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Strong Factorizations of Operators with Applications to
Fourier and Cesaro Transforms

O. DELGADO, M. MASTYR0, & E. A. SANCHEZ PEREZ

ABSTRACT. Consider two continuous linear operators 7: X(u) —
Y1(v) and S: Xo(u) — Yo(v) between Banach function spaces re-
lated to different o-finite measures p and v. By means of weighted
norm inequalities we characterize when T can be strongly factored
through S, that is, when there exist functions g and 4 such that 7' () =
gS(hf) for all f € X1(w). For the case of spaces with Schauder ba-
sis, our characterization can be improved, as we show when S is, for
instance, the Fourier or Cesaro operator. Our aim is to study the case
where the map T is besides injective. Then we say that it is a rep-
resenting operator—in the sense that it allows us to represent each
element of the Banach function space X (i) by a sequence of gen-
eralized Fourier coefficients—providing a complete characterization
of these maps in terms of weighted norm inequalities. We also pro-
vide some examples and applications involving recent results on the
Hausdorff—Young and the Hardy-Littlewood inequalities for opera-
tors on weighted Banach function spaces.

1. Introduction

Let X1(w), X2(w), Y1(v), Y2(v) be Banach function spaces related to differ-
ent o-finite measures © and v. We consider two continuous linear operators
T: X1(nw) — Y1(v) and S: Xo(u) — Y2(v). In this paper, in terms of weighted
norm inequalities, we provide a characterization of when 7 can be factored
through S via multiplication operators, that is, when there are functions g and
h satisfying that T (f) = gS(hf) for all f € X1(w).

This problem was studied in [6] for the case where p and v are the same
finite measure. However, the results developed there do not allow us to face the
problem we study here, in which different o -finite measures i and v appear in
order to consider the relevant case of the classical sequence spaces £7. The reason
is that we are interested in considering standard cases as the Fourier and Cesaro
operators, which will be in fact our main examples.
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In this direction, we will show that in the case where the Kothe dual Y;(v)’
of Y1(v) and X1 (w) have a Schauder basis the norm inequality that characterizes
the factorization of T through S can be weakened. After showing this, we will
develop with some detail some examples regarding Fourier operators, operators
factoring though infinite matrices, and the Cesaro operator. This will allow us to
introduce the notion of representing operator and to study it in the second part of
the paper.

Let us explain briefly this notion. With the notation introduced, assume that
Y1 (v) and Y>(v) have unconditional bases U :={v; :i e N} and Ur :={e; :i €
N}, respectively. Suppose that there exists a Schauder basis B := {f; : i € N} for
the space X, () and write «; (f) for the ith basic coefficient of f € Xo(u),i € N.
We will say that an operator T : X1(u) — Y1(v) is a representing operator (asso-
ciated with the basis B of X, (u)) if each element x € X1(u) can be represented
univocally by a sequence of coefficients (B;(x)) such that Zfil Bi(x)v; € Y1(v),
where the coefficients B;(x) can be computed by means of the associated values
of a; by a simple transformation provided by multiplication operators.

Thus the last part of the paper is devoted to find a characterization of such
operators in terms of vector norm inequalities they must satisfy. We provide also
classical and recently published examples of such kind of maps, using, for in-
stance, an improvement of the Hausdorff—Young inequality given in [8] or the
continuity of the Fourier operator H ,, : L?[—m, w] — £/ (W), where £/ (W) is a
weighted ¢P-space, which can be found in [1].

2. Preliminaries

Let (2, X, i) be a o-finite measure space and denote by LO(,u) the space of all
measurable real functions defined on €2, where functions that are equal p-a.e. are
identified. By a Banach function space we mean a Banach space X (u) C L)
with norm | - || x such that if f € LO(w), g € X(w), and |f] < |g| pu-a.e., then
feXw and || fllx < llgllx- In particular, X () is a Banach lattice for the u-
a.e. pointwise order, in which the convergence in norm of a sequence implies the
convergence -a.e. for some subsequence. Note that every positive linear operator
between Banach lattices is continuous, (see [ | I. p.2]). So, all inclusions between
Banach function spaces are continuous. General information about Banach func-
tion spaces can be found, for instance, in [18, Ch. 15], considering the function
norm p defined there as p(f) = || fllx if f € X () and p(f) = oo otherwise.

A Banach function space X (w) is said to be saturated if there isno A € ¥ with
W(A) > 0 such that fx4 =0 p-a.e. for all f € X(u). This is equivalent to the
existence of a function g € X () such that g > 0 u-a.e.

Given two Banach function spaces X (u) and Y (u), the Y (u)-dual space of
X (w) is defined by

XV =(heLw: fheY(u) foral fe X(n)).

Every h e X ¥ defines a continuous multiplication operator My, : X () — Y ()
via My (f) = fhforall f € X(u). The space X* is a Banach function space with
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norm
Iallxy = sup [Aflly. heX”,
feBx
if and only if X (w) is saturated ([12]). As usual, By denotes the closed unit ball of
X (w). If X (w) is saturated, then X L' s just the classical Kéthe dual space X ()’
of X (), and X (i)’ is also saturated. This does not hold in general for XY . For
issues related to generalized dual spaces, see [3] and the references therein.

A saturated Banach function space X (u) is contained in its Kothe bidual
X(w)" with [[ fllx» < | fllx forall f € X(u). It is known that || fllx» = || fllx
for all f € X(u) if and only if X (w) is order semicontinuous, that is, if for
any f, fn € X(n) such that 0 < f,, 1 f w-a.e., it follows that || f,llx 1t | fllx-
Even more, X (1) = X ()" with equal norms if and only if X (u) has the Fa-
tou property, that is, if for any f, € X(u) such that 0 < f, © f p-ae. and
sup, || fallx < oo, we have that f € X () and || fullx 1[I/ Il x-

Denote by X(u)* the topological dual of a saturated Banach function
space X (u). Every function & € X(u) defines an element (k) € X (u)* via
(nCh), f)= fhf dv for all f € X(u). The map n: X ()’ — X (u)* is a contin-
uous linear injection, since the norm of every i € X (i)’ can be computed as

IAllxr = sup

/hfdu
feBx

and so 7 is an isometry. It is known that 7 is surjective if and only if X (u) is
o -order continuous, that is, if for every (f;) C X (u) with f, | 0 p-a.e. it follows
that || 1| x 4 0. Note that o -order continuity implies order semicontinuity.

The o-order continuous part X,(u) of a saturated Banach function space
X (w) is the largest o-order continuous closed solid subspace of X () that can
be described as

Xa(w) ={f € X(w) : | fI = fu | O p-a.e. implies || fn|[x | O0}.

