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Abstract

We randomize the following class of linear differential equations with delay, x.(f) = ax.(¢) +
bx.(t — 1), t > 0, and initial condition, x.(f) = g(¢), -7 < t < 0, by assuming that coeffi-
cients a and b are random variables and the initial condition g(¢) is a stochastic process. We
consider two cases, depending on the functional form of the stochastic process g(¢), and then
we solve, from a probabilistic point of view, both random initial value problems by determining
explicit expressions to the first probability density function, f(x, #; T), of the corresponding solu-
tion stochastic processes. Afterwards, we establish sufficient conditions on the involved random
input parameters in order to guarantee that f(x, ¢t; T) converges, as T — 0%, to the first probability
density function, say f(x, t), of the corresponding associated random linear problem without de-
lay (7 = 0). The paper concludes with several numerical experiments illustrating our theoretical
findings.

Keywords: Random linear differential equation with delay, Probability density function,
Random Variable Transformation technique.

1. Introduction and motivation

Ordinary differential equations are useful mathematical tools to model phenomena in areas
like Physics, Engineering, Epidemiology, Economics, etc. In many applications, differential
equations are formulated using the principle of causality based upon the fact that future state of a
system under study is independent of its past state and is solely determined by the current state.
Although many phenomena can be properly described using this tenet, there are other situations
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where it may be more realistic to model the current state of a physical system (understood in
a wide sense) in terms of past information. In that case, it is more suitable to describe the
dynamics of the physical system by means of differential equations incorporating the past history
of the system under analysis. These kinds of differential equations are usually referred to as
delay differential equations (DDEs). One commonly distinguishes two main classes of DDEs
depending on the type of delay considered therein. If only a part of the history has a relevant
influence on the current state, then discrete DDEs are formulated, while continuous DDEs are
those whose delay is unbounded or infinite. In this latter case, the whole past history is taken into
account to describe the phenomenon under study. In this paper, we will deal with the following
class of linear discrete DDEs with initial condition

x.(1) ax;()+bx,(t—7), t>0, 7>0,
x() = g, -1t<t<0,

6]

where T > 0 denotes a prefixed finite delay, a is the coefficient of the non-delay term, x.(¢), b
is the coeflicient of the delay term, x.(t — 7), and g(¥) is an arbitrary function (initial condition)
defined on the interval [—7,0].To avoid confusion with the notation introduced for the initial
condition and the solution of the initial value problem (IVP) formulated in (1), hereinafter the
solution will be denoted by x.(-). This notation is necessary to explicitly indicate the dependence
of the solution on the T parameter since later we will study the convergence of the solution of the
IVP (1) as T — 0" to the solution of the corresponding IVP without delay. Now, if we assume
that g(¢) is continuous in [—7, 0] and differentiable in ] -7, O[ then, according to Theorem 1 below,
there exists an exact expression of the solution of IVP (1).

Theorem 1 ([1, 2]). Let us consider IVP (1) and assume that g(t) is continuous in [-T,0] and
differentiable in 1 — 7,0[, i.e., g(-) € C'([-1,0]). Then, IVP (1) has a unique solution x.(-) €
C([-7,0]) N C'([-7,0]) N C'([0, ]) given by

X (1) = e®FD b g(—1) + f =9 b5 (o' () — ag(s)) ds, )

where by = e b, and ef"’ and ef“’_T_S denote the delayed exponential function, e, evaluated
at (c,t) = (b1, 1) and (c, 1) = (b1, t — T — 5), respectively. This function appears in a natural way
in dealing with the linear discrete DDE (1) since its solution is constructed segment by segment
(see for example [2]). For the sake of completeness, below we recall its definition.

Definition 1. (/2]) Let ¢ be a real number and T > 0, then the function

0’ —0 << -T,
1, -T<t<0,
t
l+cF, 0<t<r,
' 2
t =7
et = 1+c—+czu, T<1<21, 3)

T 1! 2!

. t—‘k—l k .
ch%, n-Dr<t<nr,
k=0 :

is called the delayed exponential function, where n = [t/t]+ 1, being | x| the greatest integer less

than or equal to x.
2
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So far we have revised the main definitions and results involving the solution of deterministic
IVP (1) for the linear discrete DDE. When this class of equations is applied to model the dynam-
ics of real phenomena, its input parameters, i.e. the coefficients a and b, and the initial condition,
g(1), must be fixed from experimental data which often involve uncertainties because they are
obtained after measurements and sampling. This fact allows us to treat the input coeflicients,
a and b, as random variables (RVs), and the initial condition, g(¢), as a stochastic process (SP)
rather than deterministic constants and a classical function, respectively. This leads to the full
randomization of IVP (1)

X.(t w) a(w)x(t; w) + b(w)x(t —T;w), t>0, 7>0,
xtw) = gtw), -T<t<0,

“)

where a(w) and b(w) are assumed to be absolutely continuous RVs and g(#; w) is a SP, being
all of them defined on a common complete probability space (Q,7,P). In accordance with
Theorem 1, and using the so-called “sample random calculus” for SPs [3, App. I], hereinafter it
will be assumed that the initial condition SP, g(#; w), satisfies the following condition,

g(-;w) e Cl([-7,0]1xQ), ae., (3)

where, as usual, a.e. stands for ‘almost everywhere’, so that the existence of a unique sample
solution SP, x.(#; w), to random IVP (4) can be guaranteed.

The study of differential equations with delay involving uncertainties has been studied from
different approaches. In [4], authors study a class of stochastic impulsive differential equations
involving Bernoulli distribution where trial lengths vary randomly. In [5], the complete controlla-
bility property of a class of nonlinear stochastic differential equation with delay, in the fractional
sense, is investigated assuming that delays are described by Poisson jumps. Stochastic differen-
tial equations with delay have been proposed to model interesting real problems. For example, in
[6] the nonlinear delay differential neoclassical growth model is analysed assuming that stochas-
tic perturbations of the white noise type. In [7], authors provide sufficient conditions for stability
in probability of the equilibrium point of a social obesity epidemic model with distributed delay
and stochastic perturbations. In dealing with delay differential equations it is usual to study the
behaviour of the solution when the delay tends to zero, i.e., to investigate conditions under which
there is convergence of the solution of the IVP with delay to the corresponding solution of the
IVP when the delay vanishes. In [8] it is shown that the solution of a mixed stochastic delay
differential equation depends continuously on the coefficients and the initial data. In addition,
authors prove the convergence of the solutions to equations with vanishing delay to the solution
of corresponding equations without delay. In [9] one deals with the mean square convergence
and mean square exponential stability of an Euler scheme for a linear impulsive stochastic delay
differential equation.

Solving a random (ordinary/partial/fractional/delay/etc.) differential equation means not just
to obtain an exact/approximate solution SP, but also its main statistical properties, like the mean
and the variance functions. These equations are said to be solved, from a probabilistic standpoint,
when the first probability density function (1-PDF) of the solution SP is exact/approximately
obtained since from this deterministic function one can completely characterize the probabilistic
behaviour of the solution SP at every time instant. As a consequence, mean, variance, skewness,
etc., as well as any one-dimensional moment of the solution SP can be derived from the 1-PDF,
provided these moments exist. To be specific, if f(x,t; 7) denotes the 1-PDF of the solution SP
Xx.(t; w) to random IVP (1), then the mean, [E[x.(¢; w)], and the variance, V[x.(#; w)], functions

3
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can be obtained by

E[(x,(t;w))"]z fR + foontdy, k=12,

as
Elx.(t; )] = f Afnnds Vo) = f 2 fe 0 dx - El oD, (6)
R R

respectively. Fixed a time instant, say 7, the computation of the probability that the solution,
x:(f; w), lies within an interval of specific interest can also be computed just by integrating the
1-PDF

b
PlweQ:a< x(fw) <b] =f f(x, £ 1) dx.

At this point is important to stress that, to the best of our knowledge, this approach has already
been dealt with some classes of random fractional, ordinary and partial differential equations and
of random difference equations as well (see for instance, [10], [11, 12, 13, 14, 15], [16, 17, 18,
19] and [20, 21], respectively), but the corresponding analysis for random DDEs has not been
addressed yet.

