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ABSTRACT

The continuity of the core inverse and the dual core inverse is studied in the set-
ting of C*-algebras. Later, this study is specialized to the case of bounded Hilbert
space operators and to complex matrices. In addition, the differentiability of these
generalized inverses is studied in the context of C*-algebras.
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1. Introduction

The core inverse and the dual core inverse of a matrix were introduced in [1]. These
generalized inverses have been studied by several authors, in particular they have been
extended to rings with involution ([2]) and to Hilbert space operators ([3]). It is worth
noticing that the inverses under consideration are closely related to the group inverse
and the Moore-Penrose inverse; to learn more results concerning these notions, see for
example [1-4].

So far the properties of the (dual) core inverse that have been researched are mainly
of algebraic nature and the setting has been essentially the one of rings with involution.
The objective of the present article is to study the continuity and the differentiability
of these inverses in the context of C*-algebras.

In fact, in Section 3, after having recalled several preliminary results in Section 2,
the continuity of the core inverse and of the dual core inverse will be studied. Two
main characterizations will be presented. The first one relates the continuity of the
aforementioned notions to the continuity of the group inverse and of the Moore-Penrose
inverse. The second characterization uses the notion of the gap between subspaces; a
similar approach has been used to study the continuity of the Drazin inverse and of the
Moore-Penrose inverse, see for example [5-7] and [8, Chapter 4]. In Section 4 results
regarding the continuity of the (dual) core inverse of Hilbert space operators and
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matrices will be presented. It is worth noticing that concerning the continuity of the
(dual) core inverse, in these two particular contexts the notions of range and null space
of a Hilbert space operator and of rank of a matrix can be used to prove more results
that can not be stated in the frame of arbitrary C*-algebras. Finally, in Section 5
the differentiability of the generalized inverses under consideration will be researched.
Furthermore, some results concerning the continuity and the differentiability of the
group inverse and the Moore-Penrose inverse will be also proved.

It is noteworthy to mention that the core inverse and the dual core inverse are
two particular cases of the (b, c)-inverse ([9]), see [2, Theorem 4.4]. Therefore the
representations and other results presented in [10, Section 7] can be applied to these
generalized inverses.

2. Preliminary Definitions

Since properties of C*-algebra elements will be studied in what follows, although the
main notions considered in this article can be given in the context of rings with invo-
lution, all the definition will be presented in the frame of C*-algebras.

From now on A will denote a unital C*-algebra with the unity 1. In addition, A~*
will stand for the set of all invertible elements in A. Given a € A, the image ideals
and the null ideals defined by a € A are the following sets:

aA = {azx : x € A}, Aa={za:z e A},
a® ={x € A:ax =0}, °a={x € A:za=0}

Recall that a € A is said to be regular, if there exists b € A such that a = aba. In
addition, b € A is said to be an outer inverse of a € A, if b = bab.

The notion of invertible element has been generalized or extended in several ways.
One of the most important notions of generalized inverse is the Moore-Penrose inverse.
An element a € A is said to be Moore-Penrose invertible, if there is x € A such that
the following equations hold:

ara = a, raxr = T, (az)* = az, (ra)* = za.

It is well known that if such an z exists, then it is unique, and in this case x, the Moore-
Penrose inverse of a, will be denoted by a'. Moreover, the subset of A composed of
all Moore-Penrose invertible elements of A will be denoted by Af. It is worth noticing
that according to [11, Theorem 6], a necessary and sufficient condition for a € At is
that a € A is regular, which in turn is equivalent to aA is closed ([11, Theorem 8]).
Moreover, if a € AT, then it is not difficult to prove that afA = a*A and Aa’ = Aa*.
To learn more properties of the Moore-Penrose inverse in the frame of C*-algebras,
see [8,11-15].

Another generalized inverse which will be central for the purpose of this article is
the group inverse. An element a € A is said to be group invertible, if there is x € A
such that

axa = a, rar = x, axr = xa.

It can be easily proved that if such x exists, then it is unique. The group inverse of
a is customarily denoted by a?. The subset of A composed by all group invertible



elements in A will be denoted by A#.
Next follows one of the main notions of this article (see [2, Definition 2.3], see also
[1] for the original definition in the context of matrices).

Definition 2.1. Given a unital C*-algebra A, an element a € A will be said to be
core invertible, if there exists « € A such that the following equalities hold:

axra = a, A = aA, Az = Aa*.

According to [2, Theorem 2.14], if such an element x exists, then it is unique. This
element will be said to be the core inverse of a € A and it will be denoted by a®. In
addition, the set of all core invertible elements of A will be denoted by A®.

Recall that according to [2, Theorem 2.14], when a® exists (a € A), it is an outer
inverse of a, i.e., a®aa® = a®. Moreover, in [2, Theorem 2.14], the authors character-
ized the core invertibility in terms of equalities. This characterization was improved in
[4, Theorem 3.1]. Specifically, a € A is core invertible if and only if there exists z € A
such that

ar® = x, ra® = a, (az)* = azx.

Furthermore, if such x exists, then z = a®.
Another generalized inverse, which is related with the core inverse, was defined in

2].

Definition 2.2. Given A a unital C*-algebra, an element a € A is said to be dual
core invertible, if there is © € A such that axa = a, zA = a*A, and Ax = Aa.

As for the core inverse, it can be proved that this z is unique, when it exists; thus it
will be denoted by ag and Ag will stand for the set of all dual core invertible elements
of A. In addition, according to [2, Theorem 2.15], when a € Ag, ag is an outer inverse
of a, i.e., ag = agaag.

Observe that according to Definition 2.1 (respectively Definition 2.2), if a € A is
core invertible (respectively dual core invertible), then it is regular, and hence a is
Moore-Penrose invertible ([11, Theorem 6]). Moreover, if a € A% U Ag, then a is
group invertible ([2, Remark 2.16]). To learn more on the properties of the core and
dual core inverse, see [1,2,4].

In this paragraph, X will stand for a Banach space and £(X) for the algebra of all
operators defined on and with values in X. When A € £(X), the range and the null
space of A will be denoted by R(A) and N(A), respectively. When dimX < oo and
A € L(X), the dimension of R(A) will be denoted with rk(A). Evidently, if A € M,,(C),
the set of all complex n x n matrices, by considering that A € £L(C"), the rank of the
complex matrix A coincides with the previously defined rk(A); consequently, the same
notation will be used for both notions.

One of most studied generalized inverses is the outer inverse with prescribed range
and null space. This generalized inverse will be introduced in the Banach frame. Let
X be a Banach space and consider A € £(X) and T, 8 two closed subspaces in X. If
there exists an operator B € £(X) such that BAB = B, N(B) = §, and R(B) = T,
then such B is unique ([8, Theorem 1.1.10]). In this case, B will be said to be the ASIQ?S
outer inverse of A.

