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FACTORIZATION THROUGH LORENTZ SPACES FOR OPERATORS
ACTING IN BANACH FUNCTION SPACES

E.A. SANCHEZ PEREZ

ABSTRACT. We show a factorization through Lorentz spaces for Banach-space-valued oper-
ators defined in Banach function spaces. Although our results are inspired in the classical
factorization theorem for operators from L°-spaces through Lorentz spaces L' due to Pisier,
our arguments are different and essentially connected with Maurey’s theorem for operators
that factor through LP-spaces. As a consequence, we obtain a new characterization of
Lorentz L%!-spaces in terms of lattice geometric properties, in the line of the (isomorphic)

description of LP-spaces as the unique ones that are p-convex and p-concave.

1. INTRODUCTION

A well-known relevant fact in the theory of Banach lattices establishes that a Banach func-
tion space over a measure u that is both p-convex and p-concave, is isomorphic to LP(gdu)
for a certain measurable function g. This fact is related to some classical results on Banach
lattices, and an easy proof can be given by applying the so called Maurey-Rosenthal factor-
ization of operators (see [3, 4, 9]) to the identity map in the space (see [7, 9, 11, 14]). As in
the case of LP-spaces over a measure u, in this paper we are concerned with the description
of the lattice-geometric-type properties that characterize Lorentz spaces. The main results
on factorization of operators through Lorentz spaces are due to Pisier, and can be found
in [13]. Some generalizations for the case of sublinear operators are also known (see [1]).
More results in this direction can be found in the paper [6] of Kalton and Montgomery-Smith
although the underlying techniques in it are essentially different, since this paper is based
on some domination results among scalar valued capacities and measures. In our case, we
use for solving the problem a separation argument that is also applied in some of the papers
mentioned above. Some ideas of Mastylo and Szwedek presented in [10] has also influenced
the present paper.

The starting point of our analysis is given by the results by Pisier in [13], in which there
is a characterization of the operators from an L°-space that factor through a Lorentz space
L%t ([13, Theorem 2.1]). We use a different procedure for showing a different factorization
theorem for operators acting in general order continuous Banach function spaces. Concretely,
we show that a factorization through a Lorentz space L%! is equivalent to a concavity-type
inequality, different than the one proposed by Pisier. This kind of arguments have been used
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in [9] for the case of Orlicz spaces; some related ideas involving Lorentz spaces can also be
found in [4].

In the final part of the paper, using the previously obtained factorization and asking for an
additional convexity-type requirement, we give the following characterization of the Lorentz
spaces L%! (Theorem 4.3).

A Banach function space X (i) is isomorphic to a Lorentz space LY*(\) via the identifica-
tion map —where p and A are equivalent— if there are a Banach function space Z(\) over
A and constants K,Q > 0 such that

(1) fOT’ every fla 7fTL € LOO(M),

@ IAl) " < ] ; |f2-|||fz-||%;1w>le/<qA),

and
(2) there is an L'-space L associated to \ such that for all f € L>()\) there are fi, ..., fn €
L>°(X) such that Y, fi = f and

|32 180 U800 | < @l
=1

Actually, the space Z(A) in (i) can be chosen to be X (u). Thus, both inequalities appearing
in this result play the role of g-concavity —the first one— and ¢-convexity —the second one—
in the characterization of Li-spaces: they are the lattice-geometric counterpart for the case
of Lorentz spaces.

2. PRELIMINARIES

Through all the paper (£2, 3, 1) will be a finite measure space. We say that (X (u), ||| x(u))
is a Banach function space over p (Kothe function space in the terminology of [8, p.28]) if it
is a Banach lattice with the y-a.e order that is an ideal of L°(1) —the space of y-measurable
functions—, satisfying that

L>(u) € X(p) € L (p).
Note that since all the spaces involved are Banach lattices these inclusions are continuous.
We write X (u)" for the positive cone of the lattice X (u). If A is other measure defined on
the measurable space (2, %), we say that A is equivalent to u —and we write A\ ~ u— if they
have the same null sets.

