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ABSTRACT In this paper, a novel form of the folded normal (FN) distribution has been proposed to
model the small-scale fading in wireless communications. From a multiple-input multiple-output (MIMO)
measurement campaign conducted in a lab environment with the line-of-sight (LOS) conditions at both
the 60 and the 94 GHz bands, the authors obtain the parameters of the Rician, FN, and κ-µ distributions.
These parameters have been calculated by using the least square (LS) approximation and with techniques
of statistical inference. The FN distribution provides the best fitting to the experimental results using the
Kolmogorov–Smirnov (K–S) test for the inferred estimators with values of the fulfillment of 100% and
69.82% at the 60 and 94 GHz bands, respectively, for a significance level of 1%.
INDEX TERMS 5G mobile communication, millimeter wave propagation, fading channels.
I. INTRODUCTION

The received envelope in a wireless communication channel
experiments two physical effects. On the one hand, the multipath components cause rapid and deep fading in amplitude
over displacements of few wavelengths. The amplitude of
this fast fading or small-scale fading has been traditionally
modeled using the Rayleigh [1], Rician [2], Nakagami-m [3]
and Weibull [4] distributions. On the other hand, the received
signal fluctuates slowly around a mean in displacements of
hundreds of wavelengths. This variation is known as the longterm fading or shadowing due to the temporal blockage of
the direct component between the transmitter and received
terminal. The shadowing is commonly modeled statistically
by a lognormal distribution.
Specifically, the Rician distribution faithfully models a
dominant component together with a small component inphase and quadrature Gaussian distributed, which corresponds to a situation typically found in line-of-sight (LOS)
conditions.
The associate editor coordinating the review of this manuscript and
approving it for publication was Ke Guan.
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Nevertheless, over the last 15 years many new distributions have been proposed to model the small-scale fading in several conditions [5]–[13]. In [5], the two wave
with diffuse power (TWDP) distribution was derived for
the condition of two specular multipath components in the
presence of other diffusely propagating waves. Furthermore,
a family of distributions has been derived to model the
small-scale fading in [6]–[11]. The general α-η-κ-µ model
proposed by Yacoub in [6] accounts for nonlinearity of the
propagation medium and multipath clustering, including the
possibility of dominant components in each cluster. The αη-κ-µ includes the α-η-µ, the α-κ-µ [7], α-µ [8], η-κ [9],
κ-µ [10] and η-µ [11] as particular cases. Specifically, the
κ-µ distribution describes a signal composed of clusters
of multipath waves propagating in a non-homogeneous
environment with a dominant component in each cluster [10]. The Rician, Rayleigh, one-sided Gaussian and
Nakagami-m distributions are included in the κ-µ distribution for specific values of κ and µ. Recently, in [12]
the κ-µ shadowed distribution has been derived to model
the composite small-scale fading and shadowing. The κ-µ
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shadowed distribution includes the κ-µ and η-µ distributions as particular cases [13] in a mathematically tractable
model. Some of these distributions have been recently
applied to model new propagation scenarios [14], [15].
In [14] the κ-µ and α-µ fading channels have been used to
characterize the small-scale variations of the fading signal
under LOS in different millimeter wave (mmWave) bands.
Furthermore, in [15] the TWDP distribution has been proven
to be more favorable than the commonly used the Rician
fading model for the vehicle-to-vehicle (V2V) link in an
overtaking situation with LOS condition at the 60 GHz band.
Over the last few years, intense efforts are being made to
explore new frequency bands beyond 6 GHz, in particular the
mmWave bands, for deploying 5G systems [16]–[19]. High
capacity 5G networks require spectrum availability along
with massive multiple-input multiple-output (MIMO) at the
transmitter and receiver.
On the one hand, inside the V band (40-75 GHz),
the 60 GHz band has been proposed for Wireless Gigabit
Ethernet following the standard IEEE 802.3c [20]. In order
to contribute to the better understanding of the narrowband
characterization at the 60 GHz band, several small-scale
analyses have been performed from measurement campaigns
[21]–[24]. In [21], the received amplitude in LOS measurements carried out in three corridors of an office block with
a bandwidth (BW) of 1 GHz was modeled as a Rician distribution. Using two antenna types, an open-ended waveguide (OWG) and lens, values of the mean and the standard
deviation of the Rician K -factor have been calculated. In an
urban environment, the small-scale amplitude has been found
to follow a Rayleigh distribution with ranges up to 400 m [22].
In [23], a measurement campaign was performed in a lab
environment with LOS condition. In this work, the bestfit distribution was the Rician followed by the α-µ and
Nakagami-m distributions. Recently, in [24] the impact of
terminal handling upon the user equipment (UE) was assessed
with LOS and non-LOS (NLOS) conditions in a range of
different indoor and outdoor small cell scenarios. In LOS
condition, the small-scale statistic was modeled as a Rician
distribution with estimated Rician K -factors ranging from
3.1 to 9.1 in a hallway, from 3.5 to 7.4 in an office, and from
4.5 to 6.9 in a car park. In NLOS condition, the small-scale
distribution used was Nakagami-m with estimated fading
parameters, m, varying from 2.12 to 3.77 in a hallway, from
2.27 to 3.89 in an office, and from 2.46 to 4.68 in a car
park.
On the other hand, inside the W band (75-110 GHz),
several analyses have been carried out at the 94 GHz band in
[25], [26], mainly concentrated on modeling the propagation losses and shadowing in indoor environments. Recently,
in [27] the analysis of the power delay profiles, root mean
square (r.m.s.) delay spreads and specular power ratio has
been performed in an indoor environment at the 94 GHz band.
Small-scale amplitude distributions have been analyzed in
a lab at the 94 GHz band in [28]. In this work, the best-fit
distribution turned out to be the Weibull followed by the α-µ
VOLUME 7, 2019

