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Abstract

In spite of its simple formulation via a nonlinear differential equation, the Gompertz model has
been widely applied to describe the dynamics of biological and biophysical parts of complex
systems (growth of living organisms, number of bacteria, volume of infected cells, etc.). Its pa-
rameters or coeflicients and the initial condition represent biological quantities (usually, rates and
number of individual/particles, respectively) whose nature is random rather than deterministic.
In this paper, we present a complete uncertainty quantification analysis of the randomized Gom-
perz model via the computation of an explicit expression to the first probability density function
of its solution stochastic process taking advantage of the Liouville-Gibbs theorem for dynam-
ical systems. The stochastic analysis is completed by computing other important probabilistic
information of the model like the distribution of the time until the solution reaches an arbitrary
value of specific interest and the stationary distribution of the solution. Finally, we apply all our
theoretical findings to two examples, the first of numerical nature and the second to model the
dynamics of weight of a species using real data.

Keywords: Random nonlinear differential equation, Continuity partial differential equation,
Liouville-Gibbs theorem, Randomized Gompertz model, Complex systems with uncertainties

1. Introduction

Mathematical models are one of the most powerful formal tools for increasing our under-
standing about the dynamics of biological and biophysical parts of complex systems [1]. How-
ever, deterministic mathematical models are useful to some extent since they neglect random
fluctuations and other complex factors that may seriously affect the dynamics of biological sys-
tems. For example, in population dynamics studies, these complex factors include weather, ge-
netics, resources, etc. Some important mathematical models, that have been extensively studied
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to describe population dynamics, include the Malthusian, Verhulstian/Logistic and Gompertzian
models [2]. Although simple, these models serve as cornerstone to develop more sophisticated
mathematical models devised to describe the dynamics of some parts of biological complex
systems [3, 4]. Motivated by the foregoing facts, a number of interesting extensions of the
above-mentioned deterministic growth population models to the stochastic scenario have been
proposed. It is important to point out that these extensions have been done depending on the
mathematical properties of the random/stochastic noise introduced in the corresponding deter-
ministic model to formulate its random/stochastic counterpart. Indeed, when the noise is con-
sidered via irregular sample paths or trajectories like the Brownian motion or, more generally,
the Wiener process, stochastic differential equations (SDEs) are formulated. Whereas random
differential equations (RDEs) are those where noise or random fluctuations have regular sample
behaviour (continuity, differentiability, bounded variation, etc.) and they are directly manifested
by assigning appropriate probability distributions to input data (initial/boundary conditions, forc-
ing/control terms, coefficients). The rigorous handling of SDEs requires special mathematical
tools like Itd or Malliavin stochastic calculus [5, 6, 7, 8, 9]. Under this approach noise is pre-
fixed by specific patterns like Gaussian or Lévy stochastic processes. SDEs have found fruitful
applications in many scientific areas, particularly in Finance [10, 11]. Complementary, RDEs are
rigorously solved using an extension of classical Newton-Leibniz calculus, usually termed mean
square calculus. Under this approach, the main mathematical properties of stochastic processes,
like continuity, differentiability and integrability, are characterized via the correlation function
associated to the corresponding stochastic process provided it does have finite variance, i.e., it
is a second-order stochastic process [12, 13, 14, 15]. A main advantage of RDEs is that a wide
range of probability distributions can be allocated for input parameters including the Gaussian
distribution. This key fact has stimulated the extensive application of RDEs in dealing with
real applications where uncertainties play a major role to properly describe the dynamics of the
corresponding phenomenon under analysis using a number of techniques including generalized
polynomial chaos, collocation methods, random Frébenius expansions, equivalent linearization,
perturbation techniques, etc., [12, 16, 17, 18].

In the context of SDEs, the classical Malthusian, Verhulstian and Gompertzian models have
been studied and applied to model a variety of problems like the price of a stock, the asymptotic
analysis of equilibrium states for a single species and tumour cell growth, for example (see [11,
19, 20] and references therein, respectively). Whereas in the setting of RDEs both Malthusian
and Verhulst models have also been extensively studied, see for instance [21, 22, 23, 24, 25, 26].
However, to best of our knowledge the randomized Gompertz model has not yet been studied in
the framework of RDEs.

As in the deterministic setting, the analysis of the aforementioned models formulated via
SDEs and RDEs, includes the existence and uniqueness of solution, the continuous dependence
of the solution in terms of the initial data, etc., but also the determination of the main statistical
properties of the solution stochastic process such as the mean, the variance and higher moments.
A more ambitious and desirable goal is the computation of the finite dimensional distributions
(usually called the fidis) of the solution. In particular, the computation of the first probability
density function (1-PDF) is a major goal since from its integration one can straightforwardly
determine any one-dimensional moment (in particular, the mean, the variance, the symmetry
and the kurtosis), provided they exist, as well as confidence intervals and the probability that
the solution lies in an interval of specific interest. In dealing with SDEs, it is known that the
1-PDF satisfies the Fokker-Planck partial differential equation (PDE) [27, Ch. 5]. However, its
computation by solving this important PDE in its general form is still a challenge [28] and most
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of the contributions mainly focus on determining its solution in particular cases using analytical
[29] or numerical techniques [30] or to compute the stationary distribution for particular SDEs
[31]. In the context of RDEs, the computation of the 1-PDF has been dealt with mainly using a
the so-called Random Variable Transformation (RVT) technique. This important result permits
to compute the PDF of an absolutely continuous random vector which comes from mapping
another absolutely continuous random vector whose PDF is known. This result states as follows

Theorem 1 (Random Variable Transformation technique). /72, pp. 24-25]

