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ABSTRACT A thorough measurement campaign in an indoor environment at the millimeter-wave band is
carried out with an aim at characterizing the short-term fading channel in terms of its higher-order statistics.
The measurements are conducted in a variety of scenarios, with frequencies ranging from 55 to 65 GHz,
in line-of-sight and non-line-of-sight conditions, and combinations of horizontal and vertical polarizations
at both the transmitter and the receiver. A number of fading models are tested, namely Rayleigh, Rice,
Nakagami-m, α-µ, κ-µ, η-µ, and α-η-κ-µ. The main second-order statistics under analysis are the level
crossing rate (LCR) and average fade duration (AFD) both given per distance unit. From the experimental
data, the parameters of these statistics are estimated, and the corresponding curves of the theoretical models
are compared with the empirical ones and the best model is selected. Additionally, the study of the very
general distribution, namely α-η-κ-µ, is advanced, in which new expressions for time-/distance-domain
LCR and AFD are derived using an envelope-based approach. Such an approach leads to integral-form
formulations with much less computational complexity and computes rapidly compared with the already
existing ones presented elsewhere, also given in the integral form. Furthermore, a series of expansion
expression for the α-η-κ-µ time-/distance-domain LCR is then derived that improves even further the
computational time.

INDEX TERMS Level crossing rate, measurement campaign, millimeter wave communication, small-scale
fading, statistical analysis.

I. INTRODUCTION
Recent studies forsee a remarkable increase in the data
transmission rate, aiming to meet the numerous applications
that are emerging with the advent of the new generation
of wireless communications, the 5th generation (5G). Some
billions of connected Internet of things (IoT) devices are pre-

The associate editor coordinating the review of this manuscript and
approving it for publication was Daniel Benevides Da Costa.

dicted worldwide by the year 2025 [1] with different sectors
investing in high connectivity. The automotive industry, for
instance, are committed to technologies for the development
of cars that communicate with each other, also called vehicle-
to-vehicle (V2V) communication [2]. In rural areas, the use
of new technologies, such as device-to-device (D2D) com-
munication, is also present, where the devices share informa-
tion with a database to assist in the plantation process from
sowing to harvesting [3]. All of these and other scenarios
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of applications are to be addressed by future generations
of wireless communications. To meet such a demand, it is
estimated that the data rate offered by the 5G should be 100
to 1000 times greater than that of the current systems [4]. As
a consequence, the increase in the bandwidth is imperious.
The sub-6 GHz frequency bands are practically all occupied,
and the small number of band gaps that still exist will not be
enough to accommodate the required bandwidth for the 5G.
Standard organizations, such as 3GPP, have already signaled
that frequency bands above 10 GHz, the so-called millimeter-
wave (mmWave) bands, should be used to cope with demands
that require high transmission rates [5]. The high spectral
availability renders the use of this band very advantageous
in spite of the technical challenges to be faced. In mmWave
band some phenomena are more or less strongly perceived
as compared to lower frequency bands. For example, signal
attenuation is higher and penetration into solid objects is
problematic [6]. Also, rain may be a source of signal out-
age, because the rain drops are at the order of magnitude
of the wavelength, operating as scatterers. At higher fre-
quencies, the different propagation environments are more
strongly perceived rendering multipath clustering a common
phenomenon. In addition, medium nonlinearity is also more
noticeable andmay have a strong impact in the propagation of
the signal. For these and other peculiarities, the propagation
conditions at this band remain to be better understood.

A large number of different measurements campaigns has
been conducted with the aim to model the propagation chan-
nel in mmWave frequencies [7]–[12]. Large-scale path loss
models have been extensively explored [13]–[15]. Although
extremely important and drastically affecting the perfor-
mance of wireless communications systems, the statistics
of small-scale fading at mmWave frequencies have thus far
received little attention. Interestingly, many of the stochastic
channel models available in literature assume Rayleigh or
Rice distributions for the small-scale fading amplitudes in
non-line-of-sight (nLoS) and line-of-sight (LoS) scenarios,
respectively [10], [11], [16]–[18]. In [16], the short-term fad-
ing amplitude for LoS measurements taken in three corridors
of an office block at frequency 60 GHz with a bandwidth of
1 GHz has been modeled as a Rician distribution. Values of
mean and standard deviation of the Rice factor have been
reported for two antenna types, i.e. an open-ended waveg-
uide and lens. Other interesting results have been shown
in [17], where the small-scale fading statistics obtained from
a 28 GHz outdoor measurement campaign revealed that the
Rician model was more suitable than Rayleigh even in nLoS
conditions. A glance at some of the published works for
different mmWave scenarios e.g. [17]–[19], shows that more
elaborate fading models must be exercised so that the true
behavior of the fading channel can be better captured.

In most cases, the analysis focuses on well established sta-
tistical distributions, including Nakagami-m, Rice, Rayleigh,
and Weibull, which are certainly applicable to describe the
small-scale fading in several multipath propagation situa-
tions. However, the diversity of scenarios imagined for the

mmWave band will certainly lead to a variety of propaga-
tion conditions, which are less likely to be accommodated
by the classical fading models. In these cases, more flexi-
ble statistical models, such as α-µ [20], κ-µ [21], η-µ [21],
α-κ-µ [22], and α-η-µ [22] may be useful. Some research
has already assessed the use of multiparameter distributions
to model field data in mmWave frequencies [19], [23], [24].
However, the results obtained in one or another case have
not reproduced some peculiar effect of the behavior of the
signal in mmWave band [19], being desirable the use of more
flexible models.

A very general statistical model has been proposed in [25]
namely α-η-κ-µ. It is constructed with parameters that take
into account the main physical phenomena affecting the
signal propagation, including nonlinearity of the medium,
multipath clustering, power of the dominant components,
and power of the scattered waves. Due to its multiparame-
ter characteristic, this model is capable to accommodate an
enormous number of fading scenarios. It comprises all of the
most relevant complex-based fading scenarios found in the
literature. It is indeed more mathematically involving, but its
flexibility renders it highly adjustable tomore complex fading
scenarios. Very recently, in [6] higher order statistics for the
α-η-κ-µmodel have been derived, namely time-domain level
crossing rate (LCRt), time-domain average fade duration
(AFDt), and time-domain phase crossing rate (PCRt).1 The
authors also demonstrate an interesting behavior of α-η-κ-
µ model exploring regions with non-unimodality effects of
measurement data probability density function (PDF).

