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Obtaining multi-obje tive optimization solutions with a small number of points smartly
distributed along the Pareto front is a hallenge. Optimization methods, su h as the normalized normal onstraint (NNC), propose the use of a lter to a hieve a smart Pareto
front distribution. The NCC optimization method presents several disadvantages related
with the pro edure itself, initial ondition dependen y, and omputational burden. In
this arti le, the epsilon-variable multi-obje tive geneti algorithm (ev-MOGA) is presented. This algorithm hara terizes the Pareto front in a smart way and removes the
disadvantages of the NNC method. Finally, examples of a three-bar truss design and
ontroller tuning optimizations are presented for omparison purposes.
Keywords : multi-obje tive optimization; Pareto front; engineering design; evolutionary
algorithms; multi-obje tive evolutionary algorithms.

1. Introdu tion
Many engineering design problems an be translated into multi-obje tive optimization (MO) problems. MO te hniques oer advantages over single-obje tive optimization approa hes be ause they enable a set of solutions to be found with dierent
trade-os among the obje tives. Therefore, the de ision maker (DM) an analyze the
set and sele t the best solution. These three steps (measure, sear h, and sele tion)
are fundamental for the su essful appli ation of the MO te hnique.1
In some engineering elds, problem design is based on single-obje tive optimization te hniques that weigh dierent obje tive fun tions to obtain the best solution
from the design variables. 2 Choosing weighting fa tors for the ost index is usually
a tedious trial-and-error pro ess, and due to the onguration of the index (for example, linear or quadrati ), it is often impossible to nd good trade-o solutions. 3
This is be ause most the ost fun tion to be optimized is usually stated from the
point of view of the optimizer, despite a possible loss of exibility when dening the
1
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desired balan e among obje tives.
The MO methodology enables the designer to arry out a better sele tion of the
nal solution, sin e no part of the sear hing spa e is ignored. Solutions provided by
MO algorithms should be representative of the whole design variable spa e. Sin e
omputational algorithms perform a dis rete sear h in the spa e of design variables,
the group of solutions found should be evenly distributed to avoid over- or underexplored areas. This group of solutions should not ontain non-optimal solutions,
sin e this situation ould lead the DM to sele t a potentially inappropriate value
for some design variables.
Solving an MO problem ould be asso iated with the approximation of the
Pareto front. Ea h point of this Pareto front represents a solution to the MO problem in the obje tive fun tion spa e, whi h is a Pareto optimal solution.4 That is, for
any given pair of Pareto optimal solutions, an improvement in one of the omponents entails a deterioration in the others. Therefore, we will have a set of optimal
solutions, with diering trade-os among the obje tives. This is be ause there is
usually no overall optimal solution, whi h is the best solution for ea h individual
obje tive.
MO algorithms based on numeri al optimization and random sear h are analyzed
5
in and a new numeri al optimization method was proposed: the normalized normal
onstraint (NNC).a This approa h oers a eptable properties sin e it generates
well-distributed Pareto front approximations. However, be ause it uses a sear hbased Gauss-Newton method, the solution obtained is highly dependent on the
obje tive sele ted for optimization and on the initial optimization onditions.
To avoid this major problem a modied variant of the NNC (MNNC) an be
used whi h over omes the above mentioned disadvantages.6,7 MNNC enables the
onstru tion of the Pareto front regardless of the obje tive sele ted for optimization.
It also presents an alternative to the onstru tion of the Pareto front based on the
redistribution of front points, and uses a geneti algorithm (GA) to a hieve global
optimum solutions - but without dependen e on the initial onditions. The prin ipal
drawba k of this approa h is its high omputational burden sin e an independent
optimization pro ess (using a GA) is needed to a hieve ea h point of the Pareto
front.
However, MNNC (and therefore also NNC) annot hara terize ertain areas of
the Pareto front (as will be shown in Se tion 2.1) when:
• The optimal solution of two obje tives (or more) is the same (for problems

with three or more obje tives).
• The optimal solution of one obje tive (or more) is multimodal.

Both the NNC and MNNC algorithms approximate evenly distributed Pareto
fronts but they are not ne essarily the most appropriate approximation. In some
a An
implementation of the NNC algorithm is available
http://www.mathworks. om/matlab entral/leex hange/38976

in

MATLAB

Central.
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ases, it ould be more interesting for the less desired parts of the Pareto front to
have a lower degree of hara terization than the more desired parts.8 For example,
the regions where the slope of the front is lower ould be hara terized with a lower
density of solutions. This kind of distribution is known as a smart distribution.9
To a hieve a smart distribution, both NNC and MNNC rst need to a omplish a
uniform, dense distribution of solutions on the front; they then use a smart lter to
redu e the number of points in the regions with less slope. Solutions with pra ti ally
insigni ant trade-o (PIT) are omitted from the Pareto set approximation. The
resulting set will be smaller, alleviating the DM's need to ompare solutions with
uninteresting trade-os. This is important, sin e the sele tion pro edure is usually
more time onsuming than the optimization pro ess1 . This also means that some
points will be eliminated, despite the omputational burden invested in obtaining
them.
Another interesting alternative for solving MO problems is based on the use of
evolutionary algorithms (EAs), whi h allow several elements of the Pareto front to
be generated simultaneously (in parallel and in a single run) owing to the populational nature of EAs. (10,11,12,13 )
Many dierent operators or strategies have been developed that onvert the
original EAs into multiobje tive evolutionary algorithms (MOEAs). MOEAs onverge towards the Pareto optimal set and their solution is diverse enough to be able
to hara terize it. The good results obtained with MOEAs and their apa ity to
handle a wide variety of problems with dierent degrees of omplexity explain why
they are being in reasingly used; 14 indeed they are urrently one of the areas where
most progress is being made within the eld of EAs. 15,16,17,18,19,20
In this work, a new MOEA algorithm alled the epsilon-variable multi-obje tive
geneti algorithm (ev-MOGA)b has been designed to a hieve a redu ed but welldistributed representation of the Pareto front. Front solutions are smartly distributed without using a lter, so avoiding the need to eliminate solutions a posteriori, and ensuring that no omputational burdens are wasted. In addition, the
algorithm adjusts the limits of the Pareto front dynami ally, and prevents solutions
belonging to the ends of the front from being lost. This algorithm, as it will be
shown, in orporates the PIT riterion. This feature makes it an algorithm loser to
the de ision making step that is fundamental in the MO te hnique. This is important, sin e MOEAs usually only fo us on providing a dense set of Pareto optimal
solutions - regardless of the subsequent sele tion pro ess.21
To evaluate the performan e of the ev-MOGA algorithm we used two optimization problems and ompared the results with those obtained using the NNC
algorithm with a smart lter. This paper is organized as follows. Se tion 2 presents
the mathemati al foundations of the NNC method and the smart lter. Se tion 3
presents the ev-MOGA algorithm based on the ǫ−dominan e on ept. Se tions 4
b ev-MOGA

