, while carbon dioxide is con-
tinuously added. The variables z; correspond to the following concentrations: x; = [FLB],
x9 = [CO2], x3 = [FLBT], 24 = [ZHU], x5 = [ZLA] and ¢ = [ZLA.ZHU], where FLBT,
ZLA and ZLA.ZHU are other species that appear in the chemical process.

The optimal values of characteristic parameters were:

= jodbcs: =3, tol,=tolo=10"'*, m=2, p = 0.5.
= jaolsp: qg=1.

= jaolwp: q=1.

The following tests were done:

» First test (Tables 4.2 and 4.3): t;=60 and At variable.

= Second test (Table 4.4 and Figure 4.2): At=0.01 and ¢y variable.

Conclusions for this case study:

= Considering the same step size, the implementations based on the piecewise-linearized
approach have lower relative error and lower execution time than the implementation
based on BDF approach.

= The implementation based on the piecewise-linearized method and on the diagonal
Padé approach without scaling-squaring (iaolwp) has the shorter execution time.
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Ezecution time (seconds) At=0.1 At=0.05 At=0.01 At=0.005 At=0.001

iodbcs 0.196 0.253 1.275 2.545 11.43
iaolsp 0.087 0.153 0.745 1.493 7.462
iaolwp 0.058 0.114 0.570 1.138 5.692

Tabla 4.3: Execution time of the MATLAB implementations considering ¢ ;=60 and varying
At (case study 1)

Er tf=60 tf=90 tf:].QO tf=150 tf:].SO
iodbcs 8.658e-7  5.388e-7  4.183e-7  3.607e-7  3.303e-7
iaolsp  1.485e-7  9.687e-8  7.838e-8  6.980e-8  6.546e-8
iaolwp  1.485e-7  9.687e-8  7.838e-8  6.980e-8  6.546e-8

Tabla 4.4: Relative errors considering At=0.01 and varying ¢; (case study 1)
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Fig. 4.2: Execution time of the MATLAB implementations considering At = 0.01 and varying
ty (case study 1)
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Er At=0.1 At=0.05 At=0.01 A¢=0.005 At=0.001
todbcs  2.136e-4  5.279e-5 1.933e-6 4.767e-7 1.885e-8
iaolsp  4.185e-5  1.147e-5  4.8495e-T 1.219e-7 4.899¢-9
iaolwp  4.183e-5  1.147e-5  4.8495e-7 1.219e-7 4.899¢-9

Tabla 4.5: Relative errors considering ¢ ;=50 and varying At (case study 2)

4.2.4.2. Case study 2 (HIRES problem)

This case study is presented in [LdS98] and it corresponds to the stiff IVP for ODEs
defined by

i=f(z),r=x(t) eR®0<t<321.8122,
z(0) =[1,0,0,0,0,0,0,0.0057]",

where
—1.71xq + 0.43x5 + 8.32x3 + 0.0007
1.71x1 — 8.75x4
-10.03z3 + 0.43z4 + 0.035x5

_ 8.32x5 + 1.71x3 — 1.1224

f(z) = ~1.74525 + 0.431¢ + 0.4327

—280.’L‘6$8 + 0.69I4 + 1.71$5 - 0.431‘6 + 0.69337
280336568 - 1.811‘7
-280xgxs + 1.81x7

The name HIRES was given by Hairer and Wanner [HW96]. The HIRES problem ex-
plains the “High Irradiance Responses” (HIRES) of phytochrome-mediated photomorphoge-
nesis by means of a chemical reaction involving eight reactants. The variables z; are the
concentrations of the eight reactants.

The optimal values of characteristic parameters were:

= jodbcs: =3, tol,=toly=10"1*, m=2, p = 0.5.
= jaolsp: q = 2.

= jaolwp: q=2.

The following tests were done:

» First test (Tables 4.5 and 4.6): t;=50 and At variable.

= Second test (Table 4.7 and Figure 4.3): At=0.01 and ¢; variable.

The conclusions obtained in this case are the same as for case study 1.
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Ezecution time (seconds) At=0.1 At=0.05 At=0.01 At=0.005 At=0.001

iodbcs 0.199 0.300 1.521 2.471 10.258
iaolsp 0.137 0.250 0.991 1.819 9.098
iaolwp 0.069 0.139 0.709 1.316 6.578

Tabla 4.6: Execution time of the MATLAB implementations considering ¢ ;=50 and varying
At (case study 2)

Er t ;=100 ty=150 t ;=200 t =250 t =300
iodbcs  2.294e-6  2.989e-6  4.276e-6  7.425e-6  2.406e-5
iaolsp  5.753e-7  7.496e-7 1.072e-6 1.862e-6 6.041e-6
iaolwp  5.753e-7  7.496e-7 1.072e-6 1.862e-6 6.041e-6

Tabla 4.7: Relative errors considering At=0.01 and varying ¢; (case study 2)

8 T
iodbcs —F+—
iaolsp > |

7 iaolwp -
)
E
5 6
<
)
N
o 5
5 :
+~ -
o 4 et
3 -
E - - 7K
g 3 e
2R ¥

2 S—

B
176""
100 150 200 250 300

Fig. 4.3: Execution time of the MATLAB implementations considering At = 0.01 and varying
ty (case study 2)
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4.2.4.3. Case study 3

This case study corresponds to the stiff autonomous ODE [SGT03, p. 29] defined by

i=f(x), z=2(t) eR* 0<t<8-10°
(0) = [0,1,0]",

where
—klxl + kg(Eg
f([Il,xz,xg,]T) = —k‘4$2 + k3$3 s
k1xy + kawa = (k1 + k3)zs
and

kq = 8.4303270- 10710, ko = 2.9002673 - 10*!,
ks = 2.4603642 - 109, k4 = 8.7600580 - 107°.

