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Abstract

Given a set function A with values in a Banach space X, we construct an in-
tegration theory for scalar functions with respect to A by using duality on X
and Choquet scalar integrals. Our construction extends the classical Bartle-
Dunford-Schwartz integration for vector measures. Since just the minimal
necessary conditions on A are required, several L!-spaces of integrable func-
tions associated to A appear in such a way that the integration map can be
defined in them. We study the properties of these spaces and how they are
related. We show that the behavior of the L!-spaces and the integration map
can be improved in the case when X is an order continuous Banach lattice,
providing new tools for (non-linear) operator theory and information science.
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1. Introduction

Lebesgue type integration of scalar functions with respect to a vector
measure was originally developed by Bartle, Dunford and Schwartz [3] in
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order to extend the classical Riesz representation theorem for vector val-
ued operators. Later, an equivalent integration theory was constructed by
Lewis [23] using the duality of the vector measure’s codomain. Nowadays
this theory is well understood and has found many important applications
in functional analysis and operator theory, among others the extension of
linear operators to larger domains, see [29] and the references therein for an
outlook of this topic. Similar and other applications would be desirable in
the case of non-finitely additive vector valued set functions, as for instance
the study of non-linear operators or the construction of some measuring tools
in information science (e.g. [4, [I8]). The aim of this paper is to create an
integration theory for vector-valued capacities —sometimes also called fuzzy
capacities— and the corresponding spaces of integrable functions, which fits
with the integration with respect to vector measures and allows to address
this kind of applications in next works. As a first step in this process, Cho-
quet type integrals will provide the appropriated framework and will play a
fundamental role for our goal.

Let us explain our motivation regarding possible applications of our work.
Our interest in this topic is twofold. On the one hand, the relevance of our
paper from the point of view of the mathematical analysis may be found in
the aim of finding extensions of recent vector-measure-based developments
in operator theory and harmonic analysis. Indeed, Bartle-Dunford-Schwartz
integration has found an upturn of interest due to its use for computation of
maximal domains of operators, with applications in several applied problems
(see for example [10, 12, 111, 29]). In this direction, similar techniques would
be applied for non-linear operators using the tools developed here, where
linearity —vector measures— is substituted by non-linearity —fuzzy vector
capacities—. Concretely, we are thinking about fundamental non-linear op-
erators as the Hardy-Littlewood maximal operator. On the other hand, as
a continuation of our research in collaboration with information scientists,
we are also interested in the theoretical development of mathematical instru-
ments for the bibliometric analysis of the impact of the scientific research and
its multiple applications —altmetrics, research assessment, big data analy-
sis, just to mention some of them (see [0l [16])—. Current research on the
topic shows that two lines of research make sense. The first one stresses
the fact that non-additive set functions and integration are more and more
needed for constructing such measuring tools (see [4, 18], 21, 26]). The second
one highlights the fact that multiple scalar indexes —that is, vector-valued
indexes— are sometimes needed for a suitable mathematical treatment of the



information (see [0, [17] and the references therein).

Integration with respect to general set functions has a long tradition,
and current contributions on this subject are hot research topics in several
branches of both pure and applied mathematics. In the Introduction of [22],
an excellent historical review on this integration can be found; see also [24]
for an overview of non-additive monotonic measures and their properties.
There are a lot of mathematical developments related to non-additive inte-
gration; the references in both papers just mentioned provide a nice selections
of works regarding this subject and its broad class of applications. We must
also refer to the so called pseudo analysis, that is based in the study of the
properties of the pseudo measures. Different terms are used for related types
of set functions, as for example fuzzy measures, capacities, non-monotonic
measures, pseudo-additive measures and null-additive set functions. Start-
ing from the early work of Choquet ([9]), Sugeno and others which may be
mentioned here (see for example [27], 28] and the references therein), solid
integration theories have been constructed for related classes of non-additive
measures (see the books [13] B0, B1]; also [33, [35]). In particular, the Cho-
quet integral has been deeply studied in the case of scalar functions and
scalar positive capacities (e.g. [I3]) and even there are studies about the L!
and other function spaces associated to this integral (e.g. [7]). Regarding
general (topological) spaces of scalar functions that are integrable, a lot of
work has also been made in recent years, also from different —theoretical
and applied— points of view. Although the literature on the subject is really
broad, let us mention here the works that are more related to our develop-
ments, that are the papers [7, [§] for the classical Choquet integral for scalar
functions, and [32] for general pseudo measures.

Regarding the vector valued case, also vector capacities with values in a
Riesz space has been studied (e.g. [20]). In this case, thanks to the order
structure, a Choquet type vector integral can be defined by using vector Rie-
mann integration. Our approach will be different. Starting with a Banach
space valued capacity (without any order) we will use Choquet scalar inte-
grals and duality in a similar way as in Lewis integration to define a vector-
valued integral. Several L!-spaces associated to the vector capacity appear
along the paper as soon as some specific conditions are required. We study
the relation among them and the role played by the Dunford and Bochner
integration when the distribution functions with respect to the vector capac-
ity are considered; we must mention here the paper [15] for a similar study
in the case of vector measures, that in some sense inspired our work. Finally,



we will see how much the behavior and the properties of the L!-spaces and
the integration map improve when the vector capacity take values in an order
continuous Banach lattice.

We must remark that the novelty of our results mainly concerns the vector
nature of the proposed Choquet integral, and the fact that we are directly
interested in the structure of the associated spaces of integrable functions,
besides the properties of the integrals. This is so because spaces of integrable
functions are central in both motivations that led us to start this study. From
the pure-analytic point of view, domains of (linear and non-linear) classical
operators are normally function spaces, and so the maximal domain must be
expected to be such an space too. From the point of view of the applications,
all the functions that can be used for representing a measuring tool with some
fixed requirements in information science are also elements of such an space.

The contents of this paper are structured as follows. In the preliminar-
ies we collect the basic concepts and facts on scalar capacities and function
spaces that are needed. Section [3|is devoted to the space L'(\) of a scalar
positive capacity A, that is, the space of (A-a.e. classes of) measurable func-
tions f such that [ 7 A1y dm < oo where m is the Lebesgue measure on the
interval I = [0,00) and Ay is the distribution function of | f| with respect to
A. Although this space has already been studied in [7], as it will be our main
tool we have preferred to include here a detailed outline in which minimal
conditions on A are required taking care that the identification of functions
which are equal A-a.e. is correct.

In Section [4| we consider a family F = (\,) of scalar positive capacities
and construct two quasi-Banach function spaces associated to F, namely, the
space L'(||F]|) of the capacity ||F|| = sup, Ao and the space L'(F) of (||.F]|-
a.e. classes of) measurable functions f such that sup, [;(Aa)jsdm < co. A
Banach space valued capacity A: ¥ — X come into play in Section As
particular cases of the results of Section [d], we obtain the quasi-Banach func-
tion spaces L' (||A]]), w-Ly(A), L*(|]|A]]]), w-Lg, (A) associated to the families
(|Jz*A|) 2 eBy. and (gu=a)z eBy., where |z*A| and g« are the variation and
quasi-variation respectively of the scalar capacity z*A given by the composi-
tion of A with the element z* in the closed unit ball Bx+ of the topological
dual X* of X.

Under the appropriate conditions, in Section [6] we associate to A an in-
tegration map I: w-L}, (A) — X**, where (Iz(f),z*) = [, x*Asdm for all
positive f € w—L}IU(A) and z* € X*. For non-positive f we use its positive
and negative parts. Then two new sets appear in the case when X is non-
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reflexive: the set Ly, (A) of functions f € w-L,,(A) such that Ix(fxa) € j(X)
for all A € X, where j is the canonical embedding of X into X**, and
Ly(A) = L},(A) Nw-Ly(A). We find the following containment relations

LA c Ly(A) © w-Ly(A)
N N N
LA € Lgu(A) C w-Lg,(A).

In the case when A is a vector measure the vertical inclusions are equalities,
w-L1(A) and LL(A) coincide with the spaces of weakly integrable and inte-
grable functions (in the sense of Lewis) with respect to A respectively, and
I, is the integration operator with respect to A.

In general, since I is not additive, we cannot know even if L) (A) and
LL(A) are vector spaces. Section [7] gives conditions on X and A under which
these two sets are Banach function spaces with the norms of w—L}IU(A) and
w-LL(A) respectively. The key is that under these conditions X is a Banach
lattice satisfying that j(X) is an ideal of X** and the map I, is increasing and
subadditive on positive functions. Moreover, I, turns out to be continuous,
the space w-L,,(A) coincides with the space of (A-a.e. classes of) measur-
able functions such that A is Dunford integrable with respect to m and
LY(J||A]]]) with the space of functions such that A is Bochner integrable.

We end with Section [§ by showing an example of a vector capacity which
satisfies all the conditions required along the paper and giving easier descrip-
tions of its associated L!-spaces.

2. Preliminaries

Throughout this paper (€2, X)) will denote a measurable space. Let A: ¥ —
0, 00] be a set function satisfying that A() = 0. Such a set function A\ will
be called a capacity. A set Z € ¥ is A-null if A(A) = 0 for all A € ¥ such
that A C Z. Note that every measurable subset of a A\-null set is A-null. A
property holds A-a.e. if it holds except on a A-null set. If (A4,) C X is an
increasing sequence with A = UA,, we will write A4, 1 A. If the sequence is
decreasing with A = NA, we will write A, | A. The following properties of
a capacity will be used in the sequel:

(P1) X is increasing if A(A) < A(B) for every A, B € 3 such that A C B.
(P2) \is null-additive if \(AUZ) = A(A) for all A, Z € ¥ with Z being A-null.



(P3) \is quasi-subadditive if there exists a constant K > 1 such that
AMAUB) < K(A(A) + \(B))
for every disjoint sets A, B € 3. If K =1 it is called subadditive.

(P4) X is superadditive if AM(A) + A\(B) < A(A U B) for every disjoint sets
A, BeX,

(P5) X is submodular if \(AU B) +AMANB) < AA)+ A(B) for all A, B € X.

(P6) A is continuous from below if A\(A,) — A(A) whenever A,,, A € ¥ with
A, T A.