Also, a function f € X,(u) if and only if f € X (u) satisfies that || f x4, llx 4 O
whenever (A,) C X is such that A, | with ©([) A,;) = 0. Note that X,(x) can
be the trivial space as in the case of X (u) = L°°(u) when p is nonatomic. It
is always a Banach space. In the case where X, (u) is saturated, X, (u) is order
dense in L%(u), and so by the monotone convergence theorem it follows easily
that X, ()’ = X (u)’ with equal norms.

The m-product space XY of two Banach function spaces X (n) and Y (u) is
defined as the space of functions & € L) such that || < > n | fugnl n-a.e. for

some sequences (f,) C X (1) and (g,) C ¥ () satisfying 3, 1| full xllgally < oo.
For h € Xn'Y, consider the subadditive and homogeneous functional

m(h) = inf{z ||fn||x||gn||y},

where the infimum is taken over all sequences (f,) C X(u) and (g,) C Y ()

such that [h| <", | fugnl n-a.e.and Y°, |l fullxlIgnlly < oo (see [17. Prop. 1.4]
but notice that the functional defined there considers only finite sums). The space

s
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XY is a saturated Banach function space with norm s if and only if X (u),
Y(u), and XY are saturated, and in this case, (X7Y) = XY with equal norms
(see [5, Prop. 2.2]). The calculus of product spaces is nowadays well known (see
[3; 5; 10; 17]); the reader can find all the information needed on this construction
in these papers.

Banach function spaces on the measure space (N, P(N), A) with counting mea-
sure A are usually called Banach sequence spaces. The classical Banach sequence
space £P for 1 < p < oo is saturated and is o-order continuous if and only if
p < 0o. As usual, for each n € N, we denote by (¢") the standard unit vector
basis in c¢g.

We recall the well-known easily verified formula (¢7
norms, where

)¢ = ¢5ra with equal

qu ifl<qg<p<oo,
155;1(]: q ifl <g<p=o0, 2.1
o0 ifl<p<gqg<oo.

In particular, (¢7) = (¢P )’Z1 = ¢, where p’ denote the conjugate exponent of p

(% + % = 1). Note that £” has the Fatou property as (£7)” = £P. Also note that

spg =1ifand only if g =1 and p = co.

3. Strong Factorization of Operators on Banach Function Spaces

Let (2,2, ), (A, T, v) be o-finite measure spaces, let X1(u), Xo(u), Y1(v),
Y>(v) be saturated Banach function spaces, and let 7: Xj(u) — Yi(v),
S: X2(u) — Y2(v) be nontrivial continuous linear operators. For & € X fz, we

say that T factors strongly through S and M), if there exists g € YZY1 such that the
diagram
X1(0) ——= 1) = V)
7
M, - (3.1
Y s o My
Xo(n) —— Ya(v)

commutes. Here i denotes the inclusion map. Note that if Y;(v) has the Fatou
property, then this diagram looks as

T
X1(p) —=Y1(v)
A
My Mg
v S
Xo(u) —— Ya(v)
In the case where p and v are the same finite measures and under certain ex-
tra conditions, [0, Thm. 4.1] characterizes when T factors strongly through S
and Mj. In this section, we extend this theorem to our more general setting and
improve it by relaxing the conditions. The extension will be obtained from the
following broader factorization result.
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"

Y, . .
THEOREM 3.1. Assume that Y, is saturated and consider a function h € X fz.
The following statements are equivalent:

(a) There exists a constant C > 0 such that

n n
> / T(x)y/dv <C| Y S(hx;)y;
i=1 i=1

foralln e N, xq,...,x, € X1(w), and yi, ..., y, € Y1(v).
(b) There exists £* € (YomY|)* satisfying the following factorization between the
operators T and S

YQT[Y{

X = 1) ey e
My e ‘
v S B Rex
Xo(p) ——=Y2(v)
where 1) is the continuous linear injection of Y1(v)” into Y1(v)'™*, and Rgx

is the continuous linear operator defined by (Re+(y2), y{) = (§%, y2y1) for
y2 € Ya(v) and y; € Y1 (v)'.

.. Y/ . .
Proof. Note that the condition of Y, ' being saturated assures that Y7 Y| is a
saturated Banach function space. Also note that the map Rg«: Y2(v) — Y (v)™
defined in (b) is a well-defined continuous linear operator as

[(Rex(y2), y)I < ”é*”(anY{)*”yqu ly,my; < ||§*||(Y2nyl’)*||YZ||Y2||)’; lly;
for all y, € Y2(v) and y| € Y1(v)".

(@) = (b) Forany n € N, x1,...,x, € X1(u), and yj, ..., y, € Y1(v), we take
the convex function ¢ : By = R given by

s =) [ Teidv—CYo(E st
i=1 i=1

forall §* € By,myiys Considering the weak* topology on (Y27 Y{)*, we have that
¢ is a continuous map on a compact convex set. Moreover, by the Hahn—Banach
theorem there exists & ; € Biy,ny)~ such that

> S(hxi)y; = <§;;, > S(hx,')y{>,
i=1 i=1

and so by (a) it follows that d)(é;) <0.

Since the family F of functions ¢ defined in this way is concave, Ky Fan’s
lemma (see, e.g., [15. E. 4]) guarantees the existence of an element £* € B(anyl/)*
such that ¢ (§*) < 0 for all ¢ € F. In particular, for all x € X;(u) and y’ € Y1 (v)’,
we have that

Y27TY1/

f T(x)y' dv < C{E*, Shx)y).
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By taking —y’ instead of y’ we obtain that

- / T(x)y'dv < —C(£", S(hx)y'),

and so
(n(T(x)),y") = (Reex(S(hx)), y').
Therefore n(T (x)) = Rcex (S(hx)) for all x € X1(u), and the factorization in (b)
holds for C&* € (YomY{)*.
(b) = (a) Foreachn e Nand all x1,...,x, € X1(u) and y{, ..., y, € Y1(v)/,
we have that

n n

Z/T(x,-)y;dv=Z<n<T(xi)>,y;> = > " (Re+(S(hxi)). )
i=1

i=1 i=1

=) (%, S(hx))y)) = <s*, > S(hx,->y,f>
i=1

i=1
n
> Shxi)y,

i=1

< & vy /
Yoy

Note that ||£* ||(Y2ﬂyl/)* > 0 as T is nontrivial. O

... Y/ . . . . .
Note that the condition of Yzl being saturated is obtained, for instance, if

Y>(v) C Y1(v)”, which is equivalent to L (v) C Y2Y1 . Also note that condition
(a) of Theorem is equivalent to

n n
Z/T(x,»)y;du <C|Y_Sthx)yi| . neN,
i=1 i=1 Var Y|
for all x,...,x, € X1(u) and y{, ..., y, € Y1(v)". Indeed, we only have to take
—¥{,...,—yy instead of y{, ..., y, in Theorem 3.1(a).
As a consequence of Theorem 3.1, we obtain the following generalization and

improvement of [6, Thm. 4.1].

