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TRANSLATION INVARIANT MAPS ON FUNCTION SPACES
OVER LOCALLY COMPACT GROUPS

A. DEFANT, M. MASTYLO, E. A. SANCHEZ-PEREZ, AND L. STEINWART

ABSTRACT. We prove that under adequate geometric requirements, transla-
tion invariant mappings between vector-valued quasi-Banach function spaces
on a locally compact group G have a bounded extension between Kothe-
Bochner spaces L (G, E). The class of mappings for which our results apply
includes polynomials and multilinear operators. We develop an abstract ap-
proach based on some new tools as abstract convolution and matching among
Banach function lattices, and also on some classical techniques as Maurey-
Rosenthal factorization of operators. As a by-product we show when Haar
measures which appear in certain factorization theorems for nonlinear map-
pings are in fact Pietsch measures. We also give applications to operators
between Ko6the-Bochner spaces.

1. Introduction

Our aim is to establish an abstract approach to study L,-boundedness of (non
linear in general) translation invariant mappings between scalar- and vector-valued
quasi Banach spaces. We point out that the class of translation invariant mappings
is of interest in various areas of harmonic analysis and functional analysis. The the-
ory of translation invariant operators is a sort of interplay between operator theory
and function theory on locally compact groups applied with the Haar measure. As
an example, we mention that a combination of well-known theorems due to Nikishin
and Stein with the theory of locally compact groups found deep applications in the
factorization theory of operators and in the theory of orthogonal series.

Relevant results on this topic were proved in the seventies and eighties using
different techniques. Among others, we mention here the works of Colzani [3]
Cowling and Fournier [5, 6], Herz and Riviéra [18, 19], Larsen [23], Oberlin [28] and

Shteinberg [33]. Special attention was paid to quasi-Banach spaces, and interesting
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representation results for translation invariant operators were obtained for this
case. We refer to the papers by Oberlin ([26, 27]), Colzani and Sjogren [4], and
Sjogren [34], where translation invariant operators on L,-spaces (0 < p < 1) and
related spaces including Lorentz spaces are investigated. All these papers present
interesting results with useful applications, and use techniques coming from classical
analysis.

The aim of the present paper is to use some modern techniques to address this
classical topic, presenting a unified approach for understanding it in a general frame-
work and using it to generalize the main results to broad classes of operators and
quasi-Banach lattices of measurable functions. Thus, the analysis of the following
question summarizes the main objective of our study: Let G be a locally compact
group with left Haar measure \. Consider a translation invariant m-homogeneous
map ® from a Banach function lattice X (\) to a Banach function lattice Y (\).
Under which requirements can we state that ® extends to a translation invariant
m-homogeneous map from L.(X) to Ly /m,(A)?

We emphasize that our technique differs from the ones used in the above men-
tioned papers. The main idea is as follows. Given a bounded mapping between
vector-valued quasi-Banach spaces we intend to prove boundeness between a new
scale of spaces. This is deduced under the hypothesis that the operator satisfies
certain invariance properties and vector-valued geometrical inequalities.

Our method is inspired by the classical book by Garcia Cuerva and Rubio de
Francia [15], and uses factorization arguments having their roots in the fundamental
work of Maurey and Rosenthal.

2. Preliminaries

We will use standard notation from Banach space theory. If (E, | - ||) is a quasi-
Banach space, we write Sp = {x € X : ||z||[g = 1} for its unit sphere. Throughout
the paper let (€2,3, u) denote a complete and o-finite measure space. As usual
L, %, p) (L°(p) or LO(Q) for short) denotes the space of all equivalence classes
of real-valued measurable functions on . Given 0 < m < 0o, a mapping ®: £ — F
between quasi-Banach spaces is said to be an m-homogeneous operator whenever
®(Az) = A" ®(z) for every A > 0 and all x € X. Such operators are said to be
bounded if there is C' > 0 such that |®(z)|| < C||z| for all z € E. Clearly, linear
operators are 1-homogeneous.

2.1. Quasi-Banach function lattices. A quasi-Banach function lattice (lattice
for short) (X, | - ||x) over (©,%, i) (over u for short) is defined to be a subspace
of LO(p), endowed with a complete quasi-norm | - ||x and such that there exists
h € X with h > 0 a.e., and if f € L satisfies |f| < |g| a.e. for some g € X, then
f € X and | flx < llgllx.
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A quasi-Banach function lattice X on (Q, X, i) is said to be order continuous if
for every non-negative sequence f,, | 0 a.e. it holds that || f,||x — 0.

The Kothe dual space X’ of a Banach function lattice X over (Q, %, ) is defined
as the space of all f € L°(u) such that [, [fg|du < oo for every g € X. It is

a Banach function lattice over (2,3, 1) when equipped with the norm

Ifllx: = sup /Q \Fol du.

llgllx <1

It is well known that a Banach lattice X is order continuous if and only if the map
X' 5 g xp € X* given by z}(f) = [, fgdp for all f € X is an order isometric
isomorphism of X’ onto X* (see, e.g., [21]). This fact motivates to identify X’
with the subspace of the Banach dual space X* defined by the so called integral
functionals—the ones given by the shown formula.

An important class of Banach lattices are the so called rearrangement invariant
spaces (r.i. for short). We recall the definition; given f € L%(p), its distribution
function is defined by p¢(t) = p({w € Q : [f(w)] > t}), t > 0. Then a quasi-
Banach function lattice X over (Q, X, 1) is said to be a r.i. space whenever g € X
and ||f|lx = |lgllx provided p; = py and f € X. Clearly for a r.i. quasi-Banach
space X, ||xallx depends only on p(A) for any measurable set A of finite measure.
If (2,3, 1) is a nonatomic measure space, then for every ¢ € Ry with ¢ < u(Q),
we may define the function ¢x by éx(t) = ||xallx, where A is any measurable set
with u(A) = ¢t. This function is called the fundamental function of X. For every
r.i. Banach space X on a non-atomic measure space (2, X, 1) we have (see [1]),

ox()px:(t) =t, 0<t < p(Q).

Important examples of r.i. spaces are Lorentz spaces, Marcinkiewicz spaces and
Orlicz spaces. Let (2, %, 1) be a measure space and let 0 < p, ¢ < co. The Lorentz
(resp., Marcinkiewicz) space L, ¢ = Ly o(1t) (resp., Lp.oo = Lp o(pt)) is defined to
be the r.i. quasi-Banach space of all measurable functions f € L%(u) such that the

following quasi-norm is finite:

o= ([~ @34 w)ar)

(resp.,

| £llpoo = sup  /7f7(2)).
0<t< ()

It is well known that L, ; is normable whenever 1 < p < coand 1 < ¢ < co. More

precisely, (Ly,q, ||-|5, ,) is ar.i. Banach space equipped with the norm [|-||7, . = [|-|lp.q

given by
o 11 .. 1/q
115 ::(/ (3 @) ) L f € Ly,
0

(with obvious modification for ¢ = co) where f**(¢) = %fg f*(s)ds.
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The Orlicz space L (1) is generated by the Luxemburg norm

I£le =inf {3>0: [ a(fi/nau1},

where ® is an Orlicz function, that is, an increasing convex function on [0, 00) such
that ®(0) = 0.

