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MIXED BRUCE-ROBERTS NUMBERS
CARLES BIVIA-AUSINA AND MARIA APARECIDA SOARES RUAS

ABSTRACT. We extend the notion of p*-sequence and Tjurina number of functions to
the framework of Bruce-Roberts numbers, that is, to pairs formed by the germ at 0 of
a complex analytic variety X C C™ and a finitely R(X)-determined analytic function germ
f:(C™,0) — (C,0). We analyze some fundamental properties of these numbers.

1. INTRODUCTION

Let O,, denote the ring of analytic function germs (C",0) — C and let m,, be the maximal
ideal of O,,. If f € O,, has an isolated singularity, then we denote by u(f) the Minor number
of f. That is, u(f) = dime O,,/J(f), where J(f) = <8‘9—£, ey %) is the Jacobian ideal of
f. If H is a general hyperplane through the origin in C", then we may speak of the Milnor
number of the restriction of f to H, denoted by pu™~V(f). More generally, in [21, p.300]
Teissier introduced the sequence p*(f) = (1™ (f), ..., uM(f), p@(f)), where p@(f) denotes
the Milnor number of the restriction of f to a generic linear subspace of dimension ¢ of C”,
fori=1,...,n. If F: (C" x C,0) — (C,0) defines a family of hypersurfaces with isolated
singularities, f;1(0), where f,(z) = F(t,x), then Teissier proves that the constancy of the
sequence p*( f;) implies the Whitney equisingularity of the pair (F~1(0)\ D, D), where D C C
is a small disc around 0 in the parameter space. In [4] Bruce and Roberts extended the notion
of Milnor number to pairs formed by an analytic function f € O, and an analytic subvariety
X of C" (see Definition 2.2). This number, denoted px(f), is called the multiplicity of f on
X in [4]. In some references, ux(f) is called the Bruce-Roberts’ Milnor number of f with
respect to X. We refer to [1, 9, 18] for recent results on the relations of px(f) with other
classical invariants and partial results on its role on equisingularity problems in the relative
case.

Let f € O, and let X denote the germ at 0 of an analytic subvariety of C". This article
has several purposes. We derive some consequences of the formula for ux (f) obtained in [18]
in the case where X is a weighted homogeneous hypersurface with an isolated singularity
at the origin (see Theorem 2.13). In particular, in the case where X is a linear hyperplane
in C", there appears a relation (see Proposition 2.18) that reminds the formula of Teissier
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saying that if f € O, has an isolated singularity at the origin, then pu(f)+ pu™ Y (f) is equal

to the Samuel multiplicity of J(f) in the quotient ring % (see [21, p.322]).

Let us observe that this multiplicity is greater than or equal to 7(f), where 7(f) is the
Tjurina number of f, which is defined as the colengh of the ideal (f) + J(f). By analogy
with the definition of pux(f), in Section 3 we introduce the Bruce-Roberts’ Tjurina number

of f with respect to X, which we will denote by 7x(f). We obtain an upper bound for the
px (f)
7x (f)
We also extend the notion of p*-sequence of functions to the framework of Bruce-Roberts

quotient and characterize the corresponding equality.

numbers, that is, to pairs formed by the germ at 0 of a complex analytic variety X C C"
and a finitely R(X)-determined analytic function germ f : (C",0) — (C,0). We analyze
some of the fundamental algebraic and geometric properties of these numbers. The analogue
of Teissier’s result in this setting, namely, whether or not the constancy of p% (f;) implies
the Whitney equisingularity of the family of function germs with isolated singularity f; with
respect to a singular variety X, remains an open question.

2. THE BRUCE-ROBERTS’ MILNOR NUMBER

Let X be the germ at 0 of an analytic subvariety of C™ (for short, we will say that X is
an analytic subvariety of (C™,0)). Let I(X) denote the ideal of O,, generated by the germs
of O,, vanishing on X. We denote by ©x the O,-module of germs of vector fields of C" at
0 which are tangent to X. That is

Ox={6€0n:0(I(X)) CI(X)}.

This module is also usually denoted by Derlog(X) (see for instance [5, 6]). The elements
of Derlog(X) are also known as logarithmic vector fields of X. We recall that ©x defines
a coherent sheaf of modules in a small enough neighbourhood U of 0 € C". If z € U,
then we denote by ©x, the corresponding stalk at x. We also define the vector space
Ox(xz) ={d(x) : § € ©x} C C". We identify any given element § = (dy,...,0,) € O with
the derivation 518%1 + - 4 5n% € Der(0,,).

Let R denote an arbitrary ring and let M be an R-module. Given elements uy,...,us € M,
we denote by syz(uy, . . ., us) the module of syzygies of {uy, ..., us}. That is, syz(uy, ..., us) is
the R-submodule of R*® formed by those (g1, ..., gs) € R® satisfying that gju; +- - -+ gsus = 0.
Let I be an ideal of R, then we say that [ is reduced when [ is equal to its own radical.

The computation of © x for general classes of varieties X is a hard problem (see Theorem
2.5). However, we will apply the following fact in order to compute ©x with Singular [7].

Lemma 2.1. Let h = (hy,...,hy) @ (C",0) — (C™,0) be an analytic map such that the
ideal (hy, ..., hy) is reduced. Let X = h=1(0). Let Dy, be the set of elements of O™ given by
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the columns of the matrix

% % hy -+ hy, 0 -+ 0 -+ 0 --- 0
g_;? S%j 0 -+ 0 hy - hp 0 --- 0
Ohm Ohum,

Gm ... O O --- 0 0 -+ 0 hi -+ h,

Then ©x = m,(syz(Dy)), where m, : O™ — O is the projection onto the first n compo-
nents.

