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Abstract. We solve the problem of determining the Weierstrass structure of a regular matrix
pencil obtained by a low rank perturbation of another regular matrix pencil. We apply the result
to find necessary and sufficient conditions for the existence of a low rank perturbation such that the
perturbed pencil has prescribed eigenvalues and algebraic multiplicities. The results hold over fields
with sufficient number of elements.
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1. Introduction. In the last few decades the problem of low rank perturbation
has been widely studied by different authors from different points of view. Given a
matrix A, the problem consists of characterizing the invariants of A + P with respect
to a given equivalence relation, where P is a matrix of bounded rank. As pointed
out in [6], the problem is equivalent to the rank distance problem, i.e., the problem of
finding two matrices with prescribed invariants, such that their difference has bounded
rank.

Different requirements on the matrices A, P and a matrix B equivalent to A + P,
on their domain and on the equivalence relation, lead to different types of problems.
Additionally, in many contributions in the area the problem is addressed generically,
i.e., the perturbation P belongs to an open and dense subset of the set of matrices
with rank less than or equal to r, for a given integer r (see, for instance, [1, 2, 3, 4, 5,
14, 15, 17, 18] and the references therein). In other cases, the matrix P is an arbitrary
perturbation belonging to the whole set of matrices of rank less than or equal to r. In
this paper we follow the second approach. Some results related to the problem from
this point of view can be found in [6, 9, 11, 13, 19, 20, 21, 22]. We next analyze most
of them.

For matrices over a principal ideal domain the problem of characterizing the in-
variant factors of A + P, where P is a matrix with rank(P) < r, has been solved in
[21] for » = 1 and in [13] for the general case (see Lemma 4.1). For square matri-
ces over a field and the similarity relation, a solution is given in [20] and [22] (see
Proposition 4.9). For r = 1 the problem was already solved in [21]. The case where
the perturbation P has fixed rank (rank(P) = r) has been solved in [20] for square
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matrices over algebraically closed fields, and for matrices over principal ideal domains
in [19]. More recently, in [6], the low rank perturbation problem is solved for pairs of
matrices and the feedback equivalence relation.

It is well known that two matrices A, B € F"*" TF a field, are similar if and
only if their characteristic matrices sI,, — A and sl,, — B are equivalent as polynomial
matrices (see, for instance, [7, Chap. 2], [8, Chap. 6]). Therefore, the results in
[20, 21, 22] hold for regular pencils having only finite invariant factors; hence they
give a solution to the low rank perturbation problem for this type of pencils and for a
constant perturbation. In the same way, given a matrix pair (A;, As) with A; € F»*™,
Ay € T™™  we can associate to (A1, As) the singular matrix pencil [s[n — A AQ].
Two matrix pairs are feedback equivalent if and only if the associated pencils are
strictly equivalent (see, for instance, [10, Chap. IX]). Then, the result in [6] holds for
singular matrix pencils of the form [s[n — A Ag] and the strict equivalence relation
of matrix pencils, when the perturbation matrix is constant.

In this paper we solve the low rank perturbation problem for regular matrix
pencils and the strict equivalence relation, when the perturbation matrix is allowed
to be a pencil (pencil perturbation problem). The general pencil perturbation problem
for arbitrary singular pencils remains open.

A complete system of invariants for the strict equivalence of regular matrix pen-
cils is formed by the invariant factors (equivalently, the finite elementary divisors)
and the infinite elementary divisors. We refer to them as the Weierstrass structure
of the pencil. Given a regular matrix pencil A(s), we obtain necessary conditions
for the Weierstrass structure of the pencil A(s) + P(s), when P(s) is a pencil with
rank(P(s)) < r and A(s)+ P(s) is regular, which hold for arbitrary fields. Conversely,
we prove that the necessary conditions obtained are sufficient, but in this case we need
to impose a condition on the field: we need the field to have a sufficient number of
elements (see Remark 4.15).

As mentioned above, the solutions to the perturbation problem provided in [20,
21, 22] are also solutions to our problem in the case where the pencils do not have
infinite elementary divisors. Notice that the perturbation matrix P is required there
to be constant. In the more general statement of perturbation of polynomial matrices
of [13, 19, 21], the only invariants involved in the equivalence relation are the (finite)
invariant factors, and the perturbation matrix can be a polynomial matrix of any
degree. In this paper, the perturbation problem is solved for arbitrary regular pencils,
therefore including the case where they have infinite elementary divisors, and the
perturbation matrix is allowed to be a polynomial matrix of degree at most one.

Moreover, the result we obtain allows us to generalize the solution given in [9]
to the eigenvalue placement problem. Namely, given a regular matrix pencil A(s),
we obtain necessary and sufficient conditions for the existence of a pencil P(s) with
rank(P(s)) < r such that A(s) + P(s) is regular with prescribed eigenvalues and
algebraic multiplicities. In [9] the solution to this problem is obtained for r = 1 and
for complex or real pencils.

