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Schauder bases and the decay rate of the heat equation

JOSE BONET, WOLFGANG LUSKY AND JARI TASKINEN

Abstract. We consider the classical Cauchy problem for the linear heat equation and integrable initial data
in the Euclidean space RN We show that given a weighted L?-space LY RNy with1 < p < coand a
fast-growing weight w, there are Schauder bases (en),cle in LY (RN) with the following property: given a
positive integer m, there exists n,,, > 0 such that, if the initial data f belong to the closed linear space of
ep with n > ny,, then the decay rate of the solution of the heat equation is at least # ~"”*. Such a basis can be
constructed as a perturbation of any given Schauder basis. The proof is based on a construction of a basis

of LY (RN, which annihilates an infinite sequence of bounded functionals.

1. Introduction

Given an integrable function f € L'(R") in the Euclidean space RV, N € N,
the unique solution of the classical Cauchy problem for the linear heat (or diffusion)
equation

du(x,t) = Au(x,t) forx e RV, >0 (1.1)
u(x,0) = f(x) forx e RV, (1.2)
—-N/2

has the decay rate ¢ for large “times” ¢:

lu(, )lloo := sup |u(x, 1] < Ct=N/?2

xeRN

(for simplicity, we will only consider the decay rates measured in the sup-norm of the
x-space). This follows directly from the solution formula

1 —Lix—y)?
u(e, ) =) = Foyy AN eTHT f(y)dy, (1.3)
where we write x2 := |x|? = Z;v:l sz for vectors x = (x1,...,xy) € RV and A =

ij:l 3]2 = 27:1 (9/dx;)?* for the Laplacian. For general initial data f € L'(R"),
which is not necessarily positive, cancellation phenomena may cause faster decay
rates. For example, in the case N = 1, if f is such that ffooo f(x)dx = 0, then a
simple argument shows that ¢’® f decays at least with the speed ¢!
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To describe our main result on decay rates, we fix a continuous weight function
w : RY — R* with symmetry w(x) := w(—x) for all x € RY. We assume w is fast
growing which means that

1
sup —— (1 + |x)™ <00 Vm € N. (1.4)
xeRN w(x)

Given p € [1, 00), we denote by LY (RNY the weighted L”-space on R endowed
with the norm

1/
1l o= (/R Felrweax) " (1.5)

Our main result, in addition to Theorem 2.2 on Schauder bases which annihilate
linear functionals, reads as follows (definitions related to Schauder bases are recalled
below):

THEOREM 1.1. Let 1 < p < oo and let the weight w satisfy the conditions above.
There exists a Schauder basis (en)g'; | of the Banach space LY @®RN) with the following
property: given m € N, there exists n,, € N such that any initial data f

F=3"" fuen € LLEY),

with the property f, =0 foralln =1, ..., ny,, has the fast decay property

C
1" flloo = oz 1fllp.w (1.6)

forallt > 1.

Moreover, if p > 1, given any Schauder basis (¢,),> ; of the space LY RN)Y and
an arbitrary 0 < ¢ < 1, one can find a basis (en);’lo=1 with the above described
property such that the linear map (change of basis operator) defined by Te, = ey is
an isomorphism from LY, (RN) onto itself satisfying

lid =T <e,
where id is the identity operator on LE,(RN) .

In other words, if initial data are included in the finite co-dimensional subspace
G, = sp(en : n > ny), then the corresponding solution decays at least at the speed
t~; leaving out finitely many coordinates in the Banach space of initial data makes
the solution decay fast. The subspace G, thus has an explicit description in terms of
the Schauder basis.

The last statement means that such a basis can be obtained as a “perturbation” of
any given basis.

REMARK 1.2. (a) We emphasize the functional analytic aspect of our result,
which, according to general experience, is also of importance when writing effi-
cient, stable numerical algorithms for solutions of partial differential equations.
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There is room for further research: for example, we have not tried to minimize
the numbers n,,, although this question would probably be relevant from the nu-
merical point of view. Also, we have not made an attempt to consider nonlinear
perturbations of the heat equation, although such considerations would no doubt
be well motivated in view of [11,21].