and the Rician distribution. In [29], the mean of the Rician
K -factor has been evaluated as a function of the separation
between transmitter (Tx) and receiver (Rx) in a lab at the
94 GHz band.
In this work, a form of the folded normal (FN) distribution
is proposed to model the small-scale fading amplitude as a
specific case of the κ-µ distribution. The probability density function (PDF), cumulative distribution function (CDF),
moments, moment generating function and relationships with
other distributions are derived in terms of the κ parameter. From MIMO measurements in an indoor lab scenario
carried out at both the 60 and 94 GHz bands with LOS
condition, we have calculated the parameters of the Rician,
FN, and κ-µ distributions in several positions of the lab
over a significant number of frequency samples, i.e., 2 048
and 1 024 frequency samples, for the 60 and 94 GHz bands,
respectively. The results show that using estimators the bestfit distribution is the FN distribution among the three previous
distributions.
From the results of this work, the FN distribution provides
the following benefits:
1) The estimated κ parameter of the FN distribution is
more stable than both the estimated Rician K -factor of
the Rician distribution and the estimated κ parameter
of the κ-µ distribution.
2) The FN distribution is biparametric like the Rician
distribution.
3) Both the PDF and CDF of the FN distribution are
simple and mathematically tractable.
The applicability of using the FN distribution to model
the small-scale fading is mainly underlined for the high
dependence of the performance parameters such as the average error probability and outage probability using different
modulation schemes on the Rician K -factor [30]. Therefore, a more accurate estimation of this Rician K -factor
through the FN distribution could contribute to a better evaluation of those performance parameters. Besides,
a simpler PDF expression corresponding to the FN distribution provides less complex expressions for the average
probability of error and outage probability over different
modulations.
The remainder of this paper is organized as follows.
In Section II, the FN distribution is derived from the κ-µ
distribution and the PDF and CDF in both linear and logarithmic units are obtained in terms of the κ parameter.
Section III includes the moments, the moment generating
function and the relationship of the FN distribution with other
distributions: Nakagami-m, Rician and κ-µ. In Section IV,
a description of the MIMO measurement campaign in a lab
at both the 60 and 94 GHz bands is presented. Section V
presents the approximation method and the estimators used
to calculate the parameters of the Rician, FN and κ-µ distributions. In Section VI, the parameters of the previous
distributions are calculated and the goodness-of-fit of the
analyzed distributions are compared. Finally, the conclusions
are discussed in Section VII.
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II. FAMILY OF κ-µ DISTRIBUTIONS

Let r be the envelope of the small-scale fading distribution
calculated as
v
u µ
uX
r =t
(1)
(xi + ai )2 + (yi + bi )2 ,
i=1

where xi and yi are independent
  Gaussian
  processes, with
E [xi ] = E [yi ] = 0 and E xi2 = E y2i = σ 2 , being E [·]
the expectation operator; ai and bi are the mean of the inphase and quadrature multipath component i; and µ is the
number of multipath components.
We can define
c2
,
(2)
κ=
2µσ 2
qP

µ
2
2
where c =
i=1 ai + bi . In the next sub-sections,
the PDF and CDF of the κ-µ, Rician and FN distributions
will be addressed.
A. κ-µ

From [10], r follows the well-known κ-µ distribution. The
PDF of r can be calculated as
µ+1
 µ
r
2µ (1 + κ) 2
pr (r) = µ−1
r
m
κ 2 exp (µκ)rm
 2 !
r
× exp −µ (1 + κ)
(3)
rm
 p
 
r
r ≥ 0,
×Iµ−1 2µ κ (1 + κ)
rm
where rm is the r.m.s.
defined as
q
q ofthe distribution
2
2
rm = E r = 2µσ + c2 ,

