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Efficient analysis of metal and dielectric rods in rectangular waveguide
with ferrite magnetized transversely
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Hector Esteban

ABSTRACT

This paper presents a new analytical method based on mode matching technique for a waveguide full of
anisotropic material with rods. It is proved that mode matching technique is applicable for the waveguide
with anisotropic materials. The problem is considered as a 2D electromagnetic problem assuming no field
variation normal to the waveguide length. Incident and scattered fields from circular cylinder rods in
ferrite medium are expanded with cylindrical modes, and the fields in the waveguide ports are expanded
using progressive and regressive modal summations. In both regions, extraordinary wave number is
considered for the fields. Finally, the hybrid mode matching between guided and cylindrical modes is
done by projecting continuity equations in the circular boundary containing the rod. The fast Fourier
transform is used to solve the matching in the presented method. It is shown, that the new method runs
faster than commercial software packages, with very good accuracy.
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1. Introduction

Consider a cascade connection of multiple Two-port microwave device, including several sections as empty
waveguides, discontinuities, waveguides loaded with the dielectric or metallic rods, waveguides loaded with
anisotropic materials, etc. In the analysis of such as these devices, Generalized Scattering Matrix (GSM) of each
section must be connected to each other to obtain a total GSM [1-5]. The empty waveguide scattering matrix can be
obtained analytically [2]. The discontinuities can be analysed using a modal method [6]. The waveguide loaded with
any shape obstacles can be analysed using a variational method [7], finite element method (FEM) [8], finite and
boundary element method [9,10] and resonant method [11]. Authors in [12], analysed H-plane waveguides loaded
with a circular metal or dielectric rods, using an efficient method based on a hybrid mode matching technique. In [12],
the fast Fourier transform (FFT) was used to solve matching between cylindrical and guided modes, efficiently. The
presented method in [12] increased accuracy and stability of the analysis procedure in compare to other methods such
as FEM or finite difference time domain (FDTD) method. Authors in [13], analysed substrate integrated waveguides
(SIW) devices with multiple accessing ports, using the method described in [12], efficiently. In fact, in this paper each
via of the SIW was considered as a metal rod, and scattering from each of them was considered in the total GSM. The
progress of [13] in compare to [12] is the consideration of electromagnetic coupling between vias and consideration
of multiple ports for the SIW.

In other hand, ferrimagnetic compounds have high resistivity and a significant amount of anisotropy at
microwave frequencies. They are used in waveguides for construction of passive devices such as filters, isolators or
phase shifters predominantly [2]. Using circular rods in geometry of these devices is unavoidable. Until now, all the
efforts in analysis of waveguides loaded by the metallic or dielectric rods were done in such a way that the waveguide
is filled with isotropic materials. But, it is possible that the waveguide full of anisotropic materials (such as a ferrite)
be loaded by metallic or dielectric rods. For example, consider a SIW filled with ferrite magnetized transversely or
longitudinally, which the structure can be used for ferrite phase shifter construction, antenna or filters [14-17]. Each
via in this SIW structure can be considered as metal cylindrical rod. So, in the GSM of this structure, scattering from
each via should be considered reaching a good accuracy and stability.

In this paper, the authors generalize the method presented in [12] in the anisotropic material. In fact, it will be
examined that the hybrid mode matching technique can be used for an anisotropic material or not. Finally, total GSM
for this structure will be obtained, and the analytical results will be verified with commercial software packages.

2. Formulation

The problem is divided in two regions, as it is depicted in Fig.1. The region “B” that encloses the circular
cylindrical rod, is considered as a ferrite medium. The fields in this region, are expanded in a series of cylindrical
modes with an extraordinary wave number. The region “A” is considered as a waveguide full of ferrite magnetized
transversely. So, the fields in this region are in a series of progressive and regressive guided modes summations with
the extraordinary wave number. In the follow, each region is considered separately, in order to extracting
electromagnetic fields.