In this paper, an exhaustive mmWave measurement cam-
paign is carried out in an indoor environment aiming at
characterizing the higher-order short-term fading channel
behavior. The chosen frequencies cover the full range from
55 GHz to 65 GHz band, in LoS and nLoS conditions, with
combinations of horizontal and vertical polarizations at both
transmitter and receiver. Different fading scenarios are tested,
namely Rayleigh, Rice, Nakagami-m, α-µ, κ-µ, η-µ, and
α-η-κ-µ. From the experimental data, the parameters of these
statistics are estimated and the corresponding curves of the
theoretical models are compared with the empirical ones
and the best model is selected. In addition to these in-depth
practical measurements, analytical expressions in terms of
a single proper integral for LCRt and AFDt and analytical
expressions for LCRt in terms of a series expansion for the
α-η-κ-µ fading model are derived.
This paper is organized as follows. Section II briefly revis-

its the α-η-κ-µ fading model. Section III derives the higher
order statistics of the α-η-κ-µ using the envelope-based
approach. Section IV presents the LCRt in terms of a series
expansion. Section V shows theoretical expressions of LCR
in space-domain for all distributions tested in the experimen-
tal part of the work. The setup environment and measurement

1The acronyms for LCR,AFD, and phase crossing rate (PCR) are followed
by a subscript t to denote that these statistics are obtained having as attribute
the time (level crossing per time, time below level, and phase crossing per
time).
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procedure along with the goodness-of-fit criteria used are
described in Section VI. Section VII compares empirical
and theoretical higher-order statistics and indicates the model
with the best fitting performance. Section VIII draws some
conclusions.

II. THE α-η-κ-µ FADING MODEL REVISITED
The complex-based α-η-κ-µ fading model proposed in [25]
considers independent in-phase and quadrature components
of the fading signals with different attributes, resulting in the
complex signal S = R

α
2 exp(j2) = X + jY . The densities of

the in-phase component X and quadrature component Y were
derived from a general random variable Z defined in [21] as

Z2
=

µz∑
i=1

(Zi + λi)2 , (1)

in which, (i) Z may denote either X or Y ; (ii) Zi are inde-
pendent zero-mean-σ 2

z -variance Gaussian processes; (iii) λ2i
is the power of a dominant component in each cluster; and µz
denotes the number of multipath clusters. The corresponding
PDF fZ (z) is found in [26, Eqn. (15)]. In this approach, it is
possible to obtain the statistical information about both enve-
lope and phase. On the other hand, in the analysis for which
the phase knowledge is not relevant, another approach can be
used to obtain more simplified expressions, considering only
envelope R of the signal, as detailed in [25, Sec. IV]. The α-
η-κ-µ envelope R can be written as [25, Eqn. (9)]

Rα =
µx∑
i=1

(Xi + λxi )
2
+

µy∑
i=1

(Yi + λyi )
2, (2)

in which: α > 0 quantifies the nonlinearity of the medium;
Xi and Yi are mutually zero-mean independent Gaussian pro-
cesses with variances σ 2

x and σ 2
y , respectively; λxi and λyi are,

respectively, the mean values of the in-phase and quadrature
components of the multipath waves of ith cluster; and µx
and µy are the number of multipath clusters of in-phase
and quadrature components, respectively. The multiparam-
eter PDF of the α-η-κ-µ envelope model is presented in
three parametrization formats, namely Raw [25, Eqn. (17)],
Local [25, Eqn. (23)], and Global Parametrization [25, Eqn.
(29)]. In the Global Parametrization, the following are the
parameters (all positive): (i) α denotes the nonlinearity of
the medium; (ii) η = µxσ

2
x /(µyσ

2
y ) defines the ratio of the

total power of the in-phase and quadrature scattered waves of
the multipath clusters; (iii) κ = (λ2x + λ

2
y)/(µxσ

2
x + µyσ

2
y )

gives the ratio of the total power of the dominant components
and the total power of scattered waves; (iv) µ = (µx +
µy)/2 concerns the number of multipath clusters; (v) p =
µx/µy depicts the ratio of the number of multipath clusters of
in-phase and quadrature signals; (vi) q = λ2xµyσ

2
y /(λ

2
yµxσ

2
x )

describes the ratio of two ratios: the ratio of the power of the
dominant components to the power of the scattered waves of
the in-phase signal and its counterpart for the quadrature sig-
nal; and (vii) r̂α = E(Rα) = µxσ 2

x +λ
2
x+µyσ

2
y +λ

2
y , withE(·)

standing for the expectation operator. The number of distribu-
tions obtainable from the α-η-κ-µmodel as particular cases is
enormous and is far from having been explored in its entirety
yet. A detailed explanation for the known special cases and
also the meaning of each parameter can be found in [25]. A
great number of well-known distributions, and others not yet
available in the literature, can be obtained as the particular
cases of the α-η-κ-µ fading model. Among them, the three-
fading-parameter distributions (α-κ-µ and α-η-µ), the two-
fading-parameter distributions (α-µ, η-µ, κ-µ andBeckmann
(η-κ)), the one-fading-parameter ones, namely, Nakagami-
m, Weibull, Hoyt, and Rice, and no-fading-parameter ones,
namely, Rayleigh, semi-Gaussian, and negative exponential.
A detailed explanation for the special cases can be found in
[25, Section VI].

In addition to the aforementioned parameters employed
in the first-order statistics of the general α-η-κ-µ fad-
ing model, it is necessary to define some others to be
used in its higher-order statistics. We define the follow-
ing: (i) ψ̈(0), as the mean of the second derivative with
respect to time of the time autocorrelation function at
zero; (ii) d , as the imbalance of the second derivative
with respect to time of the time autocorrelation function at
zero between in-phase and quadrature components. Conse-
quently, (i) 2(−ψ̈(0))1/2 = (−ψ̈x(0))1/2 + (−ψ̈y(0))1/2;
(ii) d = (−ψ̈x(0))1/2/(−ψ̈y(0))1/2; (iii) (−ψ̈x(0))1/2 =
2d(−ψ̈(0))1/2/(1+d); (iv) (−ψ̈y(0))1/2 = 2(−ψ̈(0))1/2/(1+
d).