For complex regular matrix pencils, generic low rank perturbations have been
studied, for instance, in [4, 5]. There, an eigenvalue of the pencil A(s) is fixed and the
spectral behavior of the eigenvalue after perturbation is generically characterized. In
our result all of the possible achievable partial multiplicities of all of the eigenvalues
are characterized, therefore including those of the generic behavior. The same type
of problem for singular matrix pencils was studied in [3] and for structured regular
pencils, for example, in [1, 2]. In both cases, the problem is addressed generically.

The paper is organized as follows. In section 2 we introduce the notation, basic
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definitions, and preliminary results. In section 3 the problems to be studied in the
paper are established. In section 4 we provide in Theorem 4.13 a solution to the
stated low rank perturbation problem. Section 5 is devoted to solving the eigenvalue
placement problem, and the solution is given in Theorem 5.4. Finally, in section 6 we
summarize the main contributions of the paper.

2. Preliminaries. Let F be a field. F[s] denotes the ring of polynomials in the
indeterminate s with coefficients in F, and F[s, ¢] denotes the ring of polynomials in
two variables s, t with coefficients in F. We denote by F™*", F[s]™*", and F(s, t]"™*"
the vector spaces of m x n matrices with elements in F, F[s], and F[s, t], respectively.
Gl,(F) will be the general linear group of invertible matrices in F**™. A matrix
U(s) € F[s|™*™ is unimodular if 0 # det(U(s)) € F, ie., it is a unit in the ring
]FI:S:I’ILXTL.

Given a polynomial matrix G(s) € F[s]™*", the degree of G(s), denoted by
deg(G(s)), is the maximum of the degrees of its entries. The normal rank of G(s),
denoted by rank(G(s)), is the order of the largest nonidentically zero minor of G(s),
i.e., it is the rank of G(s) considered as a matrix on the field of fractions of F[s]. The
determinantal divisor of order k of G(s), denoted by Dg(s), is the monic greatest
common divisor of the minors of order k of G(s), 1 < k < rank(G(s)).

Two polynomial matrices G(s), H(s) € F[s]™*"™ are equivalent to (G(s) ~ H(s))
if there exist unimodular matrices U(s) € F[s]™*™, V(s) € F[s]"*™ such that G(s) =
U(s)H(s)V(s). If G(s) € F[s]™*™ and rank(G(s)) = p, it is well known (see, for
example, [8, Chap. 6]) that G(s) is equivalent to a unique matrix of the form

5(s) = | B0 () 0

where 71(s),...,7,(s) are monic polynomials and vi(s) | --- | 7,(s). Moreover,

Dk(s):71(s)a"~37k(s)a ]-SkSPa
which means that

7k(s)—DlZf(l), L<k<p (Dols)=1).

The matrix S(s) is the Smith form of G(s) and the polynomials v1(s),...,7,(s) are
the invariant factors of G(s). We will take v;(s) := 1 for ¢ < 1 and 7;(s) := 0 for
i>p.

The invariant factors form a complete system of invariants for the equivalence of
polynomial matrices, i.e., two polynomial matrices G(s), H(s) € F[s]™*™ are equiva-
lent if and only if they have the same invariant factors.

A matriz pencil is a polynomial matrix G(s) € F[s]™*™ such that deg(G(s)) < 1.
The pencil is regular if m = n and det(G(s)) is not the zero polynomial. Otherwise,
it is singular.

Two matrix pencils G(s) = Go + sG1, H(s) = Hy + sH; € F[s]™*" are strictly
equivalent (G(s) S H(s)) if there exist invertible matrices Q € Gl,,(F), R € GL,(F)
such that G(s) = QH(s)R. Equivalently, Go = QHoR, G1 = QH1R.

It is immediate that if G(s) "< H(s), then G(s) ~ H(s). Moreover, if n = m,
det(G1) # 0 and det(H;) # 0, then G(s) " H(s) if and only if G(s) ~ H(s) (see, for
instance, [8, Chap. 12, Theorem 1]).
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If y1(s) | -+ | 7p(s) are the invariant factors of G(s) = Go + sG1 € F[s]™*", then
the invariant factors of the matrix pencil G(t) = tGo+ G € F[t]™*" can be expressed
as

1
() = kit =00y (1), 1<i<p,

for some integers ¢; > 0, where 0 # k; € F are scalars such that 7;(¢) are monic.
If ¢; > 0, then t% is an infinite elementary divisor of G(s). The infinite elementary
divisors of G(s) exist if and only if rank(G;) < rank(G(s)).

The exponents ¢; are the partial multiplicities at infinity of G(s) and we will
denote them by m;(co, G(s)) := ¢;. Then, my(co0,G(s)) < --- < my,(o0, G(s)).