"

Y
COROLLARY 3.2. Assume that Y, is saturated and that y,y| € (YamY{), for all

y2 € Y2(v) and y| € Y1(v)'. Given h € Xi(z, the following statements are equiva-
lent:

(a) The operator T factors strongly through S and My,.
(b) There exists a constant C > 0 such that

n n
> [ reidv <]y sty
i=1 i=1

forall xy,...,x, € X1(u) and y|, ..., y, € Y1(v)".

, nelN,
Yz]TY{
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Proof. First note that (Yo7 Yl’ )q 1s saturated. Indeed, by taking 0 < y, € Y>(v) and
0 < y; € Y1(v) we have that 0 < y,y; € (Y27 Y{),. Then

Y//
(YY), = (YamY)) =Y,".

(b) = (a) By Theorem there exists £* € (Y2 Y{)* such that

(T (x)),y") = (Re=(S(hx)), y') = (§*, S(hx)y')
forall x € X1(u) and y’ € Y1 (v). Denote by £* the restriction of £* to (Yo7 Y]a-
Since (Y27 Y]), is o-order continuous and £* € (Y7 Y|)%, we can identify &*
with a function g € (YanY{), = YZY‘, that is, (g*,z) = fgzdv for all z €
(Y2 Y{)q. Then, for all x € X1(u) and y" € Y1 (v)’, we have that

(T (X)), y') = (¥, S(hx)y') = (E*, S(hx)y)

=/gS(hx)y’dV= (n(gS(hx)),y"),

and so T (x) = gS(hx).

(a) = (b) Let g € Y2Y1 = (Y Y{)’ be such that T'(x) = gS(hx) for all x €
X1(w). Consider the continuous linear injection 77: (Yo7 Yl/ )Y — (YomY 1/ )*. Then
7(g) € (YamY|)* satisfies

(Rije)(S(hx)), y') = (11(g), S(hx)y') = /gS(hx)y’du

= / T(x)y' dp = (n(T(x)), ")
forall x € X{(w) and y’ € Y1 (v)’, and so Theorem 3.1(b) holds for £* =7(g). O

REMARK 3.3. We notice that the condition y,y| € (Yar¥7), for all y; € Y2(v)
and y; € Y1(v)" holds when Y,7 Y] is o-order continuous. This condition is also
obtained, for instance, if any of Y»(v) or Y;(v)’ is o-order continuous. Indeed,
suppose that Y>(v) is o-order continuous and take y; € Y»(v) = (¥2),(v) and
yi € Y1 (v)'. For every (A,)) C ¥ such that A, | with v(NA,) = 0, we have that

/ /
1v2y1 x4, lvmvy < 1y2XA4 112 - Y11y = O,

and so y2y| € (YamY]),. We get the case where Y1(v)’ is o-order continuous in a
similar way.

This shows sufficient conditions for the product to be (o -)order continuous. In
[10, Cor. 1] a full characterization of when a related construction—the space Y| ©
Y>, defined as a pointwise product of couples of functions—is order continuous is
given.

REMARK 3.4. Note that if the o-order continuous part X, (i) of a saturated Ba-
nach function space X (1) is also saturated, then || x| x = || x||x~ forall x € X, ().
Indeed, for every x € X,(u), we have that || x| x = [lx||x since X,(n) is order
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semicontinuous and [|x || x» = [x|lx~ since X,(u)" = X (u)" with equal norms.
Then, the norm in Corollary 3.2(b) can be computed as

n n n
> S(hxi)y; =Y Sthx)y; =Y _stxy|
i EE S vy 15 W,y
n
= sup /'fZS(hx,-)y; dv.
fEBYYl// i=1

2

4. Strong Factorization Involving Schauder Basis

Let (2,2, ), (A, T, v) be o-finite measure spaces, let X1(u), Xo(u), Y1(v),
Y>(v) be saturated Banach function spaces, and let 7: X{(u) — Y1(v) and
S: X2(u) — Y2(v) be nontrivial continuous linear operators. In this section, we
assume the existence of a Schauder basis (y,) for Y{(v)" and denote by (y,) the
sequence of coefficient functionals with respect to this basis.

"

Y/ . .
THEOREM 4.1. Assume that Y, is saturated and that any of Y2(v) or Y1(v)" is
o -order continuous. Given h € X f(z, the following statements are equivalent:

(a) The operator T factors strongly through S and My,
(b) There exists a constant C > 0 such that

f / TGi)yidv<C fS(hxim
i=1 i=1

forall x1,...,x, € X1(u).

, neN,
YzJTYl/

Moreover, if Y2(v) C Y1(v)” and the functions (y,) have pairwise disjoint sup-
ports, then conditions (a)—(b) follow from the following condition:

(c) There exists a constant C > 0 such that

/T(x)yndVSC/|S(hx)y,,|dv, neN,

forevery x € X1(u).

Y//
In the case where Y, I = L (v), we have that (¢) is equivalent to (a)—(b).

Proof. (a) < (b) By Remark we only have to prove that condition (b) of the
present theorem implies condition (b) of Corollary 3.2. The converse implication
follows by taking y/ = y;. Let x1,...,x, € X1(u) and y{,...,y, € Y1(v)'. Fix
m € N and denote (y))™ =Y ;_ (v, y/) vx. It follows that

Z/ TG dv =YY (v ¥ / T (xi)yk dv
i=1

i=1 k=1

= Z/(Zh’k*’ yi/)T(xi)>)/k dv
k=1 i=l1
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n

= 2/ T(Z(Vk*, yl'/)xi))/kd‘)

k=1 i=1
m n
<C ZS(hZWZ‘,y,‘)xi)yk
k=1 i=1 Yoy
m n
=C|D D i v Stxwe
k=1i=1 Yzﬂyll
n
= C| 2 st (“.1)
an’Yl/

Since (y))™ — y! in Y1 (v)" as m — oo and

'/zyl{dv—fz(yf)mdv

for every z € Y1(v), we have that >/, [ T(x))(y)"dv — > i_; [ T(x;)y.dv
as m — 00. On the other hand, since

< lzlly, Ily; = D™ Iy

= ‘/z(y{ — (D)™ dv

Iy} = 20D vy = 12007 = 0Dy = zllva Iyf = GD™ lyy

for every z € Y2(v), we have that ) 7, S(hx;)(y)™ — Y_i_; S(hx;)y! in Yom Y|
as m — oo. Then, taking the limit as m — oo in (4.1), we obtain

n n
Z/T(x,-)y;dvgc > Sthx)y;
i=1 i=1

Assume that Y, (v) C Y1 (v)” and that the functions (y;,) have pairwise disjoint
supports. Let us see that (c) implies (b). The condition Y>(v) C Y1(v)” is equiva-
lentto L>*(v) C Y, " = (YorY|),and so Yo Y| C (YorY])" C L®(v) = L'(v).
Denote by K the continuity constant of the inclusion Yo7 Y| C L'(v). For all
n €N and xq,...,x, € X1(u), noting that >/, [S(hx)yi| = | > iy S(hx)yil
pointwise (as (yx) have disjoint supports), we have that

