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Abstract: In the recent literature, some fractional one-point Newton-type methods have been
proposed in order to find roots of nonlinear equations using fractional derivatives. In this paper,
we introduce a new fractional Newton-type method with order of convergence « 4 1 and compare it
with the existing fractional Newton method with order 2a. Moreover, we also introduce a multipoint
fractional Traub-type method with order 2« 4 1 and compare its performance with that of its first step.
Some numerical tests and analysis of the dependence on the initial estimations are made for each
case, including a comparison with classical Newton (¢ = 1 of the first step of the class) and classical
Traub’s scheme (« = 1 of fractional proposed multipoint method). In this comparison, some cases are
found where classical Newton and Traub’s methods do not converge and the proposed methods do,
among other advantages.

Keywords: nonlinear equations; fractional derivatives; multistep methods; convergence; stability

1. Introduction

Fractional and classical calculations appeared simultaneously around 1695, when Leibniz
and L'Hopital defined the semi-derivative. Additionally, Riemann, Liouville and Euler were interested
in this idea. Since then, fractional calculus has suffered an evolution from theory to the real-world
applications in medicine, economics and engineering, among others, as they can be modeled by means
of differential equations with fractional order derivatives (see, [1-4], for example).

Fractional derivatives or partial derivatives are very suitable procedures for those problems
whose hereditary properties must be preserved. Often, these kind of problems are related to systems of
equations that are nonlinear if the differential equation is nonlinear also. Therefore, the idea of adapting
iterative techniques to solve nonlinear equations by means of fractional derivatives is interesting. It was
the aim of a recent manuscript by Brambila et al. [5], who used the iterative expression of Newton’s,
avoiding the proof of the order of convergence.

We deduced in [6] a Newton-type fractional method for approximating the solution ¥ of
a nonlinear equation f(x) = 0, to achieve the order of convergence 2¢ and show good numerical
performance. However, it is known (see for example Traub’s book [7]) that in point-to-point methods,
increasing their order implies adding functional evaluations of those derived from the higher orders of
the nonlinear functions. Our initial question is: how does replacing derivatives with fractional ones
affect the convergence order of the iterative method? At this point, we are interested in answering
this question for both point-to-point and multipoint methods. A first result in this direction has
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been published in [8], where a Chebyshev-type scheme is designed using fractional derivatives
and the convergence order is demonstrated 3a. However, there are families of iterative methods of
orders superior to two that use whole derivatives of second or greater order, on which we intend to
work to achieve its extension to the fractional field.

In this section, we introduce some concepts related with fractional calculus. To deepen in this
area, please refer to [2,9] and inside citations.

Given a function f : R — R, f € C"°([a,x]), —o0 < a < x < +o0) being, &« > 0, m = [a] +1,
where [a] is the integer part of a, the fractional derivative of f(x), of Caputo-type, of order « is

! ©dmf(t) dt
, o &N,
(CDg)f(X) = g]gl"_/ll}(();))/a dsm (X — t)“—m-i-l .
W’ a:m_leNu{O}’

where I'(x) is a gamma function with x > 0.

The Caputo derivative holds the property of integer derivatives, cD;C = 0, C being a constant,
as we can see in [9]. We will use m = 1 in this paper. To prove the convergence results in this paper,
it is necessary to use Taylor power series expansion of a nonlinear function f(x) by using Caputo
derivatives. This is constructed in the following result.

Theorem 1 (Theorem 3, [10]). Let us suppose that cDng(x) € C([a,b]) for j = 1,2,...,n+ 1 where
a € (0,1], then we have

n . _ )i _ \(n+1)a
R e s

l.:O CES TS )

witha < § < x, forall x € (a,b] where cD}* = ¢Dj - c¢Dj - - - ¢D§ (n times composition).

On the other hand, Riemann-Liouville fractional derivative of first kind of f(x), being f : R — R
an element of L!([a, x]) (—o0 < a < x < +00) with & > 0, is defined as

1 d * f
r(l—w)ﬂ/a (x_t)ucdt/ O<a<l,

%it), a=1.

