
applied  
sciences

Article

Compensation of Reactive Power and Unbalanced
Power in Three-Phase Three-Wire Systems Connected
to an Infinite Power Network

Pedro A. Blasco 1, Rafael Montoya-Mira 1, José M. Diez 1,* , Rafael Montoya 1 and
Miguel J. Reig 2

1 Departamento de Ingeniería Eléctrica, Universitat Politècnica de València, Plaza Ferrandiz y Carbonell s/n,
03801 Alcoy, Spain; pedblaes@die.upv.es (P.A.B.); ramonmi@alumni.upv.es (R.M.-M.);
rmontoya@die.upv.es (R.M.)

2 Departamento de Ingeniería Mecánica y Materiales, Universitat Politècnica de València,
Plaza Ferrandiz y Carbonell s/n, 03801 Alcoy, Spain; mjreig@mcm.upv.es

* Correspondence: jmdiez@die.upv.es; Tel.: +34-966528452

Received: 28 November 2019; Accepted: 19 December 2019; Published: 21 December 2019 ����������
�������

Abstract: The compensation of an electrical system from passive compensators mainly focuses on
linear systems where the consumption of charges does not vary significantly over time. In three-phase
three-wire systems, when the network voltages are unbalanced, negative-sequence voltages and
currents appear, which can significantly increase the total apparent power supplied by the network.
This also increases the network losses. This paper presents a method for calculating the compensation
of the positive-sequence reactive power and unbalanced powers caused by the negative-sequence line
currents using reactive elements (coils and/or capacitors). The compensation is applied to three-phase
three-wire linear systems with unbalanced voltages and loads, which are connected to an infinite
power network. The method is independent of the load characteristics, where only the line-to-line
voltages and line currents, at the point where compensation is desired, need to be known in advance.
The solution obtained is optimal, and the system observed from the network behaves as one that only
consumes the active power required by a load with a fully balanced current system. To understand
the proposed method and demonstrate its validity, a case study of a three-phase three-wire linear
system connected to an infinite power network with unbalanced voltages and currents is conducted.

Keywords: unbalanced power; power theory; compensation; reactive power

1. Introduction

At present, it is practically impossible to achieve balanced low-voltage distribution systems as
these systems, to a greater or lesser degree, are unbalanced. These imbalances are caused by the
asymmetry of voltages and use of unbalanced loads. In both cases, unbalanced powers are generated,
which degrade the system efficiency. Note that when the electrical systems are high voltage, these
unbalanced powers are very small, which make the system inefficient [1–4], in turn causing increases
in line losses and malfunction of equipment, such as motors, generators, transformers, and protective
equipment. Therefore, the apparent power of the system is considerably increased [5–8], and thus,
it is necessary to calculate these unbalanced powers to design compensation devices. In this study,
a passive compensator formed of coils and capacitors is used.

At present, there is no theory agreed by the scientific community that allows to assess this
type of phenomenon [9]. Most of the previous studies followed the expressions proposed in IEEE
Std. 1459–2010 [10] and Buchholz [11], which use the RMS values of voltage and current, which are
expressed in symmetric or phase components [12]. The use of these values does not allow us to assess
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these inefficient powers. According to [13,14], imbalances at one point in the system can help offset
some of the imbalances at another point. Such situations cannot be analyzed if only the modules of
voltages and currents are known.

The application of electronics, in the compensation of electrical systems, indicates that most
industries today mainly focus on the use of active compensators. The advantages of these compensators
or filters cannot be denied, especially for the compensation of non-linear systems. As compared to
passive compensators, the active compensators are more expensive, less robust, and consume more
energy. In certain situations, for linear systems, where the load does not vary with time, the use of
passive compensators is a good alternative. They are configured from reactive elements (coils and/or
capacitors). In this study, passive compensators are used to compensate for the reactive and unbalanced
power resulting from the negative-sequence current of any three-wire system.

The concept of compensation of an electrical system by passive compensators is not new.
Steinmetz [15] developed a passive compensator to obtain a system of balanced line currents. He used
a single-phase load with known data, and compensated it with a coil and capacitor and we believe that
the voltages in the study were balanced. This study has been extended by many authors [16–24].

Gyugyi et al. [25] studied compensation through passive compensators for a three-wire linear
system with unbalanced load and balanced voltages. For this purpose, they categorised the line
currents into symmetric component values, and proposed two delta-connected compensators: one for
compensating the imaginary part of the positive-sequence current and the other for compensating
the negative-sequence current. Finally, these two compensators were unified by associating them in
parallel. However, for the formulation of their expressions, the values and characteristics of the load
were required.

Czarnecki [26] applied the decomposition of the currents, proposed previously [27], to a non-linear
three-wire circuit with unbalanced loads. He focused on linear systems with balanced voltages, and
broke down the original load into several equivalent circuits: a resistive circuit, representing active
power; an inductive circuit, representing reactive power; and a circuit from the current sources to
represent its unbalanced current. For each equivalent circuit, a passive compensator was proposed.

Willems [28] proposed a matrix of suceptances to compensate for the reactive and unbalanced
power resulting from negative-sequence currents using passive elements. During the development,
the voltages were considered balanced. The method presented infinite solutions for a three-phase
three-wire system.

Origa et al. [29] applied a previous study [25] to three-phase four-wire systems to compensate for
the reactive and unbalanced power consumed by an unbalanced load through passive elements. Similar
to [28], the solution presented infinite possibilities. As highlighted in previous studies, the voltages
were balanced. In addition, as starting data, the values and characteristics of the load were required.

