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ABSTRACT 

 

The problem of saturating inputs is a common issue in control engineering practice. Control 

algorithms with integration of the control error are often applied in industrial systems and the 

actuators of those systems are typically limited. For example, a motor has a minimum and a 

maximum torque he can be operated within. If the controller wants to exceed these physical 

limits over a longer period, so called Windup effects occur. These Windup effects can cause 

severe performance losses or even instability of the plant. The idea is to counter these effects 

with the implementation of Anti-Windup (AW) methods. While various approaches exist for 

single-input-single-output (SISO) systems, the task of Anti-Windup design becomes more 

complex for so called multi-input-multi-output (MIMO) systems.  

 

The purpose of this Bachelor Thesis is to implement a state-of-the-art Anti-Windup observer-

based design method from literature. The proposed design scheme shall be investigated based 

on a common three tank system and the performance of two controller, one with AW and one 

without, are to be compared. 
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1. Introduction - The Windup Problem 

Windup is defined as the undesired behaviour a system shows when it has been designed in a 

way that ignores the effects of saturation leading to large oscillations and instability. It is caused 

by the combination of the integral action in the controller and the saturation of the actuators of 

the system [1, 3]. Given a system with a controller based on state vector feedback with 

integration of the control error, Windup provokes the rupture of the feedback loop, the system 

behaves as in open loop and the controller loses the function and purpose for which it was 

designed [4]. 

To understand this phenomenon, it is necessary to define the concept of saturation in this 

context. Actuator saturation materializes when a controller demands a signal that is beyond 

what the actuator can actually deliver [1]. For a control system with a wide range of operating 

conditions, it may happen that the control variable reaches the actuator limits [3]. All actuators 

have technological and physical limitations. Valves have a minimum and maximum aperture, 

pumps can achieve up to maximum pressure and power cables can admit up to a certain amount 

of current. For instance, giving the command (pressing a button in a device) to a speaker to turn 

music louder when it cannot admit more electrical current, will not make the sound more 

intense. The system now is saturated as the actuator has reached its limit and maximum 

performance. The coil that provokes the vibrations that are transformed into sound waves will 

not generate a bigger magnetic field than the produced by the maximum current that is actually 

going through the coil, without regard on how many times the button in the device is pressed. 

 

Hence, there are situations where saturation is inevitable. When it takes place in a system where 

there is a controller with integration of the control error to remove the steady state error, 

Windup problems appear. The systems designed should be prepared to deal with large 

references that they cannot fulfil and saturations leading to Windup. It must be guaranteed that 

the controlled systems behave coherently, even if due to their limitations they will never reach 

the reference the controller aims to achieve [6]. 

To illustrate how Windup appears, suppose a system with a certain limitation of the actuator. 

Once the input command reaches the saturation limit, the actuator will not be able to increase 

its performance, it will work at a maximum constant value. Nevertheless, there is still control 

error, as the system is not fulfilling the reference input, and it is not going to be able to reach it. 

Hence, the integral error keeps increasing while the actuators work at full capacity while they 

receive orders of increasing its performance, without being able to do it. This is what we call 

Integral Windup. The authentic problem materializes when there is a change in the reference to 

a lower value. The error starts decreasing and the controller should decrease the value of the 

actuator. It will do so from a very high value as the error had been increasing all the time the 

actuators were saturated (this is what we have called Integral Windup) and so the controller 

command will actually begin to decrease but it will do so from a such a high value that a delayed 

response of the system is obtained. Until the controller commands return to values that are 

below saturation limits, the output remains unchanged [2, 3, 4]. 

The straight-forward solution could seem to provide the system with actuators powerful enough 

to never reach saturation for a certain application. This solution is not practical nor economically 
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and technologically feasible in most industrial applications [1]. It would mean large, expensive 

and energy consuming actuators for systems that do not need such complexity at most of its 

operating time and applications. Also, even if very powerful actuators were implemented, it 

cannot be totally assured that extraordinarily large signals will not punctually appear, causing 

an undesired response. Anti-Windup is the most effective and efficient way of preventing this 

phenomenon.  

Anti-Windup systems are meant to reduce the time that it takes to reverse the Integral Windup. 

This Bachelor’s thesis will be focused on implementing a type of Anti-Windup that modifies the 

controller equation and not the system itself [2].  

According to [6] the Anti-Windup methods can be classified in two groups. First, in the one-step 

approach, a controller is designed from the ground up considering both the saturation 

constraints and the closed loop performance. This approach has been widely used and studied 

but it is criticized because its design it is not intuitive and it is not always applicable.  

