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ABSTRACT

A computational approach to approximate the probability density function of ran-
dom differential equations is based on transformation of random variables and finite
difference schemes. The theoretical analysis of this computational method has not
been performed in the extant literature. In this paper, we deal with a particular
random differential equation: a random diffusion-reaction Poisson-type problem of
the form —u”(z) + au(z) = ¢(z), = € [0, 1], with boundary conditions u(0) = A,
u(1) = B. Here, a, A and B are random variables and ¢(z) is a stochastic process.
The term u(z) is a stochastic process that solves the random problem in the sample
path sense. Via a finite difference scheme, we approximate u(z) with a sequence
of stochastic processes in both the almost sure and L” senses. This allows us to
find mild conditions under which the probability density function of u(z) can be
approximated. Illustrative examples are included.

KEYWORDS
Random diffusion-reaction Poisson-type problem; Finite difference scheme;
Probability density function; Numerical methods.

1. Introduction

Random differential equations are differential equations where the input coeflicients
and initial/boundary conditions are random variables/stochastic processes [17, 18].
The solution is a stochastic process. To completely understand the random behaviour
of the solution, one needs to find its joint finite-dimensional distributions, however,
in general, this is an impracticable task. A more feasible target consists in finding,
or at least approximating, its probability density function (first finite-dimensional
distributions) [17, Ch. 3]. Some recent contributions dealing with the computation of
the probability density function of the solution of random differential equations can
be found in [6, 9]. A computational method to approximate the density function is
based on finite difference schemes [7]. The theoretical analysis of this computational
approach has not been done in the extant literature. In this paper, we want to perform
a comprehensive theoretical analysis for a particular random differential equation: a
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randomized diffusion-reaction Poisson-type problem [15, p. 433],

{_U"m Foule) = ¢(x), w01 M)

u(0) = A, u(l) =

The term —u” models diffusion, the term cu models reaction and ¢ represents an
external source [15, p. 432]. We assume an underlying complete probability space
(Q, F,P), where € is the sample space, which consists of outcomes that will be generi-
cally denoted by w; F is the o-algebra of events; and P is the probability measure. The
term « > 0 and the boundary values A and B are random variables in our probability
space. The source term ¢(z) is a stochastic process. We will omit the evaluation at
the outcome w, however, when necessary, we will write a(w), A(w), B(w) and ¢(z,w).
The term u(z) is a stochastic process that solves (1) in the sample path sense. When
evaluating at the outcome w, we will write u(z,w).

Notation 1. Given a measure space (S, F, u), where F is the o-algebra and p is the
measure, we will use the notation LP(S) for the p-integrable measurable mappings
in the Lebesgue sense: f : S — R such that ||fllL.cs) = ([q|fP dp)t/? < oo for
1 < p < ooand ||fllpers) = inf{sup{|f(z)] : = € S\N} : p(N) = 0} < oo for
p = oo. The shorten notation a.e. and a.s. will stand for “almost every” or “almost
everywhere” and “almost surely”, respectively.

Given an interval I C R, the notation ¢”(7), p € NU {co}, means p times contin-
uously differentiable on I. When p = 0, it means continuous on I, and we will write
¢(I). For 0 < B < 1, the notation C?(I) stands for the Holder class: f € CP(I) if
there exists a constant k > 0 such that |f(z) — f(y)| < k|z — y|?, for all 2,y € I. Do
not confound €!(I) (continuously differentiable) with C*(I) (Lipschitz continuous).
For p € Nand 0 < 8 < 1, the notation CP%(I) means being ¢”(I), with the p-th
derivative being in CA(I).

Given a matrix A, we will denote its p-norm as || A||,, 1 < p < co. The j-th column
of the matrix will be denoted by A(:, j), and its transpose will be written as A”. The
identity matrix of size M will be denoted by I;.

Finally, given an absolutely continuous random variable X, its density function will
be denoted by fx.

For the sake of completeness, below we give sufficient conditions on the external
source ¢ in order to guarantee that the random problem (1) has a unique solution in
different stochastic senses, commonly used in the extant literature.

