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OPERATORS ACTING IN THE DUAL SPACES OF DISCRETE CESARO
SPACES

JOSE BONET AND WERNER J. RICKER

ABsTRACT. The discrete Cesaro (Banach) sequence spaces ces(r), | < r < oo, have been
thoroughly investigated for over 45 years. Not so for their dual spaces d(s) = (ces(r))’,

with 1 + 1 = 1, which are somewhat unwieldy. Our aim is to undertake a further

study of the spaces d(s) and of various operators acting between these spaces. It is
shown that d(s) C d(t) whenever s < t, with the inclusion being compact if s < ¢.

The classical Cesaro operator C is continuous from d(s) into d(¢) precisely when s < ¢
and compact precisely when s < t. Moreover, C even maps the larger space ces(s)
continuously into d(s). This is a consequence of the Hardy-Littlewood maximal theorem
and the remarkable property, for each 1 < s < oo, that x € CN satisfies C(C(|x])) € d(s) if
and only if C(|x]) € d(s). These results are used to analyze the spectrum and to determine
the norm and the mean ergodicity of C acting in d(s). Similar properties for multiplier
operators are also treated.

1. INTRODUCTION

Given an element x = (x,), = (X1, X2, ...) of CN set |x| := (|x,]), € CN and define x > 0
if |x| = x. The Cesaro operator C : CN — CN is given by

C(x):= (% Diet xk)n , xeCN;

it satisfies |C(x)| < C(|x]) for each x € CN and is a vector space isomorphism of CN onto
itself. Define

(1.1) ces(p) = {x € CV : [Wlleesgpy = IICAXDI, < 00}, 1< p < oo,

with ||-]|, denoting the standard norm in £,,. A detailed investigation of the Banach spaces
ces(p), 1 < p < oo, also called discrete Cesaro spaces, was undertaken in [6]; see also
the references therein. They are reflexive, p-concave, complex Banach lattices for the
coordinatewise order. In recent years there has been a keen interest in these spaces and
in various linear operators acting in them (e.g., the Cesaro operator, multiplier operators,
inclusion maps, convolution operators); see, for instance, [1], [3], [4], [6], [8], [10], [11],
[12], [13], [14], [18], [21], [24], [27], [30], [32], [33] and the references therein.

The dual Banach spaces (ces(p))’ of ces(p),l < p < oo, are rather unwieldy. A de-
scription of these dual spaces was first presented in [21] as the solution to a problem
posed by the Dutch Mathematical Society in 1968. An alternate and more tractable iso-
morphic identification of (ces(p))’ is presented in [6, Corollary 12.17]. To describe this
identification consider

(1.2) dis):={rets:2:=(LIxl) €, 1<s<o,
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2 J. BONET AND W.J. RICKER

which is a Banach space for the norm ||x||, := ||X]l;. The sequence % is called the least
decreasing majorant of x. Then (ces(p))’ is isomorphic to d(p’), where % + 1} = 1, with
the duality specified by

(U, x) 1= Y02 upx,, ueces(p), xed(p);

see Section 2. The dual spaces (ces(p))’ = d(p’) are less prominent than the discrete
Cesaro spaces ces(p), although they have received some attention; see, for example, [6],
[10], [11], [18], [21], [24], [30] and the references therein. The aim of this paper is to
further study the spaces d(s),1 < s < oo, in detail as well as the properties of certain
linear operators acting in them. Let us be more precise.

In Section 2 the Banach spaces d(s),1 < s < oo, are investigated; they are reflexive
and the standard canonical vectors e, := (6., for n € N, form an unconditional basis. It
is shown that d(s) is lattice isomorphic to the dual Banach lattice (ces(s’))” of ces(s’), 1 <
s < oo, and hence, d(s) is s-convex. Whenever 1 < r < s it turns out that d(r) & d(s) (cf.
Proposition 2.7(1)) with a compact inclusion map d(r) C d(s) if r < s; see Remark 4.2.
Whenever r # s, it is shown in Proposition 2.7(ii) that d(r) and d(s) are not isomorphic
as Banach spaces. Although d(s) & ¢; is a proper containment for every 1 < s < oo,
it is clear that every eventually decreasing, non-negative sequence x € ¢ does lie in
d(s) because x and X coincide except for at most finitely many coordinates. The Banach
spaces ces(p), 1 < p < oo, have the following remarkable property. Let 1 < p < oo and
x € CN. Then

(1.3) C(|x]) € ces(p) if and only if x € ces(p),
[6, Theorem 20.31]. In view of (1.1) this can be equivalently formulated as
(1.4) CC(|x|) € £, if and only if C(|x]) € £,;

see Section 3. The relationship (1.4) between the spaces £, and the operator C acting
in these spaces has the following analogue for d(s); see Proposition 3.7. Namely, for
1 < s <ooand x € CN it turns out that

CC(|x|) € d(s) if and only if C(|x[) € d(s).

A crucial property of d(s) is that it is solid in CN, that is, if x € d(s) and y € CN satisfy
ly| < |x]| then also y € d(s).

Since d(s) = (ces(s’))’, it is clear from (1.1) that the Cesaro operator C is closely
connected to the spaces d(s),1 < s < oo; clarifying this connection is the purpose of
Section 3. It turns out that C : d(s) — d(s), denoted by Cy(y), is continuous with operator
norm ||Cyc)llop = s" (cf. Proposition 3.2). Moreover, the spectrum of Cy(,), denoted by
0(Cy(s), 1s given by

(1.5) o(Ca) ={1€C:|1-%| <5k
see Corollary 3.5. Consequently, Cy(,) fails to be mean ergodic. Moreover, the dual op-
erator C;l(s) 2 (d(s)) — (d(s)) of Cyy has a large point spectrum which implies that
Ca(s) cannot be supercyclic. Clearly Cyy) 1s a positive operator (i.e., Cy,)(x) > 0 for every
x € d(s) satisfying x > 0) and hence, it is also a regular operator in the complex Banach
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lattice d(s). It is shown that the order spectrum of Cgy), that is, its spectrum relative to
the Banach algebra of all regular operators in d(s), coincides with its spectrum o-(Cy))
as given in (1.5); see Proposition 3.6. An interesting and important fact (cf. Proposition
3.4) which will often be used is that C maps ¢, into the smaller space d(s) for every
I < s < oo. Perhaps more surprising is that C even maps ces(s), which is genuinely
larger that £, into d(s); see Corollary 3.8.

Given a pair 1 < s,¢ < oo, an element a € CN is called a (d(s), d(t))-multiplier if it
multiplies d(s) into d(¢), that is, if ax € d(t) for every x € d(s), where ax := (a,x,), 1S
the coordinatewise product. The closed graph theorem implies that the associated linear
(d(s), d(t))-multiplier operator M* : x —> ax is then continuous from d(s) into d(?).

d(s)d(0) *
We denote My, ;. simply by Mg ; it is the operator acting in d(s) via the diagonal

d(s) °
matrix having the scalars {a, : n € N} in its diagonal. The vector space M) q of all
(d(s), d(t)-multipliers (briefly My, if s = t) has been identified by G. Bennett, [6, pp.69-

70].

In Section 4 we investigate certain features of the operators Mg(s), a0 forall a € M) a0
and all pairs 1 < s,¢ < oco. For example, those multipliers a € Mg 4 for which
MZ?(S), a d(s) — d(t) is a compact operator are characterized in Propositions 4.1 and
4.4. Moreover, if a € My, = l, then it is shown that the spectrum of M , : d(s) —

d(s) is given by

(s)

o(Mgy,) =a(N), 1<s<oo,

where a(N) := {a, : n € N} C C, and that ||Mj(s)||0p = |la||w; see Proposition 4.5. In
addition, those a € My, for which the operator M¢, | is mean ergodic are identified, as

d(s)
well as those for which My, is uniformly mean ergodic; see Propositions 4.7 and 4.9,
respectively.

In the final Section 5 it is shown that C maps d(s) into d(#), necessarily continu-
ously, precisely when 1 < s < t < oo. Moreover, all pairs 1 < s,t < oo are identi-
fied for which C maps d(s) into ¢, and for which C maps ¢, into d(f) (cf. Proposition
5.3), as well as the subclasses of these continuous operators which are actually com-
pact; see Proposition 5.4. This will require a knowledge of the continuity and compact-
ness properties of various inclusion maps between pairs of spaces coming from the class
{d(s),{,,ces(p) : 1 < p,q,s < oo}; see Propositions 5.1 and 5.2.