Proof. Let I = (hy,..., hy). Since I is reduced, given an element § € O, we have that

d = (01,...,0,) belongs to Ox if and only if §(h;) € I, for all i = 1,...,m, which is to say
that there exist al,...,a!, € O, such that 512—;‘;’ +--+ 5ng£; =alhy + -+ a’ hy, for all

1 =1,...,m. This latter condition is equivalent to saying that the element of OZ*’"Q given by
(61,...,0n,—al,...,—al  ....,—a®, ..., —a™) belongs to D;. Hence the result follows. [

If f € O,, then we denote by Jx(f) the ideal of O,, generated by {J(f) : 6 € ©x}. In
particular, we have the inclusion Jx(f) C J(f).

Definition 2.2. Let X be an analytic subvariety of (C",0) and let f € O,,. We define
@)
1 = dim A
(1) px(f) C Tx(f)
When the colength on the right of (1) is finite, the number px(f) is called the multiplicity
of f on X in [4]. In some references, px(f) is called the Bruce-Roberts’ Milnor number of f

with respect to X (see for instance [1, 9, 18]).

Let f € O,. Let us remark that, if Jx(f) has finite colength, then J(f) has also finite
colength and px (f) = u(f), since Jx(f) C J(f). We also point out that when X = C”, then
O©x = OF and consequently px(f) = p(f). When X = {0} CC", then ©Ox =m,, - --dm,
and hence Jx(f) = m,J(f).

If X C (C"0) is the germ at 0 of an analytic subvariety and U is a sufficiently small
neighbourhood of 0 € C”, then in [4] Bruce and Roberts introduced the notion of logarith-
mic stratification of U with respect to X (see [4, Definition 1.6]), based on the analogous
notion for analytic hypersurfaces of C" defined by Saito in [20]. If {X,}.ca denotes this
stratification, then we shall refer to { X N X, }aca as the logarithmic stratification of X. Some
of the fundamental properties of {X,}aca is that each stratum X, is a smooth connected
immersed submanifold of U and if z € U lies in a stratum X,, then the tangent space
T.X. to X, at = coincides with ©x(x). The germ X is said to be holonomic if for some
neighbourhood U of 0 in C™ the logarithmic stratification of U with respect to X has only
finitely many strata.

Here we recall the following result from [4, p. 64].

Theorem 2.3. [4, p.64] Let X be an analytic subvariety of (C",0) and let f € O,,. Then
the following conditions are equivalent:
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(1) px(f) is finite.

(2) V(Jx(f)) < {0}

(3) f has an R(X)-versal unfolding.
(4) f is finitely R(X)-determined.
()

The restriction of f to each logarithmic stratum of X is a submersion except, possibly,
at 0.

Example 2.4. Let X = {(x,y,2) € C*: xyz = 0} and let f € O3 be given by f(z,y,2) =
ry + 2z + yz, for all (r,y,z) € C3. We observe that Ox = ((z,0,0),(0,y,0), (0,0, 2)).
Therefore Jx(f) = (zy + xz, 2y + yz, 2z + yz). In particular px(f) is not finite, whereas f
has an isolated singularity at the origin.

If X is an analytic subvariety of (C",0), then we say that X supports a germ with an
isolated critical point when there exist a germ f € O, such that pux(f) < oo. In this case
we also say that f has an isolated singularity on X at 0. As shown in [4, Theorem 3.3], if U
is a sufficiently small neighbourhood of 0 € C", then the germ (X, x) supports a germ with
an isolated critical point for each € X N U if and only if (X, 0) is holonomic.

We recall that a germ of hypersurface X C C" is said to be a free divisor when Oy is a free
O,-submodule of O (see [5, 20]). In this case, necessarily Ox is generated by n elements.

Let ¢ = (¢1,.--,9p) @ (C*,0) — (CP,0) be an analytic map germ. If p < n, then we
denote by J(g1,...,gp) the ideal of O,, generated by the minors of order p of the Jacobian
matrix of g. We recall that the map g, or the set g~1(0), is said to be an isolated complete
intersection singularity (or an ICIS, for short) when p < n, dimV(gy,...,g,) = n — p and
the ideal (g1,...,9p) +J(g1,--.,9,) has finite colength in O,. As recalled in Theorem 2.5,
an explicit generating system for Ox is known when X = g=%(0), being g : (C"*,0) — (CP,0)
a weighted homogeneous ICIS.

If g : (C",0) — (CP,0) is an 1CIS, then we denote by p(g) the Milnor number of g (see
[11, 15, 17]). We recall that, when p = n, then

O,
) u(g) = dime — 1
<917 L agn>
(see for instance [17, p.78]).
Given a vector of weights w = (wy,...,w,) € Z%,, if coordinates z1,...,x, in C" are

fixed, then we define the Fuler vector field associated to w as 0, = wlxla%l 4+ 4 wnxna%.

As pointed out in [13, p. 316], the following result is due to Aleksandrov and Kersken (see
also [2, p.467], [4, p.79, Proposition 7.2], [22, p.617]).

Theorem 2.5. Let w € Z%, and let h = (hy,...,h,) : (C",0) — (CP,0) be a weighted

homogeneous 1CIS with respect to w, n —p > 1. Let X = h™'(0). Then Ox is generated by

{0, hi% ci=1,...,p,j=1,...,n} and the derivations given by the minors of size p + 1
J
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of the matrix

o0 ... 9
ox1 Ozn
Ohy .. Om
(3) 33.61 (%'n
Ohp . Ohyp
ox1 Oy

In particular, given any function f € O,, we have

(4) Ix(f) = (Ouw(f)) + (P, hp) T(f) + I(fy b By).

We recall that, whenever h : (C" 0) — (CP,0) is an 1C1S with n — p > 1, then the ideal
(hi,...,hy) is reduced (see [17, p.7]).

The case p = 1 of Theorem 2.5 leads to a substantial simplification of ©, as can be seen
in [22, Proposition 1.2]. We recall this case in the following theorem (see also [12, p.249] or
[18, Theorem 2.3]).