(P7) X is continuous from above at O if A(A,) — 0 whenever A, € ¥ with
An \L(Z) and )\(Al) < 0.

Denote by £°(2) the space of all measurable functions f: 2 — R and by
L2(Q)* the positive cone of L°(Q), that is the set of functions in £°(Q2) which
take values in [0, 00). Write N, for the set of functions f € £°(Q) such that
f =0 Aa.e. In what follows we require that UZ,, is A\-null whenever (Z,) is
a sequence of \-null sets. This fact is obtained for instance if A is continuous
from below and has any of the properties (P2,3,5). Under this requirement
N, is a vector space and for f, — g,, f —g € Ny with f, — f M-a.e. it follows
that g, — g A-a.e. The support of a function f € L£°(Q) will be denoted
by supp(f). Note that f € N, if and only if supp(f) is A-null. Denote by
L°()\) the quotient space L£°(2)/N,. That is, L°()\) is the space of all real
measurable functions f defined on €2, where functions which are equal A-a.e.
are identified. For f € £°(Q) we will denote by f and f~ the positive and
negative parts of f respectively, that is, f* = fxp, and f~ = (—f)xn, where
Pr={weQ: f(w) >0} and Ny ={w € Q: f(w) < 0}. We will write S
for the space of simple functions on ¥ and Sy = {¢ € S : A(supp(y)) < oo}

By a A-quasi-Banach function space (briefly, A-quasi-B.f.s.) we mean
a quasi-Banach space E C L°(\) with quasi-norm || - ||, satisfying that if
feL’N),g€ Eand|f|] <|g| \ae. then f € Ewith || f||z < |lg|lg. If Eis a
Banach space we will refer it as a A\-Banach function space (briefly, \-B.f.s.).
In particular, a Al-quasi-B.f.s. is a quasi-Banach lattice for the A-a.e. pointwise
order. Note that all inclusions between A-quasi-B.f.s. are continuous, see the
argument given in [25] p.2]. A A-quasi-B.f.s. F is o-order continuous if for
every sequence (f,) C E with f, | 0 A-a.e. it follows that ||f,||g J 0. In this
case S N E is dense in F. It is said that E has the o-Fatou property if for
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every (f,) C E such that 0 < f,, T f A-a.e. and sup || fu||g < oo we have that

feEand ||fullet[lf]le
Let p be a A-quasi-norm function, that is a map p: £°(Q) — [0, q]
satisfying the following conditions:

(C1) p(f) < p(g) whenever f,g € L) with |f| < |g] M-a.e.

(C2) p(f) =0if and only if f =0 M-a.e.

(C3) plaf) = |alp(f)]for all a € R and f € L2(N).

(C4) T(})1<ere) exists K > 1 such that p(f + g) < K(p(f) + p(g)) for all f,g €
L(Q).

Condition (C1) guarantees that p: LY(A) — [0, oc] is well defined. Then

={f € L°(\): p(f) < oo}

is a vector space and p is a quasi-norm on it. Moreover, if f € L°(\), g € X o
and |f| < |g| A-a.e. then f € X, with p(f) < p(g).

The A-quasi-norm function p is said to have the o-Fatou property if p(f,) 1
p(f) whenever f,, f € L°(2) with 0 < f,, 1 f M-a.e. In this case, it is known
that X, is complete. For the sake of completeness we include a proof of this
fact; it can be obtained by adapting the proof of Theorem 1.6 in [5], taking
into account that in this book the definition of function norm includes the
o-Fatou property (see also [7] and Sections 2 and 3 in [§]).

Proposition 1. Let p be a A-quasi-norm function with the o-Fatou property.
Then X, is a A-quasi-B.f.s. with the o-Fatou property and p is a quasi-norm
on it.

Proof. Let r > 0 be such that 2K = 2+ where K is the constant of condition

(C4). Then i .
p(S5) < (X eth))' (1)

for all finite subset (f;)7-; C X,, see [19, Lemma 1.1]. Consider a Cauchy
sequence (f,) C X, and take (ny) strictly increasing such that p(f,,,., —

IWe use the convention 0 - 0o = 0o -0 = 0.



frn) < 2% Denote gx = fuy = fr, A={w € Q: 3o lgr(w)] < oo} and
9= k>1 96X Since D170 [grlxa T 41 [9k[xa pointwise, it follows that

1

9) < p(Z ngle> = lim p(ilgkm) < 4%(20(,%)7”); <00
E>1 e M= E>1

and so g € X,. Similarly, p(} ., grxa) < 4%(Zk2mp(gk)’")% for each
m > 1. Consider the sets AY ={w e Q: > |gr(w)| > N} for m, N > 1
and note that x4y < % > 1%, [gk| pointwise and x4y T xu,,., 4y as m — 00.
Then, B

. 1 4
POGay) = T pleay) < 1 Tim p(S lanl) < (3 elan)') "

k=1 k>1

Since Q\A = Ny>1 Unm>1 A} and so p(xava) < p(xu,.,ax) for all N, taking
N — oo we have that p(xo\4) = 0. This implies that Q\ A is A-null. Noting
that g + fu, — fam = D pom gkXa A-a.e., given & > 0 it follows that

P9+ fry — fn) <K( <ngx,4>+p(fnm—fn)> <e

for large enough n and m. Hence, f, — g+ f,, in X, and so X, is complete.
The o-Fatou property of X, follows clearly from the o-Fatou property of
p- O

Let £: ¥ — R be a set function satisfying that £(()) = 0. Such a set
function £ will be called a real capacity. A set Z € ¥ is {-null if £(A) =0
for all A € ¥ such that A C Z. The wvariation of £ is the set function
€]: ¥ — [0, 00] defined by

|€](A) = sup { Z (A ', C X is a partition of A}

for A € ¥. The quasi-variation of £ is the set function g¢: ¥ — [0, 00| defined
by
ge(A) = sup{|{(B)|: B € ¥ with B C A}

for A € ¥. Note that both |{| and ¢¢ are increasing capacities. We also
consider the capacity |£(+)]: ¥ — [0, 00) given by |£(-)|[(A) = |£(A)| for A €
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Y. The following lemma collects several properties involving the capacities
€], q¢ and |£(+)| which can be routinely checked. The reader can find more
information on the variation of non-additive set functions in [30, 36, [37].

Lemma 2. Let & be a real capacity on 3. The following statements hold:
(@) I60)] < ge < I€]
(b) &-null, |&]-null, ge-null and |£(-)|-null sets coincide.
(c) |&] is superadditive.
(d) 1£(-)| = qe < [€(+)] is increasing, and qe = || < q¢ is superadditive.
(e) If (&) denotes any one of |£], qe, |£(+)|, then
(e1) ®(a&) = |a| () for all a € R,

(e2) ®(&+n) < (&) + DP(n) for n being another real capacity on X, and

(e3) if (&) is a sequence of real capacities on 3 such that &,(A) — £(A)
for all A € 3 then ®(€) < liminf ®(¢,).

(f) If |£(-)| has any of the properties (P2,3,6) then q¢ has the same property.
(g9) If g¢ has any of the properties (P2,3,6) then || has the same property.
The quasi-additivity constant is preserved in (f) and (g).
Note that in the case when £ takes values in [0, 00), from Lemma [2](d),
in general £ does not coincide with any of g¢ or ||
3. Ll-space of a capacity

Let A: ¥ — [0, oo] be an increasing capacity and denote by m the Lebesgue
measure on the interval I = [0, 00). For f € £°(Q)*, the distribution function
of f with respect to A is the map As: I — [0, oo] defined by

M) = A({w € Qs fw) > 1)

for t € I. Since A is increasing we have that A; is decreasing and so measur-
able. Then we can consider the Lebesgue integral

L(f) = /I)\fdm € [0, o0].



Remark 3. If f € L°(Q)" is such that A(supp(f)) < oo then A; is bounded
and so Riemann integrable in every interval [0, a] with 0 < a < oco. Then

(/) = /0 )t

is the Choquet integral of f with respect to A created in [9].

A positive function ¢ € S always can be written in its standard repre-
sentation, that is ¢ = > 7| a;xa, where (A )j—1 C ¥ is a finite collection of
pairwise disjoint sets and 0<a; <y <- -+ < ay,. Setting oy = 0, we have

that
A, _Z)\<UA) N
Jj=
and so

_ iA(QAj)mk_a“). 2

In particular, I(xa) = A(A) for all A € ¥.

Let us show some properties of the integration map Iy: L°(Q2)T — [0, oq]
which will be needed later on. Similar result in a slightly different context
can be found in recent papers on the Choquet integral. (See [22 Proposition
3.4], and in general Section 3 in this paper; Section 4 gives similar results
for other non-additive integrals. See also the references in this paper for
more information on these matters. The reader can find more information
on continuous monotone set functions in [24] and the papers quoted in it.)

Lemma 4. The following statements hold:
(a) In(af) = al\(f) for all f € L°(Q)T and 0 < a € R.
(b) In(f) < Ix(g) for every f,g € L) such that f < g pointwise.

(c) Ix(f) = I\(g) whenever f,g € LO(Q)T with f = g X-a.e. if and only if A
15 null-additive.

(d) In(fn) T I(f) whenever f,, f € LOQ)T with f, 1 f pointwise if and only

if X 1s continuous from below.

(e) In(fn) {0 whenever f, € LO(Q)T with f, | 0 pointwise and I\(f1) < oo if
and only if \ is continuous from above at (.
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Proof. An appropriate change of variables gives (a). Part (b) is also clear as
A is increasing.

(c) Suppose that I (f) = I\(g) for every f,g € L°(2)" such that f =g
Aa.e. For A, Z € ¥ with Z being A-null, taking f = xauz and g = x4 we
have that f = g M-a.e. and so N(AUZ) = I,(f) = I.(g9) = M(A). Conversely,
suppose that A is null-additive and consider f,g € £°(Q)" with f = g except
on a A-null set Z. For every t € I, denote A, = {w € Q: f(w) > t} and
B, = {w € Q: g(w) > t}. Noting that A, N Z, B, N Z are A-null and
A;NO\Z = B,NQ\Z, we have that

MA) = MA,NO\Z) = AB, N Q\Z) = \(B,).