ZfT(Xi)VidVSCZ/IS(hx,-)y,-|dv=Cf
i=1 i=1 i=1
> Sy

i=1

Yom Yl/

)Yi|dv

<CK

Yom Yl/

If, moreover, L (v) = Y2Y1 , then (a) implies (¢), asif g € Y2Y1 is such that T'(x) =
gS(hx) for all x € X1(u), then it follows that

/T(X)J/ndV=/gS(hX)VndvS/IgS(hX))/nIdvS ||g||oo/|S(hx)Vn|dV-
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REMARK 4.2. Note that the condition Y, (v) C Y1 (v)” appearing in the statement
of Theorem 4.1—and also in Theorem 4.3—follows immediately from the as-

4

. Y. . . . .
sumption that ¥, ' is saturated if we consider symmetric Banach function spaces

"

on I = [0, 1]. Indeed, in this case, since Y2Y ! is saturated, we have in particular
that YZYl # {0}, which is equivalent to Y>(v) C Y;(v)” by [9, Prop. 2.3].

Now suppose that there is also a Schauder basis (8,) for X;(u) and denote by
(B} the sequence of its coefficient functionals. Then, the equivalent inequalities
for the strong factorization can be relaxed.

"

Y
THEOREM 4.3. Assume that Yzl is saturated and that any of Y,(v) or Y (v) is
o -order continuous. Given h € X i(z, the following statements are equivalent:
(a) The operator T factors strongly through S and My,.

(b) There exists g € Y2Y1 such that T (B,) = gS(hB,) for each n € N.
(c) There exists a constant C > 0 such that

erij/T(ﬂj)VidUSC erijs(hﬁj)%’

i=1 j=1 i=1 j=1

, n,meN,

Yz]‘[YI,

for every (rij) C Byee.

Moreover, if Yo(v) C Y1(v)" and the functions (y,) have pairwise disjoint sup-
port, then conditions (a)—(c) follow from the following condition:

(d) There exists a constant C > 0 such that the inequality

S [r@mav=c [
j=1

foralln,m e Nand (rj) C Bg.

m

D riSthB)va

j=1

dv

Y//
In the case where L (v) = Y, ' we have that (d) is equivalent to (a)—(c).

Proof. (a) = (b) Let g € Yzy1 be such that 7' (x) = gS(hx) for all x € X1(u). In
particular, for x = §,,, we obtain (b).

(b) = (c) Since g € ¥, = (Yo ¥}) forall n,m € N and (r;j) C Byee, it fol-
lows that

erij/T(ﬂj)Vidv=erij/gs(h,3j))/id"

i=1j=1 i=1 j=1

=ngZri,-S(hﬂ,-mdv

i=1 j=1

< /'gzzrijs(hﬂj)%‘

i=1 j=1

dv
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DO riiShB))yi

i=1j=1

< lgllrymyyy

Y27‘[ Yl/

(c) = (a) Let us show that the condition (b) of Theorem holds. Let
X1, ..., %, € X1(u), which can be assumed to be nonnull. Fix m € N large enough
such that (x;))™ =" ( . xi)Bj # 0 and denote & =max i=1... [(B},xi)|. By

j=1,...m '

j=1
(8% i)
o

Z/T((x»’")y,-dv:ZZ(ﬁj‘,x»/T(ﬁj)yidv
i=1

i=1 j=1

=aZZri,~fT<ﬁj>yidv

i=1 j=1

taking r;; = it follows that

n m

erijs(hﬁj)%

i=1 j=1

DN (B xi)ShB))i

i=1 j=1

<aC

Yom Yl/

=C

Yz]‘[Yl/

=C|>_ShGx)™)yi

i=1

(4.2)
Y27T Yl/

Denoting by || T|| the operator norm of 7', since (x;)™ — x; in X () as m — 00
and

‘/T(xi)ZdV_/T((xi)m)ZdV

= ‘/T(xi — (x))™)zdv
< lzlly/ IT (xi = x))ly,
< llzlly ITHx: — )" x,

for every z € Y1 (v)’, we have that >/, [ T((x))™)yidv — Y1, [ T(x;)y; dv
as m — o00. On other hand, we have
IS (hxi)z = S(h(xi)™)zllyymy; = I1Sh(xi = xi)" Nzl yymyy
=< llzlly; 1S Ca(xi = (i)™ ) ly,
< llzlly; ISIHIA G — Ce)™) 1l x,

< llzlly ISTIAN x, lxi = i)™ 1,
i X
1

forevery z € Y1 (v)’, we have that 3 /| S(h(x;))™)yi = > j_; S(hx;)y; in Yom Y|
as m — oo. Then, taking the limit as m — oo in (4.2), we obtain

Z/T(xi)yidfo ZS(hXi)J/i
i=1 i=1

YQJT Yl/
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Assume that Y5 (v) C Y1 (v)” and that the functions (y;,) have pairwise disjoint
supports. We have already noted that in this case, Yo Y| C L I(v) (denote by K its
continuity constant), Y i | fiyil = | Y_r—, fivi| pointwise for every n € N, and
(f) € LO(v). Let us show that (d) implies (c). For all n, m € N and (rij) C Byee,
we have that

erij/T(,Bj)VidV =< CZ/
i=1

i=1 j=1
e /

<CK

m
> " rijS(hB))yi|dv
j=I1

n

DO riiShB))yi| dv

i=1 j=1

DN i ShB))vi

i=1 j=1

Yo Yl/

If moreover L°°(v) = YZY' , then (a) implies (d), asif g € YZYl is such that T'(x) =
gS(hx) for all x € X1(u), then it follows that

S [T may
=1

=Zr,»/g3<hﬁ,~>yndv=/ngjS(hﬁ,,~>yndv
j=1

j=1
dv < ||g||oo/

5. Examples: The Fourier and Cesaro Operators

m

5/‘g2rj5(hﬁj)yn

j=1

m

D o riSthBva

j=1

dv. O

In this section, we show how the results obtained in the previous one can be ap-
plied in concrete contexts. In particular, we will deal with the Fourier operator
acting in different weighted L”-spaces, we will show factorization through infi-
nite matrices, and, as a particular case, we will analyze the case provided by the
Cesaro operator.