To prove several results of this article, the definition of the gap between two sub-
spaces needs to be recalled. Let X be a Banach space and consider M and N two closed



subspaces in X. If M = 0, then set §(M,N) = 0, otherwise set
S(M,N) = sup{dist(x,N) : z € M, ||z|| = 1},

where dist(z,N) = inf{||z — y|| : y € N}. The gap between the closed subspaces M and
N is

5 (M, N) = max{5(M,N), 5(N, M)}

See [8,16,17] for a deeper insight of this concept.

Another notion needed to study the continuity of the (dual) core inverse is the
following. Let p and ¢ be self-adjoint idempotents in a C*-algebra A. The maximal
angle between p and ¢ is the number ¥ (p, ¢) € [0, 7/2] such that ||p — q|| = sinv(p, q);
see [18, Definition 2.3]. In what follows, given = € Af, ¢, will stand for the maximal
angle between zz! and z'z, i.e., 1, = Y(zat 2Tz).

Two known results which will be used many times throughout this paper are the
following.

Theorem 2.1. [11, Theorem 6] If a is regular in a C*-algebra, then a is Moore-
Penrose invertible.

Theorem 2.2. [2, Theorem 2.19] Let R be a ring, a € R®, and n € N. Then

(i) a® = a™aa®.

(i) (a ) a=a".

(iii) (a® a”)@.

(iv) ((a ) ) =a®.

(v) If a is Moore-Penrose invertible, then a¥ = a®Paag, a' = agaa®, a® = a*aal,
and ag = ataa” .

3. Continuity of the (dual) core inverse

In the first place a preliminary result needs to be presented.

Theorem 3.1. Let A be a unital C*-algebra and consider a € A. The following
statements are equivalent.

(i) a is core invertible.
(ii) a is dual core invertible.
(iii) a* is core invertible.
(iv) a* is dual core invertible.
(V) a is group invertible and Moore-Penrose invertible.

In particular, A® = Ag = A7 NAT = A%,

Proof. The equivalence between statements (i) and (iv) and between statements (ii)
and (iii) can be derived from Definition 2.1 and Definition 2.2. Note that to con-
clude the proof, it is enough to prove the last statement of the Theorem. In fact, this
statement implies that statement (i) and (ii) are equivalent.

According to [2, Remark 2.16], A2UAg C A¥. Moreover, according to Theorem 2.1,



A® U Ag C Al. Therefore, according to [2, Remark 2.16],
A CATNAT=AZNAy CAZ, Ag CATNAT = A NA, C Ag.
Finally, according to Theorem 2.1, A% N AT = A7, O

If A is a unital C*-algebra, Theorem 3.1 implies (A®)* = A® and (Ag)* = Ag,
where if X C A is a set, X* stands for the following set: X* = {z*: = € X }. However,
in contrast to the case of the group inverse and the Moore-Penrose inverse (when a?
(respectively a') exists, (a*)# = (a™)* (respectively (a*)T = (a")*), a € A), recall that
to obtain the core inverse (respectively the dual core inverse) of a* it is necessary to
consider the dual core (respectively the core) inverse of a:

(@)% = (ag)",  (a")g = (a®)".
To prove the first characterization of this section some preparation is needed.

Lemma 3.2. Let A be a unital C*-algebra and consider a € A.
(i) If a € A®, then aa’a® = a®.
(ii) If a € A®, then (aa' +a'a — 1)a® = al.
(iii) Suppose that a € A is reqular. The element aa®+a’a—1 is invertible if and only if

a is core invertible. Moreover, in this case, (aa’ +a'a—1)"! = a®a+ (a®a)* - 1.
(iv) If a € Ag, then a” = a(ag)?.

Proof. Recall that according to Theorem 2.1, if a € A®, then al exists.

The proof of statement (i) can be derived from the fact that a® € aA.

To prove statement (ii), recall that according to Theorem 2.2 (v), a® = a*aal.
Therefore,

(aa’ + a'a — 1)a® = aa'a® + a'aa® — a® = a'aa® = alaa™aad’ = ol

Now statement (iii) will be proved. Note that according to Theorem 2.1, a' exists.
Recall that according to [19, Theorem 2.3], aat+afa—1 € A~ is equivalent to a € A%.
Thus, according to Theorem 3.1, necessary and sufficient for aa® +afa — 1 € A7 is
that a € A®. Next the formula of the inverse of aal + a'a — 1 will be proved. Recall
that according to [4, Theorem 3.1], a®aaa’ = aa'.

[a®a + (a®a)* — 1][aa’ + a'a — 1]
= [a®a + (a®a)* — 1]aa’ + [a®a + (aBa)* — 1]a’a — [a®a + (a®a)* — 1]
=aa + (a®a)*(aa")* — aa’ + a®a + (a®a)*(a'a)* — a'a — a®a — (a®a)* + 1
= (aa'a®a)* + (a'aa®a)* — a'a — (a®a)* + 1
= (a®a)* + (a'a)* —ala — (a®a)" + 1
= 1.

Since aal + a'a — 1 is invertible, (aa’ +afa — 1)7! = a®a + (a®a)* — 1.
To prove statement (iv), recall that according Theorem 3.1, a* € A®. In addition,
according to the paragraph between Theorem 3.1 and the present Lemma, ag =



((a*)®)*. However, according to Theorem 2.2, (a*)* = ((a*)#)%a*. Thus,
a* = a(((a*)®)")* = a(ag)*.
O

Note that given a ring with involution R, Lemma 3.2 holds in such a context provided
that a € R is Moore-Penrose invertible,

In the next theorem the continuity of the (dual) core inverse will be characterized.
It is worth noticing that a € A will be not assumed to be core invertible, dual core
invertible, group invertible or Moore-Penrose invertible. Note also that the following
well known result will be used in the proof of the theorem: given A a unital Banach
algebra, b € A and (bp)nen C A~ a sequence such that (b,)n,en converges to b,
if (b,)nen is a bounded sequence, then b is invertible and the sequence (b, '),cn
converges to b~ 1.

Theorem 3.3. Let A be a unital C*-algebra and consider a € A. Let (an)nen C A® =
Ag be such that (an)nen converges to a. The following statements are equivalent.

(i) The element a € A®? and (a2),en converges to a®.
(ii) The element a € Ag and (ang)nen converges to ag.

)
)
(iii) The element a € A* and (afl )pen converges to a¥.
(iv) The element a € A® and (an,®)nen s a bounded sequence.
) (
)

iv

(v) The element a € Ag and (ang)nen 5 a bounded sequence.

(vi) The element a € AT, (aL)neN converges to al, and (an®ay)nen is a bounded
sequence.