Given G(s) = Go + sG1 € F[s]™*", with rank(G(s)) = p, the homogeneous pencil
associated to G(s) is

G(s,t) =tGo + sGy € Fs, t]™*",

and the homogeneous determinantal divisor of order k of G(s), denoted by Ag(s, ),
is the greatest common divisor of the minors of order k of G(s,t), 1 < k < p. We
will assume that A(s,t) is monic with respect to s. The homogeneous determinantal
divisors of G(s) are homogeneous polynomials and Ag_1(s,t) | Ax(s,t), 1 <k < p.
Defining

Ak‘(sat)
T =— ", 1<k< A =1
k(S,t) Akfl(s,t)’ <k<p ( O(Sat) )’
if yi(s) | ==+ | 7(s) and F1(t) | --- | ,(t) are the invariant factors of G(s) and

G(t) = tGo + G1, respectively, then
vi(s) =Ti(s,1), 7(t) =kTi(1,t), 1<i<p (0#k; €F),

and
(s, t) = t?m(oo,G(S))tdeg(w)%(;)’ 1<i<p.

As a consequence, T'i(s,t) | --- | T'y(s,t). The polynomials I'y(s,t),...,I',(s,t) are
called the homogeneous invariant factors of G(s). For details, see [7, Chap. 2], [8,
Chap. 12]. We will take I';(s,t) := 1 for i < 1 and T';(s, t) := 0 for i > p. Observe that
the homogeneous invariant factors of G(t) = tGo + Gy are [';(t,s) = k;T;(s,t), 0 #
k;, € F.

The homogeneous invariant factors form a complete system of invariants for the
strict equivalence of regular pencils. A proof of the following theorem can be found,
for instance, in [8, Chap. 12] for infinite fields and in [16, Chap. 2] for arbitrary fields.

THEOREM 2.1 (Weierstrass). Two regular matriz pencils are strictly equivalent if
and only if they have the same homogeneous invariant factors.

Notice that the invariant factors and the infinite elementary divisors determine
the homogeneous invariant factors. As a consequence, two regular matrix pencils are
strictly equivalent if and only if they have the same invariant factors and the same
infinite elementary divisors.

We denote by F the algebraic clousure of F. The finite spectrum of a regular
pencil G(s) = Gy + sG1 € F[s]"*" is defined as

Ap(G(s)) = {N €T : det(G(\)) = 0}.

If y1(s) | -+ - | vn(s) are the invariant factors of G(s), then we can write

%(3) = H (s — )\)"M,O\,G(s))7

AEA[(G(s))
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where 0 < my(A, G(s)) < -+ < my (A, G(s)) are called the partial multiplicities at A
of G(s). The spectrum of G(s) is A(G(s)) = Af(G(s)) if det(G1) # 0 and A(G(s)) =
Af(G(s)) U {oo} if det(G1) = 0. The elements A € A(G(s)) are the eigenvalues of
G(s).

If A € F\A(G(s)), we put my(\,G(s)) = -+ = mp(\,G(s)) = 0. For A € Fu{co},
we will agree that m;(A\,G(s)) = 0 for ¢« < 1 and m;(\,G(s)) = oo for i > n.
We denote by (w1 (A, G(s)), ..., wn(A, G(s))) the conjugate partition of the partition

(mp(X, G(8)),...,mi(A, G(s))),
wi(N\G(s) =#{je{l,...,n} : mj(\,G(s)) > i}, 1<i<n.

The algebraic multiplicity of A in G(s) is pa(X, G(s)) = > m;(A, G(s)), and the
geometric multiplicity is pg(X, G(s)) == #{i € {1,...,n} : miy(\,G(s)) > 0}, ie,
1150\, G(5)) = w1 (), G(5)).

The following technical result characterizes some inequality relations between
the elements of two partitions of nonnegative integers and those of their conjugate
partitions.

LEMMA 2.2 (see [12, Lemma 3.2]). Letp; >ps > --->0andpy >py>--->0
be partitions of n and n’ with conjugate partitions q1 > qa > --- > 0 and ¢} > ¢4 >

- > 0. Letr € N. Then q; > qiyr and q; > q;, for all i > 0 if and only if
| pi — o} |< 7 for alli>0.

In the next lemma, whose proof is straightforward, we show that conditions of
divisibility between homogeneous invariant factors can be expressed in terms of divis-
ibility between invariant factors and infinite elementary divisors.

LEMMA 2.3. Let y(s),w(s) € F[s] be monic polynomials, and let m,m’ be non-
negative integers. If T'(s,t) = t™t9e(2) and Q(s, t) = t™ 148@)w(2), then

m<m.

(s, t) | Q(s,t) if and only if { v(s) [w(s),

3. Statement of the problems. The first problem we deal with in this paper
is the following one.

Problem 3.1 (low rank perturbation for regular matrix pencils). Given two reg-
ular matrix pencils A(s), B(s) € F[s]"*™ and a nonnegative integer r, find necessary
and sufficient conditions for the existence of a matrix pencil P(s) € F[s]"*™ such that
rank(P(s)) < r and A(s) + P(s) < B(s).

The next lemma shows that the pencil A(s) can be substituted by any other pencil
strictly equivalent to A(s).

LEMMA 3.2. Let A(s), B(s), P(s) € F[s]"*"™ be matriz pencils. Let Q, R € Gl,(F)
and A'(s) = QA(s)R. If A(s) + P(s) " B(s), then A'(s) + QP(s)R "< B(s).

