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Kinematic Design of a New Four
Degree-of-Freedom Parallel
Robot for Knee Rehabilitation
Rehabilitation robots are increasingly being developed in order to be used by injured
people to perform exercise and training. As these exercises do not need wide range move-
ments, some parallel robots with lower mobility architecture can be an ideal solution for
this purpose. This paper presents the design of a new four degree-of-freedom (DOF) par-
allel robot for knee rehabilitation. The required four DOFs are two translations in a ver-
tical plane and two rotations, one of them around an axis perpendicular to the vertical
plane and the other one with respect to a vector normal to the instantaneous orientation
of the mobile platform. These four DOFs are reached by means of two RPRR limbs and
two UPS limbs linked to an articulated mobile platform with an internal DOF. Kinemat-
ics of the new mechanism are solved and the direct Jacobian is calculated. A singularity
analysis is carried out and the gained DOFs of the direct singularities are calculated.
Some of the singularities can be avoided by selecting suitable values of the geometric
parameters of the robot. Moreover, among the found singularities, one of them can be
used in order to fold up the mechanism for its transportation. It is concluded that the pro-
posed mechanism reaches the desired output movements in order to carry out rehabilita-
tion maneuvers in a singularity-free portion of its workspace. [DOI: 10.1115/1.4040168]

1 Introduction

Parallel manipulators (PMs) have focused the interest of many
researchers and industries due to their advantages compared to
serial robots. Since their end-effector is sustained by several kine-
matic chains, they can achieve better structural and dynamic prop-
erties with less structural mass [1]. Lower-mobility parallel
manipulators are those having less than 6DOFs. Their main
advantages are a simpler architecture and lower cost of design and
manufacturing. They have been used in many applications such as
machine tool [2–4], pick-and-place operations [5–9], and medical
(surgical or rehabilitation) robots [10–13]. For each application or
required task, the designed parallel robot has the corresponding
number and type of translational or rotational DOFs.

Focusing on the rehabilitation of the lower limb, most of the
parallel manipulators developed until now have two or three rota-
tional degrees-of-freedom (DOFs), mainly because they focus on
ankle rehabilitation [14]. Those proposals can be suitable for very
restricted motions such as the one which takes place in ankle reha-
bilitation. However, they cannot be extended to rehabilitation of
other human joints such as the knee or hip. These joints require
large flexion–extension motion in the tibiofemoral plane (the
plane that form the tibia and the femur) as well as small rotations
involving systems with three or more DOFs of which at least two
must be translational motions. Obviously, a 6DOF parallel manip-
ulator could be used for this purpose [15]; however, this solution
increases the cost and complicates the dynamic robot control [14].

This work deals with the design of a new parallel manipulator
to be used for knee rehabilitation. The main goal is to assist to the
rehabilitation of the anterior cruciate ligaments (ACLs) after sur-
gery. Figure 1 shows the ACL together with other parts of the
knee.

The foot of the injured leg will be located in a mobile platform
which imposes rehabilitation movements to it. In terms of

rehabilitation requirements, the knee joint can rotate around the
transverse (with regard to the tibiofemoral plane) axis and the ver-
tical (with regard to the mobile platform) axis. Moreover, the
knee could be translated in the tibiofemoral plane. It is also
intended that the proposed design for the parallel manipulator be
able to perform diagnostic tests on the condition of the ACL.

Nowadays, there are two tests that are currently used to diag-
nose ACL injuries: the Lachman test [16] and the Pivot Shift test
[17]. The Lachman test assesses ACL tear by displacing the tibia
relative to the femur. To reproduce the Lachman test, the PM
requires two perpendicular translations in the tibiofemoral plane
and a rotation perpendicular to it. The pivot shift test is intended
to reproduce translational and rotational instability in the knee by
applying a twist to the tibia and essentially measuring the rotation.
To reproduce the pivot shift test, the robot should provide a rota-
tion about an axis contained in the tibiofemoral plane.

The range of motion needed has been established according to
the values for major rotations in the joints of the ankle, knee, and
hip determined in Ref. [18], and considering also the specific
characteristics of the diagnosis mentioned above. Based on this,
the novel PM should perform the following basic movements
shown in Fig. 2:

(1) Flexion of the limb in the direction perpendicular to the
tibiofemoral plane. The total range must be at least 60 deg
for rehabilitation purposes.

(2) Rotation of the limb along an axis perpendicular to the
mobile platform. The range of motion must be at least
610 deg (Pivot Shift).

(3) Translation in the direction of a horizontal axis contained
in the tibiofemoral plane. The displacement is small,
15–20 mm, in order to reproduce the Pivot Shift or Lach-
man tests. However, in order to perform some of the move-
ments planned for rehabilitation, this horizontal
displacement should be increased to a total of at least
400 mm.

(4) Translation in the direction of a vertical axis contained in
the tibiofemoral plane. Major shifts may be required, at
least 200 mm, in coordination with the horizontal move-
ment previously described to reproduce rehabilitation
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motions. Also, from a practical point of view, a greater dis-
placement was required in order to properly locate the
mobile platform where the patients foot rests.

Another requirement is a compact design in order to be trans-
lated from one room to another in a hospital or even to the
patient’s home. In order to achieve this requirement, the pro-
posed mechanism must have the ability to fold up or to be car-
ried to a configuration in which it takes the minimum possible
volume.

