
 



 



Soy el resultado de lo que una gran mujer quiso hacer de mí. 
 
 

T. Edison 

 



 



 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 



 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 



 



 



 



 



 







 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  





 





 



𝐶𝑜
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▪ 

▪ 

▪ 

 



▪ 

▪ 

▪ 

 





𝑒 𝑚𝑜

Pion (𝜋−) 𝑚𝑜

Neutrón (𝑛) 𝑚𝑜

Hidrógeno  (1𝐻) 𝑚𝑜

Protón (p) 𝑚𝑜

Partícula alfa 4𝐻(𝛼) 

Carbono - 12C 

Neón - 20Ne 

Argón - 40Ar 

BNCT – 4He 

                      7Li 
𝑢

𝑢

▪ 

▪ 

▪ 

▪ 

▪ 

▪ 

▪ 

▪ ∙

▪ 

▪ 



∙

 



▪ 

▪ 

▪ 

▪ 



(~ 1 𝑟2⁄ ) 𝑟

 



▪ 

▪ 

 



 



▪ 

▪ 

▪ 



 



▪ 

▪ 

▪ 

▪ 

𝜇



𝜇 𝜇

𝜇

𝑴𝒆𝑽 𝒖⁄ 𝑲𝒆𝑽 𝝁𝒎⁄



 





 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 



 









30 min 

 



▪ 

▪ 

▪ 

𝜛

 





𝜋



±1% ±0,1%

(50 – 1)∙104 

𝜋 𝜋 𝜋

∼ ∼ ∼

∼ ∼ ∼

∼ ∼ ∼

∼ ∼

 



▪ 

▪ 



 





±

±

±

▪ 

▪ 

▪ 

▪ 

▪ 

 



±

 



∙

∙

> 20 𝜇𝑠 ±20%
200 𝜇𝑠 − 100 𝜇𝑠 ± 100% 𝑎 100 𝜇𝑠

100 𝜇𝑠 − 25 𝜇𝑠 5 · 106

25 𝜇𝑠 

< 25 𝜇𝑠 

 
1 𝑚𝑠 
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±2%

𝜇𝑠

±2%  𝜇𝑠

𝜇𝑠 𝜇𝑠



𝜇𝑠

·

𝜇𝑠

±

· 

𝜇𝑠



𝑡1
𝑡2

𝑡1

𝑡1 𝑡2

▪ 

𝑡1 𝑡2

▪ 𝑡1

▪ 𝑡2

 



𝐼0 𝜇 𝑥

𝐼(𝑥) 𝐼(𝑥) = 𝐼0𝑒
−𝜇𝑥

𝑑

𝐼(𝑑) = 𝐼0𝑒
−∫ 𝜇(𝑥)𝑑𝑥

𝑑

0

 



(𝑒+) (𝑣𝑒)

 



 



(𝑓)

(𝑐) (𝜆)

𝜆 = 𝑐 𝑓⁄

𝜌 𝑐  𝜆 =

𝜌𝑐



𝟏𝟎𝟔𝒌𝒈𝒎−𝟐𝒔−𝟏

𝑅

𝑍1 𝑍2

𝑅 = (
𝑍2 − 𝑍1
𝑍2 + 𝑍2

)
2

 



 



 



 







 

 
 
 
 
 
 
 
 
 
 
 

𝐸𝑧  
𝜙𝑧  

 
 
 
 
 
 
 
 
 
 

 

 





 



𝛾

 



𝑏

𝑎

 
𝒃 ≫ 𝒂 𝒃 ≈ 𝒂 𝒃 ≪ 𝒂



𝐸0

S(E0) = ∫ (
𝑑𝐸

𝑑𝑥
)
−1

𝑑𝐸
𝐸0

0

 

R(E0) = 𝑅0(𝐸𝑚𝑖𝑛) + ∫ (
𝑑𝐸

𝑑𝑥
)
−1

𝑑𝐸
𝐸0

𝐸𝑚𝑖𝑛

 

𝐸𝑚𝑖𝑛 𝑑𝐸/𝑑𝑥

𝑅0(𝐸𝑚𝑖𝑛)

𝜙

𝑑𝐸/𝑑𝑥

𝐷 = 1,602e19𝜙 (
𝑑𝐸

𝑑𝑥
) 

 



𝑧 𝑧 = 0

𝜑(𝑧) = 𝜙(𝑧)𝐸(𝑧)

 𝜙(𝑧)

 𝐸(𝑧)

𝑧

𝜌

𝑇(𝑧) = −
1

𝜌

𝑑𝜑

𝑑𝑧
= −

1

𝜌
(𝜙(𝑧)

𝑑𝐸(𝑧)

𝑑𝑧
+
𝑑𝜙(𝑧)

𝑑𝑧
𝐸(𝑧))

▪ 𝜙 𝑑𝐸 𝑑𝑧⁄

▪ 𝑑𝜙 𝑑𝑧⁄ ∙ 𝐸

𝑧 𝜙(𝑧) 𝐸(𝑧)

 



𝐸(𝑧) 𝐸(𝑧 = 0) = 𝐸0 𝑧 = 𝑅0

𝑅0 = 𝛼𝐸0
𝑝

 𝑝

 𝛼

𝐸0
𝑅0 𝑅0 ≤ 0,5

𝑝 = 1,77 𝛼 = 2,2 · 10−3

𝐸(𝑧)

𝑧 ≤ 𝑅𝑜

𝐸(𝑧) =
1

𝛼1 𝑝⁄
(𝑅0 − 𝑧)

1
𝑝

−
𝑑𝐸

𝑑𝑧
=

1

𝑝𝛼1 𝑝⁄
(𝑅0 − 𝑧)

1
𝑝
−1
 



𝜙(𝑧)

𝑃

𝑅0 − 𝑧

𝜙(𝑧) ∝
1

1 − P(𝑅0 − 𝑧)

𝜙(𝑧) ∝

1 + 𝛽(𝑅0 − 𝑧) 𝛽 = 0,012 𝑐𝑚−1

𝜙(𝑧) ∝ 1 + 0,0018(𝑅0 − 𝑧)
0,87

𝜙0

𝜙(𝑧) = 𝜙0
1 + 𝛽(𝑅0 − 𝑧)

1 + 𝛽𝑅0

−
𝑑𝜙(𝑧)

𝑑𝑧
= 𝜙0

𝛽

1 + 𝛽𝑅0

 



𝐷̂(z) =

{
 
 

 
 
𝜙0
(𝑅0 − 𝑧)

1
𝑝
−1
+ (𝛽 + 𝛾𝛽𝜌)(𝑅0 − 𝑧)

1
𝑝

𝜌𝑝𝛼1 𝑝⁄ (1 + 𝛽𝑅0)
𝑝𝑎𝑟𝑎 𝑧 < 𝑅0

0 𝑝𝑎𝑟𝑎 𝑧 > 𝑅0

𝐷̂(z) = 𝐷̂1(𝑧) + 𝐷̂2(𝑧) = 𝑎1(𝑅0 − 𝑧)
1
𝑝
−1
+ 𝑎2(𝑅0 − 𝑧)

1
𝑝

▪ 𝐷̂1(𝑧)

𝑧 = 0 𝑧 = 𝑅0 𝑅0

𝑧 = 𝑅0

▪ 𝐷̂2(𝑧)

𝑧 = 𝑅0

𝐷 𝜌

𝐷

109 𝑒 𝐶⁄ = 1.602 ∙ 10−10 𝑒



𝐷̂1(𝑧)

𝐸0

(𝐸0 − 𝐸)