In the paper we present some results concerning so-called mixed spaces. Fix
two measure spaces (21,31, p1) and (g, 3o, p2) and let (2 = Q1 X 9,38 = %5 x
Yo, = p1 X p2) be the product measure space. Let X be a function lattice on
(41,21, 11) and Y a Banach function lattice on (Q3, 35, u2). The norm in Y is
said to be p;-measurable if for any ¥-measurable function f the function vy given
by vi(s) = ||f(s,-)|ly for all s € Qq is pq-measurable (we put ||f(s,-)|ly = +oo if
f(s,-) ¢ Y). We note that if the measure y is discrete or p; is arbitrary, and Y
has the weak Fatou property, then the norm in Y is u;-measurable.

In what follows if the norm in Y is p1y-measurable we denote by X[Y] the mized
space to be the Banach function lattice of all f € L°(u) such that vy € X, equipped
with the norm || f|| = ||Hf(,t)||yHX

Given quasi-Banach lattices X and Y over (Q,3,u), we define the space of
multiplication operators M(X,Y) to be the space of all functions in L°() defining
(bounded and linear) operators from X to Y by pointwise multiplication, equipped
with the operator quasi-norm.

Convexity and concavity of Banach function lattices will play a key role in our
study. We recall that for 0 < p < oo, the Banach function lattice (X, | - ||) is
p-conver, respectively, p-concave, if there are positive constants C'®) and C(p) such
that

[(oi)” ], < oo ()"
=1 i=1

respectively,
n 1/p n 1/p
(S url5) ™ < e[ (X 150)
i=1 i=1

for every choice of elements f1,... f, € X. The least constant C'?) (resp., Cfp)) is
denoted by M) (X) (resp., M, (X)).

If X is a quasi-Banach function lattice and 0 < p < oo, then the p-th power of
X is defined as

)
X

X?:={fel’n): \f|1/p€X}.

This is a quasi-Banach function lattice over €2 when endowed with the quasi-norm
I £llx» = |IIf]*/?|%, f € XP, and a Banach space whenever X is p-convex (with
a norm that is equivalent to || - ||x»). More precisely, || - ||x» defines a norm if
and only if X is p-convex with p-convexity constant 1. Note also that X is order

continuous if and only if X? is so for any/all 0 < p < oo.
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Throughout the paper, given a quasi-Banach space E and a quasi-Banach func-
tion lattice X over (2, X, u), we define the quasi-Banach space X (u, E) (X (E) for
short) to be the space of all strongly measurable functions f: Q — E (ie., f is
the limit in F of a sequence of simple measurable functions) such that the function
Q3w ||f(w)|g € X equipped with the quasi-norm (norm provided E and X
are Banach spaces) | fllxcz) = I/ ()llzllx-

2.2. Groups acting on lattices. We recall briefly the basic facts which we will
use. A topological group is a group with a topology such that the maps (z,y) — xy

1 are continuous.

and x — a~

Let G be a locally compact group. If z,y € G and B C G, we write zy for the
multiplication of both elements and =B for the set defined by the (left) multipli-
cation of x by all the elements of B. Consider a left Haar measure on G, that is,
a (positive) measure A on the o-algebra B(G) of Borel sets of G that is nonzero on
all nonempty open sets and is left invariant, meaning that A(xzB) = A(B) for all
Borel sets B and all z € G. If \ is a left Haar measure on G, then p(B) := A\(B~!)
defines a measure on B(G) which satisfies p(Bz) = p(B) for all B € B(G) and all
x € G. Here as usual B~! = {#71 : 2 € B}. The measure p is called a right
Haar measure on G. Left and right Haar measures are unique up to multiplication
by positive constants. Throughout the paper we will consider normalized Haar
measures.

A locally compact group G is called unimodular if X = p. It is well known
that compact groups and Abelian groups are unimodular. The group G is said
to be amenable if for every compact subset K in G and every € > 0 there exists
a compact U C G with A\(KU) < (14 ¢)A(U). We remark that both commutative
and compact groups are amenable.

Let (£2,%, 1) be a measure space. We say that the group G with left Haar
measure A\ acts transitively on § (the group G acts on Q) for short) if there is an
operation G x Q 3 (z,w) = zow € Q such that (zy) cw =z¢(yow), low =w
and Gow =N for all z,y € G and w € Q.

The measure p is called G-invariant if the group action is also measurable and
wlxo A) = p(A) for all x € G and all A € ¥; in this case we say that G acts
invariantly over (2, %, p).

The construction explained above involves two different actions: the multiplica-
tion on the group G and the action of the group in a measure space. In most of the
cases we are interested in, both structures coincide, in the sense that the measure
space on which G acts is G itself. However, this is not necessarily the case.

Now we present some examples; the first two ones are relevant for the rest of the

paper since in general a group acts on itself in two different ways.
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FEzxzample 2.1.

(1) Every locally compact group G acts on itself by (x,y) — z oy := zy. We
will say then that G acts from the left to itself. Clearly, the left Haar
measure is G-invariant with respect to this action.

(2) Every locally compact group G acts also on itself by (z,y) — zoy := yz 1.
When we consider this action we will say that G acts from the right on
itself. The right Haar measure is G-invariant with respect to this action.

(3) The next example is more concrete than the other ones; our aim is to
show that our construction may provide results in different scenarios. The
group SO(n) of orthogonal matrices of rank n, n > 2 acts on the (n — 1)-
dimensional unit sphere S"~! by (A4, ) — Ax. This allows us to identify
the classical notions of rotation invariant spaces and operators with our
definition of SO(n)-invariant spaces and operators.

2.3. Translation invariance. If x € G, we denote the translation of functions
feLoR) by x as 74, ie.,

Tof(w) = fzow), well

A quasi-Banach function lattice X over €2 is said to be weak-G-invariant if 7,,(f) €
X for all f € X and z € G. If we also have ||7.(f)|| = ||f]|, then X is called
G-invariant.

Assume now that G acts on two measure spaces with the measures p and v,
respectively. A map ®: X(u) — Y (v) between weak-G-invariant quasi-Banach
function spaces X (i) and Y (v) is called translation G-invariant if ® o7, = 7, 0 ®
for all x € G.

In the case of spaces of vector-valued functions, an operator ®: X (u, E) —
Y (v, F) is said to be G-invariant if for all € G we have

[72(@)Ollr = [@(r2f))llp,  © e

In what follows, if G is a locally compact group with left Haar measure A (resp.,
right Haar measure p), F is a quasi-Banach space and X is a quasi-Banach function
lattice on (G, \) (resp., (G, p) we will write X (X, E) (resp., X (p, F)) instead of X (E)
or X(G, E) for the aim of clarity.

3. Abstract convolution

Below we explain the main tool of the present paper, that consists of a generalized
convolution of functions with functions, as well as more generally functions with
functionals. Consider a quasi-Banach function lattice X over (€, X, 1), and a locally
compact group G with the left Haar measure A\ acting transitively on by the

action ¢. Given two nonnegative measurable functions g: G — R and h: Q — R,
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we define g ® h: Q — [0, 00] by

(g ® h) (w) = /Gg(ﬂc)h(ﬂc_1 ow)dA(z);

note that the function g ® h by the Fubini-Tonelli theorem (on iterated integrals)
is measurable. If we want to stress the action ¢ of G on 2, then we write g ®, h
instead of g ® h.

In what follows we will need the following elementary observation.

Proposition 3.1. Let G be a locally compact group with left Haar measure .
Consider the action of G on itself from the right (as shown in Example 2.1(2)), and
define g ® h with respect to this action.