In this thesis, the second approach is to be developed. The objective is to add a separation to 

the controller that will be called Anti-Windup observer, addressed to handle the constraints. It 

intervenes only when there is saturation modifying the closed loop.  Otherwise, the controller 

works as if no Anti-Windup was implemented. One important advantage of this approach is that 

it can be implemented in existing controllers that have a very good performance in certain 

applications but have an awful performance in presence of actuator saturation [6]. 
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2. The model 

2.1. State space models 

The implementation of the Anti-Windup system in this thesis is applied to a state space model 

MIMO based on a three-tank system. MIMO models make the Windup problem more complex 

but also allow accurate representations of real dynamic systems. MIMO state-space models are 

defined as systems with multiple inputs and multiple outputs (instead of one input and one 

output as in the so-called SISO systems) that use a set of internal variables known as state 

variables to mathematically describe a physical system by a set of first-order differential 

equations. [8, 7].  

The continuous-time state-space equations for the state-space models are:  

  �̇� = 𝐴𝑥 + 𝐵𝑢 + 𝐸𝑧;     𝑥(𝑡0) = 𝑥0         (2.1) 

                                                              𝑦 = 𝐶𝑥 + 𝐷𝑢 + 𝐹𝑧                                                                      (2.2) 

Where 𝑦 is the output vector, 𝑥 the state vector and 𝑢 the actuator vector. The output vector 

represents the variables of interest.  Also, the actuator vector is significant in this thesis because 

is the variable to which saturation will be applied. Furthermore, the state vector contains the 

state variables, which are the minimum set of variables that describe the system completely. 

The variable 𝑧 is the disturbance vector [7, 9]. Disturbances are not considered in this thesis 

because it is going to focus on the Windup problem originated by the reference input. This 

results in: 

 �̇� = 𝐴𝑥 + 𝐵𝑢;     𝑥(𝑡0) = 𝑥0           (2.3) 

  𝑦 = 𝐶𝑥 + 𝐷𝑢                                                                   (2.4) 

Where 𝐴 is the system matrix and 𝐵 is the input matrix. Both are determined by the structure 

and properties of the system. On the other hand, 𝐶 is the output matrix and 𝐷 is the feedthrough 

matrix. These matrices depend on the choice of output variables [3, 9]. 

 

Unlike other model representations based on an input-output description of the system, state 

space models allow to work with MIMO systems and to understand models and simulations in 

a deeper way. As the representation is done using ordinary differential equations, the way the 

system changes in an instant of time is function of the current state of the system in that 

moment and the input vector. However, the most important advantage that state-space 

representation draws is that all the considered states of the system are represented, and the 

internal variables of the plant can be tracked at all time providing information of the internal 

structure of the system and its dynamics. [7, 9, 10]. 
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2.2. The three-tank system 

To illustrate the effects of saturation of the actuators, Windup effects, and the change in 

behaviour when Anti-Windup is implemented, different reference steps are applied in the 

following chapters to a three-tank system model. An approximate scheme of this system is 

represented in Figure 1. 

 

 

Figure 1. The three-tank system [11]. 

The key elements of this system are three interconnected tanks and two pumps. The actuator 

vector consists on the command values 𝑄1 and 𝑄2. These are the fluid volume flows provided 

by pumps 1 and 2.  On the other hand, the state vector is composed by the height level of the 

three tanks although only two of the three heights can be controlled, the height of fluid in tanks 

1 and 2 (ℎ1 and ℎ2 respectively). These two controlled heights form the output vector. The initial 

values for these variables are 24 cm and 35 cm, respectively. The model is linearized around this 

point, the operating point. 

The behaviour of each pump and the fluid height in each tank will directly influence the 

behaviour of the other elements in the system as they are all interconnected.  

 

 

 

2.3. Controllability and observability 

In chapter 3 a controller for the system will be designed. Later, in chapter 5, modifications based 

on an observer model will be applied to this controller to tackle the Anti-Windup problem. For 

this controller and its posterior modification to work, two important concepts are to be checked: 

the controllability and the observability of the system.  

Controllability determines whether from an initial state, each state variable, and each 

combination of state variables in the system is possible in a finite time employing the inputs. 

[12, 13, 14]. This concept is defined in [7] as: 
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“The LTI (Linear Time Invariant)-MIMO system 

 

�̇� = 𝐴𝑥 + 𝐵𝑢;  𝑥(𝑡0) = 𝑥0          (2.5) 

 

is called completely state controllable if by an appropriate choice of the unconstrained control 

vector 𝑢(𝑡) in a finite time interval 𝑡0 ≤ 𝑡 ≤ 𝑡1 each initial state 𝑥(𝑡0) can be converted into any 

state 𝑥(𝑡1).”  