𝑧̅(𝐸, 𝐸0) 𝜎𝑧(𝑧̅)

𝐸0 − 𝐸 𝐷̂1(𝑧̅(𝐸, 𝐸0))

𝐷1(𝑧) 𝑧

𝐷̂1

𝐷1(𝑧) = 〈𝐷̂1〉(𝑧) = ∫ 𝐷̂1(𝑧̅)
𝑒−(𝑧−𝑧̅)

2 2𝜎𝑧
2(𝑧̅)⁄

√2𝜋𝜎𝑧(𝑧̅)
𝑑𝑧̅

𝑅0

0

𝐷2(𝑧)

𝐷̂1 𝐷̂2 𝐷̂2(𝑧)

𝜎𝑧(𝑧̅) = 𝜎

𝐷1(𝑧) + 𝐷2(𝑧)

𝐷(𝑧) = 〈𝐷̂〉(𝑧) =
1

√2𝜋𝜎
∫ 𝐷̂(𝑧̅)𝑒−(𝑧−𝑧̅)

2 2𝜎2⁄ 𝑑𝑧̅
𝑅0

−∞

(𝑅0 − 𝑧)
v−1 ⟼

1

√2𝜋𝜎
𝑒−(𝑅0−𝑧)

2 4𝜎2⁄ 𝜎𝑣Γ(𝑣)𝒟−𝑣 (−
𝑅0 − 𝑧

𝜎
) 

Γ(𝑣) 𝒟𝑦(𝑥)

𝐷(𝑧) = 𝜑0
𝑒−𝜁

2 4⁄ 𝜎1 𝑝⁄ Γ(1 𝑝⁄ )

√2𝜋𝜎𝜌𝑝𝛼1 𝑝⁄ (1 + 𝛽𝑅0)
[
1

𝜎
𝒟−1 𝑝⁄ (−𝜁) + (

𝛽

𝑝
+ 𝛾𝛽)𝒟−1 𝑝−1⁄ (−𝜁)] 

𝜁 = (𝑅0 − 𝑧) 𝜎⁄ 𝜎 = 𝜎𝑚𝑜𝑛𝑜
 𝑅0

𝜎2 = 𝛼′
𝑝3𝛼2 𝑝⁄

3𝑝 − 2
𝑅0
3−2 𝑝⁄  

𝛼′

𝛼′ = 0,087 𝑀𝑒𝑉2 𝑐𝑚⁄ 𝛼′ = 0,012𝑅0
0,935 𝑅0 𝜎  



𝜙𝑧(𝐸)Δ𝐸

𝐸 𝐸 + Δ𝐸

𝐸 = 𝐸0
𝜎𝐸,0

(𝜎𝐸,0 ≪ 𝐸)

𝐸 = 𝐸0
𝜎𝑚𝑜𝑛𝑜
2

𝜎2 = 𝜎𝑚𝑜𝑛𝑜
2 + 𝜎𝐸,0

2 (
𝑑𝑅0
𝑑𝐸0

)
2

= 𝜎𝑚𝑜𝑛𝑜
2 + 𝜎𝐸,0

2 𝜎2𝑝2𝐸0
2𝑝−1 

𝜎

𝜖 𝜙0
𝜙𝐸(𝐸)

𝐸 = 0 𝐸

𝜙𝐸(𝐸) ∝ 𝐸 0 ≤ 𝐸 ≤ 𝐸0 𝜙𝐸(𝐸) 𝜖𝜙𝐸(𝐸)

𝜙𝐸(𝐸) = 𝜖𝜙0
2𝐸

𝐸0
2  

𝜙𝐸(𝐸) 𝜙𝑅(𝑅)

𝑅 𝑦 ∆𝑅 𝜙𝑅(𝑅) = 𝜙𝐸(𝐸(𝑅)) 𝑑𝐸 𝑑𝑅⁄

𝜙𝑅(𝑅) ≈ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑒 =  𝜖𝜙0
1

𝑅
 

𝐷(𝑧) = 𝜙0
𝑒−𝜁

2 4⁄ 𝜎1 𝑝⁄ Γ(1 𝑝⁄ )

√2𝜋𝜎𝜌𝑝𝛼1 𝑝⁄ (1 + 𝛽𝑅0)
[
1

𝜎
𝒟−1 𝑝⁄ (−𝜁) + (

𝛽

𝑝
+ 𝛾𝛽 +

𝜖

𝑅0
)𝒟−1 𝑝−1⁄ (−𝜁)] 

 



𝒟𝑦(𝑥)

𝑝

𝛼 𝑐𝑚 𝑀𝑒𝑉−𝑝

𝑅0 𝛼𝐸0
𝑝 𝑐𝑚

𝛽 𝑐𝑚−1

𝛾

𝜎𝑚𝑜𝑛𝑜 𝑅0
0,935 𝑐𝑚

𝜎𝐸,0 ≈ 0,01𝐸0

𝜖
≈ 0,0
− 0,2

𝜁 >

𝒟(𝜁) 𝜁 > 𝐷(𝑧) 𝐷̂(𝑧)

𝜁 < 𝐷(𝑧)

𝐷(𝑧)

𝐷̂(z) ≈ {
𝐷̂(𝑧) 𝑝𝑎𝑟𝑎   𝑧 < 𝑅0 − 10𝜎

𝐷(𝑧)
0

𝑝𝑎𝑟𝑎   𝑅0 − 10𝜎 ≤ 𝑧 ≤ 𝑅0 + 5𝜎
𝑧 > 𝑅0 − 5𝜎

𝑝

Γ(1 𝑝⁄ ) = 1,575

D(z) =
𝜙0

1 + 0,012𝑅0
[17,93(𝑅0 − 𝑧)

−0,435] + (0,444 + 31,7 ∈ 𝑅0⁄ )(𝑅0 − 𝑧)
0,565

𝐷̂(z) = 𝜙0
𝑒−(𝑅0−𝑧)

2 4𝜎2⁄ 𝜎0,565

1 + 0,012𝑅0
[11,26𝜎−1𝒟−0,565 (−

𝑅0 − 𝑧

𝜎
)

+ (0,157 + 11,26∈ 𝑅0⁄ )𝒟−0,565 (−
𝑅0 − 𝑧

𝜎
)]

 



 



 

 

 

 

 

 

 

 

 

 

 





0 ∙ 𝐸0
1,7









 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 

 





▪ 
𝜕𝜌

𝜕𝑡
+ ∇(𝜌𝑢⃗ ) = 0

▪ 
𝜕𝑢⃗ 

𝜕𝑡
+ (𝑢⃗ · ∇)𝑢⃗ = −

1

𝜌
∇𝑝

𝜌 𝑢⃗ 𝑝

𝜕

𝜕𝑡
(𝜌𝑢𝑖) = −∑

𝜕Π𝑖𝑘
𝜕𝑥𝑘

3

𝑘=1

Π𝑖𝑘 𝑖

𝑥𝑘

Π𝑖𝑘 = 𝑝𝛿𝑖𝑘 + 𝜌𝑢𝑖𝑢𝑘

𝛿𝑖𝑘

 