Proof. Tf B(s) "< A(s)4P(s), then B(s) "5 Q(A(s)+P(s))R = A'(s)+QP(s)R.O

In the next lemma we see that the roles of the pencils A(s) and B(s) can be
interchanged.

LEMMA 3.3. Let A(s), B(s), P(s) € F[s]"*™ be matriz pencils such that A(s) +
P(s) "< B(s). Then there exists a matriz pencil P'(s) € F[s]"*" such that B(s) +
P'(s) "< A(s) and rank(P’(s)) = rank(P(s)).

Proof. There exist Q, R € Gl,,(F) such that Q(A(s) + P(s))R = B(s). Hence,
B(s) — QP(s)R = QA(s)R < A(s) and the lemma follows with P’(s) = —QP(s)R.O0
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The solution to Problem 3.1 will allow us to also solve the following one.

Problem 3.4 (eigenvalue placement for regular matrix pencils under low rank per-
turbations). Given a regular matrix pencil A(s) € F[s]"*", a nonnegative integer
r and a monic polynomial 0 # p(s) € F[s] with deg(p(s)) < n, find necessary and
sufficient conditions for the existence of a matrix pencil P(s) € F[s]"*™ such that
rank(P(s)) < r and det(A(s) + P(s)) = kp(s), with k € F.

Notice that in this problem we prescribe the spectrum A(A(s) + P(s)) and the
algebraic multiplicities of every A € A(A(s) + P(s)). Forr =1and F=C or F = R,
a solution to Problem 3.4 is given in [9].

4. Low rank perturbation for regular matrix pencils. In this section we
give a solution to Problem 3.1.

4.1. Necessary conditions. The next lemma was obtained in [13]. The result
can also be found in [19, Theorem 1].

LEMMA 4.1 (see [13, Theorem 6.1]). Let G(s), H(s) € F[s]™*™, n < m, be poly-
nomial matrices with invariant factors v1(s) | -+ | vu(s) and 61(s) | -+ | dn(s), re-
spectively. Let r be a nonnegative integer. There exist matrices G(s), H(s) € F[s]™*™
equivalent to G(s) and H(s), respectively, such that

rank(H(s) — G(s)) <r
if and only if
(4.1) 0i(8) [ Yitr(s),  7i(s) | Gigr(s), 1<i<n—r
Remark 4.2. Condition (4.1) is equivalent to
Yier(8) [ 0i(s) | igr(s), 1<i<n,
and to

Oi—r(s) [ 7i(s) [ digr(s), 1<i<m.

Taking advantage of the above result, we obtain desired necessary conditions for
solving Problem 3.1 in the next proposition.

PROPOSITION 4.3. Let A(s) = Ao + sA1,B(s) = By + sBy € F[s]™*™ be regular
matriz pencils. Let P(s) = Py+sP1 € F[s]"*™ be a matriz pencil with rank(P(s)) = r
such that A(s) + P(s) "5 B(s). Let ¢1(s,t) | -+ | ¢n(s,t) and iby(s,t) | --- | PYn(s,t)
be the homogeneous invariant factors of A(s) and B(s), respectively. Then

(4.2) Gi—r(s,t) | Yi(s,t) | igr(s,t), 1<i<nm.

Proof. Let A(t) =tAo + Ay, B(t) =tBy + By, and P(t) = tPy + P;.

Since A(s) + P(s) "< B(s), we have that A(s) + P(s) ~ B(s) and A(t) + P(t) ~
B(t).

Let ay(s) | -+ | an(s) and Bi(s) | -+ | Bu(s) be the invariant factors of A(s) and
B(s), respectively. The invariant factors of A(t) = tAg + A; and B(t) = tBy + By
are, respectively,

1
di(t) = kitmi(W’A(s))tdeg(ai)ai(;), 1 S ) S n (0 75 ki € F),

= 1
Bi(t) = kétm"‘w*B‘s”tdcg(ﬁ”ﬁi(;)7 1<i<n (04K €F)
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By Lemma 4.1,

(4.3) ai—p(s) | Bi(s) | aisr(s), 1<i<mn,
and

(4.4) ai—r(t) | Bi(t) | @igr(t), 1<i<m

It follows from (4.4) that
(45)  mi (00 A(s)) < mi(o0, B(s)) < mise(00, A(s)), 1<i<n.

By Lemma 2.3, conditions (4.3) and (4.5) are equivalent to (4.2). d
Remark 4.4. If rank(P(s)) = r1 < r, this proposition tells us that

¢i—7‘1 (Svt) ‘ ’(/h(S,t) | ¢i+7'1 (S,t), 1 S v S n;
therefore,
Gi—r(5,) | Gimry (5,0) | Vi(5,1) | Giry(5,0) | Digr(s,t), 1<i<m,

hence, condition (4.2) is necessary for Problem 3.1.

Remark 4.5. Condition (4.2) is also equivalent to

qui—r(sat) | ¢i(57t) | ¢i+r(57t)7 1 < { <n.

Condition (4.2) can be stated in terms of the partial multiplicities of the elements

of A(A(s)) UA(B(s)).

