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1 | INTRODUCTION

The various types of integral equations are important mathematical tools for describing knowledge models that appear in different areas of applied
science. Because of extensive application of integral equations and not having the exact solutions in many cases, numerical solution of integral
equations has attracted researcher’s attention to develop numerical method for approximating solution of these equations. For example, we can
consider different Fredholm-type integral equations (18|/19}127) , Volterra-Fredholm integral equations (20}125/[14), nonlinear Fredholm integro-
differential equations (21), systems of Fredholm-Volterra integral equations (22), etc.

In this paper, we consider a special case of nonlinear Fredholm integral equation ((13]24}127))

b
z(s) = f(s) + )\/K(s,t)./\/(x)(t) dt, s € [a,b], (1)

where A € R, —oc0o < a < b < 400, the function f(s) is continuous on [a, b] and given, the kernel K (s,t) is a known continuous function in
[a,b] x [a, b], the Nemytskii operator N : Q C ¢([a, b]) — %([a, b]), where 2 is a nonempty open convex domain in ¢'([a, b]), given by N'(z)(t) =
N(z(t)), where N is a known continuous but non-differentiable function in R and z is a solution to be determined in % ([a, b]), where €([a, b])
denotes the space of continuous real functions in [a, b].

These equations are related to boundary value problems for differential equations, since they can be reformulated as two-point boundary
value problems or elliptic partial differential equations with nonlinear boundary conditions (6}127). Moreover, these equations appear in several
applications to real world: the theory of elasticity, engineering, mathematical physics, potential theory, electrostatics and radiative heat transfer
problems (3). As the Fredholm equations of form (1) cannot be solved exactly, we can use different numerical techniques to solve them. Some of
them will be discussed below.

First, we can approximate a solution of (1) by applying directly an iterative scheme. If we pay attention to the iterative schemes that can be

applied, the method of successive approximations plays an important role, as we can see in (23}|29). This method consists of applying the Fixed Point
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Theorem to the equation
b
z(s) = [¥(z)](s) with [T(z)](s) = f(s) +A/K(s,t)N(m)(t) dt (2)

and obtaining a sequence {z, = ¥(x,—1)}nen that converges to a solution z*(s) of (). This technique has two problems: the sequence {z,}
converges slowly to z* and the condition required to the operator involved W is very restrictive, since ¥ must be a contraction from a domain
to itself (26). As a consequence of both problems, other iterative schemes can be used, as for example, Whittaker-type methods (11), New-
ton’s method (10} (15), direct modifications of Newton’s method (24), Newton-type methods (16) or particular iterative schemes of high order of
convergence (8/|12).

Second, we can usually find techniques based on processes of discretization that transform the continuous problem given in into a finite
dimensional problem. A procedure to achieve this consists of applying formulas of numerical quadrature that are used to approximate the integral
appearing in equation , so that systems of equations are then obtained, and finally solved (28). Another procedure for the discretization of the
problem consists on the application of the discrete collocation method (2,16}125), that consists of choosing a finite dimensional space of functions
that are possible candidates to be solutions of (I). An easy choice is polynomials of a certain degree. After that, a number of points in the interval
[a, b] are chosen and the polynomial chosen is forced to satisfy (1) in such points, so that we obtain a finite dimensional problem that has to be solved.
Notice that different choices of the finite dimensional space have notably proliferated. Another method that can be also included under this kind of
techniques, although with some differences, is the Adomian decomposition method (1,|7), which is a semi-analytical method that consists of using
the Adomian polynomials to approximate a solution of (1) by imposing that the Adomian polynomials satisfy equation .

Third, aninteresting technique to approximate a solution of (1) is the homotopy analysis method (3)/14), that provides an analytical approximation
to the solution of (1) from an homotopy, so that a continuous mapping of an initial guess approximation to the exact solution of (1) is constructed.

On the other hand, observe that the equation (1) can be defined as H(xz) = 0for # : Q@ C %([a,b]) — € ([a, b]) where Q is a nonempty open

convex domain in ¢'([a, b]) and
b

[H(z)](s) = z(s) — f(s) — )\/K(s, N (z)(t)dt, s € [a,b]. (3)

It is well-known that Newton’s method,
Tpi1 =z — [H (zn)] _IH(:cn), n>0; zg € is given, (4)

is one of the most used iterative schemes to approximate a solution z* of #(x) = 0. But this method has a serious shortcoming: the derivative
‘H'(x) has to be evaluated at each iteration. This makes the method not applicable to equations with non-differentiable operators. It is common to
approximate derivatives by divided differences (((4}[51[9)) for obtaining derivative free iterative schemes. So, given an operator D : Q C ¢([a, b]) —
% ([a,b]), let us denote by £(£2, € ([a, b])) the space of bounded linear operators from Q to ¢ ([a, b]), an operator [z, y; D] € L(2, ¢ ([a,b])) is called

afirst order divided difference for the operator D on the continuous real functions z and y (z # y) if
[#,y; Dl(z —y) = D(z) — D(y). (5)