Theorem 2.6. Let w € Z%, and let h € O, such that h is weighted homogeneous with
respect to w and h has an isolated singularity at the origin, n > 2. Let X = h=1(0). Then
Ox s generated by 0,, and the derivations 0;; = Oh 0 _ %%, for 1 <i < j<n. Hence,
i OTj

for all f € O,, we have o du;
Ix(f) = (0u(f)) + I(f, h),
for all f € O,.

Remark 2.7. Let us observe that, even if X is a homogeneous ICIS, a simplification of ©x
as in Theorem 2.6 is not possible in general. For instance, let h : (C3,0) — (C?,0) be the
map given by h(x,y,z) = (2% + y? + 2%, zyz), for all (z,y,2) € C3, and let X = h1(0).
Then, using Singular [7] and Lemma 2.1, it is easy to check that the eight generators of © x
given by Theorem 2.5 consitute a minimal generating set of O x.

Given an analytic map germ h = (hy,...,h,) : (C*,0) — (CP,0) and a function f € O,,

let us define
O,

(hay... hy)y +I(f hay ..o hy)
Let us recall that, by [15, Theorem 3.7.1], if the maps (hq,...,h,) and (hy,..., hy, f) are
1C18, then ¢(f, h) < oo and p(hq, ..., hy) + p(ha, ... hy, f) = c(f, h).

c(f,h) = dime

Proposition 2.8. Let h = (hy,...,h,) : (C*,0) = (CP,0) be an ICIS, where p < n —1, and
let f €O,. Let X = h1(0). If ux(f) < oo, then c(f,h) < .

Proof. Let I = (hy,...,hy) +J(f,h1,...,h,) and let us suppose that dim V(1) > 1. Let us
fix a point x € V(I),  # 0. In particular z € V(hy,...,h,). Since h is an ICIS, we can
assume that not all the p x p minors of the differential matrix Dh vanish at x. Moreover,
the condition z € V(I) also implies that all (p + 1) x (p+ 1) minors of D(f, h) vanish at z.
In particular V f(x) is a linear combination of Vh,(z), ..., Vh,(z).
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As indicated in Theorem 2.3, the condition ux(f) < oo implies that the restriction of f
to each logarithmic stratum of X is a submersion except possibly at 0. Let Y denote the
logarithmic stratum of X such that x € Y. Hence, there exists some non-zero £ € Ox,
such that &(x) belongs to T,Y and D(fl|y).({(z)) = (Df).({(z)) # 0. However, since
V f(z) is a linear combination of Vh;(z),...,Vh,(z) and Y C V(hq, ..., h,), it follows that
(Df)z(&(x)) = Vf(z)-&(x) =0, which is a contradiction. Therefore dim V' (I) = 0, that is,
c(f,h) < oo. O

Under the conditions of the previous result, the map (hq,...,h,, f) is also an 1CIS and

p(ha, ... hy) +pu(ha, ..., hy, f) =c(f, h), by the Lé-Greuel- formula.

Theorem 2.9. [4, Proposition 7.7,p.82] Let w € Z2, and let h = (hy,...,hy) : (C",0) —

(CP,0) be a weighted homogeneous 1CI1S with respect to w, n —p > 1. Let f € O,, such that

ux(f) < oo. Then the map (f, hy,..., hy) is also an 1C1S and its Milnor number is given by
O,

Ou(f)y ey hy) +I(f b,y hy)

Remark 2.10. Let us observe that in the proof of the above result (see [4, p.83]), the
application of [4, Corollary 7.9] plays a fundamental role. In this proof it is essential to

(5) u(fo s hy) = dime

assume that ¢(f,h) < oo. The original statement of [4, Proposition 7.7, p. 82] only requires
the germ f to have an isolated critical point, but actually the correct hypothesis is to assume
that px(f) < oo, which in turn implies the condition ¢(f, h) < oo, by Proposition 2.8.

As a direct application of Theorem 2.9 we have the following result, which maybe is already
known for the specialists by means of other type of techniques.

Corollary 2.11. Let f : (C",0) — (C,0) be an analytic function germ with an isolated
singularity at the origin, n > 2. Leti € {1,...,n—1}. If hy,..., h,_; denotes a family of
generic linear forms of Clxy, ..., x,], then

i , O,

,U( )(f) = p(f, haye oo hyey) = dime

<‘9(f>7h17 SR ’hn—i> + J(fa hla <o 7hn—i)

where@(f):xlg_ai+...+wn%‘

Proof. Tt is known, by the definition of Milnor number of an ICIs, that for generic linear
forms hy,...,hn_; € Clzy,...,z,], we have p@(f) = u(f, h1,...,hn_s). Let us fix such
a family of linear forms hy,..., h,_; and let H = V(hy,..., h,—;). Let us remark that
(hi,... hyy) - (C*,0) = (C"%,0) is smooth map germ, and hence it is a homogeneous ICIS
of dimension 1.

By Proposition 2.3, ug(f) < oo if and only if the restriction f|y has an isolated singularity
at the origin, which is the case by taking the forms hq, ..., h,_; accordingly. Thus the result
follows as a direct application of Theorem 2.9. O

Because of its similitude with (5), it is worth to recall the following result of Briangon-
Maynadier [3].
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Theorem 2.12. [3] Let h : (C",0) — (CP,0) be semi-weighted homogeneous 1CIS with respect
to w. Then u(h) only depends on w and d,(h). Moreover u(h) is expressed as

On
(O(h1), ..., 0u(hy)) + I(h1,. . hy)

We remark that the previous result was proven by Greuel in [11, Korollar 5.8] (see also

[17, (5.11.a)]) when the map h is assumed to be weighted homogeneous (in this case we have
<0w(h1)7 s agw(hp» = <h17 e vhp>)-

The following theorem follows as an application of Theorem 2.6, Theorem 2.9 and [4,
Corollary 7.9], where this last result from [4] provides a formula expressing the colength of
an ideal of maximal minors of a matrix as a sum of colengths of suitable ideals.