𝑑𝜌 = (
𝜕𝜌

𝜕𝑝
)
𝑆,𝑁

𝑑𝑝 + (
𝜕𝜌

𝜕𝑆
)
𝑝,𝑁

𝑑𝑆

(
𝜕𝜌

𝜕𝑝
)
𝑆,𝑁

𝑑𝑝 =
1

(
𝜕𝑝
𝜕𝜌
)
𝑆,𝑁

𝑑𝑝 =
1

𝑐2
𝑑𝑝

(
𝜕𝜌

𝜕𝑆
)
𝑝,𝑁

𝑑𝑆 = (
𝜕𝜌

𝜕𝑇

𝜕𝑇

𝜕𝑆
)
𝑝,𝑁

=
𝑁

𝜌𝑉

(
𝜕𝜌
𝜕𝑇
)
𝑝,𝑁

(
𝜕𝑆
𝜕𝑇
)
𝑝,𝑁

 
𝛿𝑄

𝑇
=

1
𝜌
(
𝜕𝜌
𝜕𝑇
)
𝑝,𝑁

𝑇
𝑁
(
𝜕𝑆
𝜕𝑇
)
𝑝,𝑁

 
𝛿𝑄

𝑉
= −

𝛼

𝐶𝑝
 
𝛿𝑄

𝑉

𝑐 𝛼

𝐶𝑝 𝛿𝑄

𝑑𝜌 =
1

𝑐2
𝑑𝑝 −

𝛼

𝐶𝑝
 
𝛿𝑄

𝑉

 



𝜕2𝜌

𝜕𝑡2
= ∑

𝜕2Π𝑖𝑘
𝜕𝑥𝑖𝜕𝑥𝑘

3

𝑖,𝑘=1

▪ 

Π𝑖𝑘
𝐵 = 𝑝𝛿𝑖𝑘 + 𝛽𝑢𝑖𝑢𝑘

𝑣𝑖
𝛽

Π𝑖𝑘
𝐵 = 𝑐2

𝛼

𝐶𝑝
𝜖𝛿𝑖𝑘 + 𝛽𝑢𝑖𝑢𝑘

𝜖 𝜖 = 𝑄 𝑉⁄

▪ 𝛿𝑄 = 0

𝑝 = 𝑝0 + 𝑝
′ 𝜌 = 𝜌0 + 𝜌

′

Π𝑖𝑘
𝐴 = 𝑝𝛿𝑖𝑘 = 𝑐

2𝜌𝛿𝑖𝑘

∇2𝑝′ −
1

𝑐2
𝜕2𝑝′

𝜕𝑡2
= ∑

𝜕2Π𝑖𝑘
𝐵

𝜕𝑥𝑖𝜕𝑥𝑘

3

𝑖,𝑘=1

 



𝑝′(𝑟 , 𝑡) =
1

4𝜋
∑ ∫ 𝑑𝑉′

1

|𝑟 − 𝑟 ′|

𝜕2𝛿∏𝑗𝑘
𝐵 (𝑟 ′, 𝑡′)

𝜕𝑥𝑖
′𝜕𝑥𝑘

′
𝐵

3

𝑖𝑗=1

𝑡′ = 𝑡 − |𝑟 − 𝑟 ′|/𝑐
𝑑

𝑑𝑡 
=

𝜕

𝜕𝑥𝑖
+

𝜕

𝜕𝑡

𝑛𝑖 = (𝑥𝑖 − 𝑥𝑖
′)/|𝑟 − 𝑟 ′|

𝑝′(𝑟 , 𝑡) =
1

4𝜋
∫ 𝑑𝑉′ [

𝑛𝑖𝑛𝑘
|𝑟 − 𝑟 ′|

𝜕2𝛿∏𝑖𝑘
𝐵 (𝑟 ′, 𝑡′)

𝑐2𝜕𝑡2
+
3𝑛𝑖𝑛𝑘 − 𝛿𝑖𝑘
|𝑟 − 𝑟 ′|2

(
𝜕𝛿∏𝑗𝑘

𝐵 (𝑟 ′, 𝑡′)

𝑐𝜕𝑡′
+

𝛿∏𝑗𝑘
𝐵

|𝑟 − 𝑟 ′|
)]

𝐵

Π𝑖𝑘
𝐵 = 0

(𝑟 ∈ 𝐴)

𝛽 = 0

𝑝′(𝑟 , 𝑡) =
1

4𝜋

𝛼

𝑐𝑝
∫

𝑑𝑉′

|𝑟 − 𝑟 ′|

𝜕2

𝜕𝑡2
𝜖(𝑟 ′, 𝑡′)

𝑉

𝛼 𝑐𝑝⁄

 



∇2𝑝′ −
1

𝑐2
𝜕2𝑝′

𝜕𝑡2
= 0

▪ 𝑝(𝑟, 𝑡) =
𝐴

𝑟
𝑒𝑗(2𝜋𝑓𝑡−𝑘𝑟)

▪ 𝑝(𝑟, 𝑡) = [𝐵𝐻0
(1)(𝑘𝑟) + 𝐶𝐻0

(2)(𝑘𝑟)] 𝑒𝑗2𝜋𝑓𝑡

 𝐴 𝐵 𝐶

𝐻0
(1)

𝐻0
(2)

𝑘𝑟 →

∞ 𝐻0
(1)(𝑘𝑟) = √(2 𝜋𝑘𝑟⁄ )𝑒

𝑗(𝑘𝑟−
𝜋

4
)

𝐻0
(2)(𝑘𝑟) = √(2 𝜋𝑘𝑟⁄ )𝑒

−𝑗(𝑘𝑟−
𝜋

4
)

 



𝑝

1

𝜌𝑐2
𝜕2𝑝𝑡
𝜕𝑡2

+ ∇ ∙ (−
1

𝜌
(∇𝑝𝑡 − 𝑞𝑑)) = 𝑄𝑚

𝑝𝑡 = 𝑝 + 𝑝𝑏
𝑝𝑏

∇ ∙ (−
1

𝜌
(∇𝑝𝑡 − 𝑞𝑑)) −

𝑘𝑒𝑞
2 𝑝𝑡

𝜌𝑐2
= 𝑄𝑚

𝑘𝑒𝑞
2 (𝜔 𝑐⁄ )2 𝑞𝑑 𝑄𝑚



𝑐𝑙

𝑐𝑡

𝑐𝑙 = √
𝐸(1 − 𝑣𝑝)

𝜌(1 + 𝑣𝑝)(1 − 2𝑣𝑝)
                                      𝑐𝑡 = √

𝐸

2𝜌(1 + 𝑣𝑝)

𝐸 𝜌

𝑣𝑝

𝑐𝑙 >

𝑐𝑡√4 3⁄

 



𝑢

𝜌
𝜕2𝑢

𝜕𝑡2
= ∇ ∙ S + Fv

−𝜌𝜔2𝑢 = ∇ ∙ S + Fv𝑒
𝑖Φ

0 = ∇ ∙ S + Fv

𝜌

S Fv
Φ

−𝑛 ∙ (−
1

𝜌
(∇pt − qd) = −𝑛 ∙ 𝑢𝑡𝑡)

𝐹𝐴 = 𝑝𝑡𝑛 𝑢𝑡𝑡
𝑛

 



𝑠𝑒𝑛(𝜃𝐿1)

𝑐𝐿1
=
𝑠𝑒𝑛(𝜃𝐿2)

𝑐𝐿2
=
𝑠𝑒𝑛(𝜃𝑇1)

𝑐𝑇1
=
𝑠𝑒𝑛(𝜃𝑇2)

𝑐𝑇2

𝑅𝑅 𝑅𝑇
𝑇𝑅 𝑇𝑇



(

 
 
 
 
 
 
 
 

sin 𝜃𝐿1
𝜌1𝑐𝐿1

cos 𝜃𝑇1
𝜌1𝑐𝑇1

−
sin 𝜃𝐿2
𝜌2𝑐𝐿2

sin 𝜃𝑇2
𝜌2𝑐𝑇2. . . .

cos 𝜃𝐿1
𝜌1𝑐𝐿1

−
sin 𝜃𝑇1
𝜌1𝑐𝑇1

sin 𝜃𝐿2
𝜌2𝑐𝐿2

sin 𝜃𝑇2
𝜌2𝑐𝑇2. . . .