algorithm
is
now
available
in
http://www.mathworks. om/matlab entral/leex hange/31080

MATLAB

Central.
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and 5 ompare the performan e of the ev-MOGA and NNC algorithms with two
optimization problems: a three-bar truss example; and a proportional-integral (PI)
ontroller tuning problem. Finally, some on luding remarks are provided in Se tion
6.

2. NNC Method with Smart Pareto Filter
The MO problem an be formulated as follows:
min J(θ) = min[J1 (θ), J2 (θ), . . . , Js (θ)]

(1)

gq (θ) ≤ 0,
(1 ≤ q ≤ r)
hk (θ) = 0, (1 ≤ k ≤ n)
θli ≤ θi ≤ θui , (1 ≤ i ≤ L)

(2)

subje t to:

where Ji (θ), i ∈ B := [1 . . . s] are the obje tives to be optimized, θ is a solution inside the L-dimensional solution spa e D, gq (θ) and hk (θ) are ea h of the r
inequality and n equality problem onstraints respe tively, and θli and θui are the
lower and upper onstraints that dened the solution spa e D.
To solve the MO problem the Pareto optimal set ΘP (solutions where none
dominate any of the others) must be found. Pareto dominan e is dened as follows:
A solution θ 1 dominates another solution θ 2 , denoted by θ 1 ≺ θ 2 , if
∀i ∈ B, Ji (θ 1 ) ≤ Ji (θ 2 ) and ∃k ∈ B : Jk (θ 1 ) < Jk (θ 2 ) .

Therefore, the Pareto optimal set ΘP is given by
ΘP = {θ ∈ D | ∄ θ̃ ∈ D : θ̃ ≺ θ} .

(3)

ΘP is unique and normally in ludes innite solutions. Hen e a set Θ∗P , with a
nite number of elements from ΘP , should be obtained.c
Below, an extra t of the NNC method to solve an n-obje tives optimization

problem is presented. A detailed des ription of the method an be found in 5 .

Step 1: An hor points omputation. Firstly, the minimum of ea h obje tive
fun tion, Ji∗ (i ∈ B ), is al ulated by solving the following optimization
problems:
θ i∗ = min Ji (θ)

subje t to (2).
c Noti

e that Θ∗P is not unique.

(i ∈ B)

(4)
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The an hor points thus obtained determine the ends of the Pareto front

Ji∗ = J(θ i∗ ). Additionally, the utopia point,d denoted by Ju , omprises the

good elements of ea h an hor point.

Ju = [ J1 (θ 1∗ ) J2 (θ 2∗ ) · · · Js (θ s∗ ) ]T

(5)

Step 2: Obje tive spa e normalization. By dening the matrix Ls as the maximum distan es in ea h omponent of the an hor points relative to the
utopia plane, a normalization of the sear hing spa e an be performed.

T
L s = l1 l2 · · · ls
= JS − Ju

(6)

where JS is the nadir point

Ji S



JS = J1 S J2 S · · · Js S


= max Ji (θ 1∗ ) Ji (θ 2∗ ) · · · Ji (θ s∗ )

(7)
(8)

whi h leads to the normalized design metri as
Ji =

Ji − Ji (θ i∗ )
,i ∈ B
li

(9)

Step 3: Utopia line ve tor generation. Let ve tors

N k be dened as the difk∗
s∗
feren e between the normalized an hor ve tors (Figure 1), from J to J
for k ∈ 1, 2, ..., s − 1.
Nk = J

s∗

−J

k∗

(10)

Step 4: Normalized in rement denition. The normalized in rement δk is dened, in dire tion N k for a pres ribed number of solutions, as mk .
δk =

1
, (1 ≤ k ≤ s − 1)
mk − 1

(11)

where the resulting segment size an be expressed as
(12)

∆k = δk |N k |

Step 5: Generate utopia line points. The points distributed over the utopia
hyperplane are des ribed as

X pj =

s
X

αkj J

k∗

(13)

k=1

where
Ps

k=1

d Sin

αkj = 1 0 ≤ αkj ≤ 1

e it is the best point, but annot be a hieved.

(14)
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Step 6: Pareto front approximation. The NNC method states that the solution to the MO problem (1) an be transformed into the minimization of Xpj
single-obje tive problems, but in the normalized domain. The optimization
problem an be formulated as:
min J s (θ)

(15)

gq (θ) ≤ 0,
(1 ≤ q ≤ r)
hk (θ) = 0, (1 ≤ k ≤ n)
θli ≤ θi ≤ θui , (1 ≤ i ≤ L)

(16)

N k (J − X pj ) ≤ 0 k = 1 . . . s − 1
J = [J 1 (θ) · · · J s (θ)]T

(17)

subje t to:

T

Note that for ea h problem j , s − 1 additional onstraints (17) are added. Ea h
onstraint represents the s alar produ t of ve tor N k and the ve tor formed by
the dieren e between the points of the feasible area J and point X pj . By making
this s alar produ t smaller than zero, the optimization is for ed to sear h for the
minimum value when the hyperplanes are in opposition.e This ensures that this
j∗
minimum (θ ) in the Pareto front will be found for ea h point X pj (see Figure 1).