(vii) The element a € A, (G:rz)ne[N converges to a', and (anGng)nen is a bounded
sequence.

us

(viii) The element a € AT, (GIL)nEEN converges to al, and there exists 1 € [0, %) such
that 1n, = ¥q, <Y for alln € N.

Proof. Note that according to Theorem 3.1, (ay)nen C A® NAg NA* NAT

First the equivalence between statements (i) and (iii) will be proved. Suppose that
statement (i) holds. Then according to Theorem 3.1, a € A%. In addition, (a@ay,),en
converges to a®a. However, according to [2, Remark 2.17], a*a = a®a, and for each
neN,afa, = a®a,,. Consequently, (aﬁE an)nenN converges to a*a, which according to
[7, Theorem 2.4], implies that (a# JneN converges to a’.

Suppose that statement (iii) holds. Note that according to Theorem 2.1, a € AT.
In particular, according to Theorem 3.1, a € A®. Moreover, according to [19, Corol-
lary 2.1 (ii)] and [18, Equation (2.1)],

lak |l = [l(anal, + alan — 1)af (anal, + afan — )| < Janaf + alan — 1|*llaf || < llaf |

Consequently, (ail)ne[N is a bounded sequence.

Now two cases need to be considered. If @ = 0, then a® = 0. However, according to
Theorem 2.2, a,® = aff anal,. Since (an)nen converges to 0 and (aff )nen and (ah)pen
are bounded sequences, (a,®),en converges to 0.

Now suppose that a # 0. Since (ay)nen converges to a, there exists and ng € N
such that a, # 0, n > ng. Without loss of generality, it is possible to assume that
(an)nen C A® \ {0}. Thus, according to [20, Theorem 1.6], (a})nen converges to



al. However, according again to Theorem 2.2, a® = a%#aa' and for each n € N,
a® = aff anal,. Therefore, (a®),cn converges to a®.

To prove the equivalence between statements (ii) and (iii), apply a similar argument
to the one used to prove the equivalence between statements (i) and (iii). In particular,
use the following identities, which hold for b € Ag: (a) b*b = bbg ([2, Remark 2.17]);
(B) bg = bTbb? (Theorem 2.2).

It is evident that statement (i) implies statement (iv). Now suppose that statement
(iv) holds. It will be proved that statement (iii) holds. According to Theorem 3.1,
a € A#. In addition, according to Theorem 2.2, for each n € N, aff = (a,®)%ay.
In particular, (a?;7£ Jnen is a bounded sequence. Consequently, according to [7, Theo-
rem 2.4], (a# JneN converges to a”, equivalently, statement (iii) holds.

The equivalence between statements (ii) and (v) can be proved applying a similar
argument to the one used to prove the equivalence between statements (i) and (iv),
using in particular Lemma 3.2 (iv).

Next it will be proved that statement (iv) implies statement (vi). Suppose then
that statement (iv) holds. Then, (a,®ay)nen is a bounded sequence. In addition,
according to Theorem 3.1, a € Af. Now two cases need to be considered. Suppose
first that a = 0. Since statement (iv) and (v) are equivalent, (ang)nen is a bounded

sequence. According to Theorem 2.2, for each n € N, al, = angtnan®. Since (a,®)pen

and (ang)nen are bounded sequences, (aL)ne[N converges to 0 = al.
If a # 0, as when it was proved that statement (iii) implies statement (i), it is
possible to assume that (a,)pen C A\ {0}. According to Lemma 3.2 (ii),

lak | < llanal, + afan — 1[lan® < 3llan®].

In particular, (GL)RE[N is a bounded sequence. However, according to [20, Theorem 1.6],
(aL)neN converges to al.

Suppose that statement (vi) holds. It will be proved that statement (vi) implies
statement (iv). According to Theorem 2.2, for each n € N, a,® = an®anal,. Since
(a})nen and (an@ay)nen are bounded sequences, (an®)nen is a bounded sequence.

Note that according to Lemma 3.2 (iii), for each n € N, b, = ana:r1 + aILan —1is
invertible and b, = a,®a, + (a,®a,)* — 1. In addition, the sequence (b,!),en is
bounded. In fact, according to [21, Lemma 2.3], ||b;;!]| = ||an®a,||. Now, since (by,)nen
converges to b = aa’ + afa — 1, the element b is invertible, which in view of Lemma
3.2 (iii), is equivalent to a € A®.

According to Theorem 2.2, for each n € N, a,®a,, = (nQng. Thus, statement (vii)
is an equivalent formulation of statement (vi).

Finally, statements (vi) and (viii) will be proved to be equivalent. In fact, note that
if a,, = 0, then 1,, = 0. In addition, according to Lemma 3.2 (iii), anaIL + aILan —1is
invertible, and when a,, # 0, according to Lemma 3.2 (iii), [18, Theorem 2.4 (iii)] and
[21, Lemma 2.3],

1

cos Y,

= ||(anail + aILan - 1)71” = Han@an + (an@an)* -1 = Han@an”-

In particular, (a,#an)nen is bounded if and only if there exists ¢ € [0, %) such that

Y < for all n € N. ]

Theorem 3.3 shows that the continuity of the group inverse and of the Moore-



Penrose inverse are central for the continuity of the core inverse and the dual core
inverse. To learn more on the continuity of the group inverse and the Moore-Penrose
inverse, see for example [6,7,15,18,22] and [5,12,14,15,20], respectively, see also [8,
Chapter 4].

Observe that the conditions in statement (vi) of Theorem 3.3, (a) a € AT, alh — al,
and (8) {a,®ay,} is a bounded sequence, are independent from each other, as the
following two examples show.

Example 3.4. Consider C as a C*-algebra. Let a,, = 1/n and a = 0. It is evident

that a,, — a, al, = n, and (aL)nEN does not converge to a' = 0. However, it should be
clear that a® = n. Therefore, a®a, = 1, and thus, (a,®a,)nen is a bounded sequence.

Example 3.5. Consider the set of 2 x 2 complex matrices as a C*-algebra. Take the
conjugate transpose of the matrix as the involution on this matrix. Let (¢,)nen be a
sequence in (0,7/2) such that ¢, — 7/2 and let

An:[cosown sinown}7 A:[O 1}

It is simple prove that

+ | costpy, O + 100 e | 1/cos, O
An_[sinwn 0}’ A_[lo ’ Av = 0 ’

Therefore, (AL),ZE[N converges to A’ and

1 tanv
@ _ n
AnAn—[O 0 },

which shows that (A2 A,),en is not bounded. Note also that (A,%®),cn is not a
convergent sequence.

Observe also that if A is a unital C*-algebra and (a,)pen C A® is such that
(an)nen converges to a € A, Example 3.4 also shows that the condition (a,®ay)nen
is a convergent sequence does not necessarily imply that (a,®),cn is convergent.