COROLLARY 4.6. Let A(s), B(s) € F[s]"*™ be regular matriz pencils. Let P(s) €
F[s]"*™ be a matriz pencil with rank(P(s)) = r such that A(s) + P(s) *< B(s). Then

(4.6)  mi_r(\, A(3)) <mi(\, B(s)) <mir (N A(s)), 1<i<n, AeFU{oo}.
Equivalently,
mi_r(N, B(s)) < mi(\, A(s)) < miyr(N\ B(s), 1 <i<n, Me€FuU{oo}.

From Lemma 2.2 we conclude the following result (Corollary 4.7 for r = 1 is
proved in Proposition 4.2 of [9]).

COROLLARY 4.7. Let A(s), B(s) € F[s]"*™ be regular matriz pencils. Let P(s) €
F[s]"*" be a matriz pencil with rank(P(s)) = r such that A(s) + P(s) "< B(s). Then

(4.7) wi(N, A(s)) =7 < wi(\, B(s)) <wi(M\A(s)) +7, 1<i<n, MeFuU{oo}.
Equivalently,
wi(A\, B(s)) —r <w;(N\ A(s)) <w;(\,B(s))+7, 1<i<n, XeFU{oo}.

COROLLARY 4.8. Let A(s), B(s) € F[s]"*™ be regular matriz pencils. Let P(s) €
F[s]"*" be a matriz pencil with rank(P(s)) = r such that A(s) + P(s) <" B(s). Then

g\ A(S)) = < g\ B(s)) < g\ A(s)) + 7, A€ FU{oc}.
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4.2. Sufficiency of the conditions. For the case when A(s) = sI,, — A, B(s) =
sI, — B, with A, B € F"*™_ a solution to Problem 3.1 is given in [21] for r = 1 and
in [20] and [22] for the general case. Taking advantage of this result (see Proposition
4.9) we prove in Corollary 4.10 the sufficiency of conditions (4.2) for pencils without
infinite elementary divisors.

PROPOSITION 4.9 (see [20, Theorem 1], [22, Theorem 3]|). Let G € F"*™ and

v1(8) |+« | Y (8) be its invariant factors. Let §1(s) | -+ | dn(s) be monic polynomials
such that >, deg(d;(s)) = n. Let r be a nonnegative integer. Then there exists a
matriz P € F*™*" such that rank(P) < r and G+ P has §1(s) | - -+ | 6n(s) as invariant

factors if and only if
51 2(5) | %(5) | Bi1nl(s), 1<i<n.

COROLLARY 4.10. Let A(s) = Ag + sA1,B(s) = By + sBy € F[s]**" be such
that det(A1) # 0 and det(By) # 0. Let ¢p1(s,t) | -+ | on(s,t) and YP1(s,t) | -+ |
Un(s,t) be the homogeneous invariant factors of A(s) and B(s), respectively. Let r
be a nonnegative integer. If (4.2) is satisfied, then there exists Py € F"*™ such that
rank(Py) < 7 and A(s) + Py "< B(s).

Proof. Recall that two square matrices G, H € F"*" are similar if and only if
(sIp, — G) ~ (sI, — H) and that the invariant factors of G € F"*™ are those of
sl, — G.

Let aq(s) | -+ | an(s) and B1(s),| --- | Bn(s) be the invariant factors of A(s) and
B(s), respectively. Since det(A;) # 0 and det(B;1) # 0, these pencils do not have
infinite elementary divisors; therefore,

mi(00, A(s)) = - =my (00, A(s)) =0, my(c0,B(s)) =---=my(c0,B(s)) =0.
As a consequence, (4.2) is equivalent to
(4.8) ai—r(8) | Bi(8) | digr(s), 1<i<mn.

We have that A(s) " ATY(Ag + Ays) = AT'Ag + sl and B(s) "~ By'(Bo +
Bys) = By ' By + s1,,, hence the invariant factors of —A;* Ay and —B;y ' By are a;(s) |
<o | an(s) and B1(s),| --- | Bn(s), respectively. By Proposition 4.9, there exists
P ¢ F»*™ guch that rank(P) < r and P + A1_1A0 + sI, ~ Bl_lBo + sI,,, hence
P+ Al_le + I, W B(s). Setting Py = A; P, we have that rank(FPy) < r and by
Lemma 3.2, A(s) + Py < B(s). |

As an immediate consequence of Corollary 4.10, we obtain in Corollary 4.11 the
sufficiency of conditions (4.2) for pencils not having the eigenvalue zero.

COROLLARY 4.11. Let A(s) = Ao + sA1,B(s) = By + sBy € F[s]™*™ be such
that det(Ag) # 0 and det(By) # 0. Let ¢p1(s,t) | -+ | dn(s,t) and P1(s,t) | -+ |
Un(s,t) be the homogeneous invariant factors of A(s) and B(s), respectively. Let r
be a nonnegative integer. If (4.2) is satisfied, then there exists Py € F"*™ such that
rank(P;) < 7 and A(s) + sP; "< B(s).