Jeon and Willems [30], based on [28], presented a procedure to compensate for only the reactive
power through passive compensating circuits, both in star and delta connections. This system applied
three wires and multi-phase to unbalanced three-phase systems.

León and Montañana [31], based on [32], broke down an unbalanced load into several equivalent
circuits, which represented active, reactive, and unbalanced power. Except for active power, all other
equivalent circuits were configured from reactive elements (coils and/or capacitors). They used
the circuits opposite to the equivalents obtained as compensators of the unbalanced power and
positive-sequence reactive power. They considered the voltages to be balanced, and the charges to
be known.

Finally, Czarnecki and Haley [33] extended the previous studies [26,27] to four-wire systems and
showed that the unbalanced power, in these systems, is formed by a negative- and a zero-sequence
current. To compensate for the two currents, it is necessary to use at least two compensators. This
conclusion was also considered in [31] and shared by us as well. As in most previous studies, it applies
to systems with balanced voltages.
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Besides the advantages and disadvantages of the studies analyzed above, they all have something
in common: they are only applicable to systems with balanced voltages. With unbalanced voltages,
their behaviour is not adequate, especially in electrical systems of infinite power, where the network
imposes voltages.

This paper proposes a new procedure for calculating the compensation of a three-phase three-wire
linear system connected to an infinite power network. For non-infinite power networks, the procedure
is perfectly valid. Through two passive star-connected compensators, configured only with reactive
elements (coils and capacitors), the positive-sequence reactive power and unbalanced power, resulting
from the negative-sequence current, are compensated. Using star-delta transformations, these
phenomena are unified into a single delta-connected compensator. A significant advantage of the
proposed method is its application to systems with unbalanced voltages, and that it is not necessary to
know the load values. It simply requires the use of line-to-line voltages and line currents that can be
easily measured on the bus. The proposed method is valid for any voltage level. However, in this
work, we have considered low voltage networks where imbalances are most important.

For this purpose, in Section 2, the balance of powers involved in such systems is identified, and
its effects are analyzed. The expression of Buchholz apparent power, expressed in values of symmetric
voltage and current components, is used. This relation between powers and their expressions of
calculation form the basis of our method. In Section 3, through application to a three-phase three-wire
system with unbalanced loads and balanced line-to-line voltages, the new method of calculating
the compensators is proposed. Separating the two compensation lines, one compensator is used
to compensate for the positive-sequence reactive power and another for the unbalanced power
resulting from the negative-sequence current, both in star connection. In Section 4, the design of
both compensators is adapted to three-phase three-wire systems with unbalanced voltages that are
connected to an infinite power network, whose voltages are imposed by the network itself. Its design
analyses the interactions occurring in these compensators when connected to a system with these
characteristics. In Section 5, the two compensators are unified into one with a delta connection. In
Section 6, a three-phase three-wire system connected to an infinite power network with unbalanced
loads and voltages is used to facilitate and verify the proposed method. Finally, Section 7 presents the
conclusions of this study.

2. Unbalanced Power Analysis in a Three-Phase Linear System

Figure 1 displays a linear unbalanced load connected to a three-phase system with three-wire
unbalanced line-to-line voltages.
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Figure 1. Three-phase three-wire system with an unbalanced load.

The instantaneous power p of the system is determined by (1), where vab, vbc and vca are the
line-to-line voltages on the bus, and ia, ib and ic are the line currents.

p = vabia − vbcic = vbcib − vcaia = vcaic − vabib (1)
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For example, considering the first equality of Equation (1) and expressing these values in complex
form, we can determine the active power P, reactive power Q, and apparent power of the system S
using Equations (2)–(4), respectively.

P = VabIacos(∝ab −βa) − VbcIc cos(∝bc −βc) (2)

Q = VabIasin(∝ab −βa) − VbcIc sin(∝bc −βc) (3)

S =

√
P2 + Q2 (4)

Using the Fortescue transformation matrix, the line-to-line voltages and line currents in terms
of symmetric components are expressed in Equations (5) and (6). As it is a three-wire system, the
zero-sequence line-to-line voltage and line current are zero.

Vab = Vab+ + Vab− Vbc = Vbc+ + Vbc− Vac = Vac+ + Vac− (5)

Ia = Ia+ + Ia− Ib = Ib+ + Ib− Ic = Ic+ + Ic− (6)

Given that Vab+ = Vab+e j∝ab+ and Vab− = Vab−e j∝ab− , the positive-sequence line-to-neutral voltage
Va+ and negative-sequence line-to-line voltage Va− are determined by Equations (7) and (8), respectively,
where ∝ab+ and ∝ab− are the angles referred to Phase A of both line-to-line voltages and a = e j120,
where a is complex phasor rotation operator.

Va+ =
Vab+
√

3
e j(∝ab+−30) Vb+ = a2Va+ Vc+ = aVa+ (7)

Va− =
Vab−
√

3
e j(∝ab−+30) Vb− = aVa− Vc− = a2Va− (8)

At the measuring point (PCC or bus) and under these conditions, the total apparent power of
Buchholz ST is determined by Equation (9). In balanced systems, S has the same value as ST, while in
unbalanced systems, S does not reflect the real apparent power of the system, and has a different value
than ST.

ST = 3
√(

V2
+ + V2

−

)(
I2
+ + I2

−

)
(9)

Developing Equation (9), we obtain Equation (10).

ST = 3
√

V+
2I+2 + V−2I−2 + V+

2I−2 + V−2I+2 =
√

S+
2 + S−2 + S−u+

2 + S+
u−

2 (10)

Here

• S+ indicates the positive-sequence apparent power resulting from the positive-sequence voltage
and current.