‘ Region “A”

a(1)

b(1)

x1
l z1

yl y2

Fig. 1. Problem Geometry
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2.1. Electromagnetic Fields in the Region “B”

According to the Global coordinate shown in Fig.1, the region “B” is filled by ferrite magnetized in the z
direction. So, the permeability tensor in this region becomes [2]:

u o jg 0

H=|—jK W 0 1)
0 0 4
Where g is the permeability of free space, and p and « are:
o0, (0 -0 )+oo,0'd . aoo, 0] +o (1+a’)] )
ﬂ:’uo(l-l— 2 2 25\12 2 2 2_] 2 2 2\12 2 2 2)
[, -0 (1+a)] +4w,0 o [y —0 1+ )] +4w,0a
, —oo, (0] -’ (1+a’)] , 20,0,0°a 3)
K:]ﬂo( 2 2 25\12 2 2 2 2 2 2\12 2 2 2
[0y —o" (1+a’)] +4w,0"a [0, -0 (1+a")] +4w,0"a

Here o is the angular frequency, o, is the precession frequency or Larmor frequency (w,=p0yHO), H, is the
internal dc magnetic field, M; is the saturation magnetization, AH is the resonance linewidth, y is the gyromagnetic
ratio (y=1.75x10"! C/Kg), o is the damping factor (0= pyyAH/Awmy), and o, is pyyMs.

Now, the incident and scattered fields from circular cylindrical rod, are written in series of cylindrical modes

[2]:

r M .

E"(p,p)=23 iJ,(kp)e"” (4
n=—N;

r N ,

E“(p.9)=2 3, ¢,H (k p)e™ ®)
q==N

Where the coefficients, inandcy, are the incident and scattered field spectra in region “B”, respectively, and N;
and Ncare the truncation indexes for the summation of incident and scattered cylindrical modes, respectively. Both

numbers must be high enough to ensure good accuracy of the results [12]. The kf = w+/EHeff is the extraordinary

wave number in ferrite media, which € and Wesf = (uz — KZ) /W are permittivity and effective permeability of the ferrite
media, respectively.

The scattered field spectra, can be related to the incident field spectra, as [18]:

N;
c,= . d,i, (6)
q=—N;

Where dgnis the element of the scattering matrix, D, for the rod. For a centered circular rod, D becomes a
diagonal matrix and we have:

c,=d,i ™

nn-n

For a metallic centered circular rod:
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J (k,
m T (nZE /rC) (8)
H,7 (k1)

And for a dielectric centered circular rod:

J, (k1) J,(k.r.)
-1 jx(jn) , k. . 9
— [ (k) — kT (k)] Jykr) €))
d = M, T, Hy
" ~H2(k,r,) J,(k.1.)
1 _jx(jn , k
LR b2 ke 1 Gk, ) “ 1 (k)
HH, I Hy

Where 1. and k. = w~/€cHc are radius of the circular rod and wave number in dielectric media by permittivity
and permittivity equal to . and p., respectively.

Finally, the total electric field in this region for a centered cylindrical rod, can be written as the summation of
incident and scattered electric fields:

E(p.p)= Z (], Gk, p)+d, H P (k, p))i,e" (10)

="

Now, using Maxwell’s curl equations, the components of magnetic field in this region become:

Nl .
p (_ Z ]n(‘] (kfp)+dmzH/52) (kfp))l.nejmﬂ-‘rj’( Z kf(']r'y (kfp)+dnnH(2) (kfp))ineﬂw) (11)
ja)/u/ug n=-N; n=-N;
N, )
H,= S 0, o)+ d HE e o™ ~ 3 b (T3 )+ HE (ke 12)
](()ﬂﬂe p n=—N; n=-N;

2.2. Electromagnetic Fields in the Region “A”

In this region, local coordinate should be considered in electromagnetic fields. As it is depicted in Fig.1, the
applied biased field is in y direction according to the local coordinate. So, the permeability tensor becomes [2]:

)7 0 —-Jjx
H=| 0 Hy 0 (13)
Jjx 0 U

In (13), p and x are defined in (2) and (3), already.

Since both the geometry and excitation are invariant in height, only the family of the TE,,,, modes are considered
[12]. The tangential electromagnetic fields in this region, according to progressive and regressive guided modes, can
be written as:

E(z) Z(a(l)e 7 ’+b(l) 7 ’)e(’) (xi) (14)
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r.
B =L (3 e = b o () 4 iy (@l b0 e () (15)
ja)/u;ug m=l1 m=1
Or in other word:
o _ 0} @ 0,74z Fay - @) o7z 1
H = S (el () jd (e ae s — (€ (1) jd (e )b ) (16)
.]a)/Ll/ug m=1
Where i = land i = 2 are for the input and output ports, respectively, and:
grf’ti)'(xi) = .);i Sin(ﬂ xi) (17)
a
£ (x) = (=2 )sin(2E x) (18)
a
My
r. oc(x) r
d® (x’_)=cm—(xz)(_xl_)=m_”cos(m_ﬂxi) (19)
: a a
; mrx
7((m)) = (7)2 _ka' (20)