Da-f(x) = ®)

It is interesting to notice that Riemann-Liouville derivative satisfies D7, k # 0, k being a constant.
For the same reasons than in the case of Caputo fractional derivatives, a Taylor power series of function
f(x) by means of Riemann-Liouville derivatives must be provided (see [11]).

Theorem 2 (Proposition 3.1, [12]). Let us assume the continuous function f : R — R has fractional
derivatives of order ku, for any positive integer k and any a, 0 < « < 1; then the following equality holds,

(x+h) +Z°° WDk f(x) @)
+h) =Y ————D*f(x),
flx L k) e/

where D% f (x) is the Riemann—Liouville derivative of order ak of f(x).
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Recently, two fractional variants of Newton’s method whose order of convergence was 2«
were proposed in [6]. They were designed by using Caputo and Riemann-Liouville derivatives.
In the following iterative expression, we can see the Caputo-fractional Newton’s method

f(x)

Xk+1 X r<a+1)cDg‘f(xk)' k 0,1,2,... (5)
with I'(« + 1) as a damping parameter. Let us denote this method by CFNj. Let us remark that,
if & < 1/2, the linear convergence of CFN; method is not guaranteed. Our first aim is to design a new
fractional Newton-type method with Caputo or Riemann-Liouville derivatives that will be the seed
for higher-order multipoint fractional iterative schemes discussed later on. These new methods will
converge with, at least, linear convergence for any « € (0, 1].

In this manuscript, Section 2 is devoted to the design and convergence analysis of the new
point-to-point and multipoint methods, both using Caputo and Riemann-Liouville fractional
derivatives. The numerical performance and dependence on initial estimations is analyzed in Section 3,
for all the iterative schemes. Finally, some conclusions are stated in Section 4.

2. Design and Convergence Analysis

In order to construct a new fractional version of Newton’s method, we are going to use the Taylor
development of the nonlinear function whose root we are looking for. Therefore, let f : R — R be
a continuous function having a Caputo-type fractional derivative of order &, for any , 0 < a < 1.
Then, by using Theorem 1, f(x) can be estimated by a first-degree Taylor polynomial around its root %,

(x —x)"
F'(a+1)

(x - %)"

f(x) =~ f(%) +cD:"f(%) Tt 1)

= cD"f(x)

Therefore, the term x — X can be isolated as

1/a
X— X <F<a+1)ch"‘_(}C()f)>

and a new estimation xj 1 of X can be obtained, assuming x = x; and c¢Dx" f (%) ~ ¢D;"* f(x), for any
a € R, by means of the iterative scheme

f(x0) ))”“,

—x (T
Xk+1 = Xk ( (a+1>CDaaf(xk

Let us denote this method by CFN;. The following result states the conditions that assure
its convergence.

Theorem 3. Let f : D C R — Rbea the continuous function with fractional derivatives of order ka, for any
positive integer k and a € (0, 1], in the open interval D holding the zero of f(x), denoted by X. Let us suppose
cD5 f(x) is continuous and not null at X. Additionally, let us consider an initial estimation xo, close enough to
%. Therefore, the local convergence order of the fractional Newton method of Caputo type

1/a
xk+1—xk—<r(a+1)%) , k=0,1,2,... ©)

is at least « + 1, that being a € (0, 1], and the error equation is

o F(2a+1) —T?(a+1)
e al2(a+1)

Cze,’fﬂ +0 (eizx—&-l) )
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Flat1) cDPF(D) .o,

being (T(-))" denoted by T"(-), where ey = xx — % and C; = TG +1) D (D) /] >

Proof. By means of Theorem 1, the Taylor expansion of f(x) and its Caputo-derivative cDx" f (xy)
around X can be expressed by

flxy) = ;?f]j_(fi [e,‘i‘ + Coe?* + Cgei“} +0 (e%“)
and B
eDES() = oty [T+ 1)+ oo Ot + gy o] 40 (e)

T(a+1) cD*f(%)
[(ja+1) cD§f(%)

respectively, being C; =
Therefore,

fl) 1 W Ta+1)—T(a+1)
cDif(xg)  T(at+1)™ (a+1)

Coed* +0 (e,%”‘) ,
that results, by the parameter I'(x + 1), in

M(a+1)—-T(2a+1)
I2(a+1)

T+ 1)65;(;&) = e +

Newton’s generalized binomial Theorem states that

Caet* +0 (e,%“) .