−𝑐𝑜𝑠(2𝜃𝑇1) 𝑠𝑖𝑛(2𝜃𝑇1) 𝑐𝑜𝑠(2𝜃𝑇2) 𝑠𝑖𝑛(2𝜃𝑇2)
. . . .

𝑠𝑖𝑛(2𝜃𝐿1)

𝑐𝐿1
2 𝑐𝑇1

2⁄
𝑐𝑜𝑠(2𝜃𝑇1)

𝑠𝑖𝑛(2𝜃𝐿2)

𝑐𝐿2
2 𝑐𝑇2

2⁄
−𝑐𝑜𝑠(2𝜃𝑇2)

. . . )

 
 
 
 
 
 
 
 

(

 
 
 
 
 

.
𝑅𝑅
.
𝑅𝑇
.
𝑇𝑅
.
𝑇𝑇
. )

 
 
 
 
 

=

(

 
 
 
 
 
 
 
 

.

−
sin 𝜃𝐿1
𝜌1𝑐𝐿1.

cos 𝜃𝐿1
𝜌1𝑐𝐿1.

𝑐𝑜𝑠(2𝜃𝑇1)
.

𝑠𝑖𝑛(2𝜃𝐿1)

𝑐𝐿1
2 𝑐𝑇1

2⁄
. )

 
 
 
 
 
 
 
 

𝜃𝐿1

𝑅𝐿
𝑃 = −𝑅𝐿𝑅𝐿

∗ ,                              𝑅𝑇
𝑃 = −𝑅𝑇𝑅𝑇

∗  
𝑟𝑒𝑎𝑙(1 𝑍𝑇1

∗⁄ )

𝑟𝑒𝑎𝑙(1 𝑍𝐿1
∗⁄ )

𝑇𝐿
𝑃 = −𝑇𝐿𝑇𝐿

∗  
𝑟𝑒𝑎𝑙(1 𝑍𝐿2

∗⁄ )

𝑟𝑒𝑎𝑙(1 𝑍𝑃1
∗⁄ )
,     𝑅𝑇

𝑃 = −𝑇𝑇𝑇𝑇
∗  
𝑟𝑒𝑎𝑙(1 𝑍𝑇2

∗⁄ )

𝑟𝑒𝑎𝑙(1 𝑍𝐿1
∗⁄ )

𝑍𝐿1  =  
𝑐𝐿1𝜌1

𝑐𝑜𝑠(𝜃𝐿1)
,     𝑍𝐿2  =  

𝑐𝐿2𝜌2
𝑐𝑜𝑠(𝜃𝐿2)

,     𝑍𝑇1  =  
𝑐𝑇1𝜌1

𝑐𝑜𝑠(𝜃𝑇1)
,      𝑍𝑇2  =  

𝑐𝑇1𝜌2
𝑐𝑜𝑠(𝜃𝑇2)

 

𝑐𝑇 = √
𝑗𝜔𝜂

𝜌

𝜔 𝜂 𝜌
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𝜇



 



2 ∙ 106 𝜇

 



 



𝜇

𝜇

𝜇





𝜇 𝜇

∙

𝜇

𝜇 𝜇

 



 



𝝁

 



𝝁

106

106

106

106

106

106

106

106

107

106

105

106

 



 





 



 



 



 



 



 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 



 



 

 



𝜀ij
𝑇

𝑖 𝑗 𝑇

𝐷 = 𝑑𝑇 + 𝜀𝑇𝐸

𝑆 = 𝑠𝐸𝑇 + 𝑑𝐸

( 60)



[

𝐷1
𝐷2
𝐷3

] = [
𝑑31 𝑑32 𝑑33

  
𝑑15

𝑑24 ]

[
 
 
 
 
 
𝑇1
𝑇2
𝑇3
𝑇4
𝑇5
𝑇6]
 
 
 
 
 

+ [

𝜀11
𝜀22

𝜀33

] [

𝐸1
𝐸2
𝐸3

]

[
 
 
 
 
 
𝑆1
𝑆2
𝑆3
𝑆4
𝑆5
𝑆6]
 
 
 
 
 

=

[
 
 
 
 
 
𝑠11
𝐸 𝑠12

𝐸 𝑠13
𝐸

𝑠21
𝐸 𝑠22

𝐸 𝑠23
𝐸

𝑠31
𝐸 𝑠32

𝐸 𝑠33
𝐸

 
 

  
𝑠44
𝐸

𝑠55
𝐸

𝑠66
𝐸 = 2(𝑠11

𝐸 − 𝑠12
𝐸 )]
 
 
 
 
 

[
 
 
 
 
 
𝑇1
𝑇2
𝑇3
𝑇4
𝑇5
𝑇6]
 
 
 
 
 

+

[
 
 
 
 

𝑑31
𝑑32

𝑑15

𝑑24

𝑑33

]
 
 
 
 

[

𝐸1
𝐸2
𝐸3

] ( )

𝑓𝑟 𝑓𝑎

 



ε

𝑑′ 𝑠

𝑘

𝑘 =  √1 − (
𝑓𝑟
𝑓𝑎
)
2

 ( )

𝑘2 (𝑘2 + 𝐷′)⁄  𝐷′

𝑁𝑖

𝑘15 =
𝑑15

 √𝑠44
𝐸 𝜀1

𝑇
𝑘33 =

𝑑33

 √𝑠33
𝐸 𝜀3

𝑇
𝑘31 =

𝑑31

 √𝑠11
𝐸 𝜀3

𝑇

( )
𝑘𝑝 =

𝑑31

 √2 (𝑠11
𝐸 𝑠11

𝐸⁄ )𝜀3
𝑇

𝑘𝑡ℎ = 
𝑒33

√𝜀3
𝑆𝑐33
𝐷

𝜎 = −𝑠12
𝐸 𝑠11

𝐸⁄ 𝑘𝑝

𝑘𝑡ℎ

 



𝑌(𝜔) =
𝑠12
𝐸

𝑠11
𝐸 =

−𝑖𝜔𝐴𝜀33
𝑠

𝑡ℎ
(

2𝑘𝑝
2

1 − 𝜎𝑝 − 𝐽 (
𝜔𝑟𝑐
2

√𝑐33
𝐷 𝜌⁄⁄ )

− 1) , 𝜎𝑝 ( )

𝑐33
𝐷

𝑠12
𝐸 𝑠11

𝐸

𝜀33
𝑠

𝑍(𝜔) =
𝑡ℎ

𝑖𝜔𝐴𝜀33
𝑠 (1 −

𝑘𝑡ℎ
2 tan (

𝜔
4𝑓𝑡𝑟

)

𝜔
4𝑓𝑡𝑟

) , 𝑓𝑡𝑟 =
1

2𝑡ℎ
√
𝑐33
𝐷

𝜌
 ( )

𝑌(𝜔) =
−𝑖𝜔𝐴𝜀33

𝑇

𝑡ℎ
(1 − 𝑘13

2

tan (
𝜔
4𝑓𝑝

)

𝜔
4𝑓𝑝

) , 𝑓𝑝 =
1

2ℎ
√
(1 − 𝑘13

2 )

𝜌𝑠11
𝐸  ( )