In these equations [12]:

e mis the index of the correspondant guided mode.
e M, a; and bjare respectively, the number of guided modes, the width and the height of the input (i = 1) and
output (i = 2)ports. In the structures considered in this paper, M2 = M1, a; = ajandbz = b1.
o a¥) and b are, respectively the amplitude of the waves in the input (i = 1) and output (i = 2) ports.
e x; and z; are the coordinates local to the input ({ = 1) and output (i = 2) ports.
The amplitude of the guided waves and wave propagation constant can be referenced in a more compact way
defining the following vectors a, b and ) :

(@)
a M _,M
a= 5 9b = b Y= 4 (2 1)
p® a? 7/<2)

Where
a =[a,...,a;) 1 ,ie[l,2] (22)
b =[b",....b T i €[1,2] (23)
7= ey 1 i €[1,2] (24)

Now, using the defined vectors, the tangential fields outside the boundary, can be expressed in a compact way:

r M
E(p)=2) [ae (p)+b, e, (9)lg,(9) (25)
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Where M=M,+M,, and:
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28
20 2,(@) =12,/ (5, (p)), q)e[—%,%],nfMl @9

0 other

, V4
d,” (x,(9)), vl

527; £(@)=1d%, (x,(9)), coE[—%,g],nf M, (29)

29 0

35 2.3. Mode Matching Procedure

Now, mode matching is solved by projecting the equations resulting from enforcing field continuity in circular
38 boundary p=R, to the modes of region A and B.

Enforcing the tangential fields on the circular boundary between region A and B gives:

M

N;
jé > 4" = (a,e(p)+b.e, (9)g, (@) (30)
n=-N; n=1

46 > (B,(p5)+C,(p.5)e" i, = iju D (wrg, (@) + jxf,(@)a.e (@)D (urg, (@) - jxf,(@)b, €, ()] B
47 n=-N; e n=l1 n=l1

49 Where

51 4,=J,(k,R)+d, H? (kR) (32)

54 B = ( (n(J (k,R)+d,,H (k,R)))+ jK(kf.(J,;(ij)+dnnH,E2)'(kf.R)))) (33)
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e

Projecting over the inner modes of region B, e /" , in both side of the equality, we obtain:

N; M

Z Imnin = Z(Jmnan + Kmn bn)
n=—N; n=1

N; M

Lmnirl = Z (anan - Nm)z bn)
N;

n=- n=1

Where m €[-N,, N,], and:

2z
— Jne ,=jme
Imn - I Ane e dq)
0

2z
L, = J' (B, sing+C, cosp)e’e " dgp

0

2
= [ &.(p)e) (p)e ™ dg
0

27
K,, = [ 2,0, (p)e " dgp
0

Projecting (30) and (31) to the modes of the outer region, g; , gives:

N; M

Z Omnin = Z (])mnan + an bn)
n=-N; n=1

N; M

Z anin = Z(Umnan - Tmn bn)
n=-N; n=l1

Where m €[1, M ], and:

2z
0,,= [ 4,e"g,dp
0
2z )
V. = j (B,sinp+C,cosp)e’g. dp
0

2z
P, = [ g, (p) (9)g,dp
0

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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2 1 N .
U,, = [ ——(wrg,(@)+ jxf,(@)e; (9)g,dp (47)
o Jouu,

11 T _ B .
12 T, = I —(uyg, ()= jx 1, (@)e, (9)g,do (48)
0 JOuL,

15 The GSM is obtained as [12]:
17 S= (T+V171K)71(U—V]71J) (49)

19 So the integrals I, V, T, K and J should be obtained which they can be solve analytically or by using the fast
20 Fourier Transform (FFT) [12].