Then Ay = A\, pointwise and so I(f) = I\(g).

(d) Suppose that Iy(f,) T Ir(f) for every f,, f € L°(Q2)T such that f, 1 f
pointwise. For A,,, A € ¥ with A, T A, taking f,, = x4, and f = xa we have
that f, T f pointwise and so A(A,) = L\(f.) T I(f) = A(A). Conversely,
suppose that A is continuous from below and consider f,, f € £L%(Q2)" with
fn T f pointwise. Noting that {w € Q: f,(w) >t} T {w e Q: f(w) >t} for
all ¢ € I, we have that Ay, T A; pointwise. Then, by applying the monotone
convergence theorem for the Lebesgue integral with respect to m, it follows
that I(f) T In(f)

(e) Suppose that I (f,) J 0 for every f, € L£°(Q)T such that f, | 0
pointwise and I,(f;) < oo. For A,, € ¥ with A,, | 0 and A\(A4;) < oo, taking
fn = xa, we have that f, | 0 pointwise and I,(f1) = A(4;) < oo. So
AA,) = I\(fn) 4 0. Conversely, suppose that A is continuous from above at
() and consider f,, € L°(Q)* with f,, | 0 pointwise and I)(f;) < co. Note that
Ap (t) < oo for all t > 0 as Ay, is decreasing. Since {w € Q: f,(w) >t} [0
for all £ > 0, we have that Ay, | 0 m-a.e. Then, by applying the dominated
convergence theorem for the Lebesgue integral with respect to m, it follows
that I (f,) 4 0. O

Related results on the additivity properties of the integral under further
requirements on the capacity are known; see for example Theorem 4.1 in
[7], and Section 4 in this work. See also [30] for a systematic approach to
non-additive set functions.

Consider the map || - [lx: £L°(2) — [0, 00| defined by ||f]|lx = I\(|f]) for
f € L°%). The following proposition gives conditions under which || - || is
a A-quasi-norm function with the o-Fatou property.
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Proposition 5. Suppose that X\ is null-additive, quasi-subadditive and con-
tinuous from below. Then, the following statements hold:

(a) [ flIx < llglx whenever f,g € LO(Q) with |f| < |g| A-a.e.

(b) I1fllx =0 if and only if f =0 X-a.e.

(c) llafllx = lal || f|lx for all a € R and f € L°(Q).

(d) |f+gllx < 2K (| flla+lglln) for all f,g € LY(), with K being the constant
of the quasi-subadditivity of \.

(e) fulla T IIflIx whenever fo, f € L) with 0 < f, * f A-a.e.

Proof. (a) Let f,g € £°(Q) be such that |f|xa < |g|xa pointwise for some
A € ¥ with Q\ A being A-null. Since |f|xa = |f| and |g|xa = |g| \-a.e., from
Lemma [4}(b) and (c) it follows that

1l = (I f]) = I fIxa) < Iillglxa) = Ix(lg) = [lgllx.

(b) If f =0 except on a A-null set Z, then {w € Q: |f(w)| >t} C Z for
all t € I and so Ay = 0 pointwise. Hence | f||x = 0. Conversely, suppose
that || f|[x = 0 and denote A, = {w € Q: |f(w)| > +}. Since txa, < |f]
pointwise we have that

1 1 1
— 1l > 2 (2 = S aA,
0 “fH)\_HnXAn R A(nXAn> - (An)

and so A(A4,,) = 0. Note that A, T supp(f) from which A(supp(f)) =0 as A
is continuous from below. Then f = 0 A-a.e.

(¢) Clear from Lemma [4] (a).
(d) For every f,g € £°(2), noting that

{fweQ: |[(f+g)(w)| >t} C{we: 2f(w)| >t} U{we Q: [2g(w)| >t}

for all £ € I and since A is increasing and quasi-subadditive with constant K,
it follows that Ajsyg < K(Agp + A2jg)) pointwise. Then,

17+ glly < KXI2F 1+ 129015) = 2K 1A llx + lgll»)-

(e) Let fn, f € L) be such that 0 < f,xa T fxa pointwise for some
A € ¥ with Q\ A being A-null. Since f,xa = |f.| and fxa = |f| M-a.e., from
Lemma [4(c) and (d) it follows that

[fnllx = Ix([fn]) = Ix(faxa) T In(fxa) = IN([f]) = [[f]]x
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In the remainder of this section we will assume that the capacity A satisfies
the properties (P1,2,3,6). These properties guarantee the good behaviour of
the L'-space of \ defined as

LYA) = {f € L°(\) + [Ifllx < oo}
Note that a simple function ¢ € L*(\) if and only if ¢ € Sy, see (2)).

Theorem 6. The space L*(\) is a A\-quasi-B.f.s. with the o-Fatou property
and || - ||x is a quasi-norm on it. Moreover, L*(\) is o-order continuous if

and only if X is continuous from above at (). In this last case, Sy is dense in
L'(\).

Proof. The first part follows from Propositions [I] and [5]

Suppose that L*(\) is o-order continuous and let f,, € £°(Q2)* with f,, | 0
pointwise and I,(f1) < co. Since f,, € L*(A) as || fullx < |f1llx = In(f1), we
have that Iy(f,) = |[fullx 4 0. Then X is continuous from above at () by
Lemma [4] (e).

Conversely, suppose that A is continuous from above at () and let f, €
L'()\) be such that f,, | 0 M-a.e. Taking A € ¥ such that Q\A is A-null and
faxa 4 0 pointwise and noting that I)(fixa) = || fixallx = || f1]]x < oo, from
Lemma [4] (e) we have that || f.[lx = [|faxallx = L(faxa) 4 0. So LY(N) is
o-order continuous.

Noting that Sy = SN L'(\) we conclude the proof. O

Remark 7. Let p: ¥ — [0, 00] be a measure. Obviously ju is a capacity satis-
fying all the properties (P1-7). For every positive ¢ € S, from it follows
that I,(¢) coincides with the Lebesque integral [, ¢ dp. For f € LO(Q)F, tak-
ing a sequence (¢,) C S such that 0 < p, T f pointwise, from Lemmal[{} (d)
and applying the monotone convergence theorem for the Lebesque integral
with respect to u, it follows that

I,(f) =lmI,(pn) :hm/ggondu:/gfdu.

Then our space L*(u) is just the classical space of Lebesgue integrable func-
tions with respect to pi.

Now we want to extend the integration map I to non-positive functions
of L'()\). In order to obtain the Lebesgue integral in the case when ) is a
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measure, for a function f € L'(\) we define I\(f) = L\(f") — I,(f~). Note
that the definition is meaningful as I,(f™), [\(f~) < oo and if g € L'()\) is
such that f = g M-a.e., since ft = ¢" and f~ = ¢~ M-a.e., from Lemma
Ml (c) it follows that I (f) = I.(g). It is important to emphasize that the
integration map Iy: £°(Q)* — [0, 00] is not additive in general. In fact this
is only the case when A is a measure, since finite additivity and continuity
from below imply countable additivity. So the definition of I, for a non-
positive function depend on its positive and negative parts.

From Lemma[4] (a) it follows that I,: L'(\) — R is homogeneous, that is,
Iv(af) = al,(f) for all f € L'(\) and a € R. Indeed, we only have to note
that (af)™ =af*t, (af)” =af  ifa>0and (af)" = —af~, (af)” = —af"
ifa <0.

It is well known that I, is subadditive on the set of positive simple func-
tions if and only if A is submodular, see for instance [13, Ch.6] and the
references therein or [I] for a nice proof. In this case, since A is continuous
from below, it follows that I, is subadditive on all £°(Q2)" and so || - |5 is a
norm, that is L'()\) is a \-B.fs.

Proposition 8. If \ is submodular then Iy: L'(\) — R is continuous.

Proof. Suppose that \ is submodular and so I is subadditive on £°(Q2)".
Given f,g € £L°(Q)*, applying Lemma [4] (b) we have that

L(f) < D(f — gl +9) < IL(|f = g]) + Ix(9),

from which it follows that |[I\(f) — Ix(9)| < I\(|f — g|). For f,g € L'(\),
since |ft —g*| <|f—g|and |f~ —g7| < |f — g|, we obtain that

[I\(f) = I (9)] IA(T) = In(g D)+ IN(f7) = Ia(g7))
Lff =g D+ Lf—97D)
201 = gl) = 211F = gl

IAIAIA

]

We end this section by constructing a class of capacities which satisfy all
the necessary properties to obtain a good L!-space.

Example 9. Let u: ¥ — [0,00] be a measure and ®: I — I an increasing
function vanishing only at zero, with lim, o+ ®(x) = 0 and being derivable
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in (0,00) with a decreasing derivative ®'. For instance ®(x) = aP with 0 <
p<l, ®x)=1—e" or &(z) =In(l + ). Note that

P(a+b—c)+P(c) < P(a) + D(b) (3)
for all0 < c¢<a,b<oo. Consider the capacity A: ¥ — [0, 00| given by
A(A) = &(u(A))

for all A € ¥. As usual, P(c0) = lim, oo P(z). Note that the A\-null and
p-null sets coincide and so L°(\) = L%(u). It is direct to check that X\ is
increasing, null-additive and continuous from below. Let us see that \ is
submodular and so subadditive. For every A, B € ¥ with u(A), u(B) < oo,
since p is a measure we have that

H(AUB) = p(A) + u(B) — p(AN B).
Applying fora=p(A), b= pu(B) and ¢

MAUB)+AMANB) = P(u(A)+u(B)—pu(AnB))+ P(u(AN B))
< B(u(A) + B(u(B)) = A(A) + A(B).

= (AN B), we obtain that

If any of A or B has infinite ;n measure then the submodular inequality is
clear. Therefore

') = {2 171 = [ B dm < o0}

is a p-B.f.s. with the o-Fatou property and || - || is a norm on it. Moreover,
the integration map Iy: L'(\) — R is continuous. The space L*(\) turns out
to be an intermediate space between L>®(u) and L'(u), that is,

L>(p) N LY () € LY(A) € L(p) + LY ().