Let V(w) = (Vi(w),...,Vi(w)" and W(w) = (W (w), ..., Wi(w))" be two k-dimensional ab-
solutely continuous random vectors defined on a complete probability space (Q, F,P). Letr :
R* — R¥ be a one-to-one deterministic transformation of V(w) into W(w), i.e., W(w) = r(V(w)),
w € Q. Assume that r is a continuous mapping and has continuous partial derivatives with re-

spect to each component v;, | <i < k. Then, if fy(vi,..., V) denotes the joint probability density
function of the vector V(w), and s = r™' = (si(wi,...,wi),...,sx(Wi,..., W) represents the
inverse mapping of r = (ry(vi,...,vi), ..., (Vi ..., ), the joint probability density function

of the random vector W(w) is given by

Swwi,oow) = fv i, wi), e sk wi) LTkl

where |Ji|, which is assumed to be different from zero, denotes the absolute value of the Jacobian
defined by the following determinant

ost(Wi, ..., wy) asr(Wi, ..., wy)
ow ow
Ji = det : . :
Ost (Wi, ..., wg) Osi(Wi, ..., Wi)
Owy Ok

When a closed-form solution of the RDE is available, the RVT technique is often useful to
obtain an exact expression of the 1-PDF of the solution stochastic process [32, 33]. This method
has also been successfully applied to determine the 1-PDF of other random equations (see [34,
35] for its application to solve random difference equations, and [36, 37] to deal with random
partial differential equations). The RVT method has demonstrated to be very useful to compute
approximations of the 1-PDF of the aforementioned type of random equations in combination
with other techniques such as Karhunen-Loeve expansions [38, 39], Frobenius expansions [40],
differential transform method [41], the homotopy method [42], numerical schemes [43, 44], etc.
The main drawback when applying Theorem 1 is finding the appropriate mapping r as well as its
jacobian .

Complementary to the RVT technique, the 1-PDF can also be computed by means of the
Liouville-Gibbs theorem for dynamical systems [45, 46, 47]. This result establishes that the 1-
PDF satisfies certain PDE, usually termed Liouville-Gibbs equation, that can be regarded as a
particular case of the Fokker-Planck PDE for SDEs, but in the setting of RDEs (later on we will
comment further details in this regard). In this paper, we will show the key role played by this
PDE to determine the 1-PDF of the randomized Gompertz equation avoiding the application of
RVT technique and its aforementioned drawbacks. As far as we know, this is the first time that
this kind of analysis is carried out for the randomized Gompertz model.

This paper is organized as follows. In Section 2 we summarize and adapt the main results
related to the Liouville-Gibbs theorem that will be required to determine a closed-form expres-
sion of the 1-PDF of the solution of the randomized Gompertz model. This is done in Subsection
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3.1. Section 3 is completed by computing both the distribution of time until certain number of
individual/particles reaches a prefixed level (Subsection 3.2) and the stationary distribution of
the solution (Subsection 3.3). In Section 4, all the theoretical results established in Section 3 are
illustrated via two examples. Conclusions are shown in Section 5.

We finish this section pointing out that throughout this paper the exponential function will be
denoted by e or exp, interchangeably.

2. The Liouville-Gibbs partial differential equation

In this section we introduce the main results about the Liouville-Gibbs PDE that will be re-
quired throughout this paper to provide a full probabilistic analysis of the randomized Gompertz
equation.

Hereinafter, the triplet (Q, ¥, P) will denote a complete probabilistic space and (L,(Q), ||-|])
stands for the Hilbert space of second-order real random variables (i.e., having finite variance),
X : Q — R, with the inner product (X, Y) = E[XY], X, Y € L,(Q), where E[-] is the expectation
operator and the inferred norm is given by ||X|| = (E[X?])!/2. Second-order real random vectors,
X : Q — R", are defined in a natural way in the Hilbert space (L3(€2), ||(l,) whose elements are
X =(Xy,...,X,), with X; € L,(Q), 1 <i < n, and the norm is defined by || X||,, = max{||X;]| : 1 <
i < n}. Given 7 c R*, a second-order real stochastic process is a family of second-order real
random vectors indexed by elements of 7, X(f) = {X: T xXQ - R" : t € T, w € Q}. In practice,
T =[t1,1,],0 < t; <, < oo (for convenience we interpret the parameter ¢ as time, So we assume
it is nonnegative). As usual, in the previous notation the dependence on the parameter w is hid-
den for random quantities. The convergence of sequences of random variables/vectors/stochastic
functions in the foregoing norms is usually called mean square convergence and the correspond-
ing concepts of mean square continuity, differentiability and integrability of a stochastic process
can be defined in terms of ||-|| and |-||,,, [12, 13, 15].

Let us consider the following initial value problem (IVP)

1
X(t0) = Xo, M

{d’éﬁ’) = g1, X(0), 1> 1o,
where g = (g1,.. ., 8x) € C'([ty, +00) x L2(Q), R") and X,, € LA(Q).