—+o0
(x+y) =) (Z) X fyk, ke {0}UN, reR,
k=0

where the generalized binomial coefficient is (see [13])

(t) - #ro=rem

Thus,
/o 2 Va
) N (e TPat ) -T@at1) 30
(F(oc + 1)cDg‘f(xk) = (e + 2(a+1) Coei* + 0O (ek )
B Fla+1) 1, T?(a+1)—TQa+1) , ,, 2041
= e+ e ey 211 Coer" + 0 (ek ) :

I(1/a+1) = %F(l/a), so simplifying:

x 1/a 2(n _ N

Let xy 1 =exy1 +Xand xx = e + %,

I(2x+1) — (T(a+1))?
al2(a+1)

epr1+X=¢+X—e+ Czé’fﬁl +0 (eiuﬂrl) .

Therefore,
o F2a+1) —T?(a+1)
k= al2(x +1)

Czel"c‘+l +0 (ei““) .
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Now, the design of a fractional Newton method using Riemann-Liouville derivatives can be done
in a similar way.

Theorem 4. Let f : D C R — R be a the continuous function with fractional derivatives of order ku,
for any positive integer k and o € (0, 1], in the open interval D holding the zero of f(x), denoted by %. Let us
suppose D";‘fﬁ f(x) is continuous and not null at x. Additionally, let us consider an initial estimation x,
close enough to x. Therefore, the local convergence order of the fractional Newton method of Riemann—Liouville
type (denoted by R-LFN5;),

I fao
k+1 = Xk <a+1)D“kf(xk) , k=0,12,... (7)

is at least « + 1, where « €]0, 1], and again the error equation is

o F(2a+1) —T?(a+1)
A al2(a+1)

Ceftt+0 (ei"‘“) )

It is then concluded that, not only both new fractional methods of Newton-type have the same
order of convergence, « + 1, but also their error equations coincide. Moreover, as « € (0, 1], it can be
concluded that its order of convergence is at least linear and reaches quadratic convergence for « =1
(as then it coincides with classical Newton’s method).

Traub-Type Methods with Fractional Derivatives

Now, we introduce the design of a fractional multipoint method with Caputo derivative using
CEN)j, as first step. The underlying idea is to adapt to the fractional context a common tool of the design
of iterative methods: the composition. Traub proves in [7] that the direct composition of two iterative
methods whose orders of convergence are p and g, respectively, is another iterative scheme with order
pq. Therefore, by composing Newton’s method with itself,

_ f)
Ye = Xk fi, )

ACTY
Xk+1 Yk o)’ k=0,12,...
that is fourth-order convergent. However, it is not an efficient procedure as it has four functional
evaluations per iteration. Moreover, Traub shows that using the derivative of the first step at
the second one, the order results to be incremented in one unit regarding Newton'’s step and, therefore,
its efficiency increases.

Our aim now is to apply this idea to proposed fractional Newton-type method CFNjy, in order to
measure the increasing of the convergence with the composition (and later reduction of the number
of functional evaluations) in the case of iterative schemes that use fractional derivatives. We call
the resulting scheme fractional Traub-type method and denote it by CFT when Caputo fractional
derivative is used.