Let us show this fact. For every positive p € S with standard representation
@ = ajxa; such that a, <1, since ® is concave (as ®' decreases) and
Yo (ag — ag_1) = ay, < 1, it follows that

n

el = S e(u(U4,) o — oo

k=1

o( () o= enc)) ([ o).

k=

IN
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Note that the concave inequality holds even if some U}_, A; has infinite p
measure. Then, if f € L°(u) is such that |f| < 1 p-a.e., taking a sequence
(pn) C S such that 0 < p, 1 |f| p-a.e., we have that

11 =tim el < i @( [ odn) =@ ( [ 171dn).

Hence every non-null function f € L>=(u) N L*(n) satisfies that

171 < 1o (1)

and so L=(u) N L' (u) € LY(N\). On other hand, since ®' is decreasing we
have that

¥ (20) 2 < B(2) (1)
for all 0 < & < 2y < oo. Let f € LY\) and denote A, = {w € Q :
|f(w)] > n}. Note that there exists n such that p(A,) < oo as in other
case D(py) = ®(00) which contradicts || f||x < co. Then lim pu(A,) = 0 as
Ay L {w e Q: |f(w)] = co}. Take xo > 0 such that ' (x¢) > 0 and ny such
that (1(An,) < xo. Then, since I f X, < (A, ) pointwise, by it follows
that

£ = [ s, dm = o) [ s, dm =G [ 17, die

Hence f = fxa\a,, + fXa,, with fxe\a,, € L®(u) and fxa,, € L'(n) and
so we have that L*(\) C L (p) + L' (u).

Finally note that in the case when ®(c0) = 0o or w is finite it follows that
A is continuous from above at O and so L'()\) is o-order continuous having
S, (S if p is finite) as a dense subspace.

4. L'-spaces associated to a family of capacities

Let F = (Aa)aca be a family of capacities on X satisfying the properties
(P1,2,6) and being uniformly quasi-subadditive, that is, there is a constant
K > 1 such that

A(AUB) < K(Ao(A) + A\o(B))

for all A,B € ¥ and o € A. For each « € A, by Theorem [0}, we have that
L00) = {£ € °0) Il = [ (adipim < oo}
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is a A\,-quasi-B.f.s. with the o-Fatou property and || - ||, is a quasi-norm on
it.
Consider the set function [|F||: ¥ — [0, co] given by

| F[I(A) = sup Aa(A)

for A € ¥. Note that || F|| is a capacity and a set is ||F||-null if and only if
it is A\p-null for all o € A.

Proposition 10. The capacity || F|| satisfies the properties (P1,2,3,6).

Proof. 1t is clear that || F|| is increasing (as each A, is so) and quasi-subadditive
with the constant K of the uniform quasi-subadditivity of F.

Let A, Z € ¥ with Z being || F|-null. Since each A, is null-additive and
Z is Ao-null, we have that \,(AU Z) = A\,(A). Then || F||(AUZ) = ||F]||(A)
and hence || F|| is null-additive.

Let A,, A € ¥ be such that A,, T A. Since ||F|| is increasing we have that
IF1(4,) 1 and |17l (An) < [ FI(4) for all n. Then lim |F|(4,) < | FI(A).
On other hand, since each ), is continuous from below, we have that

Aa(A) =1lim A\, (A4,) < lim ||F||(A,).
Then || F||(A) < lim||F||(A,). That is, ||F|[(A.) T || F|I(A) and so ||F|| is

continuous from below. O

From Theorem [6l we have that
LNFID = {1 € LPFI) 1m = [ 1F I dn < o0}

is a || F|-quasi-B.f:s. with the o-Fatou property and || - ||;7 is a quasi-norm
on it. For each a € A and f € L°(Q), since (\o)jy < || Fljy pointwise,
we have that || f|[x, < [[fljz)- On other hand, since every ||F|[-null set is
Ao-null; the map [i] which takes a || F|-a.e. class in L°(||F||) represented by
f into the \,-a.e. class in L°()\,) represented by the same f is well-defined.
Then, [i] takes L'(||F||) into L'(Aa) and we will write L*(||F||) Cp L' (Aa).

Let us create an intermediate space between L'(||F]|) and each L'(\,).
Consider the map || - [|7: L°(Q2) — [0, oo] defined by

[fll7 = sup [ fllx.
a€A

for f € £°(Q). The following proposition shows that || - || 7 is a ||F||-quasi-
norm function with the o-Fatou property.
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Proposition 11. The following statements hold:
(a) |Ifll7 < llgllz whenever f, g € LO(Q) with | f| < |g| [|F]|-a.e.
(b) [[fll7 =0 if and only if f =0 [|F||-a.e.
(c) llafllz = lall[f|F for alla € R and f € L(Q).
() IIf +gllz < 2K(|[fll= + lgllx) for all f,g € LX), with K being the

constant of the uniform quasi-subadditivity of F.
(e) Il 1 If|l7 whenever f., f € LO(Q) with 0 < f, + f |F||-a.e.

Proof. By Proposition , each map ||-|[x,: £L°(©2) — [0, oc] is a A\,-quasi-norm
function with the o-Fatou property.

(a) If f,g € L)) are such that |f| < |g| ||F]|l-a.e., then for each o € A
we have that |f| < |g| Aa-a.e. and so || f|lr. < |lgllr,. Hence, ||fll# < [lg]|#-

(b) Recall that for any capacity A we have that f = 0 A-a.e. if and only if
supp(f) is A-null. Then, ||f||z = 0 or equivalently || f||», = 0 for all & € A,
if and only if supp(f) is A,-null for all & € A | that is, supp(f) is ||F|[-null.

(c) Clear as ||af|x, = |a| ||f]lx, for alla € R, f € £°(Q2) and a € A.

(d) Given f,g € L£°(Q), since the constant K of the uniform quasi-
subadditivity of F is the constant of the quasi-subadditivity of each \,, we
have that || + gl < 25(|fllr. + lgllr.)- Hence, |If + gll» < 2K(If]15 +

lgll7)-
(e) Let fn, f € L°(2) be such that 0 < f,, * f || F|-a.e. Since ||fn|l7 1

and [|fnll7 < ||f|l7, we have that lim ||f.||z < ||f|lz- On other hand, for

each a € A we have that 0 < f,, T f A\s-a.e. and so

[l = T | fullx, < Tim [ £l 7.

Then [|f]l7 < lim|[[fo]| 7. That is, [[full# T [1f]|7 O
Propositions [1] and [T1] yield the following result.

Theorem 12. The space
LF) = {1 € LFD) : 1= = sup £l < oo}
aEA

is a ||F||-quasi-B.f.s. with the o-Fatou property and || - |7 is a quasi-norm
on 1t.
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For every o € A and f € £°(Q) we have that || f|x, < [[fll= < |Ifllj71-
So,
Sz € L(IFI) € LHF) €y LH(Aa)-

Note that xallz = x4l = IFI(4) for all A € T, as [[xally = A(4) for
any capacity .

Let us see that particular conditions on the family F make that L'(F) is
the “intersection” of all the spaces L'()\,) in the sense:

LNF)={feL’(|FI): feL'(\,) forall a€A}.

Let E be a real Banach space with norm || - ||z and denote by Bg the closed
unit ball of F. Assume that each a € E is associated to an increasing
capacity A\, on X in a way that:

(E1) Moo =a|Ay for all a € R and a € E.

(E2) Mg < Ao+ Agforalla,pekE.

(E3) If o, — v in E then A\, < liminf A,,.

Suppose that N C Bp satisfies the following properties:

(N1) For every o € By there exists 5 € N such that A\, < As.

(N2) For each a € N the capacity A, is null-additive and continuous from
below.

(N3) There exists K > 1 such that \y(AU B) < K(Aa(A) + A\a(B)) for all
A,Be XY and a € N.

Consider the uniformly quasi-subadditive family F = (A4)aen of capacities
which satisfy the properties (P1,2,6). Note that the map || - ||, : £%(Q) —
0, 00] can be considered for all & € E but we only can assure that L'(\,) is
a A\y-quasi-B.f.s. with quasi-norm || - ||, if « € N.

Theorem 13. For f € L%(Q) the following statements are equivalent:

(a) IfllF < oo
(b) I fllr, < oo forall € N.

(c) || fllr, < oo foralla € E.
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Proof. (a) = (b) Clear as [|f[|z = supaen [/l
(b) = (c) For each non-null @ € E, by (E1) and (N1) we have that

Ao = llalleA o < [lal[pAs

(o7
el

for some 8 € N and so || f[[x, < |lallz - [[f]lx, < co. Note that for a = 0, by
(E1) we have that A, =0 and so || - |[», = 0.
(c) = (a) For every k € N denote

Fp={a€E: |flx <k}

Let us see that Fj is closed in E. Consider a sequence («,) C F}, satisfying
that a,, = a in E. By (E3) we have that (A,)s < liminf(A,, )|s pointwise.
Then, applying the Fatou lemma for the Lebesgue integral with respect to
m, it follows that

Iflx, = /(/\a)|f dm < /liminf()\an)ﬂ dm < lim inf /()‘ocn)lfl dm < k
I I I

and so a € Fj. On other hand, since £ = UF}, from the Baire theorem
there exists Fy, with a non-void interior, that is, B(«g,ry) C Fj, for some
closed ball of E centered at o« with radius ro > 0. Let « € N C Bpg
and take f = oy + 1o € B(ap,r0). From (E1) and (E2) it follows that
)it < 5 ((Aa)ist + (Nag)jy1) pointwise. Since 8, ag € Fy,, we have that

1F1lx. = /](Aa)m dm < %(/I()‘ﬁ)lf dm + /I()‘ao)lfl dm) < 2ho

To
and so Hf|\;§%<oo. O

From Theorem [13] we have that

LYF) = {feL%FI): [Iflln, <oo forall o€ N}
{F e L°(FI) : Iflla, < oo forall « € E}.