(4)

being Ia (·) the modified Bessel function of the first kind with
order a [31, (8.406)].
The CDF of r is given

 by
p
p
r
2µκ, 2µ (1+κ)
Pr (r) = 1−Qµ
r ≥ 0,
(5)
rm
where
Qν (c, d) =

1
cν−1

Z
d

∞

t 2 + c2
t exp −
2
ν





Iν−1(ct) dt

(6)

is the generalized Marcum Q function [32].
From [10], the limitation of the model given by (1) can be
made less stringent by assuming
 2  µ real defined as
E r (1 + 2κ)
 
µ=
,
(7)
var r 2 (1 + κ)2
where var [·] represents the variance.
If we express the envelope in logarithmic units,
ε = 20 log r = A ln r, where A = 20/ ln 10, the PDF of ε
is given by
 !µ+1
µ+1
exp Aε
2µ (1 + κ) 2
pε (ε) =
µ−1
rm
Aκ 2 exp (µκ)

 !2 
exp Aε

× exp −µ (1 + κ)
rm
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×Iµ−1

p
exp Aε
2µ κ (1 + κ)
rm

 !!

− ∞ < ε < ∞.

(8)

The CDF of ε is given by
 !!
p
p
exp Aε
2µκ, 2µ (1 + κ)
Pε (ε) = 1 − Qµ
rm
− ∞ < ε < ∞.

(9)

B. RICIAN

If µ = 1, r follows the Rician distribution. In this case, the κ
parameter is commonly known as the Rician K -factor, which
can be expressed from (2) as
c2
.
(10)
K=
2σ 2
Substituting µ = 1 in (3) and (5), the PDF and CDF of r,
respectively, are given by
 2 !
2 (1 + K )
r
pr (r) =
r exp − (1 + K )
2
rm
exp (K ) rm
 p
 
r
×I0 2 K (1 + K )
r ≥ 0,
(11)
rm

 
p
√
r
Pr (r) = 1 − Q1
r ≥ 0. (12)
2K , 2 (1 + K )
rm
The PDF and CDF in logarithmic units can be calculated as
 !2
2 (1 + K ) exp Aε
pε (ε) =
A exp (K )
rm

 !2 
exp Aε

× exp − (1 + K )
(13)
rm
 !!
p
exp Aε
× I0 2 K (1 + K )
rm
− ∞ < ε < ∞,
 !!
p
√
exp Aε
Pε (ε) = 1 − Q1
2K , 2 (1 + K )
rm
− ∞ < ε < ∞.

(14)

C. FN

The parameter µ can be extended to natural numbers [10],
[11]. If µ = 1/2, r follows the FN distribution [33]. In this
case, for convenience κf = κ. From [34] the modified Bessel
function of the first kind with order −1/2 can be written as
r
2 cosh (z)
(15)
I− 1 (z) =
√ .
2
π
z
Substituting µ = 1/2 in (3) and using (15), the PDF of r can
be expressed as [33]
r p
  2 !
1 + κf
κf
2 1 + κf
r
pr (r) =
exp − −
π
rm
2
2
rm
 
q
 r
× cosh
r ≥ 0, (16)
κf 1 + κf
rm
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or alternatively

A. NON-CENTRAL MOMENTS, MEAN AND VARIANCE

1
(r − η)2
pr (r) = √
exp −
2s2
2π s

!

(r + η)2
+√
exp −
2s2
2π s
1

!
r ≥ 0,

(17)

η=

s
s=

1
Fj (a) = √
2π

κf
rm ,
1 + κf

(18)

1
rm .
1 + κf

(19)

The CDF of r is given by [33]




r −η
r +η
Pr (r) = 8
+8
s
s



 
r +η
r −η
1
+ erf √
r ≥ 0, (20)
=
erf √
2
2s2
2s2
 2
Ru
√1 exp − t
where 8 (u) =
−∞ 2π
2 dt is the CDF
of
the
standard
normal
distribution
and erf (u)
=
Ru 2

√ exp −t 2 dt is the error function.
0
π
The PDF and CDF in logarithmic units are given by
1 + κf
Arm


1 + κf
κf

× exp − −
2
2
r

pε (ε) =

2
π

Z
a

∞

 2
y
y exp −
dy,
2
j

j = 0, 1, 2, . . .