 

The state controllability depends on the matrices 𝐴 and 𝐵 and can be studied through two 

criterions defined in [7]. Being 𝑛 the length of the matrix 𝐴: 

 

The Kalman controllability criterion states that the system (2.5) is fully state controllable if: 

 
𝑟𝑎𝑛𝑘 ([𝐵 𝐴𝐵 𝐴2𝐵 … 𝐴𝑛−1𝐵]) = 𝑛         (2.6) 

 
The Hautus controllability criterion states that the system (2.5) can be completely controlled if 

it is fulfilled that: 

𝑟𝑎𝑛𝑘 ([𝜆𝑖𝐼 − 𝐴 𝐵]) = 𝑛          (2.7) 
 
Where 𝜆𝑖 are all the eigenvalues of the matrix A, being 𝑖 = 1, 2, … , 𝑛. 
 

On the other hand, observability determines whether there is enough information in the 

measurements so that each state in the state vector can be known from the outputs [12, 13, 

14]. In a more formal way, observability is defined in [7] as:  

“The LTI multivariable system 

�̇� = 𝐴𝑥 + 𝐵𝑢;  𝑥(𝑡0);  𝑥(𝑡0) = 𝑥0                (2.8)                                        

𝑦 = 𝐶𝑥 + 𝐷𝑢            (2.9)

                        

is called fully state observable if from the knowledge of the input 𝑢(𝑡) and the output 𝑦(𝑡) 

in a finite time interval 𝑡0 ≤ 𝑡 ≤ 𝑡1 each initial state 𝑥0 can be uniquely determined.” 

It depends on the state matrix A and the output matrix C. Also, two criterions defined in [7] can 

be applied here: 

 

According to the Kalman observability criterion, the system (2.8) and (2.9) is only fully 

observable if: 

 

        𝑟𝑎𝑛𝑘 ([

𝐶
𝐶𝐴
⋮

𝐶𝐴𝑛−1

]) = 𝑛    (2.10) 

 
The Hautus observability criterion guarantees that the system (2.8) is fully observable if the 

condition: 

 

        𝑟𝑎𝑛𝑘 ([
𝜆𝑖 − 𝐴

𝐶
]) = 𝑛    (2.11) 
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Is true for all the eigenvalues 𝜆𝑖 (𝑖 = 1,2,… , 𝑛) of the matrix A. 

If both observability and controllability are fulfilled, the system can be handled with feedback 

and observer controllers. It can be assured that with the right design the system will be able to 

reach a stable steady-state. Otherwise, despite an extraordinary effort to design an effective 

controller, the system would not respond as desired.   
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3. Design of the controller 

Before tackling the Windup problem, a feedback controller with integration of the control error 

is designed [7]. Pole placement is the method used to implement this controller and achieve 

stability of the three-tank system. The poles of the original system are defined by the 

eigenvalues of the matrix 𝐴 in (2.1), that contains the information about the dynamics of the 

system, and their location determines the stability of the plant. In order to move the poles to a 

location where the system becomes stable, pole placement is used [15]. Through this method, 

a gain matrix 𝐾′ is obtained and used to compute a new state matrix 𝐴′, with different 

eigenvalues than the original state matrix that represents the new system matrix with the 

defined poles for the closed-loop system after implementing the controller. It is obtained: 

    𝐴′ = 𝐴 − 𝐵𝐾′           (3.1) 

To work with this approach and design the controller, it is needed to work with the extended 

state equations. Firstly, the state equations defined in the previous chapter, without considering 

disturbances are: 

   �̇� = 𝐴𝑥 + 𝐵𝑢;     𝑥(𝑡0) = 𝑥0                        (3.2) 

  𝑦 = 𝐶𝑥 + 𝐷𝑢                                                            (3.3) 

Secondly, a new variable is introduced:  

 𝑝(𝑡) = ∫ ((𝑦(𝜏) − 𝑤(𝜏))𝑑𝜏
𝑡

0
                       (3.4) 

It can also be defined as:  

                                                   𝑝(𝑡) = 𝑦(𝑡) − 𝑤(𝑡) = 𝐶𝑥 + 𝐷𝑢 − 𝑤         (3.5) 

Where 𝑤 is the reference input to the controller and 𝑢 the input to the plant. With the state-

space equations and the new variable 𝑝, the extended state equation is constructed as:  

 �̇� =  [
𝐴 0
𝑐𝑇 0

] 𝑠 + [
𝑏
0
] 𝑣          (3.6) 

Where: 

    𝑠 = [
𝑠1

𝑠2
] = [

𝑥 − 𝑥𝑠

𝑝 − 𝑝𝑠
]                                                     (3.7) 

              𝑣 = 𝑢 − 𝑢𝑠                        (3.8) 

     �̇� = [
�̇�
�̇�
]                                                             (3.9) 