2. THE SPACES d(s) FOR 1 < 5 < o0

That the canonical vectors {e, : n € N}, with ¢, := (6,4)x for n € N, form a Schauder
basis in d(s), 1 < s < oo, is known, [1, Lemma 2.3]. The following result is a strengthen-
ing of this fact.

Proposition 2.1. For each 1 < s < oo the vectors {e, : n € N} form an unconditional
Schauder basis for the Banach space d(s). Moreover, ||e,|las) = n'’s for each n € N.



4 J. BONET AND W.J. RICKER

Proof. We need to verify the following criterion: Given x € d(s) and € > 0O there exists
M. € N such that for all finite sets oo = {o7] < 0 < ...0%} € N with o; > M, we have
| ZneoXnen llas) < €; see [26, Vol. I, Proposition 1.c.1]. To verify this condition it suffices
to show (as {e, : n € N} is a Schauder basis for d(s)), that for every o as stated, we have

(2'1) ” Znecr Xn€n ”d(s) < ”x - x(N)”d(s), YN > Me,
where x™ := %, yx;e;. From the definition of & for u € CN it is routine to verify that
(Znea' xnen)/\S (X - x(N))A, YN > ME.

This inequality and (1.2) clearly imply (2.1).
For each n € N we have ¢, = (1,...,1,0,0,...) with 1 occurring n times. It is then
immediate that ||e, |4 = n'/*. o

It follows immediately from Proposition 2.1 that x = }° | x,e, for each x € d(s) and
hence, that 0 = lim,_,« |[x,€,llas) = 1im, e |x,|n'/*. This is Proposition 1 of [30].

It was already stated that d(s) is solid in CN; this is immediate from (1.2) and the fact
that if x € d(s) and y € CN satisfy [y| < |x|, then § < & and so |[||; < ||Z]|; < co. The Kéthe
dual of a solid Banach sequence space (X, || - ||x) with cgo € X € CN, is the Banach space

X* = {x eCN: Y™ |xyul <00, Vye X}
when equipped with the norm

[l := sup {250 lxayal = Illx < 1}, x € X~

many non-zero coordinates. The duality for the pair of Banach spaces X and X* is given
by

[22, Section 30]. Here coy € CN is the linear space of all vectors having only finitely

[u, x] := 2 UnXns X = (Xp)y € X5, u=(uy)y €X.

Then X* is a closed subspace of the dual Banach space X’ of X and |[v||xx = ||v|[x- for
all v € X*. For the following result we refer to [6, p.61 & Corollary 12.17], where (-, -)
denotes the duality between ces(p) and its dual Banach space (ces(p))’.

Lemma 2.2, Let 1 < p < oo and % +L% = 1. Then (ces(p))* = d(p’) and (d(p’))* = ces(p)
with equivalent norms. Moreover, the map @, : (ces(p))’ — d(p’) defined by
(2.2) Q,(f) := (en, [N, [ € (ces(p))’

is a linear isomorphism of the dual Banach space (ces(p))’ onto the Banach space d(p")
and satisfies

S, (Dllary < Mfllcespry < (0= DPIR,(Hllagrys | € (cesp))

and

O ) =t Xnlns [) = Dt Xnlen, ) =[x, D,(f)], x€ces(p), f € (ces(p)).

Remark 2.3. Since the Banach spaces ces(p), ] < p < oo, are known to be reflexive,
[6, p.61], the dual Banach spaces (ces(p))’, 1 < p < oo, are also reflexive. In view of
Lemma 2.2, the Banach spaces d(s), 1 < s < oo, are necessarily reflexive. m|
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Let ER be a real Banach lattice and E = Er @ iER be the complex Banach lattice that
it generates. The modulus |z] of an element z = x + iy in E is given by

|z := sup Re(ez) = sup (cos(@)x + sin(0)y)
0<6<2rm 0<6<2rm
and satisfies |z| € E* (defined to be the positive cone E}, := {x € Eg : x > 0} of Er). The
norm in E is defined by ||z|| := || |z|||gz, Where || - ||z, is the norm in Eg. The positive cone
of the real dual Banach space (ER)’ is specified by

x' <y ifand only if (x,x") <(x,)"), Vxe€ Eg.

Then (ER)’ is also a real Banach lattice, called the dual lattice of Er. Moreover, the
dual Banach space E’ is then the complexification (ER)’ @ i(ER)” of (ER)’; [28, p.71] and
[34, p.235, Corollary 3]. Standard references for complex Banach lattices are [28], [34].
The relevant spaces in this paper are the real Banach lattices Er = dr(s) := {x € RN :
||X]ly < oo} for 1 < s < co. The norm in dr(s) is again given by (1.2) and its lattice order
is defined to be the coordinatewise one, that is, x < y if and only if x,, <y, for all n € N.
This is precisely the lattice ordering induced in dgr(s) via the unconditional Schauder ba-
sis {e, : n € N} when it is normalized; see [26, Vol.II, p.2]. Since || - ||, is a lattice norm in
L, it follows from (2.4) below that || - || 4(s) 1S a lattice norm in dr(s), that is, if x, y € dr(s)
satisfy [x| < [y, then ||x[lsqs) < IVllae(s)- The complex Banach lattice d(s) = dr(s) ® idr(s)
is then the complexification of dr(s). Moreover, (ces(p)) = (cesr(p)) @ i(cesr(p)),
for 1 < p < oo, is the dual Banach lattice of ces(p) = cesg(p) @ i cesg(p), where
cesp(p) := {x € RN : IC(x])ll,, < oo}

Let E = ER ®iER and F = Fr @ iFg be complex Banach lattices. For any continuous
linear operator T : E — F there exist canonical continuous, R-linear operators Re T
and Im T from Eg into Fr such that 7(x) = (Re T)(x) + i(Im T)(x) for all x € Eg. A
continuous R-linear operator S : Er — FR is called a (Banach) lattice homomorphism
fSxAY)=SX)ASH)and S(xVy) =S(x)VS(y) forall x,y € Eg. This is equivalent
to the condition that |S (x)| = S (|x]) for all x € Eg, [28, Proposition 1.3.11]. In particular,
every lattice homomorphism § is necessarily a positive operator (denoted by § > 0),
ie., S(ER) € F§. Generally, whenever § > 0 we have |S(x)| < S(|x|) for all x € ER,
[34, p.58]. For complex Banach lattices E, F a continuous linear operator 7" : E — F'is
called a lattice homomorphism if |7'(z)| = T(|z]) for z € E, [34, p.136], i.e., if both Re T
and Im T are lattice homomorphisms. If, in addition, 7 is a bijection, then it is called a
lattice isomorphism.

The following result is a strengthening of Lemma 2.2.

Proposition 2.4. Let 1 < p < oo and % + i = 1. Then the linear Banach space isomor-
phism @, : (ces(p))’ — d(p’) as given by (2.2) is actually a Banach lattice isomorphism.

Proof. In view of the above discussion and the fact that (ces(p))’, resp. d(p’), is the
complexification of (cesg(p))’, resp. of dr(p’), it suffices to show that the restriction
@, : (cesr(p)) — dr(p’) of (2.2) is a Banach lattice isomorphism.
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Since {e, : n € N} C (cesr(p))™, it is clear from (2.2) and the definition of the order in
d(p’) that @, > 0. Accordingly,

(2.3) [©,(N < Dp(f1D),  f € (cesr(p)).

By Lemma 2.2 the linear operator @, is a Banach space isomorphism and so, in particu-
lar, the inverse operator (D;l : dr(p’) — (cesr(p))’ exists and is linear and continuous.
Ify = (yu)u € dr(p"), then @, '(y) € (cesr(p))’ is given by

(9]

(x, @' () = Z XpYns X = (Xa)a € CESR(P),

n=1

from which it is clear that d);,] > 0. Accordingly,

©,' ) < @, (), y € dr(p)).
Fix f € (cesr(p))’ and sety := ®,(f). By the previous inequality

@' (@, (N < ;1 (1D,(f)])
and so
0 <[] =10, (@, < ©, (1D, (N).  f € (cesr(p))'.
Apply @, > 0 to this inequality yields

O, (1D < 1P, (N, f € (cesr(p)).