This case study corresponds to the proton transfer hydrogen-hydrogen bond problem,
where x1(t) and 22(t) are the solution components of the proton transfer and x3(t) is the
quickly reacting intermediate component.

The optimal values of characteristic parameters were:

= jodbcs: =2, tol,=toly=10"1*, m=2, p = 0.5.
= jaolsp: q=1.

= jao0lsp: q=1.
The following tests were done:

» First test (Table 4.8 and Fig. 4.9): ;=100 and At variable. Since with small values
of At very high precisions have been reached, only At = 0.1 and At = 0.05 have been
considered.

= Second test (Table 4.10 and Fig. 4.4): At=0.01 and ¢; variable.

Conclusions for this case study:

= For the same step size, the relative errors committed by the implementation based on
the piecewise-linearized method and on the diagonal Padé approach without scaling-
squaring (iaolwp) have been minor in comparison to those committed by the other
two implementations; also this implementation has the shortest execution time.

= The implementation based on the BDF method (iodbcs) has a lower relative error than
the implementation based on the piecewise-linearized method and on the diagonal Padé
approach with scaling-squaring (iaolsp), but execution time is longer.
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Er At=0.1 At=0.05
iodbcs  4.104e-14  8.202e-14
iaolsp  4.706e-12  2.358e-12
iaolwp  6.274e-15  6.065e-15

Tabla 4.8: Relative errors considering ¢;=100 and varying At (case study 3)

Ezecution time (seconds) At=0.1  At=0.05
iodbcs 0.199 0.300
iaolsp 0.137 0.250
iaolwp 0.069 0.139

Tabla 4.9: Execution time of the MATLAB implementations considering ¢ ;=100 and varying

At (case study 3)

Er ;=500 _ t;=1000 _ t;=1500

1;=2000  t;=2500

iodbcs  4.359e-12  8.787e-12  1.420e-12

1.995e-11  2.6616e-11

iaolsp  4.636e-12  9.071e-12  1.538e-12

2.130e-11 2.666e-11

iaolwp  3.838e-14  1.303e-13  1.927e-12

3.960e-12 5.814e-12

Tabla 4.10: Relative errors considering At=0.01 and varying t; (case study 3)
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Er At=0.1 At=0.05 At=0.01  At=0.005 At=0.001
iodbcs  5.167e-06  1.171e-06  4.103e-08  1.009e-08  3.971e-10
inolsp 1.079e-15  1.447e-15  6.296e-15  2.268e-14  4.965e-14
inolwp  1.079e-15  1.447e-15  6.296e-15  2.268e-14  4.965e-14

Tabla 4.11: Relative errors considering ¢;=10 and varying At (case study 4)

4.2.4.4. Case study 4

This case study corresponds to the non-stiff and non-autonomous ODE [RGL97] defined
as

i(t) = (t-z(t)*+1, t >3,
x(3) =2.

The analytic solution is

1
£ =t+—.
w(t)=t+5—

The values chosen for the characteristic parameters were:

w jodbes: r=2, tol;=tolo=10"12, m=2, p=0.5.
= jnolsp: q=1.

= inolwp: g=1.
The following tests were done:

= First test (Tables 4.11 and 4.12): ¢ ;=10 and At variable. Since the piecewise-linearized
method presents a very small error for a step size equal to 0.1, we will show only the
results obtained for that increase.

= Second test (Table 4.13 and Fig. 4.5): At=0.1 and t; is variable.

Conclusions for this case study:

= For the same step size, the implementation based on the BDF method iodbcs shows

more significant error than the implementations based on the piecewise-linearized met-
hod.

= The implementation based on the piecewise-linearized method and on the diagonal
Padé approach without scaling-squaring (inolwp) has the shortest execution time.
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Ezecution time (seconds) At=0.1 At=0.05 At=0.01 At=0.005 A¢=0.001

iodbcs 0.015 0.027 0.071 0.121 0.609
inolsp 0.010 0.017 0.046 0.092 0.456
inolwp 0.008 0.015 0.040 0.080 0.400

Tabla 4.12: Execution time the MATLAB implementations for ¢ ;=10 and At (case study 4)

Er t;=100 ;=200 ;=300  t;=400 ;=500
iodbcs  1.192e-08  1.460e-09  4.205¢-10  1.807e-10 _ 9.228e-11
inolsp _ 1.236e-14 _ 1.90de-14 _ 1.762e-14 _ 5.032e-14 _ 6.209e-14
inolwp  1.236e-14 _ 1.904e-14 _ 1.762e-14 _ 5.032e-14 _ 6.209¢-14

Tabla 4.13: Relative errors considering At=0.1 and varying ¢; (case study 4)
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Fig. 4.5: Execution time of the MATLAB implementations considering At = 0.1 and varying
t (case study 4)
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4.2.4.5. Case study 5 (Medical Akzo Nobel problem)

This case study corresponds to a stiff non-autonomous ODE [LdS98] defined as

i=f(t,z) ,t>0,2=x(t) e R*N, 0<t<20,
2(0) = [0,v,0,vg,-+,0,v9] € RZYV N =200.