Theorem 5. Let f : D C R — R bea the continuous function with fractional derivatives of order ka, for any
positive integer k and a € (0, 1], in the open interval D holding the zero of f(x), denoted by X. Let us suppose
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cD% f(x) is continuous and not null at x. Additionally, let us consider an initial estimation x, close enough to x.
Therefore, the local convergence order of the fractional Traub-type method with Caputo derivatives

1/a
X1 = Yk — <r<a+1>cl)j;‘(fy(ka)ck)) , k=0,12,..., (8)

being

x 1/«
T <r(«+1)%) , k=0,12,...

is at least 2a + 1, where 0 < o < 1, and the error equation is

T2 +1)

_ 2 241 24 20+1
i =~ araga 1y Ak O ().

being a®> + 20+ 1 < 3a + 1 fora € (0,1] and

M(a+1)-T(2a+ 1)'

A =
I2(ax+1)

Proof. As the first step yi of scheme (8) is CFN,, whose order of convergence has been proven in
Theorem 3, we omit the calculations and give the result with enough error terms to be used in this proof:

1

1 T'(2 1 -
ka:aAC2€z+1+|:( (0‘—'— ) &

I2(a+1) T

1 2 241 3a+1
: A) AC3 - BC3:| 140 (),

where A has been already defined and

T(a+1)T(2x+1) —T(3a +1)

B = T(x+ I (2x +1)

Let us develop f(y):

fly) = m {(yk — %)+ Co (v — ,z)%t} +0 (eiwrl) )

where Newton’s generalized binomial Theorem must be used to obtain the expansion of

1\* 2 1\* ! ra+1) a—1 2
Y _ - AXCY e +a - AlX—l a—1 Al A 2 B o +20
(ye —2)" = < oc) Coep ™+ . G Rlat1) + TR C5 — BC3| ¢

2 « 2
at—a (1 w2pa—2 [(TRa+1)  a—1 2 2 +3a 3a+1
+5 ( a) AT () T A) AG BG4 +0 ()

and
) 1 20 )
(yk X) o ( “) Az”‘C%“ei“ +2u 0 (eilH-l) )

Let us remark that, for all a € (0,1), o2 +3n < 3n+1and 202 +2a < 3a+ 1but a? +4a > 30 +1
and 202 + 30 > 3a + 1.
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Therefore,
cDYf(x —1\* 2 —1\* ! 2
fw) = () arcee s (F) Do
1\ o onit aetioe L 6= 1 (1N a0y 30+1

+ (a) ASCI T e "‘+T (a> Eep ™" +O(ek‘" ),

being
_ r(2“+1) a—1 o e+l a—1 a—1
D_<F2(06+1)+ P A)A G = A" BGCG
and
_ 1 r(za""_l) a—1 2 o a2 1 a—2n2a—2~2 2 F(th-‘rl) a—1 a—1 o
: f(ye)
Then, the Taylor development of quotient ——~*— results
Y P E cDi f(xy)
f(yk) 1 —1 : o 02+ —1 ot F(2“+1)1 a1 o220

— 7 = _—— || —= ] A“C — D+ —— "~ _A"C
cD f (xy) Ta+1) |\ a 2% T % + T(at1) a 2 )%

-1 & 20 ~20+1 202420 -1 2 a—1 r(3“+1) 1 [yl

+<1x) ATCT e +<a> ( 2 P a2t @0
1T(2x+1) rra+1)1 ., a-+2 ) a?+3n 3a+1
P ) P P 2424 +0 ().

Furthermore, applying again Newton’s generalized binomial Theorem, we get

(80 )" = (2) facur+ (D20 (14 1) a2 et 5y e

+0 <ei"‘+1> )

1 a+1 )
I a+1a+2 0 +2a+1
<Tx ) ATTIC e

As xp11 = ex1 + X, after some algebraic manipulations, the error equation results in

I(2x+1)

_ 2 2041 2 2a+1
Cryr1 = —lle_‘z(tx n 1) Aczek"‘ +0 (e]"c‘ o ) ,

O

In what follows, we introduce the design of a fractional Traub method with Riemann-Liouville
derivative using R-LFN as first step. Let us denote this method R-LFT. In the following results,
the convergence conditions are stated and the resulting order is obtained to be the same as in case of
Caputo fractional derivative.