Some fundamental geometric properties for Banach function spaces —that are defined in
fact for general Banach lattices— are the g-concavity and the g-convexity. A Banach space
valued operator T : X (u) — E is g-concave if there exists C' > 0 such that

()" <e] (Limr)™],

for fi,..., fn € X(u). The Banach function space X (,u) is p-convex if there is a constant

such that . .
[(Cue) | (T umz)”
i=1 i=1
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for x1,...,xn, € X(p). The reader can find all the information that would be needed about
Banach lattices and Banach function spaces in [8, Ch.1.d] or [12, Ch.2].

The Ko6the dual —or associate space— X (u) of a Banach function space X (i) is the
subspace of the dual space X (u)* defined by the functionals that can be represented by
integrals. This means that are these elements of the dual space for which there is a measurable
(class of) function(s) g € LO(u) such that f +— [ fgdp for all f € X(u). We will say that
X (u) is order continuous if for every f, € X such that 0 < f, T f € X(u) p-a.e., we have
that f,, — f in norm. It is well known that a Banach function space X (u) is order continuous
if and only if the dual space X (u)* coincides with the Kothe dual X (p)" ([8, p.28]).

Let 1 < p. The p-th power X (u), of a Banach function space X (y) is defined as the set
of functions

X = {f € L) : V7 € X ()}

It is a quasi-Banach space with the quasi-norm || - [|x ¢, = Il - |1/pH§((u) that is in fact
equivalent to a norm if X (p) is p-convex (see [12, Ch.2]).

We will consider classical Lorentz function spaces, that are a particular example of (quasi)-
Banach function spaces. Let 1 < ¢ < oo. The norm in the Lorentz space L%!(u) is given by
the expression

n(§2)
= [ €O @dr, g e L),
0
where f*:[0,1] — R is the decreasing rearrangement of f defined as
t —inf{s > 0: u(|f| > s) <t}

For a simple function f = Y | a;x4,, where A;, i = 1,...,n are disjoint measurable sets
and || > |ag| > ... > |ay|, the Lorentz (g, 1)-norm can be computed by

n
1 1
1F g == Y loal (8¢ = £1/9),
=1

where ¢; := M(U};:1Ak)a i=1,...,n (see for example the proof of Theorem 10.9 in [5]; see also
[6, §3]).

The spaces L% (u) are not p-convex for any p > 1 (see [3, p.159]). There is a well-known
representation formula using real interpolation spaces (see [2]) for the family of classical
Lorentz spaces of functions on the Lebesgue measure space ([0, 1], B([0, 1]), 11). Suppose that
1 < pg, p1 such that pg # p1, and suppose that 1 < r and 0 < ¢ < 1. We define p by the
formula 1/p = (1—0)/po+0/p1. Then, for every 1 < qo, ¢1, we have (LPO-90, LPra1), . = [P,
Although we are not explicitly using this formula in the present paper, it suggests how
interpolated spaces are related for the case g9 = g1 = r = 1: real interpolation of spaces with
parameters o, 1 gives a Lorentz space with second index equal to 1 too.

3. FACTORIZATIONS OF OPERATORS ACTING IN BANACH FUNCTION SPACES THROUGH
LORENTZ SPACES

If (2,%, 1) is a finite measure space, let X (u) and Y (i) be two Banach function spaces
which satisfy that simple functions S(u) are dense in them. Note that this happens in
particular if they are order continuous.
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Lemma 3.1. Let 1 < s < q. Let p be a finite measure. Let X (u) be an order continuous
s-convex Banach function space and T : X (u) — E an operator. Assume also that Y (p) is a
Banach function space included in X () in which simple functions are dense. The following
assertions are equivalent.

(i) For f1, . fa € Y (1),

(iuﬂmuq) T<E|( erzwfz 1)

) such that

s/q
X(u)

(ii) There is a non-negative function gy € Bx(u s

IT() < K / Flgodi) ™ IFILT. f e XY ().

Moreover, the function gy appearing in (ii) can be assumed to satisfy go > 0 by changing the
constant K by K + € if necessary.