An overview of the literature shows that there exist several two
translation and two rotation (2T2R) robots but the output DOFs
do not coincide with the ones required for knee rehabilitation.
Specifically, rotations of most 2T2R robots in the literature are
with respect to axes contained in the plane of the mobile platform.
In Ref. [19], a 2T2R parallel manipulator is presented and used
for the construction of a five-axis parallel machine tool. More
recently, Ref. [20] develops a systematic synthesis of some 2T2R
and other mechanisms and suggests some applications for

synthesized mechanisms such as machine tool or damping devi-
ces. An additional 2T2R parallel mechanism is shown in Ref. [21]
for turbine blade machining, which has some partially decoupled
DOFs. Altuzarra et al. [22] introduce another 2T2R parallel mech-
anism, which is used as a solar tracker and designed with the aim
of minimizing the energy consumption during its operation. One
more 2T2R PM is presented in Ref. [23], whose design is opti-
mized for its application in automated fiber placement for aero-
space part manufacturing.

Moreover, the synthesis of some other 2T2R parallel mecha-
nisms is introduced in Ref. [24], which is designed as medical
robots for the task of needle manipulation. A task-based synthesis
procedure is used using a remote center of motion point as a key
requirement for the synthesized mechanisms.

None of the mechanisms cited so far can be applied to the
required knee rehabilitation task, since they have their rotations
DOFs with respect to axes located in the mobile platform instead
of having a rotation around an axis perpendicular to it. In some
cases, this fact could be corrected changing the orientation of
some of the aforementioned robots, placing their fixed platform in
vertical and designing an appropriate mobile platform. Neverthe-
less, the resulting robot would be a cantilever mechanism suffer-
ing high bending loads. A planar mechanism moving in a vertical
plane could avoid such bending loads and such an arrangement is
presented in Ref. [25], but it has only three DOFs lacking the rota-
tion perpendicular to the mobile platform, which is necessary to
cruciate ligament rehabilitation.

To the best of our knowledge, only two references show mecha-
nisms that could be usable for the required rehabilitation task
according to their kinematics. The first one presents a type synthe-
sis procedure for multiloop mechanisms [26]. Among the synthe-
sized mechanisms, there are some 2R2T mechanisms which could
have the desired output DOFs, but the use of curved bars in order
to obtain intersecting joint axes could lead to a lack of stiffness
which is not desired for the knee rehabilitation application. The
second one presents 2R3T and 2R2T parallel mechanisms using
articulated mobile platforms [27]. Two of the presented architec-
tures can perform the required output DOFs. Nevertheless, the for-
mer has a topology similar to the Delta robot with rotational
actuators and parts subject to bending loads that make the stiffness
performance worse. Thus, it seems to be applicable for fast, light
tasks such as pick-and-place operations. The latter, in turn, has a
structure with fixed prismatic actuators which allows a better stiff-
ness performance, but it prevents achieving a compact configura-
tion in which the mechanism can be easily translated.

Besides the already cited mechanisms, in Refs. [28] and [29], a
mechanism accomplishing the required DOFs, but with a very dif-
ferent topology, is presented, which has been developed in parallel
to the one presented here in the environment of the same research
projects. A comparison study between this mechanism and the
one presented here will determine which of them is better for the
required rehabilitation tasks.

This work presents a new architecture of a 2T2R parallel mech-
anism with a 2RPRR-2 UPS topology for knee rehabilitation and
its kinematic analysis. In order to allow the required DOFs, it uses
an articulated mobile platform instead of a rigid one. Further, a
rigid platform is located on the articulated platform, since a rigid
body is required in order to put the patients foot on it. Articulated
platforms have been proposed to perform the rotation in 3T1R fast
parallel robots [30] or to be used as a gripper, instead of a gripper
in series to the end-effector, reducing the inertia of the robot
[31–33]. In this case, the articulated mobile platform is used to
allow the mechanism to have a high rotational capability, as in
Ref. [27], specially required for the rotation perpendicular to the
tibiofemoral plane. The designed mechanism also fulfills the
requirements of having a compact configuration in which it can be
translated. In addition, it uses prismatic actuators to reduce bend-
ing loads in order to be stiffer.

The paper is organized as follows: Sec. 2 describes the architec-
ture of the 2RPRR-2 UPS mechanism and shows a preliminary

Fig. 1 Illustration of the knee ligaments and bones

Fig. 2 Movements of the required rehabilitation task



CAD design. Kinematics equations are written and solved in Sec.
3, together with the calculation of the Jacobian matrix. A singular-
ity analysis is carried out in Sec. 4 and the null space of the listed
singularities is also calculated. Section 5 shows the location of the
singularities within the workspace and presents a rehabilitation
maneuver. Finally, in Sec. 6, some conclusions are addressed.

2 The 2RPRR-2 UPS Mechanism

The 2RPRR-2 UPS mechanism has two identical RPRR limbs,
i¼ 1, 3, and two UPS limbs, i¼ 2, 4. The fixed base is a square
and the articulated mobile platform is a planar four-bar mecha-
nism with the same length for the four bars. Figure 3 shows its
schematic representation.

In the RPRR limbs, the axis of the first revolute joint at A1 and
A3 is horizontal in the y direction. Consequently, the actuated pris-
matic joint is contained in a vertical plane. Next, R joint is located
at points B1 and B3 and oriented as the first one, with its axis in
the y direction. Finally, the axis of the last R joint is perpendicular
to the previous R joint and to the mobile platform. This last R
joint connects the RPRR limb to a bar of the four-bar mechanism
at C1 and C3. On the other hand, the UPS limbs have a first univer-
sal joint with its first-fixed axis horizontal in the x direction and
the second one perpendicular to the first one and to the prismatic
pair of the limb. These universal joints are located at points A2

and A4. The actuated prismatic joints connect the fixed base with
a bar of the four-bar mechanism that forms the mobile platform
by means of spherical joints located at C2 and C4. The reference
point P of the mobile platform is located at the geometric center
of the articulated mobile platform. A frame u-v-w is located in the
mobile platform in such a way that u vector points from P to C1

and w vector is perpendicular to the plane containing the four-bar
mechanism. Notice that w vector will always be contained in a
vertical plane.

