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Abstract
In this work the suitability of the criterion of maximum effective amplitude of the normal stress
(Δσn,eff)max and the criterion of minimum shear stress range (Δτ)min for 2D cylindrical plain fretting
contact condition has been analysed. The numerical analysis has been performed by means of the
extended finite element method, which takes into account the contact between crack faces during
the closing part, and the results have been compared with experiments reported in the literature.
Results show that overall the (Δτ)min criterion predominates in intermediate stage, while the
(Δσn,eff)max shows less deviation in the final stage. However, the predicted crack path by the
latter criterion shifts toward the outer side, which do not correlate with the experimental
results reported in the literature. Additional studies should investigate the variables that are
affecting this change in the behaviour along the crack in order to set a criteria that is able to predict
the plain fretting condition crack paths accurately.
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Nomenclature

FEA

Finite Element Analysis
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FIP

Fatigue Indicator Parameters

LSM

Level Set Method

MPC

MultiPoint Constraints

MTS

Maximum Tangential Stress

PUM

Partition of Unity Method

SIF

Stress Intensity Factors

SWT

Smith-Watson-Topper

X-FEM

eXtended Finite Element Method

ai,

Degrees of freedom of the Heaviside enriched nodes

𝐛𝐛𝑙𝑙𝑖𝑖

Degrees of freedom of the crack tip enriched nodes

bp,CA

Maximum projected crack length related to the crack arrest condition

E

Young’s modulus

epath

Average deviation of the crack path

H(x)

Heaviside step function

Li

Crack length of the segment i

Ni(x)