Therefore, as NV is a non-differentiable operator then #(z) is not either. So, if we want to apply Newton’s method to approximate a solution of the
equation H(z) = 0, if each step of Newton’s method H’ is approximated by the divided difference of first order [z, z + H(x); H], the Steffensen’s
method is obtained. Stetffensen’s method has been widely studied ((4}/5][9)) and its algorithm is

iveninQ
{xo givenin Q, ()

Tntl = Tn — [Tn,Tn + H(zn); H] " H(zn), n>0.
The method has quadratic convergence and the same computational efficiency as Newton’s method. Although, the iterative schemes using divided
differences in their algorithm have a drawback, the accessibility of these iterative schemes to the solution of the equation is poor (17), so that the
domains of starting points are reduced. However, this is one of the favorable features of Newton’s method . So,, this is the first main aim of this
paper, we try to improve the accessibility of Steffensen’s method. For this, we use the decomposition method. So, for the operator # that defines
the equation #(x) = 0, we consider

H(z) = F(z) + G(), @)

where 7,G : Q C %([a,b]) = €([a,b]), being F a Fréchet differentiable operator and G a continuous but non-differentiable operator. Then,

consider the Newton-Steffensen-type iterative scheme (17):

zo € €([a,b])is given,
Tpt1 = Tn — (F'(@n) + [@n, Tn + H(zn); G) " H(zn), n >0,
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that is applied as
zo € €([a,b])is given,
(F'(@n) + [@n, on + H(zn); Gon = —H(zn)
Tpntl =Tn +an, n>0.
The Newton-Steffensen-type method (8) improves greatly the accessibility of Steffensen’s method by approximating its domain of starting points
to that of Newton’s method (17). Moreover, as we have already indicated above, a fundamental problem in the application of Newton’s method is
the fact that the operator H is non-differentiable, so that we cannot obtain ' to do the iterates. However, this technique of decomposition of the
operator H plays a key role for the equation H(z) = 0. On the other hand, the Newton-Steffensen-type method (8) improves the approximations
of solutions of equations defined from non-differentiable operators. In this case, there are two advantages of : first, the differentiable part of
the operator is considered in the optimal situation, namely F”(xz,,); and second, for the non-differentiable part, iteration @ is considered with
[@n, zn + H(zn); G], which has quadratic convergence and the same efficiency as Newton’s method. In addition, as we see, we obtain an efficient
iterative scheme to solve the equation H(z) = 0.
On the other hand, we have other two aims for the paper: drawing conclusions about the existence and uniqueness of solution of some integral
equations of type , from using the theoretical significance of the iterative scheme applied to solve , and approximating numerically a solution.
Section[2} is devoted to introduce Nemytskii operators and the use of them for applying the decomposition method. In Section[3]we study the
existence of solution z* of equation (I), obtaining recurrence relations for the sequence {x,}. In Section the uniqueness domain is established.
Next, in Section[5we apply the results to a nonlinear Fredholm integral equation, obtaining convergence radii and a numerical solution. Finally, we

perform a comparative study of the iterative scheme (8) with an already existing one and we drove some conclusions.

2 | PRELIMINARIES

To establish a proper notation for the study indicated in the introduction and developed in this work, we use the known Nemytskii operators. So,
from a functionz € Q C €([a, b]), we define the operator N : Q C €([a,b]) — € ([a,b]) by N'(z)(¢t) = N(x(¢)), which is a Nemytskii operator.
Besides, from a function y € €'([a, b]), we define the operator K : € ([a,b]) — % ([a,b]) by K(y)(s) = A ff K (s,t)y(t) dt, whichis a linear integral

operator with kernel K (s, t). Finally, as a consequence of both operators, equation (3) can be written as
[H(2)](s) = [(I — KN)(z) — f](s)

withH : Q C €([a,b]) = €([a, b]).
Now, as the Nemystkii operator NV is non-differentiable, since that N is continuous but non-differentiable in R, we consider the Nemystkii oper-
ators \V; : Q C €([a, b]) — €([a,b]), fori = 1,2,suchthat A" = Ny + Na with NV (2) (t) = N, (x(t)), fori = 1,2, where N = N1 + No with N; a

differentiable operator in R and N2 a continuous but non-differentiable operator in R. So,
[(H(z)](s) = [(I = KN)(z) — f(s) = [(I — K(N1 + N2))(2) — f](s)

= [(I = KN1)(2) = f1(s) = KN2(2)(s)-

Then, for applying the decomposition method of operator H (17), we can consider H(z) = F(z) + G(z) for F(z)(s) = [(I — KN1)(z) — f](s)
and G(z)(s) = —KNa(z)(s), with F,G : Q C %([a,b]) — %([a,b]), where F is a Fréchet differentiable operator and G is a continuous but
non-differentiable operator. So, we have:

b

F(z)(s) = z(s) — f(s) — )\/K(s,t)/\/l(:p)(t) dt, s € la,b], (9)
and ,
G(2)(s) = —A / K(s,)Na(2)(t)dt, s € [a,b], (10)