(b) By classical arguments, the heat kernel in (1.3) can be expanded as the series

77 =? 1 n
SR D ACON (17)

where H, are suitably normalized Hermite functions. If m € N, one can write a
given f, say, belonging to L%)(R) with w(x) = e_"z/z, as

m
f= anl SuHy + g,

where the coefficients f;, are chosen such that fR y'g(y)dy = 0 forn =
1,...,m. Then, the solution with initial data g has the decay rate (—m+D/2,
This known observation yields information resembling our result. However, it
does not give a general result on Schauder basis like Theorem 1.1, although it
might be used as a starting point for an alternative proof for some special cases of
weights, for which the Hermite functions are naturally related. We also mention
[6], Appendix A, where analogous results in the form of spectral decompositions
are derived for more general equations.

There is an extensive literature dealing with the decay rate of the solution to the
Cauchy problem of the heat equation. For example, precise decay rates in the linear
case have been considered in [2], although most of the recent research is concentrated
on semilinear or other nonlinear generalizations of (1.1)—(1.2). As a slightly random
sample, we mention the papers [3-5,8-10,13-15,17,18,23]; see also the monograph
[19] for an exposition. We especially mention the papers [1,10-12,20,21], where the
asymptotic large time behavior of the semilinear problem is considered by separating
the faster decay of terms with vanishing integrals. The paper [11] contains the state of
art in this direction and in fact has partially been a source of inspiration for the present
work.

As for the contents of our paper, in Sect. 2 we study shrinking Schauder basis
and introduce a generalization of the notion, which is necessary to deal with the
non-reflexive case p = 1. The main result is Theorem 2.2 concerning the existence of
Schauder basis annihilating given continuous linear functionals. In Sect. 3 we complete
the proof of Theorem 1.1 by using the results of Sect. 2.

We will use the following general notation. By C, C’, etc., we denote generic positive
constants, the exact value of which may change from place to place. The possible
dependence, say, on a parameter p is indicated as C,. By supp f we denote the support
of a function f and by sp(A) the linear span of a subset A of a vector space. Its closure
is denoted by sp(A). We write N = {1,2,...}, Ny = {0} UN, and R* = {x €
R : £x > 0}. The characteristic or indicator function of a set A is denoted by 14.
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We use standard notation L?(RY), L (0, 1), etc., for unweighted Lebesgue spaces.
Moreover, X * stands for the dual of a Banach space X, i.e., the space of bounded linear
functionals on X. The norm of X* is denoted || - | x+. The identity operator X — X
is denoted by idy. For a linear operator 7" between Banach spaces, ||T'|| denotes the
operator norm.

If X denotes a separable Banach space over the scalar field K (either R or C), we
recall that a sequence (e;)7>; C X is a Schauder basis, or briefly a basis, if every
element f € X can be presented as a convergent sum f = Y >, fue,, where the
numbers f,, € K are unique for f. For example, in a separable Hilbert space, every
orthonormal basis is a Schauder basis. There are many well-known constructions of
Schauder bases in classical Banach spaces; among them, the wavelet bases are the
most studied in the recent years. We refer to [16,22] for this topic.

2. On shrinking Schauder bases

Given a Schauder basis (e, )72

n € N by P, the basis projection

oo n oo
Puf = Pa( Do fre) = Y fiew, where f =" fiex € X,

[
n=1>

| of a separable Banach space X, we denote for every

The number K = sup,, || P, || is called the basis constant of (e;)
defining K is always finite, see [16].

the supremum

DEFINITION 2.1. Let x* € X*. We say that a Schauder basis (e,);; of X is
shrinking with respect to x* if
lim ||x* o (idx — Py)|lx+ = 0. 2.1)
n—oo
For a basis (en)ff’:1 of X, consider the biorthogonal functionals e} € X*, where
er(en) = émn (Kronecker delta); let W = sp{e} : n € N} C X*. Itis easily seen that
(e;)2 ; isaSchauder basis of W with the basis projections P, where P (x*) = x*o P,
for x* € X*. However, we have W # X* in general. We obtain that (e,)" | is
shrinking with respect to x* € X*, if and only if x* € W.

Definition 2.1 extends slightly the classical notion of a shrinking basis, see [16].
A basis (en)f;ozl of X is shrinking, if it is shrinking with respect to all elements in
X* in the sense of the preceding definition, i.e., if W = X*. In this case X* must be
separable. It is well known that every basis of X is shrinking, if X is reflexive. Again,
see [16] for more details.