J2
J

Feasible Region

1*

1
Unfeasible Region

X pj

J

J
0

N1

1

2*

J1

Figure 1. NNC in the bi-obje tive ase and m1 = 6. For the sake of simpli ity, only the biobje tive ase is presented graphi ally.
e In

the bi-obje tive ase, hyperplanes are singled-out ve tors (Figure 1).
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The onstru tion of the Pareto front from equation 15 an in lude non-Pareto
or lo al Pareto points in its solution.f Θ∗ is dened as the dis rete set of all the
solutions found in the optimization problems (15) and (4) that are arried out. A
lter is used to eliminate the solutions that do not belong to the Pareto front and
to obtain the nal Θ∗P .
Θ∗P = {θ ∗ ∈ Θ∗ | ∄ θ̃ ∈ Θ∗ : θ̃ ≺ θ ∗ }.

(18)

Noti e that Θ∗P will ontain Pareto points that are evenly distributed a ross the
Pareto front.
The density of the points should be high enough to allow hara terization of
this front. To obtain a redu ed sample of points of Θ∗P in 9 the appli ation of a
smart lter to Θ∗P to obtain Θ∗SP is proposed. Therefore, from Θ∗P several points
are eliminated using the PIT riterion to obtain Θ∗SP (see 9 for more details about
PIT and the smart lter).

Figure 2. Regions of the PIT for the bi-obje tive ase. The gray area is the Ji PIT. J̃2 and J̃1
represent deviations of the respe tive obje tives from the point Ji . J2 belongs to the Ji PIT, and
therefore it will be removed when the smart lter is applied, whereas J1 and J3 do not belong to
Ji PIT and so they will ontinue in Θ∗ .

Given a Pareto front point Ji , its PIT is dened by means of ∆m and ∆M
designer parameters as shown in Figure 2g . For two Pareto points in Θ∗P whose
dieren e between their obje tives values is less than ∆m , the PIT riterion prevents
f Lo

al Pareto points are those that are not lo ally dominated by any other point. Non-Pareto
points are lo ally dominated.
g Sin e the smart lter is applied to Θ∗ Pareto points, the rst and third quadrants are not
P
populated and onsequently are not onsidered.
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them being in Θ∗SP - unless the dieren e between any other obje tives is greater
than ∆M .
Let ν be the absolute ve tor between the two points being ompared:
ν = abs(Ji − Jk ).

Therefore Jk is removed when it is ompared to Ji , if
νm < ∆m and νM < ∆M

where νm and νM are minimum and maximum ve tor omponents of ν .
In Figure 2, for instan e, as J2 belongs to the Ji PIT it will be removed when
the smart lter is applied to Θ∗ , whereas J1 and J3 do not belong to Ji PIT and
so they will ontinue in Θ∗ for the moment.
A smart lter starts with a Ji in Θ∗P whi h is de lared smart and ompared
with su essive points Jk in Θ∗P . Points in Ji PIT are eliminated from Θ∗P . This
pro edure is repeated with other Ji points in Θ∗P until every point in Θ∗P has been
de lared a smart point. The points nally remaining in Θ∗P onstitute Θ∗SP .
Figure 3 shows the pro ess of smart ltering. ◦ points are eliminated be ause
they belong to PIT regions of • points whi h are de lared smart. Given a Θ∗P set,
the resulting Θ∗SP is not unique sin e it depends on the analysis order followed, as
shown in ases (a) and (b) in Figure 3.
J2

J2

(a)

J1
(b)

J1
Figure 3. • and ◦ onstitute Θ∗P . • represents the Θ∗SP obtained after eliminating points in PIT
regions. (a) Analysis order 1. (b) Analysis order 2.
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2.1. NNC algorithm drawba ks
The pro edure used by the NNC algorithm is extremely dependent on the an hor
point al ulation. Therefore, if these are not orre t the algorithm may not adequately hara terize parts of the Pareto front. Two examples of this situation are
shown in this se tion. An example is shown in Figure 4 when obje tive fun tions
are multimodal and therefore the an hor points obtained ould not orrespond with
the real ends of the Pareto front. This is be ause the an hors are stati and are not
updated in the NNC algorithm on e al ulated.

Minima of J1

J3

2*

J(θ )

s

(1,0,1)

J3

(0,1,1)

Pareto Front

Xpj

1*

J(θ )
j*

J(θ )

J1

s

J1

0
0

(1,1,0)
3*

J(θ )

s

J2

J2
Figure 4. NNC in a three obje tive ase when the obje tive fun tions are multimodal.

For instan e, if J1 is minimized any solution in the highlighted line (minimum
of J1 ) ould be obtained. Assume that the J(θ 1∗ ) solution is obtained and that
J(θ 2∗ ) and J(θ 3∗ ) are also obtained when J2 and J3 are minimized, respe tively.
These solutions dene the utopia point (0, 0, 0) and the nadir point (J1S , J2S , J3S )
used to normalize the obje tive spa e and to dene the utopia plane (limited by
the points represented by squares in the gure). For ea h point X pj in the utopia
plane, a single-obje tive optimization is made and a Pareto front point J(θ j∗ ) will
be obtained that hara terises the Pareto front under the utopia plane. However, as
the utopia plane does not ompletely over the Pareto front, it would not be totally
hara terized and parts of it would not be obtained.
Another example is shown in Figure 5. In this three obje tive ase, the minimum
solution for obje tives J1 and J2 is the same, and the utopia plane is redu ed to a
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line. This fa t, means that only Pareto points under this line would be obtained,
and therefore, the Pareto front would be in ompletely hara terized.
1*

J=J

J3
1

2*

Pareto Front

Xpj
J

1

J1

1

N=N
J2

2

1
J

3*

Figure 5. NNC in a three obje tive ase when two an hor points are the same J

1∗

=J

2∗

.