Conventional nodal shape function

P

Fretting contact force

Q

Fretting tangential force

ui

Classical degree of freedom of the FEM

xpredicted

x coordinate at each y coordinate of the predicted numerical path

xexp. path

x coordinate at each y coordinate of the experimental path

Greek letters
(Δσn,eff)max

The criterion of the maximum amplitude of the normal stress

(Δτ)min

The criterion of minimum shear stress range

ΔKth

Threshold value of the SIF

ν

Poisson coefficient

θi

Angle i with the normal plane of the surface

σn

Normal stress

σY

Yielding stress

σu

Ultimate stress

σe

Endurance limit
2

σ∞

Cyclic bulk stress

μt

Coefficient of frictionat the sliding transition

1.-Introduction
Fretting problems arise when two contacting bodies are subjected to movements of small relative
displacement (0-300 microns) promoting micro-cracks and eventually the failure of the
component [1]. Fretting is reported commonly in the industry since virtually all machines vibrate,
and failure can occur in many mechanical components such us flexible couplings, aircraft engine
blade housings, lug joints or ropes.
Fretting fatigue lifetime prediction is an object of interest in the fatigue community. Usually, the
study is divided into two phases, the crack nucleation and crack propagation. One crucial step in
order to give a robust fatigue life estimation is hence the correct crack path prediction, which is
the focus of the present work.
Propagation phase is usually divided into 3 stages as shown in Fig. 1 [2]. Crack growth in stage
I is dominated by shear stress, leading to a crack path direction towards the inner zone of
the contact. This stage is also known as the crack incubation stage [3, 4, 5] where the
accumulated damage is related to the permanent plastic deformation of the material.
Different approaches have been used to study crack initiation, such as multiaxial fatigue
parameters [6, 7, 8, 9], continuum damage mechanics [10, 11], or crystal plasticity [12, 13].
Bhatti and Wahab recently published an exhaustive literature review discussing the
different approaches [14]. Regarding stage II on propagation stage, the shear stress
produced by the contact is less pronounced and a mixed tensile and shear stress field is
observed. Therefore, crack growth tends to change towards a more vertical direction. In
stage III the effect of the contact is even less pronounced and consequently, the propagation
is assumed to happen in mode I. (i.e. tensile stress dominated and governed by the remote
cyclic stress σ∞). The number of cycles for crack initiation is greatly influenced by the type
of contact. The crack initiation period is reported to be very short in complete contacts [15],
whereas it is usually longer in incomplete contacts [10]. Regarding the following
propagation stages, it should be highlighted the predominance contribution of the stage II,
since the crack grows slower compared to stage III. It should be noted that in plain fretting
tests crack arrest conditions are achieved in the absence of a remote cyclic stress.
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Fig. 1. Sketch of the 3 stages of propagation in fretting.
Many crack direction models have been developed throughout history aimed at predicting the
orientation of the crack [16, 17, 18, 19, 20, 21]. Those models can be broadly classified into two
main categories, namely, (i) proportional loading models, and (ii) non-proportional loading
models. Fretting fatigue is characterised with a highly non-linear and non-proportional evolution
of stresses along the contact zone. Accordingly, proportional models are not valid and only the
non-proportional ones should be used. Among the non-proportional models, some criteria are
based on fracture mechanics, where the analysis of the stress intensity factors (SIF) are the driving
parameters, whereas other models are based on the stress field analysis. Dubourg and Lamacq
[19] proposed the criterion of the maximum amplitude of the normal stress (Δσn,eff)max for a
cylindrical contact, although the experiment was based on spherical contact. Nevertheless, the
predicted crack path was in good agreement with the experiment. Giner et al. [21] reviewed
several non-proportional criteria relevant to the fretting fatigue phenomenon, highlighting that the
computation of the KII values under non-proportional crack face contact are cumbersome and
prone to inaccuracies when using domain and contour integrals, although it should be mentioned
that good results have been published [20, 22]. Giner et al. [21] tested the (Δσn,eff)max criterion
for fretting fatigue flat contacts and showed that results were not in good agreement with the
experimental observations. Consequently, they proposed an equivalent to the so-called “criterion
of local symmetry” for non-proportional loading, which seeks the path that minimises the shear
stress range at a point ahead of the crack tip. This approach was validated for fretting fatigue flat
contact configuration and later on was used by Martínez et al. [23] to predict the crack path in a
railway axle (flat on flat contact), obtaining a good agreement with the experimental result.
Conversely, Cardoso et al. [24] found that the prediction may lead to wrong paths for fretting
fatigue cylindrical contact configuration.
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Recently, Navarro et al. [25] compared the capability of some fatigue indicator parameters (FIP)
to predict the crack initiation path. They pointed out that although using FIPs based on the critical
plane approach is not correct, the concept of the damage could be related, based on the fact that
the predicted paths of the Smith-Watson-Topper (SWT) parameter were very similar to the
experiments.
Following the concept of the stress field analysis used by Dubourg and Lamacq [19] and Giner et
al. [21], the present work aims at evaluating the accuracy of different crack orientation criteria
for plain fretting in 2D cylindrical contacts using the eXtended finite element method (X-FEM)
code for Abaqus FEA. The numerical results are compared to experimental data reported in the
literature.
2.- Crack direction criteria for non-proportional loading
As stated by Socie and Marquis [26], “Depending on the material, stress state, environment, and
strain amplitude, fatigue life usually will be dominated by crack growth along either shear planes
or tensile planes”. Accordingly, in this work the crack growth paths have been modelled
following tensile and shear criteria, namely, the maximum effective amplitude of the normal stress
(tensile driven criterion), and the minimum shear stress range (shear driven criterion).
2.1 The criterion of maximum effective amplitude of the normal stress
The first criterion selected is the maximum effective amplitude of the normal stress (Δσn,eff)max
proposed by Dubourg and Lamacq [19], which is an extension of the well known maximum
tangential stress (MTS) criterion [16] for non-proportional loading. The results of Dubourg and
Lamacq pointed out the importance of considering the range of the stresses rather than taking only
the maximum values. Therefore, this criterion is based on the concept that the crack growth is
dominated by the effective maximum amplitude of the normal stress of crack opening.
Accordingly, the term effective considers that σn=0 when σn<0, which means that the compressive
part of the cycle (i.e. during crack-face contact) is not considered in this criterion (see Fig. 2) .
Therefore, the criterion cannot fully consider the non-proportional loading effect, which
could be very important as shown in the literature [21].
One of the main weaknesses of the criterion is that many candidate planes coexist near the
maximum value identified. As observed in Fig. 2, the maximum value of the Δσn,eff is nearly the
same for the planes ranging between 0-20º and 160-180º, which makes it difficult to robustly
define the propagation plane.
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Δσn,eff, max

θ y

x

Fig. 2. Criterion of the maximum effective amplitude of the normal stress Δσn,eff .