The proof of Theorem 1.1 will be based on the following result.

THEOREM 2.2. Let x;;, € X* forallm € N, and let 0 < ¢ < 1. Assume that
(€n)52 | is a Schauder basis of X which is shrinking with respect to all x;,. Then, there
exists an increasing sequence (ny)5._, C N and a basis (e,);2 | of X such that

xy(en) =0 forall n> ny,. (2.2)
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If T : X — X is the linear change of basis operator with T e, = e, for all n, then we
have

lidy — Tl < e. 2.3)

Obviously, since 0 < ¢ < 1, condition (2.3) means that 7T is a bijection and the new

basis (en)fji | can be considered as perturbation of the given basis (En);'; I

For the proof of Theorem 2.2, we need the following elementary and well-known
observation.

LEMMA 2.3. Let (g,);,2 | be a basis of the Banach space Y with basis projections
0., n € N, and basis constant K. Moreover, let T : Y — Y be a linear operator
with ¢ :=|lidy — T|| < 1. Then (T g,)52, is a basis of Y with basis constant at most
K +c)/(—o).

Proof. By the assumption and the Neumann series, 7 is an isomorphism (linear home-
omorphism), and we have T-! = Z}Zio(idy — T)k, hence ||T_l < @a-= o)L
Moreover, | T|| < 1+ |lidy — Tl < 1+c. Hence, (Tg,);2, is a basis of Y with basis
projections T P, T~! and basis constantat most K || T|| || T~} < K(14¢)/(1—c). O

PROPOSITION 2.4. Let (8,);°, be a basis of the Banach space Y with basis
projections Q,, n € N, and basis constant K. Moreover; let L, M € N and assume
that yy, € Y*, m € N, satisfy

Yilday—0uyys -+ Yulday—opyy =0
and

Jim 1y lddy -y Il = O for all m. 2.4
Then for any § > O there is a basis (gn),>, of Y and an index N > L with

gl’lzgﬂ5 n=17'-'aN7
Yys1(gn) =0 if n >N, yi(g) =0 fork=1,... . Mandn > L+ 1,
2.5)

and
lidy — S|l <6 (2.6)

for the linear operator S : Y — Y with Sg, = g, for all n € N. The basis constant
of (gn)y2 is at most K (1 + ).
Proof. If y;{} +1|(idy_Q )y = 0 then we can take g, = g, for all n. Otherwise let
N > L be large enough and put
b laay—omr |
Iyys1lcon—onrll
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According to (2.4), we can choose N so large that

1+ +K)p

(K +1)p < min(3, 1) and K (m

) < K(1+459). 2.7)
In fact p can be made arbitrarily small since the denominator in the definition of p goes
to ||yy;411Gdy — QL)Y |l > 0if N tends to oo, while the numerator tends to 0 in view
of (2.4). Wefindx € (Qn — Q)Y with ||x[| = Land yy,  , (x) = ¥y, lcon—0p)¥ I
(Take into account that (Qn — Q)Y is finite dimensional.)

Put Sf = fif f € OyY and

. y}T/I-Q—l(g)
1yir+1lcon—onr |

Sg=¢g x ifge (dy — Qn)Y. 2.8)

Then we have

If+&=S(f+oll=lg—Segl =plegl=p(K+DIf+gl <dlf+zl.
(2.9)

9]

Let g, = Sg, for all n. According to Lemma 2.3 and in view of (2.7), (gn); 2, is a
basis of Y with basis constant smaller than or equal to

K<1+(K+1)p

1—(K+1),o> < K({1+9).

Formula (2.8) yields yj{,,H(gj) = 0if j > N. Moreover, since x € (idy — Q1)Y,
we have y,’:(gl) = 0fork < M,l > L + 1. Together with (2.9), this proves the
proposition. O

Conclusion of the proof of Theorem 2.2. Consider 8, > 0 such that

o] m—1 00
81 + Zm:Z <1_[k_1 (I+ 8k)> Sn <&, and Knn:1(1 + 8,) converges.