(i) Suppose that X is a G-invariant Banach function space over (G,\) with
respect to the left action of the group on itself. Then for two nonnegative
functions g € X and h € X'

llg ® hllLex) < llgllx Illx -

(ii) For every nonnegative f € L1(\) and y € G,

(xe ® )(y) = £z, v

Proof. (i) For every y € G,

(g @ h)(y)| = \ [ starn onare)

:‘/Gg(x) (yz) dA(x ’/ (y~ ') h(z) dA\(z)

< lry— (@)l x 1Bl x = llgllx Ihllx,

and so the required estimate follows. (ii) Clearly, L'()) is G-invariant with respect

to the left action, hence for every y € G as desired

(x® N0 = [ 1fa olix@ = [ I#m)aa) = Il
This completes the proof. ([

We also need to convolute functions with functionals, and start with an informal
idea of what we aim at. Given g € L°()\) and ¢ € X* we define the abstract
convolution g x ¢: X — R of the function g with the functional ¢ by

(9% 0)(f) = /G g(@)e(f(xo ) dAz), feX

whenever the integral make sense. We show below that this definition coincides

with the previously defined convolution of functions if ¢ is an integral functional.
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Remark 3.2. Assume that X is a G-invariant Banach function lattice, the function
G 32— ¢(f(ro-))is measurable for all f € X, and g € Ly (A). Then g € X*
and [|g % ¢llx- < [lgll1ll¢llx-. Indeed,

/\g(ﬂf)w(f(xo'))ldk(ﬂf)é/ lg(@)[llellx- 1 f(z o) x d\(z)
G G
flix -

< llgllliellx-

Now let us explain the two main cases we are going to consider: the first one
involving order continuous Banach function spaces X as domain spaces of the func-
tionals ¢, and the second one for functionals ¢ on Banach spaces of continuous
functions on a compact set.

3.1. Order continuous case. Recall that if X is an order continuous Banach
function lattice over €, u, then every ¢ € X* has a density 2’ € X', i.e., p(f) =
Jo fhdp for every f e X.

Lemma 3.3. Let G be a locally compact group with left Haar measure A acting
transitively on (2,2, u) by the action o, and let X be a G-invariant Banach function
lattice X over (Q, %, 1). Then for every g € L1(\) and ¢ € X* with density h € X'

we have that
grxp e X”
with density g @, h € X' and g+ ]| < lgl||hlx-

Proof. Take some f € X. The G-invariance of X shows that for every z € G

/Q |f(@ o w)h(w)| dp(w) < [[f(zo)lx Ihlx = 1flx Ihllx

Since g is integrable, the iterated integral

/G (/Qf(f” ow)h(w) du(w)>g(x) dA(z)

exists, and moreover by the translation invariant action of G on € it equals

/G (/Qh@_l ow)f(w) du(w>>g(a:) d\(z) .

Hence the Fubini-Tonelli theorem implies

fw)g® h(w)du(w) = [ gl@){ | ha"!ow)f(w)duw) ) dA(z)
J Joo A, )

= [ [ nstow)au) ) are)
= [ s@sts@o ) @) = (g 2) (1),

and so the above inequality yields the statement. ([
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3.2. Non-order continuous case. Let G be a compact group with left Haar mea-
sure A (recall that then the group is unimodular), and X = C(G). In what follows
we consider the left action of the group on itself, that is x ow = aw. Then C(G) of
course is G-invariant(note that now x and w are both elements of G, so we write y

instead of w to emphasise this fact).

Take ¢ € C(G)* and g € L1(X), both nonnegative and of norm one. By Riesz’s
Theorem, there is a Borel probability measure P on G such that ¢(f) := fG fdpP
for all f € C(G). Then for every f € C(G) the real-valued function

G9x|—><p(f(x<>~))Z/Gf($y)dp(y)

*

is Borel-measurable. Hence g x ¢ € C(G)* with norm ||g|/1||¢]| = 1 by Remark 3.2

(take f =1 to see that we in fact have equality). Moreover, by Fubini’s theorem

(9%0)(f) = / a(@)p(f(z o ))dA(x)

G

= [s)( [ swnare)) e
-/ ( /| g(xy*)f(m)dA(x))dP(y)
= [ 1@ [ sterHarm) ) ix).

which shows that g x ¢ is a A-continuous Borel probability on G' with the density

h(fﬂ)Z/Gg(wy‘l)dP(y), zeG.

We summarize these facts in the following

(3.1)

Lemma 3.4. Let ¢ € C(G)* and g € L1(X), both nonnegative and of norm 1.
Then g x ¢ is a A-continuous Borel probability measure on G.

4. Matching lattices

We now introduce a key definition in our study. Let G be a locally compact
group with left Haar measure A, and let X and Y be Banach function lattices over
(G,)\). X is said to match Y if there exists a constant ¢ > 0 such that for all
compact sets K C G there are nonnegative functions g € X and h € Sy such that
llgllx < cand g® h(z) =1 for all x € K.

Notice that the group action of G on itself here may be, either the right or the
left one.

We point out that the just introduced notion is inspired by [19, Lemma 3] of
Herz and Riviére. In our language the authors prove that L,(\) matches L,())
provided G is an amenable group G. We now generalize this result.



10 A. DEFANT, M. MASTYLO, E. A. SANCHEZ-PEREZ, AND I. STEINWART

4.1. Mixed spaces.

Lemma 4.1. Let G1 and Gy be amenable, locally compact groups with nonatomic
(left) Haar measures A1 and Ay and let X1, Y1 and Xo, Y be r.i. Banach function
spaces over A1 and \g, respectively. If both norms in Xo and Yo are A\j-measurable,
then X1[Xs] matches the mized space Y1[Ya] with respect to the right action of
G1 x Go on itself whenever the fundamental functions satisfy ¢x,(s)dx,(t) =
by, (8)dy, (t) for all s € (0, 1(G1)), t € (0, A2(G2)).

Proof. Obviously, it suffices to show the assertion for compact sets K = K; x Ky C
G1 X G4. Let us fix compact sets U; C G and Uy C G4 such that

N(KU) < 205(05),  j=1,2.
Since ¢x, are quasi-concave functions, ¢x,(t) < 2¢x,(t/2) for all t € (0,X;(G;))
(j =0,1). Then we get for U = Uy x Us,

Ixrerw e = [P v, sl x,
= ¢x, (M (K7 'U)) ¢x, (Mo (K5 ' U2))
< Agx, (M(U1)) dx, (A2(U2))-
Therefore, for g := ¢x, (A1 (U1)) " dx, (A2(Uz2)) " txx-117, we obtain lgllx,(xz) < 4
Applying the well-known Kéthe duality formula (Y;[Y2]) = Y{[Y5] (with equality
of norms), we get that

HXU||(Y1[Y2])’ = HXU’ Y7 [VY] = ¢Y1'(/\1 (Ul)) ¢Y2' (AQ(UQ))

and so h := ¢y, (A1 (U1)) ™" ¢y (A1 (U2)) " xu belongs to the unit sphere of (Y1[Ya])".
Fix now z € K and let G := G1 X Ga, A := A1 X A\y. Then we have (use Example
2.1(2)) that

9 ®h(z) = /Gg(y)h(fvy) d\(y) < éx, (M (U1) ™ dyy (M (U1)) ™

X ¢X2()\2(U2))_1¢Y2(()\2(U2))_1/GXKflU(x_ly)XU(y) dA(y)

_ A(Uh) A2(Us)
ox, (M (U1)oy; (M (U1)) dx, (A2(U2))dyy (A2(U2))

Our hypotheses on the fundamental functions imply that the last expression is

equal to 1. We conclude that the requirements in the definition of matching are

satisfied for g and h, and so this completes the proof. O
An immediate consequence of the above lemma is the following corollary.