𝜀33
𝑇



𝑢

−𝜌𝜛2𝑢 − ∇ ∙ 𝜎 = 𝐹 𝑣𝑒
𝑖𝜙 

 
∇ ∙ 𝐷 = 𝜌𝑣  ↔ ∇ ∙ E = V 

( )

𝜌 𝑆 E

𝜌𝑣
𝐹 𝑣 𝑒𝑖𝜙

∅

𝑐𝐸 ℰ𝑆

𝑒 𝜂𝑐𝐸

𝜂ℰ𝐸



𝐽𝑛
𝑉

𝑧 =
𝑉

𝐼
=

𝑉

∫ 𝐽𝑛𝑑𝑠𝑆

 ( )

𝐼

 



𝑐𝐸 𝜀𝐸

𝑒 𝜌 𝜂𝑐𝐸

𝜂ℰ𝐸 𝑒

𝒄𝟏𝟏
𝑬 1,230 ∙ 1011 𝑒31 −7,15 𝜀22

𝑠 930
𝒄𝟏𝟐
𝑬 7,670 ∙ 1010 𝑒23 −7,15 𝜀33

𝑠 857
𝒄𝟏𝟑
𝑬 7,025 ∙ 1010 𝑒33 13,70 𝑛𝑐𝐸 12,5 ∙ 10−3

𝒄𝟑𝟑
𝑬 9,711 ∙ 1010 𝑒32 11,90 𝑛𝜀𝑆 20 ∙ 10−3

𝒄𝟒𝟒
𝑬 2,226 ∙ 1010 𝑒15 11,90 𝜌

𝒄𝟔𝟔
𝑬 2,315 ∙ 1010 𝜀11

𝑠 930





𝑓𝑟
𝑓𝑎
𝑓𝑟
𝑓𝑎
𝑓𝑟

𝑓𝑎

𝑓𝑟

𝑓𝑎

𝑓𝑟
𝑓𝑎

 



0,620 0,625 ± 0,020

0,471 0,471 ± 0,01
0,691 0,447 ± 0,010

0,351 0,347 ± 0,030

  



𝜇

𝜇 𝜇



∙

𝝁𝒔

 



𝑓𝑟 𝑓𝑎

 



 

 

𝑘1 𝑘2⁄

𝑘1 𝑘2⁄ .

 



𝑓𝑟 𝑓𝑎

𝑓𝑟 ∙ (𝑓𝑎 ∙

 



= 𝑓𝑟 ∙



 



𝑘1 𝑘2⁄

𝑘

𝒇𝒓𝟏 𝒇𝒂𝟏 𝒌𝟏 𝒌𝟏 𝒇𝒓𝟐 𝒇𝒂𝟏 𝒌𝟐 𝒌𝟐 𝒌𝟏 𝒌𝟐⁄ 𝒌𝟏 𝒌𝟐⁄



𝑘1º,𝑚𝑜𝑑𝑜 𝑘2º,𝑚𝑜𝑑𝑜⁄

 



= 𝑓𝑟 ∙



𝑓𝑟

𝑝

 





𝑘1º,𝑚𝑜𝑑𝑜 𝑘2º,𝑚𝑜𝑑𝑜⁄

𝑘1 𝑘2

𝒇𝒓𝟏 𝒇𝒂𝟏 𝒌𝟏 𝒌𝟏 𝒇𝒓𝟐 𝒇𝒂𝟐 𝒌𝟐 𝒌𝟐 𝒌𝟏 𝒌𝟐⁄ 𝒌𝟏 𝒌𝟐⁄

𝑘1º,𝑚𝑜𝑑𝑜 𝑘2º,𝑚𝑜𝑑𝑜⁄

𝑘1º,𝑚𝑜𝑑𝑜 𝑘2º,𝑚𝑜𝑑𝑜⁄



𝑘1º,𝑚𝑜𝑑𝑜 𝑘2º,𝑚𝑜𝑑𝑜⁄

𝜇

𝑘1º,𝑚𝑜𝑑𝑜 𝑘2º,𝑚𝑜𝑑𝑜⁄

𝑘1º,𝑚𝑜𝑑𝑜 𝑘2º,𝑚𝑜𝑑𝑜⁄





 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 



 





~

~



 



𝑛

 



𝑝

𝑅𝑉𝑅 = 20 log (
𝑉𝑟𝑚𝑠
𝑝𝑟𝑒𝑓

) [𝑑𝐵 𝑟𝑒 
𝑉

𝜇𝑃𝑎
]

𝑉/𝜇𝑃𝑎

𝜇

𝑇𝑉𝑅 = 20 log (
𝑝𝑟𝑒𝑓

𝑉𝑟𝑚𝑠
) [𝑑𝐵 𝑟𝑒 

𝜇𝑃𝑎

𝑉
 @1𝑚]

𝜇𝑃𝑎/𝑉

VTR VTH
VRΩ

𝑉𝑅
′ 𝐼𝑅

𝑆𝐻(𝑓) = √
2𝑑𝑉𝑇𝐻(𝑓)𝑉𝑅𝐻(𝑓)

𝜌𝑓𝑉𝑇𝑅(𝑓)𝐼𝑅(𝑓)
  [𝑉/𝜇𝑃𝑎]

𝑅𝑉𝑅(𝑓) = 20 log(𝑆𝐻(𝑓))  [𝑑𝐵 𝑟𝑒 𝑉/𝜇𝑃𝑎]



±



μ

μ

μ

 





(𝐴 𝜆)⁄

 



𝑉𝑖𝑛
𝑉𝑜𝑢𝑡

𝑇𝑉𝑅𝑟𝑒𝑓
𝑃1𝑚

𝑑 𝑃𝑑
( )

 



 



𝜆

 



𝜆 8⁄

 



𝑉

(𝑝)

𝑑 𝑃𝑅
𝑆𝑇 = 𝑝1𝑚 𝑉⁄ = 𝑝1𝑟 𝑉⁄

𝑆𝑟 𝐽

𝐽 = 𝑆𝑟 𝑆𝑇⁄ = −𝑗 2𝑟 𝜌𝑓⁄ 𝜌 𝑓

𝑑 𝑆𝑇 𝑆𝑟

RVR(𝑓) = 20 ∙ log10 (
𝑆𝑟

𝑉 𝜇𝑃𝑎⁄
) = 

 ( )

= 20 ∙ log10 (
𝑆𝑇

𝑉 𝜇𝑃𝑎⁄
) − 294 − 20 ∙ log10 (

𝜌

𝑘𝑔 𝑚3⁄
) +20 ∙ log10 (

𝑑

𝑚
) − 20 ∙ log10(𝑓)

 

Sensor 





 



 







 



± 𝜇

± 𝜇
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𝑘1 𝑘2⁄

𝑘1 𝑘2⁄ 𝑘1 𝑘2⁄

 



𝑓𝑟 𝑓𝑎

𝑓𝑟 𝑓𝑎
𝑘1 𝑘2⁄

𝑘1 𝑘2⁄

 



𝑘1 𝑘2⁄



 





 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 



 



▪ 

▪ 

▪ 

 



𝑋(𝑓) = ∫ 𝑥(𝑡)
∞

−∞

∙ 𝑒−2𝜋𝑖𝑓𝑡𝑑𝑡 (75)

𝑥(𝑡)

𝑋(𝑓) 𝑥(𝑡)

𝑥(𝑡)

𝑁

𝑋[𝑛] = ∑ 𝑥[𝑛]

𝑁−1

𝑛=0

∙ 𝑒
−2𝜋𝑖𝑛𝑘

𝑁  (76)