Combining this inequality with (2.3) it follows that ®,(| f]) = ®,(f)|for all f € (cesr(p))’.
Hence, @, is a Banach lattice homomorphism and, being a bijection, it is a Banach lattice
isomorphism. o

Corollary 2.5. For each 1 < s < oo, the Banach lattice d(s) is s-convex.

Proof. Set p := s’. According to Proposition 2.1(iii) of [14] the Banach lattice ces(p) is
p-concave. Hence, its dual Banach lattice (ces(p))’ is s = p’ convex; combine Proposition
1.d.4 of [26, Vol.II], which is formulated for real Banach lattices, with [29, Lemma 2.49].
Since (ces(p))’ is Banach lattice isomorphic to d(p”) = d(s) by Proposition 2.4, it follows
that d(s) is s-convex. O

Remark 2.6. Since the Banach lattice d(s),1 < s < oo, is reflexive (cf. Remark 2.3),
it is known that d(s) has order continuous norm (i.e., if 0 < x™ e d(s), for N € N,
is a decreasing sequence with xX™ | 0 in the order of d(s), then limy_ [[X™|lg =
0). Moreover, d(s) has the property that whenever a sequence {u”\’)}f\,":1 C (d(s)* is
increasing and satisfies sup |[u™]|4) < oo, then there exists u € (d(s))* such that u™ Tu
and limy_,c ™) = u in d(s), [36, Theorem 114.8]. The Banach lattice d(s) is also
Dedekind complete, [36, Theorem 113.4]. m|

We now exhibit some further properties of the class of Banach spaces d(s),1 < s < oo.
Proposition 2.7. (i) For each pair 1 < s <t < oo, we have d(s) C d(t) with

Ixllay < llxllacsy,  x € d(s).

(i1) For each pair 1 < s,t < oo with s # t, the Banach spaces d(s) and d(t) are not
isomorphic. In particular, for s < t the containment in part (1) is proper.
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(iii) For each 1 < s < oo we have d(s) C {,, with a proper containment, and
Ixlls < [lxllacs), X € d(s).

In particular, the natural inclusion map d(s) C €, is continuous.
(iv) For each pair 1 < s,t < oo, the Banach spaces €, and d(t) are not isomorphic.
(v) For each pair 1 < s <t < oo we have d(s) C {, with the continuous inclusion
map satisfying
el < llas x € d(s).
Moreover, the containment d(s) C {, is then proper.
(vi) Let 1 < 5 < o0. For each x = (x,), € d(s) we have

[Xal < |Ixllas), n€N.
Hence, convergence of a sequence in d(s) implies its coordinatewise convergence.

Proof. (1) Let x € d(s). Then X € {; C ¢, and ||X||; < ||X]|;. It follows from (1.2) that
IxXllay < Nlxllacs)-

(1) If d(s) and d(¢) are isomorphic as Banach spaces, then also their dual spaces
(d(s))" and (d(7))" are isomorphic, that is, ces(s”) and ces(¢’) are isomorphic (cf. Lemma
2.2). Since s" # t', this is not the case, [1, Proposition 3.3].

Suppose that s < t and d(s) = d(t). By part (i) and the open mapping theorem the identity
map from d(s) into d(t) would be an isomorphism, which is a contradiction.

(ii1) It is clear from the definition of x that

2.4) 0<|x<x Vxel.

Fix x € d(s). By definition x € £, and so (2.4) yields that also x € ¢,. Hence, d(s) C ¢.
Since || - ||, 1s a lattice norm it follows from (2.4) that

Ilxlls = [11xl s < [1%lls = lxllacs)-
Set my, = [k*] for k € N, where [-] denotes integer part, and define

x=(1,0,...,0,4,0,...,0,1,0,...,0,1,0...)

with 0 occuring m times between 27 and ¢, for k > 2. Clearly x € £, as ¥ & < oo
On the other hand

oo 1 11 1 1 1
X—(1,5,...,5,3,...,5,1,...,1,...),
1+my

where % occurs 1 + my times, for each k > 2. Since =3

that £ ¢ €, as 32, (R); = X2, T = co. Hence, x ¢ d(s).

(iv) Assume that ¢; and d(¢) are isomorphic. Then their dual Banach spaces (£,)’
and (d(7))’) are also isomorphic, that is, £y and ces(¢") are isomorphic. This contradicts
[6, Proposition 15.13].

(v) Observe that d(s) C ¢, (by part (iii)) and so d(s) C ¢,. Fix x € d(s). Then x € ¢,
and so ||x]|; < ||x]|,. Part (iii) implies that ||x]|, < [|x]]4)-

Suppose that d(s) = ¢,. Then the identity map from d(s) into ¢, is surjective and hence,
is an isomorphism. This contradicts part (iv).

(vi) Let x = (x,), € d(s). Fix n € N. Then (2.4) implies that |x,e,| < |x| < X. Since
|| - |5 is a lattice norm, it follows that

> 1 for each k € N, it follows

1l = llxnenlls < M1Xlls = llxllacs)- O
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Remark 2.8. (i) The example given in the proof of Proposition 2.7(iii) can be modified
to show, for all choices of 1 < s, < oo, that £; € d(t). To see this fix 1 < ¢ < co. Choose
m € N such that m > ¢ and define

x=(1,0,4,0....,0,%,0,...,0, £,0,...... c5.0....,0,4.,0,..),

57

where 0 occurs 2™ times between % and zl for each n > 2. Clearly x € {; with

llxlly = £ 37 = 2. Observe that

A

111 11 1 1
X:(l,5,5,27,...,27,?,...,?,...,23, ...... ’ﬁ""’ﬁ”")’
where zi occurs 2" + 1 times for each n > 2. Accordingly,

S — 1 0 1 1 o 2Mm
IR = 1425 + 2,50 +2") 5 > 1+ 25 + 3,5, 5% =

because 2" > 1 foralln > 2. So, & ¢ ¢,. Hence, x € ¢, C £, forall 1 < s < oo but,
x ¢ d(t).

(i1) Since ¢ C ces(s) for 1 < s < oo, the same x from part (i) shows that ces(s) € d(¢)
for all choices of 1 < s, < 0.

(ii1) The proof of Proposition 2.7(iv) uses Proposition 15.13 of [6], in whose proof the
following property of the spaces d(s) is established.

(2.5) Let 1 < s < oo. Then there exists an unconditionally convergent series
> x® in d(s) such that Y2, ||x(k)||2(s) = oo forevery 1l <r < .

By the classical Orlicz theorem, [16, Ch.IV, §1,(5)a], such a sequence cannot exist in any
space £, for 1 < s < oo, O

For our next result we will require an equivalent norm for the Cesaro spaces ces(p),
for 1 < p < o0, [18, Theorem 4.1]. Namely, x € CN belongs to ces(p) if and only if

0o 1 J+l_ nl/p
(2.6) ||X||[p] = (Zj=0 il P)( i:zll' 1 |xk|) ) < 0.

Proposition 2.9. (1) Let1 < s < 0. Then d(s) contains a complemented subspace
which is isomorphic to €.
(ii) For any pair 1 < s,t < oo with s # t, the Banach spaces d(s) and ces(t) are not
isomorphic.

Proof. (i) Set p := s’. According to (2.6) the sectional (hence, complemented) subspace
Y :={xeces(p): xy =0 unless k =2/ forsome j=0,1,2,...}

is isomorphic to a weighted £,-space (as [|xllj,) = (X720 2" P|xy|")!/? for x € Y) and
hence, Y is also isomorphic to £,. That is, ces(p) = Y & Z with Y isomorphic to £,.
Accordingly, (ces(p)) = Y’ @ Z’, thatis, d(s) =~ (@ Z'.

(i1) Assume that d(s) and ces(f) are isomorphic. By part (i) it follows that £; is iso-
morphic to a closed subspace of ces(f). The same argument as in the proof of Proposition
3.3 in [1], replacing there p with s and g with ¢, shows that this is impossible. O

It would be interesting to know whether or not d(s) isomorphic to ces(s).
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3. THE CESARO OPERATOR ACTING IN d(s)

The aim of this section is to make a detailed analysis of the Cesaro operator when
it acts in the spaces d(s),1 < s < oco. We begin by collecting some useful elementary
inequalities. Recall that C : CN — CN is a positive operator.