Corollary 4.2. Let 1 < p1,ps2,q1,q2 < > and G1, G2 be amenable, locally compact
groups with (left) Haar measures A and Ao. Then the mized space Ly, (A1)[Lp, (A2)]



TRANSLATION INVARIANT MAPS ON FUNCTION SPACES 11

matches the mized space Lq, (A1)[Lg, (A2)] with respect to the right action of G1 X G
on itself whenever 1/p1 + 1/pa = 1/q1 + 1/¢a.

4.2. Rearrangement invariant spaces.

Lemma 4.3. Let G be an amenable locally compact group with nonatomic left Haar
measure \. If X andY are r.i. Banach function spaces over \ such that ¢x = ¢y,
then X matches Y with respect to the right action of G on itself.

Proof. Recall that for the case of Banach function spaces, ¢x(s)¢x(s) = s for all
s € (0, A\(G)). Since ¢x is quasi-concave, ¢(t) < 2¢x (t/2) for all t € (0, \(G)).

Now we use that G is amenable. Consider a compact subset K, and a compact
subset U of G such that A(K~'U) < 2\(U). Then

Ixx-1vllx = ox(MKT'0)) < 20x (MET'U)/2) < 26x(MU)).

Let g = W(U))XK*IU and h = mXU Then

1
lgllx = ml\m—w\\x <2

and

llyr = ¢y (AU)) _ ¢

oy (MU))
Our hypothesis is equivalent to ¢x = ¢y, and so for all z € K we get (consid-
ering the right action of G on itself)

(98 W) = ST e ) )
1 —1
- T TT /G Yrc-u(a )X (y) dA(Y)
_AMU)
o) T
This gives the result. (]

From this lemma we obtain examples of pairs of Lorentz spaces which match.

Corollary 4.4. Let 1 < p < 00, 1 < q1,q2 < 00 and let G be an amenable,
locally compact group with nonatomic left Haar measure . Then the Lorentz space
Ly, 4, (X) over G matches the Lorentz space Ly, 4, () with respect to the right action
of G on itself.

Proof. Since HXAHp,q = MA)YP for all measurable A € G, 1 < p,q < oo where
0% := 1. Then the fundamental function coincides in both spaces (up to a constant
(), and so Lemma 4.3 gives the result after renorming one of the spaces by this
constant C. [
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5. Improving norm inequalities by convolution

Let X and Y be Hausdorff topological vector spaces and let X be a quasi-Banach
space such that X — X with continuous inclusion. If T: X — ) is a continuous
mapping and Xy is a “test” subset, it is of powerful interest to study a class of
quasi-Banach spaces U and V such that Xo C U and V < Y and T is continuous
from (Xo, || - [lv) to V. In this case we say that T extends from U to V on a test
set Xg. If T has continuous extension from U to V, then we say for short that T'
extends from U to V.

Let E and F be quasi-Banach spaces. In several areas of modern analysis we
may find relevant maps from quasi-Banach spaces U «— L°(u, E) to L°(v, F),
where L°(u, E) and L°(v, F) denote the spaces of strongly measurable E-valued
(F-valued) functions over the corresponding measure spaces. In the case of scalar-
valued measurable functions, many important operators in harmonic analysis de-
fined between couples of quasi-Banach spaces have continuous extensions to other
couples of quasi-Banach spaces. We note here that it is well known that if the
group G is amenable, then every convolution operator of weak type (2,2) is in fact
of strong type (2,2). The mentioned extension problem was studied by many au-
thors (see [6, 5, 18, 23, 28]). In particular, in Colzani’s paper [5] it is proved that if
G is a locally compact non-compact group equipped with the left Haar measure and
0 < p< oo, 0<qg< o0, then every left or right translation invariant operator (in
our terminology this means G-invariant) on the Lorentz space L, ,(G) is bounded
in L,(G); that is, it can be defined as an operator from L,(G) to L,(G). We also
mention here a remarkable result by Shteinberg [33], which states that if G is a com-
pact group and 0 < p < 2, then every translation invariant sublinear operator that
maps the Marcinkiewicz space Ly o(G) to L°(G) extends from L,(G) to L,(G).
This result was firstly conjectured by Pisier for translation invariant operators that
are bounded on the Marcinkiewicz spaces L, »(G) (see [30]).

In the case of particular locally compact groups, translation invariant operators
have a special form. It is immediate that for the locally compact group R™ with
the usual additive structure, convolution operators commute with translations. It
is also well-known that the converse is true. More precisely, the following result
holds: If 1 < p, ¢ < oo and T': L,(R™) — L,(R™) is a bounded linear operator that
commutes with translations (notation: T € MP4(R™)), then there exists a unique
tempered distribution v such that T(f) = f x v for Schwartz functions f (see, e.g.,
[17, Theorem 2.5.2]). It should also be noticed that MP4(R™) is non-trivial only
in the case 1 < p < g < 00, and only in the cases p =1, p = 2 and p = oo there are
complete characterizations of the spaces MPP(R™) (see [17, pp. 139-141]).
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In this section we are interested in the study of translation invariant mappings
in vector-valued function spaces (m-homogeneous operators, polynomials and mul-

tilinear mappings) which extend to the scale of vector-valued L,-spaces.

5.1. Homogeneous mappings. The following results are our main tools. The
first one is based on some well-known separation arguments that are in the core of
the Maurey-Rosenthal factorization theory for homogeneous maps; it can be proved
by using a slight modification of [12, Theorem 3.2]. For the sake of completeness
we include a proof.

Proposition 5.1. Let 0 < r < 0o and 0 < m < co. Assume that X(E) and Y (F)
are vector-valued quasi-Banach function spaces over measure spaces (Q,%, 1) and
(T,E,v), respectively. Assume that X is r-convex with constant M"(X) =1 and
order continuous, and Y is r/m-convex with constant M"/™(Y) = 1. Furthermore,
let ®: X(E) — Y(F) be an m-homogeneous map such that for all f1, ..., fr, € X(E),

IS ierom)™ . < [(Simom) [ (5.1)
k=1 k=1

/

Then for every nonnegative weight h € (Y"/™)" with [All(yr/my = 1 there exists

a nonnegative weight w € L° () with ||wl|(xry < 1 such that for all f € X(E),

J 1RO < [ 1) di 6:2)
T Q

Proof. Fix a nonnegative weight h € (Y"/™)" with Al (yr/my = 1. First we remark
that our hypothesis on r/m-convexity of Y yields,

M(Y, Lr/m>r/m — (Yr/m)/

isometrically (see, e.g., [29, Proposition 2.29 (ii),(iv)]). Thus, we can consider the
multiplication operator Mym/»:Y — L, p,, for which ||[Mjm/|| = 1. Define the
mapping

U= (Myym/» @ Idp) 0 ®: X(E) = Ly (F),

change the scalar multiplication on X (E) by Aow := A/ for all A > 0, u € X(E),

and consider the homogeneous embeddings (in the sense of [8])
ris (X (E),0) = X7, [ [lfOlE

and

T2 LT/m(F) - Lr/ma g— Hg()”F
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Then W: (X(E),0) = L,/ (F) is 1-homogeneous, and for every choice of finitely
many fi,..., fn € X(E) we get that

sy, - (oo,
k=1 r/m

<|[(Z s, sH(ank(~>||g)”THZ
k=1

k=1

This shows that U satisfies all the assumptions of [8, Theorem 2] which yields
nonnegative weights w € L%(u) with [|wl|(xr/my < 1and wy € LO(v) with [Jw;[|ls <
1 such that for all f € X(E) we have

hm/T(I) r/m
/! IE= < [ 1501w da.