In the spirit of these previous contributions, the main objective of this paper is solving, from
a probabilistic point of view, random IVP (4) by obtaining the 1-PDF, f(x,t; 1), of its solution
SP, x.(t; w), which, according to the deterministic solution formulated in (2), for each r € [(n —
D, nt[, witht > 0 fixedand n = 1,2, ..., is given by

0
X (15 w) = @D @1 () 4 f I=9) b1 (@) 1=7=5 (o7 (51 ) — a(w)g(s; w)) ds,  (7)
where b1 (w) = e™“) b(w). The key tool that will be applied to achieve this goal is the Random
Variable Transformation (RVT) method. This technique allows us to obtain the PDF of a random
vector, which results from mapping another random vector whose PDF is known. The following
result provides the RVT technique in its multidimensional version.

Theorem 2 (Multidimensional RVT method, [3]). Let x(w) = (x1(w), ..., xp(w)) and y(w) =
1(w), ..., ym(w)) be two m-dimensional absolutely continuous random vectors defined on a
complete probability space (Q,F ,P). Letr : R" — R"™ be a one-to-one deterministic trans-
formation of x(w) into y(w), i.e., y(w) = r(x(w)). Assume that r is continuous in X and has
continuous partial derivatives with respect to X. Then, if fix(X) denotes the joint probability
density function of the random vector X(w), and s = ™' = (511, Ym)s -+ s SuV1s e oy Vi)
represents the inverse mapping of v = (ri(x1, ..., Xm) -+ - s F'm(X1, ..., X)), the joint probability
density function of the random vector y(w) is given by

8y(Y) = fx(8(Y)) [l ,

where |J,,|, which is assumed to be different from zero, denotes the absolute value of the Jacobian
defined by the determinant

0s1(V1s s Ym) 0Sm(V1s ey Ym)
on on

Jn = det : :

0S1V1s -+ Ym) 08 (V1s- s Vm)

OYm OYm
4
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Once we have obtained the 1-PDF, f(x,1; 1), of the solution SP to random IVP (4), the next
objective of this paper is to study the relationship between f(x,t;7) and the 1-PDF, say f(x, ),
of the corresponding random IVP without delay, i.e.,

X' (t; w)
x(0; w)

(a(w) + b(w)x(t; w), t>0,

8(0; w) = go(w), ®)

where go(w) is an absolutely continuous RV. To be specific, we will establish conditions in order
to guarantee that

lirg+ f(x,t;7) = f(x,1), foreach (x,t) € D(x.(t; w)) N D(x(t; w)) X [(n — Dr,nt[ fixed, (9)

being n = 1,2,... and where D(x.(t; w)) and D(x(t; w)) denote the codomains of SPs x.(f; w)
and x(#; w), respectively. This analysis will focus on the following choices of the initial condition
g(t; w) for random IVP (4)

o CaseI: g(t; w) = e@r+e@),
L .

e CaseIl: g(t;w) = Z ci(w)t!, m> 0.
=0

The choice in Case I has been made because, as it will be seen later, it allows us to deal with
a scenario that illustrates adequately the main ideas of our approach. While Case II involves
the general case in which the initial condition is a random polynomial of degree m, which has
interest by itself since, similarly to what happens in the deterministic context, many important
random SPs can be approximated by appropriate random polynomials.

The rest of this paper is organized as follows. Section 2 is split into two subsections, in
the first one, we determine an explicit expression to the 1-PDF, f(x,; 1), of the solution SP to
random IVP (1) in Case I, i.e., when g(t; w) = e“@"+<«)_Subsection 2.1 is addressed to establish
sufficient conditions upon the involved random input parameters a(w), b(w) and c(w), in order
to guarantee that f(x,t;7) converges, as 7 — 07, to the 1-PDF, f(x,1), of the corresponding
associated random linear problem without delay (r = 0). For the sake of clarity, Section 3 is
organized analogously as Section 2 to conduct the corresponding study in Case II, i.e., when
the initial condition to random IVP (1) is a random polynomial g(t; w) = ;n:o cj(w) t,m >
0. Several numerical examples, corresponding to Cases I and II are exhibited in Section 4.
Conclusions are drawn in Section 5.

2. Case I: Computing the 1-PDF of the solution SP and study of the convergence

Let us consider random IVP (4) where the initial condition is given by the SP g(f; w) =
ed@i*c@) " Observe that this situation corresponds to the case where g(f; w) is the solution of the
following random IVP

{ gtw = awgltw), t=-1t, 7>0, (10)

g(—T; w) — e—a(w)‘Hc(w) .

In other words, we are then implicitly considering a stochastic control problem defined by (4)
and (10). In agreement with (7), the solution SP of this control problem is given by

X (t; w) = eXWH@ ehi@h e [(n — D)r,nt[, n e N fixed, (11)
5
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where b (w) = e~ b(w). Henceforth, we will assume that the random inputs a(w), b(w) and
c(w) are absolutely continuous dependent RVs with a joint PDF denoted by f. ,»(c, a, b), which
is assumed to be known. Observe that g(¢; w) satisfies condition (5).

2.1. Computing the PDF

First at all, notice that if 7 is such that x,(f;w) = 0, then clearly the 1-PDF is given by
f(x,7;7) = 6(x), —oc0 < x < o0, being §(-) the Dirac delta function. Thus, in order to determine the
1-PDF of the solution SP, x.(¢; w), given by (11), we will only consider time instants ¢ such that
x:(t;w) # 0 a.e. As a consequence, as x;(f; w) = @@ "1 @h1 one derives that €2 @' £ 0
a.e., at every time instant f where the 1-PDF f(x, t; 7) is going to be determined.

Lett € [(n— 1)1, nt[ be fixed, next we will apply the RVT method (see Theorem 2), in order to
obtain the PDF, f(x,t; 7), of the solution SP, x.(¢; w), given by (11). This PDF will be expressed
in terms of the joint PDF f, , ,(c, a, b). To this end, consider the following deterministic mapping
r:R—R3

xi = reab) = el
Xy = n(cab) = a,
x3 = nc,a,b) = b,

where b; = e™7 b. The inverse mapping, s : R> — R3, of r is given by

1 X1 e—th
n by, t ’
Cr

¢ = s1(x1,x,x3) =
a = s(x1,%,X3) = X,
b = s3(x1,x,X3) = X3,

where b; = e 7 x3. Observe that the Jacobian of s is |J3| = 1/|x;| # 0. Moreover, |J3| is well-
defined since x.(#; w) = x; # 0 a.s. for each instant time ¢. Therefore, applying the RVT method
one obtains the PDF of the random vector (x1(w), x(w), x3(w)),

X1 e ™! 1 ——
SO, x2,X3) = feap |IN| —5—=— |, %2, %3 o where by = 7" x3.
e’ 1

Then, marginalizing with respect to the random vector (x;(w), x3(w)) = (a(w), b(w)) and taking
t € [(n — D)7, nt[ arbitrary, one gets the 1-PDF of the solution SP, x.(; w),

—at 1
flx, ;1) = f Jeab (ln (i) ,a, b) — dadb, where by = e " b. (12)
Rz

oy i

2.2. Convergence

As it has been indicated previously, this subsection is devoted to investigate the relationship
between the 1-PDF, f(x,t;7), given in (12), as 7 — 0%, and the 1-PDF, f(x, ¢), of the solution
SP to random IPV (8). In order for the corresponding analysis makes sense (put 7 — 07 in the
initial condition of (10)), we will take as initial condition in this latter IVP go(w) = e“), so the
solution SP to random IPV (8) is given by

x(f; w) = W) platw)+b(w)t
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By applying the RVT method, it can be checked that the 1-PDF of x(¢; w) is given by

flx, 0= f foan (ln(xe’(“”’)’),a,b)idadb. (13)
RZ

|x]

In order to find out sufficient conditions that guarantee the convergence given in (9), where
f(x,t;7) and f(x, 1) are given by (12) and (13), respectively, we first establish the following result
that permits relating the delayed exponential function to the (classical) exponential function as
the delay tends to zero. The proof of this result is based upon the ideas exhibited in [22, Theorem
A3l

Theorem 3 (Convergence of the delayed exponential function). Letrc € R, 79 > 0, = 1 +
e™ll > 1. Then, for any T €10, 79[,

e — o' < 7le] (™" + M), refo,TI.
Ift =0 thene = e’
Proof Let 7 €]0, 7o[. We will apply mathematical induction in order to prove that for any n € N
e — s | < 7lc] (™™ + D7) | for 1 € [(n - L)z, n7]. (14)

e Ifn =1, then ¢ € [0, 7] and, by the definition of the delayed exponential function given in
(3), e2" = 1 + ct. Therefore, we must prove

e —(1 + ct)| < 7lc] (e"'”‘T +l).