Lemma 3.1. (i) Let x € (RNY" be a decreasing sequence (i.e. X,,1 < X, for all
n € N). Then also C(x) is a decreasing sequence.
(1) 0 <|C(x)| < C(x]) £ C(x), Vx € lw.
(1) 0 < (C(x))" < C(X), x€ .

Proof. (1) Direct calculation yields
1 n)—"nint+
(CQn = (CONnar = 3 Doy Xj = oy Dy &y = S,

for each n € N. Since x > 0 is decreasing, it is clear that (C(x)), —(C(x)),4+1 = 0 forn € N

and hence, C(x) is a decreasing sequence.
(i1) Fix x € €. Then

(3.1) Ceol = (12 25, x) < (3 2y bxil) = €A

Since 0 < |x| < x (see (2.4) ) and C is a positive operator we have C(|x]) < C(X).
Combining this with (3.1) yields the desired inequalities.
(i11) It follows from part (i1) and the definition of & for u € ¢, that

(3.2) (C))'=(CON)'<(CH)), x€ lu.
Since X € (. is decreasing, it follows from part (i) that C(%) > O is also decreasing.
Hence, (C(%))"= C(%) and the required inequality follows from (3.2). |

We require some notation. Consider a pair 1 < s, < oco. Denote by Cys)a¢) (resp.
Cas)is Cs.aq; Cs,y) the Cesaro operator C when it acts from d(s) into d(¢) (resp. from d(s)
into ¢;; from £ into d(¢); from ¢ into ¢,), whenever this operator exists. The closed graph
theorem then ensures that this operator is continuous. With c¢(p) as an abbreviation for
the space ces(p), 1 < p < oo, it is clear which Cesaro operator is meant by the notation
Cas)cp)s Ceprais)s Cepre@)s Coepys Cepys for 1 < s, g < oo. For w € {d(s), c(p), t} the oper-
ator C,,,, 1s denoted simply by C,,. It is known that ||Cyl,, = 5" and ||C¢,)llop = p” for all
1 < p,s < oo; see [20, Theorem 326] and [14, Theorem 5.1], respectively.

Given Banach spaces X, Y we denote the space of all continuous linear operators from
Xinto Y by L(X, Y). If X = Y, we simply write L(X) for L(X, X). Let T € L(X). Then

o(T) :={A€C: (T - A" existsin L(X)}
is called the resolvent set of T} its complement o<(T) := C \ p(T) is the spectrum of T.
The quantity (T) := sup{|1| : 4 € o(T)} is the spectral radius of T and satisfies
(3.3) H(T) < ([T lop,
[17, Ch.VII, Lemma 3.4]. A complex number A for which there exists x € X\{0} such that

T(x) = Ax is called an eigenvalue of T and x is called an eigenvector of T corresponding
to A. The set of all eigenvalues of T is denoted by o ,,(T') and satisfies o, (T) € o(T).

Proposition 3.2. Ler 1 < s < oo.
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(1) The Cesaro operator Cy, : d(s) — d(s) is continuous.
(i1) The point spectrum o, (Cys) = 0.
(i) {1 € C: |1 - 5| < £} C o(Cyy).
(IV) ”Cd(s)“op =

Proof. (i) Let x € d(s) C {. By Lemma 3.1(iii) we have 0 < (C(x))"< C(%). Since x €
{; and C; : €, —> ¢, is continuous, we can conclude that C(X) = C,(x) € ¢, and hence,
by the previous inequality, that (C(x))" € €; with [|[(C(x))|ls < ||C(X)|l;. Accordingly,
C(x) € d(s) and

(3.4 NCSllas = IC)) s < [ICDls = IC(Ds-
Moreover,
(3.5) ICs(Dlls < NCilllop IR 115 = 511 llacs) -

It follows from (3.4) and (3.5) that Cyy) : d(s) — d(s) is continuous with [|Cyyllop < 5”
(i1) Suppose that there exists a point 1 € 0 ,(Cy()). Choose x € d(s)\{0} such that
C(x) = Ax. Since d(s) C ¢, (cf. Proposition 2.7(iii)) we can conclude that A € o, (Cy),
that is, 0,(C,) # 0. This is known not to be the case, [23, Theorem 1(a)].
(iii) Itis known for the dual operator C;, : (£;)" — (¢{;)" of C; that

(3.6) {1eC:A-%< £} Cou(C)),

[23, Theorem 1(b)]. Let A satisfy |1 — ‘EI < % and choose u € (£;)"\{0} such that C/(u) =
Au. Proposition 2.7(iii) implies that (£;)" € (d(s))’ and so u € (d(s))'\{0}, that is, A €

O'I,t(C;(S)). This shows that

(3.7 {1eC: |- 5] < £} S 0op(Cy,) S a(Cly) = 0(Cuge),

[17, Ch.VII, Lemma 3.7] Since o-(Cgy)) is a closed subset of C, it follows that the closure
of the set in the left-side of (3.7) is also contained in o7(Cg(y)).

(iv) It follows from part (iii) that the spectral radius r(Cyy) > s" and hence, via
(3.3), that [|Cyyllop = s". In the proof of part (i) the reverse inequality ||Cyyllop < 5" Was
established. Hence, ||Cys)llop = 5" |

Remark 3.3. Let 1 < s < co. For each A € C satisfying |1 — ‘EI < % it follows from (3.6)
that the range of the operator (Cs — A[) is not dense in d(s). |

In order to show that equality holds in Proposition 3.2(iii) we require the following
result concerning the Cesaro operator Cj 4y which was stated in [6, p.3] without a proof.

Given x € ¢y the Hardy-Littlewood maximal sequence M(x) = ((M(x));)r of x is
defined by

(3.8) (M) = sup{—L- 3" |x|:1<m<k n2kl, keN.

n—m+1

The operator M : x — M(x) is called the Hardy-Littlewood maximal operator.

Proposition 3.4. For each 1 < s < oo, the Cesaro operator C maps €, into d(s), that is,
Cacs) exists and is continuous.
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Proof. Fix x € ¢(. For each k € N it follows from (3.8), for the choice m = 1, that
(M(x) = sup + 3% x| = sup(C(Ix)n = (CUxD) s
n>k n>k

that is,
(3.9 (C(x[)"< M(x), x € cy.

By the Corollary on p.527 of [7] and the comment following it, we have the well known
fact that M({,) C ¢,. It follows from (3.9) that (C(|x]))" € ¢, whenever x € {,; C ¢, that
is, C(|x]) € d(s) for every x € €. Accordingly, C maps ¢; into d(s). As noted earlier, the
continuity of C; 4 1s then a consequence of the closed graph theorem. O

Corollary 3.5. Foreach 1 < s < oo, we have
(3.10) o(Cys) ={1€C:A- L < £}

Proof. Fix A € C such that |1 — £| > £. Since o(C,) equals the right-side of (3.10),
[23, Theorem 2], the operator T := (C, — AI)~! € L({,) exists. Set S := (C, — AI) € L(£)
sothat TS =1 = ST in L(¢y).

Step 1. T maps d(s) into d(s).

Fix x € £;. Then T(x) € {; and so CT(x) € d(s); see Proposition 3.4. This shows that
CT maps £, into d(s). It is routine to verify that CT = TC in L({,) and so also TC maps
£ into d(s). In particular, TC maps d(s) into d(s). Note that 4 # 0 and that AT =1+ TC
as an identity in L({,). This identity implies that A7 maps d(s) into d(s) and hence, so
does T.

Step 2. The restriction T := Ty belongs to L(d(s)).

Suppose that the sequence {x™}* | C d(s) satisfies x* — 0in d(s) and that T'(x") —
yind(s) forn — oo. Since the inclusion d(s) C ¢; is continuous (cf. Proposition 2.7(iii)),
we have that x®™ — 0in ¢, and T(x") = T(x™) — yin ¢, for n — co. But, T € L({,)
and so y = 0. Accordingly, T is a closed operator in d(s) and hence, is continuous.

Step 3. The restriction § := S lasy = (Cs — AD)|a(5) belongs to L(d(s)).

The continuity of S in d(s) follows from Proposition 3.2(i) and the continuous inclu-
sion d(s) C ¢;.