Proof. (i) = (ii) First note that, since the measure p is finite and 1 < s we have that
X(p) € X(u)ig (see [12, Lemma 2.21]). A standard separation argument gives the result
(see for example the proof of Theorem 1 in [9]). Indeed, since X (u) is s-convex, we can
consider the s-th power X (11)(,], which is a Banach function space (see [12, Proposition 2.23])
after the convexification of the quasi-norm |- || x (), = [l [- A (1> that gives an equivalent
norm. In fact, it is a norm is the s-convexity constant of the space is equal to 1. For fixed
functions f1, ..., fn € L>(u), the inequality in (i) can then be rewritten as

(;IIT(fi)Ilq) <KHZ\fz|Hfz\y(uH o (3.1)

Note that, since X (u1) is order continuous, X (1), is so and then the dual of this space is
defined by integrable functions. Consider the functions ¢ : By X)) R given by

ZHT - | Z|flu|fzwy(mgdﬂ.

All the requirements for applymg Ky Fan’s Lemma to the family of all such functions ¢ are
satisfied, as can be easily checked. The inequality (3.1) is used for proving, using Hahn-
Banach Theorem, that for every ¢ there is a function g4 such that ¢(g4) < 0. We can assume
that the final function gg provided by Ky Fan’s Lemma is non-negative

The converse implication (ii) = (i) is given by a direct computation.

Finally, note that all the computations still work —also the ones for the converse implication—
if we change gy by the normalization of the function 0 < egg + (1 — €)xq, for € as small as we
want. Note also that the new function is still in (X (11)5)" due to the inclusion X (u)5) € L' (1)
—and then L>(u) C (X (u)(4)’, that holds by the s-convexity of X (u). O

Remark 3.2. Let Y (1) be a Banach function space in which simple functions are dense and
such that Y (1) € X (), with the norm of the inclusion being equal to 1. Let 0 < g € Bx
and 0 < o < 1. Consider the functional ¥y, : Y( ) — R* defined by

w)

W)= ([ fldn)” WG, 7 €Y



FACTORIZATION THROUGH LORENTZ SPACES 5

and consider its convexification, that gives the seminorm

1fll10g = mf{zxvlggﬂ Zfz— 7} (3.2)
~ it { /Ilegdu Al - Yo s= 1},
=1

fof1se fn € Y(u). Note that

[z gany < 1 llog < M flly g, feYn),

and so || - |[1,0,4 is @ norm whenever g > 0. Note also that due to the inclusion in L'(gdu) of

the normed space (Y (p), | - [/1,0,4), We can say that the completion of this space is again a

function space. Indeed, the convergent limit of a sequence of functions in it converges to a
measurable function f also in L'(gdu), and so there is a subsequence that converges p-a.e.
to f, what allows to identify the limit with the function f. Let us write {Y (1), L' (1) }1,0,9
for this space (g > 0) with the norm || - ||1,5,4. Note that simple functions are dense in it.

By the construction, the space {Y (1), L'(1) }1,04 can be identified with the real interpola-
tion space (Y (i), L'(gdp)),.1. However, due to the simplicity of the description given by the
formula (3.2), we prefer to use it for the computations of this section. In the next section the
description as a real interpolation space will be relevant, since this will be the link with the
Lorentz spaces L9 (p).

Following the same ideas, we can consider the following general definition: if Y (u) and
Z(p) are Banach function spaces and Y (p) C Z(u), we define the space {Y (u), Z(p)},0 as
the Banach function space given by the completion of the normed space Y (x) with the norm

1y (), 2030 = inf{z 1fill Z () - Hfi”%;(::) : Zfi = f}, fis f €Y ().
i=1 i=1

Proposition 3.3. Let1 < s < q. Let u be a finite measure and Y () a Banach function space
over u in which simple functions are dense. Let X (u) be an order continuous s-convexr Banach
function space containing Y (1) (norm of the inclusion equal to 1) and let T : X () — E be
an operator. The following statements are equivalent.