Applying the Fundamental Calculus Theorem (FCT) and the Mean Value Theorem (MVT)

for integration, one derives
! 5
d d
f — (&%) + c|t < f
o [dx 0

FCT ox
—(e
dx( )
' cx 1=t ’ cx MVT co O alclt
=c| e“dx+|clt < | e“dx+lclr < ejre” +Hclr < Iclr(e +1).
0 0

e —(1 +ct)| < e =1 +]ct] = dx

dx + |c|t

Now, we justify Step (I) previously applied.
Step (I): By the MVT, 6 € [0, 7]. Let @ > 1, then

co <l < ||t < aclr,
and, as the exponential is an increasing function, e’ < e,

o Now, assuming that claim (14) is satisfied for n > 1 (induction hypothesis), we will apply
the FCT to prove inequality (14) forn + 1. Let ¢ € [n7, (n + 1)7],



I (n+1)t
c,t ct (D alclnt lel(n—-1)T
et e < lelr (e +e )+ ds

nt

d .
5(65 s _ ecs)

(n+1)t
= |cr (e"'cl’” + e'c‘("_l)T) + | f |e§’ T e”| ds

(n+l)‘r
< |C|T( alclnr_'_elc\(n l)T + |C|f c ST _ c(s T)|ds
(n+1)t
+ |c|f |ec(5 2 e”| s
(1) (n+1)t
< |C|T( alclnr+elc\(n l)‘r + |C|f |C|T( a\clnr+elcl(n l)‘r)d
(n+1)r
(e“T) dods
— el (ealcln‘r + eIc\(n—l)z') + (lclT)2 (ealclnr + e\cl(n—l)r)
(n+1)7 S
+ |ef? f f e’ dods
nt ST
av)

< |C|T (ealcln‘r + eIc\(n—l)‘r) + (lCIT)Z (ealcln‘r + e\cl(n—l)‘z')

(n+1)7 s
+ |C|2 f f ealc\n‘r+|c|‘r dods
nt §—T

— |C|T (ealcln‘r + elc\(n—l)‘r) + (lclT)2 (ealclnr + e\cl(n—l)‘r) + |C|2T2 e01|c|m’+|c|‘r

= lelr (e (1 + lelr + lefr €7) + 1"D7(1 + |c]))

v
(S) el (ealcl(n+1)'r + elclnr) )

170 Now, we justify Steps (II)—(V) previously applied.

171 Step (II): By the FCT

" d
— (el —e)ds =ef —e“ —el" +eT.
nr ds
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Then by the induction hypothesis and taking into account that t < (n + 1), we have

"1 d
leg!—e| < |eS"—e"T |+ f —(es* —e®)|ds
nt ds
(n+1)t
< er (e""'"” + e""("‘”’) + f a(eﬁ*s —e“)|ds.

nt

Step (III): In this step we apply both the FCT and the hypothesis of induction (14).
Step (IV): Following the same argument of Step (I), being a > 1
co <|clo < cls < |c|l(n + 1)1 < alclnt + |c|T,
50, €7 < galnTHelr
Step (V): Applying thate” > 1 + p, Vp > 0 and taking @ = 1 + €I, as 0 < 7 < 79, then
L+lelr +lelre™ = 1+ Jefr(1 +€7) < 1+ [clr(1 + ™) = 1 + alc]r < eI,
And analogously, 1 + |c|T < el

This concludes the proof. X

Before showing the convergence (9), we need to establish some technical results that will be
required in the subsequent analysis.
Let ¢ € R be arbitrary and let us take 79 — 0" (thus 7 — 0%, too) in Theorem 3. Then

lim e¢' =e“, te]0,T], (15)

T
0%

where, according to Definition 3, = (n— 1)1, n — +oc0 and 7 — 0*. Furthermore, as the delayed
exponential function is continuous, one derives that

if lim f(7) = f, then lim e/ = eft £ 0. (16)

In particular, if we take f(7) = e™* b with a,b € R fixed, ase™ b H—O; b in (16), then

bt

. —a
lim e " = " £ 0.

70"
Therefore, there exists 7; > 0 such that
el £0, by =e b, V7rel[0,1]

As a consequence of the continuity of the logarithm function and of the delayed exponential
function (15), one further obtains

—at
lim In (xe ) = In (xe™ @),

-0+
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Therefore, for all € > 0 there exists 7, : 0 < 7, < 71 such that
X e—Lll
In ( - ) —1In (x e (@b )
1,0
e‘I'

To prove the convergence f(x,1;7T) jmald f(x, 1) introduced in (9), hereinafter the following
hypotheses will be assumed

<€ V1€]0, . a7

The random vector of coefficients (a(w), b(w)) is independent of the RV c(w), i.e.,

Hl: Frap(esa.b) = £.() funlas ).

f:(c) is Lipschitz continuous in R, i.e.,
ALe >0 |fe(co) = felco)l £ Lelcot — co2l,  Veoi,con €R,

Let 7 €]0,7°[: 0 < 7" < 15 and (x, 1) € D(x.(t; w)) N D(x(t; w)) X [(n — D7,nt[Cc R X [0, T]
being all of them fixed. Then, taking into account expressions (12) and (13), for €* > 0 arbitrary

fcab(ln( ‘Z_‘:t) a b) Foaan (In (xe @) a, b)] dadb‘

H2:

lfG 1) = fx, 0] =

IXI

H1 xe @ s
BT fRz [fc (ln( ebit )) —fe (m (xe " t)) fap(a,b)dadb
1 xe 4
— e | —(a+b)t
= x| Jg2 fc(ln( efl,t )) fe (ln (xe * )) Jan(a,bydadb
H2 L, —at
< | (S ) (re ) funa by dade
x| Jgre efl,t
%)) |;| & |x| f Foplab)dadb =

IXI

where b; = e™*" b. In Step (VI), we have applied (17) with € = €*

we have used that fRz fan(a,b)dadb = 1, since f,(a,b) is a PDF.
Summarizing, the following result has been established

> 0, while in the last step

a(w)t+c(w)

Theorem 4. Consider the random discrete delay differential equation (4) with g(t; w) = €
and whose solution SP, x.(t; w), is given by (11). Assume that a(w), b(w) and c(w) are absolutely
continuous RVs being f..p(c,a,b) their joint PDF. Then, the I-PDF, f(x,t;7), of the solution
SP x.(t; w) is given by (12) at every time instant t where x.(t; w) # 0. Further assume that hy-
potheses HI and H2 hold, then f(x,t;T) converges to the 1-PDEF, f(x,t), of the solution SP to the
random linear differential equation (8), according to (9).

3. Case II: Computing the PDF of the solution SP and study of the convergence

In this section we will analyze Case II following an analogous structure to the one exhibited
in Section 2. Thus, we will consider random IVP (4) assuming that the initial condition is given
10
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208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

by a random polynomial of degree m

gtw) =) cilw)t, m>0, (18)
=0
where cj(w), j = 0,1,...,m are absolutely continuous RVs defined on a common complete

probability space (€, 7, P). For the sake of generality in the subsequent study, we will assume no
independence among the involved random inputs, i.e., henceforth, we will assume that fy(w) is
the PDF of the random vector w(w) = (co(w), c1(w), . . . , cm(w), a(w), b(w)) made of polynomial
coeflicients, c¢;(w), 0 < j < m of the initial condition given by (18), and of coefficients a(w) and
b(w) of the random delayed differential equation (4).