(24)

Note that F0 (a) = 1 − 8 (a). We can use the following
recursive relationship
 2
aj−1
a
+ (j − 1) Fj−2 (a) ,
Fj (a) = √ exp −
2
2π
j = 0, 1, 2, . . . , (25)
and the identities 8 (−a)
 √ = 1 − 8 (a) and F1 (−a) =
F1 (a) = exp −a2 /2 / 2π to calculate the non-central
moments. From (18), (19), (23) and (25), the mean and the
variance of the distribution can be calculated, respectively,
as [36]
r s


2
1
E [r] =
exp −κf
π 1 + κf

√ 
√
rm ,
(26)
+ κf 1 − 28 − κf
var [r] = rm2 − (E [r])2 .

(27)

p

B. MOMENT GENERATING FUNCTION


 !2
exp Aε
ε
+
rm
A
!!

q
 exp Aε
× cosh
κf 1 + κf
rm
− ∞ < ε < ∞,
(21)
!
!


ε
ε
exp A − η
exp A + η
Pε (ε) = 8
+8
s
s
!
!!


exp Aε − η
exp Aε + η
1
erf
+ erf
=
2
s
s
− ∞ < ε < ∞.

The moment generating function of the FN distribution whose
PDF is given by [33] can be written as
!
!
rm2
rm
2
t
Mr (t) = exp
exp p
t
2 1 + κf
1 + κf
!!
rm
√
× 1 − 8 − κf − p
t
1 + κf
!
rm
− exp − p
t
1 + κf
!! 
rm
√
× 1−8
κf − p
t
.
(28)
1 + κf

(22)

III. THE FN DISTRIBUTION

Physically, the FN distribution applied to the small-scale
fading modeling considers a signal composed by a dominant
component with multipath contributions. The variation in
the phase of the sum of all the contributions is negligible
compared to the variation of its amplitude. This situation
corresponds to a strong dominant component in terms of
the rest of multipath contributions typically found in LOS
conditions.
VOLUME 7, 2019

j=0

where

where
r

The non-central moments of the FN distribution are given
by [35]
k  
h i

X
k k−j
k
k
E r =s
η
Fj (−η)+ (−1)k−j Fj (η) , (23)
j

C. RELATIONSHIP WITH OTHER DISTRIBUTIONS

The FN distribution includes as a particular case the halfnormal distribution. For κ = 0, η = 0 and s = rm the FN
distribution becomes the half-normal distribution with PDF
given by
√


2
r2
pr (r) = √
exp − 2
r ≥ 0,
(29)
2rm
πrm
q


with E [r] = π2 rm , and var [r] = rm2 1 − π2 .
Similarly to [10, (14)], substituting µ = 1/2 in (7) the
multiplicative inverse of the normalized variance of the power
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of the fading signal, which is usually defined as m, can be
expressed in terms of the κ parameter of the FN distribution,
κf , as follows
 
2
E r2
1 + κf
 =
.
m=
(30)
var r 2
2 1 + 2κf
Note that the m parameter corresponds as well to the m fading
parameter in case of the Nakagami-m distribution. Note that
m ≥ 1/2 provided that κf ≥ 0.
For a given m, from (30) the equivalence to the κf parameter can be expressed as
p
(31)
κf = 2m − 1 + 2m (2m − 1),
which leads to κf ≥ 0 for m ≥ 1/2.
A relationship between the κf parameter of the FN distribution and the κ parameter of the κ-µ distribution can
be established by matching the inverse multiplicative normalized variances in both distributions. Hence, κf can be
calculated as a function of κ as (32), as shown at the bottom
of this page.
In case of µ < 1/2, (32) is consistent (κf ∈ R, κf ≥ 0) for
√
1 − 2µ + 1 − 2µ
κ≥
.
(33)
2µ

FIGURE 1. PDF of the Rician distribution and the equivalent folded
normal distribution in logarithmic units for rm = 1 and Rician K -factors
K = 0, 3, 5 and 10 dB.

Likewise, the inverse relationship between κf and κ can be
written as (34), as shown at the bottom of this page. If
µ > 1/2 then (34) is valid (κ ∈ R, κ ≥ 0) for
p
(35)
κf ≥ 2µ − 1 + 2µ (2µ − 1).