III. HIGHER ORDER STATISTICS USING THE
ENVELOPE-BASED APPROACH
The α-η-κ-µ higher order statistics addressed in this section
concern those related to the time derivative of the envelope of
the signal. We start by rewriting (2) as

Rα = U2
+ V 2, (3)

where the PDFs fU (u) and fV (v) of U and V follow two κ-µ
envelope PDFs with respective parameters (κx = λ2x/(µxσ

2
x ),

µx/2) and (κy = λ2y/(µyσ
2
y ), µy/2). We then proceed by

calculating the joint distribution of U , V and Ṙ, in which the
dot symbol signifies the time derivative of the variate. Then,
we proceed by making a transformation of variables to obtain
the joint distribution of R, Ṙ and V . The aim is to obtain some
joint distributions of combinations of R, Ṙ and V with a view
at deriving some important metrics, namely LCR and AFD.

A. PDF OF Ż
From Section II, the in-phase and quadrature components
of the α-η-κ-µ signal follow the distribution as given
in [26, Eqn. (15)] with the corresponding physical model
given by (1). As clearly stated in [25], the power of the
quadrature process of the α-η-κ-µ model is that of a κ-µ
power with parameters κz = λ2z/

(
µzσ

2
z
)
and µz/2. Hence,

the said quadrature process takes the form of that of a κ-µ
onewith the respective parameters. In [27], such a process has
been thoroughly investigated. Now, resorting on the findings
of [27], we maintain that Z and Ż are independent processes
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with the PDF fŻ (ż) of Ż being that of a zero-mean Gaussian,
whose variance is defined as σ 2

ż . Thus

fŻ (ż) =
1√

−2πσ 2
z ψ̈z (0)

exp

(
ż

2σ 2
z ψ̈z(0)

)
, (4)

in which ψz (τ ) is the correlation as a function of time τ , and
ψ̈z (0) is its time derivative at τ = 0.

B. JOINT PDF OF U, V, Ṙ
We start by taking the time derivative on both sides of (3) and
isolating Ṙ, yielding

Ṙ =
2UU̇ + 2V V̇
αRα−1

. (5)

Comparing (1), (2) and (3), it is straightforward to conclude
that the PDFs fU̇ (u̇) and fV̇ (v̇) of U̇ and V̇ follow that of Ż
with the respective parameters σ 2

u̇ = 2π2f 2x σ
2
x and σ 2

v̇ =

2π2f 2y σ
2
y . Therefore, the PDF fṘ|U ,V (ṙ|u, v) is that of the sum

two Gaussian random process, leading to

fṘ|U ,V (ṙ|u, v) =
1√
2πσ 2

ṙ

exp

(
−

ṙ2

2σ 2
ṙ

)
, (6)

where σ̇r = 2(u2σ̇ 2
u + v

2σ̇ 2
v )

1/2/(αrα−1). Consequently,
fU ,V ,Ṙ(u, v, ṙ) = fṘ|U ,V (ṙ|u, v) × fU (u) × fV (v). Thus,
the final joint PDF can be expressed as in (7), as shown

at the bottom of this page, with Iυ (·) representing the
modified Bessel function of the first kind and order
υ [28, Eqn. (8.406.5)].

C. JOINT PDF OF R, Ṙ, V
The joint PDF fR,Ṙ,V (r, ṙ, v) is obtained through variable
transformations. Thus, fR,Ṙ,V (r, ṙ, v) = |J |fU ,V ,Ṙ (u, v, ṙ),
where J is the Jacobian of the transformation, R is the signal
envelope, Ṙ its time derivate and U =

√
Rα − V 2, achieved

manipulating (3). Now, carrying out the necessary alge-

braic manipulations and using |J | = αrα−1/(2
√∣∣rα − v2∣∣),

the joint PDF is presented in (8), as shown at the bottom of
this page.

D. THE MARGINAL PDF OF Ṙ
The marginal PDF of Ṙ can be derived by appropriate inte-
grations of (7) or (8). Unfortunately, the integration of both
equations with respect to U , V or R seems not to lead to
closed forms and then the required marginal PDF are left in
its integral forms as follows

fṘ(ṙ) =
∫
∞

0

∫
∞

0
fU ,V ,Ṙ (u, v, ṙ) dudv, (9)

or

fṘ(ṙ) =
∫
∞

0

∫
∞

0
fR,Ṙ,V (r, ṙ, v) dudv. (10)

fU ,V ,Ṙ (u, v, ṙ)=

αµxµy

(
λ2x
µxσ 2x

) 1
2 (1−

µx
2 )
(

u√
λ2x+µxσ

2
x

)µx
2
(

λ2y

µyσ 2y

) 1
2

(
1−

µy
2

) (
v√

λ2y+µyσ
2
y

)µy
2

2π

√
−2π−1

(
λ2x + µxσ

2
x
) (
λ2y + µyσ

2
y

) (
u2 + v2

) 2−2α
α

(
ψ̈x(0)u2σ 2

x + ψ̈y(0)v2σ 2
y

)

× exp

−
(
λ2x

2σ 2
x
+

λ2y

2σ 2
y

)
−

u2µx
(
1+ λ2x

µxσ 2x

)
2
(
λ2x + µxσ

2
x
) + v2µy

(
1+

λ2y

µyσ 2y

)
2
(
λ2y + µyσ

2
y

)
+

(
u2 + v2

)−2+2α
α ṙ2α2

8
(
ψ̈x(0)u2σ 2

x + ψ̈y(0)v2σ 2
y

)