3.1. Computing the PDF

In this case, according to expression (7), the solution SP x.(#; w) is given by

xo(;0) = Gt W)eo(@) + ) @t w)ej(), (19)
=1
being
0
902(2‘, w) — ea(a))(H‘r) efl(a}),t _f a(w) ea(w)(t—s) eﬁl(w),t—‘r—s ds, (20)
and

0
@l(t, w) = @D b1 (1) 4 f @I=9) bW I=m=5 (5 a(w)s)s s, j=1,2...,m,

N @1)
where b (w) = ™7 p(w) and T > 0 is a fixed delay.

Remark 1. Notice that, in order to have a non-trivial solution, at least one coefficient ¢ ;(w), in
the initial condition ZT:O ¢j(w)t/ must be, in the probabilistic sense, different from zero. This
fact is guaranteed since c;(w), j = 0, 1,...,m, are absolutely continuous RVs.

Let t € [(n — 1)7, n7[ be fixed, and let us apply the RVT method (Theorem 2) to obtain the
PDF of the solution SP, x;(#; w), in terms of the PDF, f;(w), of the random vector w(w) =
(co(w), c1 (W), . .., cp(w), a(w), b(w)). To this end, we will define the following mapping r :
R”*3 — R™*3 whose components are defined by

m
x1 = rilcoclr.. o Cmab) = @t a,b)cy + thi(t, a,b)c;,
j=1
x, = nlc,Cy...cma,b) = ¢y,
x3 = rn(co,C1ye..sCpya,b) = 2,
Xm+l = rm+1(CO» Cly.o.sCmy A, b) = Cm,
Xmy2 = Fm2(co,Cly...,Cma,b) = a,
Xms3 = TFms(co,Clse..rCma,b) = b

11



226 Observe that, for the sake of clarity, in the previous expression we have emphasized that goi
27 depends on a and b. The inverse mapping of r is s : R —s R”*3 whose components are

Xy = Z'}'ﬂ OU(E, X2, Xina3)X 1

CO = S](.x1,.x2,...,xm+3) - 0 b
QDT(I, Xm+2» -xm+3)

cr = Ssi(X1, X2, Xe3) = X,

2 = (XX, Xme3) = X3,

Cm = sm+1(x1,x2’- ~~’xm+3) = Xm+l>

a = sm+2(x1s X2yeens xm+3) = Xm+2

b = Spi3(X, X2, X0m43) = Xpas.
2s The Jacobian of mapping s is given by

sl = ————— %0
+31 = .
T 1R s X))
229 Notice that, the absolute value of the Jacobian is well-defined since a(w) and b(w) are abso-
20 lutely continuous RVs, thus by (20) go?(t, Xm+2, Xm+3) 18 different from zero with probability one.
231 Therefore, the PDF of the random vector x(w) = (x;(w), x2(w), . . ., Xpe3(w)) in terms of the PDF
22 of w(w) = (co(w), c1(w), . .., cu(w), a(w), b(w)) is given by
X1 — Zr'n:1 SD-Jr'(l» Xint2s Xm43)Xj11 1
KX = fu S T A 77—
‘p‘r(t’ Xm+2» xm+3) |‘p'r (tv Xm+2 xm+3)|

233 Then, marginalizing with respect to the random vector (x;(w), x3(w), . . . , Xp+3(w)) = (c1(w),
2 ..., Cp(w),a(w),b(w)), given T > 0 and taking ¢ € [(n — 1)1, n7[ arbitrary, the 1-PDF of the

255 solution SP x,(; w) becomes

X = Zm: ‘)p‘jr(t? a, b)C
Jj=1 J
X, 6T) = yClserosCmsdy b
H ) jl;wz Ju [ ©(t,a,b) !

———dbdadc,,---dcy. (22)
lpd(z, a, b)|
26 3.2. Convergence

237 This subsection is addressed to study conditions in order to the 1-PDF, f(x,t;7), given by
28 (22), that corresponds to random IVP (4) with delay, converges to the 1-PDF, f(x,t), of the
23 solution SP of the corresponding non-delayed random IVP

{x’(z;w) = (a(w) + bW)x(t;w), =0, (23)

x0;w) = co(w).
20 To compute the 1-PDF, f(x, ), notice that the solution SP of random IVP (23) is given by
x(t; ) = co(w) e W@
21 Then applying the RVT method (see Theorem 2), it is straightforward to check that

flx, 1) = f Froa (xe‘(”+b)’,a,b)e_(“+b)’dbda. (24)
RZ
12
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243

244

245

246

247

248

Here, f., .5(co,a, b) stands for the joint PDF of the RVs c¢o(w), a(w) and b(w), which is obtained
by marginalizing the PDF, f, ... .c..ab(C0,C1, - . ., Cm, a, b), with respect to the RVs ¢j(w), . . ., cn(w)
(notice that by hypothesis this PDF is known),

Jeoap(co,a,b) = f Jeocrrncmab (€05 €Ly« o, Cya, b)dey, - - - dey.
Rm

To prove the convergence f(x,1;T) Tlo) f(x, 1) introduced in (9), hereinafter the following
hypotheses will be assumed
A co(w), c1(w), . . ., cp(w), a(w), b(w) are independent RV, i.e.,

HI: Jeoctremap(€C0sCls e vy Cuy @y b) = foo(co) fo, (€1) + -+ fo, (Cm) fu(@) fi(B).

Jo(co) is Lipschitz continuous in R, i.e.,
ALy, ¢ felcon) = feo(co)l < Ly, Icon — copl, Yeoi,co2 €R.

Let 7 €]0, 7*[, where 7" will be specified later and (x, ) € D(x.(t; w)) N D(x(t; w)) X [(n —
Dr, nt[C R % [0, T] fixed, then taking into account (22) and (24)

H2:

(e t:7) = f(x, D) f £ L e bl — dbdade,---d
X, 057) = JX, = COsClseresCinsll 5Clsev s Cmy A, adcny ---dc
e T 0T 1, a,b) ! 2(t, a, b)| me
_ f fco,a,b (x e—(a+b)t’ a, b) e—(a+b)t dbda
]RZ
(VI x—="n goi(t, a,b)c; 1
< f fco,c],...,cm,a,b jol d ,Cl,...CpyAa, b —O
Rm+2 ‘,D-r(t, a, b) |‘;D'r(t, a, b)l
—fooicroicmah (x e @D o e a, b) e @D dpdadce,, - - - de
1 f 7 x= 2 ol(t,a,b)c; 1
N ot,a,b) (¢, a,b)|
—foo (&7 TN £ (1) -+ fo () ful@) fy(b)db dadey, - ey
3 \f ‘ =Shipabe) 1 (x- 3L eiab)e; -
T Jree |7 ¢(t,a,b) ot a, b)) ¢(t,a,b)

+

f X = Z'}/lzl (,Di-(t, a, b)c]
“ ot a,b)

] e—(a+b)t _fco (x e—(a+b)l) e—(a+b)l

|

Xfe,(€1) - e, (em) fa(@) f(D)db dadey, - - - dey

13




249
1 _
—e (a+b)t

_ f f X = Z;‘r’:l ‘pi(l‘,a,b)Cj
Ot ¢2(t,a,b) (2, a, b)|

(A) (B)

m o Jj
X=X et a, bie; —(atbyr\| o~ (a+byr
+ fL‘o 0 - ch (xe ) €
¢z (t,a,b) e

©

Xfe (c1) - fe, (em) fa(@) f(BYdb dadc,, - - - dc

m
(VII)
< f [Lfr‘() (60 + el e'blT) (|x| + E ejlcj|) + Fo] €
Rm+2

=1
m
+L, |Ixl e + (€ + €T P €ilc;| e el
feo J1€j

=

Xfc'l (Cl) e fcm (Cm)fa(a)fb(b)db da dC[ te de

= E()E

m
Lﬁo (E() + ela@IT e'b(“)‘r) [le + Z ejlcj(w)l] + Fy
j=1

+LchE

m
[| Xl € + (60 4 gla@Ir elb(w)\T) Z gl w)|] gla@)IT elb(m)T]
=1
+ F()]

m
[| x| & e4@IT b@IT (60 Sld@IT Ib@)IT | la)T eZIb(w)IT) Z Ej|cj(w)|]]

J=1

m

[pr0 (eo + ela@It e'b(“’)lT) (|x| + Z €jlcj(w)l

=1

= GQE

+Lﬁ0E

= & (Lf (e + E [T | E [P [lxl + ie]]E [l ()] ]+Fo]

J=1

+Ly, <| 1 ek [ela(w)IT] E [em(w)v] + ( &F [ela(w)lT] E [elb(w)\T]

+E [ezl“(“)‘T] E [ezlh(‘“)‘T i €E Ic](w)l ]

j=1
14
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Let us justify the steps made throughout the previous expression.