Applying pole placement to the extended equations of the system, a matrix 𝐾 is obtained. It can 

be decomposed in two matrices:  

           𝐾 = [𝐾𝑇 𝐾𝑤]        (3.10) 

The matrix 𝐾𝑇 is the scaling term for the steady state error and is composed by the first columns 

of the matrix 𝐾. The number of columns depends on the dimension of the state vector 𝑥. This 

means, the number of columns of 𝐾𝑇 must match the number of states. The remaining columns 

of the matrix 𝐾 compose the matrix 𝐾𝑤, which is the gain matrix. 
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 With these two matrices and introducing an integrator, the following control law is obtained:  

                                                 𝑢 = −𝐾 [
𝑥
𝑝] = −𝐾𝑇𝑥 + 𝐾𝑤 ∫ (𝑤 − 𝑦)𝑑𝑡

𝑡

0
                    (3.11) 

The closed loop continuous-time state-space model that is obtained and to which saturation will 

be applied is represented by the following equations: 

      �̇� = 𝐴 − 𝐵𝐾𝑇𝑥 + 𝐵𝐾𝑤𝑤                     (3.12) 

      𝑦 = 𝐶 − 𝐷𝐾𝑇𝑥 + 𝐷𝐾𝑤𝑤                     (3.13) 

In this case, to assure closed-loop stability it is necessary that the eigenvalues of 𝐴 − 𝐵𝐾𝑇 are 

placed in the left-half plane. In Figure 2 poles are marked by x and it is shown that all of them 

are located in the stability region.  

 

Figure 2. Stability of the closed-loop represented in a pole-zero map.  
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4. Simulation with saturation of the actuators 

In this chapter the controller designed in the previous chapter will be implemented to the 

system, obtaining a closed-loop feedback system, and saturation will be applied to the actuators. 

The aim of this chapter is to analyse the effect of different saturations in the system with a 

feedback controller before and after Windup appears.  

4.1. Simulation without Windup 

The initial heights of tanks are 24 and 35 cm, being ℎ0 = [24 35] cm. The changes in the 

reference in this chapter will be the same in all plots. From the operating point the reference 

signal increases these heights by 1.2*ℎ0, then decreases to the 0.8*ℎ0 value and then returns 

to the initial value. First, without having applied saturation, the changes in the level of the water 

in the first and second tanks respectively can be observed in Figure 3. It is represented the fluid 

height level in Tank 1 and Tank 2 respectively for 160 seconds of simulation, facing the small 

changes in the reference described above.    

 

Figure 3. Comparison of the reference and the output of the system without having applied 

saturation with small reference changes. 

 

With the designed controller and without saturation, references are smoothly reached by the 

system in a short span of time. On the other hand, in Figure 4 it can be observed that the actuator 

signal 𝑢 has no restrictions, the actuators operate without limitations. They work until the 

output matches the reference. When this happens the signal turns zero and the actuators stop. 

In this modelled system, the actuator 2 has to keep acting at some points at a constant level to 

maintain the desired height, while the actuator 1 stops. In this simulation, where no saturation 

has been applied yet, the actuators rise up to the value that is needed to achieve the reference 

and this is why good results are obtained in the output. It should be noted that the negative 

values that can be observed in Figure 4 are not physically possible. They correspond to the 

assumed hypothesis that the pumps could subtract flow from the system. 
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Figure 4. Plot of the input signal when no saturation is applied with small reference changes. 

 

 

 

4.1.1. Simulation with a saturation of 20 
𝑐𝑚3

𝑠
. 

In this chapter, saturation to the input is applied. The volumetric flow the pumps can provide 

has been limited to -20 and 20 
𝑐𝑚3

𝑠
. As in the previous section was stated, the negative values 

are not possible and, in this chapter, have been represented in absolute values so that the 

minimum value that they reach is zero.  The input to the three-tank system (the actuator vector 

𝑢) is plotted in Figure 5. A comparison between the input with and without saturation has been 

made to illustrate the effect saturation has on the performance of the actuators. It is in contrast 

to what the pumps should be delivering so that the system worked properly, and what they 

actually provide due to their limitation. Instead of an input command that stops after a short 

period of time, it can be observed that, when compared to the input without saturation, the 

saturated one stays at a constant value for a longer time until the reference is reached by the 

output.  
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Figure 5. Comparison of the input signal with and without saturation. Example 1. 

 

On the other hand, the effects of saturation in the output can be appreciated in Figure 6. 

References are reached by the output but they do so in a big span of time and it presents 

unnatural oscillations.  