Theorem 6. Let f : D C R — R bea the continuous function with fractional derivatives of order ka, for any
positive integer k and a € (0, 1], in the open interval D holding the zero of f(x), denoted by X. Let us suppose
Dfl‘fﬁ (x) is continuous and non zero at X. Additionally, let us consider an initial estimation xo, close enough to
%. Therefore, the local convergence order of the fractional Traub method with Riemann—Liouville derivatives

o (r fwo
k+1 = Yk (a+1)D“kf(xk) , k=012,... ©)
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being

1/a
yk:xk—<r(a+l)%> , k=012,...

is at least 20 + 1, being 0 < a < 1, and again the error equation is

I(2x+1) 2 2a+1 242041
e =~ araga 1y Ak O ().
being
M2(a+1)-T(2a+1)

A =
I2(a+1)

In the next section, we are going to test the Newton and Traub-type methods shown before on
some nonlinear functions. Moreover, we also analyze their dependence on the initial estimations used.

3. Numerical Stability

To get the results shown in this section, we have used Matlab R2018b with double precision
arithmetics, |x; 1 — x| < 1078 or |[f(xx411)| < 107% as stopping criteria, and a maximum of
500 iterations. For calculation of the gamma function, I'(x), we use the program made in [14].
For the Mittag-Leffler function, E, 4(x), we use the program provided by Igor Podlubny in Mathworks.
Regarding the precision of these functions, gamma function is calculated with 15 digits of accuracy
along the real axis and 13 elsewhere in C; and mlf for computing the Mittag—Lefler function has
9 significant digits of precision. Moreover, in all the numerical tests, we used a = 0, as in Caputo
and as in Riemann-Liouville derivatives.

We are going to test three standard nonlinear functions in order to make a comparison between the designed
methods. Our first function is f1(x) = —12.84x% — 25.6x° + 16.55x* — 2.21x3 + 26.71x% — 4.29x — 15.21
with roots ¥; = 0.82366 + 0.24769i, ¥, = 0.82366 — 0.24769i, X3 = —2.62297, %y = —0.584, 5 =
—0.21705 4+ 0.99911i and %4 = —0.21705 — 0.99911i. The fractional derivatives used are:

cDyfi(x) = —12.84r(r7(z)x)x6“—25.6r(2(f)ﬂx5“+16.55I,(g(f)x)x4“
I'(4) 5.4 I'3) 24 I'(2) 1.
—2.21mx3 +26.71mx2 —4.29m -,

DY fi(x) = cDfi(x)— 1521+ x .

r(1—x)

In Table 1, we can see that CFN; requires fewer iterations to converge than CFNjy, for the same
real value of xy and the same values of a.

Table 1. Results of fractional Newton and Traub-type methods for fi(x) with Caputo derivative

and initial estimation xy = —1.5.
CFN; Method CFN; Method CFT Method
o % fwggpr—x] [f(xggpn)| Tter X [xgpr — x| [f(xgga)| Tter X |xggq — xy |f(xk41)|  Tter
06 - 0.29821 28.343 500 - 176 x 1077 0.00356 500 - 629 x 1078 0.0013 500
0.65 - 0.17488 11.329 500 - 412x107% 675x107* 500 - 1.16x10°% 1.89 x 107* 500
07 - 0.05850 2.9893 500 Xy 999 x107% 113 x107* 432 % 996x1077  695x107° 268

075 Xy 9.65x1077 416x1077 151 % 9.85x1077 468x107° 230 %z 999 x1077 280x1075 138
08 % 855x1077 3.05x1077 50 x4 966x1077 1.89x107° 124 % 956x107° 1.07x107° 73
085 % 947x1077 260x1077 28 x4 994x107° 775x107° 67 & 947x1077 402x10° 39
09 & 392x1077 739%x10% 19 x 911x1077 267x10° 37 % 681x107° 1.03x107° 22
095 x4 258x107° 249x10% 13 % 736x107° 645x1077 20 i 521x107° 1.89x1077 12
1 % 309x10° 887 x1070 6 % 3.09x10° 887 x1071° 6 9z 220x10710 533x107° 5
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In the case of R-LFN; and R-LFNj, the same behavior as in the Caputo case can be observed.
In Table 2, R-LEN; requires fewer iterations than R-LFN for a real value of x(, while R-LFN; requires
fewer iterations than R-LEN; for pure imaginary initial estimations with a large value for their
imaginary part (see Tables 3 and 4). Moreover, if we compare the Traub-type methods CFT and R-LFT
with their first steps CFN, and R-LEN; respectively (for f1(x)), we can see that Traub method R-LFT
requires fewer iterations than its first step. Indeed, it can be observed that, with the same initial
estimation, to change the value of &, suppose a different root found.