It is worth noticing that Example 3.5 also proves that A® = Ag is not in general
a closed set. In fact, using the same notation as in Example 3.5, (A,)pen C A®,
(An)nen converges to A but A ¢ A® (A2 =0, rk(A?) = 0 # 1 = rk(A), i.e., A is not
group invertible).

Next an extension of [18, Theorem 2.7] will be derived from Theorem 3.3.

Corollary 3.6. Let A be a unital C*-algebra and consider a € A. Suppose that the
sequence (ap)nen C AP is such that (ay)nen converges to a. Then, the following
statements are equivalent.

(i) The element a € A* and (alf)nen converges to a¥.
(ii) The sequence (aff nen is bounded.
(iii) The element a € AT, (ail)new converges to a', and the sequence (G#Gn)new is
bounded.
s

(iv) The element a € AT, (aL)neN converges to al, and there exists 1 € [0,%) such
that 1n, = ¥q, <Y for alln € N.



Proof. Statement (ii) is a consequence of statement (i).
Suppose that statement (ii) holds. Then, (aﬁ£ an)nen 18 a bounded sequence. To

prove that a € AT and (aIL)nE[N converges to al, proceed as in the corresponding part
of the proof of [18, Theorem 2.7] (see statement (ii) implies statement (iii) in [18,
Theorem 2.7]).

Suppose that statement (iii) holds. First note that if a, = 0, then v, = 0. In
addition, according to [18, Theorem 2.5], if a,, # 0, then,

1

cos g,

lanal || =

Therefore, the sequence (aﬁE an)nen is bounded if and only if there exists ¢ € [0, %)

such that ¢, = 1,, < ¢ for all n € N.
To prove that statement (iv) implies statement (i), apply Theorem 3.3 (equivalence
between statements (iii) and (viii)). O

In Theorem 3.3 and Corollary 3.6 the general case has been presented for the sake
of completeness. However, the case a = 0 is particular and it deserves to be studied.
Recall that given a unital C*-algebra A, if (a,)nen C A~! is such that (ap)nen
converges to 0, then the sequence (a;!),en is unbounded. Next the case of a sequence
(an)nen C A* = A® = A, C AT such that it converges to 0 will be studied. Firstly,
the Moore-Penrose inverse will be considered.

Remark 1. Let A be a unital C*-algebra and consider a € A and (a,)nen C Af such
that (an)nen converges to a. Recall that according to [20, Theorem 1.6], the following
statements are equivalent.

(i) The sequence (a})nen converges to al.

(ii) The sequence (ana;ﬂ)new converges to aal.
(iii) The sequence (alan)nen converges to ala.
(iv) The sequence (af,)nen is bounded.

Now when a = 0, according to [20, Theorem 1.4], the following equivalence holds:

(v) A necessary and sufficient condition for (aL)ne[N to converge to 0 is that the
sequence (a})nen is bounded.

However, concerning the convergence of (anaL)neN, note that given n € N, since anaL
is a self-adjoint idempotent, if HanaLH < 1, then anaIL = 0, which implies that a,, = 0;
a similar result can be derived for the convergence of (a};an)new. Consequently, the
following statements are equivalent.

(vi) The sequence (a},)nen converges to 0.
(vii) There exists ng € N such that for n > ng, a,, = 0.

Therefore, according to statements (v)-(vii), given (an)pen C A' such that (a,)nen
converges to 0, there are only two possibilities.

(viii) There exists ng € N such that for n > ng, a, = 0; or
(ix) the sequence (aL)neN is unbounded.

In the following proposition, sequences of group invertible or (dual) core invertible
elements that converge to 0 will be studied.



Proposition 3.7. Let A be a unital C*-algebra and consider a sequence (an)nen C
A# = A® = Ag such that (an)nen converges to 0. The following statements are
equivalent.

(i) The sequence (af] Jnen converges to 0.

(ii) The sequence (an,®)nen converges to 0.

(ili) The sequence (ang)nen converges to 0.

iv) The sequence (a#)new is bounded.

v) There exists ng € N such that for n > ng, a, = 0.
a

—~

In addition, there exist only two possibilities for the sequence (ap)neN-

(vi) There exists ng € N such that for n > ng, an, = 0; or
(vii) the sequence (alf )nen is unbounded.

Moreover, statement (vii) is equivalent to the following two statements.

(viii) the sequence (a,®)pen is unbounded.
(ix) the sequence (Gng)nen is unbounded.

Proof. According to Theorem 3.3, statements (i)-(iii) are equivalent.

It is evident that statement (i) implies statement (iv).

Suppose that statement (iv) holds. According to Theorem 2.1, (ay,)nen C A# C A,
In addition according to [19, Corollary 2.1 (ii)],

lak |l < llaf lanal, + afian — 1]* < 9]laf]l.

In particular, the sequence (aL)ne[N is bounded. Thus, according to Remark 1 (v)

(a})nen converges to 0. However, according to Remark 1 (vi)-(vii), statement (v)
holds.

It is evident that statement (v) implies statement (i).

Statements (vi) and (vii) can be derived from what has been proved.

According to Theorem 3.3, statements (vii)-(ix) are equivalent. O

To prove the second characterization of this section some preparation is needed.

Remark 2. Let A be a unital C*-algebra and consider a € A® = Ag. If Ly: A — A
and R,: A — A are the left and the right multiplication operators defined by a, i.e.,
for x € A, Lo(z) = ax, Ry(x) = xa, respectively, then according to [2, Theorem 2.14],

LQ@LQLQ@ = La@) RQ@RGRQ@ = Ra@
Note also that according to Definition 2.1,

ZR(LQ@) = G.A, N(La@) = (a*)o.
R(R,@) = Aa”, N(R,e) = °a.

=y

Therefore, L, = (La)g)L (a+)° and R, = (Ra)fzmoa.

In addition, since L,,¢ = LoL,®, R,y@ = Ry@Ra € L(A) are idempotents, observe
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that according to Definition 2.1 and [2, Theorem 2.14],

fR(Laa@) = a.A, :R(Raa@) = Aa
N(Laa@) = (a’*)oﬂ N(Raa@) - Oa"

In fact, the identity a = aa®a (respectively a® = a®aa®) implies aa® A = aA (respec-
tively Aaa® = Aa® = Aa*). Moreover, it is not difficult to prove that the identity
Aa® = Aa* implies that (aa®)° = (a*)°, while from the identity a = aa®a it is
possible to deduce that °(aa®) = °a.

Similar arguments prove the following facts: Lg, = (La)((f*)ﬂ?ao, Rog = (Ra)(f%;o(a*)
and

Next follows the second characterization of the continuity of the (dual) core inverse.
In this case, the notion of the gap between subspaces will be used.