With such a topology, points C1 and C3 belong to vertical
planes and, since the bars of the four-bar mechanism are equal,
they constrain its center—the reference point P—to be in the ver-
tical x-z plane. As a consequence, there will not be parasitic trans-
lations of the platform in the y direction. In turn, R joints at B1

and B3 allow the plane of the four-bar mechanism to rotate with
respect to the y axis. Finally, the internal DOF of the mobile plat-
form allows the rotation of u with respect to w, and thus, the sec-
ond rotation of the mobile platform. Hence, the 4DOFs of the
mobile platform are displacement in x and z of point P and rota-
tions of the mobile platform about the y and w directions, namely,
those desired for the rehabilitation exercises. Since the axes of the
first two R joints of the RPRR limb are parallel to each other and

perpendicular to the x-z plane, the axis of the last R joint is con-
tained in x-z. This fact makes that the plane in which the articu-
lated mobile platform is contained can only rotate about the y
axis. Hence, there is no parasitic rotation and the reference u-v-w
can only rotate about two axes, namely y and w.

In the schematic view of the mechanism shown in Fig. 3, it can
be noticed that there is no physical mobile platform, with point P
being a virtual point at the center of the parallelogram formed by
bars CiCj. In order to design a physical mobile platform, a system
of linear bearings is used. This system consists of two perpendicu-
lar guides, one from C1 to C3 and another from C2 to C4, and four
carriages or linear bearings, each of them attached to one of the Ci

points. Figure 4 shows the way the guides are located at the bot-
tom of the mobile platform together with the carriages of the lin-
ear bearings.

With the design shown in Fig. 4, a rigid mobile platform can be
placed on the four-bar linkage. Notice that the center of the
mobile platform will always coincide with the center of the paral-
lelogram. This rigid mobile platform allows the foot of the patient
to be located on it. A preliminary CAD design of the complete
mechanism is shown in Fig. 5, with and without the mobile
platform.

For the described joints of the mechanism without the mobile
platform, the mechanism is over-constrained with four redundant
constraints. Since it has a planar articulated four-bar mechanism
with parallel R joints, replacing two of them with U and S joints
would remove three of its redundant constraints. The last one
could be removed by replacing the R joint at B1 or B3 with a cylin-
drical C joint.

An attempt to show that the mechanism reaches the four output
DOFs required in rehabilitation tasks is shown in Fig. 6. The
movement of each of the four output DOFs is represented, while
the other DOFs remain constant. In order to show it clearly, the
starting configuration is same in four figures and the second con-
figuration is presented with dotted lines.

2.1 Other Possible Architectures. The design presented is
not the only solution for creating the desired 2T2R output DOFs.
Using the same passive and actuated joints, a 2PRRR-2PUS archi-
tecture could also be a solution. Nevertheless, the volume of the
mechanism with fixed prismatic actuators is larger at any configu-
ration and this fact complicates the translation of the mechanisms
from one place to another (for example, from one room to another
in a hospital or even to a patient’s home). From such point of
view, the chosen 2RPRR-2 UPS architecture is more compact by
taking the manipulator to the singularity shown later in Sec. 4.

Another design option could be the one with revolution actuators
instead of prismatic ones, having a 2RRRR-2RUS architecture.
This change leads to an architecture similar to one 2T2R mecha-
nism shown in Ref. [27], which produces the same required output
DOFs. As said before, the resulting mechanisms should be more
suitable for fast, light tasks such as pick-and-place operations, since
they seem to be too weak to support the mass of a human leg.

Fig. 3 Schematic model of the 2-RPRR-2 UPS mechanism Fig. 4 View of the guides at the mobile platform



3 Kinematics of the 2RPRR-2 UPS Mechanism

First, geometric parameters L, e, and r of the mechanism are
defined. Figure 7 shows a top view of the mechanism with its
mobile platform horizontal showing the said parameters:

L: length of the side of the square fixed platform e: length
of BiCi bars (i¼ 1, 3) r: length of the bars of the mobile
parallelogram

Kinematics are solved using 16 coordinates. The inputs of the
mechanism are the prismatic actuators from Ai to Bi (i¼ 1, 3) or
Ci (i¼ 2, 4), whose lengths are described by qi coordinates. On
the other hand, the outputs are the Cartesian coordinates xP and zP

of point P and Euler angles u with respect to the fixed y-axis and
c with respect to the mobile w-axis (see Fig. 3).

Passive coordinates used to solve the kinematic problem are
angles /1 and /3 of R joints at points A1 and A3, angles /2, w2,
/4, and w4 of U joints at points A2 and A4, and distances c1 and c2

from point P to points C1 and C2, respectively. In order to make it
clearer, coordinates /1, /2, w2, c1, and c2 are depicted in Fig. 3.

Since the four bars of the articulated mobile platform have the
same length, distances from point P to points C3 and C4 are equal
to c1 and c2, respectively, and there is no need to define coordi-
nates for them. As we will see later, the lack of additional coordi-
nates for C3 and C4 avoids the superposition of points C2 and C4

for c2 6¼ 0, which prevents a bifurcation when modeling the
singularity.

Taking into account that the mechanism has two types of limbs,
two types of kinematic closed loop equations can be written

ai þ qi þ eð6jÞ ¼ pþ R cuvw
i i ¼ 1; 3 (1)

ai þ qi ¼ pþ R cuvw
i i ¼ 2; 4 (2)

where ai stands for position vectors from the origin O to Ai, qi are
vectors from Ai to Bi (i¼ 1, 3) or Ci (i¼ 2, 4), j is the unit vector
in the y direction, p is the position vector from the origin O to the
reference point P of the mobile platform, R is the rotation matrix
from u-v-w to x-y-z, and cuvw

i are position vectors from P to Ci

expressed in base u-v-w. The sign for 6 in Eq. (1) is� for i¼ 1
andþ for i¼ 3.