 

Figure 6. Comparison of the reference and the output with saturation. Example 1.  
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4.1.2 Simulation with a saturation of 15 
𝑐𝑚3

𝑠
 

The behaviour of the system and the stability become worse while the input saturation 

increases. A saturation of 15 
𝑐𝑚3

𝑠
 is applied to illustrate how, while the performance span of the 

actuators is smaller, the oscillations and instability become bigger. In Figure 6 it can be observed 

that the peaks in the output before reaching the reference are bigger than in the previous plot 

where a saturation of 20 
𝑐𝑚3

𝑠
 was applied.  Although in general the behaviour follows the same 

pattern in both cases, more saturation however leads to worse results in the output and in more 

unstable input commands as is illustrated in the Figures 7 and 8.  

 

Figure 7. Comparison of the reference and the output with saturation. Example 2.  

 

 

Figure 8. Comparison of the input signal with and without saturation. Example 2.  
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4.1.3. Comparison of outputs 

To sum this up, Figure 9 presents a comparison of the different outputs obtained in the different 

situations and the reference the controller aims to reach. In all cases the reference is reached 

within 40 seconds (this would not happen if Windup effects appeared) but the oscillation and 

the settling time are greater as the saturation is increased. The system would become even more 

oscillating and unstable if we kept on reducing the performance of the actuators until Windup 

effects appeared. This will happen whenever the actuators have no longer the capability of 

reaching at least one of the references due to an incompatibility between the value that is to be 

reached and a too low performance of the actuators. 

 

 

Figure 9. Comparison of the reference and outputs applying different saturations. 

 

 

 

4.1.4. Control error when saturation is applied 

The control error is the difference between the output and the reference at every time. It is 

important to study it, as it plays an important role in the undesired behaviour of the system with 

saturation. The objective of the controller is setting the control error to 0. Whenever this 

happens, it means that the reference input and the final output are the same. Nevertheless, 

when the control error is different from zero the actuators will receive orders of increasing its 

performance, eventually leading to Integral Windup. Two cases are evaluated in Figure 10: the 

control error when the system is saturated and when it is not. 
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Figure 10. Comparison of the control error with and without saturation. 

 

It can be noticed that in both cases for the reference used in this chapter, after each step, there 

is a certain control error that decreases after a few seconds, eventually getting to 0.  In the case 

where no saturation occurs, the control error disappears after a short time, the settling time in 

the output is short and no overshoots emerge. In the case when saturation occurs, the control 

error also gets to 0 eventually but, unlike the non-saturated one, it is greater and it oscillates 

more as a consequence of this saturation. The system also needs more time to get to the point 

where reference and output match.  

 

 

 

4.2. Simulation with Windup 

So that Windup effects can be observed, the references have to be big enough so that the 

actuators of the system do not have the capability of delivering an outcome that reaches them. 

In the previous simulations saturation was applied to the system but Windup effects could not 

be appreciated because the reference steps were small and the actuators were still capable of 

achieving the desired output despite oscillation. The reference signal used in this part is bigger 

than the used before. The reference increases the initial heights in 24 and 35 cm, then, from 

that point, decreases the tank heights in 48 cm and 70 cm, respectively (emptying the tanks) and 

then returns to the initial value.  

It is important to highlight that the lower input saturation in all cases in this chapter is limited to 

-18 cm^3/s to make the analysis physically feasible. Also, in order to simplify the study of the 

system, negative values in the input mean that the pumps would be able to subtract fluid from 
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the tanks. Also, the input and output plots are all expressed in means of absolute values. An 

input saturation of 25 cm^3/s is now applied. The input value is significantly shortened with the 

saturation applied compared to what the system demanded without saturation as showed in 

Figure 11. This difference can be specially appreciated in the second 200. At this point as well as 

in the second 400, the input ignores the fact that there has been a step change in the reference 

and stays at its maximum value for longer than it should be. 

 

Figure 11. Windup example. Comparison of the input with and without saturation. 

 

The behaviour of the input is a consequence of the control error. Windup appears because of 

the interaction of the saturation in the actuators and the integral action in the controller. Once 

the actuators arrive to their saturation limit, they perform at a maximum constant value. 

Nevertheless, as it can be observed in Figure 12 that the control error keeps increasing. This 

means that the actuators are asked to increase its performance without being able to do it. 

When the reference changes to a lower value, the control error starts decreasing but it does so 

from such from a value over zero so the actuators do not receive the order of decreasing their 

value until the control error is below zero. For instance, the value of the first step reference 

between 100 and 200 seconds is the most representative. It can be observed in Figure 12 that 

for the second reference the control error never reaches zero so, when there is a change in the 

step reference at 200 seconds, the control error decreases from a value superior from zero and 

that is the reason why the response is delayed.  
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Figure 12. Windup example. Comparison of the control error with and without saturation. 