2.2 The criterion of minimum shear stress range
As stated on the introduction, the criterion proposed by Giner et al. [21] was a generalization for
non-proportional loading of the “criterion of local symmetry” proposed by Cotterell and Rice
[27]. This criterion assumes that the crack will propagate in the direction of pure mode I (KII = 0).
Due to the non-proportionality in fretting, this condition cannot be reached, so the (Δτ)min criterion
seeks to find the plane where the loss of friction energy is minimal (i.e, the plane that is closer to
pure mode I condition). Given the nature of shear stresses (see Fig. 3), two orthogonal planes
with the minimum value coexist, and the direction of propagation is defined as the one that is
subjected to the highest range of normal stress (Δσn 1).
In contrast to the previously introduced Δσn,eff criterion, the (Δτ)min criterion considers the full
fretting cycle including the compressive part, and presents the advantage of being a robuster
method, since the curve is sharper near the lowest value and therefore, the propagation candidate
plane is clearly identified. Physically, this can be linked to a well defined propagation direction,
as often observed in practice. A larger scatter would be expected experimentally for prospective
directions close to the direction of maximum Δσn,eff if the latter were the criterion governing crack
orientation.
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θ y

Δσn 1
x

Δσn 2

Δτmin

Fig. 3. Criterion of the minimum shear stress range Δτmin. Δσn 1,2 refer to normal stresses.

3.- Experimental tests from the literature
Plain fretting experimental tests reported by Pannemaecker et al. [28] were used for numerical
result comparison. These tests were performed under a stick-slip regime, where a constant normal
force P and a reciprocating cyclic displacement were applied.
Due to the cyclic stress-strain, a crack in the edge of the contact was nucleated and propagated
until approximately 106 cycles, where the crack arrest condition was achieved. Fig. 4 shows the
typical crack path obtained in these tests, which was simplified through three segments (L1, L2,
and L3) and the corresponding angles (θ1, θ2, and θ3). The reader is referred to Pannemaecker’s
article [28] for further details on these experimental crack paths.
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P

θ1 L1
L2
θ2
θ3

L3

Q(t)

Fig. 4. Analysis of the crack path in Pannemackers’s test number 11 [28].
The selected tests from [28] correspond to the ones performed with Ti-6Al-4V cylindrical pads
and Al7075-T6 flat specimens. The used material shows high yield strength with respect to the
ultimate tensile strength, making it suitable for linear elastic fracture mechanics (LEFM) analysis
(mechanical properties are presented in Table 1). Additionally, this material configuration (being
the titanium indenter of higher strength) ensures that the crack initiates only on the flat aluminium
specimen. In all these tests the radius of the cylindrical pad and the contact force were kept
constant, R = 80 mm and P = 461 N/mm (force per unit thickness) respectively, while the
tangential force Q was changed in each test (details presented in Table 2).
Table 1. Mechanical, fatigue and fracture properties taken from Pannemaecker et al. [28].
Material

E [GPa]

ν [-]

σY [MPa]

σu [MPa]

σe [MPa]

ΔKth [MPa m0.5]

Al7075-T6

70

0.33

520

575

150

3.72

Ti-6Al-4V

119.5

0.287

970

1100

-

-

Table 2. Elastic test conditions and related analysis of crack arrest conditions taken from
Pannemaecker et al. [28]. * Note that the test presentation order has been changed from the
original paper, ordering from the lowest (Test 11/ renamed as Test A) to the highest Q force
(Test 7 / renamed as Test F).
Test
(Original