Since |Jw1]leo < 1, this inequality immediately gives the conclusion. O

Although simple, the next result shows one the main tools of our paper: Con-
volution with proper functions preserves and sometimes even improves the weights

in domination inequalities like in (5.2).

Lemma 5.2. Let G be a locally compact group with left Haar measure \ which
acts invariantly on (2,3, u) and (Y,Z,v). Let E and F be quasi-Banach spaces,
and X and Y weak-G-invariant quasi-Banach function lattices over (Q,%, 1) and
(Y, Z,v), respectively.

Furthermore, for 0 < r;s < oo let ®: X(F) — Y(F) be a G-invariant map
such that there exist nonnegative weights wy € L°(p), we € L°(v) satisfying for all

feX(pE)
[ 12r0lwady < [ 156w du.
T Q
Then for all nonnegative g € L°(\) and all f € X(E) we have

L1050k g @ wadv < [ 1709 ® wid
T Q

Proof. First note that the involved spaces are weak G-invariant, and so for every
x € G the functions f(z¢-) and (®f)(zo-) belong to X(E) and Y (F'), respectively.
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Making use of Fubini’s theorem twice we have

/ @£ ()])% g @ ws dv
T

(/ (L 1@n@ wae o) ) )ate) ix)

/ (@) 0 0)[, walv) du(v ))g(m)d/\(x)
/ e @O w2 dy) (2) d\(x)

/ (/Jv ) uata™ o) due)) da)

:/ | FOIy g widp,
Q
which is the inequality we required. ([l

We consider now the case in which both measure spaces in the previous results
coincide with the group G, that is, (2,%, u) = (1,2, v) = (G, B(G), \). For the aim
of simplifying the presentation of the next results, let us introduce some notation.

We will say that the space X (A, E) is a (weak) right-G-invariant space if it is
(weak) G-invariant when the right action of G on itself is considered. We will use
the expression (weak) left-G-invariant for the symmetric definition, considering the
left action.

An m-homogeneous map from the weak right-G-invariant space X (\, E) to
the weak left-G-invariant space Y (\, F') is right-to-left G-invariant when it is G-
invariant for the right and left actions of the spaces X (A, E) and Y (A, F'), respec-
tively. Other combinations (like left-to-left, left-to-right and right-to-right) are
defined in the same way.

Combining Proposition 5.1 with Lemma 5.2 we get the following two abstract
factorization theorems for translation invariant m-homogeneous operators between
Banach function lattices.

Theorem 5.3. Let G be a locally compact group with left Haar measure \ and let
E, F be quasi-Banach spaces. For 0 < m,r < oo, let X be an order continuous,
r-convez, left-G-invariant and weak right-G-invariant quasi-Banach function lattice

over G, and let Y be an r/m-convex, weak left-G-invariant quasi-Banach function



16 A. DEFANT, M. MASTYLO, E. A. SANCHEZ-PEREZ, AND I. STEINWART

lattice over G. Suppose that X" matches Y"/™ (the left action in G is considered
for the definition of ® appearing in the matching property).

Then every m-homogeneous right-to-left G-invariant operator ®: X (E) — Y (F)
extends to a bounded m-homogeneous operator from L.(E) to Lr/m(F) provided that
there is a constant M > 0 such that for all choices of functions fi,..., fn € X(E)
we have

n m/r n 1/r|m
(S nesom)™ |, < m | () |
k=1 k=1
Proof. We may assume that M (X)) = M(Y)"/™) = M = 1. Let K be a compact
subset of G. By definition there are ¢ > 0 (independent of K) and nonnegative
functions g € X" and h € (Y"/™)" such that IAllyr/my = 1, [lgllx- < ¢ and
g ® h(z) =1 for all x € K (the left action is considered in the definition of ®).

By Proposition 5.1 we find a nonnegative weight w € (X")" with ||w||(xry <1

and such that for all f € X(F) we have

/ 1® /()™ hdx < / 1FOllwdA.
G G

By Lemma 5.2 we may replace the weights by ¢ ® h and g ® w preserving the
inequality, that is, for all f € X(F) we have

[1ese"gwnar< [ 150pg® war
G G

We use ¢ ® h =1 in K and Proposition 3.1(1) to get,
JresenErave [ jese g nay

< [IsOlzsewars e [ IfOlar.
G G
Since the last inequality holds for all compact sets K, we are done. (I

For compact groups we give a variant of Theorem 5.3. It shows that under
certain assumptions the matching requirement can be removed in the statement of
the theorem. Note that in this case the operator is assumed to be right-to-right
G-invariant, in contrast with the previous result, in which the map is required to be
right-to-left G-invariant. A detailed analysis of the corresponding proofs shows that
this depends on the symmetry of the integrals that appear in the computations.
Although the next results look like similar to the previous one, the computations
are in fact different. The same comments apply to the results on polynomials,

multilinear and linear maps of the following sections.

Theorem 5.4. Let 0 < r,m < oco. Let G be a compact group with Haar measure X,
X an r-conver and order continuous Banach function lattice over G, andY anr/m-

concave Banach function lattice over G. Moreover let E, F' be quasi-Banach spaces.
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Suppose that both lattices are weak right-G-invariant, and that ®: X(FE) — Y (F)
is a right-to-right G-invariant m-homogeneous operator satisfying (5.1).

Then ® extends to a bounded m-homogeneous operator from L.(E) to Ly, (F).

Proof. By [12, Theorem 3.2] the requirements above imply that there are measur-

able nonnegative functions we and wq such that for all f € X(E),

[ 12wt ax < [ 150 ar
T Q

We can write ws + 1 instead of wy preserving the inequality. This assures that wy !
belongs to L(\), taking into account that G is compact and so A is a probability
measure. We use Lemma 5.2 and Proposition 3.1(ii) to get

oz Ly /G [@f)F™dN = /G 1LY ™ xa ® wytdX
< /G 1O xe ® wr dA

= el / 1F Ol dA,
G
which completes the proof. ([l

Corollary 5.5. Let G be a compact group with Haar measure A\, and E, F two
quasi-Banach spaces. Given 0 < p,q,r < oo let ® be a right-to-right G-invariant
m-homogeneous operator from L ()\,E) into Lp()\7F) satisfying (5.1). Then ®
defines an m-homogeneous operator from L, /,, ()\, E) to L, ()\, F)

Proof. Note that A is a probability measure, and so for py = min{p,r/m} and
¢1 = max{q,r}, the inclusions L,(\) — L, (\) and Ly, (A\) < Lg(X\) are con-
tractions. This means that ® can be considered as an operator from Ly, (X, E) to
Ly, (A F). Also, we have that Ly, ()) is r-convex and L, () is r/m-concave. Since
the inequality (5.1) holds when the operator is considered between L,(\, E) and
L,(\, F), it still holds whenever we consider it as an operator between Ly, (A, E)
and Ly, (A, F'). Since G is compact, it is unimodular, and hence it can be seen easily
that Ls(\),0 < s < oo is G-invariant with respect to both actions of the group on

itself. As a consequence Corollary 5.4 implies the result. (]

5.2. Polynomials. Let us show some particular examples of applications of The-
orem 5.3 for the case of Banach space valued m-homogeneous polynomials.