Theorem 3.8. Let A be a unital C*-algebra and consider a € A% = Ag, a # 0.
Consider a sequence (ap)pen C A® = Ag such that (ap)nen converges to a. The
following statements are equivalent.

(i) (a2),en converges to a®.
ii) (ana Jnen converges to aa®.
iii) ( (anA a./l))ne[N and (5(( 7%, (@*)°))nen converge to 0.
iv) (6 (Aa), Aa*))nen and (5( an, °a))nen converge to 0.
(v) (ay )ne[N converges to Gg.
(vi) (an@an)new converges to aga.
i) (
)

ch)

(vii :5\( * A, a*A))pen and (5 (a3, a°))nen converge to 0.

(viii) (0 (Aan,Aa))nen and (5( (a}),°(a*)))nen converge to 0.

Proof. 1t is evident that statement (i) implies statement (ii). Suppose that statement
(ii) holds. According to Remark 2, aA = R(L,,@ ), (a*)° =N(Ly®), anA =R(L &)

An G,

and (a})° = N(Lanai@) (n € N). However, according to [7, Lemma 3.3], statement (iii)

holds.
Suppose that statement (iii) holds. Recall that according to Remark 2,

2 2
Lo = (La)op ayr Lo = La ) g (an)er

for each n € N. Let k = || Lq|||| L@ || = |lal/|[a®]|| and consider ny € N such that for all
n > no,

=0 (N (La) e ) N (LD o) ) =3 (@), (@) < 5
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and

2K

A L. — I — @ _ <
n=ILo@ L0 = Lo, Il = la®llla — anll < G55

Thus, according to [16, Theorem 3.5],

la®]],

L+ K)(sp+ 1) + (14 1ry)ty
® —a®)| = |L,g - Loa|| < -
Han a H H o® a® || = 1—(1+/{)Sn—I€Tn—(1+Tn)tn

which implies statement (i).
Statements (i), (ii) and (iv) are equivalent. To prove this fact, apply a similar
argument to the one used to prove the equivalence among statements (i), (ii) and (iii),

using in particular R e = (Ra)(Q) R e = (Ran)@) Ry and R & instead

Aax,°a’ Aaz can?
of the respectively left multiplication operators (Remark 2, n € N).
Statements (i) and (v) are equivalent (Theorem 3.3).
To prove the equivalence among statements (v) and (viii), apply a similar argument
to the one used to prove that statements (i)-(iv) are equivalent, using in particular
Remark 2 and [16, Theorem 3.5]. O

Next, some bounds for ||a® — a®|| will be proved, when (ay),en C A converges to
a € A in a C*-algebra A. Before, a technical lemma is presented.

Lemma 3.9. Let A be a unital C*-algebra and let a,b € A® = Ag. Then

(i) b2 — a® = b2b(b' — a')(1 — aa®) + b®(a — b)a® + (1 — b®b)(b — a)a'a®.
(ii) bg — ag = (1 — aga) (bl — a")bbg + ag(a — b)bg + agal (b —a)(1 — bbg).

Proof. To prove statement (i), recall that since a and b are core invertible, a and b
are Moore-Penrose invertible (Theorem 3.1). In addition, according to [4, Theorem
3.1], b = b®b2. Thus, according to Lemma 3.2 (i),

(1 —b2b)(b—a)a’a® = —(1 — b®b)aa’a® = —(1 — bBb)a® = bBba® — a®.
Now, according to Theorem 2.2, b = b®bbl. In addition, a*aa® = a*(aa®)* =
(aa®a)* = a*, ie., a*(1 — aa®) = 0. Moreover, since a' = a'aa’ = al(aa’)* =
af(ah)*a*, a' (1 — aa®) = 0. Therefore,
b2h(b' — a") (1 — aa®) = bBbbT (1 — aa®) = b2 (1 — aa®) = b® — bBaa®.
As a result,
b® —a® = b® — b%aa® + b%aa® — b®2ba® + bPba® — a®

= bv2b(b — a") (1 — aa®) + b2 (a — b)a® + (1 — b®b)(b— a)a'a®.

To prove statement (ii), use that xg = ((z*)#)* (z € A), and apply statement (i).
O

Next, the aforementioned bounds will be given.

Theorem 3.10. Let A be a unital C*-algebra and consider a € A% = Ag. The
following statements hold.
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(i) Ifbe A2 =Ag, b#0 and b ¢ AL, then

bf — af| o]
b8 — 08| < H @ @ —bll.
el L e | G [ OB
(ii) In addition,
6" — af] o]
be — < — b — — bl
o = aoll < Foh+ | Ibsll + oo Haallle =]

(iii) If also a # 0 and a ¢ A™L, then

6" —a|| - lla®] ("] + llaf]])

b® — a®|), |bg — <
max{[® — 0@ bg — agll} < TIh + T

lla = b]l.

(iv) In particular, if a € A® = Ag, a # 0 and a ¢ AL, and (an)pen C A® = Ag,
an # 0 and a, ¢ A~Y, for allm € N, then

lah, —atf eIl (llahll + la'])

@ _ B — <
maX{Han a ”7 ”an@ G‘@H} — COS wn Coswa COS'[/Jn

la = anll,

where Y, = Vg, .

Proof. To prove statement (i), observe that b # 0 (respectively b ¢ A~!) if and only
if b2b # 0 (respectively b®b # 1). Thus, according to [21, Lemma 2.3], Lemma 3.2
(iii) and [18, Theorem 2.4 (iii)],

1

1 —b®2p|| = ||b®b]| = ||(b®b) + (b®Bb)* — 1| = ||(bbT + bTb — 1)~ Y| = .
| | = [[b%b] = [[(b¥b) + (b¥b) | = [[(bb" + )l P

Note that since 1 —aa® is a self-adjoint idempotent, |1 —aa®|| is either 0 or 1. Hence
|1 — aa®|| < 1, and according to Lemma 3.9,

16 —a®|| < |[p®0][[b" — a|[|[1 — aa®|| + [Hb@\llla@\l +1 - b@bHHa*a@H} la =l

ot — af| Jata®]

<2 =204 12| + 1" |ja — b

< i e la® + T
bt — | o]

< =0 162 + | [[a®|]la — b].
i [ R | E [ ERL

Statement (ii) can be derived from statement (i). In fact, recall that given x € A® =
Ag, Tg = ((2*)®)*. Moreover, if z € AT\ {0}, then note that ¢, = b+ = 1b,. Now
apply statement (i) to a* and b*.