×

(
1+

λ2x

µxσ 2
x

) 1
2 (1+

µx
2 )
(
1+

λ2y

µyσ 2
y

) 1
2

(
1+

µy
2

)
Iµx

2 −1

(
uλx
σ 2
x

)
Iµy

2 −1

(
vλy
σ 2
y

)
(7)

fR,Ṙ,V (r, ṙ, v)=
α2rα−1 µxµy

(
1+ λ2x

µxσ 2x

)( 1
2+

µx
4

) (
1+

λ2y

µyσ 2y

)( 1
2+

µy
4

) (
λ2x
µxσ 2x

)( 1
2−

µx
4

) (
λ2y

µyσ 2y

)( 1
2−

µy
4

)

4π

√
−2π−1r2−2α

(
rα − v2

) (
λ2x + µxσ

2
x
) (
λ2y + µyσ

2
y

) ((
rα − y2

)
ψ̈x(0)σ 2

x + ψ̈y(0)v2σ 2
y

)

× exp

− λ2x

2σ 2
x
−
λ2y

2σ 2
y
−

(
rα − v2

) (
µx +

λ2x
σ 2x

)
2
(
λ2x + µxσ

2
x
) −

v2
(
µy +

λ2y

σ 2y

)
2
(
λ2y + µyσ

2
y

)+ α2r2α−2ṙ2

8
(
ψ̈x(0)

(
rα − v2

)
σ 2
x + ψ̈y(0)v2σ 2

y

)


×

(√
rα − v2

λ2x + µxσ
2
x

)µx
2
 v√

λ2y + µyσ
2
y


µy
2

Iµx
2 −1

(√
rα − v2λx
σ 2
x

)
Iµy

2 −1

(
vλy
σ 2
y

)
(8)
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E. LEVEL CROSSING RATE
The LCRt is a second order statistic that yields the average
number of upward (or downward) crossings per second at a
given level R. By definition, the LCRt of a continuous process
can be calculated as

NR(r) =
∫
∞

0
ṙ fR,Ṙ (r, ṙ) dṙ . (11)

The calculation of the α-η-κ-µ LCRt involves a cumber-
some task because there is no closed-form expression of
fR,Ṙ (r, ṙ). This joint PDF can be expressed as

fR,Ṙ (r, ṙ) =
∫ √rα
0

fR,Ṙ,V (r, ṙ, v) dv. (12)

Substituting (12) into (11) and changing the order of inte-
gration it is possible to write the LCRt as

NR(r) =
∫ √rα
0

∫
∞

0
ṙ fR,Ṙ,V (r, ṙ, v) dṙdv. (13)

Let the innermost integral be denoted as the function
NR(r, v). Thus

NR(r, v) =
∫
∞

0
ṙ fR,Ṙ,V (r, ṙ, v) dṙ . (14)

Its important to note that NR(r, v) is not the LCRt but
an intermediate function created to render the calculation

possible. Fortunately, it is possible to solve the integral in ṙ .
Hence, NR(r, v) is found in a exact manner as (15), as shown
at the bottom of this page. The function NR(r, v) can also be
rewritten in terms of the Global parametrization as given in
(16), as shown at the bottom of this page.

Note that the LCRt can now be solved by numerically
evaluating a single integral, as follows

NR(r) =
∫ √rα
0

NR(r, v)dv. (17)

It is important to emphasize that (17) is equivalent to
that found in [6, Eqn. (11)], however, its mathematical com-
plexity has been drastically diminished, hence improving the
computational costs involving the LCRt calculation.

F. AVERAGE FADE DURATION
The AFDt of a fading signal envelope, TR(r), is defined as
the average time that the signal spends below the threshold
level R. It is related to the LCRt through the relationship

TR(r) =
FR(r)
NR(r)

, (18)

where FR(r) is the cumulative distribution function (CDF) of
the random variable R. The CDF can be calculated in a exact

NR (r, v) =
α2r−1+αµxµy

(
λ2x
µxσ 2x

) ( 1
2−

µx
4

) (
λ2y

µyσ 2y

)( 1
2−

µy
4

) (
1+ λ2x

µxσ 2x

)( 1
2+

µx
4

) (
1+

λ2y

µyσ 2y

)( 1
2+

µy
4

)

4π

√
−2r2−2α

(
rα − y2

) (
λ2x + µxσ

2
x
) (
λ2y + µyσ

2
y

) (
ψ̈x(0)

(
rα − v2

)
σ 2
x + ψ̈y(0)v2σ 2

y

)
× exp

− λ2x

2σ 2
x
−
rα − v2

2σ 2
x
−

λ2y

2σ 2
y
+

r−2+2α ṙ2α2

8
(
ψ̈x(0)

(
rα − v2

)
σ 2
x + ψ̈y(0)v2σ 2

y

) − y2

2σ 2
y



×

(√
rα − v2

λ2x + µxσ
2
x

)µx
2
 v√

λ2y + µyσ
2
y


µy
2

Iµx
2 −1

(√
rα − v2λx
σ 2
x
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Iµy

2 −1

(
vλy
σ 2
y

)
(15)

NR(r, v) =
4µ(pv2 + d2(rα − v2)η)(1+ qη)

√
−ψ̈(0)(1+ η)(1+ κ)µpπ−1

(1+ d)(1+ p)
√
(rα − v2)(1+ κ + η(q+ κ))η(1+ q(η + κ + ηκ))(1+ p)r̂α(pv2 + d2(rα − v2)η)

×
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1+ qη
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µ
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(
q(1+ η)κ
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1+p )

(
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(1+ η)κ
1+ qη
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2 (1+

µ
1+p )

(
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q(1+ η)κ
1+ qη
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1+p )

×

(
v

√
(1+ η)(1+ qη)(1+ κ)
r̂α(1+ κ + η(q+ κ))
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1+p
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r̂αη(1+ q(η + κ + ηκ))
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−
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p
(
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)
+ v2η
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)
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)
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 (16)
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NR(r) =
2d
√
−ψ̈(0)(ξµ)µ−

1
2

√
π (1+ d) exp

(
(1+pq)κµ

δ

) (η
p
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α
(
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2

)
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α
(
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2

) exp(−ξµprα
ηr̂α

) ∞∑
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∞∑
j=0

1
j!