• S− indicates the negative-sequence apparent power resulting from the negative-sequence voltage
and current.

• S−u+ indicates the apparent power resulting from the positive-sequence voltage and
negative-sequence current.

• S+
u− indicates the apparent power resulting from the negative-sequence voltage and

positive-sequence current.

S+ and S− are related to the apparent power S of Equation (4) by Equation (11).

S2
+ + S2

− = S2
− 2P+P− − 2Q+Q− (11)
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Substituting Equation (11) into Equation (10) and considering Equation (4), we obtain Equation (12).

ST =
√

P2 + Q2 − 2P+P− − 2Q+Q− + S−u+
2 + S+

u−
2 (12)

3. Compensation in Three-Phase Three-Wire Systems with Balanced Voltages

Figure 2 shows an unbalanced three-phase linear load connected to a three-phase three-wire
system with infinite power. As the voltages are balanced, the powers P−, Q− and S+

u− included in (12)
are zero. Therefore, the total apparent power ST is determined by Equation (13), and includes the
following powers: active power P, which with balanced voltages is equal to P+; reactive power Q,
which with balanced voltages is equal to Q+; and the unbalanced apparent power S−u+.

ST =
√

P2 + Q2 + S−u+
2 (13)
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Q+ and S−u+ are powers whose average value is zero, and therefore, they can be compensated from
reactive elements (coils and/or capacitors). With this objective, we incorporate two compensators: static
VAR compensator (SVC), to compensate Q+, and negative-sequence current compensator (NSCC), to
compensate S−u+. As the voltages are balanced, both compensators are independent, that is, the design
of one compensator does not affect those of the others. However, this statement is not valid when the
voltages are unbalanced.

3.1. Reactive Power Compensator

The use of reactive power compensators (SVC) has been extensively studied. The two methods,
frequently used to calculate the reactance values, are sinusoidal and balanced current (SBC) and
minimum line loss (MLL). We use the SBC method in this study. In the SBC method, the values of
reactance in each phase are identical and determined from the positive-sequence voltages and currents
according to (14). XP with a positive value represents a coil, while a negative value represents a
capacitor. Normally, this compensator is capacitive in nature, as the charges are usually inductive.
The only positive sequence reactive power to compensate for the balanced voltages is that of the load;
therefore, QP+ is equal to −QL+.

XP = 3
V+

2

QP+
= −3

V+
2

QL+
(14)

Here
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• XP is the reactance value of SVC compensator.
• V+ is the positive-sequence line-to neutral voltage.
• QP+ is the total positive-sequence reactive power to compensate.
• QL+ is the total positive-sequence reactive power of the load.

3.2. Negative-Sequence Current Compensator

As Figure 2 shows, to compensate for the unbalanced apparent power S−u+, we use the NSCC
compensator from reactive elements (coils and/or capacitors). In this case, the compensator reactance
values (XaF, XbF and XcF) are different in each phase, because the positive-sequence voltage and
negative-sequence current have different sequences.

In our case, the objective is to compensate for the unbalanced powers due to the negative-sequence
currents of the load (IaL−, IbL− and IcL−). Therefore, the currents consumed by the SVC compensator
are equal to IaL−, IbL− and IcL−, but in opposite directions, according to Equation (15).

IaF = −IaL− IbF = −IbL− IcF = −IcL− (15)

Considering reference point “0” for all voltages, and applying Kirchhoff’s second law to the
compensator, the Equations (16)–(18) are obtained. The positive-sequence voltages are used because
they are balanced. On the other hand, the powers in each phase consumed by the NSCC compensator
at the balanced voltages are due to voltages and currents of different sequences; therefore, the sum of
the values of all phases is null, complying with Equation (19).

Va+ −XaFIaF = VNF (16)

Vb+ −XbFIcF = VNF (17)

Vc+ −XcFIcF = VNF (18)

XaF + XbF + XbF = 0 (19)

Equations (16)–(19) form a system of four equations with complex numbers, where XaF, XbF, XbF
and VNF are unknown. Solving the system of equations would directly provide the values of the
reactors of the NSCC compensator. We use another approach to solve the system, to obtain simpler
and quicker expressions.

Considering that Equation (16) refers to Phase A, and decomposing this expression into real and
imaginary parts, Equations (20) and (21) are obtained. The angle of XaF is π2 when it is a coil, and
−
π
2 when it is a capacitor. We consider that the load is inductive, and therefore, the reactance of the

compensator, XaF, is capacitive and its angle is −π2 .

Va+cos ∝a+ −XaFIaFcos
(
βaF −

π
2

)
= VNFcos ∝NF (20)

Va+sin ∝a+ −XaFIaFsin
(
βaF −

π
2

)
= VNF−sin ∝NF− (21)

Squaring Equations (20) and (21), adding both equations, and regrouping the terms, we obtain
(22). To simplify, we consider that ∝a+= 0.

IaF
2XaF

2
− 2Va+IaFXaFcos

(
βaF −

π
2

)
+

(
Va+

2
−VNF

2
)
= 0 (22)
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Developing the same procedure for Phase B from Equation (17) and for Phase C from Equations (18),
(23) and (24) are obtained.