Proof. The homogeneous invariant factors of the pencils A(t) = tAy + A; and
B(t) = tBy + By are ki1¢1(s,t),...,knodn(s,t) and ki1 (s,t), ..., kL, (s,t), respec-
tively, for some nonzero scalars ki,...,ky, k},... kI, € F.

By Corollary 4.10, there exists P; € F**" such that rank(Py) < r and A(t)+ P, =
Ay + Py +tAy S B(t) = By +tBy. Therefore, A(s) + sP; = s(A; + Py) + Ag <
SBl =+ BO = B(S)

O
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The restriction on the field F introduced in the next corollary allows us to perform
a change of variable over an arbitrary regular pencil, which turns it into a new pencil
without the zero eigenvalue.

COROLLARY 4.12. Let A(s) = Ao + sA1,B(s) = By + sBy € F[s]"*" be regular
pencils, and assume that there exists ¢ € F such that ¢ ¢ Ap(A(s)) UA;(B(s)). Let
D1(8,8) | - | dn(s,t) and P1(s,t) | -+ | ¥n(s,t) be the homogeneous invariant factors
of A(s) and B(s), respectively. Let r be a nonnegative integer. If (4.2) is satisfied,
then there exists P € F™*™ such that rank(P) < r and A(s) + (s — ¢)P "< B(s).

Proof. As ¢ ¢ Af(A(s)) and ¢ € Af(B(s)), we have that det(Ag + cA1) # 0 and
det(Bo + CBl) 7é 0.

Let us consider the regular matrix pencils

A'(y) := (Ao + cAy) + yAy = Ao + (y + ) Ay = A(y + ¢) € Fly]"*",
B'(y) :== (Bo+¢B1) +yB1 = By + (y + ¢)By = B(y + ¢) € Fly]"*".

The associated homogeneous pencils are
A'(y,2) = 2(Ao + A1) +yAr = 240 + (cz +y) A1 € Flz,y]™ ",
B'(y,z) = 2(Bo + ¢B1) + yB) = 2By + (cz + y) By € Flz,y]"*".

Therefore, the homogeneous invariant factors of A’(y) and B’(y) are

¢;(y72)=¢z(cz+y,z), ].SZS’R,

and
Vi(y,z) = dilcz +y,2), 1<i<n,

respectively. Then, condition (4.2) implies
d)é—r(ywz) | 7%(%2) ‘ (rb;—i-r(ywz)a 1 S Z S n.

By Corollary 4.11, there exists P € F**" such that rank(P) < 7 and A'(y) + yP "~
B'(y). Then A(s) + (s —c¢)P = A'(s —¢) + (s — ¢)P <" B'(s — ¢) = B(s). 0

The next theorem gives a complete solution to Problem 3.1 under a restriction
on the field F.

THEOREM 4.13. Let A(s), B(s) € F[s]™*™ be regular matriz pencils. Let ¢1(s,t) |
o | dn(s,t) and Pi(s,t) | c-- | Yn(s,t) be the homogeneous invariant factors of
A(s) and B(s), respectively, and assume that F U {00} € A(A(s)) U A(B(s)). Let
r be a nonnegative integer. There exists a matriz pencil P(s) € F[s]"*™ such that
rank(P(s)) < r and A(s) + P(s) °< B(s) if and only if (4.2) holds.

Proof. The necessity follows from Proposition 4.3 and Remark 4.4.

Assume that (4.2) holds. As FU{oo} Z A(A(s))UA(B(s)), there exists ¢ € FU{oco}
such that ¢ € A(A(s))UA(B(s)). If ¢ = oo, then we apply Corollary 4.10, and if ¢ # oo,
then we apply Corollary 4.12. |

In Corollary 4.14 we restate Theorem 4.13 in terms of the partial multiplicities of
the elements of A(A(s)) UA(B(s)).

COROLLARY 4.14. Let A(s), B(s) € F[s|"*"™ be regular matriz pencils. Assume
that F U {oo} € A(A(s)) UA(B(s)). Let r be a nonnegative integer. There exists a
matriz pencil P(s) € F[s]™*™ such that rank(P(s)) < r and A(s) + P(s) "~ B(s) if
and only if (4.6) (equivalently, (4.7)) holds.
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Remark 4.15. In Theorem 4.13, the condition on the field F means that there
exists an element ¢ € F U {oo} which is neither an eigenvalue of A(s) nor of B(s).
Observe that if #F > 2n, this condition is automatically satisfied. In the case that
#F < 2n, Theorem 4.13 can still be applied, as we show in Example 4.16. Moreover,
the condition FU{oco} € A(A(s)) UA(B(s)) is not always necessary. In Theorem 4.17
below we prove that even in the case that F U {oco} C A(A(s)) U A(B(s)), for certain
special structures of A(s) and B(s), condition (4.2) is sufficient. We illustrate the
case in Example 4.18.