Theorem 2.13. [18, Theorem 3.1] Let w € Z%,, n > 2. Let h € Clxy, ..., x,] be weighted
homogeneous with respect to w with isolated singularity at the origin and let X = h=1(0).
Let f € O, such that px(f) < oo. Then (f,h): (C",0) — (C?,0) is an 1C1S whose Milnor
number satisfies the relation

(6) px (f) = u(f) +pu(fh).

Remark 2.14. We observe that in Theorem 2.13 the condition that A has an isolated
singularity at the origin can not be removed, as Example 2.15 shows. Obviously, if X =
h=1(0), where h : (C",0) — (C, 0) is weighted homogeneous with respect to a given w € Z2,,
and f € O, verifies that (0,,(f)) +J(f, k) has finite colength, then this colength is an upper
bound for px(f) (this bound is not tight, as is also reflected in Example 2.15).

Example 2.15. Let f and h be the functions of Oz defined by f(z,y,2) = 2° +9° +
2% and h(z,y,z) = zyz, for all (z,y,2) € C>. Let X = h™'(0). We have that Ox =
((x,0,0),(0,y,0),(0,0,2)). Thus Jx(f) = (z*, v, 2*), which implies that ux(f) = 27. It is
straightforward to check that the ideal (f, h) + J(f, k) has finite colength. Hence, (f,h) :
(C3,0) — (C?,0) is an 1C1S. By the Lé-Greuel formula we have the relation u(f) + u(f, h) =
dime O,,/((f) + J(f, h)) = 57, which is different from px(f) in this case.

As a direct application of Theorem 2.13, the following result follows.

Corollary 2.16. Let f,h € Clzy,...,x,] be weighted homogeneous polynomials, not neces-
sarily with respect to the same vector of weights, n > 2. Let X = h™*(0) and Y = f~1(0).
Let us suppose that pux(f) and py (h) are finite. Then

px (f) = py (h) = p(f) — p(h).

Proof. The condition px(f) < oo implies that J(f) has finite colength. Analogously, J(h)
has finite colength. Therefore, by Theorem 2.13, (f,h) is an 1CI1S and px(f) — u(f) =

u(fsh) = py (h) = p(h).

Corollary 2.17. Let w € Z2,, n > 2. Let h € Clzy,...,x,] be weighted homogeneous with
respect to w with isolated singularity at the origin. Let f € O,,. Let us suppose that the ideal
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(0, (f)) + J(f,h) has finite colength. Then (f) + J(f,h) has also finite colength and
O _ dim Gl

300 0u(P) + (D)

Proof. Let X = h™'(0). Hence Jx(f) = (0,(f)) + J(f,h). By Proposition 2.8, we have

c(f,h) < oo, which implies that (f,h) is an 1CIS. Since f has an isolated singularity at the
origin, we have that

O
)+ pu(f, h) =dime 0,
u(f) +nfh) SGES )
by [15, Theorem 3.7.1]. Then (7) follows as a direct consequence of Theorem 2.6. O

Let f € O, and let i € {1,...,n}. By virtue of Theorem 2.5 and the upper semicontinuity
of the colength of ideals, we can consider the minimum value of py(f) when H varies in the
set of linear subspaces of C" of dimension i. Let us denote this number by pya (f). We
will also write f|y¢) to refer to the restriction of f to a generic linear subspace of C" of
dimension 1.

Let I be an ideal of finite colength in a Noetherian local ring (R, m) of dimension d and
let i € {0,1,...,d}. Then e;(I) will denote the mixed multiplicity e(Z,...,I,m,..., m),
where [ is repeated i times and m is repeated n — i times (we refer to [14] and [21] for the
definition and basic properties of mixed multiplicities). We recall that e, () = e(I), where
e(I) denotes the Samuel multiplicity of 1.

Proposition 2.18. Let f € O, and leti € {0,1,...,n—1}. If f has an isolated singularity
at the origin, then

) o o) = 1)+ 1O1) = e (T2 ).

Proof. The second equality in (8), for all i € {0,1,...,n — 1}, is a result of Teissier in [21,
p.322]. Let H be a linear subspace of C" of dimension n — 1 and let h € Clzy,...,z,]| be
a linear form such that H = h='(0). Since the logarithmic stratification of H is given by
H itself, Theorem 2.3 shows that puy(f) < oo if and only if the restriction of f to H is a
submersion except, possibly, at the origin, which is to say that the restriction f|y has, at
most, an isolated singularity at the origin. The latter condition holds for a generic choice
of H in the Grassmannian variety of linear subspaces of C" of dimension n — 1 (see for
instance [21, p.299]). Therefore, we can apply Theorem 2.13 to say that for a generic linear
subspace H of C" of dimension n — 1 we have that ug(f) = p(f) + n(f, h). We recall that

p(fsh) = p(flm) = p=D(f). Hence
(9) pge-n (f) = n(f) + p" D).

Let us fix an index i € {1,. LT 1}. If we apply (9)‘to flae+n, then we obtain that
pr (flaen) = p(flaem) + 1O (flaan) = gD ) + 1@ (f). B
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In the next example we see that the numbers p g (f|ge+n) and pye (f) are different in
general. Let us remark that in the first case the subscript H® makes reference to a linear
subspace of codimension 1 in Ci*!,

Example 2.19. Let f € O, be the function given by f(x,y,2,t) = 23 +xyt + 32 + 3 +y2°.
We have that p*(f) = (60,12,4,2,1). Therefore relation (8) shows that pyo (f|ga) = 3,

o (flge) =6, pge (f|ge) = 16. Moreover pge) (f) = 72, pige (f) = 68 and pyo (f) =
66, jugpo(f) = 64.