3. ev-MOGA
The ev-MOGA 22 is an elitist multi-obje tive evolutionary algorithm based on the
on ept of ǫ-dominan e, 23 whi h is used to ontrol the ontent of the ar hive A(t)
where the result of the optimization problem is stored. ev-MOGA tries to ensure
that A(t) onverges toward an ǫ-Pareto set, Θ∗P ǫ in a smart distributed manner
along the Pareto front J(ΘP ) with limited memory resour es. This is due to the
ǫ-dominan e on ept whi h helps maintain solutions with signi ant trade-o and
the dynami adjustment of the limits of the Pareto front by preserving its extremes
(an hors). This reates the possibility of over oming the aforementioned problems
in the NNC algorithm.
For this reason, the obje tive spa e is split into a xed number of boxes. For
ea h dimension i ∈ B , n_boxi ells of ǫi width are reated where
ǫi = (Jimax − Jimin )/n_boxi ,

(19)
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Jimax = max
Ji (θ), Jimin = min∗ Ji (θ).
∗
θ∈ΘP ǫ

θ∈ΘP ǫ

11

(20)

This grid preserves the diversity of J(Θ∗P ǫ ) sin e ea h box an be o upied by
only one solution in A(t), and at the same time produ es a smart distribution as
will be shown later.h
The on ept of ǫ-dominan e is dened as follows. For a solution θ ∈ D, boxi (θ)
is dened by

Ji (θ) − Jimin
· n_boxi ∀i ∈ B.
boxi (θ) =
Jimax − Jimin


(21)

Let box(θ) = {box1 (θ), . . . , boxs (θ)}. A solution θ 1 with value J(θ 1 ) ǫdominates the solution θ 2 with value J(θ 2 ), denoted by θ 1 ≺ǫ θ 2 , if and only
if

box(θ 1 ) ≺ box(θ 2 ) ∨ box(θ 1 ) = box(θ 2 )andθ 1 ≺ θ 2 .

(22)

∀θ 1 , θ 2 ∈ Θ∗P ǫ , θ 1 6= θ 2 , box(θ 1 ) 6= box(θ 2 )andbox(θ 1 ) ⊀ǫ box(θ 2 )

(23)

Hen e, a set Θ∗P ǫ ⊆ ΘP is ǫ-Pareto if and only if

Therefore, ev-MOGA is responsible for updating the ontent of A(t) by saving
only ǫ-dominant solutions that do not share the same box. When two mutually
ǫ-dominant solutions ompete, the solution that prevails in A(t) will be the one
that is losest to the enter of the box. It is thereby possible to prevent solutions
belonging to adja ent boxes (neither of them dominating the other) from being too
lose to ea h other, thus en ouraging a smart distribution.
The aim of ev-MOGA is to a hieve a Θ∗P ǫ with the greatest possible number of
solutions in order to hara terize the Pareto front adequately. Although the number
of possible solutions will depend on the shape of the front and for n_boxi , it will
not ex eed the following level
|Θ∗Pǫ |

≤

n_boxi + 1
, n_boxmax = max n_boxi
i
n_boxmax + 1

Qn

i=1

(24)

whi h is advantageous, as it is possible to ontrol the maximum number of solutions
that will hara terize the Pareto front.
Furthermore, thanks to the denition of the box, the an hor points Ji (θ i∗ ) are
assigned a value of boxi (θ i∗ ) = 0, whereby Ji (θ i∗ ) = Jimin . Therefore, no solution
θ an ǫ-dominate be ause, by applying the denition of box, their boxi (θ) ≥ 1.
Figure 6 shows what Θ∗P ǫ would be obtained by applying on epts of ǫdominan e for a bi-obje tive example, when n_box1 = n_box2 = 10 is used. The
values ǫ1 and ǫ2 depend on the limits of the front J1min , J2min , J1max and J2max ,
whi h adjust dynami ally in a ordan e with the utopia solution al ulated in ea h
h The algorithm only he ks o upied boxes (not all boxes). This ontent management of A(t) avoids
the need to use other lustering te hniques to obtain adequate distributions, and so onsiderably
redu es omputational ost (see referen e 23 ).
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generation. It an be seen that the distribution of solutions omprised by J(Θ∗P ǫ )
along the front depends on obje tive ex hange. The greatest number of points are
a umulating in the entral area (indi ated by a dotted line) where the trade-o
among obje tives hanges qui kly. This property is equivalent to the smart lter
used in the PIT riterion and therefore, helpful in the de ision making pro ess. The
ǫ-dominan e on ept is helpful for avoiding a high density of solutions in the approximated Pareto front and brings useful solutions for the DM. Approa hes using
rowding measures (for example) seek to avoid high density areas, with no regard
for PIT riterion.
box

max

J2
J(QP)

Grey area is
e-dominated by

q

i

i

J(q )

e2
J(QPe*)

n_box1=10

are the
points

n_box2=10
min

J2

min

J1

e1

max

J1

Figure 6. The on ept of ǫ-dominan e. ǫ-Pareto front J(Θ∗P ǫ ) in a bi-obje tive problem. J1min ,
J2min , J1max , J2max , Pareto front limits; ǫ1 , ǫ2 box widths; and n_box1 , n_box2 , number of boxes
for ea h dimension.

A des ription of the ev-MOGA algorithm for obtaining an ǫ-Pareto front J(Θ∗P ǫ ),
is presented below. The algorithm, whi h adjusts the width ǫi dynami ally, is omposed of three populations:
(1) Main population P (t) explores the sear hing spa e D during the algorithm
iterations (t). Population size is N indP .
(2) Ar hive A(t) stores the solution Θ∗P ǫ . Its size N indA is variable but bounded
(see equation (24)).
(3) Auxiliary population G(t). Its size is N indG , whi h must be an even number.
The pseudo ode of the ev-MOGA algorithm is given by
1. t:=0
2. A(t):=∅
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3. P(t):=ini_random(D)
4. eval(P(t))
5. A(t):=storeini(P(t),A(t))
6. while t<t_max do
7.
G(t):= reate(P(t),A(t))
8.
eval(G(t))
9.
A(t+1):=store(G(t),A(t))
10.
P(t+1):=update(G(t),P(t))
11.
t:=t+1
12. end while

(a)

(b)

Z3

Z2

Z2

Z3

max

J2

max

J2

Z1

max

J3

J2min

min

min

Z4

Z1

J1

max

J1

Z3

J2
J3min

Z4

min

min
J1

max

Z3

J1

Figure 7. Fun tion spa e areas (Z) and limits (J). (a) two-dimensional ase; (b) tri-dimensional
ase.