Step (VII): Let N > M, if the joint PDF, gy, (x1, ..., xy), of a random vector, say,

xy(w) = (x1(w), . . ., xpy(W), Xp41(W), . . ., xy(wW))

is marginalized with respect to RVs xpz1(w), ..., xy(w), the joint PDF of the random vector
xy(w) = (x1(w),. .., xy(w)) is obtained via

gXM(xl" ..,.XM) = f gXN('xlv' e XMs XM+1s - - 'a-xN)d-xN . "d.XM+].
RN-M

Using the notation of previous development

fc(,,a,b (C07 a, b) = f fL‘U,Cl,...,Cm,a,b (CO’ Cly .., Cpy A, b) de e dCl .
Rm

Therefore, substituting this expression in the left-hand side of (VII), this term can be expressed

as

'x_Zr'n: Qoi(t,a,b)C' 1
= ! dbdadc,, - - - de;

@(t,a, b) lp2(t, a, b)|

ﬁ‘o,cl,...,cm,a,h (

Rm+2

- f Fevan (xe7“P" a,b) ™" dbda
RZ

x= X" @lt,a,b)e; 1
f Foverocn s = = dbdadey, - -de;
Rm+2 ‘)DT(t’ a, b) |§DT(t’ a, b)'

- f (f Jeoctomcmad (x e @ e, b) de; - -dcm) e @ dp da
RZ m

x— X", @t a,b)e; 1
f Foero s j 0] T J - dbdadcy, - --dc
Rm+2 SDT(t’ a, b) |SDT(Z" a, b)|

- Seocrmcmalb (x e @ o ema, b) e @ dpdadey - - - dey,
Rm+2

f f X — 271:] 90‘][_([’ av b)cj 1
B o0(t,a, b) 12+, a, b)|

~ferrcmab (X671, L Cpa,b) e PN db dadey, -+ - dey

<
Rm+2

= feoctremals (x €

X = ZT:] ‘p{'(t’ a, b)c] 1
@1, a,b) lp2(t, a,b)|

fCO,m,--.,cm,a,b (

—(a+b)t i —(a+b)t

dbdadc,, ---dcq,

,...,cm,a,b)e
15
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268
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270

271

272

273

274

275

which is just the right-hand side of (VII).
Step (VIID): In this step we will prove that (A) and (D) are bounded, and (B) and (C) tend to zero
as T — 0",

Let us see that expression (B) tends to zero as 7 — 0*.

According to (20), for each w € Q, given a(w) = a and b(w) = b, it is known that
@t,a,b) = e el g Ik OT 419 211775 {5 then by the MVT and the convergence of
the delayed exponential function to the exponential one, Theorem 3, we have

linol @t a,b) = V"
7—0*

By continuity, it is clear that 1/¢%(z, a, b) =% /e@*P then for all g > O there exists 7;
such that for every T €]0, 7,[N]0, 7o[ (being 7y defined in Theorem 3),

1 1
¢t,a,b)  eltr

< &. (25)

Let us see that expression (A) is bounded.

Let Fy = f,,(0) > 0, then by the Lipschitz condition, hypothesis A1,

+ Fy

X = er'nzl ‘P{—(L a, b)CJ
@ @1, a, b)

m
Il + ) Ipl(t,a,blc]
j=1

IA

+ F,

m
Ly, (eo + el e'b‘T) [le + Z €jlc;l

J=1

where last inequality is justified by formula (25),

1 1

— —(a+b)t
509([’ a, b) e(qub)t

<€+e <+ te0,T].

+ e(a+b)1

I
QDT(tv a’ b)

On the other hand, by (21), ¢(t, a, b) = e®™*7 2" (—1)/ + [ ° =) b1 17T (i gy i1 ds,
1 < j < m, then by the MVT, the convergence of the delayed exponential function to the
exponential function and, Theorem 3, we have

lim ¢l(t,a,b) =0, 1€[0,T].
0%

Thus, for each j = 1,...,m and €; > 0 arbitrary, there exists 7;,; > 0 such that for every
7 €10, 711[N]0, 7o[

ol a, b)| <e;. (26)

Let us see that expression (C) tends to zero as 7 — 0%.

16
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By the Lipschitz condition, hypothesis A1, and expressions (25)—(26), one derives

[x - X @it a,b)e;
o

oAt a,

e

-XLieabe
—xe

<L
8 (. a,b)

= <

, b) ] _ fc(] (x e—(a+h)t)

—(a+b)t

°(r, ab) + m Z lpl(z,a, b)||cj|]

m
T .bIT
Il e + (& + e eT) »° f.flc_/l],

J=1

with 7 € ﬂ’”“]O 7jl.

e Let us see that expression (D) is bounded. Indeed, it is clear that

e=(@b)t < eldlT QbIT 4 c 10, T].

Then, the right hand-side of the inequality of Step (VIII) is obtained.

Finally, we use the definition of the expectation and the independence between the RVs a(w),

b(w)and cj(w), j=1,2,...,

m, obtaining the last expression.

Now, we assume the following hypothesis in order to prove the convergence

H3: E [(e'“(“’"T)z] =k, <+00, E [(e"’(’”)'T)z] =k, <+00, E [|Cj|] = kj < +oo.

Notice that if E [(y(a)))z] = ky, < oo, then by the Cauchy-Schwarz inequality E [y(w)] <

E[on?]"” =

k)],/2 < o0

Therefore, for 7 €]0, 7*[, 7 = min{r; : 0 < j < m}, (x,1) € D(x(t; w)) N D(x(t; W)) X [(n —
)r,nt[Cc R x [0, T] all of them being fixed

|f(x,t;7) -

J(x, 1)l

<

IA

m

& [Lfm (co + E [T E[eberT]) (m + Z & lcj@) ] . Fo}

J=
+Ly, X ek [e'“<“>|T] E [elhw)\T]

+ Ly, (@B [T | E [T 4 B[] £ [e2T i . [le )
Jj=1

€ [Lf(_0 (&0 +k3/°k;) [le > ejkj] + FO]

J=1

+Ly, [le okt k)* + (eokyzk;/2 + kakb) Z ejkj] .
=1

17
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Summarizing, the following result has been established.

Theorem 5. Consider the random discrete delay differential equation (4) with g(t; w) given
by (18) and whose solution SP, x.(t;w), is given by (19)—(21). Let us assume that w(w) =
(co(w), c1(w), ..., cp(w), alw), b(w)), is an absolutely continuous random vector being fw(W)
their joint PDF. Then, the 1-PDF, f(x,t;7), of the solution SP x.(t;w) is given by (22). Fur-
ther assume that hypotheses HA1-H3 hold, then f(x,t;T) converges to the 1-PDF, f(x,t), of the
solution SP to the random linear differential equation (23), according to (9).

4. Numerical examples

This section is devoted to illustrate our theoretical findings by means of several numerical
experiments where the 1-PDF of the solution SP to random IVP (4) is computed in the two cases
previously investigated. For the sake the clarity in the presentation, the explicit expressions
of the 1-PDFs, in each one of the numerical examples, are reported in Appendix B since their
mathematical representation are somewhat cumbersome. It is important to point out that we have
chosen a wide variety of probability distributions for the input parameters a(w), b(w) and c(w).

Example 1. Let us consider random IVP (4) whose initial condition has the form g(t,w) =
e@@r+e@) yohich corresponds to Case I. We will assume that a(w), b(w) and c(w) are independent
continuous absolutely RVs (hence hypothesis H1 is fulfilled) with the following distributions:

o a(w) is a Gaussian RV with zero mean and standard deviation 0.1, i.e., a(w) ~ N(0;0.1).
e b(w) is a Beta RV with parameters 2 and 3, i.e., b(w) ~ Be(2; 3).
e c(w) is an Exponential RV with mean 1/20, i.e., c(w) ~ Exp(20).