Proposition 1.1. The following holds:

(i) If ¢ has sample paths in L2([0,1]), then there is a unique process u with sample
paths in the Sobolev space H?(0,1) [3, Ch. 8] that solve (1).
(ii) If ¢ has sample paths in €([0,1]), then there is a unique process u with sample
paths in ¢%([0,1]) that solve (1).
(i4i) If ¢ has sample paths in CP([0,1]), for some 0 < B < 1, then there exists a
unique process u with sample paths in C%5([0,1]) that solve (1).

Proof. The three statements are direct consequence of the deterministic theory for dif-
ferential equations. Part (i) is a consequence of [15, Prop. 8.1] [3, Prop. 8.16]. Part (ii)
is a consequence of part (i) and [3, Remark 6, p. 204]. Part (iii) is a consequence of
10, Th. 11.3.2]. O



The main goal of this paper is to analyze when w(z) is an absolutely continuous
random variable, for each x, and then to compute its probability density function.
For this purpose, we will use a finite difference scheme to approximate the solution
stochastic process u(z).

2. Random finite difference scheme

Divide [0, 1] into M equidistant interior points xy,...,zp: 0 =20 < 1 < ... < xp <
1 =1, 2; =M =i/(M+1). Denote h = 1/(M +1). The numerical scheme, based
on discretizations of the second derivative, is —5ul, + (& +a)ul — LulM,| = ¢(x;),
for 1 <i < M, u}l = A and “%H = B. One expects uM ~ u(z;). In matrix form,

AuM = ¢, where

¢(w1) + A/h?

ui’ P(x2)
uM = y €= ’
uj P(rar-1)
¢(xrr) + B/h?
2 -1
) -1 2 -1
A=aly+ 5L, L=
-1 2 -1
-1 2

Although not explicitly written, A, L, ¢, x; and h depend on M. Since o > 0, then A
is invertible. Thus, v = A~ e

Lemma 2.1. The matriz A satisfies || A7 < 1/8.

Proof. The matrix A is an M-matrix, in the sense of [13, p. 10]: A has its offdiagonal

entries nonpositive and, for r = ()M, with r;, = 1/4 — (z; — 1/2)? > 0, one has
(Ar); =2+ ar; > 2,1 <i< M. By [13, Lemma 5.3], [|A7!||oc < ||7]lco/ min;(Ar); <
1/4 _

Y4 8. O

Proposition 2.2. Suppose ¢ has sample paths in C?(]0,1]), for certain 0 < 8 < 1.
Let zg € [0,1]. Let {ip}35_; be a sequence of indexes, iy € {1,..., M}, such that
limps oo ing /(M 4+ 1) = x9. Then limp 00 u% = u(xg) a.s. Moreover, the following
rate of convergence holds: |u(w;,,,w) —ul (w)| < C(w)/8-h?, where C(w) is the Holder
constant of u”(-,w) on [0,1].

Proof. By Proposition 1.1 (iii), the sample paths of u belong to C([0, 1]): |u” (2, w)—
u"(y,w)| < C(w)|z — y|?, for all z,y € [0,1]. Using Taylor’s expansions,

u(e + ) = u(@) + ' (@)h + o (€n)h/2, ule —h) = ule) — o (@)h + o (e )h/2,



where &, 5, € (z,2 + h) and 1, , € (x — h,z). The local error of the numerical scheme
is given by

Ep (0, h) = —u(x —h) + 2:2(33) —u(x + h) + au(z) — 6()
- %(uu(gx,h) + u”(nx,h)) + ’LLH(.CL‘)
u'(@) —u"(&n) | (@) = u(non)
2 * 2

Using the triangular inequality and Holder’s condition,

e m)] < C% e+ S < clan”

Let v* = (u(z:)M,, f* = (Ep(z;,h))X, and the error e" = u* — u™. From
AuM = ¢ and Au® — ¢ = f", we derive that Ae" = f. Thus, if we denote by
| - lloo the infinity norm for matrices, [|€"[lcc < [A™ ool lloe < A |ooC(w)hP.
By Lemma 2.1, [[A7 e < 1/8, therefore || < C(w)/8 - h”. This implies

lu(zi,,,w) — u% (w)| < %hﬁ. By continuity of the sample paths of w,

lim w(x;,,,w) = lim wu(iy/(M+1),w) = u(zo,w),
M—o0 M—o0

so we conclude that limp/_oo uf? (w) = u(wo,w), as wanted. O
Proposition 2.3. Suppose that ¢ has sample paths in CP([0,1]), for certain
0 < B < 1. Let z9 € [0,1]. Let {ip}35-, be a sequence of indexes, iy €
{1,..., M}, such that limprooipn/(M + 1) = x9. Let 1 < p < oo. If S =

max{||AllLr+< (), [ BllLo+e(@)s SUPzepo] |9(@)[|Lore@)} < oo for some e > 0, then
u(zg) € LP(Q) and limp—o ul! = u(zo) in LP(12).