FIGURE 2. Lab with Tx antenna and positioner.

in Fig. 2, closets, desktops, chairs and shelves can be found as
furniture. Four positions were established at the 60 GHz band
and two positions at the 94 GHz band. Fig. 3 shows a map of
the lab, with the distances from the Tx and Rx to the walls
and the separation between Tx and Rx given by Table 1 for
both the 60 and 94 GHz bands. The polarization was vertical
for the Tx and vertical for the Rx (VV) at the 60 GHz band.
At the 94 GHz band, two polarization combinations were
used, either horizontal Tx and horizontal Rx (HH) or VV. The
Tx and Rx antennas at both bands were located at a height of
0.784 and 0.886 m, respectively.
An R&S ZVA 67 vector network analyzer (VNA) and
up-down converters were used as a channel sounder. Two
identical omnidirectional antennas with linear polarization
were used operating at both bands. At the 60 GHz band,
Tx and Rx antennas manufactured by Steatite Q-Par provide
the following relevant parameters: gain 5 dBi, BW 9 GHz,

Fig. 1 shows the PDF in logarithmic units for the Rician
and the FN distributions given by (13) and (21), respectively,
with rm = 1. The Rician K -factors used in the curves are
K
=
0, 3, 5 and 10 dB which correspond to
κf = 5.77, 7.52, 9 and 13.33 dB, respectively, applying (32)
with κ = K and µ = 1. As the Rician K -factor grows the
PDFs of the Rician and FN distributions are becoming more
and more similar in a way that both PDFs are indistinguishable for K = 10 dB which corresponds to κf = 13.33 dB.
That fact corroborates the accurate approximation of the
FN distribution to the Rician model with a strong dominant
component in terms of the rest of the multipath contributions.
IV. MEASUREMENTS DESCRIPTION

The measurements were carried out in a lab of the Universidad Politécnica de Cartagena, Spain, with dimensions
8×4.8×3.5 meters. As it can be seen from a picture of the lab

κf =

κ=

77332

2µκ 2 + (4µ − 2) κ − 1 + 2µ +

q


2µ (1 + κ)2 2µκ 2 + (4µ − 2) κ − 1 + 2µ
1 + 2κ

κf2 + (2 − 4µ) κf + 1 − 2µ +

r

1 + κf

2 

2µ 1 + 2κf



(32)


κf2 + (2 − 4µ) κf + 1 − 2µ
(34)
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TABLE 1. Position of the transmitter and receiver following the map of figure 3.

TABLE 2. Parameters of measurements.

FIGURE 3. Map of the lab with distances corresponding to Table 1.

maximum voltage standing wave ratio (VSWR) 1.32 : 1,
beamwidth in the E-plane 28◦ at 60 GHz and omnidirectional
in the H -plane. The Tx and Rx antennas at the 94 GHz band
were manufactured by Mi-Wave and have the next parameters: gain 2 dBi, BW 3 GHz, typical nominal VSWR 1.5 : 1,
beamwidth in the E-plane 30◦ at 94 GHz and omnidirectional
in the H -plane.
Table 2 shows the main parameters of the measurements.
The Tx and Rx antennas were operated with Arrick Robotics
positioners. Uniform linear arrays (ULA) and uniform rectangular arrays (URA) virtual systems were configured to obtain
MIMO measurements. At the 60 GHz band, 20 elements were
equally spaced along the Y -axis at both the Tx and Rx using
ULA. At the 94 GHz band, for the URA Tx, measurements
were performed over a 25 × 25 grid along the X and Y
axes and for the ULA Rx, 5 elements were equally spaced
along the Y -axis. The separation in the grid for both ULA
Tx and ULA Rx was configured in 2 mm (0.25λ at 60 GHz)
VOLUME 7, 2019

at the 60 GHz band. At the 94 GHz band, the grid separation was 1 mm (0.31λ at 94 GHz) and 0.89 mm (0.28λ at
94 GHz) for the positions 1 and 2, respectively. The number
of points in frequency was chosen 2 048 at the 60 GHz band
and 1 024 at the 94 GHz band. A BW of 10 Hz for the
intermediate frequency filter was selected for both bands. The
dynamic range obtained was approximately 110 and 107 dB
without the effect of the antennas for the bands of 60 and
94 GHz, respectively. The measurements were carried out in
stationarity conditions. More details about the parameters of
the measurements can be consulted in [23] and [37] for the
60 and 94 GHz bands, respectively.
The coherence bandwidth calculated for an amplitude of
the frequency autocorrelation function, RT , of 0.9, ranges
from 1.606 to 3.111 MHz at the 60 GHz band and was
of 1.020 and 2.193 MHz for the location 1 and 2, respectively, at the 94 GHz band. The autocorrelation function was
calculated from the Fourier transform of the power delay
profile (PDP). The PDP was obtained by averaging the square
amplitude of the channel impulse response over all the points
in the grid.
V. DISTRIBUTION PARAMETER APPROXIMATION
AND ESTIMATION
A. PARAMETER FITTING USING LEAST SQUARES METHOD

As a first approach, we have used the least squares (LS)
method to find the parameters of all the analyzed distributions. This method is based on the minimization of the
residual function given by
"
min