In addition to the closed loop Eqs. (1) and (2), points P, C1, and
C2 form a right triangle so that coordinates c1 and c2 are related
by Pythagoras Theorem

c2
1 þ c2

2 ¼ r2 (3)

Finally, it must be noted that the equation in the y direction in
Eq. (1) is the same for both i¼ 1 and i¼ 3. From this equation, c1

can be explicitly obtained as a function of c

c1 ¼
L=2� e

sin c
(4)

Then, Eqs. (1) and (2) have 11 independent equations, so that
with the addition of Eq. (3), a system of 12 independent equations
is obtained, which matches with the 16 coordinates and 4DOFs of
the mechanism.

3.1 Inverse Kinematics. Inverse kinematics consist in
solving actuator strokes qi for desired output coordinates (xP, zP,
u, c)T. Solution is derived by solving qi from Eqs. (1) and (2)

qi ¼ pþ R cuvw
i � ai � eð6jÞ i ¼ 1; 3 (5)

qi ¼ pþ R cuvw
i � ai i ¼ 2; 4 (6)

Note that the rotation matrix R is known since it depends on
output angles u and c (see Eq. (7))

R ¼
cos u cos c �cos u sin c sin u

sin c cos c 0

�sin u cos c sin u sin c cos u

2
4

3
5 (7)

In order to solve Eqs. (5) and (6), the first step is the calculation
of c1 and c2 from Eqs. (4) and (3) respectively. Once cuvw

i are
already known, passive angles can be cancelled calculating the
norm of the vectors of both sides of Eqs. (5) and (6)

qi ¼ kqik ¼ kpþ R cuvw
i � ai � eð6jÞk i ¼ 1; 3 (8)

qi ¼ kqik ¼ kpþ R cuvw
i � aik i ¼ 2; 4 (9)

From Eqs. (8) and (9), with the previously added information
obtained from Eqs. (3) and (4), values of the actuators strokes qi

are obtained.

3.2 Direct Kinematics. Direct kinematics, also known as for-
ward kinematics, calculates output coordinates (xP, zP, u, c)T for
fixed strokes qi of the actuators. This is a complex problem and
we have not found explicit analytic expressions for the output
coordinates. Although such analytic expressions would lead to a
fast solution of direct kinematics problem, using an iterative
numerical method for this task would not compromise the per-
formance of a real-time application.

3.3 Jacobian and Velocity Analysis. Equations (1) and (2)
can be written separated for every limb of the mechanism as

Fig. 5 Preliminary CAD model of the mechanism: (a) with
mobile platform and (b) without mobile platform



a1 þ q1s1 � ej ¼ pþ c1u

a2 þ q2s2 ¼ pþ c2v

a3 þ q3s3 þ ej ¼ p� c1u

a4 þ q4s4 ¼ p� c2v

(10)

where si is a unit vector in the direction of the ith prismatic
actuator.

Differentiating with respect to time leads to

_q1s1 þ q1ðx1 � s1Þ ¼ _p þ _c1uþ c1ðxp � uÞ
_q2s2 þ q2ðx2 � s2Þ ¼ _p þ _c2vþ c2ðxp � vÞ
_q3s3 þ q3ðx3 � s3Þ ¼ _p � _c1u� c1ðxp � uÞ
_q4s4 þ q4ðx4 � s4Þ ¼ _p � _c2v� c2ðxp � vÞ

(11)

where xi stands for the angular velocity of the ith limb and xp for
the angular velocity of the mobile platform.

In order to cancel passive coordinates of Eq. (11), each of its equa-

_q1 ¼ s1 � _p þ c1ðu� s1Þ � xP þ K1 _c s1 � u
_q2 ¼ s2 � _p þ c2ðv� s2Þ � xP þ K2 _c s2 � v
_q3 ¼ s3 � _p � c1ðu� s3Þ � xP � K1 _c s3 � u
_q4 ¼ s4 � _p � c2ðv� s4Þ � xP � K2 _c s4 � v

(12)

where

K1 ¼
�cos c L=2� eð Þ

sin2c

K2 ¼
cos c L=2� eð Þ2

sin3c r2 � L=2� eð Þ2

sin2c

!1=2
(13)

Regarding Eq. (13), the value of term K1 tends to be infinite
when angle c approaches zero. However, this does not happen if
e< L/2. In turn, the denominator of K2 is canceled or imaginary
when

r2 �

L

2
� e

� �2

sin2c
(14)

Fig. 6 Individual movements of the output DOFs: (a) translation in x, (b) translation in z, (c)
rotation about y, and (d) rotation about w

tions can be dot-multiplied by its corresponding si. Using the time 
derivative of Eqs. (3) and (4), operating, and simplifying, it yields



If the value of c is such that Eq. (14) satisfies the equality, the
value of K2 and the Jacobian are not defined. In this case,
the mechanism turns into a configuration in which the four bars of
the articulated mobile platform are aligned, with c1¼ r and c2¼ 0.
This fact will be analyzed in Sec. 4.

From Eq. (12), the usual velocity equation in the form Jx _x ¼ Jq _q
can be obtained, and _x ¼ ð _xP; _zP; _u; _cÞT and _q ¼ ð _q1; _q2; _q3; _q4ÞT
being output and input velocity vectors, respectively. In order to
obtain such an expression, mobile platforms linear and angular
velocity vectors must be analyzed. Since the mobile platform has
4DOFs, components of _p and xP in the fixed frame are

_p ¼ _xP iþ _zP k

xP ¼ _u jþ _c w
(15)

where i, j, and k are unit vectors in the x, y, and z directions,
respectively.