To continue, for applying the method (8) to approximate a solution of equation #(z) = 0, we must calculate 7/ (z) and [z, z + H(x); G].
In first place, notice that K’ (z)z(s) = K(2)(s) and, taking into account (9), the first derivative of F at z is then given by

[F'(@)y](s) = y(s) = (KN (2)y](s) = y(s) = KN (2)y)(s)

b
4 = [ K. 0A{@)(o)de,

where F'(z) : © C €([a,b]) = €([a,b)].
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In second place, taking into account , given the continuous real functions x and y (z # y), we define [z, y; G] : @ C €([a, b]) — € ([a, b] with

b

[, 55 G)(u)(5) = —A / K (s, 8) [,y Na (£)u(t) d,

a

we consider [z, y; N2] : R — Rwith

Na(z(t)) — Na(y(t))
t

2(t) — y(t) if t € [a,b] suchthat z(t) # y(t),

[z, y; N2](t) =
o if t € [a,b] suchthat z(t) = y(¢).
So, for the continuous real functions z and y (x # y), obviously [z, y; G] € L(Q, € ([a, b])) and

[z,y;9](z —y) = G(2) — G(y).

Then, [z, y; G] is a first order divided difference for the operator G : Q C ¢ ([a, b]) — € ([a, b]).

3 | DOMAIN OF EXISTENCE OF SOLUTION

This section concerns with the study of the semilocal convergence of iterative scheme . The analysis of the semilocal convergence is based on
demanding conditions to the initial approximations, from certain conditions on the operator #, and provide the conditions required to the initial
approximations that guarantee the convergence to a solution z* of the equation #(x) = 0. From the semilocal convergence of iterative scheme
, we draw conclusions about the existence of a solution x*.

We shall show the semilocal convergence of iterative scheme (8) based on the following conditions:

(1) N is Ko-Lipschitz continuous operator such that

IV (z) — N()|| < Kol|lz — y||, where z,y € Q C € ([a,b]) and Ko > 0. (11)

(I N isa K -Lipschitz continuous operator such that

[NV (z) =N (W)Il < K1z — yll, where xz,y € QC %([a,b]) K1 > 0. (12)

() [—, —; N2]is an operator such that
[z, y; No] = [u, v; No]|| < L+ Kz (o — ul| + [ly — |}, where z,y,u,v € Q C E([a,b]), (13)

Ko >0and L > 0.

As first step, from the previous conditions we easily obtain the following result:
Lemma 1. Under conditions (I)-(lll) we obtain the following items:
(i) H is Lipschitz continuous operator such that
7 (z) = HW)Il < (1 + AMKo)llz — yll, where z,y € Q C €([a,], (14)
with M = max (o5 [o |K(s, 8)] dt.
(ii) F’is a Lipschitz continuous operator such that

|7 (z) = F' (y)|| < AMK1||lz —yl||, where z,y € Q C %4([a,b], (15)

(iii) [—, —; G] is an operator such that
[z, y; 6] = [w, v; G| < AM (L + Kz ([l — u|| + [ly = v[]), (16)

for pairs of distinct functions (z, y), (u,v) € Q x Q.
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3.1 | Mainresult

At this point we have established in Lemma 1 the bounding conditions for the operators we use in our iterative proccess. Now, our aim is to perform
the semilocal convergence study for setting the domain of existence of the solution. First of all, we give the main result, but in order to prove it, we

have to analyze the well definition of iterative process (8) by starting from any suitable guess and obtain the relations that verify the iterates.

Theorem 1. Let H be a nonlinear operator, H : Q C €([a,b]) — €([a, b]), defined on a nonempty open convex domain Q, with H(z) = F(z) +
G(z), where F is a Fréchet differentiable operator and G is a continuous but non-differentiable operator. Suppose that conditions (I)-(lll) are satisfied
and consider xg € Q verifying that Ay = F'(x0) + [z, zo + H(z0); G] has inverse with HAgl || < B.Let||H(zo)|| < a,n = Ba,and h = AMp.

If the equation
t = (1 + f(aO)bD ) n, (17)
1 (t)

_ e(t
(1—d(t))(1—-2d(t))

has at least one positive real root and the smallest positive real root, denoted by R, satisfies
Bleo, M CQ n<R ada< (18)
where
d(t) = h(L + (K1 + K2(3 + AM Ko))t),
e(t) = h(L + (%K1 Koy + Koo+ (1+ AMKo)t)),

i) =, (19)

ag = d(n), bo = (0),
a=d(R), b=e(R),
then, the sequence {x, } generated by the iterative process given by @ converges to a solution x* of the equation H(x) = 0, verifying that z,,, z* €
B(zo, R),foralln € N.
In order to clarify the proof of this main theorem, we give the following lemmas where we analyze the iterative process step by step.
Lemma 2. Under conditions of Theorem 1 the value of R obtained from verifies
(@) fa)f(2a)b <1

N f(ao)bo
(@) B= 11 T @) fza)d

(i) R > [1+ f(ao)bo (1+ [(a)f(2a)b+ (f(@)f(20))* + ... + (f(@)[(20))""})] m, ¥n > 1.

m

Proof. This Lemma follows obviously, (i) and (ii) by definition of R, taking into account for (i) that n < R, and substituting in the values of
parameters ag, by, a and b. To prove (ii1), note that in second part of relation (i¢) appears the sum of a geometric sequence of positive ratio f (a) f (2a)b <
1, for (). [ |

Lemma 3. Under conditions of Theorem 1 and by denotinga_1 = 0, a,, = aand b,, = bforalln > 1, the following assertions hold for n > 1,
(I1) 3451 suchas || AL < Bf(ant1), and [| A7 Aol| < f(ant).