 

 In Figure 13 the output of the system is represented. In this plot Windup effects can be 

appreciated. Anti-Windup has not been implemented yet. It can be noticed how the system 

response is slow, changing its behaviour few seconds after the reference has changed. Also, it is 

observed that in the upper plot, the output surpasses the reference and in the lower side, 

reference cannot be reached. The system tries to reach both references but is not able to due 

to the actuator restrictions.  While trying to reach the second reference, the tank 1 receives too 

much fluid from the pump and still it is not enough to reach the second reference in tank 2. 

Hence, the state of each tank conditions the behaviour of the other.  

 

 

Figure 13. Windup example 1. Comparison of the reference, the output without saturation and 

the output when saturation is applied. 
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5. Design of the Anti-Windup controller 

To avoid the behaviour shown in chapter 4.2. in this chapter Anti-Windup system is going to be 

designed and its effectivity will be tested and compared.  

5.1. Computation of the Observer Matrix  

The Anti-Windup controller that is to be designed is the result of the modification of the closed-

loop equations obtained after implementing the controller designed in chapter 3. As a result, an 

observer-based controller is obtained. This is a dynamic feedback controller where the so-called 

observer of the system estimates the state space variables of the controlled system based on 

the measured outputs and the known inputs. This estimate is used by the feedback controller 

as if it were the actual state of the system. This way, observers reconstruct variables that are 

not accessible or cannot be measured [12, 16]. 

From the extended state equation (3.6) it can be defined:  

  𝐴𝑒𝑥𝑡 = [
𝐴 0
𝑐𝑇 0

]                        (5.1)  

       𝐵𝑒𝑥𝑡 = [
𝐵
0
]           (5.2) 

The differential equations representing the closed loop once the feedback controller designed 

in Chapter 3 is implemented can be expressed as:  

 �̇�𝑐 = 𝐴𝑐𝑥𝑐 + 𝐵𝑐𝑒                         (5.3) 

  𝑢 = 𝐶𝑐𝑥𝑐 + 𝐷𝑐𝑒                         (5.4) 

“e represents a combination of plant measurements and reference signals” [17]. 

 𝐴𝑐 = 𝐴𝑒𝑥𝑡 − 𝐵𝑒𝑥𝑡𝐾                        (5.5) 

The matrix 𝐾 was calculated in Chapter 3.  

   𝐵𝑐 = 

[
 
 
 
 

0 0
0 0
0 0

−1 0
0 −1]

 
 
 
 

                        (5.6) 

       𝐶𝑐 = [𝐶 0]                          (5.7) 

            𝐷𝑐 = 𝐷                         (5.8) 

Based on [17], a modification to the previous closed loop equation is done to add an Anti-

Windup observer 𝐿 such that: 

                                               �̇�𝑐 = 𝐴𝑐𝑥𝑐 + 𝐵𝑐𝑒 + 𝐿[𝑠𝑎𝑡(𝑢) − 𝑢]                       (5.9) 

      𝑢 = 𝐶𝑐𝑥𝑐 + 𝐷𝑐𝑒                      (5.10) 

Where 𝑢 represents the input that the controller demands and 𝑠𝑎𝑡(𝑢) the saturated input that 

the actuator actually delivers. As exposed in the introduction, the objective is to add a separation 

to the controller that will be called Anti-Windup observer, not changing the designed controller 

itself but adding a term on the equation of its closed loop. An advantage about this approach is 
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that the matrix gain 𝐿 is external to the system. If saturation does not occur the terms 

𝑠𝑎𝑡(𝑢) and 𝑢 have the same value and 𝐿 will not change the controlled closed loop. To calculate 

the matrix 𝐿 two methods are used based in [14]. 

 

 

5.1.1. Method 1 

To obtain the matrix 𝐿, an algorithm exposed in [14] is implemented. With this method L’ is 

calculated. 𝐿 is a part of this matrix 𝐿′:  

𝐿′ = −𝑇2
−1𝑇1𝐵𝑒𝑥𝑡       (5.11) 

It is based on the assumption that the real matrices 𝑇 and 𝐻 exist and fulfil the following 

expression:  

     𝑇𝐴𝑐𝑙 = 𝐻𝑇         (5.12) 

To obtain 𝑇1 and 𝑇2, first it is needed to compose 𝑇. To do that, 𝐴𝑐𝑙 is defined as:  

      𝐴𝑐𝑙 = [
𝐴𝑒𝑥𝑡 + 𝐵𝑒𝑥𝑡𝐷𝑐𝐶𝑒𝑥𝑡 𝐵𝑒𝑥𝑡𝐶𝑐

𝐵𝑐𝐶𝑒𝑥𝑡 𝐴𝑐
]                    (5.13) 