To prove statement (iii), first observe that if @ = 0 in statement (i), then ||b®]| <

C!f;wb. Thus, if a # 0 and a ¢ A~!, then statement (i) applied to b = 0 and a implies
)
that ||a®|| < % However, if these inequalities are applied to statement (i), then it
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is not difficult to prove that

6" —a™||, llaf|l (167 + lla™])

b8 — 02| < —b|.
| ol < cos Yy COS Y COS Yy la =]
Using statement (ii), a similar argument proves that ||ag|| < C'(')Z:ﬂa, |bg || < Clzzub and
o —auf < W=l IO )
® &l = cos 1, COS g COS Yy, ’
Statement (iv) can be derived from statement (iii). O

Remark 3. (i) As it was used in the proof of Theorem 3.10, givena € A® = Ag,a # 0
and a ¢ A~!, Theorem 3.10 (i) (respectively Theorem 3.10 (ii)) gives a relationship

lla®]]

between the norm of a® (respectively of ag) and the norm of af: ||a®| < T

(respectively [lag| < 2L,

(ii) In addition, under the same hypotheses of Theorem 3.3 and Theorem 3.10 (iv),
the latter result gives an estimate of the convergence of (a,#)nen and (ang)nen to
a® and ag, respectively.

(iii) Moreover, in Theorem 3.10 (i), when aa® = 1, equivalently when a € A%

according to the proof of this statement, it is not difficult to prove that

—2
® _ @ < @0(,—1 a2l _bll.
15° - a®l < [i@lta 1+ L] o

(iv) Similarly, in Theorem 3.10 (ii), when a € A~!, the following inequality can be
proved:

-2
e N |
oo~ aal < Isella™l+ L)

4. Continuity of (dual) core invertible Hilbert space operators

Let H be a Hilbert space and consider A € L(H). The definition of core invertible
Hilbert space operators was given in [3, Definition 3.2]. In fact, A € £(H) is said to
be core invertible, if there exists X € L(H) such that

A=AXA,  RX)=R(A), NX)=N(A.

Thus, when A € L(H), two definitions of the core inverse of A has been given: as
an element of the C*-algebra L(H) and as Hilbert space operator. However, as the
following proposition shows, both definitions coincide in the Hilbert space context.

Proposition 4.1. Let H be a Hilbert space and consider A € L(H). The following
statements are equivalent.

(i) The core inverse of A exists.
(ii) There exists an operator X € L(H) such that AXA = A, R(X) = R(A) and
N(X) = N(4%).
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Moreover, in this case X = A® = Ag()A),N(A*).
Proof. Suppose that A® exists. Then, A = AA® A and there are operator S, T, U,
V € L(3H) such that

A® — AS, A= ABT, A —UA*  A* = VA®,

In particular, R(A®) = R(A) and N(A®) = N(A*).

Now suppose that statement (ii) holds. Then, there exists X € L(H) such that
R(X) = R(A). According to [23, Theorem 1], there are L, K € L(H) such that
A = XL and X = AK. In particular, X£(H) = AL(H). In addition, since R(A) is
closed, R(X) is closed, which is equivalent to the fact that X is regular. Now since A*
is regular, according to [24, Remark 6], there exist operators M, N € £L(H) such that
X = MA* and A* = NX. In particular, L(H)X = L(H)A*. Since A = AXA and
the core inverse is unique, when it exists ([2, Theorem 2.14]), X = A®. Finally, since
according again to [2, Theorem 2.14], A% is an outer inverse, according to what has

been proved, A® = Agg()A) N(A*)" O

As for the core inverse case, a definition of dual core invertible Hilbert space op-
erators was given in [3, Definition 3.3]. In the following proposition the equivalence
between Definition 2.2 and [3, Definition 3.3] will be considered.

Proposition 4.2. Let H be a Hilbert space and consider A € L(H). The following
statements are equivalent.

(i) The dual core inverse of A exists.
(ii) There exists an operator X € L(H) such that AXA = A, R(X) = R(A*) and

N(X) =N(A).
. . . 42
Moreover, in this case X = Ag = AiR(A*),N(A)'
Proof. Apply a similar argument to the one used in Proposition 4.1. O

Note that the relationship between the (dual) core inverse and the outer inverse with
prescribed range and null space for the case of square complex matrices was studied
in [25, Theorem 1.5] (apply [2, Theorem 4.4]).

Next, the continuity of the (dual) core inverse will be characterized using the gap
between subspaces. The next theorem is the Hilbert space version of Theorem 3.8.

Theorem 4.3. Let H be a Hilbert space and consider A € L(H), A # 0, such that A
is (dual) core invertible. Suppose that there exists a sequence of operators (An)nen C
L(H) such that for each n € N, A, is (dual) core invertible and (Ap)nen converges to
A. Then, the following statements are equivalent.

i) The sequence (Ap®)pen converges to A®.

(ii) The sequence (A n@)neﬂ\l converges to Ag.

(iii) The sequence (Ap® An)nen converges to A% A.

(iv) The sequence (ApAng)nen converges to AZA.

(v) The sequence (g( R(A,®),R(A®)))pen converges to 0.
(vi) The sequence (S\(R( Apn), R(A)))nen converges to 0.
(vii) The sequence (3 (N(A,®), N(A®))),en converges to 0.
(viii) The sequence (S(N(AZ) N(A*)))nen converges to 0.
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(ix) The sequence

(x

) R(Ang), R(Ag)))nen converges to 0.
)

(xi) The sequence
)

(An
R(AL), R(A*)))nen converges to 0.
N(Ang), N(Ag)))nen converges to 0.

(
The sequence (
(
(0 (N(A),N(A)))nen converges to 0.

5 (
5 (
5 (
5 (

(xii) The sequence

Proof. First of all recall that £(3)® = L(H)g (Theorem 3.1).

Statements (i)-(iv) are equivalent (Theorem 3.8). According to [7, Lemma 3.3], state-
ment (iii) implies statement (v) and according to Proposition 4.1 and [17, Chapter 4,
Section 2, Subsection 3, Theorem 2.9], Statements (v)-(viii) are equivalent.

Now suppose that statement (vi) holds. Thus, according to what has been proved,
the sequences (E(SR(AH),R(A)))%N and (S(N(AZ),N(A*)))%N converge to 0 (re-
call that according to [17, Chapter 4, Section 2, Subsection 3, Theorem 2.9],
§(R(An),R(A)) = & ((N(A%),N(A*)), n € N). In addition, according to Proposi-
tion 4.1, for each n € N,

_ (2) — 42
AP = (A”)R(An),N(A;)’ A® = AfR(A):N(A*)'

Let k = || A||||A®]| and consider ng € N such that for all n > nyg,

wn = 5 (N((An) 5, sy NAS Ly sigany) ) = 8 (N(AZ), N(47))
_5 _ 2) (2) 1
= 5 (R(Aw), R(A)) = 8 (R((A)e(a, xR xa)) < G
and
2K
—|AB|A - Ayl < ——
142114 = A0l < v
Since (3+ 7 < min{ - T HK 5 }, according to [16, Theorem 3.5],

— (14 28)w, — (1 4+ wp) 2y ’

42 - 4%) < -

which implies statement (i).