IbF
2XbF

2
− 2Vb+IbFXbFcos

(
βbF −

π
2

)
+

(
Vb+

2
−VNF

2
)
= 0 (23)

IcF
2XcF

2
− 2Vc+IcFXcFcos

(
βcF −

π
2

)
+

(
Vc+

2
−VNF

2
)
= 0 (24)

To include the condition defined in Equation (19), we graphically analyse different case studies,
where we vary the characteristics of the loads as well as the line-to-line voltages. Figure 3 shows
the relation between the difference in the modules Vz+ −VNF (for z = {a, b, c}), and the sum of the
compensator reactances XaF, XbF and XcF. It is observed that regardless of the characteristics of the load
and the voltages, the sum of the reactances is null when the difference in the modules Vz+ −VNF = 0.
This implies that Equation (19) is true when the modules of Vz+ and VNF are equal. Considering this
condition in Equations (22)–(24), and generalizing for z = {a, b, c}, Equation (25) is obtained.

IzF
2XzF

2
− 2Vz+IzFXzFcos

(
βzL −

π
2

)
= 0 z = {a, b, c} (25)
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Solving Equation (25), the reactance values XaF, XbF, and XcF are obtained from Equation (26).

XzF = 2
Vz+

IzF
cos

(
βzF −

π
2

)
z = {a, b, c} (26)

Considering that cos
(
βzF −

π
2

)
= sin βzF, we obtain:

XzF = 2
Vz+

IzF
sinβzF. (27)

Multiplying both terms of (27) by the square of IzF−, and using (15), we obtain:

XzFIzF
2 = −2Vz+IzL−sinβzL−. (28)

On the other hand, it is known that:

QzF = XzFIzF
2, (29)

Q−zL+ = Vz+IzL−sinβzL−, (30)
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where QzF is the reactive power consumed by the NSCC compensator in all phases, and Q−zL+ is the
reactive power caused by the positive-sequence voltage and negative-sequence current for any phase
of the load. Substituting Equations (29) and (30) into (28), Equation (31) is obtained. It is observed
that the power consumed by the compensator in one phase is equal to twice the reactive power
caused by the negative-sequence current in the load in any phase with opposite sign. The change
in sign identifies that the power of the load and compensator, in any phase, are of a different nature
(inductive and capacitive).

QzF = −2Q−zL+ (31)

According to Equation (15), IzF
2 = IzL−

2; therefore, the reactance value in each phase of the NSCC
compensator is determined by Equation (32). We consider that the power in the load Q−zL+ is inductive;
therefore, XzF is a capacitor when its value is negative and coil when it is positive.

XzF = −2
Q−zL+

IzL−2 z = a, b y c (32)

With these values, a system of negative-sequence currents is obtained, but in the opposite direction
to that of the load. This compensates for the unbalanced powers generated because of the product of
the positive-sequence line-to-neutral voltage and negative-sequence current consumed by the load,
without any modification to the active power supplied by the network.

4. Compensation with Unbalanced Voltages

Let us consider that the line-to-line voltages of the system shown in Figure 2 are unbalanced.
Under these conditions, the apparent power ST includes all terms of powers defined in Equation (12).
As an infinite power system is considered, the values of the line-to-line voltages on the bus do not
change, therefore, we obtain a negative-sequence line-to-line voltage with constant value. As a result,
the apparent power S+

u− cannot be compensated, as the bus imposes the negative-sequence line-to-line
voltage. The value of S+

u− once connected with the SVC and NSCC compensators is modified based on
the new value of the positive-sequence current on the bus, which is delivered by the network, and is
lower than its initial value.

In contrast to systems with balanced voltages, the behaviour of the SVC and NSCC compensators
are not independent. There is an interaction between both compensators, so that the design of
one of them affects the other, and vice versa. The reason for this is evident, when the voltages are
unbalanced, the SVC compensator consumes a positive-sequence and negative-sequence current.
This negative-sequence current must be considered in the design of the NSCC compensator. The
NSCC compensator reaction is similar at unbalanced voltages, it consumes a positive-sequence and
negative-sequence current. This positive-sequence current must be considered in the SVC compensator
design. This dependence of one compensator on another makes the iteration necessary, to determine
the reactance values of both compensators. The number of iterations required to converge on the
optimal solution depends on the degree of unbalance of the voltages. The proposed calculation method
allows us to obtain the optimal solution without having to iterate. For this purpose, we analyse the
system and behaviour of the SVC and NSCC compensators at unbalanced voltages, from which the
following considerations are deduced:

• In a three-wire system with unbalanced voltages, the total active power P consumed by the
system is determined by the sum of the active positive- and negative-sequence powers, that
is: P = P+ + P−. This power is unidirectional, and the SVC and NSCC compensators can only
compensate powers with a null average value because they are configured from reactive elements
(coils and/or capacitors). For this reason, the value of P must be constant and continue to be
supplied by the network or generator. The NSCC compensator is responsible for maintaining
a constant P. This compensator consumes a positive-sequence active power in each phase
PzF+ of the same value as that of the negative-sequence active power consumed by load PzL−
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and a negative-sequence active power in each phase PzF− in the opposite direction, that is,
PzF+ = PzL− = −PzF−. Therefore, PzF− will compensate PzL− and P = PzL+ + PzF+. The SVC
compensator consumes neither positive-sequence nor negative-sequence active power, because
the voltages and currents of the same sequence are out of phase, ±π2 , because the SVC compensator
reactances have the same value. The sign depends on the inductive or capacitive nature of the
system to be compensated and will be the same for the values of each sequence.

• The total reactive power Q consumed by the system is determined by the sum of
the positive-sequence reactive power Q+ and the negative-sequence reactive power Q−;
therefore, Q = Q+ + Q−. At unbalanced voltages, both compensators consume positive- and
negative-sequence reactive powers. The optimal solution is one whose result cancels the reactive
powers Q+ and Q−; therefore, Q = 0. It is observed, from analysing both compensators to obtain
the optimal solution, that in the SVC compensator, the relation (33) is fulfilled, and in the NSCC
compensator, the Equation (34) is fulfilled, where δ− = V−

V+
.