N
X

#
2
Pexp (εi ) − b
Pε (εi )
,

(36)

i=1
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where Pexp (·) represents the experimental CDF in logarithmic units; b
Pε (·) is the approximated CDF in logarithmic units
for the κ-µ, Rician and FN distributions given by (9), (14)
and (22), respectively; and N is the number of the points in
the discretized CDFs uniformly distributed between the maximum and the minimum value of the experimental samples of
the distribution.
B. PARAMETER INFERENCE USING ESTIMATORS

To analyze the best-fit distribution, maximum likelihood (ML) estimators have been employed to infer the parameters of the Rician and FN distributions. To the best of the
authors’ knowledge ML estimators for the κ-µ have not been
derived yet. The function mle of Matlab R implements an
ML general numerical method which computes the parameter
estimates using an iterative maximization algorithm. Unfortunately, a poor choice of starting point can cause the function
mle to converge to a local optimum which is not the global
maximizer, or to fail to converge entirely [38]. Generally
speaking, the higher number of unknown parameters in
the distribution to estimate the larger likelihood to obtain
poorer results when using not proper starting values. What
is interesting, the results for the κ-µ distribution with the
measured data using the mle function with a generic starting
point provide lower accuracy than those calculated using the
method of moments (MM) derived in [11]. Therefore, in this
case the κ and µ parameters of the κ-µ distribution will be
estimated following the MM as [11, (9), (12)]
1

κ̂ =
q

µ̂ =

√
b4 −1)
2(M
b 2 −M
b4 −M
b6
2M
4

,

(37)

−2

1 1 + 2κ̂
 ,
vc
ar2 1 + κ̂ 2

(38)

where
n

b4 =
M
b6 =
M

1X 4
ρ̂j ,
n

(39)

1
n

(40)

j=1
n
X

ρ̂j6 ,

j=1


2
n
n
1 X 4  1 X 2
vc
ar2 =
ρ̂j −
ρ̂j
.
n
n
j=1

(41)

j=1

b4 and M
b6 are the sample non-central moments or 4-th and
M
6-th order of ρ = r/r̂m , respectively, being r̂m the sample
r.m.s. given by
v
uX
n
1u
r̂m = t
r̂j2 ;
(42)
n
j=1

2
vc
ar2 is the sample variance of ρ 2 = r/rˆm ; n is the number
of samples of the distribution; and ρj is the j-th sample of
the distribution of ρ. Note that µ̂ calculated from (38) leads
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to a positive real number not necessarily integer provided that
κ̂ ≥ 0. This dissimilarity with the proposed theoretical model
where µ is assumed integer can be explained by the fact
that (1) is an approximate solution to the so-called random
phase problem [10].
The K -factor of the Rician distribution can be estimated by
solving for the root of the following equation [39]
 q

n ρj I1 2ρj ρj 1 + ρj
X
1 + 2K̂
1
+ r 
 q


1 + K̂
I
n K̂ 1 + K̂ j=1 0 2ρj ρj 1 + ρj
n

=1+

1X 2
ρj , (43)
n
j=1

where K is the estimated Rician K -factor.
In the case of the FN distribution, the log-likelihood estimators lead to the following equations [36]
q
ŝ = r̂m2 − η̂,
(44)

Pn
n
X
rj
j=1 rj − η̂

 =
,
(45)
2η̂rj
2
j=1 1 + exp
2
ŝ
where η̂ and ŝ are the estimated parameters of the FN distribution, given by (18) and (19), respectively. Using a recursive method, we can find a solution for η̂ and ŝ with (44)
and (45), respectively. From (18) and (19) we can easily
obtain an estimation of the κf parameter in the FN distribution
as
η̂2
(46)
κ̂f = 2 .
ŝ
VI. RESULTS

First of all, the mean and the coefficient of variation of
the fading distribution parameters for the Rician, FN, and
κ-µ distributions are analyzed using the LS approximation.
The coefficient of variation of a random variable is defined
as the ratio of the sample standard deviation to the sample mean of a distribution and it provides an estimation
of the variable dispersion [40]. Moreover, an assessment
of the goodness-of-fit with the Kolmogorov-Smirnov (K-S)
test and the best-fit distribution are analyzed for the LS
approximation.
Next, an analysis of the goodness-of-fit with the K-S test
and the best-fit distribution is carried out by inferring ML
estimators for both the Rician and FN distributions and MM
estimators for κ-µ distributions. It is worth noting that 2 048
distributions and 1 024 distributions at the 60 and 94 GHz
bands, respectively, have been approximated and estimated
in each one of the positions corresponding to each frequency
sample. Each distribution comprises n = 20 × 20 =
400 samples and n = 5 × 25 × 25 = 3 125 samples for
the 60 and 94 GHz bands, respectively. Hence a total of
8 192 distributions of 400 samples and 2 048 distributions of
3 125 samples were analyzed at the 60 and 94 GHz bands,
respectively.
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FIGURE 4. PDF of the normalized electric field strength for the
experimental, and the approximated Rician, folded normal and κ-µ
distributions in logarithmic units in the position 2 at the frequency
of 92.5645 GHz with the VV polarization combination.