Function f is defined as follows

L2541 — L25-3 T2j-3 — 212;‘—1 +T2541

foj-1 = qj 2AC + B (AC)? = kxoj 1195,
f2j = —kI2j$2j—1,
where
_2(JAC-1)°
Jj = c—gv
(GAC-1)*
B = 2

The values of j are from 1 toN, A( = %71',1(15) = ¢(t), xan+1 = an-1 and ¢ function is
given by

2, te(0,5]
‘W):{ 0, t2(5,20] :

The Akzo Nobel research laboratories formulated this problem in their study of the pene-
tration of radio-labeled antibodies into a tissue infected by a tumor. This study was carried
out for diagnostic and therapeutic purposes. The desired results are the evolutions of the
concentrations u and v of both elements (the antibodies and the tissue, respectively) along
the discretized space in function of time. This problem can be formulated as the above ODE
by using the lines method. In this formulation, the data vector is noted as x, where elements

Z2-1,J =1,..., N, represent concentrations u along the spatial dimension and elements xy;,
j=1,..., N, represent concentrations v. The chosen values of k, vy and ¢ were 100, 1 and 4
respectively.

The optimal values of characteristic parameters were:

= jodbcs: =2, tol,=toly=10"'*, m=2, p = 0.5.

= inolsp: q=1.

= inolwp: ¢g=1.
Fig. 4.6 summarizes the execution time of the Fortran implementation of the algorithms
considered in this work, considering At = 107 and varying t. The relative error in all
algorithms was approximately equal to 107°. In this case, the implementation based on the

piecewise-linearized method and on the diagonal Padé approach without scaling-squaring
(inolwp) has the shortest execution time.
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Fig. 4.6: Execution time of the Fortran implementations considering At = 107® and varying
ts (case study 5)

4.2.5. Conclusions and future work

In this paper three methods for solving IVPs for ODEs have been developed and imple-
mented. The first is a BDF method based on a Chord and Shamanskii iteration. The other
two methods are based on the piecewise-linearized method and the diagonal Padé appro-
ximants. These methods are based on Theorem 10, which makes it possible to solve IVPs
for ODEs. In addition, four algorithms, two for non-autonomous ODEs (inolsp — inolwp)
and another two for autonomous ODEs (iaolsp — iaolwp), have been implemented. These
algorithms have been compared to the BDF algorithm based on Chord-Shamanskii iteration
(idobcs). According to experimental results, the algorithms based on the piecewise-linearized
method and on the diagonal Padé approach without scaling-squaring (iaolwp—inolwp) beha-
ve better, both in terms of precision and computational costs, than the BDF algorithm (see
Tables 4.14 and 4.15). Below is a summary of the five case studies:

1. The optimal order of the BDF algorithm varies between 1 and 3, depending on the
case study.

2. The optimal order of algorithms based on diagonal Padé approximants varies between
1 (case studies 1, 3, 4 and 5) and 2 (case study 2).

3. Considering the same step size, the BDF algorithm (idobes) is generally less accurate
than the piecewise-linearized algorithms. The more accurate algorithms are based on
the diagonal Padé approximants without scaling-squaring (iaolwp and inolwp algo-
rithms). Also these algorithms have the lowest computational cost.

4. All implemented algorithms show good behavior in stiff ODEs.
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Accuracy 1-A-S  2-A-S 3-A-S 4 NA-NS 5 NA-S

todbcs - - - =
iaolsp-inolsp + - + =
1aolwp-inolwp + + + + =

Tabla 4.14: Comparative precision of implemented algorithms for the five case studies: The
symbols +, — and 2 indicate respectively greater, less and similar precision. A/NA denotes
Autonomous/Non-Autonomous ODEs, and S/NS denotes whether the problem is Stiff or
Non-Stiff.

Ezxecution times 1-A-S  2-A-S  3-A-S 4 NA-NS 5 NA-S
1odbcs + + +
iaolsp-inolsp + +
1aolwp-inolwp - - - - -

Tabla 4.15: Comparative execution times of the implemented algorithms for the five case
studies: The symbols +, - indicate respectively greater and less execution time. A/NA
denotes Autonomous/Non-Autonomous ODEs, and S/NS denotes whether the problem is
Stiff or Non-Stiff.

As future work, new improvements will be developed, such as:

1. To consider adapting the methodology described here in order to obtain efficient re-
solution of ODEs with sparse Jacobian matrices.

2. To implement algorithms with error control in order to vary step size dynamically.
The tests reported here considered constant step size. It is possible to improve the
developed algorithms using a step size variable by estimating the error committed in
each iteration [C. 03].