QzP− = δ2
−QzP+ (33)

QzF+ = QzF− (34)

Next, to calculate the values of reactances of the SVC and NSCC compensators with
unbalanced voltages, we first consider the calculation of the SVC compensator, and then that of
the NSCC compensator.

4.1. Calculation of SVC Compensator Reactances with Unbalanced Voltages

Consider the system shown in Figure 2 at unbalanced voltages. It is known that the reactive
power consumed by the load, QzL, is determined by Equation (35), and that consumed by the SVC
compensator, QzP, is determined by Equation (36).

QzL = QzL+ + QzL− z = {a, b, c} (35)

QzP = QzP+ + QzP− z = {a, b, c} (36)

On the other hand, the reactive power QzF, consumed by the NSCC compensator, is determined
by Equation (37).

QzF = QzF+ + QzF− z = {a, b, c} (37)

If we consider that the balance of powers is met:

QzL+ + QzP+ + QzF+ = 0, (38)

QzL− + QzP− + QzF− = 0. (39)

Substituting condition (34), defined for the NSCC compensator, into Equations (38) and (39),
Equation (40) is obtained.

QzL+ + QzP+ = QzL− + QzP− (40)

Considering the condition Equation (33) defined for the SVC compensator in Equation (40),
Equation (41) is obtained.

QzL+ + QzP+ = QzL− + δ
2
−QzP+ (41)

Equation (41) indicates that the reactive power consumed by the SVC compensator in each phase,
QzP+, at unbalanced voltages is equal, and its value is determined by Equation (42). Considering the
values of QzP+ in (14) for each phase, Equation (43) is obtained, which allows us to determine the
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values of the SVC compensator reactances (XaP, XbP and XcP). XzP with a positive value represents a
coil, and that with a negative value represents a capacitor. Obviously, XaP = XbP = XcP = XP.

QzP+ =
QzL− − QzL+

1− δ2
−

(42)

XzP =
Vz+

2

QzP+
= 3

V+
2

QP+
(43)

With balanced voltages, Equations (14) and (43) are identical, as δ− = 0 and QzL− = 0.

4.2. Calculation of the NSCC Compensator Reactances with Unbalanced Voltages

According to Equation (32), to determine the values of reactances XaF, XbF y XcF, it is necessary to
determine the negative-sequence current IzF− consumed by the NSCC compensator. From the values
of IzF− and Vz+, we will determine the reactive power Q−zF+.

IzF− is given by Equation (44), where IzL− is the negative-sequence current that consumes the load,
and IzP− is the negative-sequence current consumed by the SVC compensator. As the reactances in
each phase of the SVC compensator are equal, the value of IzP− is obtained from Equation (45).

IzF− = IzL− + IzP− (44)

IzP− =
Vz−

XzP
(45)

Considering the value IzF− in each phase obtained from Equation (44), the reactive power Q−zF+ is
determined from Equation (46).

Q−zF+ = Vz+IzF−sin(∝z+ −βzF−) (46)

Substituting the values of Equations (44) and (46) into Equation (32), the values of reactances XaF,
XbF and XcF are calculated from (47). For negative values of XzF, we use capacitors, and for positive
values, we use coils.

XzF = −2
Q−zF+

IzF−2 z = {a, b, c} (47)

With balanced voltages, Equations (32) and (47) are identical as it is true that Q−zF+ = Q−zL+ and

IzF− = IzL−.

5. Joint Compensator “SVC + NSCC” in Delta Connection

The SVC and NSCC compensators used in previous sections are star-connected. As the reactances
of the NSCC compensator are not equal, point NF of the NSCC compensator and point “0” of the SVC
compensator are not at the same potential, therefore, it is impossible to associate them in parallel. To
join both compensators in a single compensator, it is necessary to convert them to a delta connection
using the Kennelly–Rosen transformation (refer to Figure 4 for system compensation using the joint
compensator “SVC + NSCC”).
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As the values of the SVC compensator reactances in star connection are identical, those of the
reactances in delta connection XzzP can be obtained from (48). Here, z = {ab, bc, ca}.

XzzP = 3XzP (48)

Applying the transformation of star-delta connection of Kennelly–Rosen in the NSCC compensator,
the reactance values are obtained from Equations (49)–(51).

XabF = XaF + XbF +
XaFXbF

XcF
(49)

XbcF = XbF + XcF +
XbFXcF

XaF
(50)

XcaF = XcF + XaF +
XcFXaF

XbF
(51)

Therefore, the reactances XabC, XbcC, and XcaC of the compensator “SVC + NSCC” shown in
Figure 4 are obtained from Equation (52).

XzzP = XzzC =
XzzP XzzF

XzzP + XzzF
z = {ab, bc, ca} (52)

6. Practical Application

In this section, a practical case study to verify all concepts discussed in the previous sections
is conducted. Figure 5 shows an unbalanced three-phase linear three-wire system connected to an
infinite power network with unbalanced voltages. An equivalent unbalanced load representing the
entire network downstream of the bus is considered. The characteristics of the entire network from
the bus are unknown. The following values of the line-to-line voltages and line currents have been
measured on the bus (PCC):

Vab = 405.15 e j38.50 Vbc = 353.49 e− j95.68 Vca = 299.10 e j160.56

Ia = 14.88 e− j138.77 Ib = 25.51 e− j84.49 Ic = 36.27 e j76.05
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Considering the values of line-to-line voltages and line currents measured on the bus, Tables 1
and 2 show these values in symmetric components.

