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Figura 4: Forward and backward waves in the scattering process.

3.1. Eigenvalues

A scalar � is called an eigenvalue of A if there is a non-trivial solution ~x of A~x = �~x ; where ~x
is called eigenvector corresponding to � (Lay, D.C. 1997 or Strang, G. 2016). In order to obtain
the eigenvalues of a matrix, it is necessary to solve the following equation

(S � �I ) ~x = 0;

or calculate the Kernel of the mapping, Ker (S � �I ).
Obtaining a solution implies that the determinant should be equal to zero, that is:

jS � �I j = 0; (22)

where S is the scattering matrix, � is the eigenvalue that we want to determine and I is the
identity matrix.

Equation 22 results in a second-degree polynomial which solutions are the two eigenvalues
of the system (a problem in R2)

(T � � )2 � R 2 = 0; (23)

� 1;2 = T � R : (24)

Figure 5 shows the dependence of the eigenvalues of the scattering matrix with frequency.
Two cases are represented: the first one without losses (� = 0) (Figures 5(a)) and the second
one with losses (� = 416) s� 1 (Figures 5(b)). In the lossless case the eigenvalues take the
same value at the resonance frequency of the system � 1;2 = 1 as a consequence of the energy
conservation, i.e., jRj2 + jT j2 = 1. In fact, at the resonant frequency, jRj = 0 and jT j = 1, then
� 1 = � 2 = 1. In the lossy case, the situation is a little bit more complicated, as losses induce
absorption of energy. In this case, we can observe that for the chosen case, R = T = 0:5 (see
Figure 3(d)). As a consequence, we have one of the eigenvalues that has a zero value at the
resonant frequency and the other one that is 1.

We can evaluate the dependence of the scattering coefficients and the eigenvalues of the
scattering matrix on the losses of the system, � . Figure 6(a) represents the absorption of the
system at the resonance frequency as the losses increase. We can observe that the absorption
cannot pass the threshold of � (! 0) = 0:5. In fact, this particular point correspond to the
analyzed case in Figure 5(b). This particular situation is due to the fact that only one of the
two eigenvalues of the scattering matrix is zero at the resonant frequency, meaning that only
half of the energy can be efficiently absorbed. In such kind of problems, with single resonators,
only one mode can be excited in the plate, and only one of the two eigenvalues can be used
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Figura 5: Analysis of the eigenvalues of the system. (a) represents the case without losses (� = 0) and (b)
represents the case with losses (� = 416 s� 1). (a) [(b)] represents the absolute value of the both eigenvalues of
the system, jT + Rj (blue continuous line) and jT � Rj (blue dashed line) for the lossless [lossy] case. In all the
cases the dependence is shown with respect to the normalized frequency with respect to the resonant frequency
of the plate, ! 0.

to dissipate the energy; the other one remains almost invariable. In this work, this situation
corresponds to the case with � = 416 s� 1 (see Figure 6(c)). If we have smaller or bigger values
of losses than this value, the efficiency in absorption is reduced, as shown in Figures 6(b) and
(d) respectively.

3.2. Eigenvectors

As in any other mathematical problem of diagonalization of a symmetric matrix, we are
interested also in calculating the eigenvectors. Both, eigenvalues and eigenvectors are identified
with resonances of the system. The eigenvector ~v1 corresponding to the eigenvalue � 1 must
satisfy the equation A~v1 = � 1 ~v1 for ~v1 unknown (Lay, D.C. 1997 or Strang, G. 2016). In fact
we are dealing with obtaining a base element of the corresponding subspace associated to the
eigenvalue � 1. The equation of this subspace is given by:

(S � � 1I )~v1 = 0; (25)

where S is the scattering matrix, � 1 is one of the two eigenvalues calculated above and ~v1 is
the eigenvector to be determined.

Solving the previous equation for � 1 and � 2,i.e., the two previous eigenvalues calculated, one
gets the two eigenvectors of the system (one corresponding to each eigenvalue).

~v1 = [R; � R] ; ~v2 = [R; R] : (26)

At this point, due to the fact that we are dealing with a symmetric matrix, we can show for
example that, if � 1 6= � 2 eigenvectors corresponding to different eigenvalues are ortogonal. This
can be easily checked using the standard euclidean inner product:

~v1 � ~v2 = [R; � R] [R; R]t = R2 � R2 = 0; (27)

where the symbol t represent the matrix operation transpose.
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Figura 6: Analysis of the scattering parameters on the losses of the system. (a) represents the absorption of the
system at the resonance frequency of the system as the losses increases. Dots in (a) represents the analyzed
cases in (b), (c) and (d). (b), (c) and (d) show the scattering coe�cients for three particular values of the losses:
� = 100 s� 1, � = 416 s� 1, � = 750 s� 1 respectively.

4. Proposal of action: How to connect with maths in the acoustics
lab

Considering the information given along this work, it is possible to present a proposal of a
practical lesson to be applied in the first course of engineering and science degrees. This lecture
consists of solving the proposed problem by using the analytical tools and comparing the results
obtained with experimental measurements.

The students, having a previous background in mathematics, especially regarding to matrix
diagonalization, complex exponentials and calculation of eigenvalues and eigenvectors, can check
and compare the results of the model with experimental measurements. Also a basic knowledge
on acoustics is necessary at a level of basic physics syllabus. The fundamentals of acoustics and
TMM can be given to the students in a previous session. Once this step has been completed,
the practical case that has been previously developed in this article will be explained and the
students will have to obtain its analytical solution by using the given tools. The activity will
be completed with a lab session in which students will perform experimental measurements
with the device shown in Figure 7. These measurements are performed by using the transfer-
function method, detailed in the standard ISO 10534-2:2002. Figure 7 shows a picture with
some elements necessary for the experimental measurement.
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Figura 7: Experimental set up for measurements.

5. Conclusions

In this article we present the development of the formalism corresponding to the Transfer
Matrix Method. This method gives the opportunity to use elements of matrix algebra that ap-
pear in math subjects in the first course of practically all degrees in science and technology in
a real problem. The activity in the math classroom can be translated to the laboratory where,
without the need of a sophisticated experimental setup, students can compare the predictions
of a mathematical model with experimental results, and increase their understanding of the
involved physical phenomena. This gives the opportunity not only to put mathematics in con-
text, but also organize a multi-disciplinary activity where mathematical and physical concepts
go together. In summary, the activity should contribute not only to a better understanding of
the physical phenomena and their interpretation in terms of the analytical results, but also it
should also anchor the mathematic knowledge via its relation with real problems.
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