The following result shows another aspect of Bruce-Roberts” Milnor numbers.

Corollary 2.20. Let f : (C",0) — (C,0) be a weighted homogeneous function with an
isolated singularity at the origin. Let Y = f~(0). Then

p I (f) = py (h)
for a generic choice of a linear form h € Clxy, ..., x,].

Proof. Let h € Clxy,...,,] be a generic linear form. Let X = h=%(0). Obviously, the re-
striction of A to any logarithmic stratum of Y is a submersion except possibly at 0. Therefore

py (h) < oo. By Corollary 2.16 we have that ux(f) = py (h) + u(f) — p(h) = py (h) + pu(f),
since p(h) = 0. Moreover, by (9) we obtain that ux(f) = pym-v(f) = u(f) + u=I(f).
Joining both relation, the result follows. 0

3. THE BRUCE-ROBERTS’ TJURINA NUMBER

In this section we introduce the notion of Tjurina number in the context described in
the previous section. We will compare this number with Bruce-Roberts’ Milnor numbers in
Theorem 3.2.

Definition 3.1. Let X be an analytic subvariety of (C",0) and let f € O,,. We define

On
(fy +JIx(f)

When the colength on the right of (10) is finite, we refer to 7x(f) as the Bruce-Roberts’
Tjurina number of f with respect to X.

(10) TX (f) = dlm(c

Let R be a ring and let I be an ideal of R. Let f € R. We denote by r¢(/) the minimum
of those r € Zz; such that f7 € I. If no such r exist, then we set r¢(/) = co. Let us also
denote by ¢ the morphism R/I — R/I defined by g +1 — fg+ 1, forallg e R. If M
is an R-module, then we denote by ¢(M) the length of M. As usual, we refer to ((R/I) as
the colength of I. With aim of comparing Bruce-Robert’s Milnor and Tjurina numbers, we
show the following result, which is inspired by the main result of Liu in [16].
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Theorem 3.2. Let (R, m) be a Noetherian local ring. Let I be an ideal of R of finite colength
and let f € R such that r;(I) < co. Then

(@)
(11) —
()

(r—H+1

——, where r = r¢(I).

and equality holds if and only if ker(py) =

Proof. Let A = R/I and B = R/((f) +1). Let r = rg(I). Let us consider the following
chain of ideals

U+T G+l o L )+

12 0= C A.
(12) I - I - - 1 - 1 =
From (12) it follows that
1
1
9 (7) -2 (57)
Let ¢ = ¢y . It is immediate to see that the sequence
i R ¢ R R
14 —k 22 — .
(14) 0 —kex(y) - - F— e —0
is exact. So
R
15 ¢( ker =/ .
Let us fix any ¢ € {1,...,r — 1}. The sequence (14) induces the exact sequence

(fY+T 5 (fO+1 ¢ (f)+1 (f)+1

(16) 0 — ker(p) N 7 7 7 N T

The exactness of (16) implies that

(17) ‘ (ker(<p) n <f>+]> iy (ﬁ%) |

Relations (15) and (17) imply that

(18 (gerrr) < (1)

foralli=1,...,r — 1. Hence, by (13), we have that

()-S5 () < ()
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and thus (11) follows. The above relation shows that

£(§> :ré( i )(z)f(ker(gp)):€<ker(¢)ﬂ<fi>%[),forallizl,...,r—l

I D+ 1
NI
<= ker(p) = ker(¢) N {f >I+ Jforalli=1,...,r—1
r—1 I r—1 T
< ker(yp) C % < ker(yp) = %,
where the last equivalence follows as a consequence of the definition of 7. O

We remark that it is easy to find examples where the analogous inequality to (11) obtained
when replacing the ideal (f) by an arbitrary ideal does not hold in general. As an immediate
application of the previous theorem we have the following result.

Corollary 3.3. Let X be an analytic subvariety of (C™,0). Let f € O,, such that ux(f) < oo.
Then

px (f)
. . . r—1
and equality holds if and only if ker(vy s (5)) = %, where r = 1r¢(Jx(f)).

Corollary 3.4. Let w € Z%, and let h = (hy,...,hy) : (C*,0) — (CP,0) be a weighted
homogeneous 1C1S with respect to w, p < n—1. Let f € O,, such that pux(f) < oo. Then the
map (f,hy,...,hy) is also an 1CI1S and

(20) ph) < (r=Dp(f, h)

where 1 = 19,5 (T(J(f, h1,..., hy))) and 7 denotes the natural projection O, — Ty
Moreover, if R denotes the ring On/((hl, coyhy) FI(fha, hp)), then equality holds in
(20) if and only if the kernel of the automorphism of R defined by multiplication by 0,,(f) is

equal to the ideal generated by the image of 0,(f) ' in R.

Proof. By Theorem 2.9 we know that (f, k4, ..., h,) is an 1CIS whose Milnor number is equal
to the colength of the ideal 7((0,(f)) +J(f, h1,...,hy)) in (hlo—"hw By Proposition 2.8 we

also know that the number ¢(f, h) is finite. Let us recall that ¢(f, h) is equal to the colength
of m(J(f, ha,...,hy)). Therefore, by Theorem 3.2 and the Lé-Greuel formula, we obtain that

p(h) +pu(f,h)  c(f,h)

= X7
u(f,h) u(f,h)
which is equivalent to saying that pu(h) < (r — 1)u(f, h). The characterization of equality in

(20) is a direct application of Theorem (3.2) . O

The bound given in (3.3) is sharp, as the following example shows.