(I2) llzn41 — znll < bn—1f(an+1)f(an—2)l|zn — Tn-1]|.

(I3) l|lznt1 — znll < (bf(a)f(2a))" " ||z2 — z1]l.

(I1) llznt1 = zoll < [1+ f(ao)bo(L + f(a)f(2a)b + (f(a)f(2a)b)? + ... + (f(a) f(20)D)" )] 0.

(Is) n+1 € B(zo, R).

Proof. We prove this lemma by an induction procedure.
We start analyzing the first steps. For n = 1 we have by hypothesis that 3A L so z1 is well defined and is obtained:

a1 — woll < |45 H(zo)l| < 145 Il H(z0)l| < B =n

now by (18), we have that 1 € B(zo, R).
When n = 2, first of all we need to obtain the existence of Al_l, so by using bounds obtained in Lemma 1 we have
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11 = Ag ™ Avll < 114G ][] A0 — Au|
<A M (1F (1) = F' (o) || + [[[e1, @1 + H(z1); G] = [20, 0 + H(w0); G]l)
< BAMK;||lz1 — xol] + AM (L + Ka(||lz1 — xo|| + [|lz1 — zo|| + [[H(z1) — H(zo0)I])))
<h(L+ (K1 + K22+ (14+AMKy)))||z1 — zol])
< h(L+ (K1 + K23+ AXMKp))n) =ao

By (18), we have ag < a < 1, then by applying Banach Lemma we have that 3AT . It also fulfills these bounds:

14T ] < Bf(ao)

L (20)
[|A7 " Aoll < f(ao)
so x2 is well defined and it is derived:
llza — @1 = [| A7 " Hz1)]] < [JAT Aol Ag ' H ()| (21)
We use the expression of the iterative scheme (8) to deduce:
AgtH(z1) = Ayt — (21 — m0) — Ay M H(20)
= Ay (F(z1) + G(21)) — (z1 — z0) — Ay ' (F(zo) + G(20))
= Ay N(F(z1) — F(zo)) — (z1 — z0) + Ay (G(z1) — G(x0))
7
_ /(Aglf'(z) — Id)dz + A7 (G(x1) — G(z0))
o
Tl
=A;!t /(f'(z) — Ag)dz + Ay (G(z1) — G(z0))
o
T1
= Aal /(]—"(z) — F'(z0) — [x0,z0 + H(x0;G)])dz + Aal([:vl,xo; Gl(z1 — x0))
o
1
= Aal /(]—"(z) — F'(x0))dz + Aal([ml,xg; G] — [zo, zo + H(z0); G])(z1 — z0)
o
Then, by taking norms and using bounds obtained in Lemma 1 we get
_ _ 1
[Ag " H(z)l| < [1AG ] [5/\MK1||9«“1 — o[> + AM (L + Ka(|lz1 — zo|| + || H(xo)|)||z1 — ol
1
< (gEuller = aoll + L+ Kallas - aoll + 1@l ) a1 — 2ol 22)

1
<h (L-i- (§K1 + K2)17+K2a) [lz1 — xo|| = bo||z1 — xol|

Therefore, going back to (21) and using (20) and (22) we get

[lz2 — z1|| < f(ao)bollz1 — zo|

So, by using it is obvious that f(ag)bo < 1, then we we get that

[[w2 = z1]| < ||z1 —=ol| <

[lz2 — zol| < ||z2 — 1| + ||z1 — zol| < (f(a0)bo +1)n < R

and so by using Lemma 3 it follows that z2 € B(xo, R).

We have to perform another step before establishing the recurrence, so for n = 3 in order to apply Banach Lemma we need the following:
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1T — Ag Azl < [|Ag ]| A2 — Aol
<A M (I1F (w2) = F' (o) || + [[[w2, w2 + H(w2); G] — [x0, 0 + H(w0); G]l])
< BAM (Ki||lz2 — @o|| + (L + Ka(|lz2 — o[ + [[z2 — zol| + [|H(z2) — H(z0)|])))
<AMB(L+ (K1 + K224 (1 + AMK)p)))||z2 — zol|)
< h(L+ (K1 + K23+ AMKp))R) =a

Again, by (18), as a < 1,then 3A; " and it verifies that:

A5 )] < Bf(a)

(23)
|A5 " Aol < f(a).