(
p2qκξµ2rα

ηδr̂α

)j

×

(
(p− η)ξµrα

ηr̂α

)n
L

µ
1+p−1
n

(
−

ηκµ

(p− η)δ

)
2F̃1

(
−
1
2
, n+

µ
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; j+ n+ µ; 1−

p
d2η

)
(21)

manner using the following triple integral

FR(r) =
∫ r

0

∫
+∞

−∞

∫ √rα
0

fR,Ṙ,V (r
′, ṙ, v)dvdṙdr ′. (19)

Or, alternatively and preferably, it is possible to make
use the CDF in an infinite series form, as presented
in [25, Eqn. (26)], i.e.

FR (r)=

rα
µx+µy

2
∞∑
k=0

k!mkL
µx+µy

2
k

((
2

µx+ µy
+1
)
2rα

)
(
µx+µy

2 +1
)
k

2
µx + µy

2 +10
(
µx+µy

2 + 1
)
exp

( rα
2

) , (20)

where mk for k ≥ 1 is given by [25, Eqn. (16)], m0
is given by [25, Eqn. (21)], 0(·) is the Gamma func-
tion [29, Eqn. (6.1.1)] , (a)n is the Pochhammer symbol
[29, Eqn. (6.1.22)], and Lpr (x) = r !Lp−1r (x) is the generalized
Laguerre polynomial [28, Eqn. (8.970/1)] with Lp−1r (x) =∑r

j=0 (−1)
j0(p+ r)x j/(j!(r − j)!0(p+ j)).

Thus, the AFDt may be solved by numerically evaluating
(18) using (20) and (17).

IV. TIME-DOMAIN LEVEL CROSSING RATE - NOVEL
SERIES REPRESENTATION
The LCRt can be evaluated through (17). However,
integral-form formulations can be computationally restrictive
if performed repeatedly. An interesting and computationally
efficient series representation is provided here as an alterna-
tive to compute the LCRt. This is given in (21), as shown at
the top of this page, for the Global parametrization with ξ =
(1+η)(1+κ)/(1+p) and δ = (1+qη)(1+p)/(1+η). In (21),
2F̃1(a, b; c; x) = 2F1(a, b; c; x)/0(c) is the regularized form
of the Gauss’ hypergeometric function [29, Eqn. (15.1.1)].
Please refer to Appendix for the concerned proof.

It is important to remark that for p = η, an indeterminacy
arises. However, this actually does not pose any problem
since, as will be shown shortly, a simplification arises in this
situation reducing the expression to a single series. In the
next subsection, some particular cases will be derived which
greatly simplifies this series.

A. LEVEL CROSSING RATE - SOME PARTICULAR CASES
1) PARTICULAR CASE: q→ 0
When q tends to zero, it is possible to ignore all terms in the
summation of (21) over the index j, except for the index j = 0.

After some algebraic manipulations, the LCRt is given as

NR(r) =
2d
√
−ψ̈(0)(ξµ)µ−

1
2

√
π (1+ d) exp
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(1+η)κµ
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) (η
p

) 1
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ηr̂α

×
r
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(
µ− 1

2

)
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α
(
µ− 1

2

) ∞∑
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(
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ηr̂α

)n
L

µ
1+p−1
n

×

(
η(1+ η)κµ

(1+ p)(η − p)

)
2F̃1

(
−
1
2
, n+

µ

1+ p
; n+µ;

1−
p
d2η

)
. (22)

2) PARTICULAR CASE: p = η
When p = η, an indeterminacy appears in (21). Such an issue
can be resolved using the limit

lim
x→0

(xz)nLλ−1n

(
−
t
x

)
=

(tz)n

0(1+ n)
. (23)

After the adequate algebraic manipulations in (21), the LCRt
is obtained as

NR(r) =
2d
√
−ψ̈(0)((1+ κ)µ)µ−

1
2

√
π (1+ d) exp(κµ)

r
α
(
µ− 1

2

)

r̂
α
(
µ− 1

2

) e− rα (1+κ)µ
r̂α

×

∞∑
n=0

∞∑
j=0

1
j!n!

(
κµ2(1+ κ)

( r
r̂

)α
1+ qη

)n

×

(
qrαηκ(1+ κ)µ2

(1+ qη)r̂α

)j
2F̃1

(
−
1
2
, n+

µ

1+ η
;

j+ n+ µ; 1−
1
d2

)
. (24)

It is possible to reduce the expression above to a sin-
gle series by writing the hypergeometric function as a
power series, performing the summation over the index j
and finally over the infinite triangle k = i − n. After
some tedious algebraic manipulations, the LCRt is given
in (25), as shown at the top of the next page, wherein
2F1(a, b; c; x) is a particular case of the generalized hyper-
geometric function [30, Eqn. (2.12.4.3)]. The series in (25)
converges only when d > 1/

√
2. This presents no issue

due to the inherent symmetry of the α-η-κ-µ fading model
such that, outside the convergence region, the LCRt can be
evaluated using the symmetry {α, η, κ, µ, p, q, ψ̈(0), d} =
{α, 1/η, κ, µ, 1/p, 1/q, ψ̈(0), 1/d}. It is worthy remarking
that, while the PDF of the α-η-κ-µ reduces to that of the
α-κ-µ such that parameters η and q vanishes, in the LCRt
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NR(r) =
2d
√
−ψ̈(0)((1+ κ)µ)µ/2
√
π (1+ d) exp(κµ)

(
qηκµ
1+ qη

) 1−µ
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2
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)
(25)

NR(ρ) =
((1+η)µ)2µ−

1
2 ρ4µ−1

√
−ψ̈(0)

√
2πηµ22µ−202(µ)

∫ π
2

0

sin(2θ)2µ−1
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1+ η − (1−η) cos(2θ)

exp
((
(1+η)2 +

(
1−η2

)
cos(2θ )

)
µρ2/(2η)

)dθ (33)

those remain due to different Doppler frequencies for the
in-phase and quadrature waves.