𝑘 𝑛 𝑁 − 1

𝑁2

𝑁

𝑁2 𝑁 ∙ log2(𝑁)

2𝑛

𝜇 𝜇

𝜇 𝜇



𝑡 = 0

𝑇 𝑇 2⁄

𝑇 2⁄

𝑋𝑆𝑇𝐹𝑇(𝑡
′, 𝑓) = ∫ [𝑥(𝑡) ∙ 𝑤(𝑡 − 𝑡′)] ∙ 𝑒−𝑖2𝜋𝑓𝑡

∞

−∞

𝑑𝑡 (77)

𝑥(𝑡) 𝑤(𝑡)

𝑡 𝑓

𝑥(𝑛) 𝑛

𝑋𝑆𝑇𝐹𝑇(𝑚. 𝑘) = ∑[𝑥[𝑛] ∙ 𝑤(𝑛 −𝑚)]

𝑁−1

𝑛=0

∙ 𝑒
𝑖2𝜋𝑘𝑚
𝑁  (78)

 

𝑁 𝑤(𝑚)

𝐿

Δ𝑇 𝑁

𝑁

𝜔 = 2𝜋𝑘∆𝑇 𝑓𝑚𝑖𝑛 = 1 ∆𝑇⁄

𝜇



𝜓(𝑡)

ℒ2(ℝ) :

𝑓 ∈ ℒ2 ⇒ ∫|𝑓(𝑡)|2𝑑𝑡 = 𝐸 < ∞ (79)

𝜓𝑢,𝑠(𝑡)

𝑢 𝑠  

𝐶𝜓 = ∫ |𝜓̂(𝜔)|
2
𝜔⁄

∞

0
𝑑𝜔 < ∞ 𝜓(𝑡)

𝜓̂(𝜔)

𝜔 = 0

𝑓(𝑡) 𝑠 𝑢

𝜓𝑢,𝑠(𝑡)

𝑓𝐶𝑊𝑇(𝑢, 𝑠) =
1

√|𝑠|
∫ 𝑓(𝑡)
∞

−∞

𝜓(
𝑡 − 𝑢

𝑠
) 𝑑𝑡 (80)

(𝑠 < 1)

𝑓(𝑡) (𝑠 > 1) 𝑓(𝜔)

𝜓(𝑡) 𝜙(𝑡)

𝑓(𝑡)

𝑓𝐶𝑊𝑇(𝑡) =∑∑𝑐𝑗,𝑘
𝑗𝑘

𝜙(𝑡) +∑∑𝑑𝑗,𝑘𝜓(𝑡)

𝑗𝑘

 (81)



𝑠 = 𝑎−𝑗 𝑢 = 𝑘𝑚𝑎−𝑗

ℒ2(ℝ)

2−𝑗 2𝑗

𝜙𝑗,𝑘(𝑡) =

2
𝑗
2⁄ (2𝑗𝑡 − 𝑘𝑚) 𝑓[𝑛]

𝑓𝐶𝑊𝑇[𝑛] =∑∑𝑐𝑗,𝑘
𝑗𝑘

2
𝑗
2⁄ 𝜙(2𝑗𝑛 − 𝑘𝑚) +∑∑𝑑𝑗,𝑘2

𝑗
2⁄ 𝜓(2𝑗𝑛 − 𝑘𝑚)

𝑗𝑘

+⋯ (82)

𝜇 𝜇

𝜇 𝜇

 



𝑥(𝑡) 𝑦(𝑡)

𝑅𝑥𝑦(𝜏) = ∫ 𝑥(𝑡)
∞

−∞

𝑦(𝑡 + 𝜏)𝑑𝑡 (83) 

𝑅𝑥𝑦 𝑥 𝑦

𝜏

𝑅𝑥𝑦[𝑙] = ∑ 𝑥[𝑛 + 𝑙]

∞

𝑛=−∞

𝑦[𝑛] (84)

𝑙

𝑥[𝑛] 𝑦[𝑛 − 𝑙]

𝑥[𝑛]

𝑅𝑥𝑥[𝑙] = ∑ 𝑥[𝑛]

∞

𝑛=−∞

𝑥[𝑛 − 𝑙] (85)

𝜇

𝜇  



𝑥𝑖 𝐻𝑖 𝑦𝑖
𝑦𝑗

𝜏

𝑅𝑥𝑖𝑥𝑗
𝑆𝑥𝑖𝑥𝑗

𝑆𝑥𝑖𝑥𝑗(𝜏) = ∫ 𝑅𝑥𝑖𝑥𝑗(𝑓)
∞

−∞

𝑒𝑖2𝜋𝑓𝜏𝑑 (86)

𝑆𝑥𝑖𝑥𝑗

𝑆𝑦𝑖𝑦𝑗 = 𝐻𝑖(𝑓)𝐻
′
𝑗(𝑓)𝑅𝑥𝑖𝑥𝑗 (87) 

𝐻′𝑗 𝐻𝑗 𝑥𝑖 𝑥𝑗

𝑅𝑥𝑖𝑥𝑗(𝑡) = ∫ 𝜓(𝑓) ∙ 𝑆𝑥𝑖𝑥𝑗(𝑓) ∙ 𝑒
𝑖2𝜋𝑓𝑡

∞

−∞

𝑑𝑓   = ∫ 𝐻𝑖(𝑓)𝐻
′
𝑗(𝑓) ∙ 𝑆𝑥𝑖𝑥𝑗(𝑓) ∙ 𝑒

𝑖2𝜋𝑓𝑡
∞

−∞

𝑑 (88)

 



 



𝑡0

𝑥𝑖(t) = 𝛼𝑖 ∙ 𝑠(𝑡 − 𝜏𝑖) + 𝑛𝑖(𝑡),    𝑖 = 1,2,…  𝑁 (89)

𝛼𝑖
𝜏𝑖

𝑛𝑖(𝑡)

𝑖 𝑗

𝜏𝑖𝑗 = 𝜏𝑖 − 𝜏𝑗 ,       𝑖, 𝑗 = 1,2,…  𝑁 (90)

𝑥𝑗(t) = 𝛼 ∙ 𝑠(𝑡 − 𝜏) + 𝑛𝑗(𝑡) (91)

 



(𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖)

(𝑖 = 1, 2, …𝑁) (𝑥𝑠, 𝑦𝑠 , 𝑧𝑠)

𝑖

𝑑𝑖 = √(𝑥𝑖 − 𝑥𝑠)
2 + (𝑦𝑖 − 𝑦𝑠)

2 + (𝑧𝑖 − 𝑧𝑠)
2 

𝑖

𝑑1𝑖 = 𝑑𝑖 − 𝑑1 = √(𝑥𝑖 − 𝑥𝑠)
2 + (𝑦𝑖 − 𝑦𝑠)

2 + (𝑧𝑖 − 𝑧𝑠)
2

− √(𝑥1 − 𝑥𝑠)
2 + (𝑦1 − 𝑦𝑠)

2 + (𝑧1 − 𝑧𝑠)
2 

𝑑𝑖1 𝑡𝑖1
𝑐 𝑑𝑖1 = 𝑐 ∙ 𝑡𝑖1

(𝑥̂𝑠, 𝑦̂𝑠, 𝑧̂𝑠) = arg min
𝑥𝑠,𝑦𝑠𝑧𝑠

∑(𝑑𝑖1 − ℎ(𝑥𝑠, 𝑦𝑠, 𝑧𝑠; 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖; 𝑥1, 𝑦1, 𝑧1))
2