Then, we use induction and apply Proposition 2.4 as follows.
We start with the basis (€,);2 | =: (e,(ll))f;’;l and n; := 0. If we are in the step m,
and we already have the indices ng, k < m, and a basis (e,i’“);o | with basis constant

at most -
m—1
KT, (+30,

such that x;/ (e,(zm)) = 0 for all n > ny and all k < m, then we apply Proposition 2.4

with g, = e™, L = n,y, M = m and § = §,,. This yields an index N > n,, and a
basis (e,(lmﬂ))flo:] with basis constant not larger than

K[,_ A+
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such that, in view of (2.5), ef,mﬂ) = ef,m) forn < N and x*(e,gmH)) = 0 for all

n > N. We obtain
||1dX - Sm+l|| = 8m+1
for the linear operator Spys1 : X — X with Spiriel™ = e for all n. Put
nm+1 = N and continue the induction.
At the mth step of the process, the first n,,, elements of the basis remain unchanged
so that we end up with a basic sequence (a Schauder basis of its closed linear span)
(en);’f:l with basis constant at most

K]_L:(l +80)

and such that (2.2) holds. In view of (2.6) the linear operator 7 : X — X with
Te, = e, for all n satisfies

lidx — Tl < [lidx — S1 + S1 — 2851 + 281 — 35851 + -+ - |l
. 00 . m—1
< llidx = Stll + ) " llidx = Sl [T _, ISkl

o) m—1
<8+ Zmzz (]_[k:1 (1+ 3k)> Sm < e.

If we choose ¢ < 1, then T is surjective and (e,,);;2 ; is a basis of X with the required
properties. 0

3. Proof of Theorem 1.1

We start the proof of Theorem 1.1 by some preparations. Given a measurable func-
tion g on RY, we denote by @, the functional

D (f) = /RN g f(ydy,

which is defined for measurable functions f on R" such that the integral converges.
Let us first show the following result.

THEOREM 3.1. Let1 < p < oo and let forallm € N the functions h,, : RN — R
be measurable such that, if p > 1,

[Am (V)P \ 1/ (P=D

orifp=1,

all hy, /w are continuous and can be continuously

extended to [—o0, co]V. 3.2)
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Then, every ®y, defines a bounded linear functional on LY @RN), and there are a
Schauder basis (en)flo:1 of Ly RN) and indices ny < np < --- such that

W)= [ hn(en)dy =0 forall = m,.
Moreover, if p > 1, a basis (&,);°

above mentioned basis (e;)52 | can be chosen such that

| C X is given and ¢ > 0 is arbitrary, then the

lidx — Tl <e, (3.3)
where T : X — X is the linear operator defined by with T e, = ey, for all n.
Proof. If p > 1, then (3.1) implies, for every f € L5 (RV),

hy
[ o] = [ B oy
RV rY w()/P

A (V)P|\1/(p—1) (p=D/p 1/p
f(f (—| o ') ’ dy) ( / If(y)l”w(y)dy> (3.4)
RV N w(y) RN

in view of the Holder inequality. This means that @, is a bounded linear functional
on LZ (RM). Since L% (RY) is reflexive, the theorem follows from Theorem 2.2.

Let us deal with the case p = 1. We consider the Haar system (e,)52 | in LY, D),
where e¢; = 1 and

1, ifre[(2j—2)27%1 2j — D27+ 1,
ey (1) =1 —1, ifrel@2j—D27%1 @227+,
0, otherwise,

fork =0,1,2,...and j = 1, ..., 2k Tt is well known that the Haar system is a
Schauder basis for L1 (0, 1) with basis constant 1. Put

J—1
Agkyjy = [2_k’ z_k]

Then, we have 14, = e1,14, = (e1 +€2)/2 and 14, = (e] — e2)/2. By induction we
see that any element 14, is a linear combination of the Haar functions e,,.

It is well known that there is a linear order on the indices « = (ny, ..., ny) such
that the functions i, with

ﬂa(sl’ "'7SN) = enl(sl) T 'enN(SN)a (Sls "'7SN) € [07 l]N

form a Schauder basis of L!([0, 11¥) whose biorthogonal functionals are, up to con-
stant factors, the functionals W;  with

Wi (f) = / o (5) £ (5)ds
[0,1]N
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and [|W;, || = llite oo, see [7]. We obtain that all functions of the form lAk1 X x Ay
are elements of the linear span of the basis elements i,
Now define y :]0, 1[N—> RY by

y(s) = (tan (w(s1—27h), ... tan (m(sy — 2*1))>, fors = (s1,...,sy)

and

T

1 (N
Py for f € L, (R™).