3) PARTICULAR CASE: d2
= p/η

An interesting special case for the LCRt in (21) can be found
when the ratio of the Doppler frequency equates the ratio
of η and p, i.e., d2 = p/η. After performing the appropri-
ate substitutions, the hypergeometric function can be sim-
plified using [29, Eqn. (15.1.20)], and the summation over
the index j can now be solved in closed-form with the help
of [29, Eqn. (9.6.10)]. After tedious algebraicmanipulations,
the LCRt yields

NR(r)

=
2
√
−ψ̈(0)pe−

(1+pq)κµ
δ

√
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√
p
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qηκ r̂α
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×L
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n
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ηκµ
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)
Iµ+n−1

(
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√
qκξrα

δηr̂α

)
. (26)

4) PARTICULAR CASE: d2
= p/η = 1

By using the limit (23) in (26) with p→ η and with the help
of [30, Eqn. (5.8.3.4)], after tedious algebraicmanipulations,
the LCRt reduces to

NR(r) =

√
−ψ̈(0)µ(1+ κ)µ/2
√
π exp(κµ)κ

µ−1
2

( r
r̂

) αµ
2

× exp
(
−
µ(1+ κ)rα

r̂α

)
Iµ−1

(
2µ

√
κ(1+ κ)rα

r̂α

)
.

(27)

This result represents the LCRt for the α-κ-µwhen the maxi-
mum Doppler shift for the in-phase and quadrature waves are
the same.

V. LEVEL CROSSING RATE ANALYSIS IN SPACE-DOMAIN
Thus far we have considered the LCR analysis in the time
domain. Although the LCR technique is usually performed in
the time domain (LCRt) [31], it is also possible to extend this
concept to the frequency and space domains. The frequency-
domain level crossing rate (LCRf) and space-domain level

crossing rate (LCRs) refer to the average number of times
the signal crosses a given amplitude level in the positive
or negative direction per frequency or distance unit, respec-
tively [32], [33]. The derivation such an statistics but for
these new attributes (space or frequency) follow exactly
the same approach as for time. Here, we follow the same
approach, but having distance, rather than time, as the cross-
ing attribute, to obtain the LCRs statistics, for the various
environments, in which, for convenience, ρ is the amplitude
level appropriately normalized to the its rms value and ψ̈(0)
is the second derivative with respect to space of the space
autocorrelation function at zero. Thus, the LCRs for Rayleigh

NR(ρ) =
ρ
√
−ψ̈(0)

√
π exp

(
ρ2
) , (28)

for Rice (with parameter κ)

NR(ρ) =
ρ
√
−ψ̈(0)(κ + 1)I0

(
2ρ
√
κ(κ + 1)

)
√
π exp(κ) exp((κ + 1)ρ2)

, (29)

for Nakagami-m (with parameter µ)

NR(ρ) =
ρ2µ−1µµ−

1
2
√
−ψ̈(0)

√
π0(µ) exp

(
µρ2

) , (30)

for α-µ

NR(ρ) =
ρα(µ−

1
2 )µµ−

1
2
√
−ψ̈(0)

√
π0(µ) exp (µρα)

. (31)

for κ-µ

NR(ρ)=

√
−ψ̈(0)µ (1+ κ)µIµ−1

(
2µρ
√
κ(1+ κ)

)
ρµ
√
πκ (µ−1) exp(µκ) exp

(
µ(1+ κ)ρ2

) , (32)

for η-µ the LCRs is given in (33), as shown at the top of this
page, and finally, for α-η-κ-µ

NR(ρ) =
∫ √ρα
0

NR(ρ, v)dv, (34)

where NR(ρ, v) is given in (35), as shown at the bottom of
the next page, d is the imbalance of ψ̈(0) between in-phase
and quadrature components [6, Sec. II]. In (35) we define the
following: (i) ψ̈(0), as the mean of the second derivative with
respect to space of the spatial autocorrelation function at zero;
(ii) d , as the imbalance of the second derivativewith respect to
space of the spatial autocorrelation function at zero between
in-phase and quadrature components.
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FIGURE 1. View of the propagation environment with the Tx and Rx antennas.

VI. MEASUREMENT CAMPAIGN
A. PROPAGATION ENVIRONMENT
The channel measurements were performed in a laboratory
of the iTEAM Research Institute at the Universitat Politèc-
nica de València, Spain. This is an environment character-
ized by the presence of numerous radiofrequency equip-
ment, electronic devices, metallic cupboards, desks and
work tables, among others. These elements interact with the
wave fronts producing reflection, diffraction, and scattering

mechanisms. These propagation mechanisms render it a
rich-multipath environment compared with other indoor envi-
ronments, such as office or home. Fig. 1 shows a view
of the propagation environment. The total dimensions of
the laboratory are 13.5-m-long, 7-m-width and 2.6-m-high,
and it is integrated into a modern building construction,
where both the ceiling and floor are built of reinforced con-
crete over steel plates, with wood and plasterboards-paneled
walls.

NR(ρ, v) =
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√
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√
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 (35)
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FIGURE 2. Schematic diagram of the channel sounder used in the
measurements.

B. MEASUREMENT PROCEDURE AND SETUP
The complex channel transfer function (CTF), denoted by
H (f ), has been measured using the Keysight N5227A vector
network analyzer (VNA). This VNA has 119 dB dynamic
range in the target frequency band. Wideband antennas,
developed by Q-PAR, have been used at the Tx and Rx sides.
These antennas have an omnidirectional radiation pattern in
azimuth, linear polarization, and an average gain of 5 dB.
Three low noise amplifiers (LNAs), developed by HXI Mil-
limeter Wave Products, with an average gain of 25 dB, one at
the Tx side and two at the Rx side, were used to compensate
for the propagation losses, which, at these frequencies, are
considerably high, increasing the dynamic range in the mea-
surement. In addition, phase-stable cables with an attenuation
of 6 dB/m were also used.

The Rx antenna has been located in a XY positioning
system, implementing aN×M (15×750) uniform rectangular
array (URA). The separation of the URA elements has been
1 mm. Both, the VNA and the XY positioning systems have
been controlled by a personal computer, measuring the CTF
at 55 GHz, 60 GHz, and 65 GHz, i.e., 10 GHz of SPAN
and 3 frequency points per trace. Before starting the actual
measurements, a response calibration of the measurement
setup was performed in order to compensate for the atten-
uation and imperfections of the channel sounder elements.
The bandwidth of the intermediate frequency (IF) filter at the
VNAwas 100 Hz to reduce the power level of the noise floor.
A schematic diagram of the channel sounder is illustrated
in Fig. 2.