5.1. Strong Factorization Through the Fourier Operator

Consider the measure space given by the interval T = [—m, 7], its Borel o-
algebra, and the Lebesgue measure m, and denote by (¢;) the real trigonometric
system on T, that is,

ﬁ ifn=1,
bn(x) = C%" if n =2k,

SIkX - if =2k + 1.

9
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Note that [* ¢i(x)¢;(x)dm =0 if i # j and [ ¢ (x)$i(x)dm = 1. Each
function f € L'(m) is associated with its Fourier series S(f) = > yus1an®Pn With
an = f’[r fondm. If f € L"(m) for 1 <r < oo, then S(f) conve;ges to f in
L" (m), and so (¢,) is a Schauder basis on L" (m).

Let F be the Fourier operator defined by

Fp=( [ soam). setion.
The Hausdorff—Young inequality (see, e.g., [7, (8.5.7)]) guarantees that
F: L (m)— €

is a well-defined continuous operator for every 1 <r < 2.

Fixl<r<2,r<p<oo,1<qg<oo,andletT: L?(m)— £4 be a nontrivial
continuous linear operator. We have that (¢,) is a Schauder basis for L? (m) (as
1 < p < o00) and (e") is a Schauder basis for (£4) (as g > 1). Also, L?(m) C
L"(m) (as r < p), and so x € (LP)X".

PrOPOSITION 5.1. The following statements are equivalent:

(a) The operator T factors strongly through F, that is, there exists g € £°7'1 such
that

LP(m) —L = ¢4
A
i M,
Y
L' (m) —F= ¢

(see (2.1) in the preliminaries for the definition of s.,).
(b) T(¢pn)i =0 foralli#n and (T(¢;);) € £°7'a.
(c) There exists a constant C > 0 such that

n m min{n,m} , %

Y. riiT@)i< C( > IViiIS”‘1>S’,[’ , n,meN,
i=1 j=1 i=1

for every (rij) C Byoe.
Moreover, in the case where r' < q, conditions (a)—(c) are equivalent to

(d) There exists a constant C > 0 such that

u ral ifn <m,
}:quﬂnsc{o n—m

j=1
foreachn,m e Nand all (rj) C Byoo.

Proof. Note that both £” "and (£9)" are o-order continuous (as r, g > 1) and that
(Z’,)(‘Zq)” = (Z’/)Eq = ¢4 where sp1q is defined as in (2.1). For the equivalence
among (a), (b), and (c), let us see that conditions (b) and (c) are just respectively
conditions (b) and (c) of Theorem rewritten for X () = L? (m), X2(u) =
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L"(m), Y1 (v) = £4 (v being the counting measure A on N), Y>(v) = ', S =F,
h = xt, (Bn) = (¢n), and (yn) = (€").
(b) = Theorem 4.3(b). Take g = (T (¢;);) € £*’¢. Then, for all n,i € N, we
have that T (¢n)i = T (¢i)i F (¢n)i = i F (#n)i, and s0 T (¢y) = gF (¢n).
Theorem 4.3(b) = (b). Let g € £°'¢ be such that T(¢,) = gF(¢,) for all
n € N. Then
g ifi=n,

T(¢n)i = giF(Pn)i = {0 ifi£n

and so (T (¢;);) =g € %4,

(c) < Theorem 4.3(c). From Remark 3.4, noting that (¢ 7(£9))" =
(" = (') = ES;’q with equals norms and s;,q < 00 (as 5,74 > 1), for all
n,m € Nand (r;;) C By, it follows that

n

Z Z rij F(g))e

i=1 j=I

n

= Z Zri,/]:(tpj)ei

i=1 j=I

=YD riiF(¢pe

i=1 j=1

=Y rijF@pie
i=1 j=1
(x

i=1

o' eay @' mayy”

,/
lsr/q

4
s,

¢
Zrij]:(%)i

o 1
A’,Q) s/,
rq
j=1

min{n,m} /;
S/, Sr’q
=( Y lrul’

i=1

and
3o [ T@pe dn= Y3 T
i=1 j=1 i=1 j=I

In the case where r’ < ¢, we have that s,/, = 00, and so (" YE" = ¢ Then
(d) is equivalent to (a)—(c) as (d) is rewritten condition (d) of Theorem 4.3. Indeed,

Yo / T(@je" drh= riT(@)n
j=1

j=1

and
m

D riF@pe"

j=1

m

D riF@pn

j=1

dr =

/

iml ifn<m,
“]o ifn>m.
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5.2. Strong Factorization for Infinite Matrices and the Cesaro Operator

Consider the measure space (N, P(N), A) with A being the counting measure
on N. Let X1(&), X2(X), Y1(1), Y2(A) be saturated Banach function spaces in
which () is a Schauder basisand 7: X{(A) — Y1 (A),andlet S: Xo(1) — Y2(L)
be nontrivial continuous linear operators. Then the operators 7" and S can be de-
scribed by infinite matrices (a;;) and (b;;), respectively, namely a;; = T(e/); and
bij = S(e’);. We also require that (") is a Schauder basis for Y1 (1)’

"

PROPOSITION 5.2. Assume that YZY] is saturated and that any of Y>(1) or Y1 (L)'

is o -order continuous. Given h € X fz, the following statements are equivalent:

(a) The operator T factors strongly through S and My,

(b) There exists g € YZYI// such that % = gih; whenever b;j #0 and a;j =0
whenever b;j = 0.

(c) There exists a constant C > 0 such that

n o m n m ,
ZZrijaij <C Z(Zhﬂ'wbq)@’
i=1 Nj=1

i=1 j=1

, n,meN,
anYl,

for every (rij) C Byoe.
Moreover, if Y2(A) C Y1(A)", then conditions (a)—(c) follow from the following
condition:

(d) There exists a constant C > 0 such that the inequality

m m
eranj <C Zhjrjbnj
j=1 j=1

for every (rj) C Byeo.

Y//
In the case where £*° = Y, ', we have that (d) is equivalent to (a)—(c).

, n,meN,

Proof. We only have to see that conditions (b), (c), and (d) are just respectively
conditions (b), (c¢), and (d) of Theorem rewritten for u = v being the count-
ing measure A and (B8,) = (y,) = (e"). Note that for every i, j € N, we have
thata,-j = T(ej),‘ and gih.,'b,-j = g,'hjS(ej),' = g,'S(hjej),' = giS(hej)i. So (b) &
Theorem 4.3(b). Since [ T (e’)e’ di =T (e/); = a;j and S(he')e' = S(hjel)e' =
h;jS(el)el =hjS(e’)ie! = hjb;je’, we have that (c) < Theorem 4.3(c). More-

over, as
m ) m m
/erS(heJ)e” dk:/ > rihjbaje" |dn=|>"rihjbn|.
j=1 j=1 j=1
it follows that (d) < Theorem 4.3(d). O

Let C be the Cesaro operator that maps a real sequence x = (x,) into the sequence
of its Cesaro means C(x) = (% Yoi i xi). It is well known that C: ¢" — £ con-
tinuously for every 1 < r < oo (see [7, Thm. 326]), and it can be described by the
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infinite matrix (b;;) where b;; = ll if j <iand b;; =0if j > i, thatis,

1 0 0 0 O
11
7 7 000
11 1

bip=|3 3 3 00
1 1 1 9
2 4 7 1%

Fixl<p<oo,l<gq,r<ooandletT: £7 — £7 be the nor_ltrivial continuous
operator described by the infinite matrix (a;;) with a;; = T'(e/);. Note that (e")
is a Schauder basis on £7, ¢4, ¢, and (£4)'.