Example 3.5. Let h € O, be the polynomial given by h(z,y) = zy® + xty* + 21° and
let X = h71(0). Hence ©x = ((—2z?, 5y° + 223y* + 527), (22, 3y)). Let us consider the
function f(x,y) =z +y. We have ux(f) = 6 and 7x(f) = 1. Moreover r¢(Jx(f)) = 6. This
shows that in this example equality holds in (19).
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4. DERLOG AND LOWERABLE VECTOR FIELDS

Given an integer i € {1,...,n}, we denote by 7; the projection C* — C’ onto the first
¢ coordinates. Let idc» be the identity map C* — C". We denote by L;,, the set of linear
maps p : C* — C" such that m; o p = id¢i, that is, of the form

p(l‘l,...,ﬂfi) = (xl,...,xi,éiﬂ(xl,...,xi),...,ﬁn(xl,...,xi)),

where (;4q, ..., £, denote linear forms of Clzy,...,z,]. If 1 <i < n — 1, then the set L;,
can be identified with the set of matrices of size (n — i) x i with entries in C.

Let X C (C",0) be an analytic subvariety, n > 2, and let p € L;,,, where ¢ € {1,...,n—1}.
The aim of this section is to obtain information about ©,-1(x) in terms of p and Ox.

Definition 4.1. Let p : C* — C" be a linear map, where i € {1,...,n}, and let X be an
analytic subvariety of (C",0). We define

Lowx(p) = {0 € O!:Dpof =nop, for somen € @X},

where Dp denotes the differential of p. The elements of Low x (p) are also known as lowerable
vector fields with respect to p and X.

If n € O verifies that there exists some 0 € O! such that Dpof = nop, then we say that
n is liftable with respect to p. Let us denote by Lifx(p) the set of such vector fields. Let us
remark that Lowx(p) is an O;-submodule of O! and Lif x(p) is an O,-submodule of O".

Let us fix amap p € L;,, for somei € {1,...,n}, and let J(p) denote the Jacobian module
of p, that is, J(p) = (;—li, e g—f) C OF. By abuse of notation, let us also denote by m; the

projection O" — O! onto the first i components. Let p*(Ox) ={nop:n € Ox} C O An
elementary computation shows that

(21) Lifx(p) = {n € ©x : p(m(nop)) = nop}
(22) Lowx(p) = {m(nop):n € Lifx(p)} = m(p"(Ox) N J(p)).

Given a map p : C* — C" and an analytic subvariety X C (C",0), then p is said to be
algebraically transverse to X off 0 when there exists an open neighbourhood U of 0 in C"
such that
(23) Dp(T;C") + Ox(p(z)) = Ty C"

for all z € U\ {0}. We will denote this condition by p fﬁzlg X. We recall that p fﬁzlg X if and
only if p is finitely Kx-determined (see [5, p.9]). Let us remark that if p is an immersion,
then relation (23) holds only if dim¢ Ox(p(z)) > n — i. Here we recall a result from [5]
relating the modules ©,-1(x) and Lowx (p).

Theorem 4.2. [5, p.17] Let X be an analytic subvariety of (C*,0) and let p : C* — C™ be
a map such that p Fﬁzlg X. Then there exists some k > 1 such that

(24) mf@pﬂ(x) C Lowx(p) C Op-1(x)-
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The following example shows that the second inclusion of (24) can be strict. In Proposition
4.4 we give a sufficient condition for the inclusion Lowx(p) € ©,-1x) to hold without
imposing the condition p ﬁﬁ:ﬂg X.

Example 4.3. Let us consider the function h € Oy given by h(z,y) = x3y? + 2%y + 25 + ¢/
and let X = h~'(0). We observe that X is a plane curve with an isolated singularity at the
origin. Let us consider the immersive linear map p : C — C? given by p(x) = (z, ), for all
z € C. Hence h(p(z)) = 22°(1+z), for all z € C, which implies that p~!(X) = {0}, as germs
at 0. In particular, there exists an open neighbourhood U of 0 € C such that h(p(x)) # 0,
for all x € U\ {0}. Therefore, the dimension of ©x(p(z)) as a complex vector space is 2, for
all z € U\ {0}. This shows that p M, X. A basic computation with Singular [7] shows that
Lowx(p) = m(p*(©x) N J(p)) = (2*), whereas ©,-1(x) = (z). That is, Lowx(p) C ©,-1(x)

Let h: (C™,0) — (C™,0) be an analytic map. We say that h is reduced when the ideal of
O,, generated by the components of h is reduced.

Proposition 4.4. Let X be an analytic subvariety of (C",0), n > 2, and leti € {1,...,n—
1}. Let h : (C",0) — (C™ 0) be a reduced analytic map such that X = h~'(0) and let
p € L;,, such that the map hop: (C' 0) — (C",0) is also reduced. Then

Lowx (p) C O,-

Proof. Let J be the ideal of O,, generated by the components of h and let § € Lowx(p),
0 = (6h,...,60;). By relations (21) and (22) it follows that there exists some € ©x such
that p(m;(nop)) =nopand 6 = m(nop).

Let p* : O,, — O; be the morphism given by p*(f) = f op, for all f € O,. We have that
I(p~™ (X)) = I((hop)~1(0)) = rad(p*(J)) = p*(J). We will see that 0(hy o p) € p*(J), for
all k=1,...,m, where h = (hy,..., hp).

Let us write p as p(x1,...,x;) = (z1,...,T;, 2321 Qit1§Tg, .- 723’:1 an,;x;), for some co-
efficients ay; € C. Let us fix an index k € {1,...,m}. Computing 6(h;, o p) we obtain the
following;:

R W (TR e )

{=i+1

. . )+ 300 (3 adisen)

l=i+1

= (mop)@—zop) Z(ZM@])%OP

l=i+1 =

= > (mjop) (% Op> =n(hx) op € p*(J).

j=1 J

Therefore the inclusion Lowx(p) € ©,-1(x) holds. O
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Let n € Z; and let us fix coordinates x,...,x, in C*. Then we denote by 6 the

_0_
ox1

LOWX(p) = @p—l(X) holds.