3. To do parallel implementation of the algorithms presented in this work in a distributed
memory platform, using the message passing paradigm, MPI [GLS94] and BLACS
[DGI1] for communications, and PBLAS [CDO*95] and ScaLAPACK [BCC*97] for
computations.
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4.3. A Piecewise-linearized Algorithm based on Krylov
Subspace for solving stiff ODEs !

Referencia del articulo:
J. J. Ibdnez, V. Herndndez, P. Ruiz and E. Arias
A piecewise—linearized algorithm based on the Krylov subspace for solving stiff ODFEs
Journal of Computational and Applied Mathematics, Volume 235, Issue 7, February 2011, Pages
1798-1804, ISSN 0377-0427, http: //dx. doi. org/10. 1016/ 5. cam. 2010. 07. 012

Abstract

Numerical methods for solving Ordinary Differential Equations (ODEs) have recei-
ved considerable attention in recent years. In this paper a piecewise-linearized algo-
rithm based on Krylov subspaces for solving Initial Value Problems (IVPs) is proposed.
MATLARB versions for autonomous and non-autonomous ODEs of this algorithm have
been implemented. These implementations have been compared with other piecewise-
linearized algorithms based on Padé approximants, recently developed by the authors
of this paper, comparing both precisions and computational costs in equal conditions.
Four case studies have been used in the tests that come from stiff biology and che-
mical kinetics problems. Experimental results show the advantages of the proposed
algorithms, especially when the dimension is increased in stiff problems.

4.3.1. Introduction

Many scientific and engineering problems are described by ODEs where the analytic
solution is unknown. In recent years many review articles and books have appeared on
numerical methods for integrating stiff ODEs. Stiff problems are very common problems
in many fields of the applied sciences: control theory, biology, chemical kinetics, electronic
circuit theory, fluids, etc. There exist numerous one-step algorithms for solving stiff ODEs
based on the implicit Runge-Kutta methods [HW96, But08, VAR06]. Another popular fa-
mily of algorithms for solving these problems are the multistep algorithms based on the
BDF method [CH52, Hin80, Gea7l, BBH89]. In this paper we have developed a one-step
method based on a piecewise-linearized method [RGL97]. These methods solve an IVP by
approximating the right hand side of the corresponding ODE by a Taylor polynomial of
degree 1. The resulting approximation can be integrated analytically to obtain the solution
in each subinterval and yields the exact solution for linear problems. In [RGL97, GL98] an
exhaustive study of this method is introduced. The proposed method requires a non-singular
Jacobian matrix on each subinterval.

In [THARO9] the authors presented a piecewise-linearized method for solving ODEs.
This method uses a theorem proved in that article, which enables the approximate solution
to be computed at each time step by a block-oriented approach based on diagonal Padé
approximations. In this work another approach based on the piecewise-linearized method is

I This work has been supported by the Spanish CICYT project CGL2007-66440-C04-03.

181


http://dx.doi.org/10.1016/j.cam.2010.07.012

4.3. A Piecewise-linearized Algorithm based on Krylov Subspace for solving stiff ODEs 182

introduced. In this case, the matrix-vector product e“v, which appears in these methods,
is computed by a Krylov subspace approach. The computational costs and precisions of the
algorithms are compared in equal conditions. The paper is structured as follows. The new
approach for solving ODEs based on the Krylov subspace approach is presented in Section
4.3.2. The experimental results are shown in Section 4.3.3. Finally, conclusions and future
expectations are given in Section 4.3.4.

4.3.2. A piecewise-linearized algorithm for solving ODEs based on
the Krylov subspace approach

In [THARO9] the authors presented a piecewise-linearized method for solving ODEs,
based on the following theorem which enables the approximate solution to be computed at
each time step by a block-oriented approach based on diagonal Padé approximations.

Theorem 11 ([IHARO9]) Let

&(t) = f(t, (1)), t € [to, ty], (4.22)

be an ODE with initial value
l’(to) =Xg € Rn,

such that the first-order partial derivatives of f(t,x) are continuous on [to,t;]xR™. Given a
mesh tg <t <--<tj_1 <t;=ty, ODE (4.22) can be approzimated by a set of LDEs obtained
as a result of a linear approzimation of f(t,xz(t)) on each subinterval ([GL9IS, C. 03]),

y(t) = fi+ Ji(y(t) —vi) + gi(t —t;), t € [ti, tisn ], (4.23)
y(tl) =Yi, i:O,l,...,l—l.