Table 1. Positive-sequence line-to-line voltages and negative-sequence line-to-line voltages in the bus.

Phases Vzz+ (V) Vzz− (V)

zz Modulus Angle Modulus Angle

ab 349.84 34.35 61.65 62.72
bc 349.84 −85.65 61.65 −177.28
ca 349.84 154.35 61.65 −57.28

Table 2. Positive- and negative-sequence line currents in the bus.

Phase IzL+ (A) IzL− (A)

z Modulus Angle Modulus Angle

a 13.66 −24.47 23.29 −172.38
b 13.66 −149.47 23.29 −52.38
c 13.66 90.53 23.29 67.62

Table 3 shows the values of the line-to-neutral voltages in symmetric components according to
Equations (7) and (8). These values are calculated from Table 1.

Table 3. Positive- and negative-sequence line-to-neutral voltages in the bus.

Phase Vz+ (V) Vz− (V)

z Modulus Angle Modulus Angle

a 201.98 4.35 35.59 92.72
b 201.98 −115.65 35.59 −147.28
c 201.98 124.35 35.59 −27.28

Next, we proceed to determine the reactance values in each phase of the SVC and NSCC
compensators according to the scheme shown in Figure 2.

6.1. Calculation of the Star Connected SVC Compensator

Considering Table 1 or Table 3, the unbalanced factor δ− is given by:

δ− =
V−
V+

= 0.1762
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The positive-sequence reactive power consumed by the equivalent load is determined by the
following expression:

QzL+ = VzL+IzL+sin(∝zL+ −βzL+) = QaL+ = QbL+ = QcL+,

where substituting the values in Tables 2 and 3, we obtain:

QaL+ = QbL+ = QcL+ = 1536.15 var.

On the other hand, the negative-sequence reactive power consumed by the equivalent load is
determined by the following expression:

QzL− = VzL−IzL−sin(∝zL− −βzL−) = QaL− = QbL− = QcL−,

where substituting the values in Tables 2 and 3, we obtain:

QaL− = QbL− = QcL− = −826.12 var.

The positive-sequence reactive power, consumed by the SVC compensator, is determined by (42),
and its value is obtained as follows:

QzP+ =
−826.12− 1536.15

1− 0.17422 = −2437.95 var.

Considering QzP+ in (43), the reactances that the SVC compensator must have are determined by:

XP = XaP = XbP = XcP =
201.982

−2437.95
= −16.7333 Ω.

As the value is negative, XP is a capacitor.
To calculate the reactances of the NSCC compensator, it is necessary to determine the

negative-sequence currents consumed by the SVC compensator. Considering Equation (45), the
values of these currents are as follows:

IaP− = 2.13e− j177.28 A IbP− = 2, 13e− j57.28 A IcP− = 2.13e j62.72 A.

6.2. Calculation of NSCC Star-Connected Compensator

The negative-sequence currents of the NSCC compensator are determined from Equation (44).
The values of IzP− have been obtained in the previous section, and those of IzL− are listed in Table 2.
Therefore, the values of IzF− are as follows:

IaF− = 25.41e− j172.79 A IbF− = 25.41e− j52.79 A IcF− = 25.41e j67.21 A.

Considering Equation (46), the imbalance powers caused by the positive-sequence voltages and
negative-sequence currents are as follows:

Q−aF+ = 255.36 Q−bF+ = −4567.60 Q−cF+ = 4312.24.

Substituting the values of IzF− and Q−zF+ in (47), the values of reactances in the NSCC compensator
are obtained as:

XaF = −2
255.36
25.412 = −0.7907 Ω,

XbF = −2
−4567.60

25.412 = 14.1435 Ω,
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XcF = −2
4312.24
25.412 = −13.3528 Ω.

From its sign, XaF is a capacitor, XbF is a coil, and XcF is a capacitor.

6.3. Calculation of the Set Compensator “NSCC + SVC” Connected in Delta

Considering Figure 4 and applying the star-delta transformations according to Equations (50)–(52),
the values of the compensator reactances “NSCC + SVC” are obtained as follows:

XabC = 19.7824 Ω XbcC = −63.5029 Ω XcaC = −10.5749 Ω.

From its sign, XabC is a coil, XbcC is a capacitor, and XcaC is a capacitor.

6.4. Analysis of Line Currents and Powers before and after Compensation

Table 4 shows the line currents supplied by the network on the bus, before and after compensation.
Note that the line currents after compensation are fully balanced.

Table 4. Values of line currents.

Ia (A) Ib (A) Ic (A)

Condition Modulus Angle Modulus Angle Modulus Angle

Before
compensation 14.88 −138.77 25.51 −84.49 36.27 76.05

After compensation 10.99 4.35 10.99 244.35 10.99 124.35

Table 5 displays the total active power P, total reactive power Q, total positive-sequence active
power P+, total positive-sequence reactive power Q+, total negative-sequence active power P− and
total negative-sequence reactive power Q− supplied to the network on the bus, before and after
compensation. The apparent power S is determined by (4). As described above, it is noted that:

• P is constant and equal to the initial one (before compensating). P+ after compensating has been
increased to maintain a constant P.

• Except P+ after compensation, the remaining powers supplied by the network are zero. Therefore,
the total apparent power S decreases with respect to the initial one.

Table 5. Powers caused by voltages and currents of the same sequence.