Now, according to [7, Lemma 3.3], statement (iv) implies statement (xi) and ac-
cording to Proposition 4.2 and [17, Chapter 4, Section 2, Subsection 3, Theorem 2.9],
Statements (ix)-(xii) are equivalent.

Suppose that statement (x) holds. Since then statement (xii) also holds, to prove
that statement (ii) holds, it is enough to apply an argument similar to the one used
to prove that statement (vi) implies statement (i), interchanging in particular A with

AY, A with A7, A% with Ag, 4,® with Ang, (An)g()A )N (A7) With (An)g()m) N(A,)?
Ag()A),N(A*) with Agz()A A nay and £ with & = [|A[[[|Ag]|. O

Next, the continuity of the (dual) core inverse will be studied in a particular case.
To this end, two results from [15] need to be extended first.

Proposition 4.4. Let X be a Banach space and consider A € L(X) such that A
is group invertible and the codimension of R(A) is finite. Suppose that there ezists a
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sequence of operators (Ap)nen C L£(X) such that for eachn € N, A, is group invertible
and (An)nen converges to A. Then the following statements are equivalent.

(i) The sequence (Af )nen converges to A#.
(ii) For all sufficiently large n € N, codim R(A,;) = codim R(A).

Proof. Recall that A € £(X) is group invertible if and only if A* € £(X*) is group
invertible. A similar statement holds for each A4, € £(X) (n € N). In addition,
dim N(A*) is finite and (A})nen € L£(X*) converges to A*. Thus, according to [15,
Theorem 3], statement (i) is equivalent to the fact that for all sufficiently large n € N,
dim N(AY) = dim N(A*), which in turn is equivalent to statement (ii). O

Proposition 4.5. Let H be a Hilbert space and consider A € L(H) such that A is
Moore-Penrose invertible and the codimension of R(A) is finite. Suppose that there
exists a sequence of operators (Ap)nen C L(H) such that for each n € N, A, is
Moore-Penrose invertible and (A, )nen converges to A. Then the following statements
are equivalent.

(i) The sequence (A})nen converges to AT
(ii) For all sufficiently large n € N, codim R(A,,) = codim R(A).

Proof. Apply a similar argument to the one in the proof of Proposition 4.4, using in
particular [15, Corollary 10] instead of [15, Theorem 3]. O

Corollary 4.6. Let H be a Hilbert space and consider A € L(FH) such that A is group
invertible and either the codimension of R(A) is finite or AimN(A) is finite. Suppose
that there exists a sequence of operators (Ap)nen C L(H) such that for each n € N,
Ay, is group invertible and (Ap)nen converges to A. Then, the following statements
are equivalent.

(i) The sequence (Af )nen converges to A#.
(ii) The sequence (AIL)TLEEN converges to AT.

Proof. Recall that given and operator S € L(H) such that S is group invertible,
then S is Moore-Penrose invertible (Theorem 2.1). To conclude the proof apply, when
dim N(A) is finite, [15, Theorem 3] and [15, Corollary 10|, and when codimension of
R(A) is finite, Proposition 4.4 and Proposition 4.5. O

Now a characterization of the continuity of the (dual) core inverse for a particular
case of Hilbert spaces operators will be presented.

Theorem 4.7. Let H be a Hilbert space and consider A € L(H) such that A is
(dual) core invertible and either the codimension of R(A) is finite or AimN(A) is
finite. Suppose that there exists a sequence of operators (Ap)nen C L(H) such that for
each n € N, A, is (dual) core invertible and (Ap)nen converges to A. The following
statements are equivalent.

(i) The sequence (AZ)nen converges to A®.
(i) The sequence (Ang)nen converges to Ag.

(iii) The sequence (Al)nen converges to Al
When dim N(A) is finite, statements (i)-(iil) are equivalent to the following statement.

(iv) For all sufficiently large n € N, dimN(A,) = dimN(A).
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When codim R(A) is finite, statements (i)-(iii) are equivalent to the following state-
ment.

(v) For all sufficiently large n € N, codim R(A,,) = codim R(A).

Proof. Apply Theorem 3.3, Corollary 4.6, [15, Theorem 3] and Proposition 4.4. For
the case A =0, apply Remark 1 and Proposition 3.7. O

Now the finite dimensional case will be derived from Theorem 4.7. It is worth
noticing that the following corollary also provides a different proof of a well known
result concerning the continuity of the Moore-Penrose inverse in the matricial setting,
see [26, Theorem 5.2].

Corollary 4.8. Let A € M,,(C) be a (dual) core invertible matrixz. Suppose that exists
a sequence (Ap)nen C My (C) of (dual) core invertible matrices such that (Ap)nen
converges to A. The following statements are equivalent.

(i) The sequence (AZ),en converges to A®.
(ii) The sequence (Ang)nen converges to Ag.

)
(iii) The sequence (A})nen converges to Af.
(iv) There exists ng € N such that rk(A,) = rk(A), for n > ny.

Proof. Apply Theorem 4.7. O

5. Differentiability of the (dual) core inverse

To prove the main results of this section, some preparation is needed.

Let U C R be an open set and consider a: U — A a function such that a(U) C A®.
Since according to Theorem 3.1, A® = Az = A% C AT, it is possible to consider the
functions

a® ag, a” al: U — A,

which are defined as follows. Given u € U,

Since in this section functions instead of sequences will be considered and the notion
of continuity will be central in the results concerning differentiability, Theorem 3.3 will
be reformulated for functions.

Theorem 5.1. Let A be a unital C*-algebra and consider U C R an open set and a
function a: U — A such that a(U) C A® and a is continuous at ty € U. The following
statements are equivalent.

(i) The element a(ty) € A% and the function a® is continuous at ty.

(ii) The element a(ty) € Ag and the function ag is continuous at ty.

(iii) The element a(ty) € A" and the function a™ is continuous at to.

(iv) The element a(ty) € A® and there exists an open set V. C U such that tg € V
and the function a® is bounded on V.
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(v) The element a(ty) € Ag and there exists an open set W C U such that to € W
and the function ag is bounded on W.
(vi) The element a(ty) € AT, the function al is continuous at to, and there exists and
open set I C U such that tg € I and the function a®a is bounded on I.
(vii) The element a(to) € Al, the function a' is continuous at ty , and there exists
and open set J C U such that ty € J and the function aa® is bounded on J.
(viii) The element a(ty) € Af, the function a' is continuous at to, and there exist an
open set Z such that to € Zand ¢ € [0,%) such that when a(t) # 0 (t € Z),

’2
e = wa(t) <.
Proof. Apply Theorem 3.3. O

Remark 4. Note that under the same hypotheses of Theorem 5.1, when a(ty) = 0,
the continuity of the function a® (respectively ag, a?, al) at ¢y is equivalent to the
following condition: there exists an open set K C U, tp € K and a(t) =0, forallt € K
(Remark 1, Proposition 3.7).