Example 4.16. This example is valid for any field F, including F = Zs.
Let

A(s) =

SO w

0 0 1
s 1|, B(s)=10
0 s 0

S = »

0
0
5

The homogeneous invariant factors of A(s) and B(s) are ¢1(s,t) = 1,¢2(s,t) =
s, ¢3(s,t) = s% and ¥y1(s,t) = ¥a(s,t) = 1,13(s,t) = t2s, respectively. We have
that 1 ¢ {0,00} = A(A(s)) UA(B(s)) and

¢i_1(3,t) ‘ ¢Z(S7t) | d)i-‘rl(sat)y L= 172a3'

Therefore, there exists a matrix pencil P(s) € F[s]>*3 such that rank P(s) < 1 and
A(s) + P(s) *< B(s). In fact,

0 0 s 00

A)+ 10 0 0| =10 s 1| < B(s).
0 1 -—s 0 1 0

THEOREM 4.17. Let A(s), B(s) € F[s]™*™ be regular matriz pencils. Let ¢1(s,t)

|
oo | (s, t) and Y1(s,t) | -+ | Yn(s,t) be the homogeneous invariant factors of A(s)
and B(s), respectively, and assume that for some Ao € F U {cc},

m; (Ao, A(s)) = mi(Ao, B(s)), 1<i<n.
Let r be a nonnegative integer. There exists a matriz pencil P(s) € F[s]"*" such that
rank(P(s)) < r and A(s) + P(s) < B(s) if and only if (4.2) holds.
Proof. If

(4.9) mi(Ao, A(s)) =mi(Xo, B(s)) =0, 1<i<n,

then \g & A(A(s))UA(B(s)) and we can apply Theorem 4.13. In fact, condition (4.9)
implies the condition F U {oo} € A(A(s)) U A(B(s)) of Theorem 4.13.
In any other case, let pq (Ao, A(S)) = pa(Xo, B(s)) :=n1. Then

a2 a0 = [ J] e e = [ 0]

where A1 (s) € F[s]™1 %™ Ago(s), Baa(s) € F[s]("~1)%("=m1) are regular pencils such
that A(A11(s)) = { Mo}, mi(No, A11(8)) = Mp—ny+i(Ao, A(8)) = Mp—n,+i(No, B(s)) for
1 < i < n; and the homogeneous invariant factors of Asa(s) and Baa(s) are ¢(s,t) =
Gy 1i(8,1)/(s — Aot)™ T and PL(s,t) = Yn,1i(s,1) /(s — Xot) T, 1 < i < n — nq,
respectively. From (4.2),

Gi_p(5,t) [ i(s,t) | dipn(s,t), 1<i<n—n.
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By Theorem 4.13, there exists a matrix pencil Phy(s) € F[s](®~"1)x(n=71) guch that
rank Pay(s) < 7 and Agy(s) + Paa(s) " Bao(s). Taking

_0 0 nxn

PO =3 pgey) € FE
we have that A’(s) 4+ P(s) "< B(s) and rank P(s) < r. 0
Example 4.18. Assume that F = Zs, n = 5, and the homogeneous invariant

factors of A(s) and B(s) are ¢1(s,t) = ¢da(s,t) = @3(s,t) = 1,94(s,t) = s(s —
t)7¢5(87t) = Sz(s_t) and 'l/}l<svt) = 1;[}2(570 = wB(Sat) = 171/)4(8,15) = (S—t)ﬂﬁs(s,t) =
t?s(s — t), respectively. Then
A(A(s)) = {01}, A(B(s)) = {0, 1, 00},
and FU{co} = A(A(s)) UA(B(s)) = {0,1,00}. But
(ml(la A(S)), s ’m5(17 A(S))) = (ml(]-a B(S)), s 7m5(1a B(S))) = (070707 L 1)
Then,

As) 5 A'(S)Z[Al(l)(s) AQS(SJ, B(s) %< B’(s):[Al(l)(S) Bzg(s)],

where
s—1 0
AH(S):[ 0 s—l}

Aga(8), Baa(s) € F[s]3*3, and the homogeneous invariant factors of Aso(s) and Baa(s)
are ¢’1(S,t) = 1>¢/2(53t) - 8,@5%(5,” = 5% and 1//1(3,15) = %(Saf) - 1,7/{/3(370 - t25;
respectively. Hence (see Example 4.16), there exists a matrix pencil Py (s) € F[s]3*3
such that rank Pyy(s) < 1 and Agy(s) + Pao(s) " Baa(s). Taking

0 0
_ (243)x (243)
P(s) [0 ng(s)} € F[s] )

we have that A’(s) + P(s) "< B(s) and rank P(s) < 1.

5. Eigenvalue placement for regular matrix pencils under low rank per-
turbations. In this section we solve Problem 3.4.

For A € FU {co}, we will denote M, (X, A(s)) := >0 .1 mi(A A(s)) and
M, (A(s)) = Z)\GA(A(S)) M (X, A(s)).

PROPOSITION 5.1. Let A(s), P(s) € F[s]"*™ be matriz pencils with rank(P(s)) =
r. Assume that A(s) and A(s) + P(s) are regular. Let aq(s) | -+ | an(s) be the
invariant factors of A(s) and p(s) = det(A(s) + P(s)). Then

a1(8)...an—r(8) | p(s),
(5:1) 11a(00, A(3)) — My(00, A(3)) < n — deg(p(s)).