So x5 is well defined and we can obtain the following inequality

llzs — 22| < ||A7 " Aolll| Ag " Al[[| AT H(=2)]]. (24)

Now, we need to bound || Ay LA, ||, just applying Lema 1 we have:

11— AT  Aol| < [|AT M [IIIA1 — Ao
< Bf(ao)AM(L + (K1 + K2(3 + AM Ko)))n = f(ao)ao

but from and ag < 1 iseasy to obtain that f(ao)ao < 1, then by Banach Lemma it is established:

1 _1—ao0 _ f(2a0)

ATA - B
|4y A1l < 1— f(ag)ao 1—2ag f(ao)

(25)

But, also with a similar reasoning that the one used before for bounding || A 1% (21)]|, now we have
AT H(e2)l| < AT IGAM K ez = 212 + AM(L + Ka(llzz = @l + () D)oz - a1])
< f(ao)h(L + gm + Ka)n + Ka(|[H(zo)l| + (1 + AMEo)|[z1 — zol))llz2 — z1]]
< f(ao)h(L + (%K1 + K2)n + Ko(a+ (1+ AMKo)R))||w2 — z1]| (26)

= f(ao)bl|lz2 — =1,

where in the last inequality we have used that z1 € B(zo, R) and | H(z1)|| < ||[H(z1) — H(zo)|| + [[H(z0)]]-
Now, coming back to (24) and using (23), (25) and (26), we obtain

[lzs — z2l] < f(a)f(2a0)bl|z2 — z1]|,
from (Z8) we have that f(a) f(2a)b < f(a)f(2a0)b < 1, then,
|z — 22| < |loz — 21| < |le1 — @0l < 7.
On the other hand, by using Lemma 3

[lz3 — zol| < ||z3 — @2l| + ||z2 — zol| < (f(a)f(2a0)bf(ao)bo + f(ao)bo + 1)n
< (14 flao)bo(1 + f(a)f(2a)b)n < R

sowegetxs € B(xo, R), havingthat (1) — (I5) hold forall k = 1, 2.
Now by an induction procedure we assume that (11) — (I5) hold for all k = 3,...,n — 1. Then, for completing the proof we have to obtain these
assertions for k = n.

First of all, we need to obtain the existence of A;; 1, so we have
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1T = Ag  Anll < (145111 An — Aol

<NAGHH(IF (@n) = F' (o)l + [[[@n, @n + H(zn); G] = [z0,z0 + H(zo); G]I))

< BOMEK1len — zoll + (L + K|z — ol + llzn — zoll + [[H(@n) — H(zo)1)))

< h(L+ (K1 + K22+ (1+AMKo))R) =a

Where in the last inequality we have used the induction hypothesis. Now, by , it follows that a < 1, then, by applying Banach Lemma we have
that 3A,, L and also fulfills these bounds:

1AM < Bf(a)
145" Aol| < f(a)

So zy,+1 is well defined and with the same reasoning than for previous steps we obtain

a1 — zall < |47 Aolll| Ay An 1[Il A7 2, Hn)l (27)
Now, the bound for A YA, _1is having as in previous steps, so it follows
1T — AL Aoll < 14,2111 An—1 — Aol| < Bf(a)a

but from anda < % itis given vthat f(a)a < 1, then by Banach Lemma it is established:
_ 1 l1-a 2a
AT A1l < _ _ f(29)
1—f(a)a 1-2a f(a)

But, also with a similar reasoning that we have used before and by the induction procedure we obtain

142 )l < 147 L IGAME [ = 2n -l + AM(L + Ka((fon — a1 |
+ I H(@n-D)IDlzn — zn-1l])
< fla)h(L + (%Kl + Ko)n + Ka([[H (o)l + (1 + AM Ko)||zn—1 — o)) |lzn — n—1]|
< fla)bllzn — zn—1]|
so coming back to we obtain
l[&n+1 = zall < F(a)F(2a)bll2n — Tno]]
from (18) we have that f(a) f(2a)b < 1, then,

[Zn+1 = znll <[lzn —zn-1]|l <--- <|lz1 = 20l <.

Moreover, by using the induction for (I3) we have:
llZn+1 — zall <bf(a)f(20)||en — xn—1]| < (bf(a)f(2a))" |2 — 21]| < (bf(a)f(2a))" " f(ao)bon
As a consequence we get,

llent1 — @oll < |lent1 — @nll + [lon — zol|
< (bf(a)f(2a))" " f(ao)bon + 1+ f(ao)bo[f(a) f(2a)b + (f(a)f(2a)b)?
+. 4 (f(@)f(20)0)" 2 ]n
< [1+ f(a0)bo(f(a)f(2a)b+ (f(a)f(2a)b)* + ... + (f(a) f(2a)b)" " 1)]n < R

so we deduce that z,,+1 € B(zo, R) and the induction procedure is completed. |

After proving these Lemmas we are in conditions of stating the main result established in Theorem[T] that now we write in the same terms but
just in an abbreviated form without specifying again the values of the parameters, (19).