FIGURE 5. CDF of the normalized electric field strength for the
experimental, and the approximated Rician, folded normal and κ-µ
distributions in logarithmic units in the position 2 at the frequency
of 92.5645 GHz with the VV polarization combination.

A. FADING DISTRIBUTION PARAMETERS

Using (36), we have calculated the approximated Rician,
FN and κ-µ distribution parameters for each frequency sample in each measurement using LS with N = 100.
Fig. 4 shows an example of the PDF of the normalized
field strength for the experimental, the approximated Rician,
FN and κ-µ distributions in logarithmic units in the position 2
corresponding to the frequency of 92.5645 GHz with the
VV polarization combination. There are very slight differences among the approximated Rician, FN and κ-µ distributions in this case. In Fig. 5 the CDF of the normalized
field strength for the experimental, and the approximated
Rician, FN and κ-µ distributions in logarithmic units with
the same parameters of the Fig. 4 in order to illustrate the
difference among such distributions and their approximation
to the experimental distribution. The difference among such
distributions is mainly perceived for values of the CDF lower
than 10−1 . The κ-µ and FN CDFs tend to overlap for CDF
values smaller than 10−2 in this case. Table 4 shows the mean
and the coefficient of variation of the K parameter for the
VOLUME 7, 2019

FIGURE 6. K -factor of the Rician, κf of the folded normal, and κ of the
κ-µ distribution in logarithmic units as a function of the frequency using
the LS approximation for the positions 2 and 4 at the 60 GHz band.

FIGURE 7. K -factor of the Rician, κf of the folded normal, and κ of the
κ-µ distribution in logarithmic units as a function of the frequency using
the LS approximation for the positions 1 and 2 at the 94 GHz band.

Rician distribution, κf for the FN distribution, and κ and µ
for the κ-µ distribution. µ is expressed in linear units and K ,
κf and κ are calculated in dB.
It is worth noting that the less coefficient of variation
calculated along the frequency the more stable is this parameter. The κ parameter of the κ-µ distribution and the Rician
K -factor are significantly changeable along the frequency
except for the position 2 with polarization VV at the 94 GHz
band, provided that the coefficient of variation for the rest of
positions of both bands ranges from 0.65 to 2.08 dB and from
0.54 to 1.18 dB for the Rician and for the κ-µ distributions,
respectively. However, the coefficient of variation of the κf
parameter for the FN distributions is substantially small,
remaining under 0.26 dB and under 0.21 dB for the 60 and
94 GHz bands, respectively.
The mean of the µ parameter for the κ-µ distribution
is 0.44 and 0.47 for the bands of 60 and 94 GHz, respectively. Since both values are significantly close to 0.5 the FN
distribution could approximate and estimate accurately the
experimental distribution in both bands in this environment.
Fig. 6 and 7 show the K -factor of the Rician, κf of the FN,
and κ of the κ-µ distribution in logarithmic units in terms
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FIGURE 8. K -factor of the Rician distribution and equivalent K -factor of
the folded normal distribution in logarithmic units as a function of the
frequency using ML estimators for the positions 2 and 4 at the 60 GHz
band.

K -factor of the Rician and the equivalent K -factor of the
FN match substantially, except for the following ranges of
frequencies: from 62.13 to 62.44 GHz and from 64.98 to
66 GHz in the position 2 at the band of 60 GHz, from 61.84
to 62.96 GHz and from 64.54 to 66 GHz in the position 4 at
the band of 60 GHz and from 94.66 to 94.87 GHz in the
position 1 at the 94 GHz band, where the K -factor of the
Rician distribution experiments significant variations. In case
of removing the values of such frequency ranges, the r.m.s.
of the difference between the estimated K -factor of the Rician
distribution and the equivalent K -factor of the FN distribution
in dB is 0.31 and 0.22 dB for the positions 2 and 4 of the
60 GHz band, respectively, and 1.31 and 0.52 dB for the
positions 1 and 2 of the 94 GHz band, respectively. Besides,
it can be shown that the estimated K -factor of the Rician
distribution remains under the equivalent K -factor of the FN
distribution in all cases.
B. K-S TEST USING LS APPROXIMATION