Ea h line of the pseudo ode is detailed as follows:

Line 1. Initialize termination ondition (generation ounter).
Line 2. Initialize ar hive A(t)
Line 3. P (0) is initialized with N indP individuals (solutions) that have been randomly sele ted from the sear hing spa e D.

Line 4. Fun tion eval al ulates the fun tion value (Equation (1)) for ea h individual in P (t).
Line 5. Fun tion storeini he ks individuals in P (t) that might be in luded in the
ar hive A(t) as follows:
(1) Non-dominated P (t) individuals are dete ted, ΘN D .
(2) Pareto front limits Jimax and Jimin are al ulated from J(θ), ∀θ ∈ ΘN D .
(3) Individuals in ΘN D are analyzed, one by one, and those that are not ǫdominated by individuals in A(t), will be in luded in A(t).

Line 6. The algorithm will exe ute while t<t_max.
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Line 7. With ea h iteration, the fun tion reate reates G(t) as follows:
(1) Two individuals are randomly sele ted, θ P from P (t) and θ A from A(t).
(2) A random number u ∈ [0 . . . 1] is generated.
(3) If u > Pc/m (probability of rossing/mutation), θ P and θ A are rossed
over by means of the extended linear re ombination te hnique. 24
(4) If u ≤ Pc/m , θ P and θ A are mutated using random mutation with Gaussian
distribution 24 and then in luded in G(t).
This pro edure is repeated N indG /2 times until G(t) is lled.
Line 8. Fun tion eval al ulates the fun tion value (Equation (1)) for ea h individual in G(t).
Line 9. Fun tion store he ks, one by one, whi h individuals in G(t) must be
in luded in A(t) on the basis of their lo ation in the obje tive spa e (see Figure
7). Thus ∀ θ G ∈ G(t)
(1) If J(θ G ) belongs to the area Z1 and is not ǫ-dominated by any individual
from A(t), it will be in luded in A(t) (if its box is o upied by an individual
that is also not ǫ-dominated, then the individual lying furthest away from
the enter box will be eliminated). Individuals from A(t) whi h are ǫdominated by θ G will be eliminated.
(2) If J(θ G ) belongs to the area Z2 then it is not in luded in the ar hive, sin e
it is dominated by all individuals in A(t).
(3) If J(θ G ) belongs to the area Z3, the same pro edure is applied as was
used S
with the fun tion storeini but now applied over a population P ′ (t) =
A(t) θ G , that is, storeini (P ′ (t), ∅). In this pro edure, new Pareto front
limits and ǫi widths ould be re al ulated.
(4) If J(θ G ) belongs to the area Z4, all individuals from A(t) are deleted
sin e they are all ǫ-dominated by θ G . θ G is in luded and the obje tive
spa e limits are J(θ G ).
Line 10. Fun tion update updates P (t) with individuals from G(t). Every individual θ G from G(t) is ompared with an individual θ P that is randomly
sele ted from the individuals in P (t) whi h are dominated by θ G . θ G will not
be in luded in P (t) if there is no individual in P (t) dominated by θ G .
Line 11. Iteration ounter t is in remented by one.
Line 12. Algorithm terminates. Individuals from A(t) omprise Θ∗P ǫ , the smart
hara terization of the Pareto front.

4. Three-bar truss example
The rst optimization problem is related to the three-bar truss des ribed in Figure
8. This truss is broadly used as a ben hmark to dene the best solutions based on
ertain spe i ations. The truss is stati ally indeterminate; thus the solution of the
balan e of for es has to be supplemented with the deformation equations. For this
ase, the parameters L = 1m, β = 45o , α = 30o and F = 20kN proposed in 5,6
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were sele ted.
The design variables orrespond to the se tions of the bars θ = [θ1 , θ2 , θ3 ].
The obje tives orrespond to the total volume of the truss (J2 (θ)) and to a linear
ombination of the displa ement of node P (J1 (θ)).

q1

q3

q2

L
b

a

F P
d2

F

d11
Figure 8. Three-bar truss problem with β = 45o and α = 30o .

The problem an be formulated as follows:
min J(θ) = [J1 (θ), J2 (θ)]

(25)

subje t to
0.1 · 10−4 m2 ≤ θi ≤ 2 · 10−4 m2 , i = 1 . . . 3,

where:
J1 (θ) = 0.25δ1 + 0.75δ2,


θ1
θ3
J2 (θ) = L
+ θ2 +
.
sin β
sin α

(26)
(27)

Deformations δ1 and δ2 are al ulated as 25 :


δ1
δ2



L
=
E



γ1 γ2
γ2 γ3

−1 


F
,
F

(28)

where E = 200GP a. is the Young 's modulus and
γ1 = θ2 + θ1 sin3 β + θ3 sin3 α,
γ2 = −θ1 sin2 β cos β + θ3 sin2 α cos α,
γ3 = θ1 sin β cos2 β + θ3 sin α cos2 α.

Moreover, the problem is subje t to three onstraints related to the rea tion
for es in ea h bar Ni :
|Ni |
≤ σ, i = 1 . . . 3,
θi

(29)
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with σ = 200M P a. These rea tion for es are al ulated a ording to the following expressions: 25
θ1 E
(δ1 sin β − δ2 cos β) sin β,
L
θ2 E
δ1 ,
N2 =
L
θ3 E
N3 =
(δ1 sin α + δ2 cos α) sin α.
L
N1 =

(30)
(31)
(32)

The onstraints (29) will be taken into a ount through stati penalty fun tions.
Therefore, the obje tive fun tions (26) and (27) result in:

26,27 i

J1 (θ) = 0.25δ1 + 0.75δ2 + C(θ),


θ1
θ3
J2 (θ) = L
+ θ2 +
+ C(θ).
sin β
sin α

(33)
(34)

where:
3
X


|Ni |
C(θ) =
max 0,
−σ .
θi
i=1


(35)

To solve this optimization problem, the NNC with a smart lter and ev-MOGA
algorithms are used and their results are ompared to he k their strengths and
weaknesses.
The parameters of the ev-MOGA algorithm were set to:
•
•
•
•

N indG = 4 and N indP = 100.
tmax = 4975, resulting in 20000 evaluations of J1 (θ) and J2 (θ).
Pc/m = 0.1.
n_box1 = n_box2 = 50 so the maximum number of points in the Pareto front

will be fewer than 52.