A

B

C

D

E

F

11

8

10

9

12

7

numbering)
Q (N/mm)

260

299

313

334

341

350

µ ratio

0.74

0.72

0.56

0.68

0.56

0.65
8

µt

1.17

1.17

1.17

1.17

1.17

1.17

bp,CA (µm)

217

261

416

524

495

750

L1 (µm)

38

35

42

49

46

50

θ1(°)

23

30

45

45

40

5

L2 (µm)

138

78

102

112

145

221

θ2(°)

20

20

10

20

15

15

L3 (µm)

87

156

286

384

355

530

θ3(°)

0

0

0

0

0

0

4.- Numerical modelling
In this work the X-FEM code for Abaqus FEA developed by Giner et al. [29] which incorporates
crack face contact capabilities has been used. The X-FEM approximation to the displacement
field uX-FEM(x) is defined as:

 4 l l

+
+
u X-FEM ( x ) =
u
x
a
x
x
x
N
N
H
N
( ) ∑ i ( )  ∑ bi F ( x )  .
∑
i i( ) ∑ i i( )
i∈I
i∈L
i∈K
1
 l=


(Eq. 1)

4.1 Finite element model
The model shown in Fig. 5 has been developed in the commercial code Abaqus FEA 6.13.1. The
linear elastic constitutive model consists of linear quadrilateral elements of 4 nodes (CPE4), with
further refinement on the contact area by means of the partition technique. A convergence study
was performed to ensure that the numerical model correctly captures the crack propagation
paths. Using element sizes of 5 µm and 10 µm lead both to the same crack path prediction.
Therefore, an element size of 10 µm was used in the numerical model. In order to obtain a
precise slip distribution, the Coulomb and the Lagrange multiplier methods have been used to
model the tangential contact. The normal force (P) is applied by means of MultiPoint Constraints
(MPC).
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P

MPC
Ux = 0

Ux = 0

Q
Uy = 0
Fig. 5. Geometry, mesh, and applied boundary conditions and forces of the numerical models. Q
and P refer to forces, MPC are multi point constraints and Ux,y are displacements in x and y
direction respectively.

Fig. 6a shows the load cycle history which has been divided into 3 steps. In the first step, a
normal load P is applied, followed by a prescribed Q force (step 2) in order to accommodate the
contacting interface. Finally, a cyclic Q (t) is applied (step 3), and the crack path is calculated
through post-processing at the end of the cycle. This process is repeated until the final length of
the crack is achieved. Fig. 6b shows a detailed area of the crack and Figs. 6c-d plot different
increment stages of the cyclic Q step, corresponding to the 20, 40 and 60 simulation increments.

(a)

(b)
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(c)

(d)

Fig. 6. Numerical results of the von Mises stress distribution at different stages: (a) load cycle
history; (b) detailed area of the cracked zone; (c) Increment 20 and 60, opening of the crack; (d)
Increment 40, closure of the crack.

4.2 Stress field analysis ahead of the crack tip
The evaluation of the orientation criteria is carried out ahead of the crack tip. Stresses are
computed at the integration points of the element ahead of the crack tip (Fig. 7) and averaged to
improve the estimation. Averaging is important since the FE discretization error is large in the
vicinity of the crack tip. Several options have been considered, such as averaging stresses at
the integration points within a circle of a given radius or analysing the stresses at the
centroid of the element. A sensitivity analysis was performed regarding this averaging
region (i.e. changing the size of the radius). We conclude that differences in the direction
estimation were not large, since the estimation of the orientation angle is related to a simple
coordinate transformation of stresses to apply the criteria explained in Section 2.

Fig. 7. Sketch of the stress evaluation ahead of the crack tip.
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4.3 Crack path prediction accuracy analysis
In order to calculate an indicator of the accuracy of the predicted direction, a normalised
deviation of the crack path (epath) was calculated as follows:

epath = ∫

bp .CA

0

xpredicted − xexp. path dy

3

Li ,
∑
i =1

(Eq. 3)

where xpredicted and xexp. path are the x coordinate at each y coordinate of the predicted (numerical)
and the experimental paths, respectively, and bp,CA is the projected crack length. The
experimental path is approximated to the simplified trajectory through the three segments L1, L2
and L3 shown in Fig. 4 and reported in Table 2 for each case.