Proof of Theorem[1}
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The iterative process is well defined as we have proved in the previous Lemma. So, in order to prove that {z,, } is a Cauchy sequence we get

m m
[Zntm = Tnll <D ensi = Tnpic1ll <D (bF(a)£(20)" T2 |lzy — 21|
i=1 =1

< [bF(a)f(20))" 7 + (bf (a) f(2a))" + -+ (bf (a) £(20))" T 2] ||z — | (28)

(b(a)f (20))"~* — (b (@) (2a))" "
= bf(@)f(2a) (oo

where in the last inequality we have sum the m terms of a geometric sequence of ratio bf(a) f(2a) < 1.So, we can conclude that {z, } is a Cauchy

<

sequence, and then it has a limit z*. By taking m — oo we obtain an a priori error estimation:
(bf(a)f(2a))"~"
1—0bf(a)f(2a)
and takingn = 0in and m — oo and the characterization of R in Lemma 3 we have that ||* — zo|| < Rand thenz* € B(xo, R).
Moreover z* is a solution of #(z) = 0since | AnH.(zn)|| = ||n11 — 2n]|, but this difference tends to zero and also A, ! is bounded, so by using
that || % (zn)|| < |An ||| An# (zn)]|, by the continuity of A it follows that #(z*) = 0.

[en — || < f(ao)bon

4 | DOMAIN OF UNIQUENESS OF SOLUTION

Concerning to the uniqueness of the solution z*, we have the following result.

Theorem 2. Under conditions of Theorem (1| then, the solution =* is the unique solution of the equation H(z) = 0 in B(zo,S) N £, being
1 - AMB(L + Kza)

2AMB(K1 + Ka)

Proof. Lety* € B(x*, R) N Qand H(y*) = 0. We then define the following operator
1
P [F @ttty a0 det [y a7
0
and, using (ii) and (iii) of Lemma we obtain

|AGTP —I]| < [ AF M 1P — Aol

1
< llAg ™l [/ [F" (& +t(y" —2")) — F'(zo)ll dt + ||[y", 2" G] — [z0, m0 + 7{(ro);gl}
0

1
<AMB (Kl(w* — ol + /tlly* —z"ldt) + L+ K2(lly* — zoll + [l=" — ol + 7—[(:1:0)|)>
0

< AMB(2(K1 + K2)S + L+ Kaa).

By using Banach Lemma and the value of S we have that it exists P! € L£(X,Y’), and, by the identity P(y* — z*) = 0, we deduce =* = y*. |

5 | NUMERICAL EXPERIMENT

Now, we present a numerical example where we illustrate all the above results. The max-norm has been considered.

We consider a nonlinear integral equation of Fredholm, which can be used to describe applied problems in the fields of electro-magnetics, fluid
dynamics, in the kinetic theory of gases and, in general, in the reformulation of boundary value problems. So, we consider an equation of the form
givenin . Then, to solve this equation, we apply the iterative scheme (8) to the operator equation @

Next, we consider f(s) = (1 — %)s — 1 K(s,t) = stand N (z)(t) = z(t)3 + |=(t)].

So, we approximate a solution of the nonlinear integral equation of Fredholm of type (1) given by:

1
o(s) = (1— %)s - % + )\/st (@(®)® + |o(®)]) dt, a<s<b, (29)
0

By direct substitution of z*(s) = s — 1 inthe above equation we have that z*(s) is a solution of (29).
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For applying the decomposition method , for the operator:

H(z)(s) = a(s) — (1 — %)s TES )\s/lt (2(®)® + |e()]) dt, a<s<b, (30)

we consider 0 1
Fa)(s) = o(s) — (1 - %)S TES )\s/tx(t)3 dt, s € [ab), (31)

and 1 O
G(z)(s) = —As/t|x(t)\dt, selab), (32)

0
suchthat H(z) = F(z) + G(x).

5.1 | Existence and uniqueness of solutions

At this point by taking © = B(0, 1) from (1), (I2) and we have for all z(t), y(t), u(t), v(t) € Qthat:

IV (z(t) = Ny (1) < lle(®)® =y + llle@®)] — ly@)]]
< (lz(®)? +y()? = 2Oy @)l + 1) [l2(8) — yB)ll,

moreover,
N7 (2(8)) = N (@)l < [13(z()* — ()| < 3lx(t) + y(@B)|l[l2(t) — y(D)lI,
and finally,
NG] — (). w(h): lz(®)] — ly(@)] [u(®)] — Jv(®)|
10, 90 Na] = (0), o Ml < I1E A=l Il o=l

So, we deduce the value of the constans introduced in Section|§|in order to perform the study, these are, Ko = 4, K1 = 6, L = 2and K2 = 0. Then,
we can apply Lemma 1 with M = 1/2 and by choosing a starting point zo(s),and A = 1/11, we use, first, for obtaining the value of a that can
be seenin Table Secondly, for obtaining the existence and bound of A’ ! we calculate:

[Aoy](s) = [(F'(z0) + [z0, 0 + H(x0); G)y] (5)
= [(F'(@0)yl(s) + [lzo, mo + H(w0); G))yl(s)