At first recall that if Eq,..., E,, and F' are quasi-Banach spaces, then an m-

linear mapping T: Fy X - - - X E,, — F is said to be bounded whenever there
exists a constant C' > 0 such that |T(z1,...,2m)|y < Clzillg, ---||2ml &, for all
(1,...,Zm) € B4 X -+ - X E,,. If T acts in quasi-Banach function lattices, then it

is called positive whenever the image of each m-tuple of nonnegative functions is

again a nonnegative function.
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An m-homogeneous polynomial P between quasi-Banach spaces E and F is
the restriction of a bounded m-linear mapping ¢: HZ;I E — F to the diagonal
A =A{(z,...,z): x € E}, and its norm is given by

|P|| := sup [|P(z)|F.

r€EBE

If P is defined between quasi-Banach function lattices X and Y, then we call it
positive whenever P(x) € Y is nonnegative for all € X. It can be easily shown
that every positive m-homogeneous polynomial in quasi-Banach function lattices is
bounded.

Theorem 5.6. Let G be a locally compact group with left Haar measure A. Let X
and Y be left G-invariant Banach function lattices on G such that X is also order
continuous. Let 1 < r < 0o and m € N such that r > m, and suppose that X"
matches Y"/™ (with respect to the left action of the group). Assume also that X is
r-conver and Y is r/m-conver.

Then every positive m-homogeneous polynomial P: X — Y that is right-to-

left G-invariant, extends to a positive m-homogeneous polynomial P: L.(\) —
Ly (N).

Proof. We may assume that M) (X) = M(/™)(Y) = ||P|| = 1. The arguments
that are needed for the proof are similar to the ones used in the previous section.
Let K be a compact subset of G. Since X" matches Y/ there is a constant ¢ > 0
(independent of K) and there are nonnegative functions g € X” and h € S(yr/my
such that ||g||x» < cand g® h =1 on K (the left action in G is considered in the
definition of ®).

Notice that ((Y"/™))™/" = M(Y, L, /) (see the proof of Proposition 5.1). Con-
sider the map Mjm/» o P: X — L, /,; it is of course a positive m-homogeneous
polynomial. Proposition 4.1 in [12] gives that for every finite sequence {x;}}_, in
X,

n m/r m
H(Z|Mhm/7,oPa¢k\T/m> .
o X

mm n , 1/r
< S| ()
=1

Notice now that M (L, /p, Ly/m) = Lo, and so [12, Corollary 3.3] gives that there

are weights wy and wsy such that z € X

M, m/r 0o P r/m m/r m m/r
(/ | pm/r O l’| d/\) < mi (/ |1‘|Tw1d)\> \
K Wa m! G

where ||w1|/(xr) <1, and ||w;n/r||Loo < 1; in particular, ||ws||f~ < 1. Therefore,

r/m m. r/m
/|Px|r/mhd)\§/ [Pal™h 1y < (m—) /\xrwldA.
K K wo m! a

An application of Lemma 5.2 and Proposition 3.1 (taking into account that P is G-

Ly/m

invariant when the right action is considered in X and the left action is considered
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inY), gives for all x € X

/|Pm|r/md)\:/ |Pz|"/™g @ hd\
K K

m\ r/m
(m—') /|x\7"g®w1d)\
m: G
mmNr/m
(Z5)" lgwwilli [ lafax
m™\r/m ”
< (5) el lunliery [ Jar i

()" [

This clearly implies that P extends to a positive m-homogeneous polynomial from
Ly (X) to Ly jm(A). O

IN

IN

In particular, taking into account that for » < s, L® is r-convex, L*/™ is r /m-
convex and (L*)" = L*/" = (L¥/™)"/™ and that by Lemma 4.1 (see also [19,

Lemma 3]) L*/" matches with itself we get the following result.

Corollary 5.7. Let G be an amenable locally compact group with left Haar measure
M1<r<s<oo,méeNandl <r/m. Let P: L5(\) — L*/™()\) be a right-
to-left G-invariant, positive m-homogeneous polynomial. Then P can be defined as

a polynomial from L(\) to Ly /p, (N).
Using Corollary 4.2 and taking into account that the mixed space
LS1 (>‘1) [LS2 [)‘2]

is r-convex for r < min{sj, ss}, the following version of the previous result can
be obtained. Clearly, (Ls, (M)[Ls,(X2)])" = Ly, /r(M)[Ls,/r(X2)]. For the proof,
notice that in Theorem 5.6, matching with respect to the left action of the group can
be changed by matching with respect to the right action (by Corollary 4.2),whenever

the operator is right-to-right G-invariant instead of right-to-left G-invariant.

Corollary 5.8. Let G1 and G2 be amenable locally compact groups with left Haar
measures A\ and Ao, respectively. Let 1 < r < min{si,s2} < 0o, m € N and
1 < r/m. Let P: Ly, (M\)[Ls,(A2)] = Lg, m(M)[Lsy/m(A2)] be a right-to-right
G1 x Ga-invariant, positive m-homogeneous polynomial.

Then P extends to a positive m-homogeneous polynomial from L,.(A1 X A3) to
Ly jm (A1 X A2).

5.3. Multilinear mappings. Motivated by the previous ideas we study in what
follows translation invariant multilinear operators. To do this we need to introduce
some notation.
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Let G be a locally compact group with left Haar measure A which acts on
(e, Xy pir), 1 < k < m, and (1,3, v). Assume that Xi,...,X,, are weak-G-
invariant quasi-Banach function lattices over (g, 1), respectively, and Y a weak-
G-invariant quasi-Banach function space over (T, v). Moreover, let Fy, ..., F,, and
F be quasi-Banach spaces. A multilinear map T: X1 (F1) X -+ x X (Ep,) — Y(F)
is said to be translation invariant whenever

HT’»K(T(fla ) fm))()HF = HT(walv 7Txfm)()||p

for all (f1,...,fm) € X1 X -+ x X,;, and all x € G. In the case that the action
considered is the group on itself, we use the expression G-invariant as in the previous
sections, taking into account the right/left actions in the domain an the range
spaces.

We need the following technical lemma.

Lemma 5.9. Let 0 < r,rq,...,7m < 00, and let
O: X (Ey) X X Xpn(Ep) = Y(F)

be a G-invariant map for which there exist nonnegative weights w € L°(v) and
wy € L(ug), 1 < k < m, such that for all fr € Xp(Ex),1 <k <m,

LLn¢qhmecmgwmmsg;énncnawmmh

Then for all nonnegative g, € L°(G) and all fi, € Xp(Ey), 1 <k < m, we have

Aﬂﬂﬁfﬂnm»m(Z;%®wngg;AQAO@;@®wmwh

Proof. We apply Fubini’s Theorem to deduce that

.Awﬁfﬂﬁawm(ff%®w)@

3

=3 [oe (Tn@ﬁmewow%mwmwm)M@>
=§L% o L@ ) @) av(e) ) aro
i:L% (Twummnmme )w
gi/ (Z/m () () ) Ao
;:/HﬁHE%®MMm,

which proves the result. ([l
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We need to modify the definition of matching in the multilinear setting. We say
that a finite family {X3, ..., X,,,} of Banach function lattices over (G, \) matches a
Banach function lattice Y over (G, \) if there exists a constant ¢ > 0 such that for
every compact set K C G there are nonnegative functions g € X and h € Sy
for which ||gx||x, < cand gr ® h(z) =1 for all x € K and for each 1 < k < m. We
note that this notion depends on the action that is considered. Note that whenever

X7 = ... = X,,, then the results from Section 4 give various examples.