𝑁

𝑖=2

 ( )



 



𝑓(𝑥) = 0 𝑥 𝑛 𝑓 𝑚

𝑥𝑟
′

 𝑓𝑖(𝑥𝑟′) = 𝑓𝑖(𝑥𝑟) + ∇𝑓𝑖(𝑥𝑟)
𝑇(𝑥𝑟′ − 𝑥𝑟) +

1

2
(𝑥𝑟′ − 𝑥𝑟)

𝑇∇2𝑓𝑖(𝑥𝑟)(𝑥𝑟′ − 𝑥𝑟) +⋯ 𝑖 = 1…𝑛 (95)

∇𝑓𝑖(𝑥𝑟)
𝑇 ∇2𝑓𝑖(𝑥𝑟) 𝑓𝑖(𝑥)

𝑓(𝑥𝑟′) = 𝑓(𝑥𝑟) + 𝒥(𝑥𝑟)𝑏 = 0 (96)

𝑏 = (𝑥𝑟′ − 𝑥𝑟) 𝒥

{𝒥}𝑖𝑗 =
𝜕𝑓𝑖
𝜕𝑥𝑗

 (97)

𝑚 𝑛

𝑛

𝑥𝑟
′ = 𝑥𝑟 − 𝒥

−1(𝑥𝑟)𝑓(𝑥𝑟) (98)

𝑥𝑟
′

𝑥0

𝒥(𝑥𝑘)𝑏𝑘 = −𝑓(𝑥𝑘)  donde  𝑏𝑘 = 𝑥𝑘+1 − 𝑥𝑘  (99)

 𝑥 𝑏 𝑘 = 0

 𝑓(𝑥𝑘) 𝒥(𝑥𝑘)

 𝒥(𝑥𝑘)𝑏𝑘 = −𝑓(𝑥𝑘) 𝑥𝑘+1 = 𝑥𝑘 − 𝑏𝑘
 𝑓𝑇(𝑥𝑘)𝑓(𝑥𝑘) ≤ 𝜀1 (𝑏𝑘)

𝑇(𝑏𝑘) ≤ 𝜀2 𝜀1 𝜀2

 𝑘 = 𝑘 + 1

 



‖|𝑥𝑘 − 𝑥𝑟′‖

‖𝑥𝑘−1 − 𝑥𝑟′‖
2
≤ 𝐾 (100) 

‖𝑥‖ = (𝑥𝑇𝑥)
1
2⁄

‖𝑥𝑘−1 − 𝑥𝑟‖~0,1

2𝑛

 𝑓(𝑥) 𝒥(𝑥)

 𝑥0
 𝒥(𝑥) 𝑥

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑏𝑘 (101)

𝛼 𝑏𝑘

𝛼

∅(𝑥) = 1 2⁄ 𝑓(𝑥)𝑇𝑓(𝑥)  (102)

𝛼



∅(𝑥𝑘+1) = ∅(𝑥𝑘) + 𝛼
𝑑∅

𝑑𝛼
+
𝛼2

2

𝑑2

𝑑𝛼2
+⋯

= ∅(𝑥𝑘) + ∇∅(𝑥𝑘)
𝑇(𝛼𝑏𝑘) +

𝛼2

2
(𝑏𝑘)

𝑇∇2∅(𝑥𝑘)(𝑥𝑘) +⋯ 

(103)

∅(𝑥)

∇∅(𝑥𝑘)
𝑇 = ∇(

1

2
𝑓(𝑥𝑘)

𝑇𝑓(𝑥𝑘))

𝑇

= 𝑓(𝑥𝑘)
𝑇∇𝑓(𝑥𝑘) (104)

𝑏𝑘 = −𝒥(𝑥𝑘)
−1𝑓(𝑥𝑘) (105)

∅(𝑥) (104 𝑏𝑘
(105

∇∅(𝑥𝑘)𝑏𝑘 = −(𝑓(𝑥𝑘)
𝑇𝒥𝑘(𝒥𝑘)

−1𝑓(𝑥𝑘)) = −𝑓(𝑥𝑘)
𝑇𝑓(𝑥𝑘) = −2∅(𝑥𝑘) < 0 (106) 

𝒥𝑘 = 𝒥(𝑥𝑘) {𝒥(𝑥𝑘)}𝑖𝑗 = 𝜕𝑓𝑖 𝜕𝑥𝑗⁄

(103

𝛼 → 0

∅(𝑥𝑘+1) − ∅(𝑥𝑘) = −2𝛼∅(𝑥𝑘) < 0 ( )

𝛼

∅(𝑥)

𝛼

𝑏𝑘
𝛼 𝛼

∅(𝑥𝑘 + 𝛼𝑏𝑘)

∅(𝑥𝑘 + 𝛼𝑏𝑘) − ∅(𝑥𝑘) ≤ −2𝛿𝛼∅(𝑥𝑘) (108) 

𝛿

∅(𝑥𝑘) 𝛿

𝑥𝑘
𝛼 ∅(𝑥𝑘 + 𝛼𝑏𝑘)

∅(𝑥)

∅ 𝛼

∅𝑞 𝑥𝑘
𝑥𝑘 + 𝛼𝑏𝑘 (𝑑∅𝑞(𝛼) 𝑑𝛼⁄ )

𝛼=0
= −2∅(𝑥𝑘)



∅(𝑥𝑘 + 𝛼𝑏𝑘) = 𝑎 + 𝑏
′𝛼 + 𝑐𝛼2 = ∅𝑞(𝛼) 

∅𝑞(0) = 𝑎 = ∅(𝑥𝑘) 

(
𝑑∅𝑞(𝛼)

𝑑𝛼
)
𝛼=0

= 𝑏′ = (
𝑑∅(𝑥𝑘 + 𝛼𝑏𝑘)

𝑑𝛼
)
𝛼=0

= −2∅(𝑥𝑘) 

∅(𝑥𝑘 + 𝛼𝑏𝑘) = ∅(𝑥𝑘) − 2∅(𝑥𝑘)𝛼 + 𝑐𝛼
2 

𝑐

𝑐 =
∅(𝑥𝑘 + 𝛼𝑏𝑘) − ∅(𝑥𝑘) + 2𝛼∅(𝑥𝑘)

𝑎2
 (113)

𝑎

𝑚𝑖𝑛: ∅𝑞(𝑎) →
𝑑∅𝑞(𝑎)

𝜕𝛼
= 𝑏′ + 2𝑐𝛼 = 0 → 𝛼 = −

𝑏′

2𝑐
 (114)

(113 (114

∅𝑞 =
∅(𝑥𝑘)𝛼

2

∅(𝑥𝑘 + 𝛼𝑏𝑘) − ∅(𝑥𝑘) + 2∅(𝑥𝑘)𝛼
 

 𝛼 = 1

 ∅(𝑥𝑘 + 𝛼𝑏𝑘)

 ∅(𝑥𝑘 + 𝛼𝑏𝑘) − ∅(𝑥𝑘) ≤ −2𝛿𝛼∅(𝑥𝑘)

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑏𝑘

 𝜆 = 𝑚𝑎𝑥{𝜂, 𝛼𝑞} 𝛼𝑞
(98 𝛼 = 𝜆𝛼

𝛿 𝜂

 



∅(𝑥)

(−∇∅(𝑥))

∅(𝑥)

𝑏𝑚𝑑 = −∇∅(𝑥𝑘) = −𝒥(𝑥𝑘)
𝑇𝑓(𝑥𝑘) ( )

(

‖𝑥𝑘 − 𝑥𝑟′‖ < ‖𝑥𝑘−1 − 𝑥𝑟′‖ ( )