1 1
o [ lmo®)] = [ro(t) + (o) 1)
=y(s) — A 0/3t o(t)2y(t) dt + A O/t Hro) (0 y(t) dt
1
_ |zo ()| — |zo + H(zo)(D)] _
= y(s) — )\so/t {Swo(t)Q dt — o } y(t) dt = w(s). (33)

From (33) we deduce that

— lzo + H(z0)(®)]
H(zo)(t)

1
17— 0l < s [ ¢ [3a0(0)? - 120
0

K

and then for each starting guess ¢ (s) we obtain the bound m,, such as:
1= Aoll < may <1,

so by applying Banach Lemma we obtain the bound of A0_1 mentioned in Theorem 2:

1

1 —mg,

B =

These values can be seen in Tablemfor different starting points. Once these bounds have been obtained we applied Theorem 2 for concluding the

radius of existence and uniqueness that can be also checked in Table[T]
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zo(s) @ B8 R S
s—1/4 1/4 | 1.080845 | 0.333531 | 1.68863
(2s—1)/4 | 14 | 1028132 | 0291515 | 1.77559
(4s—1)/6 | 1/3 | 1.061859 | 0.454784 | 1.71896

TABLE 1 Semilocal convergence radii for different starting guessesand A = 1/11.

5.2 | Anumerical solution

Now, we obtain a new algorithm to apply our iterative scheme as follows: from the development obtained in we have: y(s) = Ay lw(s), but, we
can consider y(s) = w(s) + AsZ where

1
_ lzo ()] = lzo(t) + H(zo)(t)]
7= O/t (3:50(1%)2 - o ) y(t) dt

| = lzo(s) + H(zo)(s)|

If the last equality of is multiplied by s (3x0(s)2 — lzo(s) ) and integrated between 0 and 1, we obtain

H(zo)(s)
1 |20 (8) |~ |0 (1) +H (20) ()]
s o t (Bao(1)2 — [2olO=L0 0O w(t) dr
1 lzo (D= |zo () +H(E) MY g
T—X[fyt? <3x0(t)2 — =0 H;’zo)(t) v ) dt

|zo(t)| — [@o(t) + H(zo)(t)]
H(zo)(t)

1
provided that)\/t2 <3xo(t)2 — ) dt # 1. Therefore,
0

St (eo(t)? — LzeI=la0@EHEOWOLY 1) gt
S

— H(zo)(t)
y(s) = A, Lu(s) = w(s) + A T .
lzo (8)[=]@o () +H (z0) (£)]
L= Jy €2 (Bro(t)? — LeolOleo EM0)(OL) gy

So, the application of the decomposition method (8) is given by the following algorithm:

e First step: Calculate:

1
H(wn)(s) = on(s) — (1 — %)s + % - )\s/t (@n()® + |20 (8)]) dt.
0
e Second step: Calculate: ) )
An = [ 3P HE)O dt, Bu = [ 2 (0]~ [on(®) + H)O) dr
0 0

o - /19 (sonte? - 2O enO ALY

H(zn)(t
/ () (1)
o Third step: Calculate:
A, — B,
W’VL = 77
1-XC,

Tnt1(s) = xn(s) — H(zn)(s) — As Wh.

In Tables[2_Jand[3 Jwe can see the behavior of this algorithm that we apply by choosing different starting guesses and imposing as stopping criterion
|znt1(s) — zn(s)] < 10~32. We work by using program Matlab 2016b working in variable precision arithmetic with 50 digits of mantissa. The
integrals for obtaining coefficient W,, have been solved analytically.

Once the solutions for each iteration n have been obtained, we calculate different norms. The first column shows the difference between two
consecutive iterates, and the second column shows the norm between the solution obtained and the exact solution, z*(s) = s — 1/2. In the last
two columns we obtain the value W,, indicated in third step of the algorithm and the computational convergence order. As one can check quadratic

convergence is reached for all analyzed cases.

5.3 | Acomparative study

Finally, we are interested in comparing the numerical application of iterative scheme (8) with Steffensen’s method (8), which is the usually iterative

scheme used to solve non-differentiable equations. For this purpose, we use the algorithm described in Section 5.2 for obtaining the solution with
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n llzn(s) — zn-1(s)ll llzn(s) —z*(s)l] Whn p

1 8.3916e-01 1.1806e-02 2.0941e-01

2 1.1803e-02 3.1641e-06 -2.0755e-03

3 3.1641e-06 2.2566e-13 -5.6440e-07 | 1.92873
4 2.2566e-13 1.1478e-27 -4.0253e-14 | 2.00093
5 1.1478e-27 4.8383e-53 -2.0475e-28 2

6 4.8827e-53 4.4389e-55 2.4884e-54 | 1.77501

TABLE 2 Errors for starting point zo(s) = s — 1/4 and tolerance 10~ 32.