Euler derivation x1-— + --- + a:na%. In the next result we show a case where the equality

Proposition 4.5. Let h : (C",0) — (C™,0) be a homogeneous 1CIS such that n —m > 1
and let X = h™1(0). Leti € {m+1,...,n} and let p : C* — C" be an immersive linear map
such that hop: (C',0) — (C™,0) is an 1CIS of positive dimension. Then

(25) Lowx (p) = Op-1(x)-
Proof. Let H denote the image of p. Let R : C* — C" be a rotation such that R(H)
is given by the equations z;4; = -+- = x, = 0. Let ¢ = Rop : C° — C". Therefore

q(z1,...,z) = (v1,...,2;,0,...,0), for all (zy,...,7;) € C'. Let Z = R(X).
Let Y = ¢7'(Z) = p~}(X). By hypothesis, Y is a homogeneous 1c1s. Let f = ho R™L.
Therefore Z = f~1(0) and Y = (foq)~'(0). Let us write f = (f1,..., fm) : (C*,0) — (C™,0).
Let us consider the matrices

0 . 9 o0 ... 0

6x1 Bxl- 311 aﬂin

Afieq) .. 9(fioq) ofr ... O

Ay = om o ; Ag=| ™ oo
9(fmog) . 9(fmoq) Ofm . Ofm

oz ox; 01 Oxyp,

By Theorem 2.5, we have that Oy is generated by {6, (f@oq)% =1,....m,j=1,...,i}
and the minors of size m + 1 of Ay. Let us denote this generating system by Wy-. Also by
Theorem 2.5, a generating system of © is given by {#(™, fga%j l=1,....m,j=1,...,n}
and the minors of size m + 1 of Az. Let us denote this generating system of @4 by Wj.
denote the minor of Ay formed by the

Given indices 1 < j1 < -+ < Jpq1 < 0, let 055

columns jq, ..., Jjmy1 of Ay and let 6’}1 denote the analogous minor of Ayz. Then, it is

immediate to check that the following relations hold:

9" = Wi(e(”) 0q)

0 0
(fgoq)a—xj:m((fga—wj)oq), forall/=1,...,m,3=1,...,1
9j,~~,jm+1 = Ti(e‘;’...’jm+1 o q), for all 1 < jl < e K jm+1 < 1.

Therefore we found that for any 6 € Wy, there exists some n = (1y,...,m,) € Wy such
that = m;(noq) and 7,41 = --- = n, = 0. In particular 7,1 0¢ = --- =n, o ¢ = 0, which
means that n is liftable with respect to q. Therefore

(26) Oy C Lowyg(q).

An elementary computation shows that ©; = (R™1)*(R(Ox)), where R(Ox) = {R(n) : n €
©x}. Hence Lowz(q) = Lowx(p) and thus (26) implies that ©y C Lowx(p).

By hypothesis, the map hop: (C",0) — (C™,0) is an 1c1s with (h o p)~*(0) of dimension
i—m > 1. Then hop is reduced (see [17, p.7]). Thus, as a direct application of Proposition
4.4, the reverse inclusion Oy 2O Lowx (p) follows. Therefore ©y = Lowx(p). O



MIXED BRUCE-ROBERTS NUMBERS 15

Remark 4.6. We have found that equality (25) holds in a wide variety of examples where
X has not an isolated singularity at the origin. We conjecture that Proposition 4.5 holds at
least when X is homogeneous, not necessarily an 1CIS with isolated singularity at the origin.
In particular, when X is a generic determinantal variety.

5. BRUCE-ROBERTS NUMBERS AND LINEAR SECTIONS

Let us fix a function f € O, and a complex analytic subvariety X C (C",0). If i €
{1,...,n}, then we denote by L;,(f, X) the set of those p € L;,, such that p,-1x)(f op) is
finite. As is already known in the case X = C", the set L;,(f, X) can be strictly contained
in L;,, even if iy (f) is finite.

Let us suppose that f has an isolated singularity at the origin and let i € {1,...,n}. In[21,
p.299] Teissier showed that there exists a dense Zariski open set U;,, of the Grassmannian
variety of linear subspaces of dimension 4 of C" such that the topological type of f~1(0)N H
does not depend on H whenever H € U;,,. This leads to the definition of 4@ (f) as the Milnor
number of the restriction f|y, where H varies in U;,. Moreover, due to the semicontinuity

of the colength of ideals, the minimium possible value of the colength of the ideal J(fop) =

<8(fop) 9(fop)
Ox1 """ Oxy

this version of ¥ (f) we introduce in Definition 5.2 the analogous concept in the context of

), where p varies in L;,(f,C"), is actually equal to u(f). Motivated by

Bruce-Roberts’ Milnor numbers.

Lemma 5.1. Let f € O,, and let X be an analytic subvariety of (C",0). Leti € {1,...,n}
and let p € L; ,(f, X). Then

po-1x) (f 0 p) = O (f).

Proof. The inclusion J,-1x)(f o p) C J(f op) is obvious, by the definition of J,-1x)(f o p).
The condition p € L;,(f, X) means that J,-1(x)(f) has finite colength. Therefore pu(f o p)
is finite and thus p,-1x)(f o p) = u(f op) = p@(f). O

Definition 5.2. Let f € O, and let X be an analytic subvariety of (C", 0). For any
i€{l,...,n} such that L;,(f, X) # 0, we define the number

(@) _ : »
px (f) e x)(f op).

If Lin(f, X) = 0, then we set ug?(f) = 00. We denote the vector (,ug?)(f), . ,ug?(f)) by
Wi (f). We refer to p (f) as the vector of mized Bruce-Roberts numbers of f with respect to
X.

If feO,, f+#0,then the order of f is defined as ord(f) = max{r € Z>, : f € m!'}. The

order ord(I) of a non-zero ideal I of O, is defined analogously.