Theorem 5.10. Let G be a locally compact group with left Haar measure \. Let
Xk, 1 < k <m be left G-invariant order continuous Banach function lattices on G,
and Y a left G-invariant Banach function lattice on G. Let 1 < r < ri < co such
that 1/r = 1/r1 4+ --- 4+ 1/rp,. Suppose that the family {X7*,..., X{™} matches Y™
(with respect to the left action of G), X1, ..., &y, are r;-conver andY is r-convex. If
Ei,...,En, and F are quasi-Banach spaces and T: X1(Ey) X -+ X X;n(Ep) = Y

is a right-to-left G-invariant multilinear map, then T extends to a multilinear map
T: L™ (\Ey)x -+ x L™ (AN, Ep,) = L"(\, F)

provided that there exists a constant C' > 0 such that for every choice of finitely

many sequences {xy) oy in Xy, 1 <i < m, we have

= 1 m r 1/r
(> im@E®, . af™yen)
j=1

@\ ) e \
scMEMﬂmg 4K~M;mjmm) -

Proof. As in previous results, we can assume without loss of generality that the

s-convexity constants of the spaces involved equal one. Fix a compact subset K of
G, and choose (according to the definition) a constant ¢ > 0 (independent of K)
and nonnegative functions h € Sy+) and g; € X;* with ||gl||Xr < ¢ such that
gi®h =1 on K. Notice that ((Y"))'/" = M(Y,L") up to equi{/alence of norms
(see again the proof of Proposition 5.1). Consider the multilinear map

MyijroT: X1(E1) X -+ X Xpp(Em) — Ly (F).

A minor modification of the proof of Theorem 3.5 in [24] (in fact this is a result
for scalar-valued functions which easily extends to the vector-valued case) and our
hypothesis on the vector-valued inequality for T' give that there exists a constant
M and a nonnegative weight w; in the unit ball of (X"#)’ for each 1 < i < m such
that

T - r T
L@ ) Olhar < Y [ i)l v an
i=1 "
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Now we apply Lemma 5.9 and Proposition 3.1 (taking into account the correct
election of either the right or the left action in each step) and obtain

m

J TGOl d = [ 171 Ol (3 o 1) da

k=1

is T
<M —/wmw%®mw
k,g:% "k JG "

<em Y L[ o)

k,i=1

7, dA.
In particular, if ||z;|| 1, (g,) <1 for each 1 <4 < m, then we get that

1/r
([ 1@ enOlpar) " < cim,
G
and this completes the proof. O

Let us give an application for positive multilinear maps. At first note that for
any positive multilinear map T: X; X - - - x X,;, — Y in Banach function lattices

the following vector-valued inequality holds true (see [11, Theorem 6.2]):

n . 1/r
(S meatr) ],

J
<SS, ()
j=1 j=1

Applying this to the preceding theorem in the scalar case (ie., E; = F = R/ 1 <

m

i < m) we obtain the following consequence.

Corollary 5.11. Suppose that the Banach function lattices Xi,..., Xy, and Y
satisfy the assumptions of Theorem 5.10. Then every right-to-left G-invariant,
positive multilinear map T: X1 X - -+ X X,, = Y extends to a positive multilinear

map

T: L™(A) x---x L™ (X)) = L"(\).

6. Applications to operators

Finally, we collect a few applications to translation invariant linear operators
in vector-valued quasi-Banach function lattices which seem to be of independent

interest.

6.1. Linear operators in Kéthe-Bochner spaces. We intend to apply Theorem
5.3, and for that we isolate pairs of spaces (X,)) such each operator from X to Y
satisfies the appropriate vector-valued norm inequality.
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Let us introduce some additional notation: Given a 1-homogeneous mapping
®: X(u, E) — Y (v, F) between vector-valued quasi-Banach function spaces and
0 < r < co we denote by

m, () = m, (®: X(E) - Y (F))

the best constant M > 0 such for all possible choices of sequences { f }}_; in X (E)

’Ki)@hOWYqLSAHKiﬂﬁO%Yﬁk'
k=1 k=1

The central tools for proving that m,(®) < oo are based on local Banach spaces
theory. In particular we use the notions of (Rademacher) type and cotype, as well
as stable type. For details we refer to the monographs [9, 14].

Lemma 6.1. Let 0 < p,q,r < 00, and let E and F be Banach spaces. For any
linear operator T: Ly(u, E) — Lp(v, F) we have m,(T) < oo whenever one of the

following conditions is satisfied:

(i) 1 <p,g<oo, =2 and E has type 2 and F has cotype 2.
(i) 0<p< o0, 0< g<r<2andE has stable type .
(i) 1 < ¢g < 00, 2 <r < p < oo, F* has stable type r' and moreover
T*(Ly (v, F*)) © Ly (1, ).

Proof. We sketch the proof, and start with (7). The definition of type 2 and cotype
2, combined with Kahane’s inequality on the equivalence of Banach space-valued
Rademacher averages (see, e.g., [14, p.211]), shows that the statement holds in the
case 1 < p <2 < g < oo. For the general case define p; = min{2, p}, g1 = max{2, ¢}

aswellas + =1 - L L _— L 1
T1 q q1’ T2 P1 p
Recall that r = 2. Given fi,..., f, € Ly(u, E) choose some nonnegative norm

one functions ¢g; € Ly, (1) and g2 € L;,(v) such that

([ (ua0m)" s )™ = ([ (S1nom)" a)"
k=1 k=1

and

([ (omsom) awa)"™ = ([ (L imaon)”w)".
k=1 k=1
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Then the desired inequality follows from the previous case:

(/ (i ||Tfk(,)||2F)p/2 dy>1/p
k=1
= (/ (i ||(M92 OTOMQI)(gflfk)(_)||%‘)pl/2 dy)l/pl
k=1

<(/ (Z o seE) " an) " = ([ (Z )" )

The proof of (i7) follows similar lines: check first of all the case 0 < p < g <r < 2
using the definition of stable type (and a variant of Kahane’s inequality for stable
measures), and then in the second step copy the previous trick. The last statement
follows by some standard duality arguments. O

Combining Lemma 6.1 with Theorem 5.3 we obtain the following result which is
of different nature than Corollary 5.8.

Theorem 6.2. Let G be an amenable locally compact group with (left) Haar mea-
sure A, and let T: Ly(X\, Ly(v1)) — Lg(X, Ly(v2)) be a bounded right-to-left G-
invartant linear operator.

Then T eztends to an operator from Ly (X, Ly(v1)) into Ly (X, Ly(v2)) whenever
one of the following conditions is satisfied:

(i)r=21<v<2<u<oandl <qg<oo

(i) r<2,1<g¢g<r<u<o

i) r>2,1<v<r<g<ooandl <u<oo

Recall that this result can be improved when the group G is compact by using
Corollary 5.5.