The parameters of the NNC algorithm and the smart lter were set to:
• m1 = 200 in order to obtain a good density of points in the Pareto front.j
• ∆m = 0.02 and ∆M = ∞.
∆m was set to 0.02 with the intention of omparing the smart Pareto front and
ǫ-Pareto front sin e 1/0.02 = 50, whi h is the number of boxes the obje tive spa e

is split into with ev-MOGA.
Figure 9 shows the results of the multi-obje tive optimization problem. Noti e
that the Pareto front is on ave and disjointed. Both algorithms have aptured the
i With

this te hnique, the greater the non-fulllment by a solution, the greater is the value of C(θ),
and it will therefore be onsidered a worse solution; while if a solution fullls all the onstraints,
then C(θ) = 0 and the equations (26) and (27) orrespond to (33) and (34) respe tively.
j For the method based on the NNC algorithm to give good results, the front must be hara terized
with a large number of uniformly distributed points.
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an hor points perfe tly and they have hara terized the Pareto front with the same
number of points (20 points) with a Smart distribution whi h is more or less the
same. This proves that ev-MOGA and NNC Pareto front hara terizations an be
equivalent if ∆m , ∆M and n_boxi are set in an appropriate manner. The box limits
are in luded in the gure to he k the ǫ-dominan e on ept.

800

600

2

J (θ)

700

500

400

300
0.07

0.08

0.09

0.1

0.11
J1(θ)

0.12

0.13

0.14

0.15

Figure 9. Three-bar truss example. '·' is the Pareto front obtained with NNC (it is omposed of
200 evenly distributed points). '◦' is the ǫ-Pareto front obtained with ev-MOGA using n_box1 =
n_box2 = 50. The horizontal and verti al lines represent the limit boxes. '♦' represents the smart
Pareto front obtained with NNC results and ∆m = 0.02 and ∆M = ∞ are smart lter parameters.

The main advantage of the NNC algorithm over the ev-MOGA algorithm is
its low omputational burden, sin e it only needs about 5000 evaluations of the
J1 (θ) and J2 (θ) fun tions to obtain the 200 points in the Pareto front; versus
the 20000 required by the ev-MOGA algorithm. Conversely, determining the initial
onditions of the optimizations addressed by the NNC is not so straightforward. For
this parti ular example, ea h of the 200 optimizations was solved by strategi ally
hoosing its initial onditions so as to avoid lo al minimums.

5. Proportional-integral ontroller tuning example
This example is related to the proportional-integral (PI) ontroller tuning problem
des ribed in 28 by means of multi-obje tive optimization design. 29,30 The PI transfer
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fun tion used is:
Gc (s) = kc



1
1+
Ti s



E(s)

(36)

where kc (the proportional gain) and Ti (the integral time) are the design variables, θ = [kc , Ti ]. PI ontrollers are a reliable and pra ti al ontrol solution for industrial environments. They are widely used and any eorts to develop new tuning
te hniques are worthwhile. 31,32 This optimization pro edure fo uses on a hieving a
trade-o between load disturban e reje tion, robustness, and setpoint response. It
denes as a parameter for design a given value of the maximum sensitivity fun tion
Ms = max

1
∈ [1.2, 2.0]
1 + Gc (ω)Gp (ω)

(37)

and the maximum omplementary sensitivity fun tion
Mp = max

Gc (ω)
∈ [1.0, 1.5],
1 + Gc (ω)Gp (ω)

(38)

where Gc (ω), Gp (ω) represents the ontroller and pro ess transfer fun tions
in the frequen y domain, respe tively. A numeri al non- onvex optimization is employed, by in reasing as mu h as possible the integral gain ki = kc /Ti subje t to
the pre-dened Ms and Mp values.
Therefore, a multiobje tive optimization problem an be stated, where a tradeo between performan e (integral gain, J1 (θ) = −kc /Ti ) and robustness (J2 (θ) =
Ms , J3 (θ) = Mp ) is formulated as:
min J(θ) = [J1 (θ), J2 (θ), J3 (θ)]

(39)

kc + kc /Ti ≤ Ku ,

(40)

1.2 ≤ Ms ≤ 2.0,

(41)

1.0 ≤ Mp ≤ 1.5.

(42)

0.0 ≤ kc ≤ Ku .

(43)

0.01 ≤ Ti ≤ 20.0.

(44)

subje t to

Constraint (40) is used to bound the maximum allowed ontrol a tion eort to the
ultimate gain Ku . Constraints (42) and (43) are used to obtain a Pareto front J∗P
that is useful from the ontrol point of view, while (43) and (44) determine the
sear hing spa e.
The pro ess transfer fun tion to be used is:
Gp (s) =

with Ku ≈ 7.8.

1
3

(s + 1)

(45)
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The onstraints (40, 41, 42) will be taken into a ount by using penalty fun tions
again. 26 In this ase, the problem is reformulated as follows:

min2 J(θ) =

θ∈ℜ




 J(θ)

if

5
P

Ck (θ) = 0
k=1


5
P


 oset +
Ck (θ) · [1, 1, 1]
k=1

otherwise

oset = [0, 2.0, 1.5]
C1 (θ) = max{0, kc + kc /Ti − Ku }
C2 (θ) = max{0, 1.2 − Ms }
C3 (θ) = max{0, 1.0 − Mp }
C4 (θ) = max{0, Ms − 2.0}
C5 (θ) = max{0, Mp − 1.5}

(46)
(47)

(48)
(49)
(50)
(51)
(52)

The parameters of the ev-MOGA algorithm were set to:
•
•
•
•

N indG = 16 and N indP = 160.
tmax = 500, resulting in 8160 evaluations of J1 (θ), J2 (θ) and J3 (θ).
Pc/m = 0.1.
n_box1 = n_box2 = n_box3 = 50 so the maximum number of points in the

Pareto front will be fewer than 2602.