Proposition 5.3. Let X be an analytic subvariety of (C™,0) with dim(X) <n, n > 2. Let
feO,, f#0. Then ug)(f) = ord(f). Consequently, if ux(f) < oo and ord(f) = 3, then

ux(f) = 120,
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Proof. Since dim(X) < n, the intersection of X with a generic line passing through the origin
is equal to {0}. Let p € Ly, such that p~'(X) = {0}. Let Y = {0} C (C,0).

Let us write p as p(x) = (z,a0z, ..., a,z), for some ay,...,a, € C, for all x € C. Let us
take coordinates x1,...,x, in C". Since ©y = m;, we have

(s on) = (2L = (o2 o)+ ann 3L o) 4+ s Lot

Let I(f) denote the ideal of O,, generated by xl%, . ,xn%. We have Jy (fop) C p*(I(f))

and ord(Jy(f op)) = ord(p*(I(f)) = ord(I(f)) = ord(f), for a generic choice of the coeffi-

cients asg, ..., a,. Then

L dim _9

Jy(fop) S I(f)
If additionally we assume that px (f) < oo, then px(f) = p(f) = (ord(f)—1)". We finally

have that (ord(f) — 1)" > ord(f), since we are assuming that ord(f) > 3 and n > 2. O

1P (f) = dime = ord(f).

The following example shows that the sequence p% (f) is not decreasing in general.

Example 5.4. Let f € O3 be the function given by f(z,y,2) = x+y + 2z and let X =
{(z,y,2) € C*: zyz = 0}. We have Ox = ((z,0,0), (0,,0), (0,0, 2)). Therefore ux(f) = 1.
Let p € Loz be given by p(z,y) = (z,y, ax + by), where a,b € C\ {—1,0}. Therefore

p (X)) = {(z,y) € C*: zy(az + by) =0} .
By Theorem 2.6, we have that ©,-1(x) = ((z,y), (az® + 2bzy, —2axy — by?)) . Thus
Jo1x)(fop) = (z(a+1) +y(b+1),a(a+ 1)2* 4+ 2(b — a)zy — b(b + 1)y*) C Os.

This implies that

@) O,

Hx (f) = Mp*l(X)(f Op) =dimg —FF— = 2.

prl(X)<f op)

It is immediate to check that ,ug?(f) =1. So u%k(f) =(1,2,1).

Example 5.5. Let us consider the function A : (C*0) — (C,0) given by h(z,y,z,t) =
%+ y* + 2% + ¢, for some a € Zsy. Let X = h7(0). Let f € O, be given by f(z,y,2,t) =
arb + By’ + v2° + 6t°, where b € Z,, and «, 3,7, denote generic complex coefficients.
Therefore, we can apply [18, Corollary 3.12] to deduce that
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If p < n, given an integer i € {1,...,n—p+1}, we denote by 1(?(g) the Milnor number of
the 1C18 given by (g1, -+, gp, M1, -+ -y hnp—iz1) : (C*,0) — (C***10), where hy, ..., hy_pit1
is a family of generic linear forms of C[zy, ..., z,] (see [10] or [19]). Then p™ P+ (g) = u(g).
Let us set (% (g) = 1. Hence, as in the case p = 1 (see [21, p. 300]), we also have a decreasing
sequence of integers

p(g) = P (g) = = W g) = pO(g).

We will denote the vector (1™ Pt (g),..., 1M (g), ¥ (g)) by p*(g) and we refer to it as the
w-sequence of g. Let us remark that, by (2), we have

@)
1) — di n
' (g) = dimg -1,
<917 s 7gp7 h17 ey hn-p>
where hy, ..., h,_, is a family of generic linear forms of Clxy, ..., z,].

Let g : (C*,0) — (CP,0) be an isolated complete intersection singularity. We recall that,
if n—p > 1, then the ring O,,/(g1, ..., gp) is reduced (see [17, p. 7]). Following [8, p.215], we
denote by JM (g) the submodule of (O,/(g1,-..,9p))? generated by the partial derivatives
88—;’1, e 8879". Given a module of finite colength M of a free module RP, where R denotes a

given Noetherian local ring, then we denote by e(M) the Buchsbaum-Rim multiplicity of M.

Proposition 5.6. Let h € Clzy,...,x,] be a homogeneous polynomial with isolated singu-
larity at the origin and let X = h™*(0), n > 2. Let f € O, such that ux(f) < co. Then, for
alli € {2,...,n}:

(27) i () = wO () + 0 D).

Moreover, we have

(28) ) 4157000 = e ()T ) + elaaa(s.).
(f)

Proof. Let us fix an index ¢ € {2,...,n}. For a general p € L, ,,, we have that hop : (C*,0) —
(C,0) is also homogeneous with an isolated singularity at the origin. By Theorem 2.13, we

have
(29) tp-10x)(f op) = p(f op) + u(f op,hop).
Let piy1,...,pn denote the last n — ¢ components of p. The Milnor number of the map

(fop, hop) : (C*,0) — (C?,0) is equal to the Milnor number of (f, h, ;11 —Pit1,-- -, Tn—Dn)
(C",0) — (C% x C"*,0), which in turn is equal to p~Y(f, h), by the definition of the
sequence of mixed Milnor numbers of an isolated complete intersection singularity. Then
(29) shows relation (27).

By [21, Corollaire 1.5] we know that u(f) + u~V(f) = e(J(f)%). Moreover, by the
Leé-Greuel formula and the definition of the sequence u*(f, h), for a generic choice of a linear

form ¢; € Clxy,...,x,], we have that

WD) + D (F,h) = (£ h) + p(fy b ) = dime ———

(f;h) +JI(f,h, 1)
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This last colength is equal to e(JM(f, h)), by [8, Proposition 2.6]. Then, by using (27) in
the case i = n, we obtain that

px () + 180 (F) = 1™ () + 1D, R+ @ I(f) + u D (f, h)

.y <J( f)%) e (JMf,B).

O
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