Proof. By Proposition 2.2, limp;_, uf\i = u(zp) a.s. Then, by [20, Th. 2.4], it suffices
to check that

sup J|[ul! |1+ @) < 0. (2)
M>1

Write A = (a +2/h%) Iy — H, where

Let T =1/(a+2/h?)H. Then A = (a+2/h?)(Ipy — T). The eigenvalues of A, uy, are
well-known [16, p. 59]: ur = a +2/h? - (1 — cos(kwh)), k = 1,..., M. From this, the



eigenvalues of T' are easily computable:

2
= cos(kmh
= —— (2 ), k=1,...,M.
Oé+ﬁ

Since | cos(kmh)| < 1, we deduce that

Il = il &= Lo M < —L0 <

= max ck=1,... <1
2 Nk ) ) a+ 2/h2 >~
The inequality | T'||2 < 1 implies that the matrix Iy, —T is invertible, with (I, —T)"1 =
S 2o T*. As a consequence,

e gy Loy Ly
= 2 UM — = 2 = 2 k-
O‘_{_F a+ﬁk:0 a+ﬁk:0(a+%)

We derive that each entry (A71);; = Y220 (H*)ij/(a + 2/h?)FHL increases when o

decreases, therefore (A71);; takes its maximum value at o = 0. On the other hand,

- A By
uly = (A7iy = Y (A i = 13 (A i+ 15 ZMM+Z Dines ()

V1 V2

Vs

Taking into account (2), we bound Vi, V5 and V3 in LPT¢(Q). First, we bound the third
term:

M M
H%HLT"* () S Z ZIVI](Z) x] HL”‘*‘ Z le’Oé:0|’¢(xj)HLp+€(Q)
Jj=1 J=1
- s
< Z zMJ|oz 0 < S[A” 1’a ollec < g’
by Lemma 2.1. Now we bound ||Vi[|ps+(q) and [|[Va|lpe+e (). Let 2 = (a7, .. . 23D)T,
aM = /(M + 1). Let M = (M ... )T be the vector = reversed. Notice

that LaM = (1,0,...,0)" and LzM = (0,...,0,1)7, therefore L71(:,1) = @ and
L7, M) = M. Since Ala—o = (1/h?)L, we derive that A~!,=o(:,1) = h?zM and
A7 amo(:, M) = h22™. Thus,

('Ail)l]ul a=0 h2 % (373
Villose(@ = A iytlloreqey < B mtla0y gy o) < Tt

im
= — <
(1 M+1>S_C<oo, (3)

for some C' > 0, since the sequence {in//(M + 1)}37_, is bounded. Analogously,
[V2|lrp+e () < oo. This proves (2). 0



Proposition 2.4. Suppose that ¢ has sample paths in CP([0,1]), for certain 0 < B <
1. Let zg € [0,1]. Let {irr}5_, be a sequence of indexes, ips € {1,..., M}, such that
limpreoing /(M + 1) = xg. Let 1 < p <oo. If A, B € LP(Q) and sup,cpq) [¢(z)| <Y
a.s. for some random variable Y € LP(Q), then u(wo) € LP(Q) and limp/o0 u} =
u(zo) in LP(Q).

Proof. As in (3), |Vi| < |A|(1 —ip /(M + 1)) < C1|A], for some constant C; > 0.
Similarly, |Va| < |B|(ip/(M + 1)) < Co|B], for some constant Cy > 0. On the other
hand,

M M Y
Vs < Z Dinild@)] <Y D (A iy <Y [A oo < 3
=1 j=1

by Lemma 2.1. Thus, |u%{] < V1| + [Va| + |V3] < C1|A| + Co|B| +Y/8 € LP(Q). By
the Dominated Convergence Theorem [14, p. 321], u(zg) € LP(Q) and limp/_o0 uf? =
u(zp) in LP(Q), as wanted.