In the context of dynamical systems, the Liouville-Gibbs theorem states that the PDF, f(¢, x),
of the solution stochastic process, X(#), of IVP (1) is an invariant of motion, i.e., the integral

J@ = f f(t,x)dx 2
D,
is independent of ¢ for any domain D, € R” (defined in terms of #), i.e.,
dg®
=0 3
i 3)

This important result can be derived using the characteristic function and its relationship with the
PDF [12, Ch. 6]. Alternatively, let us consider

J+h) = ; ft+h.y)dy. “)
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Let us denote by
X=(xp,....,x) €D; and y=(1,...,Yn) € Dy

the coordinates of arbitrary points in the domain of integration of (2) and (4), respectively. On
the one hand, using the theorem of change of variables for integrals, expression (4) can be written
on the domain D, as

P
Jae+m=| fa+n, y)a—i dx. (5)

D,

0
On the other hand, let us calculate the two factors, f(z + h,y) and the jacobian a—y, appearing in
X
the previous integral. For the former, let us observe using Taylor’s expansion of order 2 that

af dx of dx, Of
t+h, = t, hl——+... 4 = |+ O
fathy) = Jax)+ (6x1 @t T ag @ o) tom) ©
of of aof

+hl =g +...+ =g, +— |+ O0(h?),

f (6x181 a5t (h%)
where in the last step we have used the shorter notation f = f(¢,x) and that x = (x,...,x,)
satisfies the differential equation in (1), so i 8i» 8i = &i(t, x1,...,x,), 1 <i< n. Tocompute

the jacobian, we apply again Taylor’s expansion of order 2 for each component,

dx; :
yizxi+hd—); +OU2) = x; + hgi + O, 1<i<n.

0
Then the jacobian 9 in (5) can be calculated as

ox
(9)61 (9)61
g—i det : :
ayl . ayn
. ox,, 5 ox, 5
1+h28 v o) - nZE s om?)
0x 0xy
= det : ) :
W omy o 1+n %8 oo
L 0x, 0x,
agl 6gn 2
= 1 it 2 .
+h(6x1+ +6x,, + O(h?)

Therefore, using (6) and this last expression for the jacobian one gets

f(t+h,Y)Z_i B [f+h(ﬂgl ot afgang)JrO(hZ)]

oxy ox, ot
agl agn 2
1+h(6x| + +6xn)+0(h)
3 of of
= f+h((9x1gl+'”+8xng"+ ”

681 6gn
+f8x] + +f8xn)'
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H(fg,- _ 6f f— 1 <i < n. Then the

Now, we use the rule for the derivative of a product ———
ox; c')x, ox;

last expression can be written as

9 n 9 :
f(t+hy)——f(tX)+h[ Sy (fg)],
i=1

ot — Bx,-
ie., 0
y
fe+hy)= = f(t.%) _of Z o(fs1) )
h 6[ ox;

i=1
where, for convenience, we have recovered the notation f = f(, x). Finally, we subtract (2) from
(4), we divide by & and take limits as 4 — 0, then taking into account (7), one gets

dy
g0 . ga+hy =g SOV TN e e I afen)
0=—5 ‘%%T‘fl) I dx‘f E+Z o | 9

Therefore, if the PDF f = f(, x) of the solution stochastic process of (1) satisfies the following

PDE
o(fg)
or Z ox; ®)

then it is an invariant of motion of the dynamical system (1). This PDE is called the Liouville-
Gibbs equation and can be regarded as a particular case of the Fokker-Planck equation associated
to the Itd-type SDE

dX(r) = g(t, X(®)dt + o (£, X(0))dW(?), t> 19,

X(t) = Xo,
where o = (o)) € C2([tg, +00) X L3(€), R™™) and W(7) is an m-dimensional Wiener process,

in the case that the diffusion matrix o~ = 0 [27, 47].
For a given initial PDF, fy(x), the Liouville-Gibbs equation (8) can be expressed as

af(t,x)
{ ot

+ V.- (f(t,x)gt,x) =0, t>1, xeR?
ft,x) = fox), xeR",

€))

in terms of the divergence operator V - (-) with respect to the spatial components x. In this form
this PDE is usually termed the continuity equation [47, 48].
Developing the divergence of the product, we obtain a more practical form of equation (9)

af(t,x) 0 (
! 5 Z (£,%) f = —ft,0) V- g1, ). (10)
g k=1
Using the Lagrange system associated to this PDE
dt df _dxp _ dx,

DA T



149

150

151

1562

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

and from the first equality on the above chain of identities, one gets the unique local solution of
the Liouville-Gibbs equation [12, Ch. 6]

£, %) = fo(h™'(z,x)) exp {—f V- g(s,x = h(t,x)) ds} |X0:h71(1 o (11

fo

Here, function X(f) = h(z, X) solves the differential equation (1) and Xy = h~!(z, X) solves for
X the equation X = h(z, Xy) for ¢ arbitrary but fixed, so X = X(¢). Furthermore, we can see why
equation (10) is more practical when obtaining the solution of the continuity equation, namely,
the factor V - g(t,x) of the right-hand side of equation (10) appears directly in the integral that
explicitly provides the solution via (11).

So far, we have studied the case where randomness just appears in the initial conditions, how-
ever in the analysis of complex systems with uncertainties, and in particular in the randomized
Gompertz model, its coefficients can be also affected by random fluctuations that may seriously
change the solution. Therefore, it is more realistic to treat the case that both initial condition and
coefficients (including the forcing/source term) are also stochastic. This motivates that in our
subsequent analysis we consider the following random IVP
B0 = g1, X(1),A), 1> 19, 1)

X(10) = Xo,

where Xo € L7(Q) and A € L7(Q2). At this point, it is important to point out that we restrict
ourselves to the case that the IVP (12) has a finite degree of randomness [12, Ch. 3] via a finite
number of second-order random variables A = (Ay,...,A,). Although A is independent of ¢,
we want to stress that our scenario also comprises the case that uncertainties can be considered
through many stochastic processes such as polynomials, trigonometric or exponential functions,
etc., dependingon Ay, ..., A,, and f separately. In the case that randomness is defined via stochas-
tic processes having a different nature, like for instance Brownian motion (or its transformations,
Brownian bridge, Brownian with drift, etc.), we can still take advantage of our approach by con-
sidering its truncated Karhunen-Loeve expansions [49]. Therefore, our setting can be applied in
a wide range of practical cases.