Moreover, from (N1) it follows that || ||z = sup,ep, || f]x, for all f e LO(Q).
This means that L'(F) is independent of N, that is, any other subset of Bg

with the same properties as N gives the same space. Also L'(||F||) and S)z
are independent of IV, as ||F||(A) = sup,cp, Aa(A) for all A € .
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Remark 14. (I) The only simple functions in L'(F) are those of Sz
Indeed, if p € S is such that ||¢||n, < oo for all o« € N, then || Xsupp(s)llra =
Aa(5UpD()) < 00 for alla € N and 50 |F]|(supp(¢)) — [auppioll < 50

(II) Let a € R and o € N. By (E1) the increasing capacity Aaq s null-
additive, continuous from below and satisfies (N3). Then we can consider
the Xao-quasi-B.f.s. L'(Xao) which satisfies L'(F) Cpp L' (Aaa) with || f|| e <
al 1l

5. w-L'-spaces associated to a vector capacity

Let X be a real Banach space with norm || - [[x and A: ¥ — X a set
function satisfying that A(()) = 0. Such a set function A will be called a
vector capacity. A set Z € ¥ is A-null if A(A) =0 for all A € ¥ such that
A C Z. For each z* belonging to the topological dual X* of X we consider
the real capacity z*A: ¥ — R defined by 2*A(A) = (2", A(A4)) for A € %.
The semivariation of A is the increasing capacity [|A]l: ¥ — [0, oo] defined
by

IAI(4) = sup |2"Al(A)
T*EBx*
for A € ¥, where Bx- denotes the closed unit ball of X* and |z*A| is
the variation of z*A. The quasi-variation of A is the increasing capacity
[||A]]]: ¥ — [0, 00] defined by

[l|A|[|(A) = sup{||A(B)||x : B € X with BC A}

for A € ¥. Note that [[|A]]|(A) < [|A][(A) and [[|A[[|(A) = sup,«cp,. qo-a(A)
for all A € X, where ¢,+5 is the quasi-variation of z*A. It is routine to
check that the A-null, ||Al]-null and [||A]||-null sets are the same. So, in
the case when the identification works we denote L(||A]|) = L°(|||A]]]) by
L°(A). Moreover, since the notions of ||A||-quasi-B.f.s. and |||A]||-quasi-B.f.s.
coincide, we will refer to them as A-quasi-B.f.s. In the case of a real capacity
¢: X — R it follows that ||£]| = |£] and ||[€]]| = ¢e.

5.1. The space w-LL(A)
Let N C By~ satisfy the following properties:

(uN1) For every z* € By~ there exists y* € N such that |z*A] < |y*Al.

(vN2) |z*A] is null-additive and continuous from below for all z* € N.
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(vN3) There exists a constant K > 1 such that
2" A|(AU B) < K(|z"Al(A) + |z*A|(B))
forall A,B € ¥ and z* € N.

Each z* € X* is associated to the increasing capacity |z*A|. From Lemma
2l(e) it follows that:

(vE1) |(az*)A| = |a| |z*A| for all @ € R and x* € X*.
(vE2) |(z* +y*)A| < |z*A| + |y*A] for all z*, y* € X*.
(vE3) If 2} — x* in X* then |2*A| < liminf |z} A].

Consider the uniformly quasi-subadditive family F = (|x*A|),+en of capaci-
ties satisfying the properties (P1,2,6). Noting that || F|| = ||A]] and denoting
by w-LL(A) the space L'(F), from all what we have seen in Section 4| we
obtain the next conclusions.

Theorem 15. The following statements hold:
(a) LY(|2*Al) = {f € Lo|a*Al) « [Iflljara) = [} J2" Al dm < oo} is a |o*Al-

quasi-B.f.s. with the o-Fatou property and || - ||jz=a| s a quasi-norm on it
for every x* € N ={ay*: a € R, y* € N}.
(b) ||A]] is a capacity satisfying the properties (P1,2,3,6).

(¢) T(IAI = {7 € L)« Il = Jy 1Al dm < oo} is @ A-quasi-B.fs.
with the o-Fatou property and | - [|ja| s a quasi-norm on it.

(d) w-Ly(A) = {f € L°%A) : ||flljz=a] < oo for all 2* € X*} is a A-quasi-B.f.s.
with the o-Fatou property and a quasi-norm on it is given by

[l =" sup (| fl[jaear-

T*EBx*

1
*

(e) [lz*[[ 51 ]
(f) Sian € L (J[All) € w-LL(A) Cpy LM (|2*A]) for all 2* € N.

weal < fllo < 1 fllyay for all f € £9(2), and z* € X* non-null.

For a real capacity £: ¥ — R the existence of a set N satisfying (vN1,2,3)
is equivalent to |£| having the properties (P2,3,6). Moreover, in this case it
follows that L'(||€||) = w-LL(¢) = L'(]¢]) with equals norms.
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5.2. The space w-Lg, (A)
Let N C By~ satisfy the following properties:

(quN1) For every z* € Bx~ there exists y* € N such that g,«x < gy-a.
(quN2) @u+p is null-additive and continuous from below for all z* € N.

(quN3) There exists a constant K > 1 such that
G a(AU B) < K(qz-a(A) + ¢uea(B))
forall A,B € ¥ and z* € N.

Each x* € X* is associated to the increasing capacity ¢,«». From Lemma
2l (e) it follows that:

(quEL) q(az)a = |a| gu=a for all @ € R and z* € X*.
(qUE2) qarsyia < Quen + qyea for all 2%, y* € X
(quE3) If 2, — 2* in X* then ¢p-p < liminf g .

Consider the uniformly quasi-subadditive family F = (gu+a).~en of capacities
satisfying the properties (P1,2,6). Noting that the g,«p-null and the |z*Al-
null sets coincide and || F|| = [||A[||, denoting by w-L;, (A) the space L'(F),
from all what we have seen in Section [4] we obtain the next conclusions.

Theorem 16. The following statements hold:

(a) LYquen) = {f € L%(2"Al) ¢ [[fllg,en = [i(@ea)ipydm < oo} is a |a*Al-
quasi-B.f.s. with the o-Fatou property and || - | is a quasi-norm on it
for every x* € N = {ay*: a € R, y* € N}.

dr* A

(b) ||IA||| is a capacity satisfying the properties (P1,2,3,6).

(¢) LANAND = {f € LAA) = [ llpan = S, [IIAll[7dm < oo} is a A-quasi-
B.f.s. with the o-Fatou property and || - ||ay| i a quasi-norm on it.

(d) w-Ly,(A) = {f € L°(A) : || fllg-n < oo forall z* € X*} is a A-quasi-
B.f.s. with the o-Fatou property and a quasi-norm on it is given by

[fllg = sup [1fllg,es-

w*GBx*
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ralni

(¢) [lz*]

null.
() Span © XA € w-LE,(A) Cy LY (geea) for all z* € N.

For a real capacity £: ¥ — R the existence of a set N satisfying (quN1,2,3)
is equivalent to g¢ having the properties (P2,3,6). Moreover, in this case it
follows that L'(|||¢][|) = w-Ly,(§) = L'(g¢) with equals norms. Note that if
¢ is positive and satisfies (P1,2,3,6), then ¢ = £ and so L'(g¢) = L'(¢).

gorn < N fllgw < N Fllyayy for all f € L) and x* € X* non-

5.8. Relation between w-L(A) and w-Lj, (A)

Let N C Bx- satisfy the properties (¢quN1,2,3). By Lemma (g) we
have that N has the properties (vN23). Let us see that (vN1) also holds.
Let 2* € Bx- and y* € N be such that g«p < g,«a. For every partition
(A;)-, C ¥ of aset A € ¥, recalling that the variation of a real capacity is
always superadditive, we have that

Dl A4 < qu*A qu “a(A Z [y Al(As) < Jy"Al(A)
=1

and so |z*A|(A) < |y*Al(A). Then, we can consider all the spaces given
by Theorems [15] and [16] For f € £°(Q2) and 2* € X*, since gu-a < |2*Al,
we have that ||f|lq.., < [Ifllje=a] and so || fllge < || f]lo- On the other hand,
since |||Af]] < [|A||, we have that || f|[;jja) < || fllja)- Therefore, the following
containments hold:
S © LUIAID € w-Ly(A) Cpy Li(J2A])
N N N N (5)
Siag € LYIAD) € w-Li,(A) Cpp L'gaea)

with equality in the vertical inclusions N if there exists C' > 1 such that
|z*A| < C gy for every x* € N.

For a real capacity £: X — R with quasi-variation g satisfying the prop-
erties (P2,3,6) it follows that L'(]¢|) C L'(q¢), with equality only in the case
when there exists C' > 1 such that || < Cge (for instance if £ is a measure).

Remark 17. In the case when A is a vector measure, it is direct to check that
the set N = Bx~ satisfies the properties (quN1,2,3). Since |t*A| < 2 quep for
all x* € X*, all the vertical inclusions in are equalities. From Remark
E it follows that w-Ly(A) = w-Lg,(A) is just the space of weakly integrable
Junctions with respect to A\, see [3])]. Note that in this case |A|| is finite and
SO SHAH =S.
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6. Integral map for a vector capacity

Let A: ¥ — X be a vector capacity and let N C Bx- satisfy the proper-
ties (quN1,2,3). Assume that A has the following properties:

(A1) A is weakly continuous from below, that is, A(A,) — A(A) weakly in X
whenever A,, A € ¥ with A4, T A.

(A2) A is null-additive, that is, A(AU Z) = A(A) for all A,Z € ¥ with Z
A-null.

For f € L%(Q)T the distribution function of f with respect to A is defined
as the map Ay: I — X given by

Ap(t) = Afw € Q: f(w) > 1})

for t € I. Every z* € X* yields the map x*Ay: I — R defined by z*Af(t) =
(x*,Af(t)) for t € I. Our goal is to construct an integration map for A on
w-L;U(A) through the Lebesgue integrals of *Af. Note that if NV satisfies
(vN1,2,3) instead of (quN1,2,3), the same construction works on w-L.(A).
For this aim the properties (A1,2) are crucial as they guarantee the next
results.

Lemma 18. The following statements hold:
(a) The map x*A; is measurable for all f € LO(Q)T and z* € X*.
(b) If f,g € LT are such that f = g A-a.e. then Ay = A, pointwise.