Since the first derivative of the PDF of RV c(w) is bounded, hypothesis H2 also holds. Therefore,
assumptions of Theorem 4 are fulfilled. Now, we check numerically that the 1-PDF, f(x,t;7),
of the solution SP of random IVP (4) with g(t; w) = e@@+e@) conyerges to the 1-PDF, f(x, 1),
of the solution SP of random IVP (8). To this end, in Figure 1 we have plotted f(x,t) together
with f(x,t;7) with different delays T € {0.01,0.05,0.1,0.5,2} at different time instants t = 0.1,
t = 0.5 andt = 1. From this graphical representation we can observe that f(x,t;T) converges
rapidly to f(x,t) as T — 0%. To numerically assess this convergence, in Table 1 we show the
error between f(x,t) and f(x,t;7) for the values of the delays and the time instants previously
indicated, according to the following error measure

PF (1) = f FCorT) — fx )] dx. @7
R

We observe that for t fixed, the error ePF(t) decreases as T — 0%, as expected. We also observe
that the velocity of the convergence decreases as t increases.

Example 2. In this second example we consider that the initial condition in random IVP (4) is
a polynomial of degree m, g(t; w) = Z:-”:O c j(w)t«i , m > 0 which corresponds with Case Il studied
before. We will consider two problems, when the initial condition is a constant RV (i.e., random
polynomial of degree m = 0) and when is a random polynomial of degree m = 1.

Problem 1: g(t; w) = co(w).

Let T = 0.5 and assume that a(w), b(w) and co(w) are independent RVs (hence hypothesis
H1 is fulfilled) with the following distributions:
18



10
8
6
t=0.1
4
flxt) e f1(x,£0.1)
f(xt2) == f1(x.£0.08)
— - A(xK0.5) ----- f1(x,£0.01)
2
x
1.0 12 14 16 18 20 22
3.0
25
20
15
=05
f(x.) © A(xL0.1)
10 f1(x.:2)
— - A(x50.5) ==
05
x
10 15 20 25 3.0
15
1.0 S
S
142 144 146 148 150,
t=1
fi(x) < A(x£0.1)
05 fi(xt2)  ==t=c= f(x0.05)
X
1 2 3 4

Figure 1: Graphical representation of the PDFs, f(x, ) and f(x, t; 7), with different delays 7 € {0.01,0.05,0.1, 0.5, 2}, at
different time instants: ¢ = 0.1 (top), ¢ = 0.5 (center) and ¢ = 1 (bottom) in the context of Example 1.
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ePPE(1) T=2 7=0.5 7=0.1 7=0.05 | 7=0.01
t=0.10 | 0.040793 | 0.027599 | 0.021251 | 0.015753 | 0.003949
t=10.50 | 0.215938 | 0.172538 | 0.061891 | 0.032553 | 0.006153
t=1.00 | 0.382194 | 0.252025 | 0.069224 | 0.035766 | 0.007786

Table 1: Error measure eTPDF(t), defined by (27), with different delays 7 € {0.01,0.05, 0.1, 0.5, 2}, at different time instants,
t € {0.1,0.5, 1}, in the context of Example 1.

e a(w) follows a truncated Gaussian distribution on the interval I = [—1, 1] with zero mean
and standard deviation 0.1, i.e., a(w) ~ N;(0;0.1).

e b(w) is an Exponential RV with mean 1/50, i.e., b(w) ~ Exp(50).
e co(w) is a Beta RV with parameters 2 and 3, i.e., co(w) ~ Be(2; 3).

Since f; (co) is bounded, hypothesis A2 aiso holds. Finally, we compute the three values
given in hypothesis H3 with T = 0.5, obtaining

ko = 1.08507, k, = 1.02041, ko =04,

which are all finite. Therefore, assumptions of Theorem 5 hold. Now, as in the previous example,
in order to see the convergence of f(x,t;7) to f(x,t), in Figure 2 we have plotted f(x,t) together
with f(x,t; 1) with different delays T € {0.1,0.5, 1,2, 3} at the time instants t = 0.1 and t = 0.5.
In addition, in Table 2 we have calculated the error given in formula (27). From both we can see

graphical and numerical the convergence as T — 07,

fxt:1)
1(x0.5)
=== f(x,£0.1)

f(xt:1)
== f(x£0.5)
=== f(xt0.1)

Figure 2: Graphical representation of the PDFs f(x, f) and f(x, t; T), with different delays 7 € {0.1, 0.5, 1, 2, 3}, at different
time instants ¢ = 0.1 (left) and ¢ = 0.5 (right) in the context of Problem 1 in Example 2.

In addition, in Figure 3 the mean and the variance of x(t; w) and x.(t; w) for different T €
{0.1,0.5, 1,2, 3} in the time interval [0,0.5] have been represented. To calculate the mean and
the variance of x:(t; w) we have used the expressions of E[x.(t; w)] and V[x.(t; w)], respectively,
given in (6), where f(x,t;7) is defined by (22). In a similar way we have computed the mean and
the variance of x(t; w) but using (24). We can observe the convergence as T — 0*. For sake of
clarity, the error defined by (28) has been calculated in Table 3.
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ePPE(1) 7=3 T=2 7=1 7=0.5 7=0.1
t=0.10 | 0.425626 | 0.261867 | 0.098525 | 0.028427 | 0.001875
t=0.50 | 0.449224 | 0.287860 | 0.115015 | 0.043369 | 0.005402

Table 2: Error measure e}T)DF(t), defined by (27), with different delays 7 € {0.1,0.5, 1,2, 3}, at different time instants,
t € {0.1,0.5}, in the context of Problem 1 of Example 2.

T
&= f [Elx.(f; w)] — E[x(t; w)]| dt,
0

Elx(tw)

Elxs(tw)] =e=-=
i L

Elxi(Lw)]
Elxos5(tw)]
Efxo.1 (t.w)]

T
%:jWWMmM—WWWmM
0

(28)

Vix(tw)]
Vis(tw) ===
— = Vie(tw)]

Vixi(tw)
Vixo5(tw)]

=== Vixos(tw)

Figure 3: Graphical representation of the mean (left) and the variance (right) of the solutions SP x(#; w) and x.(t; w), with
different delays 7 € {0.01, 0.05,0.1, 0.5, 2}, at the time interval [0, 1] in the context of Problem 1 in the Example 2.

T=3 T=2 T=1 7=05 7=0.1
eF 1 0.0218545 | 0.0101997 | 0.00301312 | 0.000995992 | 0.00011704
eV | 0.049849 | 0.0214272 | 0.00574011 | 0.00172316 | 0.000165323

Table 3: Error measures e;E and eY, defined by (28), with different delays 7 € {0.1, 0.5, 1, 2, 3}, in the context of Problem 1

in Example 2.

Problem 2: g(t; w) = co(w) + c1(w)t.

We take T = 0.5 and we will assume that a(w), b(w), co(w) and ci1(w) are independent RVs
(hence hypothesis H1 is fulfilled) with the following distributions:

e a(w) is a Beta RV with parameters 2 and 3, i.e., a(w) ~ Be(2;3).

o b(w) follows a Gaussian distribution with mean —1 and standard deviation 0.2, i.e., b(w) ~

N(-1;0.2).

e co(w) is a Uniform RV in the interval [-1, 1], i.e., co(w) ~ U([-1, 1]).
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o ci(w) follows an Exponential distribution with mean 1/20, i.e., c;(w) ~ Exp(20).