To complete the proof of the Corollary let x € d(s). Then d(s) C ¢, implies that

TS (x) = T(S(x) = T(S(x)) = x.

Similarly, ST(x) = x.Hence,ST =1=TS asan identity in L(d(s)). That is, the operator
S =(- A4 1s invertible in L(d(s)) with inverse T =(C,- A )‘lld(s). Accordingly,
A € p(Cgqy). Hence, we have shown that {1 € C : |4 - %l > %} C p(Cgs). that is,
0(Cys) C{A€C:a- %I < %}. The reverse containment is Proposition 3.2(iii) and so

the equality (3.10) is established. m|

Let E be a complex Banach lattice. An operator 7' € L(E) is called regular if it is a
finite linear combination of positive operators. The complex vector space of all regular
operators is denoted by L'(E); it is a unital Banach algebra for the norm

Tl :=inf{S|lop : 0 < S € L(E), T <S(2) Yz € E}, T €L'(E).
Then ||T|lo, < |IT]l- for T € L'(E) with equality whenever T > 0. The spectrum of

T € L'(E), considered as an element of the Banach algebra L"(E), is denoted by o (T)



12 J. BONET AND W.J. RICKER

and is called its order spectrum. Then p,(T) := C \ 0,(T) is the order resolvent set of 7.
Clearly

(3.11) o(T)Coo(T), TelL(E).
Standard references for the above concepts and facts are [2], [34], [35].
Since C is a positive operator in CN it is a regular operator in the Banach lattices
C,,d(s) and ces(s), for 1 < s < co. It is known that
O-O(CS) = O-O(CCSS(S)) = O-(Cs) = O-(CCES(S)) = {/l eC: |- %’ < SE,}’
[8]. We now show that the same identities hold for Cg. First we require some notation.
Let ) := {0}U{2 : n € N}. The formula for the inverse operator (C—A/)~" : CN — CN

whenever A € C\X, is known, [31, p.266]. Namely, for n € N the n-th row of the lower
triangular matrix determining (C — AI)~! has the entries

-1 n_ _ 1 _
(312) m, 1 <m<n, andm——(%_ﬂ), m=n,
with all other entries in row n being 0. We write
(3.13) (C-aAD™' =D, - +E,,

(59

where the diagonal matrix D, = (dnm(/l))n’m:

(3.14) dp(A) = (—{A) and d,,(1):=0 ifn#m.

| 1s given by

Moreover, E; = (e,,(1))> _. is the lower triangular matrix given by ey,,(1) = 0, for

nm=1
m € N, and for all n > 2 by
1

(315) enm(/l) = nn/’;’:m(l_é)
0 if m > n.

ifl<m<n

Proposition 3.6. For each 1 < s < oo the order spectrum of C) satisfies
0o(Cu) = 0(Cyiz) = {A€C A -5 < ).

Proof. Inview of (3.11), with T := Cyy), it suffices to verify that p(Cys)) € po(Cacs)). We
decompose p(Cyy)) = {/1 eC:|A- ‘El > %} (see (3.10)) into two disjoint parts, namely

p1:=1{1€ C\{0}: Re(%) < 0} = {u € C\{0} : Re(u) < 0}

and its complement p, := p(Cy(s5) \ P1.

First fix A € p; in which case (Cy,) — )™ € L(d(s)). Then A ¢ L, and so we may
consider D, and E, as specified by (3.14) and (3.15), respectively. It is shown on p.72 of
[14] that

(3.16) lenm (D] < %, 1<m<mn, neN.

Warning. In [14] the set N = {0, 1,2, ...} is used rather than N = {1, 2, ...} which is used
here and so the inequalities from [14] are slightly different when they are stated here.

Back to our proof, it is clear from the definition of C that the matrix A = () e of C
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is lower triangular with its n-th row, for each n € N, given by a,,,, := i forl <m < nand
aun = 0form > n. Let B = (b,,,,,)l‘;‘,’m:1 be the matrix of E,. It is clear from (3.16) that

1Bl < apm, m,n € N.

Since the space X := d(s) has the property that A = Cy;) maps X into X continuously, it
follows via Lemma 3.1 and Corollary 3.2 from [8] that E, : d(s) — d(s) is continuous
and regular. Also the diagonal operator D, is continuous and regular in d(s), [8, Lemma
3.3]. It follows from (3.13) that (Cys) — A1)~ € L7(d(s)).

Concerning p, it is known that p> = (Jy<<y/y I'a» Where

Lo = {2 € CVO} - Re()) = @} = {2 € CV{O} : |e = 51 = 55}

see the proof of Proposition 5.1 in [8]. Fix A4 € p,. Then there exists a unique « € (0, 5)
such that A € ', namely, « := Re(%). Then, for 1 < m < nand n > 2 we have from (3.15)
that

(3.17) lenm(D] = ’

nll_ (1-4)l

L _, (1
S ”H’;:m(l_%) - e”m((l)’

where we have used that Ii_l < m whenever Re(z) # 0 and (1 — %) > 0 for all k € N.
I

Moreover, 1 > s implies that 1 € p(Cys), that is , (Cyy — 27" € L(d(s)). Since
D, € L(d(5)), it follows that

E\jo = &*(Dyjo — (Cy) — él)_l) € L(d(s)).
Accordingly, (3.17) and Corollary 3.2 of [8] imply that E, € L'(d(s)). It then follows
from [8, Lemma 3.3] and (3.13) that (Cy, — A)~' € L'(d(s)). O

A remarkable property of the spaces ces(p),1 < p < oo, as stated in (1.3), is due
to Bennett, [6, Theorem 20.31]. In view of (1.1), which implies (via Lemma 3.1(i1))
that C : ces(p) — {,, this property can be equivalently formulated as follows. Let
1 < p<ooand x € CN. Then

(3.18) C*(|x]) € tp if and only if C(|x]) € €,,.

Clearly (3.18) is a relationship between the class of spaces £,, 1 < p < oo, and the action
of a particular operator, namely C, in these spaces. It is known that (3.18) remains valid if
¢, is replaced with ¢ or £, [14]. The same is true for the class of spaces N”, 1 < p < oo,
arising in harmonic analysis and introduced in [5]; see [15, Theorem 2.4]. Namely,
NP := {x € CN : |x| < F(f) for some f € L(T)}, where T := {z € C : |z] = 1} is the circle
group and F (f) is the Fourier transform of f. Another class of such spaces is given by
the following result.

Proposition 3.7. Let 1 < s < 0o and x € CN. Then
(3.19) C%(Ix]) € d(s) if and only if C(|x]) € d(s).
Proof. Fix 1 < s < co. Define p : CN — [0, co] via

p(x) = (T2, (D))", xeCN.
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Then X := {x € CN : p(x) < oo} is precisely the space d(s) and so we know that C maps
X into X continuously. Furthermore,

ces(X) :={x e CN: C(|x)) € X}

is the space {x € CN : C(|x|) € d(s)}. Since C is a positive operator in CN we have
C(C(x])|) = C*()x]) for each x € CN. So, (3.19) will follow from Theorem 3 of [13] and
the discussion after that result once we establish the following property of X = d(s) :

(3.20) x € CN belongs to d(s) whenever [x] € d(s).

Here, given x = (x,), € CN the element [x] € CNis defined by [x] := (x;, X1, X2, X2, X3, X3, . . .).

So, suppose that [x] € d(s). It is routine to verify that

[x]"= (D)1, (D)1, (X)2, (X2, (£)3, (R)3, .. .) = [X].

Since [x] € d(s) implies that [x]" € ¢, the previous identity shows that [x] € . Ac-
cordingly, 22;’;1(()%)]-? < oo which clearly implies that ¥ € ¢, that is, x € d(s). This
establishes (3.20) and thereby completes the proof of the proposition. m|

Since the containment £; C ces(s) is strict for each 1 < s < oo, [14, Remark 2.2(i1)],
the following result is an improvement on Proposition 3.4.

Corollary 3.8. For each 1 < s < oo, the Cesaro operator C maps ces(s) into d(s), that
i8, Cees(s).d(s) €Xists and is continuous.