24 2.4. Integral solution
2% Imncan be solved analytically:

(50)

28 ;- A2xr  m=n
™o m#n

32 Remaining integrals which are used in GSM, can be solved using the (FFT) [12]:

34 S = I [-m270 (51)
K, =" [-m2x (52)

39 V x~zx[C,— jB, ¥ [n+1]+x[C, + jB, ¥ [n-1] (53)

m

) 1 (Nfft/2) (Nfft/2)

1
o = wy Y, WUk k127 —— jx Y, Sk [-k2x
43 JOUL, =N JOWL, N2

44 (54)

46 1 (Nft12) 1 (Nfft/2)
47 U, =~ pr Y, kP [—k]27m +— jx Y WK [-k2x (55)

48 JOp, N2 Jop, ™ G

50 Where

52 '[m)=FFT e, (p)g,(9)} (56)

- Y87 [m]=FFT e, (p)g, (o)} (57)
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$[n]= FFT'{g, (¢)} (58)
R [m]=FFT (e, (p) [, ()} (59)
2" [m])=FFT '{e, (9) f,(®)} (60)

For multiple post, the same procedure as in [12] can be done, by using non diagonal scattering matrix. Another
structure that can be solved using the analytical results of this paper and results in [13], is a SIW structures with ferrite
substrate by multiple ports.

3. Results

In order to test the convergence of the presented method and choose the adequate values for the truncation
indexes used in computational reasons in this paper, a similar convergence study as in [12] has been done with each
one of these indexes. It shows, that the adequate values in this new formulation of hybrid mode matching is same as
the previous values in [12]. The values are, the number of mode of the incident field spectrum, N; = Pyk¢R, (Py,,

= 15), the number of point for the FFT, Ny = 2ceil(Ni(1 + Pys)) +1, (Pwgse = 2), and the number of the
scattered field spectrum Ngc = k7.

We have tested the efficiency and accuracy of our method by analysing several cases. The results of this
analysis will be compared with HFSS, because there isn’t any analytical analysis in this field, already.

Before analysing our method and verifying the results, some aspects of ferrite material should be mentioned.
In Fig.2 the effective permeability of the ferrite for different applied bias field (Ho), different magnetic saturation
(Ms) and different frequencies is shown. As it is evident, the effective permeability becomes negative, in some regions.
So, the ferrite material acts same as Metamaterials and the wave propagation becomes negative and the power flow
become inversed, in these values. So the feature of ferrite should be considered in designing procedure.

In Fig.3 and Fi.g.4, the magnitude of reflection and transmission coefficients for a centered cylindrical PEC
and a centered cylindrical dielectric in a waveguide full of ferrite magnetized transversely, is depicted, respectively,
and the results are compared from our analysis and simulation with HFSS. The good agreements between simulation
and analysis results is evident. But the total time for our analysis is 4 second, and the total time for HFSS is 3
minutes. This method reduces the computational time by 98% comparing it with HFSS temporal costs.

In fig.5, the magnitude of reflection and transmission coefficients for a constant diameter centered three circular
cylinder metal post in a rectangular waveguide full of ferrite is depicted. Good agreement between simulation and
analytical results is investigated

4. Conclusion

A new hybrid mode matching for the analysis of a single or multiple circular cylindrical rod in the rectangular
waveguide full of ferrite magnetized transversely has been presented. It is proved in this paper that mode matching
technique work very well for the anisotropic materials same as isotropic materials. The presented method reduces the
computation time by approximately 98%. Simulation results has been verified the analytical results very well.
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Fig. 3. Single centered metal post. a=7.112 mm, r.=0.07a, H0=3570 Oe, AH=75 Oe,
Ms=1800 Gauss, ferrite permittivity constant e,~13.
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Fig. 4. Single centered dielectric post. a=7.112 mm, r.=0.07a, H0=3570 Oe, AH=75 Oe,
Ms=1800 Gauss, ferrite permittivity constant e,=13 and dielectric permittivity constant
e=24.
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Fig. 5. Three centered metal post. a=7.112 mm, r.=0.07a, H)=3570 Oe, AH=75 Oe, Ms=1800
Gauss, ferrite permittivity constant e,,~13.
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Fig. 3/ Single centered metal post. a=7.112 mm, rc=0.07a, HO=3570 Oe, AH=75 Oe, Ms=1800 Gauss,
ferrite permittivity constant erf=13.
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32 ferrite permittivity constant erf=13 and dielectric permittivity constant er=24.
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Fig. 5/ Three centered metal post. a=7.112 mm, rc=0.07a, HO=3570 Oe, AH=75 Oe, Ms=1800 Gauss,
ferrite permittivity constant erf=13.
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