3. Probability density function of the solution stochastic process

Write ¢ = Ad + g, where d = (1/h2,0,...,0)T and g = (¢(z1),...,d(xr—1), p(xar) +
B/h?)T. Then uM = (A~ tc); = (A71d);A+ (A~ 1g);. Our next task is to compute the
probability density function of ufw .

Lemma 3.1. Let A be an absolutely continuous random variable, independent of the
random vector (Z1,Zs), where Z1 # 0 a.s. Then Z1A + Zy is absolutely continuous,
with density function f7, 4+7,(2) = ELfa((z — Z2)/21)/|Z4]].

Proof. Let C be a Borel set in R. Then
P(ZlA + 7y € C) = / IP)(ZlA + Zy € C|Z1 = z1, oy = ZQ)P(ZMZ?)(le,dZQ)
RQ

P(ZlA + z9 € C)P(Zl,Zz)(dzla dZQ) = / / ; fA(a) da IP)(Zl,Zz,)(lea dZZ)
R2 C Z2)/z1

Je

grdle

/ ) P2,z (d21,d2) da
I

> ﬁ daP(y, z,)(dz1,dz2)

R Iz
Lo ("2)
SR

Suppose that A is absolutely continuous, and that A and («, B, ¢) are independent
(i.e., for all 0 < y1,...,ym <1, m € N, A and (o, B, ¢(y1),...,0(ym)) are indepen-
dent). By [13, Th. 5.2], A~! has nonnegative entries, so (A~'d); > 0. In fact, A is an
irreducible matrix, because its entries on the superdiagonal and on the subdlagonal
are nonzero. By [1, Th. 2.7, p. 141], the entries of A~! are positive, so (A~1d); > 0.

O]



By Lemma 3.1,

o) =B | 1a (g (0= A700}) e |

In practice, we can use an explicit expression for fu (u) that does not require the
computation of A~L. The set of eigenvalues, /Ik and eigenvectors, s*, of A are known

[16 p. 59 pp = a+2/h%- (1 — cos(k‘ﬂh)) = (sm(lm]h));\/fl, k=1,...,M. Let
= diag(p1, - - -, ,uM) and P = [s'...sM]. Since s',...,sM are pairwise orthogonal

and IIsill2 = v/ (M + 1)/2, the matrix R /2/(M + 1) P is orthogonal. We have the

decomposition A = RDR Its inverse is given by A_1 = RD7'RT. In the end, Jum
can be expressed as follows:

h2
fufw( ) fA 2 M sin(kmih) sin(kwh) '
M+1 Zk:l a+2/h?(1—cos(kmh))
2 LY sin(kmih) sin(kmjh)
{“’ T M1 z:: (; a+2/h2(1 - cos(knrh))) 9(z;)
2 B % sin(krih) sin(krMh) }) h? @
B 72 2(1 — M sin(kmih) sin(kmwh :
M+ 11% & a+2/h3(1 = cos(knh)) [ | 20 a+2§h2(1)_w§(kﬂ,j))

Theorem 3.2. Suppose that ¢ has sample paths in CP([0,1]) (certain 0 < g < 1),
A is absolutely continuous, A and (B, «,¢) are independent, fa is continuous and
bounded on R and ||l ~@q) < oo. Let o € (0,1). Let {ip}37—; be a sequence of
indexes, ipy € {1,..., M}, such that limp;,ooipnr/(M 4+ 1) = z9. Then the sequence
{fu% (u)}37—1, defined in (4), converges to a density fu(z,)(v) of u(xo), for all u € R.

Proof. By Proposition 1.1, let v and w be two stochastic processes with sample paths
in C2A([0,1]) that solve

¢(z), x € [0,1],

{—’U”(:L‘)—l—ow(x):(), x € [0,1], {—w () + aw(zr) =
= B.

v(0) =1, v(1) =0, w(0) =0, w(l)

By Proposition 2.2, (A7'd);,, — v(zo) and (A~ 1g);,, — w(wg) a.s. as M — co. Since
fa is continuous,

1
ﬁk”( fu= WQ@*WW

ZM

:”<mmﬂ”‘”“”>m;>“' (5)

Note that it makes sense to divide by v(zg), since by the Strong maximum principle
for elliptic PDEs [8, Th. 4, p. 333], 0 < v(z) < 1 for all z € (0,1), a.s

Claim: there exists My (independent of w) such that, for all M > My,
(A_ld)iM > ’U(.To)/Q a.s.