5.- Results and discussion
Fig. 8 shows the obtained results, where the predictions of (Δσn,eff)max and (Δτ)min are depicted
along with the experimental observation for the different test conditions. It should be remarked at
this point that the present work is aimed at determining the direction of the propagation phase.
Accordingly, an initial crack related to the experimental L1 segment with an angle θ1 was
introduced (the reader is referred to Fig. 4 and Table 2 for L1-θ1 values) and the comparison of
the criteria is therefore carried out only for the L2-θ2 and L3-θ3 segments.

L2, θ2

L2, θ2

L3, θ3

L3, θ3

(a)

(b)
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L2, θ2

L2, θ2
L3, θ3

L3, θ3

(c)

L2, θ2

(d)

L2, θ2

L3, θ3
L3, θ3

(e)

(f)

Fig. 8. Predicted crack paths for the selected crack direction criteria and comparison with the
experimental paths under different test conditions.

The accuracy analysis has been split into the experimentally identified segments (L2, and L2+L3),
in order to identify trends on the numerical prediction. Fig. 9 shows the average deviation of the
predicted crack path by each criterion corresponding to the L2-θ2 segment. It can be observed that
for the tests ranging from A-E, the (Δτ)min criterion shows a low average deviation (less than 4
μm), proving to be overall the most accurate criterion. Conversely, test C and F present a better
correlation for the (Δσn,eff)max criterion, especially for the test F, which presents a greater average
deviation for the (Δτ)min criterion (~10 μm) than for the (Δσn,eff)max (~6 μm).
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Crack path average deviation [µm]

L2

L2-θ2

12
10
8
6

(Δτ)min
(Δτ)min

4

(Δσn,eff)max
(Δσn,eff)max

2
0

A

B

C

D

E

F

Test

Fig. 9. Average deviation of the selected crack direction criteria at the end of L2-θ2 segment.

One of the differences among the two criteria under analysis is the fact that the (Δσn,eff)max neglects
the crack closure events, whereas the (Δτ)min considers the whole cycle. As can be seen in Fig.
10, where the time evolution along a cycle of the stress components σxx and τxy at the end of each
Li-θi segment of test E is shown, the crack is closed (σxx<0) during approximately half of the
fretting cycle. Similar trends are observed in all A-F tests. Consequently, the fact that four of the
six cracks are better predicted by the Δτ criteria in the second segment indicates that the crack
face contact might be significant and that the shear stress during the closing part has an important
role in the propagation path.

Fig. 10. Evolution of the σxx and τxy at the end of each Li-θi segment of test E. Similar trends are
observed in the rest
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It should be noted that the F test (which showed a big average deviation for the (Δτ)min prediction)
presents an almost vertical initial crack (θ1 = 5º). In this segment, the maximum shear stress is
about 20% lower in the closing part than in test E, while the applied tangential force is higher.
Consequently, the ensuing propagation might be less dominated by the shear stress existing during
the crack face contact loading part. In this case, the (Δσn,eff)max shows a lower error (~6 μm) which
indicates that the opening part of the crack could dominate the crack growth direction.