The solution of (4.23) is

y(t) =y + ED (= t) f; + ED(t - 1) g, (4.24)

where Eg) (t—t;) and E%) (t —t;) are blocks (1,2) and (1,3) of E = (%) where

Ji In On
Ci=| 0, 0, I, m]
0, 0, O,

If ¢ is replaced by ¢;,1 in (4.24), the approximate solution of ODE (4.22) at ¢;,1,4=0,1,...,l—
1, is given by

Yiv1 =Y + E%;)(Atz)fl + E%?(Atz)g“ Atl = ti+1 - ti. (425)

In this work, another approach based on the piecewise-linearized method is introduced
as follows.
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From [THARO9, p. 716], A can be expressed as

et B (ALY BY(AL)
0,, 1, I, At; ,

whereas the approximate solution y;,1 given in (4.25) can be obtained by adding to y;
the first n components of a vector

eCidtiy, (4.26)
where
Ji n On Onx 1
Ci = On On In , Ui = fz

The matrix-vector product e “tiy; can be obtained by a Krylov subspace method [Saa92,

Sid98]. Given A € R™™ and v € R", it is possible to compute an approximation to vector
e'v by using the Arnoldi method. This approximation is given by

e Vopt = ﬂV}Jerel, (4.27)

where H,, = (h;j) € RP? is the Hessenberg matrix obtained from the Arnoldi method and
Vp = [v1,v2,...,vp] € R"P, with {v;},_, , , an orthonormal basis of the Krylov subspace

K, = span{v, Av,..., A"}, B = |v], and e; = [1,0,---,0]".

In order to reduce computational and storage costs when we want to compute vector
Yit1, it s necessary to modify the classical Arnoldi algorithm without explicitly forming the
matrix C;At;. Algorithm 4.13 solves IVPs for non-autonomous ODEs by the above piecewise-
linearized method based on a Krylov subspace approach. This algorithm uses Algorithm 4.14
, which computes the approximate solution at t;.1 of IVP (4.22) for non-autonomous ODEs,
obtained after the piecewise-linearized process, by a block-oriented implementation of the
Krylov subspace approach. Its computational cost is 2n2p + 6np(p + 1) + 2(q + Ju, + 1/3)p?
flops, where jp, = médx(0,1 + int(logy(||H,||))). It is possible to reduce the computational
and storage costs of Algorithm 4.13 when IVP (4.22) is autonomous.

4.3.3. Experimental results

The main objective of this section is to compare the MATLAB implementations of
algorithm developed in Section 2 with the implementations developed by the authors of
this paper in [THARO09].

As test battery, four case studies of stiff ODEs, which come from biology and chemical
kinetics problems, were considered. Numerous tests were made on them. For each case study
and algorithm, the characteristic parameters were varied, although only the parameters
which offered the same accuracy for the two implementations with the lower computational
cost are presented.
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Algorithm 4.13 Solves IVP (4.22) by a piecewise-linearized method based on a Krylov
subspace approach.

—_

IR

Function y = inolkr(t,data, zg, p, tol, q)
Inputs: Time vector ¢t € R'*!; function data computes f(7,y) e R™, J(7,y) ¢ R™" and
g(1,y) € R" (1 € R, y € R™); vector xy € R™; dimension p € N of the Krylov subspace;
tolerance tol € R*; order ¢ € N of the diagonal Padé approximation of the exponential
function
Output: Matrix Y = [y1,...,y] e R™, 3 e R", i =1,2,...,1
: Compute the vectors ¢; and co that contain the coefficients of terms of degree greater
than 0 in the diagonal Padé approximation of the exponential function
: Yo = To
:fori=0:1-1do
[Ji, fi, 9:] = data(t, yi)
Aty =t =t
Yis1 = inlbkr(J;, fi, 9i, vi, Aty p,tol, c1,¢2) (Algorithm 4.14)
end for

What follows is a short description of the implemented algorithms and the characteristic

parameters:

= iaolwp and inolwp solve IVPs for ODEs by a piecewise-linearized approach and a
block-oriented version without scaling-squaring implementation of the diagonal Padé
approximation method:

— Order ¢ =2 of the diagonal Padé approximation of the exponential function.

= iaolkr and inolkr solve IVPs for ODEs by a piecewise-linearized method based on
Krylov subspaces:

— Dimension p = 4 of the Krylov subspace. In Ref. [Saa92] there is an exhaustive
study of the computation of the product of the exponential of a matrix and a
vector by using Krylov subspaces. We have proved experimentally that when
considering low or medium dimension matrices, it is only necessary to consider a
very much reduced subspace dimension. In this work p = 4.

— Tolerance tol = 1075 ¢ R*.

— Order ¢ = 2 of the diagonal Padé approximation of the exponential function.

For each test, the following results are shown:

= Tables which contain the relative error

ool
lo]..

b

where z* is the computed solution and x is the analytic solution (case study 2) or the
solution computed by the MATLAB function odel5s with a vector of relative error
tolerances rtol = 10713 and a vector of absolute error tolerances atol = 1073 [SGT03].
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Algorithm 4.14 Computes the approximate solution at t;,; of IVP (4.22) for non-
autonomous ODEs, obtained after the piecewise-linearized process, by a block-oriented im-
plementation of the Krylov subspace approach.