Proof. 1f x € ces(s), then Lemma 3.1(ii) implies that
IC)ls = NCI Iy < NCAxDIls = llxlleescs).

which shows that C : ces(s) — ¢, is continuous. Since also C : £, — d(s) is continuous
(cf. Proposition 3.4), it follows that the composition C*> maps ces(s) continuously into
d(s). That is,

(3.21) C23(x) € d(s), Y x € ces(s).

Let 0 < x € ces(s). It follows from (3.21) that C%(x) = C?(]x]) € d(s) and hence,
by Proposition 3.7, that C(x) = C(|x|) € d(s). This shows that C maps the positive cone
(ces(s))* of ces(s) into d(s). Since each x € ces(s) can be written as (Re(x))" — (Re(x))™ +
i((Im(x))* —(Im(x))") with {(Re(x))*, (Re(x))~, (Im(x))*, (Im(x))"} C (ces(s))", it follows
that C maps ces(s) into d(s). The continuity of Ceeys).4(s) 15 @ consequence of the closed
graph theorem. O

Since C : d(s) — d(s) 1s a positive operator, we may ask if there exist d(s)-valued
extensions of C to larger, solid Banach lattices in CN. Proposition 3.4 and Corollary
3.8 show that this is indeed possible. The largest of those solid Banach lattices for
which such a continuous d(s)-valued extension is possible is denoted by [C, d(s)];. With
obvious notation, it is known that [C, €], = ces(s) and that [C, ces(s)],; = ces(s); see p.62
and Theorem 2.5 of [14], respectively.

Corollary 3.9. Foreach 1 < s < oo it is the case that

[C,d(s)]; = ces(s).
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Proof. Clearly [C,d(s)]; C [C,¢,],. Via the above discussion we see that [C,d(s)]; C
ces(s). On the other hand, Corollary 3.8 shows that ces(s) C [C, d(s)];. O

Given any Banach space operator 7' € L(X) define its sequence of Cesaro averages by
Ty := = oy T™ for n € N. Setting Tjq) := I it is routine to verify that

(322) %Tn = T[n] - (”_I)T[n_l], n € N.

n

[oe]

If the sequence {T},},”, converges in the strong operator topology (briefly, s.o.t.), that
is, lim,_, T7,(x) exists in X for each x € X, then T is called mean ergodic, [17, Ch.
VIII]. We note that o(T) C D whenever an operator T € L(X) satisfies lim,,_,, %T" =0
in the s.o.t., [17, p.709, Lemma 1]. Here D := {z € C : |z] < 1}. It is clear from (3.22)
that necessarily lim,,_,, %T” = 0 in the s.o.t. whenever T is mean ergodic. An operator
T € L(X) is called uniformly mean ergodic if {T,;}:_, is a convergent sequence in L(X)
for the operator norm.

(o)
n=1

Proposition 3.10. For each 1 < s < oo, the Cesaro operator Cy) : d(s) — d(s) fails to
be mean ergodic.

Proof. If Cy was mean ergodic, then the discussion prior to the proposition shows that
necessarily o(Cy)) € D. But, this is not the case by Corollary 3.5. |

Let X be a separable Banach space and T € L(X). If, for some x € X, the projective
orbit {AT"(x): 1€ C, n=0,1,2,...}is dense in X, then T is called supercyclic. For the
theory of such operators see [19], for example. Since the projective orbit coincides with
U,—o T"(span{x}), we see that being supercyclic is the same as being 1-supercyclic in the
sense of [9].

Proposition 3.11. For each 1 < s < oo, the Cesaro operator C, : d(s) — d(s) fails to
be supercyclic.

Proof. 1t follows from (3.7) that the dual operator C ;(s) of Cy has at least two linearly

independent eigenvectors. Hence, Cy(y) is not supercyclic, [9, Theorem 2.1]. O

4. MULTIPLIER OPERATORS FROM d(s) INTO d(t)

Let a = (a,), € CN. According to table 6 on p.69 of [6] we have (in the notation of
Section 1) that:

(4.1) Letl <s<t<coandaeCN.Thena € M aw if and only if (ann%‘é)n € lo.
Note that (+ — 1) < 0. In particular, £, C M aw- If s = t, then My, = €. For fixed

t N
a € { it is routine to verify that

4.2) (ax)"< |lalloX, X € {e.
For each 1 < 5 < o0, it follows from (4.2) that

MG Ollacs) = [I(@x)’lls < llallollXlls = llallcollXllacs), X € d(s).
Given n € N, the vector x := n~!/%e, satisfies ||x||4,) = 1. Moreover,

(ax)"=n""a,1,1,...1,0,0,...)
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with 1 occuring n-times and so ||(ax)||; = |a,|, that is, ||Mf’1(s)(x)||d(s) = |a,|. Accordingly,

Mg(s) 1 d(s) — d(s) is continuous and satisfies

43) MG llop = lalleor @€ bwy 1< 5 <00
The following fact is from table 22 on p.70 of [6]:

“4.4) For1 <t < s < oo, we have Mgy awy = d(r) with % = % - %

Let 1 < s, < oo and a € My a0, that is, Mg(s)’ ao € L(d(s),d(t)). The dual Banach
spaces are given by (d(s)) = ces(s’) and (d(¢))’ = ces(?'); see Lemma 2.2. Moreover,
s < tif and only if ¥ < §’. Accordingly, the identities

(M. an(0),y) = {ax,y) = (x,ay), xe€d(s), yecesl),

show that the dual operator (Mg, ar) € Llces(t'),ces(s")) of My, ;. 1s precisely the
multiplier operator M{, .., : y = ay from ces(t’) to ces(s’). Here we have used the fact
(as the Copson space cop(p) = ces(p) for 1 < p < oo, [6, p.47]) that the multiplier spaces
M5y as given in tables 16 and 32 on pp.69-70 of [6] are consistent with the dual map
T +— T’ from L(d(s), d(t)) to L((d(1))’, (d(s))") = L(ces(t’), ces(s’)). Thatis, a € My).a)
is a multiplier from d(s) to d(¢) if and only if a € M s 1s a multiplier from ces(¢’) into
ces(s’). This will allow us to use duality arguments to deduce information about M

via known facts about M¢ ) -

Proposition 4.1. Let 1 < s <t < o0 and a € M) ax). Then the continuous multiplier
operator My, ., + d(s) — d(1t) is compact if and only if(ann%‘%),, € Cp.

Proof. According to Schauder’s theorem, [17, Ch. VI, Theorem 5.2], Mg(s)’ i) is a com-
pact operator if and only if (Mg, ;)" = M{,, ., 1s compact. Since ¢’ < s, it follows

from [1, Proposition 2.2] that M, ..,
1

Iy _ 1 1 . . . 1_1
5 — ) =(;—7)andso Mg(x)’d(t) is compact if and only if (a,n:75), € co. O

Remark 4.2. (i) Let 1 < s <t < oo. For the constant sequence a = (1,1,...) € £, C

Macs).aq it follows from Proposition 4.1 that the natural inclusion map iucs.an = My 4

(5).d(1)

is compact if and only if (annsl"rl')n € ¢(. But,

from d(s) into d(¢) is compact because (a,ni=), = (ni~3), € .
(ii) For the case when s = t and a € My, = {, Proposition 4.1 implies that the

multiplier operator Mg : d(s) — d(s) is compact if and only if a € co. O

Lemma 4.3. Let 1 <t < s < oo and r satisfy % = % - lv Then there exists a constant
By, > 0 such that

1M allop < Bss llallay,  Ya € Magsyawy = d(r).

Proof. That My .aq) = d(r) is precisely (4.4). Since the norm 1M ) aollop of Mg a0

coincides with the norm ||(M§(x) M)’IIOp of the dual operator (M;(S) d(t))’ = Mg(t,)c(s,) and
I < s’ <t < oo, the stated inequality follows from Lemma 2.4 of [1]. O

The following'result, for 1 <t < s < co, shows that every multiplier operator Mg ;.
for a € M) aq) is compact.

Proposition 4.4. Let 1 <t < 5 < 00. For a € CN the following assertions are equivalent.
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(1) a € My aq), that is Mg(s), ao d(s) — d(t) is continuous.
(i1) Mg(s), ao - d(s) — d(t) is compact.
(iii) a € d(r), where L =1 - 1.
Proof. (i) & (iii) is (4.4) and (ii) = (i) is clear.
(ii1)) = (i1). Using Lemma 4.3 above in place of Lemma 2.4 in [1] it is clear that the
proof of (iii) = (ii) in Proposition 2.5 of [1] can be adapted to apply here; one needs to
replace M, (= Mj(p)’c(q)) in the notation from there in [1] with MZ(S)’ a0 here. ]

In view of (4.3), the following fact can be verified by modifying suitably the proofs of
Lemma 2.6 and Proposition 2.7 in [1].