Since co(w) follows a Uniform distribution, then its PDF is a constant and therefore the
derivative of the PDF is 0, then hypothesis H2 also holds. Finally, we compute the three values

given in hypothesis H3 with T = 0.5, obtaining

k, = 1.52247,

which are all finite. Therefore, assumptions of Theorem 5 are satisfied. Now, as in the previous
example, in order to see the convergence of f(x,t;7) to f(x,1), in Figure 4 we have plotted f(x,1)
together with f(x,t;T) with different delays v € {0.05,0.1,0.5,1, 1.5,2,2.5} at time instants t =
0.1 and t = 0.5. In addition, in Table 4 we have calculated the error given in formula (27). From

ky = 2.77319,

ko = 0.5,

k; =0.05,

both we can see graphical and numerical the convergence as T — 0.

t=01

—fx) = fxtl)
1(x:25) 1(x.£0.5)
S f(xt2) s 1(x.£0.1)

-------- f(xt:1.5) ===== (x0.05)

= fxt1)

1x.£0.5)

=e= f(x0.1)
=== (x.£0.05)

Figure 4: Graphical representation of the PDFs f(x, r) and f(x, t; 7), with different delays 7 € {0.05,0.1,0.5, 1, 1.5,2,2.5},
at different time instants # = 0.1 (left) and ¢ = 0.5 (right) in the context of Problem 2 in Example 2.

eEDF(t) T=25 T=2 T=1.5 T=1

t=0.10 | 0.853492 | 0.666295 | 0.454429 | 0.236062

t=0.50 | 0.808335 | 0.639961 | 0.440874 | 0.248945
ePPF () 7=0.5 7=0.1 7=0.05
t=0.10 | 0.0631106 | 0.00712427 | 0.00581714
t=0.50 | 0.182441 0.0520957 0.0178104

Table 4: Error measure eIT)DF(t), defined by (27), with different delays 7 € {0.05,0.1,0.5, 1, 1.5,2,2.5}, at different time

instants: ¢ € {0.10, 0.50}, in the context of Problem 2 in Example 2.

In Figure 5 the mean and the variance of f(x,t) and fi(x, t; 7) for different T € {0.05,0.1,0.5,1, 1.5,2,2.5}
in the time interval [0, 0.5] have been represented. We can observe the convergence as T — 0.
As in the previous Problem 1, in Table 5 we show the error for the mean and the variance defined
by (28). We observe that the difference of these errors becomes smaller as T goes to zero.
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Vitw)] = Vi)

Ex(tw)] — = Eba(tw)]

Efxz5(tw)) Efxos(tw))
""" Ep(tw)] === = Elxos(tw)
"""" Elx15(tw)] ===== Elxoos(tw)]

Vixzs(tw) Vixos(tw)
R PP TC%) Vixo1(tw)]

"""" Vixis(tw)] ===== Vixoos(tw)]

Figure 5: Graphical representation of the mean (left) and the variance (right) of the solutions SP x(#; w) and x(#; w), with
different delays 7 € {0.05,0.1,0.5,1, 1.5,2,2.5}, at the time interval [0, 0.5] in the context of Problem 2 of Example 2.

T=25 T=2 7=1.5 T=1
0.0642834 | 0.0434024 | 0.0258283 | 0.0121818
0.11049 0.0967728 | 0.0742367 | 0.0479234

7=0.5 7=0.1 7 =0.05
0.0033024 | 0.000101439 | 0.000011333
0.0282562 0.0208731 0.0194024

ﬂmé ﬂmﬁ

'*!mé ~1Nﬁ1

Table 5: Error measures e;E and e}.’, defined by (28), with different delays 7 € {0.05,0.1,0.5, 1, 1.5, 2, 2.5}, in the context
of Problem 2 in Example 2.
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5. Conclusions

The main goal of the paper has been to compute the first probability density function (1-PDF)
of the solution stochastic process of an important class of random linear differential equations
with discrete delay. The study has been split into two cases depending on the functional form of
the initial condition. It is important to point out that the success of our approach relies upon the
knowledge of an explicit expression of the solution. Otherwise, RVT method would need to be
combined with numerical strategies. In the examples, we have shown how to compute the mean
and the variance of the solution stochastic process from the 1-PDF. It is important to point out
that the analysis performed in this contribution is also useful to deal with other types of initial
conditions different from the ones presented here. To the best of our knowledge, this is the first
time that this class of random differential equations with delay are studied following the proposed
approach. In a future contribution, we plan to go a step forward by studying the case which the
coeflicients of the differential equation are stochastic processes rather than random variables.
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Appendix A. Proof of Theorem 1: Existence and uniqueness of the solution

First, we will show how to construct the solution given in expression (2). To this end, first it
is convenient to construct the solution of the following IVP

x7(1)
x-(1)
which corresponds to the IVP (1) with @ = 0 and g(r) = 1. We will see that its solution is the

delayed exponential function, x,(f) = elr’”. This fact will check in the subintervals [—7, 0], [0, 7],
[7,27], ...

bx(t—-71), t>0, >0,
1, —-7<t<0,

(A.1)

e Ift € [-1,0], it is clear, taken into account the definition of the delayed exponential func-
tion (see (3)), that x.(t) = 1 = e/T’”, —1 <t <0, satisfies the IVP (A.1).
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e If ¢ € [0, 7], we integrate the DDE in (A.1) on the interval [0, 7]

fx;(s)dsszxT(s—T)ds.
0 0

As s e [0,f]and t € [0, 7], s— T € [T, 0], then by the definition of the delayed exponential
function x.(s — 7) = 1. Therefore, applying the FCT

4 X (0)=1 b
X(1) — x:(0) = bds = x()=1+bt=e}', 0<t<T.
0

e If 7 € [, 27], we integrate the DDE in (A.1) on the interval [, 7]

fx;(s)dsszxr(s—T)ds.

Analogously, s € [7,#] and ¢ € [7,27] implies s — 7 € [0, 7], then, by the previous step,
X:(s — 1) = 1 + b(s — 7). Therefore, applying the FCT and integrating one gets

! X (T)=1+bt - 2
o) —xo(7) = f b(1+b(s—)ds =" (1) = 1+bt+b2% —eb r<r<on

Following this reasoning, it is straightforward we conclude by induction that the solution of IVP
(A.1) is given by x.(r) = ef", foreacht e [(n— 1)r,nt],n=0,1,2,....

On the other hand, suppose that the initial condition in (A.1) is a time-dependent function x.(f) =
g(1), with —7 < ¢t < 0. By the method of variation of constants [], the solution can be written as

0

X(1) = x{(t)c + f xXp(t— 1= 5)¢'(s)ds, (A.2)

being x7(1) = ef” the solution of (A.1), ¢ an unknown constant and ¢(s) is an unknown continu-
ously differentiable function which must be determined. If —7 < ¢t < 0, then x,(¢) = g(¢). Thus,
substituting in (A.2)
0
g(t) = x;(Hc + f Xit—1—-s5)¢' (s)ds, -1<1r<0.

We split this integral into the two following integrals

1

0
g(0) = xi(He + f Xi(t—71—s5)¢ (s)ds + f Xt —7—5)¢ (s5)ds.

Now, by the properties of the delayed exponential function x;(¢) = e”’ one gets
e —7 <t < 0implies x;(¢) = 1.
e When s € [-7,7], then t — 7 — 5 € [-7,0]. Therefore, x;(t — 7 —s) = 1.

e When s € [1,0], then t — 7 — s € [-27,—7]. Therefore, x;(t —7—5) = 0if s # ¢ and
X(t—1-s5)=1lifs=1¢.
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Thus, )
ﬂ0=0+fﬂﬁwﬁh%?6+dﬂ—¢&ﬂ.

Therefore, we can take in (A.2) ¢(f) = g(t) and ¢ = g(—7) so that the previous equation fulfils.
Summarizing, the solution is given by

0
m@=¥%&ﬂ+fe?+%hﬂ& (A3)
=T
Now, we are ready to build the solution of the IVP (1). To this end, we will follow the same
argument as before, so first we will construct the solution of the IVP

x(0)

X(1)

where the initial condition e” is chosen in order to consider the non-delayed part ax.(¢). In this

case, and by the result obtained for the IVP (A.1), the solution must be of the form x,(f) =
at b

e’ e"'. We will determine b; by imposing that x.(f) = e¥ ef"’ satisfies the DDE displayed in
IVP (A.4):

ax;(t)+bx(t—7), t>0, 7T>0,
e, —-1<1<0,

(A4)

X =4 (e‘” efl’t) aed el 4ot py T
= ax,(r) + by e e b7 (A.5)
ax.(t) + by e* x.(t — 7).