PROPOSITION 5.3. Let h € £°7 (see (2.1) for the definition of s ). The following
statements are equivalent:
(a) The operator T factors strongly through C and My, that is, there exists g €
£%ra such that
e — T pa
A
My M,
Y
v
(b) There exists g € £°74 such that
LB s
Y7loo ifj >

(c) There exists a constant C > 0 such that

min{i,m} /q L
ZZr,]a,j<C<Z Z hjrij )SW, n,meN,

i=1 j=1

l”1

for every (rij) € By.
Moreover, in the case where r < q, conditions (a)—(c) are equivalent to the fol-
lowing condition:
(d) There exists a constant C > 0 such that

m 1 min{n,m}
era,,ij; Z hjril, n,meN,
j=1 j=1

for every (rj) C Byeo.

Proof. Note that both £" and (£9)’ are o -order continuous (as r < oo and g > 1),
(€)D" = ()t = g%, and (€P)"" = 7. Also note that if < g, then s,, = 00,
and so (E’)(Zq)” = {*°. Then we only have to see that (b), (c), (d) are just rewritten,
respectively, conditions (b), (c), (d) of Proposition for X1 (A) =£7, Xo(A) =
0, Y1 (M) =44,Y,(A)=4¢",and S =C.
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As noted before, the elements of the matrix of C are b;; = ll if j<iandb;; =0
if j > i, so (b) < Proposition 5.2(b).

By Remark 3.4 and noting that (¢" 7 (£9)')" = ((¢")"Y = (£54) = €4 with
equals norms and s;q < 00 (as srg > 1), for all n,m € N and (r;) C By, it fol-
lows that

n m ‘
Z(Zhjrijbij>el
i=1 “j=1

: <§hjrijbij)ei
Z(Zh i U)

i=1
= <Z > hjrijbij
j=1

i=1

(5

"1
ll

e edy rm(eayy”

5rq

1

Srq> Sq
1
rq) s;q

min{i,m}

Z hjrij

Hence (c) < Proposition 5.2(c).
(d) < Proposition 5.2(d) holds as

m1n{n m}

m
Zhjrjbnj Z h; jrj- O
j=1

We next present characterizations of matrices that factor strongly through the
Cesaro operator.

PROPOSITION 5.4. Let h € £°rr and suppose that hy # 0. The following statements
are equivalent:
(a) The operator T factors strongly through C and My,.
. . hja;
(b) a;j=0for j>i,a;= ’hal
(¢) The matrix of T looks as

hioy 0 0 0 0

hioy  hooo 0 0 0

hias hoas  hias 0 0

h1a4 h20[4 h30[4 h40[4 0 R
hias hoos hias haas  hsos

where (a,) € RN is such that (nw,,) € £%4.

Proof. (a) = (b) By Proposition there exists g € £ such that

o |5 <
ij = e ,
0 if j >i.
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Then a;; = g"li for all i and so a;j = h-;'l‘:” for every j < i. Also note that
(iaj1)i =h1g € £%9.
(b) = (c) Taking (&) = (92, we have that h ja; = ’1;3“ =aq;j forall j <i

and (nay,) = %(nanl) € 0%,
(c) = (a) Taking g = (ie;) € €°r4, it follows that
ihi .. .
I S S T
o ifj>i.

Then, by Proposition 5.3, (a) holds. O

If T factors strongly through C and M}, then there exists /; # 0 as T is nontriv-
ial. So, given 0 # h € £°r" and denoting jo = min{j € N : h; # 0}, similarly to
Proposition 5.4, we have that T factors strongly through C and M), if and only if
its matrix looks as

0o --- 0 0 0 0 0
o --- 0 0 0 0 0
0 -~ 0 hja 0 0 0
0 -+ 0 hjo hjri0 0 0
o --- 0 thOé3 hj0+1053 hj0+2(¥3 0
o --- 0 hjo()é4 hj0+10t4 hjo+20l4 hj0+3ot4

for some (a,,) € RN such that (na,) € €74 (note that the element /1 oty is posi-
tioned at the joth row and the joth column of the matrix).

6. Domination by Basis Operators and Representing Operators

As aresult of the active research in several branches of the harmonic analysis, a lot
of information is known about weighted norm inequalities for classical operators
on weighted Banach function spaces, mainly regarding weighted L” and Lorentz
spaces. The bibliography on the subject is extremely broad; we refer the reader
to [7] for the classical inequalities and to [2; 4] and the references therein for an
updated review of the state of the art. We will use also some concrete results and
ideas concerning weighted norm inequalities that can be found in the papers [1;
; 135 14].

We will show in what follows the characterization in terms of vector norm in-
equalities of what we call a representing operator for a Banach function space
X (w). This is essentially a modification of a basis operator F : L(u) — A (for
L () being another Banach function space and A a Banach space having an un-
conditional basis) that allows us to identify each function in X (1) with some easy
transformation of the basic coefficients of certain univocally associated function.
Our motivation is given by the fact that, although the coefficients are not associ-
ated with a basis of the space X (u), such kind of operator—which we will call
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a representing operator—allows us to find an easy representation of the functions
of the space by means of some basic-type coefficients. If F is a basis operator,
then we write (a; (f));2, € A for the basic coefficients of a function f, that is,

F() =@ (fNZ,.

DerINITION 6.1. Let X () be a Banach function space over u, and let £ be a
sequence space over the counting measure ¢ on N. Let B be a Schauder basis
of a Banach function space L(u) and suppose that the basic coefficients of the
functions of L(u) are in a sequence space A defined as the Banach lattice gen-
erated also by an unconditional basis of a Banach space. Consider an operator
T : X(u) — £. We will say that T is a representing operator for X (u) (with
respect to JF) if it is an injective two-sides-diagonal transformation of the basis
operator F.

Thus, technically, a representing operator is an injective map such that there are a
sequence g = (g;) € At with gj #0forall j € N and a function s € X ()W,
h # 0 p-a.e., such that for every x € X (u), the sequence T'(x) = (B(x);) € £ can
be written as

Bx)j=PjoT(x)=g;F(hx);=gjuj(hx),

where P; gives the jth coordinate of 7' (x); thatis, for the elements y € 2- X (1) C
L (), we have that

aj()=Fy),;=g; Bt~ y;.