If Eq. (15) is substituted in Eq. (12), we obtain

_q1 ¼ s1 � ð _xPiþ _zPkÞ þ c1ðu� s1Þ � ð _u jþ _c wÞ þ K1 _c s1 � u
_q2 ¼ s2 � ð _xPiþ _zPkÞ þ c2ðv� s2Þ � ð _u jþ _c wÞ þ K2 _c s2 � v
_q3 ¼ s3 � ð _xPiþ _zPkÞ � c1ðu� s3Þ � ð _u jþ _c wÞ � K1 _c s3 � u
_q4 ¼ s4 � ð _xPiþ _zPkÞ � c2ðv� s4Þ � ð _u jþ _c wÞ � K2 _c s4 � v

(16)

From Eq. (16), the direct Jacobian Jx can be obtained, with inverse
Jacobian Jq being the identity matrix

Jx ¼

s1 � i s1 � k c1ðu� s1Þ � j c1ðu� s1Þ �wþ K1 s1 � u
s2 � i s2 � k c2ðv� s2Þ � j c2ðv� s2Þ �wþ K2 s2 � v
s3 � i s3 � k �c1ðu� s3Þ � j �c1ðu� s3Þ �w� K1 s3 � u
s4 � i s4 � k �c2ðv� s4Þ � j �c2ðv� s4Þ �w� K2 s4 � v

2
664

3
775

(17)

Using Jacobian matrix calculated in Eq. (17), actuator velocities
for desired output velocities can be calculated as

_q ¼ Jx _x (18)

undesirable configurations of the mechanism in which the mobile
platform can gain or lose instantaneous DOFs [1] and they can be
avoided by actuation redundancy [35,36]. Such consideration is com-
monly referred to direct singularities in which the instantaneously
gained DOFs may produce control problems and very high loads at
the actuators. In Ref. [37], instead, it is shown how inverse singular-
ities can be used in order to obtain better stiffness conditions.

In addition to direct and inverse kinematics, another type of singu-
larities is architecture singularities, which can occur for specific val-
ues of geometric parameters of parallel robots, that fortunately can
be avoided in early design stage [38]. Furthermore, an overall 6� 6
Jacobian matrix for limited-DOF parallel manipulators is presented
in Ref. [39], which can be divided into Jacobian of constraints and
Jacobian of actuations, each of them having its specific singularities.

In this section, a singularity analysis of the proposed mechanism
is carried out. Since the inverse Jacobian is the identity matrix, sin-
gularities are calculated based on the direct Jacobian matrix of Eq.
(17). Additionally, an inverse singularity is also presented, which
occurs when the denominator of K2 of Eq. (13) vanishes.

Direct singularities occur when Jx becomes singular. In such
cases, there is at least one direction in which the mechanism can
move with blocked actuators. Such directions are given by the
null space of Jx. The null space of a n� n matrix—let us call it
A—is a subspace Rn whose vectors are perpendicular to any row
of the said matrix. It can be expressed mathematically as

v� 2 nullðAÞ () A v� ¼ 0 (19)

Singularities of the direct Jacobian Jx of Eq. (17) are listed
below together with their corresponding null space, which has
been calculated with the MATLAB Symbolic Math Toolbox.

(1) si?i;8i. In this configuration, actuators 1 and 3 must be
vertical with /1¼/3¼p/2. Additionally, actuators 2 and 4
must lie in the vertical y–z planes, with w2 and w4 being
null. Then, the null space of the direct Jacobian is

nullðJxÞ ¼

1

0

0

0

2
664
3
775 (20)

Such null space shows that the mobile platform can move
in the direction of coordinate xP, that is, in the i direction.
In this configuration, the mechanism instantaneously
becomes a parallelogram in the x-z plane. However, the
null space has been calculated regardless of the closed-loop
equations of the mechanisms. A further analysis shows that
this singular configuration is only possible for specific val-
ues of geometrical parameters. Specifically, for fixed L and
e, length r must be defined as

r ¼ L2 � 2 L eþ 2 e2

L� 2 e
(21)

Moreover, if such value of r and conditions derived from
closed-loop equations are imposed, the null space of Jx can
be recalculated resulting in a two-dimensional space

nullðJxÞ ¼

1 0

0 0

0 0

0 1

2
664

3
775 (22)

The resulting configuration has two instantaneous DOFs
with fixed actuators: translation in the x direction and rota-
tion around w. Figure 8 shows the mechanism in such con-
figuration. Anyway, this singular configuration can be
avoided by choosing geometrical parameters that does not
verify Eq. (21).

Fig. 7 Definition of L, e, and r from the top view of the
mechanism

4 Singularity Analysis

Singularities can be defined as configurations in which Jacobian 
matrices become singular [34]. They are usually considered as



(2) si?k; 8i. All the prismatic actuators are in the z¼ 0 hori-
zontal plane with /1¼/2¼/3¼/4¼ 0. The null space of
the direct Jacobian in such configuration is

nullðJxÞ ¼

0 0

1 0

0 1

0 0

2
664

3
775 (23)

Now the mobile platform has two instantaneous DOFs with
blocked actuators. On the one hand, it can move in the
direction of the second coordinate zP, that is, in the k direc-
tion; on the other hand, the third coordinate u is also
unlocked and the mobile platform can rotate around the j
direction. In this configuration, the whole mechanism is
contained in the z¼ 0 plane, as shown in Fig. 9. Although
direct singularities must be avoided, this configuration, or a
configuration close to it, can be used in order to fold up the
mechanism for its transportation.