(i) For fi,...,fn € Y (1),

(iuﬂw) "< K||( erzrufzuy(u)“s

(ii) There is a function 0 < go € B(x () such that T : {Y (), X ()5 }1.0 = E is well
defined and factors through the space {Y (1), L' (1) 11,09, as

s/q
X(p)

(Y (1), X (1) }1.0 — E,

|

{Y' (1), L' (1) } 1090

where 0 = 1/q and Ty is a continuous operator.
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Proof. For (i) = (ii), note first that by [12, Lemma 2.21] we have that X (u) C X (1)[s], and
X (p) is dense in X (u)(s) by the order continuity of these spaces. By Lemma 3.1 we have that
the inequality in (i) gives a positive function go such that the inequality

\U(H<KQ/UMWMUqWWM

holds for all f € Y(u) “up to an &” (that is, changing K by K + ¢ if necessary). Taking into
account Remark 3.2, this gives

IT(Hlle < Kllflhog feY(p.
Since X (1) € X (u)(5 and go € (X (u)[s))’, we have that for o = 1/q

100 < 90T oy 1 1%y 115y £ € Y ().

Using the density of the space Y (i) in X (u)[s}, and convexifying this inequality, we get

1111090 < 1901 Tx y ) 111y (). X )10
for all f € {Y(u), X(1t)[s)}1,0- Note that this implies in particular that T is well-defined as
an operator from {Y (1), X (11)(5}1,0 to E.
The converse is given by a straightforward calculation using the continuity of the factor-
ization and the density of Y'(u) in all the spaces involved. O

To extreme cases are relevant in the Proposition 3.3: the case Y (u) = X (1) and the case
Y () = L (). The first one gives the following results. The second one will be analyzed in
the next section.

Corollary 3.4. Let 1 < s < q, i a finite measure and let X(u) be an order continuous s-
conver Banach function space. Let T : X(u) — E be an operator. The following statements
are equivalent.

(i) For f1,..., fn € X (1),

n / n B .
(wamwﬂquKWEQmmm&@f/

(ii) There is a function 0 < gy € B(x(u)y) such that T factors as

s/q
X(n)

X () d E,

zi TTO
{X (), X (W9 }10 —= {X (1), L' (1) 11090

(( »

where o = 1/q, the s are inclusion maps and Ty is a continuous operator.

Corollary 3.5. Let 1 < q, u a finite measure and let X () be an order continuous Banach
function space. Let T : X(u) — E be an operator. The following statements are equivalent.

(i) For f1, . fn € X (1),

(E:; HT(fz-)uq)l/q < K| 2:; |fz-|||fz-||g;(L)HZ;.
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(ii) There is a function 0 < go € Bx(,y such that T factors as

X(p) E,

I

{ ( )}1 :1/4,90

where i 1s an inclusion map and Ty 1s a continuous operator.

Ezample 3.6. Let 1 < ¢ and X(u) = Y(u) = L9(p). Then we have that an operator T :
Li(u) — E that satisfy the inequalities

(i)™ < x| S wasigi, o,
=1
= K(/Q {Z £l - ( /Q ) ] ")

fiy ooy fn € X (), factors through the space {Lq(,u),Ll(u)}Ll/q,gO for a certain gy € LY (p).
Using the well-known representation formulas for the real interpolation of LP-spaces, we

obtain that this space coincides with the real interpolation space (L?(u), L (g0 dpt))1 /4.1 For
example, if p is Lebesgue measure in [0,1] and gy = X[0,1], We have that the factorization
space is the Lorentz space LP1[0,1], for p = (¢’ +q)/(¢' + 1).

This inequality is different —but of course equivalent— to the one given in Theorem 2.1

of the paper [13] of Pisier.

Ezample 3.7. Suppose now that Y (1) = X (p) is an order continuous Banach function space,
and consider the identity map 7" =14 : X (u) — X (u). Suppose that the inequalities

(ZHMI ) <KH§;|ﬁ|I|f@ o

im1
fiy ooy fn € X (1), hold for each finite set of functions. They are equivalent, by Corollary 3.5,
to a factorization through an interpolation space. The continuity of the first arrow in this

scheme gives the inequality

1/ ’
I < Ko [ 1rladn) “17IXE, £ € XG0,

where g € B(x(,)y- We then have fQ [flgdu < lgllxqy 1flx < 1fllx > and so

1 1 1
1l < K ( / Flgdu) HfHX/(qM < K I 1IN = Kl llx -

f € X(u). Therefore,

1 llxg < K /Q Flodu < K flxg. € X(u).