Notice that we have used the differentiating rule: % (ef"’) = b ef"’fT. This derivative can
be directly checked by computing the derivative of the delayed exponential in each subinterval
from its definition (see (3)). Comparing (A.5) with (A.4) is enough taking b; e** = b so that
X)) = e ef"’ with by = e™*" b be a solution of the DDE of (A.4). As we are interested in
computing the solution of the IVP (1) whose initial condition is a time-dependent function g(),
we will use the method of variation of constants again. So, we seek a solution of the IVP (1) in

the form,
0

x(1) = x;(t)c + f Xyt — 7= s)p(s) ds, (A.6)

-7
where xi(f) = e ef"’ with by = e ™ b, ¢ is an unknown constant and ¢(s) is an unknown
continuously differentiable function that must be calculated. As before, we choose ¢ and ¢(s) so
that the initial condition is satisfied, x.(r) = g(¢), -7 <t < 0, i.e.,
0
g(n) = X (D + f X(t—1t—95)¢(s)ds, —-Tt<r<0. (A.7)

=T
To obtain ¢, we set t = —7. Then, by the definition of the delayed exponential function one gets

—art

e x;(-T)=¢e
e se[-7,0],thent—7—s5=-2tr—s5€[-27,—7]. Then, x;(t—7—5) =0if -7 < s < Oand
X(t—1=-s5)=1lifs=-1.
Therefore, substituting in (A.7), g(—7) = e " ¢ and isolating ¢ we obtain ¢ = e g(-7). To
determine the function ¢(#), we split the integral in expression (A.7) into two integrals

1 0
g = xi(He + f Xt —7—5)p(s)ds + f Xi(t — 7 — 5)p(s) ds. (A.8)
-7 26 12
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Following the same reasoning, by the definition of the delayed exponential function one deduces
o xi(r) =e™.
e Inthe first integral, s € [-7, 7], then t—7—s € [-7,f] C [-7,0]. Then, x;(t—7-5) = ed=T=9),

e Inthe second integral, s € [¢,0], thent—7—s € [t—7, —7] C [-27, —7]. Then, x;(t-7—-5) =0
ift<s<Oandxi(t—7—-s)=e“ifs=1.

Therefore, substituting in (A.8) and taking into account that ¢ = " g(-71),
!
g(r) = e g(—1) + f e () ds. (A.9)
Differentiating relation (A.9), by general Leibniz rule, we obtain

g1 =ae ™ g(-1) +a f e p(s) ds + 79T P(2). (A.10)

T

Solving the system (A.9)—(A.10), we obtain
¢(t) = e (g'(t) — ag(1)).

Finally, substituting x:(r) = e* ef"’ with by = e™ b, ¢ = e*" g(—71) and ¢(¢) = e*"(g’'(¢) — ag(?))
in (A.6), we obtain the solution given in (2) to the IVP (1).

Uniqueness follows because the function f(, x,y) = ax + by defining the right-hand side of the
DDE (1) (with x = x; and y = x.(¢f — 7)) is continuous with respect to ¢ for every x and y, and it
is locally Lipschitzian with respect to x and y because is linear [23, p.296].

Appendix B. Explicit expressions for the 1-PDFs in the Examples 1 and 2

Example 1: a(w), b(w) and c(w) are independent RVs (f..5(c, a,b) = fo(c)fa(a) fo(b)) with
the following distributions

e a(w)~Nu=0;0=0.1)

a-p?* 1 a2
Ja(a) = e 2 = e, gelR
‘ 02 v0.027

e b(w)~ Be(a =2;8=73)

I'a+p)

@I G) b (1= by = 12b(1 - b)’, b€l0,1[, (0, inotherwise).

(D) =

o c(w)~ Exp(d=20)

fule)=2e 1 =20e72, ¢>0, (0, in otherwise).
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We compute the 1-PDF of the solution SP of the IVP (8), substituting the above distributions in
expression (13)

J(x.1)

f f fe(in (xemr)) ﬁ,(a)fb(b)— dadb

b 1 2 1
fo(In(xe”@P")) ——— e79® 12b(1 — b)>— da db.
fo Lo ( ( )) V0.027 |x|

Since ¢ = c(w) has an Exponential distribution, the last integral must be calculated taking into
account the condition In (x g-(atbr ) > 0. This is the reason why we have not performed the formal

-20

substitution f; (ln (x e‘(‘”b)’)) =20 (x g=(a+b) ) in the previous expression for f(x, 7).

Now, we determine the expression of the 1-PDF of the solution SP to the IVP (4), substituting
the above distributions in expression (12)

fxnt) = f f fe (111( ))ﬁz(a)ﬁa(b)m dadb
_ ff f( ( )) L e 12601 - b? L dadb
V0.027 Y ’
where b1 =e b Again, this last double integral must be calculated taking into account the

Example 2, Problem 1: a(w) b(w) and cy(w) are independent RVs with the following distribu-
tions

e a(w) ~ Ni(u = 050 = 0.1), with I = [, 8] = [-1, 1].

a-p 2
ﬁ<a>=g(q>(ﬁ;()il(%))’ e 0= et 000 =3 1o )

being erf(x) the error function, defined by erf(x) = % fox e dr.
Notice that, in this case, it can be proved that ® (’8 ) -0 (a(;r”) = 1. Then,

a2
fala) = e m, gqgel[-1,1], (O, in otherwise).

e b(w) ~ Exp(A = 50)

fo(b) =50e%, b>0, (0, in otherwise).

e ¢o(w) ~ Be(a =2;5=3)

fiolco) = 12¢o(1 = co)?, ¢ €]0,1[, (0, in otherwise).
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We compute the 1-PDF of the solution SP of the IVP (8), substituting the above distributions in
expression (24):

J(x,1)

f f xe <“+b>’) fu@) fo(b) e @D dbda

1 +00 1 2
oo (€7 ) —=¢712 50e " e “*"" dbda.
L j; o ) V0.027

This integral must be calculated taking into account the restriction 0 < xe~“™" < 1 since f,, ()
is the PDF of a Beta random variable.

Now, we determine the expression of the 1-PDF of the solution SP of the IVP (4), substituting
the above distributions in expression (22)

a dbd
f f (goT(t, ,b))f( Mol )w, ab)

1
e om 50e-5°b— db da,
f f (‘P‘r(t a, b)) V0.027T |90T(t a, b)l

where ¢2(t,a,b) is defined by (20) being b(w) = e ““7h(w), T > 0. As co(w) has a Beta
distribution, this integral must be calculated taking into account the condition 0 < x/ t,og(t, a,b) <
1.

Example 2, Problem 2: a(w), b(w), co(w) and c¢;(w) are independent RVs with the following
distributions

e a(w)~ Be(a =2;8=13)

fx, ;1)

fula) = 12a(1 —a)®>, a€l0,1[, (0, in otherwise).

e h(w)~Nu=-1,0=0.2)

fo(b) L %% L% LcRr
b = c 20 = c . R .
V2ro? v0.087
o co(w) ~ U([uy = —=1,up = 1])
1 1
Jeo(co) = ==, c¢o€]-1,1[, (O, in otherwise).
u—u; 2

e ci(w) ~ Exp(d=20)

foler) =20e72, ¢ >0, (0, in otherwise).

We compute the 1-PDF of the solution SP of the IVP (8), substituting the above distributions in
expression (24)

J(x,1)

1 +00
f f ch (.X e_(a+b)t) fa(a)ﬁy(b) e—(a+b)l dbda
0 —00

1 1)
—(a+b)t 2 —(a+b)t
xe 12a(1 — a) e 0% e dbda,
f f ) ” V0.087
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506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535

where this last double integral must be calculated taking into account the condition —1 < xe " <

1 since co(w) ~ U([—-1, 1]).
Now, we determine the expression of the 1-PDF of the solution SP of the IVP (4), substituting
the above distributions in expression (22)

" X — @(t,a,b)c 1 _
[

fx, 1)

[ [ a2 ) 2
0 Jo Jow T\ t,a,b) 0.087 (2, a, b)) ’

where go )(t,a,b) and goT(t a, b) are defined by (20) and (21) (for j = 1), being b (w) = e~ b(w),
7 > 0. The last triple integral must be calculated taking into account the following condition
—1 < (x = ¢t a,b)c)) /0t a,b) < 1 since co(w) ~ U([-1, 1]).

Remark: Finally, we point out that the integrals defining f(x,7) and f(x,t; 7), in Example 1 and
in Example 2 (Problems 1 and 2), have been computed numerically by Mathematica® package.
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