Function y;,1 = inlbkr(J;, fi, 9i, yi, Ats, p,tol, c1,¢2)
Inputs: Matrix J; € R™*"; vector f; € R™; vector g; € R™; vector y; € R™; step size At; € R;
dimension p € N of the Krylov subspace; tolerance tol € R*; vectors c1,co € R? with the
coefficients of terms of degree greater than 0 in the diagonal Padé approximation of the
exponential function
Output: Vector y;,1 € R given by expression (4.26)
V(1:n,1)=0,
Vin+1:2n,1) = f;
V(E2n+1:3n,1)=g;
B=|IV(n+1:3n,1)|2
if 5 ==0 then
Yi+1 = Yi
Return
end if
V(n+1:3n,1)=V(n+1:3n,1)/8
for j=1:pdo
w(l:n)=J;V(1:n,j)+V(n+1:2n,j)
wn+1:2n) =V (2n+1:3n,j)
w(l:2n) = At;w(l:2n)
w(2n+1:3n) =0,
fori=1:j5do
H(i,7) =wTV(1:3n,1)
w=w-H(,j)V(1:3n,1)
end for
s = Juwl,
if s <tol then
p=J
Leave for loop
end if
H(j+1,j)=s
25: V(1:3n,j+1)=w/s
26: end for
27: computes F = ef»
28: Yir1 =y + BV (1:n,1:p)E(1:p,1)

NN N NN e e = e e
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E, At=0.1 At=0.05 At=0.01 At=0.005 At=0.001
iaolwp 2.809e-04 7.523e-05 2.390e-06 5.840e-07  2.366e-08
iaolkr 2.348e-04 6.928¢-05 2.759e-06  6.423e-07  2.399e-08

Tabla 4.16: Relative error (E,) with ¢ = 10 and At variable (case study 1).

T, At=0.1 At=0.06 At=0.01 At=0.005 At=0.001
iaolwp  0.014 0.021 0.114 0.257 6.231
iaolkr  0.025 0.048 0.201 0.428 6.802

Tabla 4.17: Execution time (T¢) in seconds with ¢ = 10 and At variable (case study 1).

= Tables/figures with the execution time.

The algorithms were implemented in MATLAB 7.9 and tested on an Intel Core 2 Duo
processor at 2.66 GHz with 2 GB main memory. Several tests have been developed in order
to determine the accuracy and efficiency of the algorithms. The implemented algorithms are
available online at http://www.grycap.upv.es/odelin.

4.3.3.1. Case study 1 (the pollution problem [LdS98])

This case study corresponds to a stiff IVP of dimension 20. The problem describes a
chemical process consisting of 25 reactions and 20 species. The following tests were done:

= First test (Tables 4.16 and 4.17): t=10 and At variable.
= Second test (Table 4.18 and Fig. 4.7): At=0.01 and ¢ variable.

4.3.3.2. Case study 2 (the EMEP problem [LdS98])

In this case study a stiff IVP for ODEs of dimension 66 is solved. The problem describes
a problem which consists of 66 chemical species and about 140 reactions. The following tests
were done:

s In the first test t=14450 was considered. With At = 0.1 the relative errors of the
three implementations were equal to 2.219-107'°, with executions times equal to 1.290
(inolwp) and 0.266 (inolkr) seconds.

= Second test (Tables 4.19 and 4.20, and Fig. 4.8): At=0.1 and ¢ variable.

B, t=20 t=30 t=40 t=>50 t=60
iaolwp 2.015e-06 1.744e-06 1.537e-06 1.374e-06 1.240e-06
iaolkr 2.327e-06 2.013e-06 1.775e-06 1.585e-06 1.431e-06

Tabla 4.18: Relative error (E,) At =0.01 and ¢ variable (case study 1).
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Fig. 4.7: Execution time in seconds of the MATLAB implementations considering At = 0.01
and varying ¢ (case study 1).

E, t=15400 ¢=16400 ¢=17400 ¢t=18400 ¢=19400

inolwp 4.410e-14 8.833e-14 1.431e-13 1.980e-13 2.528e-13
inolkr 4.410e-14 8.833e-14 1.431e-13 1.980e-13 2.528e-13

Tabla 4.19: Relative error (E,) with At =0.1 and ¢ variable (case study 2).

T, t=15400 t¢=16400 ¢=17400 ¢=18400 ¢t =19400
inolwp 52.830 157.465 316.257 529.469 790.217
inolkr 26.547 102.401 227.630 400.672 623.248

Tabla 4.20: Execution time (7.) in seconds with A¢ =0.1 and ¢ variable (case study 2).
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Fig. 4.8: Execution time in seconds of the MATLAB implementations considering At = 0.1
and varying ¢ between 15400 and 19400 (case study 2).

E, At=0.01 At=0.001 At=0.0001 At=0.00001
inolwp 1.572e-02 1.726e-03  1.741e-04 1.742e-05
inolkr 1.663e-02 1.728e-03  1.741e-04 1.742e-05

Tabla 4.21: Relative error (E,) considering n = 100, t = 1 and At variable (case study 3).

4.3.3.3. Case study 3 (the Medical Akzo Nobel problem [LdS98])

This case study corresponds to a stiff non-autonomous ODE [LdS98] of variable dimen-
sion 2N . This problem studies the penetration of radio-labeled antibodies into tissue infected
by a tumor.

The following tests were made:

= First test (Tables 4.21 and 4.22): n = 100 (N = 50), t=1 and At variable.

= Second test (Tables 4.23 and 4.24): At=0.001, ¢ = 1 and varying n from 50 to 250
(N =25 to 125).