Proof. (a) Let £: ¥ — R be a real capacity continuous from below, i.e.
£(A,) = £(A) whenever A, A € ¥ with A, T A. Every positive ¢ € S with
standard representation ¢ = Z?Zl ajx 4, satisfies that

o = i§< LnJ AJ’)M%—M%)
k=1 j=k

is measurable. For a general f € £°(Q)7, taking a sequence (¢,) C S such
that 0 < ¢, T f pointwise, since
{fwe: p,(w) >t} Tt {we: flw) >t}

for all t € I, we have that {,, — &; pointwise with {,, being measurable. So,
&r is measurable. By (A1) it follows that the real capacity z*A is continuous
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from below for each z* € X* and since *A; coincides with the distribution
function (z*A) of f with respect to 2*A, we have the conclusion.

(b) Let f,g € L°(Q)" be such that f = g except on a A-null set Z. For
every t € I, denote A; = {w € Q: f(w) >t} and B, = {w € Q: g(w) > t}.
Noting that A; N Z, B, N Z are A-null and A, NQ\Z = B, N Q\Z, by (A2)
we have that

Then Ay = A, pointwise. [

Denote
D(A) = {f € LY(A) : /\x*Aﬂ]dm < oo for all 2% € X*},
I

that is, D(A) is the set of functions f € L(A) such that Ay is Dunford
integrable with respect to m, see [I4, Ch.II, §3]. For every f € D(A) it
follows that
|| flloa) = sup /|x*A|f| dm < oo,
I

T*EBx*

see the proof of (¢) = (a) in Theorem [13|

Remark 19. Note that in general D(A) is not even a vector space. If we can
find M C Bx+ satisfing that for every x* € Bx« there exists y* € M such
that |z*A(-)| < |y*A()| and (|2*A()|)arerr s a uniformly quasi-subadditive
family of capacities with the properties (P1,2,6), from Theorems and
it follows that D(A) is a A-quasi-B.f.s. with quasi-norm || -||py. But in this
case, qupn = |*A(")| for all x* € M as |x*A(+)] is increasing and M satisfies
the properties (quN1,2,3), so w-L,,(A) = D(A) with equal norms. This is
the reason why we do not consider this space in Section [J

For a positive function f € D(A) we define the integral of f with respect
to A as the element I, (f) € X** given by

(IA(f),2") = /Ix*Afdm

for all * € X*. That is, Ix(f) is the Dunford integral of Ay with respect to
m. Note that

[(La (), )] < [l =L f [lp -
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For a general function f € D(A) we cannot use its positive and negative
parts for defining I, (f) as they could not be in D(A), so we will consider
functions in w-Lg,(A). Note that w-L; (A) € D(A) with || fllpn) < || fllg
for f € w-L;,(A), as [£*A()] < gu=a for all 2 € X*. For a general function
f € w-Lj,(A) we define Iy(f) = Iz(f") — Ia(f~). By Lemma (b) we
have that I (f) = Ix(g) whenever f,g € w-L;,(A) with f = g A-a.e. So the
integration map In: w-Lj,(A) — X** is well defined. However, the definition
of I, for a non positive function depends on its positive and negative parts
as I, is not additive in general. In fact it can be proved that the additivity
is obtained only in the case when A is a vector measure on the d-ring of sets
A € ¥ with |||A]|]|(A) < co. The following properties of I, will be used later.

Lemma 20. The following statements hold:

(a) Ix is homogeneous, that is, Ix(af) = aln(f) for all f € w-L,(A) and
acR.

(b) If fu, f € w-Ly,(A) are such that 0 < f, T f A-a.e. then Ix(fn) — Ir(f)
in the weak* topology of X**.

Proof. (a) For a positive function f € w-L;U(A) and a > 0, by making an
appropriate change of variables it follows that || [T Ngpdm = a Il TNy dm
for all z* € X* and so Ix(af) = als(f). For general f and a only note that
(af)yt =aft, (af)” =af ifa >0 and (af)t = —af™, (af)” = —af* if
a < 0.

(b) Let fn, f € w-Ly,(A) be such that 0 < fuxa T fxa pointwise with
A € ¥ being such that 2\ A is A-null. Since

weQ: (foxa)w) >t 1 {we Q: (Fra)w) > 1}

for all t € I, from (Al) it follows that x*Ay,,, — 2*Ay,, pointwise for
every ¥ € X*. On the other hand, since |2*Ay, .| < (gu+a)|y Pointwise, by
applying the dominated convergence theorem for the Lebesgue integral with
respect to m we have that

(In(faxa)s ) = /I Ay dm /I 2Dy, dm = (In(fxa), 7).

Since Iz(fn) = In(fuxa) and I5(f) = Ia(fxa) the conclusion follows. O
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If £&: ¥ — R is a real capacity continuous from below, null-additive and
qe satisfies (P3), in which case ¢¢ also satisfies (P2,6), the integration map

Ie: L'(qe) = Riis given by Ie(f) = [, &+ dm — [, & dm for all f € L'(ge).

Remark 21. In the case when x* € X* is such that x*A is null-additive and
qup Satisfies (P3), since x*A is continuous from below by (A1), it follows
that <IA(f)7x*> = z*A(f) fO?“ all f € w_Lév<A> - Ll(%c*A)'

We have defined Iy by using Dunford integration, a natural question now
is what is the role of the Bochner integration in this play. For Bochner
integration theory we refer to [2, Ch.11, §8]. Denote by j the canonical
embedding of X into X** and

B(A) = {f € L°(A) : Ay is Bochner integrable}.

Note that
BN c e L) /I|yA|f|yX dm < 00} € D(A). (6)

Every positive ¢ € S with standard representation ¢ = 2?21 ajxa, satisfies
that

Ao = AU A) Xiap 1 a0 (7)

k=1
is an X-step function and so Bochner integrable with respect to m with
Bochner integral [, A,dm =3 7¢_ | A(U}_,A;) (o — ag—1) € X. Hence, ¢ €
B(A) with Ix(¢) = j(f; A, dm). From this it follows that S C B(A). In the
case when the convergence in the property (Al) is in X, i.e. A is continuous
from below, we find another functions in B(A).

Proposition 22. If A is continuous from below then L'(|||A]]|) € B(A) and

) =i [ g dm) =5( [ s am)

for every f € LY([||All])-

Proof. Let f € L°(Q2)T and take a sequence (¢,) C S such that 0 < ¢, 1 f
pointwise. Since A is continuous from below we have that

[A7(2) = Mg, ()] x = 0
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for all ¢ € I and so Ay is strongly m-measurable. If moreover f € L(]||A]|]),
since

1Af (1) = Mg, Dllx < MM Nx + A6, (Dl x < 21[[A]],(2)

for allt € I, by applying the dominated convergence theorem for the Lebesgue
integral with respect to m we have that [, [[A; — Ay, [|dm — 0. This
means that Ay is Bochner integrable with respect to m with Bochner in-
tegral [, Aydm such that [, A, dm — [,Aydm in X. So, f € B(A) and
In(en) — §(J; Aydm) in X**. On the other hand, from Lemma (b) it
follows that Ix(¢n) — Ia(f) weakly* in X**. So, Ix(f) = j([, Aydm). For
a general f € L(|||A]]]), noting that |f|, /T, f~ € L'(|||A]||) we have the
conclusion. []

Remark 23. In the case when A is continuous from below, if there exists a
constant C' > 1 such that |||A]|| < C||A(-)||lx, from (6) and Proposition |23 it
follows that

LY(IIAN) = BA) = {f € L°(8) - /IHAMdem < oo},

Now, two natural sets arise when we think about Pettis integration, see
for instance [2 Ch. 11, §10]. Namely,

LE(A) = {f € w-LL(A) : In(fxa) € 5(X) for all A € X}

and Ly (A) = L;,(A)Nw-Ly(A). Since I is not additive in general we cannot
know even if L;,(A) and Lj(A) are vector spaces. Our goal in the next
section is to give conditions under which these spaces are closed subspaces
of w-L;,(A) and w-Ly(A) respectively. Of course, if X is reflexive there is no
problem as in this case L, (A) = w-L},(A) and L}(A) = w-L}(A).

Note that Sjaj C Lg,(A) and Sja € Ly (A). Even more, in the case
when A is continuous from below we have that L'(|||Al]]) C L,,(A) and
L'(JJA]) € Li(A). All these containments follows from ([5), Proposition
and the preceding comments.

Remark 24. If A is a vector measure, in which case it is continuous from
below and null-additive, as we have already pointed out in Remark it
follows that w-L1(A) = w—LéU(A) is the space of weakly integrable functions
with respect to A. Moreover, every [ € w-L;U(A) satisfies that Ix(f) =
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w-fQ fdA is the weak integral of f with respect to A, see [3])]. Indeed, for a
positive ¢ € S, by and since x*N\ is a real measure for each x* € X*, it
follows that [, z*A,dm = [, @dz*A. For a positive function f € w-L,(A),
taking a sequence (p,) C S such that 0 < ¢, 1 f A-a.e., by Lemma @ (b)
and applying the dominated convergence theorem for the Lebesque integral
with respect to x*A we have that

Ua(f), &) = lim{Ia(n), ) :nm/ﬂgondx*/\:/gfdxm: <w—/QfdA,:c*>.

For a general f € w-L1(A\), since the weak integration map with respect to A
is a linear operator the conclusion follows. Therefore, Ly(A) = L, (A) is the
space of integrable functions with respect to A and for every f € L;U(A) we
have that Iz(f) = [, f dA is the integral of f with respect to A, see [3])].

7. L'-spaces associated to a vector capacity

Let X be an order continuous Banach lattice, that is, every order bounded
increasing sequence in X converges in the norm of X, see [25, Proposition
1.a.8]. In this case, from [25, Theorem 1.b.16] we have that j(X) is an ideal
of X**, that is, if 2™ € X** and z € X with |2**| < |j(z)] then 2** € j(X).
Recall that X™ is also a Banach lattice with the order x* > 0 if and only if
(z*,x) >0 forall 0 <z € X.

Consider a vector capacity A: X — X with the following properties:

(oA1l) A is increasing, that is, A(A) < A(B) for all A, B € ¥ such that A C B.

(0A2) A is submodular, that is, A(AU B) + A(AN B) < A(A) + A(B) for all
A, BeX.

(0A3) A is continuous from below, that is, A(A,) — A(A) in X whenever
A, A €Y with A, T A.