Being the matrices with the sub-index 𝑐 the corresponding to the closed loop with the designed 

feedback controller, and the matrices with the sub-index 𝑒𝑥𝑡 the corresponding to the extended 

equation, already defined in (5.1), (5.2), (5.5), (5.6), (5.7) and (5.8). The Jordan decomposition 

of 𝐴𝑐𝑙 is used to obtain a matrix 𝑈 that will be used to calculate the matrix 𝑇: 

𝐴𝑐𝑙 = 𝑈ꓥ𝑈−1        (5.14) 

It is stated in [14] that the last 𝑛𝑐 columns of 𝑇 must have full rank and that “if 𝑈−1 is invertible, 

then 𝑇 can be chosen as the last 𝑛𝑐  rows of 𝑈−1, i.e., 

𝑇 = [0 𝐼]𝑈−1        (5.15) 

 where 𝐼 is an 𝑛𝑐 × 𝑛𝑐 identity matrix.” When this operation is done,  𝑇 appears as:   

𝑇 = [𝑇1 𝑇2]        (5.16) 

The last  𝑛𝑐 columns of 𝑇 with full rank are named  𝑇2 and the remaining columns, 𝑇1.  

The problem one faces when implementing this method is choosing the value of 𝑛𝑐, i.e. the 

dimension of the identity matrix used to calculate 𝑇. To address the problem, 𝑛𝑐 has been 

chosen as the length of the extended matrix 𝐴𝑒𝑥𝑡. When this is done, 𝑇 can be obtained as:  

𝑇 = [
0 0
0 𝐼

]𝑈−1                    (5.17) 

And T1 and T2 can be extracted from the matrix 𝑇 calculated with 5.17 

𝑇 = [
0 0
𝑇1 𝑇2

]         (5.18) 
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Now 𝐿′ can be calculated as: 

𝐿′ = −𝑇2
−1𝑇1𝐵𝑒𝑥𝑡    (5.19) 

The matrix 𝐵𝑒𝑥𝑡 has been already defined in (5.2) and has dimensions 𝑛 x 𝑘. Being 𝑛 equal to the 

length of 𝐴𝑒𝑥𝑡  and 𝑘 equal to the number of controlled variables. Both matrices 𝑇2 and 𝑇1 are 

square matrices of dimensions 𝑛 x 𝑛. The matrix 𝐿 is composed by the last 𝑘 lines of the matrix 

𝐿′.  

 

 

5.1.2. Method 2 

This second approach is simpler but proved to be as efficient as the previous one. This approach 

focuses on locating the eigenvalues of the state closed loop matrix (5.5) in a location where the 

system becomes stable, using pole placement. In chapter 3 it was used the same method to  

design the feedback controller with integration of the control error. The poles of the original 

state matrix were displaced using a gain matrix 𝐾. In this case, the matrix gain used to modify 

the eigenvalues of the closed-loop state matrix is named 𝐿′. As in Method 1, the last 𝑘 columns 

of 𝐿′ are selected and assemble the observer matrix 𝐿. 

 

The question that arises in this method is where to place the poles of the system. The new 

observer poles must be faster than the closed-loop original poles. The new observer poles must 

be at least 10 times faster than the original ones. Most times it is enough to put the new poles 

in that location. The observer poles that are displaced correspond with the last 𝑘 eigenvalues of 

the closed-loop state matrix, the rest of poles stay the same.  

 

 

5.2. Implementation of the methods and comparison 

In chapter 3 saturations of 25 
𝑐𝑚3

𝑠
 and 60

𝑐𝑚3

𝑠
 were applied to the actuators and the Windup 

effects could be observed. For the same step references and time of simulation, both Anti-

Windup methods are tested for each of the saturation values. 

5.2.1. Simulation with a saturation of 25 
𝑐𝑚3

𝑠
 

First, the new controller is tested with the 25 
𝑐𝑚3

𝑠
 actuator saturation. The output results can be 

seen in Figures 14 and 15. In both cases, the reference cannot be reached due to the limitations 

in the actuators. Nevertheless, Windup effects have disappeared. The response is smooth and 

not delayed, there are no oscillations and the references are reached when possible. 

After the implementation of the Anti-Windup with both Method 1 and Method 2, the height 

level in tank 1 is almost the desired while the height level in tank 2 is far from the reference. 

Method 2 obtains slightly better results than Method 1. This difference is not significant 

although the output gets closer to the reference with Method 2. Despite this, the objective of 

the Windup is accomplished because the behaviour of the system has been corrected. It is not 
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unstable even if the references cannot be reached due to the technological limitations of the 

system.  

 

 

Figure 14. Comparison of the reference and the output of the system having implemented and 

Anti-Windup observer using method 1. Example 1. 

 

 
Figure 15.  Comparison of the reference and the output of the system having implemented an 

Anti-Windup observer using method 2. Example 1. 
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Figure 16. Comparison of the reference and the output with and without Anti- Windup.  