The parameters of the NNC algorithm and the smart lter were set to:
• m1 = 200 in order to obtain a good density of points in the Pareto front.
• ∆m = 1/50 = 0.02 and ∆M = ∞.

Figure 10 shows the results of the multi-obje tive optimization problem obtained
with NNC and ev-MOGA algorithms.
In this example, the solution that minimizes the obje tive J3 (θ) and J2 (θ) is
the same. Therefore, there are only two an hor points and the utopia hyperplane
is redu ed to a line - whi h in the ase of NNC leads to fewer solutions in the
entral area of the Pareto front than with ev-MOGA. This prevents the NNC from
hara terizing the surfa e of the Pareto front in the entral area.
When J3 (θ) is minimized in order to obtain the an hor points, so that there
are several solutions su h as J3 (θ) = Mp = 1.0 (J3 is multimodal). There is no
guarantee that the NNC algorithm will obtain the most useful J3 an hor.
To evaluate the performan e of ea h MOEA, the hypervolume (or Lebesgue
measure) omputed by means of a Monte-Carlo approximation method has been
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Figure 10. PI design example. '◦' is the Pareto front obtained with NNC. '∗' is the ǫ-Pareto front
obtained with ev-MOGA.

obtained and the results are:k
• NNC=0.1563
• ev-MOGA=0.1676

That is, ev-MOGA improves the hypervolume indi ator by 7.2% in omparison
with NNC with a smart lter.
Both hypervolume and qualitative inspe tion of the Pareto front show that evMOGA algorithms an hara terize the Pareto front better than NNC, mainly due
to the geometry and shape of this Pareto front and the problems previously des ribed for NNC.

6. Con lusions
A multi-obje tive evolutionary algorithm, ev-MOGA, based on the on ept of ǫdominan e has been presented to hara terize the Pareto front in a smart way and
ompare it with the NNC with the smart lter method. To evaluate the performan e
k Hypervolume was omputed taking [0, 2, 1.5] as a referen e point and 100,000 as the number
of samples used for the Monte-Carlo approximation. The Matlab fun tion used is available at
www.mathworks. om/matlab entral/leex hange/19651.
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of these algorithms, two optimization problems were utilized.
Some of main on lusions are:
• The NNC method generates evenly distributed Pareto fronts but:

(1) The solution is dependent on the initial optimization onditions sin e it
uses a sear h-based Gauss-Newton method whi h an ause some lo al
Pareto points to be obtained.
(2) May have di ulties properly hara terizing the Pareto front when two or
more an hor points are the same (in three or more obje tive problems).
(3) Something similar ould happen when an obje tive fun tion is multimodal
sin e the an hor points annot orrespond to the end of the Pareto front
(in three or more obje tive problems).
(4) With an a priori knowledge of the Pareto front geometry it is possible to
improve the NNC algorithm to over ome the latter di ulties. Nevertheless, su h information is not always available.
(5) The omputational burden grows exponentially with respe t to the dimension of the obje tive fun tion spa e sin e the transformed optimization
problem to be exe uted also grows exponentially if the same density of
Pareto points is required.
• The MNNC eliminates the rst NNC disadvantage, but the se ond disadvantage

is in reased onsiderably.

• A smart lter based on PIT is a very ee tive and exible pro edure to obtain

smart Pareto fronts, but the result depends on the order in whi h the analysis
of the Pareto points is arried out. To redu e this problem, it is very important
that the NNC method hara terizes the Pareto front with many points, whi h
again in reases the omputational burden.
• ev-MOGA algorithm eliminates the rst NNC disadvantage. Its omputational
burden is also more ompetitive than that of MNNC, thanks to the fa t that
the Pareto points are generated in parallel and in a single run. Other features
of ev-MOGA are:
(1) It dynami ally adjusts the pre ision of the Pareto front without in reasing
the ar hive size, so that the memory requirements are always bounded
(n_boxi parameters).
(2) It adapts the extremes of the Pareto front, regardless of the parameters
n_boxi and ensures that an hor points are not eliminated from the ar hive.
At the same time this eliminates the se ond NNC disadvantage.
(3) It automati ally hara terizes all kinds of Pareto fronts (i.e. non- onvex
and disjoined ones) in a smart way in a similar manner to NNC with smart
lter methods if ∆M = ∞.
(4) It is an algorithm useful for the designer, sin e it approximates the Pareto
front (sear h pro ess) with signi ant solutions for the DM (sele tion step).

O tober 23, 2013 15:2 WSPC/INSTRUCTION FILE

22

evMOGAsmart

J.M. Herrero et al.

A knowledgments
This work was partially supported by the FPI-2010/19 grant and the PAID-0611 proje t from the Universitat Politè ni a de Valèn ia, proje ts TIN2011-28082
and ENE2011-25900 (Spanish Ministry of E onomy and Competitiveness) and the
GV/2012/073 (Generalitat Valen iana).