Considering the conditional PDF of the solution stochastic process with respect to the values
of A, f(¢,x|a), we know that it verifies the continuity equation (9)

0f (¢, xla)

o + V- (f(z,x|a)g(t, x;a)) = 0. (13)

Observe that this holds because when we consider the conditional density, we are actually as-
suming an arbitrary, but fixed, value for A = a. Therefore, although a is written as an entry of
function g, it does not play the role of a variable but a fixed parameter, so it verifies the continu-
ity equation. Let fy denote the joint PDF of the random variables appearing in the differential
equation. Then, we can multiply both sides of (13) by this density and, therefore

J(f(t,x[a) fa(a))

o + V- (f(t,xla) fa(a)g(t, x;a)) = 0,

i.e.,
daf(t,x,a)

o + V- (f(t,x,a)g(t,x;a)) =0, (14)
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where we have used the following relationship between the conditional PDF, f(z,x|a), the joint
PDF, f(t,x,a) and the marginal, f)(a), namely f(z,x|a)fa(a) = f(¢,x,a). Similarly to the case
where randomness is only in the initial condition, it can be seen that the solution of (14) together
with the initial condition fj(Xo, @) is given by

f(,x,a) = fo(h_l(t, X, a), a) exp {—f V - g(s,x = h(s,x¢,a);a) ds} (15)

>
xo=h-1(t,x,a
1o 0 (t.x,a)

where we first solve (12) obtaining X(#) = h(z, Xy, A) and then X, solves the equation Xy =
h~!(z,X, A) for ¢ fixed. Now, to determine the 1-PDF of the solution stochastic process, we have
to integrate with respect to the random coefficients A = (A4, ..., A,,), obtaining

ft.x) = f(t,x,a)da. (16)

Rm

3. The randomized Gompertz model

This section is addressed to determine the main probabilistic properties of the randomized
Gompertz model, namely, the 1-PDF of its solution stochastic process, the distribution of the
time until a certain number of the individuals (also termed particles, depending upon the context
of the problem) reaches a prefixed level and, finally, the stationary distribution. All this crucial
information is presented in the following subsections. The main mathematical tools that will
be applied to conduct our subsequent study are the Liouville-Gibbs PDE and the so called RVT
technique. The former is required to determine the 1-PDF of the randomized Gompertz model
and the latter to compute both the distribution of the time and the stationary distribution.

3.1. Computing the 1-PDF of the randomized Gompertz model

The aim of this subsection is to obtain an explicit expression for the 1-PDF, f(¢,n), of the
following Gompertz model

A7)

N'(1) = NO)IC = BIn(N@))], > 10> 0,
N(tp) = No,

where Ny, B and C are second-order random variables and the unknown N(z) is a second-order
stochastic process. Here N(f) can represent the number of cells/organisms, weight or other bi-
ological magnitudes, being N, its initial value at the time instant #y. Parameters B > 0 and
C > 0 represent the growth rate (division rate in the case of cells) of the system and difference
between the growth and “dampening factor” rates (death rate in the case of cells), respectively
[50]. Observe that according to the development exhibited in Section 2, comparing (17) with the
general problem (12) and its notation, now n = 1 (X(¢) = X(¢#) = N(@)), m = 2 (A = (B,())
and g(z, X(7),A) = g(¢t, N(?), B,C) = g1(¢t, N(¢), B,C) = N(¢) [C — BIn(N(¢))]. Using the notation
n = n(t), the Liouville-Gibbs equation (14) writes

af(t,(;zt, b.o . (ft,n,b,c)n(c —blnn))) =0, t>t, n>0,

Sf(to,n,b,c) = folno, b, ),

where fj is the joint density of the random variables Ny, B and C.
8
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To obtain the solution by expression (16), we first need to calculate (15). To this end, we
must obtain the divergence term and function n(f) = h(t,ng, b,c). On the one hand, g(t,n) =
n(c — blIn(n)), so its divergence with respect to the “spatial” components is its derivative with
respect to n, i.e.,

V.g(t,n) =c—b(n(n)+1).

On the other hand, it is well-known that the solution of the Gompertz model (17) is given by

R G S
n=ht,ng,b,c), where h(t,ng,b,c)y=e~ 7 n5 " (18)
Therefore, solving for ny gives
no = W\ t,n,b,c) = n" Ve 5D, (19)

Applying expression (15), we obtain

f
ft,n,b,c) = fo(h™'(t,n,b,c),b,c)exp{— f ¢ — b(In(h(s,ng, b,c)) + 1) ds} Hnbi)
1 no=n-"'(t,n,b,c
= Syl (tn,b.c), b, e exp (g, b, ),
20)

where, after calculating the integral and performing its evaluation at ny = h~'(t, n, b, c) given by
(19) one gets

n(t,n,b,c) = b(t—1)+% (eb("t") - 1) + crebt=1)
C(_1+eb(f—fo)) b(t—10)
- (eb("”O)(l + bt) — l)ln e~ 5 n®
(21)
+btIn|e” b

b(=t+10)
R CEY 1Y) _11eb(t=1g) €
o(-14¢ 0)) ( _r( 1+eP0=10)') eb(rto)) :|
€ b n .