Equivalently, for each x € X (1), there is a sequence (B;) € £ such that
x=T B =h""F (e B

ExaMPLE 6.2. (i) An easy example of the introduced notion is the so-called
generalized Fourier series. Consider p = 2, an interval [ of the real line,
the space L*(I) endowed with Lebesgue measure dm, and a weight func-
tion w: I — RT, w > 0. Note that the multiplication operator M, :
L?>(wdm) — L%(I) defines an isometry. Take a sequence of functions (¢,,),
belonging to L?(wdm) and such that the associated sequence (b,),, where
b, = w1/2¢n for all n, defines an orthonormal basis B in LZ(I), that is, it is
orthogonal, norm one, and complete. Note that this is equivalent to say that it
defines an orthonormal basis in the weighted space L?(w dm). Consider the
Fourier operator Fj associated with the basis B of L?(I). Then the opera-
tor T : L?(wdm) — €* given by T :=id,» o F3 0 M,/ is a representing
operator for L*(wdm).

Concrete examples of this situation are given by classical orthogonal bases
of polynomials in weighted L?-spaces. For example, for the trivial case of
the weight equal to 1 and the space L?[—1,1], we can define the func-
tions ¢, to be the Legendre polynomials, which are solutions to the Sturm—
Liouville problem and define the corresponding Fourier—Legendre series.
Other nontrivial cases, also for / = (—1, 1), are given by the weight functions
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w(x) = (1 —x%)"12(x) and w(x) = (1 —x2)/2(x) and the Chebyshev poly-
nomials of the first and second kinds, respectively. The Laguerre polynomials
give another example for I = (0, co) and the weight function w(x) =e™*.

(i) Take a function 0 < h € X(M)Lz(“) and consider a sequence 0 < A = (};) €
22, Let ¢ be the counting measure in N. Consider the space o) = {(ti) :
(Ai7;) € £'} with the corresponding norm 1@ llet ey = > |Aiti|. Then we
have that £2 < ¢! ()c), and so the space of multiplication operators (52)21 (e)
is not trivial. A direct computation shows also that (¢2)¢' ) = ¢2(2¢). Then,
forevery r = (1;) € 22(1%c) with 7; # 0 for all i € N, we have that the opera-
tor T : X () — £'(Ac) given by T(-) = tF(h-) is a representing operator for
the space X ().

Let J be a finite subset of N, and write P; : £ — ¢ for the standard projection on
the subspace generated by the elements of 3 with subindexesin J. If T : X (u) —
£ is an operator, then consider the net {P; o T =: T; : N D J finite}, where the
order is given by the inclusion of the set of subindexes, thatis, PjoT < Py oT
if and only if J C J'. By definition,

Tzli}nPJoT

as a pointwise limit. In what follows, we will characterize representing operators
in terms of inequalities using this approximation procedure and a compactness
argument. Thus, considering the basic (biorthogonal) functionals b; € L(w)’, i €
N, associated with the basis of L () that defines the Fourier operator that we are
considering. Let {¢; : j € N} be the unconditional basis of A and y; € £/, i € N.

Fix a function & € X (u)“™ and suppose that A is nontrivial. Assume that
the conditions are given to obtain that A* = (¢ )A (Am¢")*. The domination
inequality that must be considered in this case is given by the following expres-
sion:

n

Z(Z(hxi,bpe,-) Vi

n
> [ prorwides
i=1 i=1 \jeJ

= sup (ZZ (hx;, b iej, g)’,>)

8€Be \jo 1jel

Ant’

that is, we are considering the sequence (3"}, (hx;, b;-)(yl{)j)je] € At as the
functional of the dual of A* given by

<ZZ(hx,, (ej, yl)).A(—ﬂR.

i=1jeJ
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After taking into account the particular descriptions of the elements of the spaces
involved, we get the equivalent expression for the inequality

DN TG0,

i=1jeJ
n
< sup (ZZ<hxi,b;-><e,,(g,<y£>j)>)
8€Be Nio1 jeu

n
= sup (Z > thxi, b;->g,-<y£>,»),
8€Bye \iq jeJ
and so the initial inequality is equivalent to the following one:

n

DN TG () < sup (ZZa,-(hx»g,-(y;),-),

i=1jeJ 8€Bye Nic1 jeg

where o (hx;) = f hxib} du, j € J, are the jth Fourier coefficients of the func-
tion hx; associated with the basis B.

Thus the assumptions on the properties of X (1)“® and A’ provide the fol-
lowing:

THEOREM 6.3. Suppose that A and € satisfy that Amwl is saturated and
(Ame')* = A, and let h be a measurable function such that 0 < |h| € X (u)*®.
The following statements are equivalent for an operator T : X (i) — £.
(1) For every finite set J C N,
n n
DY T () <C sup (ZZa,-(hxog,-(y;),»)
i=1 jeJ 8€Bye \i—1 jeJ
forallxi,...,x, € X(w) and y|,...,y, €.
(ii) The map T is a representing operator with respect to JF, that is, there is
a sequence g € At such that (T(x)); =gj - ajlhx) for all x € X(u) and
j € N. In other words, T factors through F as

X(w) 1;’

M, M, (6.1)
Y

L(w) Fs Al

Proof. Let us see that (i) implies (ii). We can assume without loss of generality
that C = 1. Note that, as a consequence of Remark 3.3, the requirements on A
and ¢ provide the conditions on these spaces for applying Corollary 3.2. Indeed,
as we explained in Section 2, Ax ¢’ saturated implies that (A ¢) = AY", and this
is also a saturated space. Since, by hypothesis,

(Al C(Anl)* = A c AY = (An?Y,
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we have that (A ¢’) = (Am£')*, and so by the characterization of order continu-
ity we have that it is o -order continuous. This, as explained in Remark 3.3, allows
us to apply Corollary

By the computations previous to the theorem, we obtain that for each finite set
J, we have a norm one sequence g; € A’ satisfying that

PyoT(x)=gy - PjoF(hx).

Consider the net N := {g; : J C N finite}, where the order is given by the in-
clusion of the finite sets used for the subindexes. We can assume without loss of
generality that the support of each function gy is in J, that is, the coefficients
(g1)k of the sequence gy are O for k ¢ J. Since all the functions of the net are
in the unit ball, due to the product compatibility of the pair defined by A and ¢/,
we have that the net is included in the weak* compact set B (. Therefore it has a
convergent subnet Ay, that is, there is a sequence go € B ¢ such that
nlg\nfo gn =80

in the weak* topology given by the dual pair (Am€’, At).