We prove the claim. The random boundary value problem satisfied by v can be solved
analytically. Indeed, fixed w € Q, we distinguish two cases according to a(w) > 0 or
a(w) = 0.

Case a(w) > 0: The solution is v(z) = sinh(y/a(l — z))/sinh(y/«). Then v"(z) = av(z) =
asinh(y/a(1 — z))/sinh(y/a). By the Mean Value Theorem, |[v"(z) — v"(y)| =

2

W’ sinh(y/a(1 —z)) —sinh(y/a(l —y))| = Sin}fz\/a) cosh(&z,yw) | —y|, where
Eryw < max{y/a(l —z),/a(l —y)} < \/a. Hence,

neoN oo M B ||O‘||ioc(Q)COSh( [l (o)) B
@) =Wl = ey s . |z -yl
sinh(y/|lallLe(q))

Case a(w) = 0: The solution is v(z) =1 —z, so [v"(x) —v"(y)| =0 |z — y|.

Let

Ha”iw(n) cosh(y/ ol o)) ||Oé|| >0
K = sinh(y/[allco@) L=~
0, [a][Le< () = 0.

Thus, [v"(z)—v"(y)| < K|x—y|. Therefore, the Holder constant C'(w) of v”(+,w) can be
taken independently of w: C(w) = K. By Proposition 2.2, [v(z;,,,w) —v} (w)| < K/8:h
a.s., where v = (A~!d);,,. On the other hand, using the Mean Value Theorem to

estimate |v(zg)—v(x;,, )| as we did before, we obtain |v(zg,w)—v(z;,,,w)| < L|xg—14,, |
a.s., where

lloellnoe () cosh(y/llelroe (@)
L= sl 1ol >0

1, [elpe (@) = 0.

By the triangular inequality,

[v(z0,w) — Vi, (W)| < [v(20,w) — V(@i w)| + 01y, w) = vy (W)]
< K/8-h+ L|xg — x;,,| a.s.

Now, if a(w) > 0, we know that v(z¢) = sinh(y/a(1 —x¢))/sinh(y/«). As a function of
a, it has a lower bound m > 0. Then, v(xo,w) > m a.s. To conclude, take My such that,
for all M > My, K/8-h+ L|zg — x;,,| < m/2. This implies that [v(z,w) — v} (w)] <
m/2 < v(zg,w)/2, therefore v% (w) > v(xg,w)/2 a.s. This concludes the proof of the
claim.

Hence, for M > M,

fa (M {u— (Alg)w}> A1), < ||fAHL°°(R)U($0) < falls @) —

Since || fa|1(r)2/m is constant, it belongs to L'(€2). By the Dominated Convergence



Theorem [14, p. 321],

it (0 =B |12 (7t (e} ) ] = Fw,

Finally, we prove that f is a density of u(zg). Let G be a random variable with
density function given by f. By Scheffé’s Lemma [21, p. 55], v — G in law as

im
M — o0. On the other hand, by Proposition 2.2, u% — u(xp) a.s., so u% — u(zp) in
law, as M — oo. Then u(zg) and G are equal in distribution, so f,(,)(u) = f(u), as
wanted. O

The continuity of f4 on R is satisfied, for instance, by the density function of
the distributions Normal(u,0?), 4 € R and 02 > 0; Beta(a,b), a > 1 and b > 1;
Gamma(a,b), a > 1 and b > 0; etc. However, it would be desirable to require only
a.e. continuity for f4, since the class of applicable density functions would be larger:
Beta(a,b), a > 1 and b > 1; Uniform(a,b), a < b; Gamma(a,b), a > 1 and b > 0 (in
particular, Exponential(b)); truncated normal distribution; etc. This is the purpose of
the following theorem.

Theorem 3.3. Suppose that ¢ has sample paths in CP([0,1]) (certain 0 < f < 1), A,
B and a are absolutely continuous, A, B and (o, ¢) are independent, ||a|p~q) < 0o,
fa is a.e. continuous and essentially bounded on R. Let xy € (0,1). Let {in}35_, be
a sequence of indexes, ipy € {1,..., M}, such that limp;_ooing/(M + 1) = xg. Then
the sequence {f“]\fw (u)}37=1, defined in (4), converges to a density fu(,,)(u) of u(wo),
for all u € R.