To analyze the goodness-of-fit of the LS approximation and
the ML and MM estimators, the K-S test can be used. The K-S
test in one given frequency bin is fulfilled if the maximum
absolute value between the experimental and the estimated
CDFs, Dest , is lower or equal than a given value, kn (p), which
depends on both the number of samples, n, and the significance level, p. Therefore, the condition to be accomplished
in each frequency bin is as follows
Dest = max

j=1,...,N

FIGURE 9. K -factor of the Rician distribution and equivalent K -factor of
the folded normal distribution in logarithmic units as a function of the
frequency using ML estimators for the positions 1 and 2 at the 94 GHz
band.

of the frequency with the LS approximation for the 60 and
94 GHz bands, respectively. In Fig. 6 the position 2 and 4 were
chosen whereas the position 1 and 2 were selected in Fig. 7.
In each frequency bin, κ of the κ-µ distribution tends to the
Rician K -factor or κf of the FN distribution depending on the
value of the µ parameter found. Thus, if the approximated
µ parameter is in the vicinity of 0.5, the approximated κ
parameter tends to κf of the FN distribution. On the other
hand, in case of the approximated µ parameter close to 1,
the approximated κ parameter of the FN distribution can be
approximated to the K -factor of the Rician distribution. The
variation of the κ parameter in terms of the frequency is
substantial particularly for the 60 GHz band and the position
2 of the 94 GHz band.
In Fig. 8 and 9, the estimated K -factor of the Rician
distribution along with the equivalent K -factor of the FN
distribution in dB are plotted as a function of the frequency
with the ML estimators. The equivalent K -factor of the FN
distribution has been calculated by substituting the estimated
κf parameter in (34) with µ = 1. At both bands the estimated
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Pexp (εi ) − b
Pε (εi ) ≤ δn (p) ,

(47)

√
where δn (p) = B/ n, being B = 1.63 and 1.36 for
p = 1% and 5%, respectively; Pexp (·) is the experimental
CDF in logarithmic units; b
Pε (·) the estimated κ-µ, Rician
or FN distribution CDF in logarithmic units given by (9),
(14) and (22), respectively; and N is the number of the
points in the discretized CDFs uniformly distributed between
the maximum and the minimum value of the experimental
samples of the distribution. In all the evaluations of the K-S
test in this work, N = 100.
Table 3 shows the percentage of the best-fit distribution and
the percentage of K-S fulfillment for a significance level of
1% for each position and for the whole measurement record
at both bands using LS approximation. The percentage of the
best-fit distribution has been calculated as the percentage of
occurrence of the minimum value of Dest among the three
analyzed distributions. It is worth noting that the sum of
the best-fit percentages for each polarization combination
and for all the measurement record is 100%. The maximum
percentage of the best-fit distribution occurrence and the
maximum percentage of the K-S test accomplishment have
been highlighted in bold letters except for the K-S test fulfillment at the 60 GHz band because the percentages are
equal or very close to 100% in this case. Since the LS is
an approximation method and the κ-µ distribution is more
general than the Rician and FN distribution including both
of them as particular cases, the best-fit distribution and the
VOLUME 7, 2019
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TABLE 3. Best-fit distribution percentages and K-S test fulfillment percentages with LS for a significance level of 1%.

TABLE 4. Mean and coefficient of variation for the parameters calculated of the Rician, folded normal and κ − µ distributions using LS.

TABLE 5. Best-fit distribution percentages and K-S test fulfillment percentages for a significance level of 1% with ML estimators for both the Rician and
folded normal distribution, and MM estimators for the κ-µ distribution.

percentage of the accomplishment using the K-S test in the
κ-µ distribution for a significance level of 1% is the highest
among the three distributions analyzed.
VOLUME 7, 2019

Despite the fact that the mean of the Rician K -parameters
at the 94 GHz band is not considerably high not exceeding
3.02 dB, the FN distribution provides K-S test fulfillment
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percentages significantly close to those of the κ-µ distribution at this band. Moreover, the percentage of the best
fitting is higher in the FN distribution than in the Rician
distribution, except for the position 2 at the 60 GHz band.
What is interesting, in spite of the fact that according to
Table 4 the mean of the µ parameter in the four positions
of the 60 GHz band is closer to 0.5 than the value obtained
for the two positions of the 94 GHz band, the percentage of
fulfillment using the K-S test for the FN distribution is higher
at the 94 GHz than the 60 GHz band.

estimated κf parameters of the FN distribution show high
similarity to the estimated Rician K -factors of the Rician
distribution. Therefore, κf estimation of the FN distribution
could be also useful to obtain more stable Rician K -factors
from measurement records in LOS condition.

C. K-S TEST USING ESTIMATORS
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