Note that by (0Al) we have that A is positive, that is, A(A) > 0 for all
A € ¥. Then, from (0A2) it follows that A is subadditive, that is, A(AUB) <
A(A) + A(B) for all A, B € .

Lemma 25. The vector capacity A has the properties (A1,2) and the set
N = {a:* € Bxs: x* > O} satisfies (quN1,2,3).

30



Proof. The property (A1) is obvious from (0A3). For every A, Z € ¥ with Z
A-null; by (0A1) and since A is subadditive, it follows that

A(A) < A(AU Z) < A(A) + A(Z) = A(A)

and so (A2) holds. For every x* € Bx- it follows that |z*| € N and g, <
Qaa, as [(x*, )| < (Ja*],|z]) for all 2 € X. So, (¢quN1) holds. For each
0 < z* € X*, from (0oAl) we have that the real capacity z*A is increasing
and takes values in [0,00). Then, g,+o = z*A, see Lemma [2(d). Since by
(0A2) we have that z*A is submodular and so subadditive, (quN3) holds for
K = 1. Moreover, by (0A3) and since z*A is null-additive (as it is increasing
and subadditive), it follows that (quN2) holds. O

From the previous lemma, all what we have seen in Section [6] holds for
A. In particular,

Siap € LMIAD © Ly(A) € w-Ly(A) Cpy LU(JzA])
N N N N N ®)
Spag € LUNAID € Lg,(A) € w-Lg(A) Cp L (z™A)

with 0 < x* € X*. Moreover, we can add the following results.

Proposition 26. The following statements hold:

(a) w-Ly,(A) = D(A) = {f € L°(A) : [, 2*Ajsydm < oo for all 0 < z* € X*}
and || fllg = [Ua([fDllx== for all f € w-Lg,(A).

(b) LX(NIAID = B(A) = {f € L°(A) = [, [Aypllx dm < oo} and |[f]ljjay =
Jr 1Al dm for all f € LY(|[A[]]).

(¢) Sy =S.

Proof. (a) For the first part only note that g«n < q-a = |2*|A for all
r* € X*. In the second one we use that [|y*|ly- = supg<,cp, (¥, y) for any
Banach lattice Y and 0 < y* € Y*. Namely, for every f € w—L;U(A) it follows
that

£l = 50 [ (@algdm = sup [ oAy dm
I z*eN JI

z*eN

= ms*lgv(fA(\fl),x*) = [[a([ Dl x-
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(b) Note that [|ylly = supy<,«cp,.(y",y) for any Banach lattice ¥ and
0 <y €Y. Then, for every A € ¥ we have that

IIAII1(A) = sup ge-s(A4) = sup 27A(A) = [A(A)][x-

z*eN

From this fact that the conclusion follows, see Remark [23]
(c) Clear as [[[A[[| = [|A()]|x- O

For each 0 < x* € X*, the capacity x*A satisfies the properties (P1,2,3,5,6)
and (I5(f),x*) = Lp-a(f) for all f € w-L},(A) C L'(z*A), see Remark .
This gives the following properties for .

Proposition 27. The following statements hold:
(a) 0 < In(f) < Ia(g) for all f,g € w-Lj,(A) such that 0 < f < g A-a.e.
(b) In(f +g9) < IA(f) + In(g) for all positive functions f,g € w-Ly, (A).
(¢) In: w-Lj, (A) = X** is continuous.

Proof. (a) Let f,g € w—Lév(A) be such that 0 < f < g A-a.e. For each
0 < x* € X*, since every A-null set is x*A-null, by Lemma (b) and (c) we
have that

0 < (Ia(f), 2") = Loea(f) < Le=a(g) = (Ia(9), 77).

Since the canonical embedding of X into X** is order preserving (see [25]
Proposition 1.a.2]) and so x € X is such that = > 0 if and only if (z*, ) >0
for all 0 < z* € X*, it follows that 0 < Ix(f) < IA(g).

(b) Let f,g € w-L;U(A) be positive functions. For each 0 < x* € X*, since
x*A is submodular and so I« is subadditive on £°(2)" (see the comments
preceding Proposition , we have that

(Ia(f),2%) + (Ia(g), 2") = (Ia(f) + Ia(g), 7).

Then, Ix(f +9) < Ia(f) + 1a(9)-
(c) For every f,g € w-L;,(A) and 0 < 2* € X* it follows that

[ Leea(f) = Laea(9)] < 2 Leea([f = g1),
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see the proof of Proposition . Then, using that [|[y*|ly- < 2supg<,ep, (¥, )]
for any Banach lattice Y and y* € Y*, we have that

1A (f) = Ia(9)|Ix+= < 2 sup |[(Ia(f) — Ia(g), ")

z*eN

= 2 sup |Loa(f) — Loa(9)]
z*EN

< dsup Loa([f —gl) =4 f — gllgo-
z*eN

]

Note that the spaces w-L;, (A) and w-L, (A) are actually A-B.f.s.”. Indeed,
for 0 < z* € X*, since z*A is increasing and submodular it can be proved
that |2*A] is submodular, and so I« and I}« are subadditive on £°()".
Recalling that

[fllqe = sup Lo-a(|f]) and |[f]lo = sup Jjzen ([ f])
z*eN z*eN

for every f € LY(A), it follows that || - ||, and || - ||, are norms.
The properties of Iy shown in Proposition allow us to get the main
result of this section.

Theorem 28. The sets L, (A) and Ly(A) are A-B.f.s.” with norms || -
and || - ||, respectively.

lgv

Proof. From Lemma .(a) it is clear that af € L] (A) for all f € L} (A)
and a € R. If f,g € L,,(A) are positive functions, since j(X) is an ideal
of X**, from Proposition . (b) it follows that f + g € L;,(A). For general
frg € Ly, (A) and A € ¥, noting that (f +¢)* < f* +¢" and (f +¢9)” <
f~+ g, by Proposition 27 (a) and (b) we have that

[Ia((f + 9)xa)l

UA((fo +9x4)") = In((fxa + gxa)7)l
IN((fxa+gxa)™) + Ia((fxa +gxa)”)
In((fxa)™ + (gxa)™) + Ia((fxa)™ + (gxa)7)
In((fxa)®) + In((gxa)™) + Ia((fxa) ") + Ia((g9xa) ).

Since h* = hyxp, and h™ = (—h)xy, for any h € L°(Q2) (see the Preliminar-
ies), it follows that the last element in the above inequality belongs to j(X)
and so In((f 4+ g)xa) € j(X). Hence, f + g € L}, (A). Therefore, L} (A) is

INIAIA
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a linear subspace of w-Lj,(A), from which it is clear that L;(A) is a linear
subspace of w-LL(A).

Since In: w-Ly,(A) — X** is continuous and j(X) is closed in X**, it fol-
lows that L}, (A) is closed in w-L,, (A). From this, since w-Lj(A) C w-L;,(A)
and all the containments between A-quasi-B.f.s.” are continuous, it follows
that L;(A) is closed in w-L}(A). Then, L} (A) and L;(A) are Banach spaces
with norms || - ||4» and || - ||, respectively.

On the other hand, if f € L°(A) and g € L, (A) are such that | f| < [g] A-
a.e. then f € w-L,,(A) with || f||g0 < |lglgu- Moreover, since (fxa)™, (fxa)~ <
|g| A-a.e. for every A € X, by Proposition 27} (a) and (b) we have that

In((fxa)™), In((Fxa)”) < Ia(lg]) < In(gh) + In(g7)-

Then Ix((fxa)™), Ia((fxa)”) € j(X) and so f € Lgy(A). Hence, L;,(A) and
LL(A) are A-B.f:s.’. O

Finally we conclude this section by characterizing when the space Lév(/\)
is o-order continuous.

Theorem 29. The A-B.f.s. Ly, (A) is o-order continuous if and only if A
is continuous from above at (), i.e. A(A,) — 0 in X whenever A, € ¥ with
A, L 0. Moreover, in this case S is dense in L, (A).

Proof. First note that S C LéU(A), see (8) and Proposition(c). Moreover,
from Proposition [22|it follows that Ix(xa) = j(A(A)) for all A € 3.
Suppose that L;W(A) is o-order continuous. Given A, € ¥ with A4, | 0,
since x4, | 0 pointwise and (xa,) C Lg,(A), by using Proposition .(a) we
have that
[ACA) | x = [[a(xa,)|

Conversely suppose that A is continuous from above at () and let (f,,) C
L;,(A) be such that f, | 0 A-a.e. For cach 0 < z* € X*, since z*A is
continuous from above at (), by Theorem |§| we have that L'(z*A) is o-order
continuous. Then, since f,, | 0 z*A-a.e. it follows that

(In(fn), 2") = Looa(fn) = Il fullewa 4 0.

Hence, Ix(f,) | 0 in the order of X**. Since j(X) is order continuous as X
is so, we have that || fullq0 = [[Ia(fo)|lx 4 O. O

xor = Il = 0.
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8. Example

Consider the measure space (N, P(N), ¢) with ¢ being the counting mea-
sure. Note that L%(c) is just the space £° of all real sequences and the c-a.e.
pointwise order coincides with the coordinate order. Let X be a o-order con-
tinuous saturated c-B.f.s. Recall that X being saturated means that there
exists a sequence x = (x,,) € X such that z,, > 0 for all n. In this case, X is
a Kdthe function space in the sense of [25], Definition 1.b.17]. In what follows
we collect some properties of X which will be used later in our example.

Denoting the scalar product of two sequences = = (z,,),y = (y,) € (° by
(x,y) = > xny, provided the sum exists, the Kdthe dual of X is given by

X' = {y = (y,) €% (|z],]y]) < oo for all z = (z,,) € X}.

The space X' endowed with the norm ||y||x» = sup,cp, [(z,y)|fory € X', isa
saturated ¢-B.f.s. The linear isometry n: X’ — X* given by (n(y), z) = (z,y)
for all y € X" and = € X is surjective as X is o-order continuous, see [25,
pg.29]. If z* € X* and y € X’ are such that z* = n(y), then z* > 0 if and
only if y > 0. Note that X C X”. From [25, Proposition 1.b.18] it follows
that ||z||x = ||z]x~ for all z € X. The equality X = X” holds with equal
norms if and only if X has the Fatou property, see [25, pg. 30]. Also we will
use the linear isometry 7: X” — X** defined by (7(z),z*) = (2,77 (")) for
all z € X” and z* € X*. Note that if z € X then 7(z) = j(2).