n | lzals) —@zn—1)l | llznls) =2 ()l Wr P

1 5.2375e-01 1.2354e-03 -6.6512e-02

2 1.2354e-03 3.4426e-08 -2.2003e-04

3 3.4426e-08 2.6714e-17 -6.1408e-09 | 1.73367
4 2.6714e-17 1.6086e-35 -4.7651e-18 | 2.00007
5 1.6086e-35 4.4342e-53 -2.8693e-36 2

TABLE 3 Errors for starting point zo(s) = and tolerance 1032,

, when we split equation by decomposing operator H in F + G as it is expressed in and (32). In order to apply Steffensen’s method, we
discretize the integral equation by taking n = 20 and n = 40 subintervals in [0, 1] and using the Simpson quadrature to transform equation
into a finite dimensional problem:

If we denote the nodes by S = (s;), ¢ = 1,...,n + 1 and the approximations of z(s;) by z; , then equation is equivalent to the following
system of nonlinear equations:

11A 1 sy 5 '
xz‘=(1*E)sif§+)\siZs]~p]~(:Ej+|:pj|), i=1,2,...,n+ 1. (34)
=1

where P = (p;), j = 1,...,n + 1 are Simpson’s weights, given by P = H%H(l,zl, 2,...,2,4,1).

Then, the system of nonlinear equations givenin is of the form
11X 1

H(x) =x— (1= 2 5)S = -+ AS(Pvx) =0, H: R*H — R (35)
where
_ 3 3 3 T
vx = (s1(27 + |z1]), s2(@3 + [@2]), . s snq1(@h g1 + |Tnga]))
For applying Steffensen’s method we consider divided difference of first order, (9), given by [u, v; H] = ([u, v; H]ij)fj':ll € L(R™T1 R7H+1) where
1
[u,v;H];; = (HG (w1 ey Uy U1y e s Un1) — Hi (U, e 51,0550, Ung1))
uj — vj
u=(ug,uz,...,unt1)T andv = (v1,v2,...,vn+1)L.

We solve the discretized nonlinear problem obtained by using program Matlab 2016b working in variable precision arithmetic with 50 digits of
mantissa and iterating until the distance between consecutive iterates is less than the tolerance 10—32. Tableshows the number of iterations,
iter, the distance between the last iterates, ||z, (s) — zn—1(s)| and the max-norm of H(z) at the approximated solution, by taking different initial
guesses. We have omitted in Table[4_]the value of the computational order of convergence because in all cases the quadratically convergence is
reached with same precision.

Finally, in order to compare the numerical results between both methods, @ and , we obtain in Tablethe distance between the numerical
approximation to the solution and the exact solution z*(s) = s — 1/2. That is, for both methods we start by 2o = s — 1/4 and we stop when the
distance between two consecutive iterates is less than 10~32. Then, we call z(s) the solution obtained with the Steffensen’s method and y(s) the
solution with Newton-Steffensen’s method, obtained as has been exposed in Section 5.2, so, we can compare both of them with the exact solution
of the problem by evaluating these in some nodes. Results can be seen in Table[5]

At this moment we notice that the solution y(s) obtained with the new algorithm we designin Sectionis enormously better, but this is because
working as working as shown throughout this paper allows us not to discretizise the problem when it is not differentiable, while Steffensen’s method
does.
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Method | Startingguess:zo | iter | f|on(s) — zn_1(s)l| | [H(za(s))ll |

(s—1)/4 6 4.4534e-44 2.2641e-58

(2s—1)/4 5 2.7805e-34 2.8787e-58

Steffensen (4s—1)/6 6 4.3374e-44 3.0641e-58
s+1/2 7 4.9825e-44 2.6811e-58

1 7 4.3497e-44 2.665%e-58

2 8 1.8644e-45 2.2194e-58

TABLE 4 Numerical results for solving equation (30) with A = 1/11.

Steffensen,n = 20, (6) | Steffensen,n = 40,(8) | Newton-Steffenson,
s llz*(s:) — =(s3)|l llz*(s:) — =(s3) |l llz*(s:) — y(si)l|

0.0 0 0 0

0.2 1.1746e-08 7.3386e-10 4.5244e-56
0.4 2.3493e-08 1.4677e-09 9.0468e-56
0.6 3.523%e-08 2.2016e-09 1.3573e-55
0.8 4.6985e-08 2.9354e-09 1.8098e-55
1.0 5.8731e-08 3.6693e-09 2.2622e-55

TABLE 5 Comparing different methods applied to nonlinear problem (30).

6 | CONCLUSIONS
In this paper, we consider the Newton-Steffensen iterative scheme by using the decomposition method. Specifically, we apply this iterative scheme
for approximating a solution of nonlinear Fredholm integral equations with non-differentiable Nemystkii operator and to obtain domains of
existence and uniqueness of solution for these equations.

Finally, we apply the theoretical results obtained to a numerical experiment in order to show the applicability of the study. Moreover, we design
an algorithm in order to apply the Newton-Steffensen iterative scheme to approximate a solution of the nonlinear Fredholm integral equation with

non-differentiable Nemystkii operator considered. We observe that the numerical results obtained indicate the competitiveness of the proposed
development.
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