Finally, we apply expression (16) to determine the PDF of the solution stochastic process of the
randomized Gompertz model (17) by marginalizing

ft,n) = f f(t,n,b,c)dbdc, (22)
R2

where f(,n, b, c) is given by (19)—(21). In the case that the Ny, B and C are independent random
variables, then fy(no, b, ¢) = fn,(no)fe(b)fc(c) and (20) writes

f@t,n,b,¢) = fy, (b~ (8,n,b,0) fa(b) fe(c) exp ((t, n, b, c)). (23)

Finally, observe that once the 1-PDF f(¢, n) has been determined, the computation of the one-
dimensional moments turn easily out provided they exist. For instance, the mean and the standard
deviation are given by

un() = E[N(1)] = fR nf(t,n)dn, (24)

and

on(t) = \/f n?f(t,n,b,c)dn — (un(1))%, (25)
R

respectively.
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3.2. The distribution of the time until a certain number of individuals reaches a prefixed level

The Gompertz model describes the dynamics of N(¢) over the time ¢. In this setting a crucial
question that often arises in research is to determine when N(#) reaches a specific value of interest,
say py. In other words, we may be interested in determining the time instant T, := T such that
N() = py. In our context, N(f) = N(t; Ny, B, C) depends on model parameters Ny, B and C,
which are random variables, so the time T is also a random variable. Hereinafter, we derive the
distribution of 7 under very general hypotheses on Ny, B and C taking advantage of the RVT
method stated in Theorem 1.

To this end, let us fix a value py > 0. Then, the solution (18) can be expressed as (observe
that for convenience the model parameters and time are written using capital letters since now
they are interpreted as random variables)

(e BT0)1)

pn=¢e T N,

~B(T—1g)

According to Theorem 1 with k = 3, let us consider the following identification V = (V;, V,, V3) =
(No, B,C) and W = (W, W,, W3) with the following transformation r : R> — R3 whose com-
ponents r;(v), i = 1,2, 3, are given by

wi =r1(v)=t:t0—%ln(%),

wy =n(V)=0b,

ws =r(V)=c.

Now, we compute the inverse mapping of r: s(w) = r~!(v), whose components s;, 1 <i < 3, are

Wo (w1 —t0) _ W3 (awa(w)—19) _
ny = si(w) =pt" e,
b = s5(W)=ws,
c  =s53(W)=ws.

The absolute value of the jacobian of this transformation s is

gy
= %:Z; 1 0} = 0 B G 1 wa(wi—1o)
|J] = |det| 75> = E(Wl,wz,wﬁ =Py e " [wa In(on) — wsle .
9 o1
6W3

Therefore, applying Theorem 1 the distribution of time 7 for a given value py of N is given by

fT(t,pN) — fz fo(pj::(/flo)e_%(eb(l—/g)_l)’ b, C)p?\f(HO)e_i(eb(HO)_l)lb ll’le _ c|e},(,_t0) db dC, (26)
R

where fy(ng, b, c) denotes the joint PDF of the random vector (Ny, B, C). If we assume inde-
pendence between the model parameters Ny, B and C, fy would factorize as the product of the
corresponding marginals fy,, fp and fc.

An important information that will be utilized later in the Example 2 is the average time
of random variable T := T,, for a fixed value of py. This quantity is now straightforwardly
obtained once the PDF of T has been determined,

ur(on) = E[T,, 1 =E[T] = Lth(t’PN) dr = f tfr(t,pn) dt, 27)

fo

where f7(t, pn) is given by (26).
10
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3.3. Stationary distribution of the solution

In this section, we will take advantage of the RVT technique to calculate the probability
distribution of the stationary state. Taking limits as  — oo in expression (18) it is straightforward
to check that the steady-state of the randomized Gompertz model is the random variable N* =
e/B. To compute its PDF we will apply Theorem 1 withk = 2,V = (V;,V,) = (B,C), W =
(W, W) and the following deterministic mapping, r : R> — R2, r(v) = (r(v), r2(v)) where

wy = r(v) = e/, wy = 12(v) = b.
Then, its inverse mapping, s : R? - R2 is
b = s1(w) = wy, c = 55(W) =wyIn(wy).

The absolute value of the Jacobian of mapping s can be easily calculated

w2

0o = | wm
det[l In (wy) ”_ "

The last equality holds since both P [{w € Q : e€@/?@ > 0}] = 1 and P [{w € Q : b(w) > 0}] = 1.
Therefore, the PDF of the random vector (N*, B) is

|J2| =

wi

Py 5w w2) = fac (Wanwa In (1) ::—f (28)

Since we are assuming that the PDF f; of model parameters, (Ny, B, C), is known, then the PDF
of random vector (B, C) is given by

fB,c(b,C)=jl;ﬁ)(no,b,C)dno~

So, applying this in (28) and taking into account that w; = n* and w, = b, one obtains

b
five.p(n*, b) = e f Jo(no, b, bIn (n*)) dng.
R

Finally, we can determine the PDF of the stationary state marginalizing this distribution with
respect to random variable B. This yields

fN*(n*):l*ffbfo(no,b,bln(n*))dnodb. 29)
n Jr Jr

In the usual case where all input parameters are independent random variables, the previous
expression can be simplified as

1
Jv-(n) = ;Lbe(b)fc(bln(n*))db, (30)

since fy (no, b, bIn(n)) = fn, (o) fp(b) fc(b1n (n)) (Where fy,, fp and fc denote the PDFs of ran-
dom variables Ny, B and C, respectively) and fR v (no)dng = 1.

Remark 1. Observe that since C is a positive random variable, in practice the domain of inte-
gration in (30) must be calculated taking into account that the term b In (n*) must be positive.
Even more, since B is also a positive random variable, then N*(w) > 1 for all w € Q. This fact
will be used later in Example 2.

11



7 4. Examples

258 In this section we present two examples. Example 1 is devised to illustrate the applica-
9 tion of the theoretical results established throughout Section 3 considering statistical depen-
20 dence/independence of model parameters Ny, B and C. The nature in this example is just nu-
21 merical. We complete this section including a second example where we show how to describe
22 the dynamics of a biological process using real data via Gompertz model. In both examples we
23 calculate the 1-PDF of the solution stochastic process, its mean and standard deviation func-
24 tions together with confidence intervals as well as the stationary distribution. Additionally, we
25 compute the PDF the random variable time T as defined in Section 3.2.