𝑏𝑚𝑑 − 𝒥(𝑥𝑘)
𝑇𝑓(𝑥𝑘) ≠ 0

(𝒥(𝑥𝑘)
𝑇𝒥(𝑥𝑘) + 𝜆𝐼)𝑏𝑘 = −𝒥(𝑥𝑘)𝑓(𝑥𝑘) ( ) 

𝜆

𝜆 = 0

𝑏𝑘 = −(𝒥(𝑥𝑘)
𝑇𝒥(𝑥𝑘))

−1
𝒥(𝑥𝑘)

𝑇𝑓(𝑥𝑘) = −𝒥(𝑥𝑘)
−1𝑓(𝑥𝑘) ( )

𝜆 𝒥(𝑥𝑘)
𝑇𝒥(𝑥𝑘)

𝑏𝑘 = −(𝜆𝐼)
−1𝒥(𝑥𝑘)

𝑇𝒥(𝑥𝑘) = −
𝒥(𝑥𝑘)

𝑇𝑓(𝑥𝑘)

𝜆
 ( )

𝜆

𝜆

𝛽

𝑏𝑚𝑑 = −𝒥𝑇𝑓(𝑥𝑘) ( )



𝒥 = 𝒥(𝑥𝑘)

∇∅(𝑥𝑘)
𝑇 = ∇

1

2
(𝑓(𝑥𝑘) + 𝛽𝒥𝑏𝑚𝑑)

𝑇(𝑓(𝑥𝑘) + 𝛽𝒥𝑏𝑚𝑑) ( )

(

𝛽 =
[𝑓(𝑥𝑘)

𝑇𝒥𝒥𝑇𝑓(𝑥𝑘)]

[𝑓(𝑥𝑘)
𝑇𝒥(𝒥𝑇𝒥)𝑓(𝑥𝑘)]

=
‖𝑏𝑚𝑑‖

2

‖𝒥𝑏𝑚𝑑‖
2 ( )

𝛾

𝛾

para   𝛾 ≤ 𝛽‖𝑏𝑚𝑑‖;  𝑏 = 𝛾
𝑏𝑚𝑑

‖𝑏𝑚𝑑‖
 

 
para. 𝛾 ≥ ‖𝑏𝑚𝑑‖;  𝑏 = 𝑏𝑚𝑑  

 
para ‖𝑏𝑚𝑑‖ > 𝛾 > 𝛽‖𝑏𝑚𝑑‖;  𝑏 = 𝜂𝑏𝑁 + (1 − 𝜂)𝛽𝑏𝑚𝑑  

 

donde 𝜂 =
𝛾−𝛽‖𝑏𝑚𝑑‖

‖𝑏𝑁‖−𝛽‖𝑏𝑚𝑑‖
 

( )

𝛾 𝑥𝑘
∅(𝑥)

𝛾 𝜂

 



𝑥𝑘+1 = 𝑥𝑘 − 𝐻𝑘𝑓(𝑥𝑘) ( )

𝐻𝑘
𝑓𝑖(𝑥𝑘+1) 𝑥𝑘

𝑓𝑖(𝑥𝑘+1) = 𝑓𝑖(𝑥𝑘) +
𝜕𝑓𝑖
𝜕𝑥1

(𝑥1,𝑘+1 − 𝑥1,𝑘) +
𝜕𝑓𝑖
𝜕𝑥2

(𝑥2,𝑘+1 − 𝑥2,𝑘) +
𝜕𝑓𝑖
𝜕𝑥𝑛

(𝑥2,𝑘+1 − 𝑥𝑛,𝑘) ( )

(𝑥𝑘 , 𝑓(𝑥𝑘)) (𝑥𝑘+1, 𝑓(𝑥𝑘+1))

𝑏𝑘 = 𝑥𝑘+1 − 𝑥𝑘 = ∇𝑥𝑘 𝑦𝑘 = 𝑓(𝑥𝑘+1) − 𝑓(𝑥𝑘)

𝑦𝑘 = 𝐵𝑘+1 + 𝑏𝑘 ( )

𝐵𝑘+1
𝐵𝑘+1 𝐵𝑘+1 = 𝐵𝑘 + 𝐷𝑘

𝐷𝑘 =
(𝑦𝑘 − 𝐵𝑘𝑏𝑘)𝑧

𝑇

𝑧𝑇𝑏𝑘
 ( )

𝑧𝑇 𝐵𝑘+1

𝐵𝑘+1 = 𝐵𝑘 +
(𝐻𝑘𝑦𝑘 − 𝑏𝑘)𝑧𝑘

𝑇𝐻𝑘

𝑧𝑘
𝑇𝐻𝑘𝑦𝑘

 
 

( )

𝑧𝑇 𝑏𝑘
𝑇

𝐻𝑘+1

𝐻𝑘+1 = 𝐻𝑘 −
(𝐻𝑘𝑦𝑘 − 𝑏𝑘)𝑏𝑘

𝑇𝐻𝑘

𝑏𝑘
𝑇𝐻𝑘𝑦𝑘

 ( )

𝐻0 𝐻0 = 1

 𝑥0 𝐻0
 (𝐻𝑘)

 𝑥𝑘+1 (𝐻𝑘+1)

 𝑦𝑘 , 𝑏𝑘 𝐻𝑘+1
 ‖𝑥𝑘+1‖ < 𝜀𝑑

𝑘 = 𝑘 + 1



𝑥𝑘 𝑥𝑘  

∑(𝑥𝑘 + 𝑏𝑘) ≈∑[𝑑𝑖1 − 𝑓(𝑥𝑠 , 𝑦𝑠, 𝑧𝑠; 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖; 𝑥1, 𝑦1, 𝑧1) − 𝒥(𝑥𝑘)𝑏𝑘  ]

𝑁

𝑖=1

 ( )

𝑏𝑘

𝒥𝑇(𝑥𝑘)𝒥(𝑥𝑘)𝑏𝑘 = 𝒥
𝑇(𝑥𝑘)[𝑑𝑖1 − 𝑓(𝑥𝑠, 𝑦𝑠, 𝑧𝑠; 𝑥𝑖, 𝑦𝑖, 𝑧𝑖; 𝑥1, 𝑦1, 𝑧1 )] ( )

𝑥𝑘

(𝒥𝑇𝒥 + 𝜆𝐼)𝑥𝑘 = 𝒥
𝑇[𝑓 −  𝑓(𝑏𝑘)] ( )

𝒥 = 𝒥(𝑥𝑘) 𝐼 𝑏𝑘
𝑥𝑘 𝜆

𝜆

( )

𝑏𝑘 −2(𝒥𝑇[𝑓 − 𝑓(𝑏𝑘)])
𝑇 𝜆

𝑥𝑘 𝑥𝑘 + 𝑏𝑘

𝑏𝑘

𝜆

𝒥𝑇𝒥 + 𝜆𝐼

𝐼

𝒥𝑇𝒥

[𝒥𝑇𝒥 + 𝜆 𝑑𝑖𝑎𝑔(𝒥𝑇𝒥)]𝑥𝑘 = 𝒥
𝑇[𝑓 −  𝑓(𝑏𝑘)] 
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𝑑𝐵 𝑟𝑒 1 𝜇𝑃𝑎 1𝑚⁄

± 𝑑𝐵 𝑟𝑒 1 𝜇𝑃𝑎 1𝑚⁄

 𝑦 = 𝑎𝑥 + 𝑏

 𝑚 𝑠⁄

 𝑏
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