Proposition 4.5. Let 1 < s < co. For each a € €., = My we have that

4.5) 1M ) llop = llalleo
and that
(4.6) o'(MZ(S)) =a(N) ={a, : n € N}.

Remark 4.6. The Banach lattices d(s), 1 < s < oo, are also Banach function spaces over
the o-finite measure space (N, 2N 1), where p is counting measure, [36, p.252 and §112].
Since My, = {w, it follows from [8, Proposition 2.1(iii)] and Proposition 4.5 that the
order spectrum

To(My ) = (Mg, = a(N), Vae My,, 1<s5<oo. i

A Banach space operator T € L(X) is called power bounded if sup, .y [T"]lop < ©0.
In this case lim,_,o %llT"HOp = 0. The following result characterizes which multiplier
operators are mean ergodic.

Proposition 4.7. Let 1 < s < oo and a € My, = lw. The following statements are
equivalent.
) llalle < 1.
(i1) The operator M;(s) € L(d(s)) is power bounded.
(ii1) The operator Mg(s) € L(d(s)) is mean ergodic.
(iv) The spectrum O'(MZ(S)) cD.

(v) lim,_, %(MZ(S))” = 0 for the s.o.t. in L(d(s)).

By using the identities (4.5) and (4.6) it is routine to establish Proposition 4.7 by
suitably adapting the proof of Proposition 2.8 in [1].

In view of Proposition 4.7 we can suppose that ||a||l, < 1 and that Mj(s)
bounded whenever it is mean ergodic. Then lim,_,q, %II(Mg(S))"llop = 0 and so, by a
known result, [25], the uniform mean ergodicity of M is equivalent to the range
- Mg(s))(d(s)) = (Mcll(‘s‘;)(d(s)) of I — Mg(s) being a closed subspace of d(s), where

1 denotes the constant sequence with all coordinates equal to 1.

s power

Given w € CN define its support by S(w) := {n € N : w, # 0}. Then WXsw) = W as
elements of CN. If w € €., then the range

4.7) M:iv(s)(d(s)) ={wx:xed(s)) = {wxysw : x €d(s)},
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for each 1 < s < co. We also require the closed subspace of d(s) which is the range of

the continuous projection operator Mj(ss‘;”, that is,

(4.8) Xuvds) = {Xxsw) - X €d(s)} = M;Vi;;')(d(s))-

It is routine to check that X, 4 is M:;(S)-invariant. Let MZIV(S) D Xwas)y — Xwacs) be

to X5 so that M;V(S) € L(X, 4zs)- Since w, # 0 for each

n € S(w), it follows that M is injective. Hence, M[VZV(S)

phism of X,, 4, onto its range MZIV(S)(XW’[,(S)) in X, 4. It follows from (4.7) and (4.8)
that MZ,V(S)(XW,(;(S)) = M:l”'(s)(d(s)) provided that My(s)(d(s)) is closed in d(s).

the restriction of M:l”(s)

is a vector space isomor-

The facts recorded in the previous paragraph can be used to establish the following
result by adequately adapting the proof of Lemma 2.9 in [1].

Lemma 4.8. Let w € {, and 1 < s < oo. If the range M;”(S)(d(s)) is closed in d(s), then
0 ¢ (wxsa)(N).

Equipped with Lemma 4.8 and the identities (4.7) and (4.8) the following result can
be established along the lines of the proof of Proposition 2.10 in [1].

Proposition 4.9. Let 1 < s < o0 and a € My, = Cw. The following assertions are

equivalent.
() My, is uniformly mean ergodic.

1) |lalle < 1 and 1 ¢ a(N)\{1}.

Example 4.10. Let 1 < s < oo and set a := (1 - %)n. Then a € ¢, and |ld|l. = 1.

Proposition 4.7 ensures that Mz(s) is mean ergodic. However, as 1 € a(N)\{1} it follows

from Proposition 4.9 that M7  is not uniformly mean ergodic. O

Proposition 4.11. Let 1 < s < o0 and a € My = tw. The multiplier operator Mg, €
L(d(s)) fails to be supercyclic.

Proof. Since d(s) is dense in the Frechet space CN (equipped with its topology of coordi-
natewise convergence) and the natural inclusion d(s) € CN is continuous (cf. Proposition
2.71(v1)), the supercyclicity of My would imply the supercyclicity of the multiplication
operator M : CN — CN defined by x — ax for x € CN. But, it is known that this is
not the case, [1, Lemma 2.11]. So, M is not supercyclic. O

5. CESARO AND INCLUSION OPERATORS

Let X,Y € {d(s),ces(p),l; : 1 < p,s,t < oo}. The notation when considering the
Cesaro operator C : X — Y was introduced in Section 3. We use the analogous notation
for the natural inclusion maps i : X — Y, whenever they exist. As a sample, iy, (resp.
iq(s)c(p)) denotes the inclusion map from X = d(s) into ¥ = ¢; (resp. from X = d(s) into
Y = ces(p)). The main aim of this section is to identify those pairs of spaces X, Y such
that C : X — Y and i : X — Y do exist (in which case continuity follows from the
closed graph theorem) and, for such a pair X, ¥, to determine whether or not the operator
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is compact. Recalling the notation C,, := C,, , and Cc(p) := Cep).e(p) and Cypy := Capydp)s
it was already noted earlier that

(5.1)  0(Cp) = 0(Cp) = (Capy) = {A€C:A-E|< L}, 1<p<co

Accordingly, all such Cesaro operators fail to be compact as their spectrum is uncount-
able. Concerning inclusion maps, it is routine to check that i : X — Y exists if and only
if its dual operator i’ : Y/ — X’ exists. Of course, the dual operator i’ is the natural
inclusion map i : ¥ — X’. According to Schauder’s theorem, i : X — Y is compact
if and only if i : ¥ — X’ is compact. The situation when both spaces X, Y belong to
{ces(p),t, : 1 < p,q < oo} is completely answered in Section 3 of [1]. So, we only
need to consider the remaining cases, that is, when at least one of X or Y is d(s) for some
1 <s<oco.

Let us begin with various inclusion operators.

Proposition 5.1. Let 1 < s,t < o0 be an arbitrary pair.
(1) The inclusion map iy : d(s) — c(t) exists if and only if s < t.
(1) The inclusion map iy, : d(s) — ¢, exists if and only if s < t.
(ii1) The inclusion map iy ) @ d(s) — d(t) exists if and only if s < t.
(iv) €, € d(t) and ces(s) € d(t).

Proof. (1) Let s < t. Proposition 2.7(ii1) implies that iy s : d(s) — €, exists and, by
Proposition 3.2(i1) of [1], also i, : £ — ces(?) exists. Accordingly, the composition
Ld(s),c(t) = s,e(r) © Ta(s),s EXISES .

Let s > t. Suppose that i) exists. Since the operator Ce 45 @ ces(s) — d(s)
exists (cf. Corollary 3.8), it follows that the operator Ce () = lus)cry © Ceis)dcs) also
exists. But, this is not the case, [1, Proposition 3.5(iii)]. So, iy« does not exist.

(i) Note that s < ¢ if and only if the conjugate indices satisfy ¢ < s’. Moreover, the
dual operator (iyy),)’ is the natural inclusion map iy .y : {» — ces(s’), interpreted to
mean that whenever one of the operators exists then so does the other one. The stated
claim then follows by setting p :=#" and g := s’ in Proposition 3.2(i1) of [1].

(i11) Let s < . Then the inclusion map iy 4 : d(s) — d(t) exists by Proposition
2.7(1). On the other hand, Proposition 2.7(ii) shows that d(#) & d(s) whenever s > ¢, that
is, the inclusion iy 4y does not exist.

(iv) Remark 2.8(i) implies that £; € d(¢). Remark 2.8(ii) shows that ces(s) € d(t). O

The following result characterizes, for those inclusion maps which exist, precisely
when they are compact.