26  Example 1. In this numerical example we will examine two scenarios with respect to depen-
%7 dencefindependence of model parameters Ny, B and C and its impact on the Gompertz model
28 output. To this end, we will first consider that the random vector (Ny, B, C) has a Multinormal
0 distribution whose variance-covariance matrix, say %, is non-diagonal (so, Ny, B and C are
270 dependent random variables) and, secondly, when X is diagonal (so, Ny, B and C are indepen-
271 dent random variables). Then we show how the 1-PDF of the solution stochastic process, the
222 mean and standard deviation functions, the PDF of the time random variable and the stationary
a3 distribution change in each scenario.

274 e Scenario 1 (dependence): The random vector (Ny, B, C) has a Multinormal distribution
275 truncated to T = R* x R* X R*, (N, B,C) ~ Ny(u, X), with the following mean vector
276 and variance-covariance matrix
1 1 0 1
p=(038,1,15), X= To 0 1.2 1|, (€2))
1 1 2
277 respectively. Then, the PDF of random vector (Ny, B, C) is
0.001676 e—25b2—3002+b(15+50c—50n0)+(16—35;10)n0+c(—8+60n0) no,b,c > 0
, b’ — . 9 . b b b
Jono, b, ¢) { 0, in other case.
(32)
278 e Scenario 2 (independence): The random vector (Ny, B, C) has a Multinormal distribution
279 truncated to T = R* x R* x R*, (Ny, B,C) ~ Nq(u, X), with the following mean vector
280 and variance-covariance matrix
1 1 0 O
u=1(00238,1,15), X= 0 0 12 0], (33)
0O 0 2
281 respectively. Then, the PDF of random vector (Ny, B, C) is
1.30656 e—+17(=14+b7=2.5(=1.5+/*~5(~0.8+n0)? 1o, b, ¢ > 0,
Jo(no, b, ¢) = fiy(no)fs(b)fc(c) = { 0 in other case.
(34)
282 In Figure 1 we show the 1-PDF, f(t,n), of the solution stochastic process for different time

203 instants in the interval [0, 1] in both scenarios. To compute f(t,n) in the scenario I, we have
12
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285

286

287

288

289

290

291

292

293

used expressions (22) together with (19)—(21) where fy is given by (32). While to compute f(t,n)
in the scenario 2, we have applied (22), (19), (21) and (23) where f; is given by (34). From this
graphical representation we can observe that the 1-PDF corresponding to scenario 2 is more
leptokurtic than in the scenario 1. This fact is in agreement with the results shown in Figure 2
where the expectation (calculated via (24)) and the standard deviation (calculated via (25)) in
each scenario are compared. In Figure 2 we see that the variability of the solution is, in general,
greater considering dependent random inputs (scenario 1). We observe that near the time instant
t = 1, the variability in the dependent case is smaller than in the independent one. This fact can
be explained from Figure 3 since at t = 1 we see that the right-tail of the PDF, f(n, 1), obtained
in the scenario 2 is heavier than in scenario 1.

1-PDF Multinormal - Dependent RVs 1-PDF Multinormal - Independent RVs

Figure 1: 1-PDF of the solution stochastic process, f(,n), of the Gompertz model (17) whose input is a multinormal
distribution (No, B,C) ~ Ng(u, X), at different time instants in the interval [0, 1], in both scenarios. Left (scenario 1-
dependent random variables (RVs)): u and X are given by (31). Right (scenario 2-independent RVs): p and X are given
by (33). Example 1.

H(t) a(®)

2.5
0.9}
20 — Dependent RVs 08¢ — Dependent RVs
’ — Independent RVs 0.7} — Independent RVs
0.6}
1.5¢
0.5}
10F 0.41
. . . . > . . L L ot
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Expectation (left), u(#), and standard deviation (right), o(¢), in scenario 1 (dependent random variables (RVs))
and in scenario 2 (independent RVs) in the time interval [0, 1]. Example 1.
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298

299

300

301

PDF of RV N(1)

f(1,n)
0.5

— Dependent RVs
0.41

— Independent RVs

0.3}

0.2

0.1

Figure 3: PDF of the solution stochastic process in the time instant t = 1, f(1,n), in scenario 1 (dependent random
variables (RVs)) and in scenario 2 (independent RVs). Example 1.

According to Subsection 3.2 we can also compute the PDF of the time T until a certain
number of individuals/particles reach a fixed value, py. In Figure 4 we show the PDF of T for
different values of py € {1,1.25,1.5,1.75,2,2.25,2.50}. By applying (27), in Table I we collect
the expectation of T for the different values of py in scenarios 1 and 2. To carry out computations,
we have used expressions (27) and (26), taking fy the PDF defined in (32) (in scenario 1) and
(34) (in scenario 2). With data chosen in our numerical experiments, we observe that in the case
of independent random inputs (scenario 2), the time ur(py) needed to reach each prefixed value
pn is smaller than in the dependent case (scenario 1).

14
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303

304

305

306

307

Figure 4:

PDF Time Multinormal - Dependent RVs
3

25

PDF Time Multinormal - Independent RVs
3

PDF of the time 7 until a given number of individuals reach a fixed value p =

PN €

{1,1.25,1.5,1.75,2,2.25,2.50}. Left (scenario 1-dependent random variables (RVs)). Right (scenario 2-independent

RVs). Example 1.

PN 1 1.25 1.5 1.75 2 2.25 2.5
ur(pn) Dep. 0.23233 | 0.414261 | 0.592096 | 0.774202 | 0.967645 | 1.17377 | 1.38623
pr(on) Indep. || 0.169975 | 0.359007 | 0.551017 | 0.745765 | 0.934527 | 1.10648 | 1.25512

Table 1: Expectation of the time needed to reach certain fixed values, py € {1, 1.25,1.5,1.75,2,2.25,2.50} in the scenario
1 (dependent random variables) and in scenario 2 (independent random variables). Example 1.