The Tx antenna was mounted on a tripod. Both the Tx
and Rx antennas height were 1.44 m above the floor. This
height is similar to the average height where many scatterers

TABLE 1. Characteristics of the propagation scenarios.

FIGURE 3. LCRs fitting approach for scenarios 1 (a) and 2 (b) at frequency
60 GHz.

are located in the propagation environment. Two positions
for the Tx antenna were considered. In the first position,
indicated as Pos1, the Tx-Rx distance was 3.29 m; and
in the second position, denoted as Pos2, the Tx-Rx dis-
tance was 2.77 m. The channel measurements were col-
lected in different polarizations and propagation conditions,
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TABLE 2. LCRs fitting results for Scenario 1, Scenario 2 and Scenario 3.

LoS and nLoS. Thus, vertical (V) polarization at the Tx
antenna and V polarization at the Rx antenna, indicated as
VV, and H polarization at the Tx antenna and V polarization
at the Rx antenna, indicated as HV, configurations were
considered. Based on the channel propagation conditions,
8 scenarios have been defined. Table 1 summarizes the con-
ditions in which the measurements were collected for each
scenario.

C. GOODNESS-OF-FIT TESTS
In order to define which of the theoretical statistical model
best fits the practical data, we must specify the goodness-of-
fit (GoF) methods used. Practical distributions are obtained
empirically through a histogram constructed from field data.
Theoretical distributions are foundwith the respective param-
eters estimated from the same field data. In the literature
there are a number of statistical criteria to define the choice
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TABLE 3. LCRs fitting results for Scenario 4, Scenario 5 and Scenario 6.

between one or another model, each of which with specific
characteristics [34]–[39].

In the analyses conducted here, two different figures of
merit or criteria, borrowed from the probability theory,
are used, namely NMSE, and Akaike information criterion
(AIC). TheNMSE is used for analyses in which the focus is to
compare the empirical LCRs and the theoretical ones in order
to quantify the LCRss dissimilarity (mean distance). The

AIC is used to compare empirical and theoretical statistics
considering dissimilarity, quantity of samples, and number
of parameters of the formulation. In these two statistical
tests aforementioned, objective figures of merit are obtained
that can be used to evaluate the GoF between empirical and
theoretical statistics. In NMSE and AIC tests, the chosen
statistics is the one with the lowest value. Because NMSE and
AIC statistical tests use different approaches, the conclusions
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TABLE 4. LCRs fitting results for Scenario 7 and Scenario 8.

drawn from them will not necessarily be the same, that is the
chosen statistics in one test may not coincide with the one in
the others.

VII. RESULTS
In this subsection, the adherence of the theoretical LCRs
curves to the empirical LCRs ones in all eight scenarios
described in Subsections VI-A and VI-B at frequencies
55 GHz, 60 GHz and 65 GHz is assessed.2

For the analysis conducted here, and for each one of the
frequencies and for all eight scenarios, the parameters of the
target fading models (i.e., Rayleigh, Rice, Nakagami-m, α-µ,
κ-µ, η-µ, and α-η-κ-µ) have been estimated. Several built-
in functions are available within Matlab that can be used
for parameter estimation purposes. In our case, the Matlab
least-square-error based function has been chosen, namely
lsqcurvefit. For fairness, the samemethod is utilized for
all distributions with the same starting point. More details on
lsqcurvefit function can be found at [40]. Having the

2Because the AFD is a direct application of (18), in the plots, we shall
explore only the LCR.

parameters estimated, then the NMSE as well as the AIC
metrics are found aiming to find the best fit for each evaluated
scenarios.

Tables 2, 3 and 4 summarize the parameter estimates
and the values of NMSE, in dB, and AIC. From the men-
tioned tables, it can be seen that in all evaluated scenarios
the best-fitting performance (highlighted in bold) has been
achieved by the more general fading models. The NMSE
and AIC criteria do not necessarily agree with each other.
Whereas through the first criterion for 24 out of 24 tests the
best-fittings have been achieved by the most general fading
distributions, through the second one these figures are 21 out
of 24.

The effect of the polarization combination on the short-
term fading distribution can be inferred from the estimated
parameters in Scenario 1 and Scenario 3 with LoS condition
corresponding to the same Tx and Rx antenna positions and
polarization combinations HV and VV, respectively, as it is
shown in Table 2. The estimated κ parameters of the κ-µ
distribution for the frequencies of 55, 60 and 65 GHz are
approximately zero for HV and 1.40, 0.80 and 1.28 for VV.
Using HV combination the LoS contribution substantially
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FIGURE 4. LCRs fitting approach for Scenarios 3 (a) and 4 (b) at frequency
60 GHz.

decreases with a significantly lower level given by the cross-
polarization component of both Tx and Rx antennas. Never-
theless, in the case of HV, the diffuse component does not
decrease as the LoS dominant component diminishes. This
is due to the fact that the reflected and scattered components
suffer polarization changes in the process of reflection and
scattering and thus the overall diffuse component in HV is not
significantly lower than in VV. Therefore, the κ parameter is
expected to be smaller in HV than in VV. Particularly, in the
case of HV polarization for the Scenario 1, the estimated
values of the κ parameter of the κ-µ distribution are very
close to 0 and consequently the short-term fading distribution
can be approximated by a Nakagami-m distribution where the
dominant component is negligible compared to the diffuse
component. The same conclusions can be drawn by analyzing
Scenario 5 and Scenario 7.

If we consider the NMSE metric in all three frequen-
cies in the eight scenarios, the best performance, has been
achieved by the α-η-κ-µ fading model, an already expected
result, since it has more parameters and thus is more flexible.

FIGURE 5. LCRs fitting approach for Scenarios 5 (a) and 6 (b) at frequency
60 GHz.