Proposition 5.2. Let 1 < s <t < oo be an arbitrary pair.

(1) The inclusion map iy : d(s) — c(t) is compact if and only if s < t.
(1) The inclusion map iy, : d(s) — €, is compact if and only if s < t.
(ii1) The inclusion map iy ¢ : d(s) — d(t) is compact if and only if s < t.

Proof. (1) Suppose that s < ¢. By Remark 4.2(1) the inclusion map i) 4 1 compact
and by Proposition 5.1(1) the inclusion iy .y 1S continuous. S0, iys).cr) = la.c) © Ldts).dw)
is compact.
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For the case when s = ¢, suppose that the continuous inclusion map i) (s (cf. Propo-
sition 5.1(1)) is actually compact. Since the Cesaro operator C) a5 : ces(s) — d(s) is
continuous (cf. Corollary 3.7), it follows that Cycs) = Ces).a(s) © lacs).c(s) 1S compact, which
is not the case by (5.1). Hence, iy (5 fails to be compact.

(i1) Note that s < ¢if and only if # < s and that the dual operator (i),)’ i the natural
inclusion map iy : £ — ces(s’). So, by Schauder’s theorem, the stated claim follows
by setting p :=t" and g := s’ in Proposition 3.4(iii) of [1].

(1) If s < ¢, then iy 4 1S compact by Remark 4.2(i). For the case of s = 1 we see
that iy .4(5) 15 the identity operator on d(s) and hence, is surely not compact. m]

We now turn our attention to various Cesaro operators. First we need to determine
which of these operators actually exist. By the closed graph theorem they are then con-
tinuous.

Proposition 5.3. Let 1 < 5,1 < oo be an arbitrary pair.

(1) The Cesaro operator Cy o) = d(s) — ces(t) exists if and only if s < t.
(i1) The Cesaro operator Cy, : d(s) — €, exists if and only if s < t.
(ii1) The Cesaro operator Cgy)aq) = d(s) — d(t) exists if and only if s < t.
(iv) The Cesaro operator Cs 4 : € — d(t) exists if and only if s < t.

(v) The Cesaro operator Ce a) : ces(s) — d(t) exists if and only if s < t.

Proof. (1) Suppose that s < 7. Then the inclusion map i, ; exists (cf. Proposition 5.1(i1))
as does C; ), [1, Proposition 3.5(i1)]. Hence, also Cy).c) = Ci.er) © Lags),s €XISLS.

Let s > t and assume that Cy,) . does exist. Since C, 4 1s continuous by Corollary
3.8 and i) 4(5) 1S compact by Proposition 5.2(iii), it follows that the operator

(Cd(s))2 = id(t),d(s) © Cc(t),d(t) o Cd(s),c(t)

is compact. But, this is impossible because (5.1) and the spectral mapping theorem,
[17, VII Theorem 3.11], imply that the set o-((Cy(5))?) = {4* : 4 € 0(Cyy))} is uncountable
(it contains the real interval [0, (s")?], for example). Hence, Cs).cr) does not exist.

(i1) Assume that s < . Proposition 5.1(i1) implies the existence of iy s and [1, Propo-
sition 3.5(i)] ensures the existence of C,,. The existence of Cy), = Cy; © igs)s 1 then
clear.

Let s > t. Suppose that Cy(y), does exist. The continuity of C, 4 is known (cf. Propo-
sition 3.4) and iy 4(5) 1S compact by Proposition 5.2(iii). Accordingly,

(Ca))* = iawcs) © Craw © Cags)s

is compact. The proof of part (i) shows that this is not the case and so Cg), does not
exist.

(ii1) Let s < . Proposition 3.2(i) shows that Cg exists and the map iys) 4« €xists by
Proposition 2.7(1). So, the existence of Cys) 4t = Car) © lacs)a 1S clear.

Let s > t and suppose that Cy)aq) €Xists. Since iy a5 1S compact (cf. Proposition
5.2(iii)), it follows that Cy(s) = iaw).acs) © Cacs)aq 18 also compact which contradicts (5.1).
So, Cys)ai) does not exist.

(iv) Suppose that s < 7. It is well known that i, exists and, by Proposition 3.4, also
C:aq exists. Accordingly, C; 40 = Ciaq © is, surely exists.
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Let s > t. Note that iy, exists by Proposition 5.1(i) and that iy 4 1S compact by
Proposition 5.2(iii). If Cjq) exists, then Cyy) = igacs) © Csaa © lacs),s 1S a compact
operator, which is impossible by (5.1). Hence, C; 4 does not exist.

(v) Let s < t. Then C,yq exists by Corollary 3.7 and the map i, exists by
[1, Proposition 3.2(ii1)]. Hence, C).a¢) = Ceda) © lecs)cr) also exists.

Assume that s > ¢. By Proposition 5.2(1) we see that iy «s) 1S compact. So, if Ces)aa)
exists, then Ce(s) = igu).e(s) © Ces)ary 18 @ compact operator, which is impossible by (5.1).
Accordingly, C,) .4 does not exist. m]

Our final result determines precisely which Cesaro operators, when they exist (see
Proposition 5.3), are compact.

Proposition 5.4. Let 1 < s <t < oo be arbitrary.

(1) The Cesaro operator Cgy o) is compact if and only if s < t.
(i1) The Cesaro operator C g, is compact if and only if s < t.
(ii1) The Cesaro operator Cy a) IS compact if and only if s < t.
(iv) The Cesaro operator Cs 4 is compact if and only if s < t.
(v) The Cesaro operator Ce ) q) is compact if and only if s < t.

Proof. (1) Let s < t. The inclusion map i) ¢ 1S compact (cf. Proposition 5.2(iii)) and
i4()+ 18 continuous (cf. Proposition 5.1(i1)). Since C, . is also continuous, [1, Proposition
3.5(11)], it follows that Cys).c) = Cre) © Tawys © Lags).dq) 1S @ compact operator.

Suppose that s = t. Both Cy(y) sy and C,s)q(s) are continuous; see parts (i) and (v) of
Proposition 5.3, respectively. If Cy).s) Were also compact, then (Cys)? = Ce(s).a(s) ©
Ca(s).c(s) Would be compact, which is not the case; see the proof of part (i) of Proposition
5.3(1). So, Cyu).c(s) fails to be compact.

(i) Let s < t. By Proposition 5.2(iii) the inclusion i) 1S compact and Cy), 18
continuous by Proposition 5.2(i1). Hence, Cy); = Cus) © las)a) 18 compact.

Assume that s = 7. Both Cgy) s and C; 4 are continuous; see parts (ii) and (iv) of
Proposition 5.3, respectively. If Cy) s were also compact, then (Cd(s))2 = Ciacs) © Cags)s
would be compact which is not so. Hence, Cy s 1S not compact.

(ii1) Let s < . By Proposition 5.2(iii) the inclusion i) 4 1S compact. Moreover, Cy
is continuous by Proposition 5.3(iii). S0, Cyes)ax) = Caq © iacs).ar 1 necessarily compact.

For s = t we note that Cy5) a5y (= Cacs)) 18 not compact; see (5.1) and the discussion
following it.

(iv) Let s < t. Then iy qp 1S compact by Proposition 5.2(ii1). Moreover, C; 45 18
continuous by Proposition 5.3(iv). Hence, C; 44 = i4(s)a0) © Cs.a(s) 1S @ compact operator.

Suppose that s = t. Both Cj 4 and iy s are continuous by Proposition 5.3(iv) and
Proposition 5.1(ii), respectively. If C; 4 were also compact, then C; = iy 5 © Csas)
would be compact which is not the case. Hence, C; 4y fails to be compact.

(v) Let s < t. Then iy ¢ 1S compact by Proposition 5.2(iii) and C.s) 4(5) 1S continuous
by Proposition 5.3(v). Accordingly, Ce(s)ax) = iacs).da) © Ces).dcs) 1S compact.

Assume that s = t. Both Cy) 45 and Cy) «s) are continuous; see parts (v) and (i) of
Proposition 5.3, respectively. If C.) qs) Were also compact, then (CC(S))2 = Cy(s)c(s) ©
C(s)4(s) would be compact. But, (5.1) and the spectral mapping theorem imply that this
is not the case. So, C,().4(5) 1S not compact. m|
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