Proof. The proof is analogous to Theorem 3.2. Since a(w) > 0 a.s. (because
P(a = 0) = 0), we have v(zg) = sinh(y/a(1 —x¢))/sinh(y/a) a.s. By the Random Vari-
able Transformation (RVT) technique [5, Th. 1] (briefly, it is a method that consists in
computing the probability density function of a transformation of an absolutely con-
tinuous random variable/vector), v(zg) is absolutely continuous. On the other hand,
w can also be explicitly found using the theory of linear differential equations, and
one obtains that w(xo) can be written as Z1B + Z3, where B and (71, Z3) are in-
dependent and Z; # 0 a.s. By Lemma 3.1, w(zp) is absolutely continuous. By the
RVT technique, 1/v(xg) - {u — w(zo)} is absolutely continuous. Then, the probability
that 1/v(xg) - {u — w(zo)} belongs to the discontinuity set of f4 is 0. By the Contin-
uous Mapping Theorem [19, p. 7, Th. 2.3|, (5) holds. The rest of the proof is as in
Theorem 3.2. O

In the following two propositions, we study whether the finite difference scheme
preserves the pointwise convergence of the derivatives.

Proposition 3.4. Assume the conditions of Theorem 3.2. If the n-th derivative fgn')
exists on R and filj) is bounded on R for each 1 < j < n, then fym and fy,) have
iM
bounded n-th derivatives on R. Moreover, if fﬁln) 18 continuous on R, then the sequence
(n) (n)
{f?tf‘i,, (u)}37—y converges to fu(xo)(u), for all v € R.

Proof. Both f,n and f,,,) possess n-th derivatives on R because of the differentia-
M



bility of f4 and the Dominated Convergence Theorem. Indeed, fix u € R. We have

ut+h—w(xo) 1 u—w(xo) 1
fa ( v(zo) ) v(zo) fa ( v(xo) ) v(xo) h—0 . [ U — ’LU(QZ()) 1
(6)
v(

h — A 70)2

by definition of derivative. Now, by the deterministic Mean Value Theorem,

u+h—w(xo) 1 u—w(xo) 1
fa ( v(wo) ) v(zo) fa < v(zo) ) v(zo) _ f, u+ & — w(wo) 1
h 4 v(xo)

1
A (7

IN

where &, depends on w and |£,| < |h|. Notice that the inequality v(xo) > m a.s. from
the proof of Theorem 3.2 has been utilized. The Dominated Convergence Theorem
thus applies to ensure the existence of

1
v(z0)

Fugea) = B | 1 (s (0= wleo)}) 53 . (5)

v(z0)?

Analogously one justifies that

Fi 00 =B |14 ( g (o= 470} ) oo ©

exists, by using the fact that (A~1d);,, > v(z¢)/2 > m/2 a.s. For higher derivatives,
the procedure works analogously and one proves

v(wo)"™

10 =10 (st wlao} ) o | (10

100 =E[4) (g - 40} ey

When fz(f) is continuous on R, the proof of Theorem 3.2 works with fz(éln) instead of
fa, so that one concludes that {fl(ﬁ,) (u)}37-, converges to f&g )(u), forallu e R. O
i 0

Proposition 3.5. Assume the conditions of Theorem 3.3. If the n-th derivative fgn)
exists a.e. on R and Hfg)|’Lm(R) < oo for each 1 < j <mn, then fym and fy(,) have

bounded n-th derivatives on the whole R. Moreover, if fl(ﬁ‘n) s a.e. continuous on R,

then the sequence {fq(;? (u)}35_, converges to fqi?;o)(u), for all u € R.

Proof. As demonstrated in Theorem 3.3, 1/v(xg) - {u — w(zp)} is absolutely contin-
uous. Therefore, the probability that 1/v(xg) - {u — w(zg)} belongs to the null set of
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non-existence of f}qn) is 0. Thus, expression (6) remains being valid a.s. Bound (7)
is also valid now a.s. Hence, for each u € R, the use of the Dominated Convergence
Theorem is justified and (8)—(11) are correct.