Fig. 11 shows the average deviation of the predicted crack path by each criterion at the end of
L3-θ3 segment. It can be seen that the (Δσn,eff)max criterion overall predicts a crack path with
substantially lower average deviation that the (Δτ)min criterion and that the average deviation
obtained by the (Δτ)min criterion increases for higher Q values. It should be mentioned that one of
the limitations of the study arises from the fact that the experimental data is based on previously
reported literature. One cause of the discrepancies of the (Δτ)min criterion for the last stage may
be that the crack paths reported by Pannemaecker et al. [28] are simplified to just three segments,
being the last always normal to the surface. Further experimental results under similar test
conditions are necessary to corroborate these results.
Notwithstanding, the presented results are considered to be a robust comparison since the
observed behaviours are consistent with the literature. As previously reported [2] a large scatter
in the orientation direction is observed for cracks that have grown substantially. In fact, when the
crack is approaching the crack arrest condition, the crack driving force is low and other effects
like crack microstructure might have significant influence (see Fig. 6 of reference [2], where it is
clearly shown that the grain boundary has an important effect). Another point to consider is the
absence of alternating bulk stress that generates cyclic principal stresses parallel to the surface in
this region to promote a well defined crack growth in this direction.
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Crack path average deviation [µm]

L2+L3
L3-θ3

140
120
100
80

(Δτ)min
(Δτ)min

60

(Δσn,eff)max
(Δσn,eff)max

40
20
0

A

B

C

D

E

F

Test

Fig. 11. Average deviation of the selected crack direction criteria at the end of L3-θ3 segment.

It should be also highlighted that overall, the (Δσn,eff)max criteria presents a zigzag path prediction.
This is considered an important drawback, since it presents strong implications in terms of crack
propagation speed (the pathway travelled could be significantly different than the real one, hence
it might overestimate the time needed for the crack to propagate). Additionally, the prediction
obtained by (Δσn,eff)max criterion overall shifts to the left hand side in stage III, which is not
in good agreement with the reported experimental results. This could be related to the
erratic behaviour of the (Δσn,eff)max criterion.
With the aim of analysing the robustness of each criteria, the distributions of Δσn,eff and Δτ (the
candidate planes window corresponding to the 10% of the max-min range respectively shown
with arrows) are depicted for the three Li-θi segments of test E in Fig. 12. As can be observed,
the (Δσn,eff)max criterion presents a less defined target value, with a lot of candidate planes near the
target value, which could be the source of the erratic behaviour observed in the predictions.
Conversely, the target (Δτ)min value is more clearly defined, showing therefore a more robust
candidate plane and consequently an smooth predicted crack path.
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Fig. 12. Comparison between (Δσn,eff)max and (Δτ)min criteria. (a) Analysis performed at the end
of L1-θ1 segment; (b) analysis performed at the end of L2-θ2 segment; (c) analysis performed at
the end of L3-θ3 segment.
In this study, none of the two criteria predicted the whole crack path accurately. When dividing
the crack into segments, the (Δτ)min criteria presented overall best predictions for the L2 segment
and (Δσn,eff)max predicts better estimations when the L3 segment was also considered. Nevertheless,
it should be highlighted the advantages of the (Δτ)min criteria, which unlike the (Δσn,eff)max
presented straighter paths (non zig-zag erratic behaviour) due probably to the more robust target
value prediction.
The estimation of the whole crack path for plain fretting case requires additional studies in order
to find out a strategy that is able to predict the whole crack accurately. Such studies should also
consider other variables that might affect the behaviour, such as microstructure for example.
6.- Conclusions
In this work the crack trajectory has been estimated with the (Δσn,eff)max and (Δτ)min criteria for a
plain fretting test and the results have been compared with experiments reported in the literature.
The following conclusions can be drawn from the obtained results:
•

The (Δτ)min criterion predominates in intermediate stage (stage II). This could be
attributed to: (i) the sharper shape of the Δτ curve near the lowest value which
contributes to robuster predictions compared to the (Δσn,eff)max criterion (ii) the fact
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that, unlike (Δσn,eff)max , (Δτ)min considers the full fretting cycle including the
compressive part (which in these tests represents roughly half of the cycle).
•

In the final stage of propagation, when the crack approaches the crack arrest condition,
the (Δσn,eff)max shows a lower average deviation to the crack compared to the (Δτ)min.
However, this criterion presents an erratic zig zag behaviour prediction, which presents
implications in terms of fatigue life estimation.

The accurate prediction of the whole crack path for plain fretting case requires additional studies
in order to set a criterion that is able to predict the whole crack accurately.
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