Finally, we compute the distribution of the stationary state N* = e¢°/B, using the results
derived in Subsection 3.3. In Figure 5 we have plotted the PDF of N*, fy-(n*) from expressions
(29) (scenario 1) and (30) (scenario 2). In this latter case, observe that fg and fc correspond

to the PDF of the following Gaussian random variables B ~ N(up = 1;0'%

12/100) and

C ~ N(uc = 15/10;0’% = 2/10). From Figure 5 we observe, that in this particular case, the
stationary corresponding to scenario 2 has a heavier right-tail.
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319

320

PDF Stationary State - Dependent RVs PDF Stationary State - Independent RVs

0.20
0.25
0.20 0.15
0.15
0.10
0.10
0.05
0.05
10 20 30 40 10 20 30 40

Figure 5: PDFs of the stationary state for each scenario. Left: scenario 1-dependent random variables (RVs). Right:
scenario 2-independent RVs. Example 1.

Example 2. In real applications, the Gompertz model is used to explain the dynamics of data
that has been sampled. This model has been used to explain the growth of species, tumors, etc.,
via measurements like weight, volume, etc. In this example, we use data corresponding to weight
measurements, in kilograms, for a randomly bred male Pearl Gray Guinea Fowl population
during 23 consecutive days [51]. We have assumed that model parameters are independent
random variables and, for them, we choose the following distributions:

No ~ U ([0.019779,0.032472]) (uniform distribution),
B ~ G(3841.397958,0.000057) (gamma distribution),
C ~ N|7(0.105982,0.002643) (normal distribution truncated in the interval 7 = (0.09,0.12)).

Now, we justify the selection made for the above-mentioned distributions of each model input. We
will assume independence between Ny, B and C since, from a computational point of view, this
assumption simplifies the calculations. Anyway, the subsequent computations may be carried
out in the case that input parameters are statistically dependent as was shown in Example 1.
For the sake of clarity, down below, we explain, in several steps, the underlying reasoning to
select the probability distribution of each model input as well as how we have calculated their
corresponding parameters.

21 Step 1: Initially, the model inputs whose information is more limited are B and C. We only know

322

323

324

325

326

327

328

329

330

that both are positive. So, we are going to assign them positive distributions having cer-
tain flexibility (specifically, having two degree of freedom, i.e., two parameters, and whose
respective shape’s density probability varies with such parameters) so that we can bet-
ter capture their intrinsic uncertainty. Specifically, we will assume that B has a Gamma
distribution with parameters by,b, > 0, B ~ G(by, b,), and C has a Normal distribution
with mean, u > 0, and standard deviation, o > 0, truncated in certain interval T C R*,
Nlg(u, o). For the initial condition Ny we will assume that it has a Uniform distribution in
the interval [ng1,no2]. These six parameters (by, by), (u, o) and (no 1, no2) together with
the interval T will be determined later.

a1 Step 2: We first calculate (deterministic) values for model inputs ng, b and c that best fit, in the

332

mean square sense, the sampled data. We have used the command “NonlinearModelFit”

16



333

a Step 3:
335
336

337

338
339
340
341
342
343
344
345

346

347

348

349

350

351

(by Mathematica® software) that provides the estimates of model inputs and their errors,

ny = 0.026615, €, = 0.000776,
b = 0.226409, e = 0.003654,
c = 0.1046, e = 0.002296.

These (deterministic) estimates will be used later to determine the parameters, (ng 1, no2),
(b1, by) and (u, o), of the probability distributions, assigned in Step 1, to each model in-
put Ny, B and C, respectively. Specifically, we will consider that the previous values for
(no, €,,), (b, &) and (c, €.) represent (approximately) their means and standard deviations,
respectively. As, initially, we are assuming that C has a Normal distribution with mean
¢ = 0.1046 and standard deviation €, = 0.002296, truncated a certain interval T to be
determined, we take T large enough so that it contains its total probability density. We
will take, for example, T~ = (0.09,0.12) since P[{w € Q : 0.09 < C(w) < 0.12}] = 1, i.e.

12 1 1 (¢c=0.1046 )2
- e—z(m) dc~ 1.
009 V270.0022962
Now, we will determine the parameters (ng 1, no2), (b1,bz) and (u, o) by minimizing the
mean square error between sampled data, n;, 0 < j < 22, and the expectation of the

solution stochastic process N(t) = N(t;ng 1,192, b1, b2, i, o) evaluated at the time instants
t=1;,0< /<22

22
min OE(no,l,n(),z,bl,bz,/,l, O') = Z (E [N(lj;l’lo,l,n()’z, bl,bz,/,l, O’)] — nj)2 ,

n0,1,10.2,b1,b2 ,1,0°> -
j=0

(35
where the above expectation is computed using expression (24). In order to calculate the
minimum of the above error function E, we have used the Nelder-Mead algorithm. Nelder-
Mead is a simplex-type method that requires an initial value (seed) to apply it. We use the
deterministic information shown in Step 2 to set the starting values that, hereinafter, will
be denoted by (ng’1 , ”8,2)’ @Y, bg) and (/.10, o). The starting values for random variable C
match, obviously, the mean and standard deviation calculated via the deterministic fitting
shown in Step 2, so ,uO = 0.1046 and o° = 0.002296. For Ny, we calculate (”8,1’”8,2)
using the Moment Matching Method [52] for the mean and the variance of a Uniform
distribution,

nO + nO (nO _ nO )2
0.026615 = E[Np] = % 0.000776” = V[N,] = %
Solving the above nonlinear system, we obtain ng . = 0.020285 and n82 = 0.032944.