$HE = Feewyen ]

Then, S is an isometric isomorphism between L%U (RN) and L' ([0, 11V). Since

N w(y(s))

we obtain @, (f) = Wp,0p/woy (Sf). In view of the assumptions (3.2), the function
hy o y/w o y can be continuously extended from ]0, 1[N to [0, 1]V and hence is
uniformly continuous there. Therefore, we find, for every ¢ > 0, a linear combination
g of the functions lAk1 XX Ay with ||g — hy oy /w o ylleo < €. Hence Wy, 0p /woy
are elements of the norm closure of the linear span of the biorthogonal functionals of
(fiy). This means that the basis (it ) is shrinking for the functionals W}, ) /woy - Then,
Theorem 2.2 yields a basis (u,)5° ; of L'([o0, 1]N) and indices n| < np < --- such
that Wy, 0y jwoy (Uy) = 0if n > ny,. Pute, = S~ 1y,. Hence, (en)n=1 is a basis of
L}U(RN ) which satisfies the assertion of the theorem in view of (3.5). O

/ (0 f (1) dy = / P ©) (g y(5)ds, (3.5)
RN [0,1]

We now return to the proof of Theorem 1.1. Fix x € RV, ¢+ > 0 and put
g() =exp(—y?), &) = g((x - y)/x/@), y e RY. (3.6)

For any o € Nf)v , we have

( ) o
"8 = a9 (0= )/ V). (3.7)
Let us denote by m(«) € Ny an ordering all multi-indices « such that in particular
m(x) < m(B) for all o, B with |e¢| < |B]|. Then, we define for every m € Ny the
functions h,,,

hu(y) =%, yeRN, (3.8)

where « is such that m = m(«).

It follows easily from the choice of the weight in (1.4), that the functions #,, satisfy
the assumptions of Theorem 3.1 so that &, are bounded functionals on LY (RN) and
we find a Schauder basis (e,,)OQ , of Ly (RN) and indices v; < vy < --- such that

Dy, (e,) =0 foralln > v,. 3.9)
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We define the numbers n,, appearing in the theorem, as follows: if m(«) is the largest
number under the condition || < m, then we set

Nm ‘= Vm(a) (3.]0)
Thus, the choice of the numbers m () and (3.9) implies that
D) (ey) =0 foralln > n,,, all o with |a| < m. (3.11)

The statement about the change of basis operator in Theorem 1.1 follows from (3.3).
There remains to show the fast decay property (1.6). Let us fix an arbitrary 71 € N.
The multidimensional Taylor formula yields a function y(y) such that

D%, (0) D%, (YY) o
&) = Z\a|<rﬁ Ty + Z|a|:n~1 T)’ . 3.12)
For o with || = m, we obtain constants ¢z (in particular independent of 7), such that

D (y(y) Cii
sup | ————| <

" =G (3.13)

X,y

since g is the Gaussian function. Now let f = ann,; foen € LE(RN). We get by
(3.12)

led f(x)| =

Qnt)N/2

f 8x (y)f(y)dy‘
RN
1

_ D%g,(0)
- Qut)N/? Z|ot|<ﬁ a—)!ccbhm(a)<zn2nﬁ fnen)

D%g(y(y) 4
+Z|a\:ﬁ /RN T f(y)dy‘ (3.14)

Here, due to (3.11), only the last line is nonzero, and if p > 1, it can be bounded using

(3.13) by
D%gx(¥(y))

> <
la|=m $(N+i)/2 RN !
Cci N
: Z\alzﬁ t(N—I——rﬁ)/Z/RN Y5 f(n)1dy

CC,% o _ 1/q 1/p
= D arci —,(N+n~1>/2( fRN ()~ /Pay) /R _wMIfO)IPdy)

A

¥ F)]dy

m
m”.f"p,w

where C% and C are constants, g is the dual exponent of p and the last but one integral
converges by (1.4). The modification for the case p = 1, ¢ = oo is obvious. This
yields (1.6) since 7 can be chosen arbitrarily large. 0
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