This gives that X () = L'(gdp) isomorphically. Reading the same inequalities other way
round we get that the converse is also true. Note also that a direct calculation on the original
inequality shows that this requirement is equivalent to 1-concavity.
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4. GEOMETRIC CHARACTERIZATION OF THE LORENTZ SPACES L%1!

A fundamental result in the theory of Banach spaces is the characterization of the LP-
spaces in terms of the geometric inequality that it satisfies. Having the roots in the classical
theory developed by Kakutani, and due to more recent contributions by Krivine, Rosenthal,
Maurey and Reisner, among others, this characterization can be written as follows: if X (1)
is a Banach function space such that it is q-conver and q-concave, then X (u) is the space
Li(gdu), where g is a measurable function such that |f|1g € L*(u) for all f € X (u).

In this section we show which are the geometric inequalities that provide the equivalent
result for the case of the Lorentz function spaces L%!(p). In order to do it we use the re-
sults previously obtained for the case Y () = L°(p) in Proposition 3.3. After Section 3,
the attentive reader has already noticed the type of inequalities —extending the notions of
g-convexity and g-concavity— that may occur in this context. However, we will need to
introduce stronger versions of the properties provided in the previous section for giving a
complete characterization of Lorentz spaces by means of lattice-geometric inequalities.

Throughout the section note that we are just proving the results for functions in L>(u).
The reason is that we are always assuming that simple functions are dense in all the spaces
appearing in it: order continuous Banach function spaces and L°°-spaces.

Lemma 4.1. Let X (u) be an order continuous Banach function space over the finite measure
w. Consider another finite measure A such that A ~ p and another Banach function space

Z(N). Let T : X(u) — E be an operator. The following assertions are equivalent.
(i) For f1,..., fn € L=®(p),

(gywmwﬂ <Aﬂ21mmuﬂﬁ\) (4.1

(ii) There is a function go € B(z(uyy such that for each f € L>(u),

e < k([ 1fladn) " 11

Proof. Note that L*°(u) = L*°()\), and so L*°(u) € Z(A) due to the fact that Z(\) is a
Banach function space. The same proof that works in the case of Lemma 3.1 —for s = 1,
Y (p) = L>(p) and changing B x () by B(z(u)y— is also valid in this case. O

Remark 4.2. If X(u) is an order continuous Banach function space, consider the identity
map i : X (u) — X (u) and suppose that (4.1) holds for it. Let us show that in this case the
(continuous) inclusion L%!'(X) < X (1) holds, where A(A) = [, godp, A € 3.

First notice that a direct application of Lemma 4.1 for the identity map and the convexity
of the norm of X (u) give the inclusion of the space

{LOO (N)? Ll(:u')}l,l/q,go

in X (u). This is a consequence of the fact that simple functions are dense in both spaces,
and for such a function || f{|x ) < K| fll1,1/q,4,- Note that go > 0, since otherwise we should
find a measurable set Ay such that pu(A4p) > 0 and [ Ao godp = 0. This would give by the
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domination that for a non-null function fxa,, [q fx4,90dp = 0 and so || fx4,llx( = 0, a
contradiction. This gives the injectivity of the identification map.

Now we just need to show that the domination appearing in Lemma 4.1 —equivalently,
the domination by the norm of {L> (), L*(11)}1,1/4 40— implies the domination by L%!()).
It is just a direct calculation; we follow the one given in the proof of Theorem 10.9 in [5].
First note that, due to the fact that go > 0 we have that L>°(u) = L*>(godu). Recall that for
disjoint sets A; € X, i = 1,...,n, and scalars |ay| > |ag| > ... > |ay|, the norm of the simple
function f = Y"1 | aixa, in the the Lorentz (g, 1)-norm is given by

n
1 1
1fllgr = a D el (6" — t1/%),
=1

where t; 1= A( ZzlAk), 1 =1,...,n. Note also that we can write a representation of f as

n

n—1
7= (ol = lerimal) (D= (e /lexa,) ) + lewal (D (e /sl )-

J<i j=1
Together with the triangle inequality for the norm || - || x(,) and using the domination given
by Lemma 4.1, it can be easily seen that there is a constant K > 0 such that