(3) si k u; i ¼ 1; 3 and si k v; i ¼ 2; 4. This way, the third col-
umn of Jx (Eq. (17)) is canceled. The null space of Jx is

nullðJxÞ ¼

sin u
cos u

0

0

2
664

3
775 (24)

In such configuration, the mechanism can move in the w
direction, that is, a direction perpendicular to the mobile
platform. For this singularity to happen, a geometric con-
straint is needed: length e of bars BiCi must be equal to L/2
in such a way that points C1 and C3 lie in the same vertical
plane of P. Otherwise, vectors s1 and s3 cannot be perpen-
dicular to u. If e¼ L/2 geometric constraint is imposed,
points C1 and C3 are restricted to move within the y¼ 0 ver-
tical plane. Moreover, if e¼ L/2 is fulfilled, the singularity
will occur if si k u; i ¼ 1; 3, with si k v; i ¼ 2; 4, being not
necessary to happen. However, for s1, s3, and u to be paral-
lel, actuators 1 and 3 must lie in the same plane of the
mobile platform. This fact is only possible in configurations

in which the mobile platform is in the z¼ 0 plane. Figure 10
shows the mechanism with the said geometric constraint in
such type of singularity.In addition, fulfilling e¼ L/2 has
another consequence: the mechanism cannot rotate around
w, losing one of its four output DOFs. This geometric con-
straint must be avoided if the mechanism must be used as a
4DOF rehabilitation robot. Nevertheless, if the rigid mobile
platform, the guides and the slider are eliminated, coordinates
c1 or c2 can be used as output DOF and the mechanism can be
used for pick-and-place applications using the articulated
mobile platform as a gripper.

(4) si ¼ sj; 8i; j. All the prismatic actuators are parallel. In this
case, the first two columns of Jx (Eq. (17)) are proportional.
Then, the null space of Jx is

nullðJxÞ ¼

sin /1

cos /1

0

0

2
664

3
775 (25)

The null space shows that the mobile platform can move
perpendicular to the actuators, since all of them are parallel
and inclined with angle /1. This is only possible if geomet-
ric parameters fulfill e¼ 0 and r¼ L. If so, the mechanism
instantaneously becomes a parallelogram. Figure 11 shows
the mechanism in this type of configuration.

(5) Intersection of the directions of actuators 4 and 2 with
actuators 1 and 3, respectively. This is a common singular-
ity in mechanisms with prismatic actuators like the
Gough–Stewart platform [40]. In such configuration, the
null space of Jx is

null Jxð Þ ¼

zP �
L sin /1 sin /3

sin /1 þ /3ð Þ
L sin /1 � /3ð Þ
2 sin /1 þ /3ð Þ � xP

1

0

2
6666666664

3
7777777775

(26)

In this type of singular configuration, bars C1C4 and C3C2

are aligned with bars B1C1 and B3C3, respectively. The null
space of Jx shows that the mobile platform does not rotate
around w, so the articulated mobile platform behaves like a
rigid body. Then, with blocked actuators, the mechanism
becomes a four-bar linkage in the x–z plane and the instan-
taneously rigid mobile platform can rotate around

Fig. 10 Singular configuration with s1 k s3 k u

Fig. 9 Singular configuration with horizontal actuators

Fig. 8 Singular configuration with si?i; 8i

Fig. 11 Singular configuration with parallel actuators



its instantaneous screw axis with respect to the ground.
Figure 12 shows the mechanism in such configuration and
Fig. 13 shows the same configuration with the prolongation
of the actuators direction until the intersection. Each pair of
crossing lines in Fig. 13(a) defines a plane. The intersection
of these planes defines the instantaneous screw axis of the
instantaneously rigid mobile platform with respect to the
ground. Figure 13(b) shows how the said planes are crossed.

(6) c2¼ 0 or c1¼ 0. The four bars of the articulated mobile
platform lie in a line. If e 6¼ L/2, which is necessary to avoid
one of the previous singularities, c1¼ 0 is not possible and
only c2¼ 0 can happen when points C2 and C4 coincide.
For c2 to be zero, the value of c must be the one that holds
the equality in Eq. (14). As explained before, the defined coor-

dinates c1 and c2 describe the movement of points (C1, C3)
and (C2, C4), respectively, with opposite sign. Hence, when
coordinate c2 increases from c2¼ 0, it is not possible that
points C2 and C4 continue in superposition, they take separate
ways. In fact, this is an inverse singularity since the said value
of c is a limit of the range of the coordinate. Therefore, the
calculation of the null space of Jx makes no sense here. A con-
figuration of this type is shown in Fig. 14. Nevertheless, the
physical interaction of the parts of the mechanism avoids this
kind of singularities, as can be seen in Fig. 4 in which the
guides avoid the physical superposition of the sliders.

(7) By numerical analysis, another singularity can be found which,
in general, does not satisfy apparent geometric conditions. An
expression of its nullspace can be written as follows:

nullðJxÞ ¼

R2 S1 s/3 � R1 S2 s/3 � R2 S3 s/1 þ R3 S2 s/1 þ R1 S3 cw2 s/2 � R3 S1 cw2 s/2

R1 S2 c/3 � R2 S1 c/3 � R2 S3 c/1 þ R3 S2 c/1 � R1 S3 sw2 þ R3 S1 sw2

S3 s/1 sw2 � S2 c/3 s/1 � S1 s/3 sw2 � S2 c/1 s/3 þ S1 c/3 cw2 s/2 þ S3 c/1 cw2 s/2

R2 c/1 s/3 þ R2 c/3 s/1 þ R1 s/3 sw2 � R3 s/1 sw2 � R1 c/3 cw2 s/2 � R3 c/1 cw2 s/2

2
66664

3
77775 (27)

where s and c stand, respectively, for sin and cos and

R1 ¼
Le cc c/1 su

sc
� Le cc cu s/1

sc

R2 ¼ c2 sc sw2 suþ c2 cw2 cu sc s/2

R3 ¼
Le cc c/3 su

sc
þ Le cc cu s/3

sc

S1 ¼ c/1 Le cuþ Le c2c cu
s2c

!
þ s/1 Le suþ Le c2c su

s2c

!