Proof. Let B(s) = A(s) + P(s), and let 51(s) | -+ - | Bn(s) be its invariant factors.
By Proposition 4.3 and Lemma 2.3, condition (4.8) and

(52)  mis(o0, A(s)) < mi(00, B(s)) < mus (00, A(s)), 1<i<n,
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hold. As p(s) = kB1(s)...Bn(s), with 0 # k € F, we have that
al/(s) e an7r<s) | p(s),
Dy Mi—r(00, A(s)) < 377, mi(oo, B(s)).

But 377" mi—r(00, A(s)) = pa(00, A(s)) — My (00, A(s)) and 357 ms(o0, B(s)) =
ta(00, B(s)) = n — deg(p(s)). O

From Proposition 5.1 we derive in Corollary 5.2 a lower bound for the algebraic
multiplicity of the eigenvalues of the perturbed pencil.

COROLLARY 5.2. Let A(s), P(s) € F[s]™*"™ be matriz pencils with rank(P(s)) = r.
Assume that A(s) and A(s) + P(s) are reqular. Then

(5.3)  pa(\A®S)) — Mo(A, A(5)) < pta(N As) + P(s)), A e FU{oo).

Remark 5.3. Under the conditions of Corollary 5.2, if for A € F U {oo} we take
d(A) = pa(N A(S) + P(8)) — pa(A A(8)) + M. (A, A(s)) and denote F = A(A(s)) U
A(A(s) + P(s)) U {oc}, then

dDdN) =n—n+ Y M(\A(s) = M(A(s)).

\eF AEA(A(s))
Condition (5.3) implies d(\) > 0 for all A € F U {oo}. Hence,
d0\) < My(A(s)), A €FU {oo}.
Therefore, (5.3) implies
(5.4) 1alX A(5) + P(3)) < pra(\ A(s)) — Mo(A, A(5) + My (A(s), A€ FU {oo}.

We notice that conditions (5.3) and (5.4) for » = 1 are those of [9, Theorem 4.4].
The next theorem gives a solution to Problem 3.4 under a restriction on the field
F. We will use the following notation for a given p(s) € F[s] with deg(p(s)) < n:
A(p(s)) ;== {N€TF : p(\) =0} if deg(p(s)) = n,

Alp(s)) :=={X€F : p(A) =0} U{oo} if deg(p(s)) < n.

THEOREM 5.4. Let A(s) € F[s]™*™ be a regular matriz pencil and as(s) | --- |
an(s) be its invariant factors. Let p(s) € F[s] be a nonzero monic polynomial with
deg(p(s)) < n. Assume that F U {oo} € A(A(s)) U A(p(s)). Let r be a nonnegative
integer. There exists a matriz pencil P(s) € F[s]"*™ such that rank(P(s)) < r and
det(A(s) + P(s)) = kp(s) with 0 # k € F if and only if (5.1) holds.

Proof. The necessity follows from Proposition 5.1.
Assume now that (5.1) holds. Then there exists v(s) € F[s] such that

p(s) = a1(s) ... an—r(s)y(s)

and
d=n-— deg(p(s)) - ,ua(oo, A(S)) + MT(OO7A(S)) > 0.

Let us define

Bi(s) = ai—r(s), 1 <i<n—1, Bu(s):=an—(s)y(s),
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my, :=m;_(00,A(s)), 1<i<n—1, m) :=m,_.(c0,A(s)) +d.
Then

Z deg(Bi(s)) + Z m; = deg(p(s)) + pa(00, A(s)) — My (00, A(s)) + d = n.

Let B(s) be a pencil with invariant factors 81(s) | --- | Bn(s) and m; (oo, B(s)) =
m}, 1 <4 <n. Then, B(s) is regular and satisfies (4.8) and (5.2).

By Theorem 4.13, there exists a pencil P(s) € F[s]"*™ such that rank(P(s)) < r
and A(s) + P(s) "< B(s). Then there exist 0 # ki, ko € F such that

det(A(s) + P(s)) = k1 det(B(s)) = k1k2S1(8) ... Bn(8) = kikaa1 () ... an—r(s)7v(s)
= klkzp(s), 0 7£ kiko € F.

6. Conclusions. Given a regular matrix pencil, we have completely character-
ized the Weierstrass structure of a regular pencil obtained by a low rank perturbation
of it. The conditions obtained are expressed both in terms of the homogeneous invari-
ant factors and in terms of the partial multiplicities of the eigenvalues. The necessity
of the conditions holds over arbitrary fields and the sufficiency over fields with a
sufficient number of elements.

We also determine the possible eigenvalues and their algebraic multiplicities of a
regular matrix pencil obtained by a low rank perturbation of another regular one. An
open problem related to this study is to develop efficient methods for constructing
the pencils P(s) whose existence is established in Theorem 5.4.

For singular matrix pencils, the general case remains open. As mentioned in the
introduction, for a particular kind of pencil the problem is solved in [6] and the generic
behavior is described in [3].

Acknowledgment. We would like to thank the reviewers for their remarks and
comments, which have contributed to improving the presentation of this paper.
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