11 < B (D (il = lasa D) + lanlti/)

i<n—1

. 1 1 K
= K (3ot = 24)) = E il
i=1

Since this holds for simple functions, we get the result.
Note that we have shown in particular that if gg > 0, then

Iz (), )11 g0 S I a1 1)

for all functions in L%'()). The converse inequality also holds, since an straightforward cal-
culation shows that there is a constant ¢ > 0 such that for each function f € L*(godpu),

1 £llzary < el £ ILAIE
(see [5, p.205]).

Let us consider now the converse geometric property, in order to close the diagram. It
is related to the fact that X (u) must be included in the Lorentz space associated to A —a
measure equivalent to u—. Concretely, it must exist a function space Z(A) and a constant
@ > 0 such that for every f € L*(\) there is a decomposition f = >, f; in L°(\) which
satisfies

- 1 1/q
S IAIZENAI L 5y < QUFlx(-
=1

In the case that Z()\) is an L'-space, we obtain the inequality (4.3) below, that can be
understood as a dual version of the geometric inequality (4.1).

Theorem 4.3. Let X () be an order continuous Banach function space over the finite mea-
sure . The following assertions are equivalent.
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(i) There is an order continuous Banach function space Z(\) over a finite measure \ ~ p
such that for every fi, ..., fn € L*™(u),

(Zufzuxw) V< k| Zllellle . (1.2

and
mf{anzn”q Vil s D i = £} < QU lxqns fisf € L)
=1

for two fized positive constants K,(Q > 0.
(ii) There is an L'-space L over a finite measure X\ ~ p such that for every fi,..., fn €
L (),

(S 0stt) ™ < K S bensng "

and for all f € LDO()\) there are fi,..., fn € L®(X) such that Y ;| fi = f and

|2 11 (il /1) || < QS o (4.3)
=1

for two fized positive constants K,(Q > 0.
(iii) There is a function gy > 0 such that X (u) and L% (god)\) are isomorphic.

Proof. For (i) = (ii), use Lemma 4.1 for obtaining a function 0 < g € B(z(y)y such that for
all f € L),

/q
100 < K( [ 191903) ™ 1113,

This clearly gives the first inequality in (i). For the second one, fix Q < @'. Take a function
f € L*>(p) and find a decomposition of f in this space, f = >""", fi, such that

ZHszl/q Il < Q11 x

Then

/(Z ANV ([ 1£1aan) ™" ) gar = Z [ 1laan) = g

<3 1l I < QM1 Fllx
=1

(ii) = (iii). Note that gd\ ~ p, and so g > 0 and there is a p-integrable function » > 0
such that ghd\ = p. Using again Lemma 4.1 we obtain that the inequalities in (ii) implies
that the norm of {L>(u), L' (gdA)}1 1/ = {L°(N), L' (A)}1,1 /g, is equivalent to the norm
of X(11). By Remark 4.2, we have that the identity gives the isomorphism of L%!(god)\) and
X (u), where gg = gh.

Finally, for (iii) = (i) we only have to take A = god\ and Z()\) = L'(god)\). Then for
Fuooo o € L% () = L¥(N),

(3 Al)
=1
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- / /
< K( 32 (I8 1Al )7) ™ = & (Z(nfzn%qgm LI o))

=1 =1

) K<Z Al 50E) ™ = ) S S
i=1

The second requirement is a direct consequence of the representation of L%!(\) given in
Remark 4.2.
O

Note that Z(A) in (i) of Theorem 4.3 can be chosen in particular to be X (u), obtaining
in this way a non-standard concavity-type property for X (u) involving just this space and
L*>°(u). To finish this paper, let us remark also that the inequalities appearing in (i) and
(ii) of Theorem 4.3 are of (lattice) geometric nature: the first one is some sort of “(g,1)-
concavity”, while the second one is a dual notion, associated to a convexity-type property for
an expression involving the norm in L.
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