When f/g”) is a.e. continuous on R, the proof of Theorem 3.3 is applicablc with
f{gn) in lieu of f4. One concludes that {]‘1(:\11) (u)}37_, converges to f'u(‘L (u), for every
u € R. b O
Remark 1. The same analysis can be performed if B is absolutely continuous and B
and (A, «, ¢) are independent. In such a case,

h2
fuf” (u) =E [fB ( 2 ZM sin(kmih) sin(knMh)
‘M+1 £uk=1 a+2/h?(1—cos(kTh))
M /M . .
2 sin(kwih) sin(kmjh) .
{u M + ; (Z:: a+2/h?(1 — cos(kmh)) ¢(z5)

2 A % sin(kmih) sin(kmh) }) h?
72 2(1 — 2 M sin(kwih)sin(kmMh)
o+ 2/h2(1 — cos(krh)) yren SIPAR LT L)

One could think of performing the same analysis by isolating ¢(x1), instead of A or
B. In such a case, one would assume that ¢(z;) is absolutely continuous, and that
(o, A, B, ¢(x2),...,0(xpr)) and ¢(x1) are independent. To achieve this independence,
one may require ¢(y1), . .. #(ym) to be independent, for every y1, ..., ym € [0,1], m > 1.
A process ¢ of this type exists by Kolmogorov’s Extension Theorem [2, Th. 36.2,
p. 486]. However, by [11, Example 1.2.5, p. 10], this process ¢ is not jointly measurable
on [0,1] x Q. This implies that its sample paths cannot be right-continuous nor left
continuous, so ¢ does not have enough regularity to apply our results.

Remark 2. The theoretical expression of f,u(u) is
h2
fa 2 M sin(kmih) sin(krh)
RM+2 M+1 Zk:l a+2/h?(1—cos(kmh))
L2 i % sin(kmih) sin(kmjh) o
M+1 S \igat 2/h2(1 — cos(kmh)) | ™7
2 b f sin(kmih) sin(kwMh) }) h?
o 72 2(1 — M sin(kmih) sin(kmh
M+1h a+2/h?(1 — cos(kmh)) M2+1 M (kmih) sin(kwh)

+2/h2(1—cos(kmh))
'P(a,B@(ml),l..,qS(mM)) (dav db,doy,. .., d¢M)

However, in practice, we use Monte Carlo simulations to compute the expectation (4),
by sampling from «, B and ¢.
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4. Examples and Conclusions

Example 4.1. Consider (1) with A ~ Gamma(2,1), B ~ Poisson(3), a ~
Uniform(1,2) and ¢(z) = arctan(e®®(P®) + 1), where D ~ Binomial(20,0.2). The
random variables are assumed to be independent. Notice that ¢ has sample paths in
@>([0, 1]), therefore in C#([0,1]). Then there is a solution process u in C*8(]0,1]) (in
fact, in €°°(]0, 1])). On the other hand, f4 is continuous and bounded on R. Then The-
orem 3.2 allows us to approximate the density function of u(x), z € (0,1). In fact, by
Proposition 3.4, we know that f,) € ¢>°(R) and that its derivatives can be approxi-
mated by the finite difference scheme. Also, since A and B have moments of all orders
and |¢(z)| < 7/2 a.s., both Proposition 2.3 and Proposition 2.4 ensure that u(x) has
moments of all orders and, moreover, they can be approximated. In particular, the
expectation and variance of u(z), Elu(x)] and V[u(z)], can be approximated.

We will do so for x = 0.5. Let ipy = (M + 1)/2, for M odd. Then {fu% (w) } s odd,
defined in (4), tends to fy, .5 (u), v € R. In Figure 1, we show the graph of fu% (u)

for M =9,11,13. In Table 1, we compute

Blu) = [y () du. Vi) = [ f (o) du— (Blall))?,

7;1% iz

for M = 9,11,13. We observe that there is convergence, which agrees with our theo-
retical findings, and moreover it is rapid. The expectation in (4) has been computed
via Monte Carlo simulation, as explained in Remark 2, with 100,000 samples of the

involved random variables for each M.

f
0.4} /
L [}
L 1
[ /
0.3 s M=9
[ [}
: ',' ----- M=11
0.2 Ji \ emee M=13
-/ \
0.1 r ,"
/
/
- - - - - : - - u
2 4 6

Figure 1. Graph of f, v (u) for M =9 (green), M = 11 (thick dashed red) and M = 13 (tiny dashed blue).
in

Example 4.1.