Considering the AICmetric, in most scenarios the best results
have also been obtained by the α-η-κ-µ. In the exception sce-
narios, despite providing a better fit considering the NMSE
metric, the α-η-κ-µ model did not obtain the best perfor-
mance in the AIC test. This is justifiable, since the AIC test
penalizes models with more parameters, which is the case of
the α-η-κ-µ (7 parameters). In fact, in Scenario 3, polariza-
tion VV with LoS condition, the model that provided the best
result in the AIC test has been the κ-µ (2 parameters), this
way, for Scenario 3, constituting the best model considering
a compromise between fit and complexity.

Consider next the LCRs fitting process analysis.
Figs. 3, 4, 5 and 6 graph the theoretical LCRs curves plotted
alongside the empirical one for all scenarios at frequency
60 GHz as a function of the normalized enveloped ρ in dB.

Analyzing the results presented in these figures, it is pos-
sible to verify that, for Scenarios 1 and 2, presented at Fig. 3,
with the exceptions of Rayleigh and Rice distributions, all
the other distributions match rather well the empirical LCRs.
However, if we look carefully only at the extremely lower
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FIGURE 6. LCRs fitting approach for Scenarios 7 (a) and 8 (b) at frequency
60 GHz.

tail portion of the plots, i.e., for substantially small ρ, the
α-η-κ-µ and η-µ yield a better adherence. In fact, the best-
fitting considering the NMSE and AIC metrics is found for
α-η-κ-µ distribution in both scenarios. Note that in Sce-
nario 1, although we are in LoS conditions, the Rice and κ-µ
distributions, known to perform well in this type of situation,
did not present good results. This can be credited to the
polarization combination HV which substantially decreases
the contribution of the dominant component. For Scenario 3,
presented at Fig. 4(a), with exception of Rayleigh, all the
other fading models achieved a reasonable fitting. Note, how-
ever that in this scenario, differently from what happened
in Scenario 1, the κ-µ distribution presented an excellent
result, since the direct components of received signal is not
degraded due to polarization combination VV. In this case,
the best-fitting considering the NMSE and AIC metrics has
been obtained by the α-η-κ-µ and κ-µ, respectively. For
Scenario 4, shown in Fig. 4(b), since we are in nLoS condi-
tions, all models capable of modeling multipath clusters have
achieved a very good fitting. In this specific case, the best

result has been achieved by α-η-κ-µ in both test metrics.
For Scenarios 5 and 6, presented at Fig. 5, we have very
similar results as those presented in Scenarios 1 and 2, where,
with the exception of the Rayleigh and Rice distributions,
all other distributions presented a good fit, being the best
of them achieved by the most generalized fading model in
both cases. For Scenario 7, presented at Fig. 6(a), we have
a very interesting result, where it is possible to verify the
excellent fitting made by α-η-κ-µ that makes changes of
concavity to follow the trend of the empirical curve. Models
capable of modeling dominant components have reached a
better fit than those that do not have this skill, since the
transmission in this scenario is performed in a LoS situation.
Finally, for Scenario 8, similar to Scenario 4, the models with
skill of modeling multipath clusters have obtained a better
adjustment. In fact, the best-fitting considering the NMSE
and AIC metrics is found again for α-η-κ-µ distribution in
this last scenario.

VIII. CONCLUSIONS
The scarcity of information on channel modeling in the
mmWave band, e.g. short-term fading characterization, has
motivated researchers to conduct measurement campaigns to
better understand the behavior of the channel. This paper con-
tributes in this direction investigating the higher-order statis-
tics, more specifically the level crossing rate and average fade
duration, through field measurements. With such a purpose,
an extensive field measurement campaign in the mmWave
band has been conducted in an indoor environment. The fre-
quencies ranged from 55GHz to 65GHz, and the propagation
conditions included LoS and nLoS, with combinations of
horizontal and vertical polarizations at both transmitter and
receiver.

In addition, the theory concerning the α-η-κ-µ has been
further advanced with the derivation of new expressions con-
cerning its higher-order statistics. For these, an envelope-
based approach has been used that facilitates the computation
of the expressions as compared to their counterparts available
in the literature, for which the knowledge of the phase is
required. Most interestingly, exact formulations for LCRt and
AFDt has been attained. Finally, a formulation for the LCRt
in series expansion has also been presented.

The models that best fit the experimental data have been
chosen using two figures of merit, namely NMSE and AIC.
Analyzing the results of the tests, it has been possible to verify
that the most general model, namely the α-η-κ-µ, provides
the smallest NMSE estimation error in all 24 scenarios ana-
lyzed. For the AIC metric, this same model performed better
in 21 out of 24 scenarios. From these results, it is possible to
conclude that the most general model will most of the time
provide a better fitting performance as compared to the sim-
pler ones. Although this performance improvement comes
accompanied by an increase of a mathematical complexity, it
has been verified through the AIC metric that, in most cases,
this inconvenience is rewarded by a significant gain in the
quality of its adjustment. On the other hand, if mathematical
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burden is to be avoided, the less, but still, general models,
namely α-µ, η-µ, and κ-µ can be used to yield excellent
results. All in all, it must be said the available fading models
can be satisfactorily used in this harsh mmWave band.

APPENDIX
NOVEL LCR POWER SERIES -
Let’s consider the integral-form for the LCRt given in (17).
The proof begins by replacing the modified Bessel and the
exponential functions therein in terms of their respective
power series using [29, Eqns. (9.6.10) and (4.2.1)], respec-
tively. After some tedious algebraic manipulations the LCRt
is given as a triple series as in (36), as shown at the top
of this page. The inner integral can be solved with the help
of [41, Eqn. (2.2.6.1)], yielding (37), as shown at the top of
this page. At this point, we can consider the summation over
the infinite triangle i = n − k . After replacing the index i
and isolating the sum over the index k , the inner summation
is solved as

n∑
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Using this identity in (37), the LCRt is obtained as a double
infinite series given in terms of the Raw parametrization
of the α-η-κ-µ fading model. To complete the proof what
remains is to perform the adequate parameter substitutions
between the Raw and Global parameterizations, which are
given in [25]. After some tedious algebraic manipulations
(21) yields.
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