Bibliography
1. Coello, C. A. C., Veldhuizen, D. V., Lamont, G., 2002. Evolutionary algorithms for
solving multi-obje tive problems. Kluwer A ademi press.
2. Marler, R. and Arora, Jasbir, 2010. The weighted sum method for multi-obje tive
optimization: new insights,Stru tural and Multidis iplinary Optimization, 41 (6), 853
 862
3. Messa A, Mattson CA. Generating well-distributed sets of pareto points for engineering design using physi al programming. Optimization and Engineering 2002; 3:431450.
4. Miettinen, K. M., 1998. Nonlinear multiobje tive optimization. Kluwer A ademi Publishers.
5. Messa A, Ismail-Yahaya A, Mattson CA. The normalized normal onstraint method
for generating the Pareto frontier. Stru tural and Multidis iplinary Optimization 2003;
25:86-98.
6. Martínez M, Blas o X, San his J. Global and well-distributed Pareto frontier by modied normalized onstraint methods. Stru tural Multidis iplinary Optimization 2007;
34:197-207.
7. Martínez M, Gar ía-Nieto S, San his J, Blas o X. Geneti algorithms optimization
for normalized normal onstraint method under Pareto onstru tion. Advan es in
Engineering Software 2009, 40(4): 260-267.
8. Mattson, C. A., Messa , A., 2005. Pareto frontier based on ept sele tion under un ertainty, with visualization. Optimization and Engineering 6, 85115,
10.1023/B:OPTE.0000048538.35456.45.
9. Mattson CA, Muller AA, Messa A. Smart Pareto Filter: Obtaining a minimal representation of multi-obje tive design spa e. Engineering Optimization 2004; 36(6):721740.
10. Coello Coello, C., feb. 2006. Evolutionary multi-obje tive optimization: A histori al
view of the eld. Computational Intelligen e Magazine, IEEE 1 (1), 28  36.
11. Coello, C., 2011. An introdu tion to multi-obje tive parti le swarm optimizers. In:
Gaspar-Cunha, A., Takahashi, R., S haefer, G., Costa, L. (Eds.), Soft Computing
in Industrial Appli ations. Vol. 96 of Advan es in Intelligent and Soft Computing.
Springer Berlin / Heidelberg, pp. 312, 10.1007/978 − 3 − 642 − 20505 − 71 .
12. Mezura-Montes, E., Reyes-Sierra, M., Coello, C., 2008. Multi-obje tive optimization
using dierential evolution: A survey of the state-of-the-art. Advan es in Dierential
Evolution (SCI 143), 173  196.
13. Zhou, A., Qu, B.-Y., Li, H., Zhao, S.-Z., Suganthan, P. N., Zhang, Q., 2011. Multiobje tive evolutionary algorithms: A survey of the state of the art. Swarm and Evolutionary Computation 1 (1), 32  49.
14. Coello, C. A. C., Lamont, G. B., 2004. Appli ations of Multi-Obje tive evolutionary
algorithms, advan es in natural omputation vol. 1 Edition. World s ienti publishing.
15. Zitzler E. Evolutionary algorithms for multi-obje tive optimization: Methods and ap-

O tober 23, 2013 15:2 WSPC/INSTRUCTION FILE

evMOGAsmart

A Smart-distributed Pareto Front using the ev-MOGA Evolutionary Algorithm

23

pli ations, Ph.D. Thesis, Swiss Federal Institute of Te hnology, Zuri h, 1999.
16. Coello C, Veldhuizen D, Lamont G. Evolutionary algorithms for solving multiobje tive problems. Kluwer A ademi Publishers, 2002.
17. Coello C, Tos ano G, Mezura E. Current and future resear h trends in evolutionary
multi-obje tive optimization. In: Manuel Graña, Ri hard Duro, Ali ia dÁnjou, and
Paul P. Wang, editors. Information Pro essing with Evolutionary Algorithms: From
Industrial Appli ations to A ademi Spe ulations. Springer-Verlag 2005; 213-231.
18. Alander J. An indexed bibliography of Geneti Algorithms & Pareto and onstrained
optimization. Te hni al report, Department of Information Te hnology, University of
Vaasa, 2002.
19. Garrett D., Dasgupta D., Vannu i J. and Simien J. Applying Hybrid Multiobje tive
Evolutionary Algorithms to the Sailor Assignment Problem. book hapter in Jain L.
C., Palade V., Srinivasan D. (Eds.): Advan es in Evolutionary Computing for System
Design, Springer 2007.
20. Wang Z. and Palade V. Multi-Obje tive Evolutionary Algorithms based Interpretable
Fuzzy Models for Mi roarray Gene Expression Data Analysis. Pro . of the 2010 IEEE
International Conferen e on Bioinformati s and Biomedi ine - BIBM 2010, Hong Kong
- China, De 2010, pages 308-313.
21. Bonissone, P., Subbu, R., Lizzi, J., aug. 2009. Multi riteria de ision making (m dm): a
framework for resear h and appli ations. Computational Intelligen e Magazine, IEEE
4 (3), 48 61.
22. Herrero JM. Non-linear Robust identi ation using evolutionary algorithms, Ph.D.
Thesis, Polyte hni University of Valen ia, 2006.
23. Laumanns M, Thiele L, Deb K, Zitzler E. Combining onvergen e and diversity in
evolutionary multi-obje tive optimization. Evolutionary omputation 2002; 10(3):263282.
24. Herrero JM, Blas o X, Martínez M, San his J: Robust identi ation of a biomedial pro ess by evolutionary algorithms (in Spanish). Revista Iberoameri ana de Automáti a e Informáti a Industria 2006; 3(4):75-86
25. Batill SM. Course: ME/AE 446. Finite Element Methods in Stru tural Analysis, Planar truss appli ations 1995. www.nd.edu.
26. Coello C: Theoreti al and numeri al onstraint-handling te hniques used with evolutionary algorithms: a survey of the state of the art. Computer Methods in Applied
Me hani s and Engineering 2002; 191:1245-1287.
27. Mezura-Montes, E., Coello, C. A. C., De ember 2011. Constraint-handling in natureinspired numeri al optimization: Past, present and future. Swarm and Evolutionary
Computation 1 (4), 173  194.
28. Åström, K.J.: Design of PI Controllers based on Non-Convex Optimization. Automati a 1998; 34(5):585-601.
29. Reynoso-Meza, G., San his, J., Blas o, X., Herrero, J., sept. 2011. Handling ontrol
engineer preferen es: Getting the most of PI ontrollers. In: Emerging Te hnologies
Fa tory Automation (ETFA), 2011 IEEE 16th Conferen e on. pp. 1 8.
30. Reynoso-Meza, G., San his, J., Blas o, X., Juan M., H., 2012. Multiobje tive evolutionary algortihms for multivariable PI ontroller tuning. Expert Systems with Appliations Volume 39, Issue 9, July 2012, Pages 78957907.
31. Vilanova, R., Alfaro, V. M., 2011. Robust PID ontrol: an overview (in spanish).
Revista Iberoameri ana de Automáti a e Informáti a Industrial 8 (3), 141-158.
32. Reynoso-Meza, G., Blas o, X., San his, J., Martínez, M., 2013. Evolutionary algorithms for PID ontroller tuning: Current trends and perspe tives (in spanish). Revista
Iberoameri ana de Automáti a e Informáti a Industrial 10 (3), 251-268.