S2 ¼
r2 cc cw2 s/2 su

c2

� c/2 cw2 r2 c2c� c2
2

� �
c2 sc

� r2 cc cu sw2

c2

S3 ¼ c/3 Le cuþ Le c2c cu
s2c

!
� s/3 Le suþ Le c2c su

s2c

!

Le ¼ L

2
� e

Although this type of singularity does not have an apparent
geometric identity, there are particular cases for which some
geometric conditions are fulfilled:

Fig. 13 Singular configuration with intersection of actuators
directions (II): (a) isometric view and (b) front view

Fig. 12 Singular configuration with intersection of actuators 
directions (I)



� xP¼ 0 and u 6¼ 0. In this case, actuators 2 and 4 lie in the ver-
tical parallel planes. Figure 15 shows the mechanism in this
configuration. Two vertical planes containing actuators 2 and
4 are also represented.

� xP 6¼ 0 and u¼ 0. This time the singularity appears for two
specific values of c, which do not change for any values of xP

and zP. Specifically, the singularities occur at c � 1.248 rad
and c � 1.986 rad. Then, it gives an interesting range of c
free of singularities of around 0.738 rad (42 deg) for u¼ 0.

� xP¼ 0 and u¼ 0. It is a particular case of the previous ones
for which the nullspace of Eq. (27) becomes the simple
expression shown in the following equation:

null Jxð Þ ¼

0

� L

2
� e

� �
tan /1 sin2c

0

1

2
6666666664

3
7777777775

(28)

Notice that the nullspace of Eq. (28) shows an instantaneous
screw motion about the axis perpendicular to the mobile
platform.

Most singularities described earlier should be avoided. The
only exception is the second one, which will be useful for folding
up the mechanism and, fortunately, it will be far from the trajecto-
ries of rehabilitation maneuvers. The other types of singularities
can be harmful, but most of them can be avoided by choosing
appropriate values for the geometric parameters L, r, and e. The
fifth and the seventh ones are the only harmful singularities, which
can appear for any set of values of the geometric parameters.
Section 5 analyzes the location of these singularities within the
workspace in order to find a singularity-free domain in which
rehabilitation maneuvers can be carried out.

5 Location of the Singularities in the Workspace

In Sec. 4, the possible singularities of the 2RPRR-2 UPS mech-
anism have been described. Although most of them can be
avoided with suitable values of the geometric parameters of the
mechanism, this is not the case of the second and the seventh
types of singularities. Then, it is necessary to know the location of
these singularities within the workspace. Nevertheless, since the
mechanism has four DOFs, the graphical representation of such
singularity locus is not possible. This issue is usually overcome by
analyzing a constant orientation or translational workspace and
orientation workspace for a fixed position [41–43]. Such separa-
tion will be used here.

The geometry of the robot is defined by three parameters,
namely, the length L of the side of the fixed base, the length e of
bars B1C1 and B3C3, and the length r of the four identical bars of
the articulated mobile platform. Numeric values of this parameters
are shown in Table 1, together with the strokes of the prismatic
actuators.

Before analyzing the singularities, an observation must be done
concerning the workspace of the mechanism. Since it has pris-
matic actuators, the workspace is limited mainly by their strokes.
In fact, this is the only limitation for coordinates xP, zP, and u.
The range of coordinate c, in turn, is limited by the values of the
geometric parameters of the mechanism. Hence, the workspace of
c will be analyzed first, followed by the orientation workspace
and translation one. Finally, a rehabilitation maneuver will be
described.

5.1 Workspace of c. In order to look for the values of c for
which the fifth and sixth type singularities occur, a representation
of the platform in its own plane is very helpful. In Fig. 16, the
platform is drawn in its own plane in both singular configurations.
In order to make the figure clearer, actuators A1B1, A2C2, A3B3,
and A4C4 have been omitted.

The sixth type singularities (the one represented and its sym-
metric with respect to the y-axis) determine the limits of the work-
space of c. From trigonometrical inspection of Fig. 16, limit cmin

of the workspace of c can be calculated. Because of the symmetry,
cmax can be also calculated

c6
min ¼ a sin

L=2� e

r

� �
; c6

max ¼ p� c6
min (29)

On the other hand, the fifth type singularity divides the work-
space into two sets. Bearing in mind that in the fifth singularity

Fig. 14 Singular configuration with c2 5 0

Table 1 Geometric parameters and strokes of actuators

L (m) e (m) r (m) qmin (m) qmax (m)

0.42 0.05 0.28 0.4 0.75Fig. 15 Singular configuration with actuators 2 and 4 in verti-
cal parallel planes



bars B1C1 and C1C4 are aligned, the value of c in this singularity
is

c5 ¼ a sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L=2� e

r

r !
(30)

Evaluating c5; c6
min, and c6

max for the possible values of
ððL=2� eÞ=rÞ, Fig. 17 shows how the fifth type singularity divides
the workspace into two different regions. As the bright region pro-
vides the largest ranges for c, small values of ðL=2� e=rÞ are pre-
ferred in order to maximize it. For the values of L, e, and r
selected in this paper, the ranges of motion for c are from 0.6082
to 2.533 rad shown by the vertical line of Fig. 17. The singularity
of fifth type will occur at c¼ 0.8571 rad and the other type singu-
larities may occur between c6

min and c6
max, as will be shown next.