To study the differentiability of the (dual) core inverse, the differentiability of the
Moore-Penrose inverse need to be considered first.

Remark 5. Let A be a unital C*-algebra and consider an open set U and a: U — A
a function such that a(U) c A and there is to such that a is differentiable at tg.
Thus, a necessary and sufficient condition for af to be differentiable at t( is that af is
continuous at tg. In fact, if a(ty) # 0, there is an open set V' C U such that ¢y € V
and a(t) # 0 for t € V, and then according to [20, Theorem 2.1], this equivalence
holds. On the other hand, if a(ty) = 0, according to Remark 1 (vi)-(vii), the function
a' is continuous at ¢( if and only if there exists an open set W such that o € W and
a(t) = 0 for t € W, which implies that a' is differentiable at to. As a result, in [20,
Theorem 2.1] it is not necessary to assume that a(¢) # 0 for ¢ in a neighbourhood of
to.

In the following theorem the differentiability of the (dual) core inverse will be stud-
ied. Note that the following notation will be used. Given a unital C*-algebra A, if
U C Ris an open set and b: U — A is a function, then b*: U — A will denote the
function b*(¢) = (b(t))* (¢t € U). In addition, if b: U — A is differentiable at ¢y € U,
then b’(tp) will stand for the derivative of b at ty.

Theorem 5.2. Let A be a unital C*-algebra and consider U C R an open set and
a: U — A a function that is differentiable at to € U and a(U) C A® = Ag = A7.
The following statements are equivalent.

(i) The function a® is continuous at to.
(ii) The function a® is differentiable at to.
(iii) The function ag is differentiable at to.
(iv) The function a* is differentiable at to.

Furthermore, the following formulas hold.

(v)

(a®)'(to) = a®(to)a(to)(a")' (to) (1 — a(to)a®(to)) — a®(to)a'(to)a® (to)
+ (]]. — a@(to)a(to))al(to)aT(to)a@(to).
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(ag) (to) = (1 — ag(to)a(to))(a’) (to)a(te)ag (to) — ag(to)a’ (to)ag (to)
+ag(to)al (to)a’ (to) (1 — a(to)ag (to)).

(vii)
(a™)(to) = (a®)'(to)a® (to)a(to) + a® (to)(a®)'(to)a(to) + (a®)(to)a’
= a'(to)(ag)*(to) +a(to)(ag)'(to)ag (to) + alto)as(t) (ag)
= (a®)'(to)a(to)ag (to) + a®(t0)a (to)ag (to) +a®(to)a(to)(ag)' (o).
Proof. According to Lemma 3.9,
a®(t) —a®(to) = a®(t)a(t)(al(t) — a'(t)) (1 — a(to)a®(to))
+a®(t)(a(to) — a(t))a®(to)
+ (L —a®(t)a(t))(a(t) — alto))a' (to)a® (to).
Now suppose that statement (i) holds. According to Theorem 5.1, the function af

is continuous at tg, and according to [20, Theorem 2.1] and Remark 5, the function af
is differentiable at ty. Thus,

a®(t)a(t)(al(t) — al(to))(1 — a(to)a® (t))
t—to

converges to a® (tg)a(tg)(al) (to)(1 — a(to)a®(to)). In addition,

a®(t)(a(to) —a(t))a®(to)
t—to

converges to —a®(ty)a’(tg)a®(t), and

(1 —a®(t)a(t))(a(t) — a(to))al (to)a® (to)
t—to

converges to (1 —a®(tg)a(ty))a’(to)al (tg)a® (ty). Consequently statements (ii) and (v)
hold.

It is evident that statement (ii) implies statement (i).

Now observe that the function a*: U — A is differentiable at ¢ty and a*(U) C A®
(Theorem 3.1).

Suppose that statement (i) holds. According to the identity (a*)®(t) = (ag)*(t)
and Theorem 5.1, the function (a*)®: U — A is continuous at tg. Thus, according
to what has been proved, the function (a*)®: U — A is differentiable at to. There-
fore, the function ag: U — Ag is differentiable at ¢9. Consequently, statement (iii)
holds. Furthermore, since (ag) (to) = (((a*)%)")*(to), to prove statement (vi), apply
statement (v).

On the other hand, if statement (iii) holds, then the function ag is continuous at
to. According to Theorem 5.1, statement (i) holds.
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Suppose that statement (i) holds. According to Theorem 2.2 and Lemma 3.2 (iv),
the following identities hold.

a” = (a®)%a = a(ag)? = aPaag.

Therefore, according to what has been proved, the function a# is differentiable at .
Furthermore, from these identities statement (vii) can be derived. In fact, using the
formula for the differentiation of a product, if a# = (a®)2a, then, given to € U,

(a™)'(to) = (a®)'(to)a® (to)a(to) + a®(to)(a®) (to)a(to) + (a®)*(to)a’ (to).

The other two formulas in statement (vii) can be proved in a similar way using the
remaining two identities.

On the other hand, according to Theorem 5.1, statement (iv) implies statement (i).

O]

Remark 6. Under the same hypotheses of Theorem 5.2, the following facts should
be noted.

(i) When a(ty) = 0, according to Remark 4,
(a®)'(to) = (ag)'(to) = (a™)'(to) = (a")/(to) = 0.

(ii) Recall that in [20, Theorem 2.1], a formula concerning the derivative of the
function a'f at ¢y was given.

(iii) Note that according to Theorem 5.1, a necessary and sufficient condition for the
function ag (respectively a*) to be differentiable at tq is that ag (respectively
a#) is continous at tg. In fact, the continuity of one of the functions a®, ag and
a# at a point ¢y is equivalent to the continuity and the differentiability of the
three functions under consideration at ¢y (Theorem 5.1 and Theorem 5.2).

(iv) According to Theorem 2.2,

al = agaa®, a® = a”aal, ag = alaa”.
Thus, the derivative of a, a® and ag at tp can also be computed as follows:

(@) (t0) = (ag)'(to)a(to)a® (to) + ag (to)a’ (to)a® (to) + ag (to)a(to) (a®) (to).-
(a®)'(to) = (a™)'(to)a(to)al (to) + a™ (to)a'(to)a' (to) + a™ (to)a(to)(al) (o).
(ag) (to) = (al)'(to)a(to)a™ (to) + al (to)a' (to)a™ (to) + al (to)a(te) (@)’ (o).

to
t(] a
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