P Q P+ Q+ P− Q− S

Condition (W) (var) (W) (var) (W) (var) (VA)

Before compensation 6664.95 2129.99 6877.42 4608.34 −212.47 −2478.36 6997.04
After compensation 6664.95 0 6664.95 0 0 0 6664.95

Table 6 shows the powers caused by voltages and currents of different sequences in each phase
that supplies the network to the bus. Here, the powers caused by the negative-sequence currents are
cancelled after compensation. This does not occur with the powers caused by the negative-sequence
voltages, as an infinite power network has been considered.
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Table 6. Powers caused by voltages and currents of different sequence.

Phase P−z+ Q−z+ P+z− Q+z−
Condition z (VA) (VA) (VA) (VA)

Before compensation
a −4697.32 267.65 −259.04 411.58
b 2116.87 −4201.82 485.96 18.55
c 2580.45 3934.17 −226.92 −430.13

After compensation
a 0 0 11.20 391.36
b 0 0 333.33 −205.38
c 0 0 −344.53 −185.98

Table 7 displays the values of the powers caused by the voltages and currents in sequence, as well
as ST (total apparent power of Buchholz). As expected, S− and S−+ are zero as the negative-sequence
currents are compensated by NSCC. S+ has reduced value due to the compensation of Q+ by the SVC
compensator. This power compensation reduces the value of ST, which is delivered by the network to
the bus.

Table 7. Apparent powers in symmetric components and apparent power of Buchholz.

S+ S− S−+ S+− ST

Condition (VA) (VA) (VA) (VA) (VA)

Before compensation 8278.64 2487.45 14114.81 1458.94 16615.64
After compensation 6664.96 0 0 1174.56 6767.66

7. Conclusions

This paper proposes a procedure for compensation by passive compensators formed by reactive
elements (coils and/or capacitors), to compensate for the positive-sequence reactive power, and the
unbalanced powers caused by the negative-sequence currents. Unlike most other methods, the
proposed method is valid for systems that are fed with unbalanced voltages, and does not require
the characteristics and values of the loads connected to the bus or measurement point. It is enough
to know the line-to-line voltages and line currents to design the compensators that compensate for
these inefficient powers. Although it has been assumed that the network is of infinite power, it can be
observed that the compensator adapts to the fixed voltages on the bus. These voltages and currents at
the measuring point can be measured with any traditional measuring device. It has been confirmed
that when the system is fed with balanced voltages, the positive-sequence reactive and unbalanced
powers represent two different phenomena that occur in the transfer of energy from the network to
the bus load. These phenomena can be compensated with two independent compensators. It has
also been shown that when the voltages are unbalanced, the compensators are not independent of
each other, and the two phenomena indicated are compensated between the two compensators. These
compensators can be connected in star or delta. They can also be unified into a single compensator
that compensates for both phenomena, coupling them into a single delta connection. The equations
that have been presented are simple, and their application is immediate.

Therefore, the objective of this study is fulfilled, that is, the efficiency in the transfer of electrical
energy from the network to the charges through the bus should be as efficient as possible, by eliminating
negative-sequence currents and positive-sequence reactive currents. With this, the streams of lines
delivered by the network to the system form a symmetrical system of positive sequence. To facilitate
the application of the method, a case study was analyzed based on a three-phase unbalanced three-wire
linear system connected to an infinite power network with unbalanced voltages.
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9. Kukačka, L.; Kraus, J.; Kolář, M.; Dupuis, P.; Zissis, G. Review of AC power theories under stationary and
non-stationary, clean and distorted conditions. IET Gener. Transm. Distrib. 2016, 10, 221–231. [CrossRef]

10. IEEE Standards Association. IEEE Standard Definittion for the Measurement of Electric Power Quantities under
Sinusoidal, Nonsinusoidal, Balanced, or Unbalanced Conditions. IEEE Std. 1459–2010; IEEE Standards Association:
New York, NY, USA, 2010; pp. 1–50.

11. Buchholz, F. Die drehstrom-scheinleistung bei ungleichmassiger belastung der drei zweige. Licht und Kraft
1922, 2, 9–11.

12. Fortescue, C.L. Method of symmetrical coordinates applied to the solution of poly-phase networks.
In Proceedings of the 34th Convention on American Institute of Electrical Engineers, Atlantic City, NJ, USA,
28 June 1918.

13. Chicco, G.; Postolache, P.; Toader, C. Analysis of three-phase systems with neutral under distorted and
unbalanced conditions in symmetrical component-based framework. IEEE Trans. Power Deliv. 2007, 22,
674–683. [CrossRef]

14. Paap, G.C. Symmetrical components in the time domain and their application to power network calculations.
IEEE Trans. Power Syst. 2000, 15, 522–528. [CrossRef]

15. Steinmetz, C.P. Theory and Calculation of Electrical Apparatur; McGraw-Hill: New York, NY, USA, 1917.
16. Grandpierr, M.; Trannoy, B. A static power device to rebalance and compensate reactive power in three-phase

network. In Conference Record, IAS Annual Meeting 1977: IEEE Industry Applications Society, Papers Presented
at the Twelfth Annual Meeting, Marriott Hotel, Los Angeles, California, 2–6 October 1977; IEEE: Piscataway
Township, NJ, USA; pp. 127–135.

17. Klinger, G. LC Kompensation und symmetirung fur Mehrphasensysteme mit belibigen Spanungdverlauf.
ETZ Arch. 1979, 2, 57–61.