5.2 Orientation Workspace. The orientation workspace is
calculated by fixing the value of coordinates xP and zP and calcu-
lating the range of motion for angular coordinates u and c. The
way to create such a workspace is making a mesh with numeric
values of coordinates u and c and, if the location is reachable with

the strokes of the actuators, calculating the condition number
of Jx.

Taking into account the requirements of a rehabilitation task
and the results of Sec. 5.1 for c, the considered ranges of motion
for u and c are from �p/2 to p/2 radians and from c6

min to c6
max,

respectively. The orientation workspace is calculated for the sets
of values [xP¼ 0 m, zP¼ 0.55 m] and [xP¼ 0.2 m, zP¼ 0.55 m] of
the Cartesian coordinates. Results are shown in Fig. 18 in which
the yellow colored lines show the locations in which Jx is
ill-conditioned. The results for negative values of xP are not calcu-
lated since they will be symmetric to the positive ones due to the
symmetry of the mechanism.

From Fig. 18, it can be seen that for a fixed value of c, namely
c¼ 0.8571 i, there is a yellow, straight vertical line. This is the
singularity of the fifth type described in Sec. 4 whose location
does not depend on the values of the other coordinates. It happens
for the said specific value of c when bar C1C4 is aligned with bar
B1C1. On the other hand, the other two yellow curves are depend-
ent on the values of the coordinates. Both are singularities of the
seventh type presented in Sec. 4. Although their location changes
slightly, there is portion of the workspace free of singularities
between these two curves which can be used for rehabilitation
tasks. There, the range of motion of u and c is 60.6 rad (630
deg) and [1.4 rad, 1.9 rad] (	 28 deg), respectively. These ranges

Fig. 17 Workspace of c in terms of ((L/22e)/r )

Fig. 16 Platform in the fifth and sixth singularity
configurations

Fig. 18 Singularities in the orientation workspace: (a) xp 5 0 m,
zp 5 0.55 m and (b) xp 5 0.2 m, zp 5 0.55 m



of motion will be validated and completed analyzing the transla-
tion workspace.

5.3 Translation Workspace. A translation or constant orien-
tation workspace can be represented by fixing values of coordi-
nates u and c and evaluating the reachable values of xP and zP and
the condition number of Jx when possible. In order to avoid the
second singularity, which as said before can be used to fold up the
mechanism, values of zP start from 0.05 meters. From the results
of Sec. 5.2, it is expected that for values of xP � [�0.2 m, 0.2 m]
and zP¼ 0.55 m with orientations defined by values of u � [�0.6,
0.6] and c � [1.4, 1.9], there will be no singularities. This premise
is accomplished in Fig. 19 in which the translation workspace is
shown for the values [u¼ 0 rad, c¼ 1.65 rad] and [u¼ 0.5 rad,
c¼ 1.65 rad] of the angular coordinates. Notice that the absence
of yellow lines means that the condition number of Jx is approxi-
mately constant and, consequently, there are no singularities for
the used angles.

Taking into account the results of Figs. 18 and 19, Table 2
shows a range of values of the output coordinates which is free of
singularities and wide enough to perform the rehabilitation
maneuver shown next.

5.4 Analysis of a Rehabilitation Maneuver. Based on the
Lanchman test, a rehabilitation trajectory can be defined as an arc
of circumference of radius 0.45 m in the x–z tibiofemoral plane,
for a constant value of c and rotating the mobile platform in such
a way that it is always tangent to the arc. Figure 20 shows this tra-
jectory in the x–z plane with an instantaneous projection of the
mobile platform.

The values of the input coordinates qi along the trajectory are
presented in Fig. 21 with respect to the trajectory values of xP.
Notice that the values of inputs qi are within the stroke limits of
the actuators.

This trajectory can be performed for any value of c � [1.5, 1.9].
The condition number of Jx shows that the rehabilitation maneuver
can be carried out for the said values of c in a singularity-free zone.
As a result, a Pivot Shift test can be carried out at any point of the
trajectory, varying the value of c60.2 rad (611 deg).

Table 2 Singularity-free ranges of motion

Coord. xP (m) zP (m) u (rad) c (rad)

Min –0.20 0.44 –0.60 1.5
Max 0.20 0.60 0.60 1.9

Fig. 20 Rehabilitation trajectory in the x–z plane

Fig. 21 Values of input coordinates qi along the trajectory
Fig. 19 Lack of singularities in the translation workspace: (a) 
u 5 0 rad, c 5 1.65 rad and (b) u 5 0.5 rad, c 5 1.65 rad



6 Conclusions

A new 2T2R parallel mechanism has been designed for its
application as a knee rehabilitation robot. The mechanism is able
to carry out the needed movements for the Lanchman and pivot
shift tests. The desired output movements are reached by means
of an articulated mobile platform which allows large rotations in
the tibiofemoral plane needed for the Lanchman test and small
rotations around the an axis perpendicular to the mobile platform
needed for the pivot shift test. Kinematics of the designed mecha-
nism makes it a folding mechanism that occupies little volume
when folded in order to be transported. This feature is achieved by
taking the manipulator to a singularity or its neighborhood. Other
singularities of the mechanism have been also analyzed and it has
been shown how some of them can be avoided choosing suitable
values for the geometric parameters of the mechanism. The loca-
tion of the remaining singularities within the workspace has been
analyzed and a portion of workspace free of singularities has been
determined in which rehabilitation tasks can be carried out.
Together with the singularity analysis, the null space of the direct
Jacobian has been calculated in order to know how the mechanism
would move with blocked actuators if each singularity was
reached. Next steps of the design stage include the analysis of the
workspace and the optimization of the mechanism in order to
build a prototype.
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