M 9 [ 11 ] 13
E[uM] | 2.22 | 2.21 | 2.21

3%
V[ul7]10.890.88 | 0.88
Table 1. Expectation and variance of uf\l/{d, for M =9,11,13. Example 4.1.
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Example 4.2. We deal with (1) having as random inputs A ~ Uniform(—1,1),
B ~ Gamma(4,1), a ~ Uniform(1,2) and ¢(x) a standard Brownian motion on [0, 1]
(¢(x) ~ Normal(0,z)) [12, Ch. 5]. The random variables/process are assumed to be
independent. Brownian motion has C?([0,1]) sample paths, for 0 < 3 < 1/2. By
Proposition 1.1, there exists a solution process u in C%#([0,1]). On the other hand,
fa is a.e. continuous (two points of discontinuity, —1 and 1) and bounded on R,
and A, B and « are absolutely continuous. Then Theorem 3.3 allows us to approx-
imate the density function of u(z), » € (0,1). By Proposition 3.5, f,(,) is smooth
and its derivatives can be approximated pointwise by the finite difference scheme.
In addition, since A and B have moments of all orders and sup,ep 1] [|¢(2)||1r () =
supxe[(),l](%(23:)7’/211%))1/7’ < (%27’/%‘(%))1/1’ < oo for each p > 1, Proposi-
tion 2.3 entails that u(z) has moments of all orders and, moreover, they can be ap-
proximated. In particular, the expectation and variance of u(x), E[u(z)] and V]u(z)],
can be approximated.

We work at the point z = 0.5 again. Let ipy = (M + 1)/2, for M odd. Then
{fu% ()} odd, defined in (4), tends to fyos5)(u), v € R. In Figure 2, we depict
the graph of fu% (u) for M = 9,11,13. In Table 2, we calculate the expectation and
variance for M = 9,11, 13. We observe convergence, which agrees with our theoretical
findings, and furthermore this convergence is fast. The expectation in (4) has been
determined via Monte Carlo simulation, see Remark 2, with 100,000 realizations of
the involved random variables for each M. To sample from a Brownian motion, we use
its Karhunen-Loeéve expansion on [0, 1] with a sufficiently large order of truncation.

f
0.5/ -
\\
‘\
0.4 \
)
\ M=9
0.3 \
\ - M=11
\
0.2 SN T M=13
\
0.1 N
/ ‘ ‘ ‘ \\ u
-1 1 2 3 4 5 6

Figure 2. Graph of f v (u) for M =9 (green), M = 11 (thick dashed red) and M = 13 (tiny dashed blue).
iM
Example 4.2.

M 9 [ 11 [ 13
E[u}]]1.68 | 1.68 | 1.68
V[u]]0.77]0.77 | 0.77

Table 2. Expectation and variance of u%{, for M = 9,11, 13. Example 4.2.

Finally, we want to point out that this study seeks to contribute to the field of
random differential equations, where a main goal is to compute the mean and variance
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of the solution stochastic process. In this article we have shown a novel method to
go beyond the computation of these statistical moments. Indeed, we have rigorously
addressed the computation of the probability density function of an important ran-
dom diffusion-reaction problem with random boundary conditions, by using a finite
difference numerical scheme. The proposed approach can be very useful to deal with
other significant random differential equations.

Research on the rate of convergence of the approximating density functions to the
target density function could be conducted in the future. An issue that should be
resolved in such a case is the fact that our reasoning is entirely based on existing
results of convergence in Probability and Analysis (Dominated Convergence Theorem,
Continuous Mapping Theorem, [20, Th. 2.4], etc.), which, at least to our knowledge, do
not usually provide rates of convergence. Thus, in order to obtain optimal or at least
sub-optimal bounds, we should proceed with step-by-step inequalities. We believe that
this might be achievable by assuming f to be Lipschitz continuous on R and by finding
the constants involved in the proof of Theorem 3.2. See our recent contribution [4], in
which some theoretical rates of convergence for the approximating density functions
were found in the setting of a random parabolic partial differential equation. These
ideas raise new research lines for the future.
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