T, At=0.01 At=0.001 A¢=0.0001 At=0.00001
inolwp 0.301 4.926 144.484 6362.490
inolkr 0.036 0.538 50.044 5263.304

Tabla 4.22: Execution time (7%) in seconds considering n = 100, ¢ = 1 and At variable (case
study 3).
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E, n=50 n=100 n=150 n=200 n=250
inolwp 1.636e-03 1.726e-03 1.746e-03 1.743e-03 1.736e-03
inolkr 1.637e-03 1.728e-03 1.752e-03 1.763e-03 1.781e-03

Tabla 4.23: Relative error (E,) considering At = 0.001, ¢ =1 and n variable (case study 3).

T, n=50 n=100 n=150 n=200 n=250
inolwp 0.720 3.531  20.863 63.944 143.920
inolkr 0.288  0.482 0.740 1.159 1.367

Tabla 4.24: Execution time (T¢) in seconds considering At = 0.001, ¢ = 1 and n variable (case
study 3).

4.3.3.4. Case study 4 (the Brusselator problem) [HW96, pp. 6]

This case study corresponds to a stiff non-autonomous ODE of variable dimension N.
This problem comes from chemical kinetics where the model of Lefever and Nicolis [LN71]
is used and the method of lines is applied on a grid of N points:

s First test (Tables 4.25 and 4.26): n = 100 (N = 50), t=1 and At variable.

= Second test (Tables 4.27 and 4.28): ¢ = 1, At=0.001 and n variable.

4.3.4. Conclusions and future work

In this work a new piecewise-linearized approach for solving ODEs based on Krylov
subspaces has been presented. Two algorithms based on this approach (inolkr and iaolbk)
have also been proposed and compared to the piecewise-linearized algorithms iaolwp and
inolwp based on Padé approximants developed by the authors of this paper in [THARO09].

Numerous test have been made on four case studies that come from stiff biology and
chemical kinetics problems. Experimental results show the advantages of the proposed algo-
rithms, especially when they are integrating stiff problems. According to the experimental
results, the new algorithms offer in general similar precision and smaller computational cost
when the problem size is increased. For example, Algorithm 4.13 (inolkr) was up to 111
times faster than inolwp for n = 250 and ¢ =1 in case study 3. This is because in the new
approach the vector e“v, A e R™" v e R"™ , is approximated by the expression ﬁVpeHP e,
where p << n. Nevertheless, when the problems are of small dimension, computational costs
of piecewise-linearized algorithms based on diagonal Padé approximants are smaller than
the computational costs of piecewise-linearized algorithms based on Padé approximants. In
general, all algorithms offer accuracy and good behaviour with stiff problems.

E, At=0.01 A¢t=0.001 A¢=0.0001 A¢=0.00001
inolwp 2.162e-02 3.673e-04  3.715e-05 3.719e-06
inolkr 2.263e-02 3.672e-04  3.715e-05 3.719e-06

Tabla 4.25: Relative error (E,.) considering n = 100, ¢t = 1 and At variable (case study 4).
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T, At=0.01 A¢=0.001 A?=0.0001 A¢=0.00001
inolwp 0.140 1.688 95.297 4106.738
inolkr 0.031 0.465 38.122 3710.951

Tabla 4.26: Execution time (7¢) in seconds considering n = 100, ¢t = 1 and At variable (case
study 4).

K, n=50 n=100 n=150 n=200 n=250
inolwp 5.033e-04 3.673e-04 3.308e-04 3.170e-04 3.108e-04
inolkr 5.033e-04 3.672e-04 3.307e-04 3.169e-04 3.107e-04

Tabla 4.27: Relative error (E,) considering At = 0.001, ¢ = 1 and n variable (case study 4).

T, n=>50 n=100 n=150 n=200 n=250
inolwp 0.521  1.894 2.988 7.616  16.391
inolkr 0.279  0.506 0.701 0.963 1.256

Tabla 4.28: Execution time (7.) in seconds considering At = 0.001, ¢ = 1 and n variable (case
study 4).
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Fig. 4.9: Execution time in seconds of the MATLAB implementations considering At = 0.001
and varying ¢ between 50 and 250 (case study 4).
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As future work new improvements will be developed such as:

1. Implementing algorithms based on the piecewise-linearized approach with error control
in order to vary the step size dynamically. The tests reported here considered constant
step size. It is possible to improve the algorithms developed, using a variable step size
which can be used to estimate the error committed in each iteration [GL9S].

2. Carrying out parallel implementation of the algorithms presented in this work in
a distributed memory platform, using the message passing paradigm MPI [GLS94]
and BLACS [DG91] for communications, and PBLAS [CDO*95] and ScaLAPACK
[BCC*97] for computations.
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Capitulo 5

Conclusiones

En el marco de esta tesis se han desarrollado nuevos métodos, algoritmos y software
para el calculo de funciones matriciales. El mayor esfuerzo se ha invertido en el cédlculo de
la funcién exponencial, donde poco a poco, a lo largo del proceso investigador, se han ido
mejorando los métodos y algoritmos implementados, hasta alcanzar un nivel de precisién
y eficiencia que supera en la mayoria de los casos a cualquier otro método del estado del
arte. Todo este esfuerzo ha dado lugar a numerosas publicaciones, algunas de las cuales han
conformado el segundo capitulo de esta memoria.