Example 1. 

 

On the other hand, Anti-Windup also drives an important change of behaviour in the input. All 

signals are saturated, but in Figure 17 a perfectly timed response of the actuators can be 

observed. In contrast, when Anti-Windup is not implemented a extremely delayed response of 

the actuators can be observed. Also, when Anti-Windup is used signal oscillations, such as the 

one between the seconds 400 and 450, disappear. Moreover, both methods result in almost 

identical input signals although the Method 2 shows a slightly better response in the input in the 

second 300 with no oscillation. 

 
Figure 17. Comparison of the inputs with and without Anti-Windup. Example 1 
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When compared to the input without saturation, the constraints of the actuators and the 

importance of Anti-Windup systems can be observed. In Figure 18 it can be appreciated the huge 

difference between what the system would need that the actuators provided to reach the 

reference and what they actually provide.  

 

 

Figure 18. Comparison of the inputs with and without Anti-Windup and without saturation. 

Example 1 

 

 

 

 

 

5.2.2. Simulation with a saturation of 60 
𝑐𝑚3

𝑠
. 

In order to illustrate with another example the performance of the Anti-Windup systems, a 

saturation of 60 
𝑐𝑚3

𝑠
 is applied to the actuators. The output in this case is closer to the reference 

than in the previous example as the actuators have a higher performance. Also, the Anti-Windup 

corrects the behaviour of the system, obtaining results almost as good as the desired ones and 

providing a smooth response. 
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Figure 19. Comparison of the reference and the output with and without Anti-Windup.  

Example 2 

 

Also, as it happened with the case where actuators were limited to 25
𝑐𝑚3

𝑠
 the results obtained 

with each of the methods are very similar both in the output and the input signals. In this case 

there is not even a visible difference in the input signal between the two of the methods.  

 

Figure 20. Comparison of the inputs with and without Anti-Windup. Example 2 
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6. Conclusion and outlook 

6.1. Further Anti-Windup methods 

Looking ahead to the future of Anti-Windup methods, they are still in research and there are 

many questions unanswered and unproved theories. New procedures are being developed. 

Most known time-invariant Anti-Windup methods have been based in first, designing a 

controller without considering the possible nonlinearities caused by the actuators’ saturation, 

and then implementing a compensator that minimizes the adverse consequences caused by the 

emerging Windup [18, 19]. A theory based in this principle has been developed in this thesis. 

Nevertheless, in [19] and [20] recent methods that allow to design a state feedback controller 

and to implement the windup compensator simultaneously is proposed. These methods are 

based on TS-fuzzy models using the Lyapunov theory. Moreover, an Anti-Windup structure 

based in MFC (model-following control) has been developed in [21] showing robust results.  

Also, most anti-windup strategies are based on integration (the integral action turns off when 

saturation occurs), calculation scheme (where the integral action is reduced in magnitude when 

the output reaches saturation) or a combination of the previous. Another strategy, is the one 

that uses the stochastic arithmetic. It is not widely used but in [22], where the Anti-Windup 

procedure is based in Field Programmable Gate Arrays (FPGA), stochastic arithmetic is useful to 

provide an effective outcome as the FPGA have got poor calculation ability [22]. 

 

 

6.2. Summary of the results 

In the present Bachelor’s Thesis, the study of the Windup effect and the implementation of Anti-

Windup schemes applied to a three-tank system has been done. The system has been 

represented with a MIMO state space model. These have proven to be a useful representation 

that allow to represent complex systems and provide useful information for the state of the 

system at all time. Once observability and controllability of the system has been checked, a 

feedback controller with integration of the control error has been implemented using pole 

placement proving good results in the system output.  

To study the Windup phenomenon, first, saturation effects in the output of the system have 

been analysed. References are reached but undesired behaviour emerges. Secondly, actuators 

have been limited even more and step references have been increased. In this situation, Windup 

materializes. The output cannot reach the reference due to the actuators’ constraints and 

oscillations and delays in the response emerge. To avoid Windup, instead of designing a new 

controller, a modification to the feedback controller already implemented has been done. Based 

in the paper written by Kapoor, Teel and Daoutidis [17] a term containing an observer gain 

matrix has been added to the closed loop state equation. Two different methods have been 

implemented to obtain the observer gain matrix.  One, using the algorithm described in [17] and 

another using pole placement. Both have shown very similar and satisfying results.  
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To conclude, this thesis has shown an efficient implementation of two Anti-Windup methods for 

LTI-MIMO systems. However, more research needs to be done in this field. New approaches are 

being developed, but a unified, robust, universal Anti-Windup procedure has not been achieved 

yet. 
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