Let us construct now a vector capacity with values in X. Consider a o-
finite measure p: ¥ — [0,00] and let : I — I be a function as in Example
9] Then, the capacity A: & — [0,00] given by A(A) = ®(u(A)) for A €
satisfies the properties (P1,2,3,5,6) and the A-null and p-null sets coincide.
Take a sequence of pairwise disjoint sets (£2,,) C ¥ such that Q = UQ,, and
1(€2,) < oo for all n and assume that e = (A(£2,)), € X. We define the
vector capacity A: ¥ — X by

A(A) = AAND))n
for A € ¥. Note that A is well defined as A(A) <.

Remark 30. The condition e € X holds in many cases. For instance if
w(€,) — 0 then e € ¢y. This happens whenever u is finite. An example
of a non-finite pu could be the measure m on I with density h(x) = 1%@,,
that is u(A) = [, hdm. In this case, by taking Q, = [n — 1,n) we have that
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w(€,) = ln(HT") < % So e € ¢y and for instance if ®(x) = 2P with 0 < p < 1
then e € 09 for every % < q < 00.

Let us see that A satisfies the requirements of Section [7]

Lemma 31. The vector capacity A has the properties (0A1,2,3) and is con-
tinuous from above at . Moreover the A-null and p-null sets coincide.

Proof. Note that A is increasing and submodular as A is so. Given A, A € ¥
such that A; 1 A, since ) is increasing and continuous from below, for each
fixed n we have that A\(Ax N Q) T A(ANK,). Then A(Ax) T A(A) pointwise
and so in X, as X is o-order continuous. Hence, A is continuous from below.

Given Ay € ¥ with Ay | (), since u is a measure, for each fixed n it follows
that pu(AxN€,) J 0 and so A(AxN,) | 0. That is, A(Ag) J 0 pointwise and
so in X. Hence, A is continuous from above at ().

It is direct to check that a set Z is A-null if and only if Z N, is A-null
(equivalently, p-null) for all n. This happens if and only if Z = UZ N, is
p-null. O

Therefore, all what we have seen in Sections [f] [6] and [7] hold for A. More-
over we can give nicer descriptions for the L!-spaces associated to A in terms
of A.

Proposition 32. The following statements hold:

(a) L(NAID = {f € L)« [; [(Ns1xq, Inllx dm < 00} and for f € LY([[|A]]])
we have that ||f||HIAHI = f[ 1 (Alf1xa, Jnllx dm.

(b) w-LL,(A) = {f € L%1) : (1\(If Ixa))a € X"} and for € w-LL,(A) we
have that |l = [l Moreove, (1(fxe,))n € X" and
In(f) = 7((In(Fxa,)

(¢) ILA) = {f € L) : (h(flxa))e € X} and for f € LL(A) we
have that ||fllee = [[(In(If|xQ.))nllx. Moreover, (Ix(fxa,))n € X and

In(f) = J((In(fX.))n)-

Proof. First note that L°(A) = L%(u) as the A-null and p-null sets coincide.
(a) For every f € L°(2)T, since

{weQ: flw)>t}NQ, ={weQ: (fxa,)(w) >t}

for all ¢ € I, it follows that Ay = (Afy, )n. Then, the conclusion follows from

Proposition 26} (b).

n
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(b) Let 0 < z* € X* and 0 <y = (y,) € X' be such that z* = n(y). For
e L) we have that

x*Af( ) $ Af Zyn)‘fxnn

for all ¢ € I. By applying the monotone convergence theorem we obtain that

1 I

From this it follows that f € L°(u) is such that [, 2*Aj;dm < oo for all
0 < z* € X* if and only if ([)\(|f|XQn))n € X”. Then, by Proposition
26| (a), the description of w-L;,(A) holds. Moreover, for a positive function
f € w-L,,(A) we have that

(IA(f), ) = / Ay dm = {(m(Iy(Fxan))n)s 2°)

for all 0 < z* € X*. The same equality holds for a general x* € X* by taking
positive and negative parts of z*. Hence, I, (f) = 7((Ix(fxq,))n). Then, for
a general f € w-L,(A) it follows that

1w = A fDlx+ = [ (I fxe)),,|

For every n it is clear that fxq, € L'(\) as (Ir(]f]xq,.))n € X”. Noting that
(fxa)t = fTxaand (fxa)” = f xa for all A€ X, we have that

(I(f X)) = (IN(f X2 ))n = (I (f " X0,))n € X"
as f*, f~ € w-L;,(A). Moreover,
IN(f) = Is(f7) = In(f)

= (" xa))n) — 7((I(f~ x2))n)
= m((I\(fx))n)-

(c) For every f € L,,(A) C w-Lj,(A) we have that (Iy(fxa,))» € X" and
T((In(fx.))n) = Ia(f) € §(X).

Since 7 coincides with j on X and 7 is injective it follows that (I\(fxq,))n €
X and In(f) = j((Ix(fxa,))n). Noting that |f| € L;,(A), we have that
(In([fIxe.))n € X and [ fllg = [N Ix@u)nllxr = 1S X020 ))nlx-

X// :
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On the other hand, if f € L°(u) is such that (Ix(|f|xq,)). € X C X”
we have that f € w-L;,(A). Then, for every A € ¥ it follows that fxa €
w-Lg,(A) and

Ia(fxa)l = Ha(fTxa) = Ia(fxa)l < In(fFxa) + Ia(f " xa)
< 20 (|f]) = 27 (a1 fIxn))n) = 25 ((In( flx00))n),
and so Ix(fxa) € j(X). Hence, f € L (A). O

Note that L! (A) is o-order continuous as A is continuous from above at
(), see Theorem [29]

In order to give a description in terms of A for the spaces L'(]|Al]),
w-LY(A) and Ll(A), we consider the variation |A| of A defined as in the
real capacity case. Since || is superadditive and A is subadditive it follows
that |A| is finitely additive. Moreover, since |A| is continuous from below as
A is so, we have that |\| is a measure. We will need the following result.

Lemma 33. Let 2* € X* and y = (y,) € X' be such that * = n(y). For
every A € X it follows that

2" AI(A) = Y [yal A(AN Q).

Proof. For every partition (A4;), C ¥ of A € ¥ we have that

DA = D Do mA AN ) £ 30D A4 n Q)

i=1 n>1 i=1 n>1
= >l DOMAN Q) <D Il A(AN Q).
n>1 =1 n>1

Hence, [2*A|(A) < > |yn| |[A(ANQ,). On the other hand, for a fixed k take
a partition (BF)!% C X of AN Q. Since BFN Q) = Bf and BFNQ, =0
whenever n # k, we have that

el YOABE) =30 [P A BEN Q)
i=1

i=1 n>1

=Y | ABE)| < |7 Al(AN Q).
=1

Then, |yx| [N(A N Q) < |2*Al(AN Q). Since |z*A| is superadditive and
increasing it follows that

Dol IN(ANQ) <Y e A(AN Q) < [a"A|(A)

k=1 k=1
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for all n and so > |y,| [A[(ANQ,) < |z*A|(A). O

Now from the previous lemma we can obtain the following conclusions.
Proposition 34. The following statements hold:

(a) L'(||A]]) is the space of functions f € L°(u) such that (|A]fyq, (t))n € X"
or-allt > 0 and [, (N el dm < oo, and for f € TH(JA]) we
have that || flljap = Jy 1A isixa, nllx dm.

(8) w-LM(A) = {f € I2(u) © (| flxon)) € X"} and for f € w-LL(A) we
have that |l = | (Ta(f xe Dl
(¢) Ly(A) ={f € L(n) : (I(IfIxe.))n € X and (Iy(IfIxa,))n € X"}
Note that I (| f|xa.) = [ [fIdIA| for all n as |A| is a measure.

Proof. (a) By Lemma |33 every A € X satisfies that
IAII(A) = sup [a"Al(A) = sup D lyal [A(AN Q).

z*eBxx y=(yn)EBx/
Then ||A]|(A) < oo if and only if (J]A[(AN,)), € X", and in this case
[A[ICA) = IIAAICA N €Q2n))n | x-

If f € L'(]|A]]), since [, [|[Alljs)dm < oo and ||A]||s is decreasing, we have that
[Alj(2) < o0 for all £ > 0. 50 (1N i (£))n € X7 with (Mg, (1)allx =
|A|lj7(¢) for all ¢ > 0. The converse inclusion follows as if f € L°(u) is such
that (|A|fyg, (t)n € X" for all £ > 0 then ||Al]j5(t) = [[(|A|fxq, (t))nl/x~ for
all t > 0.

(b) Let f € L°(u). For every 2* € X* and y = (y,) € X’ with 2* = n(y),
from Lemma [33| and applying the monotone convergence theorem it follows

that
/I 2" Al dm =3 [yl / Misia, dm = 3 [yl T (1 f1x01).

Then [, |#*Aljf dm < oo for all 2* € X* if and only if (I} (|f]xa,))n € X"
From this the description of w-L.(A) holds. Moreover, for f € w-L1(A) we
have that

Ifllo=""sup > lyalin(If1xen) = 1T xe))nllxe

y=(yn)EBx/

(c) Clear from part (b) of this proposition and Proposition [32}(c). O

39



Finally note that in the case when X has the Fatou property (i.e. X =

X"), we have that L, (A) = w-L;,(A) and

Ly(A) = w-Ly(A) = {f € L(u) = (In(|fIx0.)n € X}

The first equality above follows as A < [A| and so Ix(|f|xa.) < Iin(|flxa.)

for

all n. Moreover, || fllo = [|(Zx(fIxa,))nllx for all f € Li(A). Also in

this case we have that L!(A) is o-order continuous. Indeed, given (f;) C
LL(A) such that f; | 0 p-a.e. (equivalently |A|-a.e.), since L(|)\|) is o-order
continuous as || is a measure, for each fixed n it follows that I/ frxq,) 4 0.
Then (1)x/(| fx]X@.))n 4 0 pointwise and so in X.
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