Note now that for a fixed x € X (1), since we are assuming that £ has a uncon-
ditional basis with associated projections Py, we have

lim PyoT(x)=T().
JeN finite

Then
) JG./\I/’nf}nite soT(x) nel?fo noT(x) né%{)gn (hx) = go (hx)

This gives (ii) and finishes the proof, since the converse holds by a direct compu-
tation. O

Let us provide an example. Consider again Example 6.2(ii) and recall that
(62)81(“) = ¢%2(A2¢). Theorem gives that an injective operator T : X (u) —
£'()c) is a representing operator by means of the Fourier operator if and only if
for every finite set J C N,

n

DY TG () <C  sup (Z Zaj(hx,-)gj(y;),)

i1 jed 8€Bpg2y Nz jes
1
forall x1,...,x, € X(u) and y{,...,y, € £ (rc)".

REMARK 6.4. Let us gives some sufficient conditions for the product sequence
space appearing in Theorem to satisfy what is needed. Let 1 < p < oco. The
requirement on the pair £” and £ is

@) = @) = @),

For example, if ¢’ is p’-convex, then we have that £”7 ¢’ is saturated and thus a
Banach function space (see Proposition 2.2 in [16]). Moreover, the quoted result
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provides also the equality (under the assumption of saturation of the product)
Pty = (Wmery = ()" =)t
Consequently, if the product is order continuous, then we get the desired result.

Conditions under which this space is order continuous are given in Corollary 5.3
in [6]. If the norm of the product is equivalent to

12l ~inf {Inller - Iy lle s M =n-y,netl,y e},

then the space is order continuous if £’ is assumed to be order continuous (recall
that p > 1, and so 2P is order continuous too). Besides these sufficient condi-
tions, a complete characterization of order continuity in this case is given in [
Cor. 1]. The coincidence with the previous formula for the product space works,
for example, if £ is p-concave, since this implies that ¢’ is p’-convex, which, to-
gether with the p-convexity of £7, provides the result. Concrete examples for £7
spaces have been given in Example

7. Operators Associated to Trigonometric Series

Relevant historical examples are the ones associated with the Fourier series and

the corresponding Fourier coefficients. We finish the paper by explicitly writing

the results presented previously in this setting. We write X (-) for the ith Fourier

(real) coefficients of the function x with indexes in the set Z, writing the coeffi-

cients a,, associated with cos functions as x (i) with positive i and the coefficients

b,, for the functions sin as x (i) with negative i.

e Due to the Hausdorff—Young inequality, we know that for 1 < p < 2, the
Fourier transform F), : LP[—7, 7] — ¢ that assigns to each function the se-
quence of its Fourier coefficients is well-defined and continuous. The Fourier
transform is defined as 7> : L> — 2. Suppose that we want to check if a par-
ticular operator G : L?[—7, 7] — €2 can be extended to LP[—m, 7] through
Fp; that is, if there is a factorization for G, as

Ll-ma]— 2 g
A

i M,
v «7:[1 /
LP[—m, 7] > (P

for the operator G, for some multiplication operator given by a sequence A.
We have shown that this is equivalent to the following inequalities for the
operator G,: For all xq,...,x, € L?[—7, 7] and A; € £2,

DD Gk i

k=1i=1

n n r\ 1/r
scH(Zfi(kxmk) Z)&'(M(M)k) :
i=1

i=1

o

k=1
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e For 1 < p <2 again, Kellogg proved an improvement of the Hausdorff—Young
inequality, which assures that the corresponding Fourier coefficients of the
functions in L?” can be found in the smaller mixed norm space L2 e,
Fix 1 < p, g < 0o. The mixed norm sequence space L”9 was defined in [8] as
the space of sequences A = (1¢)>, such that

o q/p\ /4
||A||=< > ( > |Ak|"> ) <0,
m=—00 “kel (m)

where I(m) ={k € Z:2" ' <k <2™}if m > 0, I(0) = {0}, and I (m) = {k €
Z:-2""<k< —2_’”_1} if m < 0. It is easy to see that LP'2 EI’/, and so
we have a factorization for the Fourier map as

Fp

LP[-m, 7] — 2~ P

A

i i

Y K ,
LP[—7, 7] g = LP'2,

In Theorem 1 of [8], it is proved that the space of multiplication operators
(multipliers) from L7210 ¢7 can in fact be identified with £°° Consequently,
our results imply that for every finite set J C Z, the inequality

(ZZ@(;’)g,(M) ,~>

i=1 jeJ

YN (Fpxn)jp =C sup

i=1jeJ §&DLgo0

holds for all x1,...,x, € LP[—m, 7] and A/l, ..., A, € £P, which is obvious.
However, note that this is essentially a characterization, since any other oper-
ator G, from L” having values in a sequence space £ such that (LY 2yt = g
and satisfying these inequalities has to be necessarily of the form g - ), for a
certain sequence g € £*°.

e The Hardy-Littlewood inequality, also for 1 < p < 2, provides an example
of an operator H, sending the Fourier coefficients of the functions in L” to
a weighted ¢7 space. For 1 < p < 2, consider the weighted sequence space
P (W), where the weight W is given by W = (W,,) = (1/(n + 1)2=P). The
Hardy-Littlewood inequality can be understood as the fact that the Fourier op-
erator can be defined as H , : LP[—m, ] — £P(W) (see [1. S. 2], in particular,
Theorem B). Note that the multiplication operator M, : £ (W) — £ given by

2-p
the sequence y = ((1/(n+ 1) » ) defines an isometry. Therefore the factoriza-
tion scheme

LP[—7, 7] _rte op
A
i M,
Y H,
LP[—m, ] > (P (W)
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provides another example of the situation we are describing. Indeed, for every
multiplication operator M for T € P (W), we can give an operator T - H,,
satisfying this factorization. Our results implies that the class of all these op-
erators is characterized in the following way: if T : LP[—m, w] — £ satisfies
the inequalities

n n
DY T, <€ sup (Z PGS (A;)j)
i=1jel 8€B P Ni=1 jeJ

for each finite subset J C Zand all xy, ..., x, € LP[-27,2n]and A}, ..., A, €
7', then it has a factorization as the one above for a certain T € ePwt.

e Let us recall Example 6.2(i). A representing operator T : L?(w dm) — £ as-
sociated with a weight function w and an orthogonal basis 3 with respect to the
corresponding weight function was considered. It allowed a factorization as

L2(wdm) —T 5 g2
A
M i id
Y 7
L[] B = (2,

The corresponding vector norm inequality characterizing this factorization is

DN @) <C DY (T ) (),

i=1 jeJ i=1jeJ ¢
n
=C Y |2 Fw!xi); (),
jeJ'i=l1
for a given constant C > 0, for each finite subset J C N, and all x1,...,x, €

L>(wdm) and A, ..., Al € €2,
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