Similarly, we calculate the estimates b(l) = 3838.25 and bg = 0.000059 solving the system
2
0.226409 = E[B] = b{b),  0.003654” = V[B] = b} (b3) .

With this starting value, the error is E(ng 1 ”8,za b?, bg, ;10, 0% =0.011507. After minimiz-
ing the objective function (35), we obtain

ny, = 0019779, ny, = 0032472, by = 3841.297958,
by = 0.000057, wo = 0.105982, o = 0.002643,
being the error 0.006635.
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In Figure 6, we show the data (points), the mean of the solution (solid curve) and confidence
interval (dotted curves). The mean, uy(t), has been calculated by (24) and (19)—(22), being
Jo(no, b, ¢) = fn,(no) fp(b) fc(c) and

o (o) = {
f8(b) = {

Jelo) = {

78.7836, if ng € [0.019779,0.032472],

0, otherwise,

4.119667 - 104203 e—17542.9b b3840.4 lf b>0

0, otherwise,
150.943 e‘71577'4(‘0'105982+6)2, if 0.09 <c¢<0.12,
0, otherwise,

and ty = 0. The confidence interval has been calculated by uy(t) £ 1.960 5 (t) where oy(t)
has been calculated via (25). From Figure 6 we can see that this confidence interval captures
satisfactorily the uncertainty of data. In Figure 7, we show the evolution of the 1-PDF, f(t,n),
of the solution stochastic process, N(t), together with the data (points), mean (solid curve) and
confidence intervals (dotted curves). We observe that variability slightly increases as time goes
on in agreement with fitting shown in Figure 6.

Weight (Kg)

1.5¢

1.0t

0.5¢

P
-
-
-
-

-
-
-
-
-

-

Real data

—  un()
_____ un(t)£1.960n(t)

: : . Time (d)
10 15 20

Figure 6: Model fitting: Sample data (points), expectation function (solid curve) and confidence interval (dotted curves)
centred in the mean py(7) and radius 1.96 oy (?), being o y(¢) the standard deviation function. Example 2.

Now, using expression (26), in Figure 8 we show the PDF of random variable time T (in

days) until the Pearl Gray Guinea Fowl species has a prefixed weight p = py (in kilograms). In

Table 2, we collect the expect value of T for different values of p = pn using expression (27).

According to these values, for example, it is expected that after 9 or 10 days, the species will

weight 1 kg. It is worthwhile pointing out that the numerical values shown in Table 2 agree with

the graphical representation shown in Figure 8.
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Figure 7: Representation of the 1-PDF, f(t,n) of the solution stochastic process, N(f), for fixed time values. In the

horizontal plane ¢ — f(t, n) we have projected the plot shown in Figure 6. Example 2.

PN

0.25

0.5

0.75

1

1.25

1.50

“r(pn)

3.628197

5.746689

7.682120

9.719286

12.575619

18.112325

Table 2: Expected time (17 (on), measured in days, needed for the weight to reach certain prefixed values (o), measured

in kilograms. Example 2.
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Figure 8: Graphical representation of the PDF of the random variable time T for the prefixed values of p = py shown in
Table 2. Example 2.
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We conclude this example calculating, from expression (30), the PDF of the asymptotic state,
N* =eC/B,

0.12/ In(n*
f ) = (6 218349 - 104205b2840.4 ef17543.9b77]577.4(70.105982+b In (n*))z) db lf‘ > 1
M) =1 Jogosmery 7V ’ ’

0, otherwise.

Observe that, using Remark 1, the domain of integration has been determined so that b1n(n*) €
(0.09,0.12), taking into account that B > 0 (recall that it has a Gamma distribution). In Figure 9,
we show the PDF of the equilibrium, fy-(n*), as well as its mean,

m" = fn*fN*(n*)dn* = 1.622966, (36)
R

and the confidence interval

[m* = 1960, m" +1.960"] = [1.577268, 1.668664],
(37

ot = \/ Jo ()2 fy- (%) dn* — (m*)? = 0.023315.

For the sake of clarity, in Figure 10 we show a graphical representation of the model fitting
together with the equilibrium including the means and confidence intervals. We can observe that
for finite time (until t = 22), the diameter of confidence interval increases slowly. It is expected
that its maximum diameter will be reached as t — oo, so the confidence interval graphically
represented for the equilibrium accounts this quantity. This quantifies the maximum expected
uncertainty.

T (")

15

10

n
1.55 1.60 1.65 1.70 1.75 1.80

Figure 9: PDF of the equilibrium random variable N* = e“/Z. In the horizontal axis, the mean (point) and the confidence
interval (dashed lines) are indicated. They have been calculated by (36) and (37), respectively. Example 2.
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Weight (Kg)

1.5} €5~

——=-
—-

1.0t

Real data
— )

ost x| un(H)£1.960y(t)

- - - - Time (d)
5 10 15 20

Figure 10: Graphical representation of the model fitting together with the equilibrium including the means (solid lines),
confidence intervals (dotted lines) and data (points). Example 2.

5. Conclusions

In this paper we have studied, from a probabilistic standpoint, the fully randomized Gom-
pertz model. This important model plays a key role to describe the dynamics of biological and
biophysical parts of complex systems which often involve uncertainties. The study has been
conducted under very general hypotheses regarding the probability distributions of model pa-
rameters, which confers a wide range of applicability to our theoretical findings. The numerical
experiments and modelling carried out in the our examples show very good results. Our future
efforts will concentrate on studying systems where the Gompertz model with uncertainties is a
key part of the full complex model.
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