Los métodos utilizados para el calculo de la exponencial estan basados en series de
polinomios matriciales, haciendo especial hincapié en aproximaciones de Taylor, aunque
también en series matriciales de Hermite. Estos métodos, al contrario de lo que se pensaba,
han demostrado ser igual de buenos, y en muchos casos mejores en cuanto a precision y
prestaciones, que los métodos mas utilizados tradicionalmente, basados principalmente en
aproximaciones racionales de Padé.

Ademas de la funcién exponencial, también se han desarrollado nuevos métodos y algo-
ritmos para el cdlculo de las funciones seno y coseno, de nuevo utilizando las series de Taylor
y Hermite. Los resultados han sido muy satisfactorios, obteniendo mejores prestaciones que
los algoritmos del estado del arte, basados también en aproximaciones de Padé. Las publi-
caciones més significativas a las que ha dado lugar esta parte de la investigacion se pueden
ver en el tercer capitulo de la tesis.

Por tltimo, en el cuarto capitulo se presentan dos articulos en los que se presentan
nuevas aproximaciones para la resoluciéon de problemas de valor inicial, dentro del campo
de la resolucion de ecuaciones diferenciales matriciales. En estas aproximaciones se hace
necesario el calculo de la exponencial matricial, para lo cual se utilizaron métodos basados
en aproximantes diagonales de Padé, puesto que en aquel momento todavia no estaban
suficientemente desarrollados los nuevos algoritmos basados en Taylor y Hermite que se han
presentado en el capitulo 2.

Cabe destacar que todo el software implementado que se ha presentado en los diversos
articulos ha sido puesto a disposicién de la comunidad cientifica internacional en la web del
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grupo http://hipersc.blogs.upv.es/hipersc/. Para el desarrollo de este software se ha
seguido la siguiente metodologia:

= En primer lugar se analizan teéricamente los diversos algoritmos posibles para el calcu-
lo de la funcién matricial objetivo, determinando a priori los mejores candidatos en
funcién de tres pardmetros: eficiencia, precision y estabilidad numérica.

= Posteriormente se implementan estos algoritmos en MATLAB,; lo cual permite compro-
bar la precision y estabilidad numérica de los algoritmos seleccionados, y también nos
permite hacernos una idea del nivel de eficiencia que podra tener el nuevo algoritmo.

= Kl siguiente paso consiste en la adaptacion e implementacién de dichos algoritmos en
los lenguajes C y/o Fortran bajo los distintos paradigmas de la computacién de altas
prestaciones con el objetivo de conseguir la méxima eficiencia:

— En el caso de programacion secuencial, serd necesaria la adaptacion del codigo
para poder sacar el maximo provecho de las librerias numéricas de altas prestacio-
nes como son BLAS y LAPACK y conseguir de esta manera una rutina secuencial
de gran eficiencia.

— En el caso de memoria compartida, se utiliza el entorno OpenMP junto con BLAS
y LAPACK para poder aprovechar las capacidades multinicleo y multihilo de los
procesadores actuales.

— En memoria distribuida se hace uso de las librerias numéricas PBLAS y SCALA-
PACK. Estas librerfas son un estandar ampliamente utilizado en la programacion
en memoria distribuida, ya que proporcionan rutinas altamente optimizadas y se
encuentran disponibles para la mayor parte de las arquitecturas paralelas con
memoria distribuida. Durante la realizacion de la tesis se han realizado imple-
mentaciones para memoria distribuida de varios de los nuevos algoritmos desa-
rrollados con resultados bastante buenos. Sin embargo, al no dar lugar a ninguna
publicacién, no se han incluido en esta memoria.

Actualmente, dentro del grupo de investigacién al que esté vinculado el doctorado, se
sigue trabajando en el desarrollo de métodos auin més eficientes para el cédlculo de funciones
matriciales, obteniéndose algoritmos cada vez més rapidos y eficientes. Se ha desarrollado un
nuevo método de evaluacién de polinomios matriciales que resulta ser més eficiente en cuanto
a coste computacional que el método de Paterson—Stockmeyer, el cual ha sido aplicado con
éxito en la computacién de funciones de matrices. También se estdn adaptando los codigos
para el trabajo con unidades de procesamiento grafico de propédsito general (GPGPUs) y
poder aprovechar la potencia de cdlculo que presentan estos dispositivos actualmente.

Como objetivos proximos se incluyen la ampliacién de los conocimientos adquiridos du-
rante esta investigacion a otras funciones matriciales como son el logaritmo o la raiz n—ésima
de una matriz, y la creacién de librerias secuenciales y paralelas con las principales ruti-
nas implementadas, tanto en MATLAB como en C/Fortran. Resulta claro que este tema
despierta mucho interés actualmente, como demuestra la gran cantidad de publicaciones de
alta calidad que genera y el interés despertado por dichas publicaciones dentro del ambito
cientifico. Estas librerias vendrian a suplir la carencia de software libre eficiente y preciso
para el célculo de funciones matriciales que existe en la actualidad.
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