6.2. Homogeneous operators in Lorentz and Orlicz spaces. This subsection
provides application in the setting of Lorentz and Orlicz spaces. We start with the
observation that every r.i. space X over a compact group G is G-invariant. In fact,
consider the left action of GG on itself, then for all f € X and all £ > 0 we have

prt) =A{y € G: [fWI > 1)),  prpt) =A{y € G: [f(zy)] > 1}).

Since A is left-G-invariant,

et () =My € G+ [f(xy)l > t}) = M{z 721 2 € G, |f(2)| > t})
=Nz {z7'z: 2 € G, |f(2)] > t}) = pus(t),
and this clearly yields that X is left G-invariant. Similar arguments give that X

is right G-invariant whenever the right action is considered. In particular, Lorentz

and Orlicz spaces are G-invariant.
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Proposition 6.3. Let G be n unimodular amenable locally compact group with
Haar measure A\, and let E, F be quasi-Banach spaces. For 0 < r < p < 00,
0<r<qg <ooand0 <r < gy < oo, consider the Lorentz spaces Ly, q,(\) and

Ly, 4, (N). Then every homogeneous and right-to-left G-invariant operator
D: LZMh ()‘7 E) - LP7'I2 (/\’ F)

extends to a homogeneous bounded operator from L, (A, E) to L,.(\, F') provided that
there is some K > 0 such that for all choices of functions fi,..., fn € Lp q, (1, E)

H(é lon0lE) ", < K\)(g I7:0E) |

Proof. We start the proof recalling results about concavity and convexity of Lorentz

Lp,q,

spaces (see [7]):
(1) If 0 <u<w< oo, then L, , is u-convex and s-concave for v < s.
(2) If 0 < v < u < o0, then L, ,, is u-concave and s-convex for s < v.

The r-th powers of the r-convex spaces L, 4, (A) and L, 4,(A) are Ly 4 (A)" =
Lyrigjr(A) and Ly 0, (A)" = Ly /r q,/r()), respectively. Both of them are Banach
p/r.az/r(A), by Corollary 4.4. Since
both spaces are left and right G-invariant, Theorem 5.3 completes the proof. g

function spaces and L/, q, /r(A) matches with L

We conclude with an application for Orlicz spaces. At first we remark that
convexity and concavity of Orlicz spaces are well characterized; for this we refer to

[20] and the references therein.

Proposition 6.4. Let G be an unimodular amenable locally compact group with
Haar measure A and let E, F be quasi-Banach spaces. For 0 < r < oo let ¢ be
a Young function, and suppose that t — o(t'/") is equivalent to a convex function.
Assume that the Orlicz space L,()\) is order continuous. Then the homogeneous

and right-to-left G-invariant operator
®: L,(\E) = Ly(\, F)

extends to a bounded and homogeneous operator from L. (A, E) to L.(\, F) provided
that there is some K > 0 such that for all choices of functions f1, ..., fn € Ly(\, E)

()], =x|(Zison)"],

Proof. This a direct consequence of the fact that the space L,(\) matches with
itself (Lemma 4.3), and that it is r-convex whenever t — @(t'/7) is equivalent to
a convex function. Then we finish the proof by using the same arguments of the

proof of Proposition 6.3 for Lorentz spaces. (]
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6.3. Pietsch measures. We finish with an application to translation invariant
summing operators on C(G)-spaces over compact abelian groups. This class is of
special interest in harmonic analysis, in particular for some problems related to
Hardy H,-spaces (see, e.g., the paper by Kwapien and Pelczyiiski [22]).

Let F be a Banach space and G a compact group. In this context, a linear
operator T: C(G) — F is said to be translation invariant if (T o 7,,)f = T'f for
all z € G and f € C(G). In what follows we show that our technique improves
a classical result on translation invariant summing operators due to Gordon [16] (see
also the paper by Pelczyniski [31]) which states the following: Let T: C(G) — F be
a translation invariant, 7-summing operator. Then the Haar measure ) is a Pietsch
measure for T, i.e., for all f € C(QG)

sl <o) [ 151 dx)l/p. (6.1)

For the theory of summing operators we refer to the monograph [14], and to [2]
and [14, p.56] for extensions of the preceding result in the setting of multilinear
summing mappings on closed G-invariant subspaces of C(G).

We need a variant of Proposition 5.2 which may be considered as its non-order
continuous counterpart, and for the sake of completeness we include a short proof.

Lemma 6.5. Let G be a compact group with Haar measure \, and let Y be a weak
left-G-invariant quasi-Banach function lattice over G. Let E and F be Banach
spaces, and let ®: C(G,E) — Y(\, F) be a left-to-left G-invariant map such that
there exist o € Y*, 1 € C(G)* and a constant K > 0 such that for all f € C(G, E)

e(l@H)Or) < K »(IfOlle) -
Then for all nonnegative g € C(G) and all f € C(G, E) we have

(g* )@ O)Ir) < K (gx0)LfO)lle)-

Proof. Fix g, ¢, and 9 as in the statement. From Lemma 3.4 we know that gx €
C(G)*. Applying Fubini’s theorem we get that

@ I@NO) = [ o@)ellm (@) dNa)
= [ s@pellrs 0 B)NONr) drGe)

= | s@ia )0l axa)

= [ s@sie(rz D)) dx@)

<K [ 9@)(If(@)llz) dAz) = K(a» )1 le).

as required. ([
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Remark 6.6. By Lemma 3.3 we know that if Y in the preceding proposition is also
order continuous, then the functional ¢ can be represented by a norm one functional
k € Y'. Thus g * ¢ can be identified with g ® k.

Using the preceding lemma the proof of the next result is similar to the proof of
Theorem 5.4 and so we skip it.

Theorem 6.7. Let G be a compact group with (left) Haar measure A, and let Y be
an order continuous, weak left-G-invariant, r-convexr Banach function lattice over

G. Suppose that E and F are quasi-Banach spaces and T: C(G,E) = Y (\, F) is a
left-to-left G-invariant m-homogeneous operator T: C(G,E) — Y (\, F) satisfying
the inequality

n /rym
)", < (o)
H(Zankn )", < (’;nfk( We) " e
Then T extends to a bounded operator from L, (X, E) into Ly /p (X, F).

As an application we recover the recent result of [2, 4.2]. In the case when m =1
this yields the result of Gordon—Pelczyrniski.

Corollary 6.8. Given a Banach space F' and a compact group G, let P: C(G) — F
be a translation invariant, r-dominated and m-homogeneous polynomial, i.e., there
is K > 0 such that for every choice of finitely many f1,..., fn € C(G) we have

(anfk o)™ SKigg(éfmw)m”.

Then the Haar measure X\ is a Pietsch measure for P, i.e.,
m/r
iPle<x( [1ra) " rec)

Proof. Consider the m-homogeneous operator p: C(G) — L.(\ F) given by
P=xg®Pf, feCQ).

Since P is translation invariant, we deduce that P is left-to-left G-invariant. More-
over, since T is r-dominated, we get that for every choice of finitely many functions

fiso s fn € C(G)

H(anfk "™ (Z\\Pfk )"

m

= KH (1; |fk‘r> THC(G)'

Then Theorem 6.7 gives that P in fact extends to an operator from L.(\) to
Ly /m (A, F). By the definition of P we obtain that P is well-defined and bounded

Ly/m
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from L,.(\) to F, and so

ipfle < ([ 1ra)™" secio.

which completes the proof. O
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