18. Miller, J.E. Reactive Power Control in Electric Systems; Wiley-Interscience: NewYork, NY, USA, 1982.
19. Czarnecki, L.S. Minimization of unbalanced currents in three-phase asymmetrical circuits with nonsinusoidal

voltage. IEE Proc. B 1992, 139, 347–354. [CrossRef]
20. Lee, S.Y.; Wu, C.J. On-line reactive power compensation schemes for unbalanced three-phase four wire

distribution feeders. IEEE Trans. Power Deliv. 1993, 8, 1958–1965. [CrossRef]

http://dx.doi.org/10.1109/61.252612
http://dx.doi.org/10.1109/TPWRD.2003.823182
http://dx.doi.org/10.1109/61.772313
http://dx.doi.org/10.1109/61.329509
http://dx.doi.org/10.1109/28.903142
http://dx.doi.org/10.1109/TEC.2005.853724
http://dx.doi.org/10.1109/PEPQA.2013.6614957
http://dx.doi.org/10.1109/TIM.2012.2209909
http://dx.doi.org/10.1049/iet-gtd.2015.0713
http://dx.doi.org/10.1109/TPWRD.2006.887095
http://dx.doi.org/10.1109/59.867135
http://dx.doi.org/10.1049/ip-b.1992.0041
http://dx.doi.org/10.1109/61.248308


Appl. Sci. 2020, 10, 113 17 of 17

21. Czarnecki, L.S. Supply and loading quality improvement in sinusoidal power systems with unbalanced
loads supplied with asymmetrical voltage. Archiv für Elektrotechnik 1994, 77, 169–177. [CrossRef]

22. Sainz, L.; Caro, M.; Caro, E. Analytical study of series resonance in power systems with the Steinmetz circuit.
IEEE Trans. Power Deliv. 2009, 24, 2090–2099. [CrossRef]

23. Mayer, D.; Kropik, P. New approach to symmetrization of three phase networks. Int. J. Electr. Eng. 2005, 56,
156–161.

24. Arendse, C.; Atkinson-Hope, G. Design of Steinmetz symmetrizer and application in unbalanced network.
In Proceedings of the 45th International Universities Power Engineering Conference UPEC2010, Cardiff,
Wales, UK, 31 August–3 September 2010.

25. Gyugyi, L.; Otto, R.A.; Putman, T.H. Principles and applications of static, thyristor-controlled shunt
compensators. IEEE Trans. Power Deliv. 1978, 5, 1935–1945. [CrossRef]

26. Czarnecki, L.S. Reactive and unbalanced currents compensation in three-phase asymmetrical circuits under
nonsinusoidal conditions. IEEE Trans. Instrum. Meas. 1989, 38, 754–759. [CrossRef]

27. Czarnecki, L.S. Orthogonal decomposition of the currents in a 3-phase nonlinear asymetrical circuit with a
nonsinusoidal voltage source. IEEE Trans. Instrum. Meas. 1988, 37, 30–34. [CrossRef]

28. Willems, J.L. Currents compensation in three-phase power systems. Eur. Trans. Electr. Power 1993, 3, 61–66.
[CrossRef]

29. De Oliveira, L.C.O.; Neto, M.C.B.; De Souza, J.B. Load compensation in four-wire electrical power systems.
In Proceedings of the 2000 International Conference on Power System Technology (Cat. No.00EX409), Perth,
Australia, 4–7 December 2000; pp. 1575–1580. [CrossRef]

30. Jeon, S.J.; Willems, J.L. Reactive power compensation in a multi-line system under sinusoidal unbalanced
conditions. Inst. J. Circ. Theory Appl. 2011, 39, 211–224. [CrossRef]

31. León-Martinez, V.; Montañana-Romeu, J. Representation of load imbalances through reactances. Application
to working standards. In Proceedings of the 2014 16th International Conference on Harmonics and Quality
of Power (ICHQP), Bucharest, Romania, 25–28 May 2014; pp. 307–311. [CrossRef]

32. León-Martinez, V.; Giner-García, J.; Montañana-Romeu, J.; Cazorla-Navarro, A. Inefficiencies in the Power
Systems: Effects, Quantification an Efficiency Improvement Devices; Editorial UPV: Valencia, Spain, 2001.

33. Czarnecki, L.S.; Haley, P.M. Unbalanced power in four-wire systems and its reactive compensation. IEEE Trans.
Power Deliv. 2015, 30, 53–63. [CrossRef]

© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1007/BF01573892
http://dx.doi.org/10.1109/TPWRD.2009.2028790
http://dx.doi.org/10.1109/TPAS.1978.354690
http://dx.doi.org/10.1109/19.32187
http://dx.doi.org/10.1109/19.2658
http://dx.doi.org/10.1002/etep.4450030110
http://dx.doi.org/10.1109/ICPST.2000.898206
http://dx.doi.org/10.1002/cta.629
http://dx.doi.org/10.1109/ICHQP.2014.6842894
http://dx.doi.org/10.1109/TPWRD.2014.2314599
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Unbalanced Power Analysis in a Three-Phase Linear System 
	Compensation in Three-Phase Three-Wire Systems with Balanced Voltages 
	Reactive Power Compensator 
	Negative-Sequence Current Compensator 

	Compensation with Unbalanced Voltages 
	Calculation of SVC Compensator Reactances with Unbalanced Voltages 
	Calculation of the NSCC Compensator Reactances with Unbalanced Voltages 

	Joint Compensator “SVC + NSCC” in Delta Connection 
	Practical Application 
	Calculation of the Star Connected SVC Compensator 
	Calculation of NSCC Star-Connected Compensator 
	Calculation of the Set Compensator “NSCC + SVC” Connected in Delta 
	Analysis of Line Currents and Powers before and after Compensation 

	Conclusions 
	References