Table 2. Fractional Newton and Traub-type results for fi(x) with Riemann-Liouville derivative

and initial estimation. xg = —1.5.
R-LFN; Method R-LFN,; Method R-LFT Method
« % |y —xd [f(aga)] Tter & |xgqq—x|  [f(xaqa)|] Tter & |xgqq — ] [f(xeqa)|  Tter
06 - 0.31207 24.999 500 - 823 x10°8 0.0017 500 - 294x107% 592x10"* 500
0.65 - 0.21206 12.298 500 - 203x107% 333x107%* 500 %z 997 x107° 1.34x107* 411
0.7 - 0.11720 5.6486 500 % 997 x107° 926x107° 354 %, 993 x1077 568x1075 220
075 - 0.01799 0.7643 500 % 9.99x107? 404x107° 196 x5 975x107° 235x107° 119

08 % 987x1077 354x1077 72 % 970x1077 1.69x107° 110 x4 956 x 1077 949 x107° 65
085 iy 886x107° 248x1077 32 % 943x107° 685x10° 62 i 931x107° 3.63x107° 36
09 % 413x1077 797x108% 20 % 892x1077 247x10° 35 & 962x107° 130x107° 20
095 % 398x107? 397x107% 13 & 9.03x10° 747x1077 19 & 3.62x107° 130x1077 12

1 % 309x10° 887 x10°10 6 x 309x10° 88 x10710 6 g 220x10710 533x107° 5

Table 3. Fractional Newton and Traub-type results for fi(x) with Caputo derivative and initial
estimation xo = 10%i.

CFN; Method CFN; Method R-LFT method
« % |wgpr—x] |f(xgpa)| Tter X [xgpr — x| [f(aggn)| Tter X |xggq — x| | f(xkga)|  Tter
06 - 15.571 1.82 x 10 500 - 1.21x1077 0.0053 500 - 4.04x10°8 0.0018 500
0.65 - 0.2028 426 x 102 500 - 296 x 1078 0.0011 500 X5 9.99 x 1072 330x107* 460
0.7 - 0.10812 1.85x 102 500 &5 9.92x107? 225x107* 410 & 992x107° 138 x107* 263
075 - 0.0125 18.71 500 %5 993x107? 973x107° 249 % 990x 1077 575x1075 159

08 3 814x1077 1.02x1075 203 x5 996x107? 415x107° 161 &5 9.66x 1077 230x107° 104
085 X3 854x107° 835x107° 128 & 921x107° 161x107° 113 5 931x10° 873x107¢ 74
09 ® 505x107° 341x107® 92 % 856x1077 573x10° 8 x5 9.06x107° 297 x10°¢ 57
095 % 173x1077 167x10% 73 x5 781x1077 158x107° 68 & 7.68x1077 615x1077 47

1 % 285x107 299x1071 54 % 285x1077 299x10711 54 x5 671 x107° 550 x 10718 39

Table 4. Fractional Newton and Traub-type results for fi(x) with Riemann-Liouville derivative
and initial estimation xo = 10%i.

R-LFN; Method R-LFN; Method R-LFT Method
o F |wegr— ] |f(rgn)| Tter & [xepr — x| [f(aga)| Tter & xega — x| [f(xega)|  Tter
06 - 15.571 1.82 x 10 500 - 939 x 1078 0.0041 500 - 3.13x10°8 0.0014 500
0.65 - 0.2023 426 x 102 500 - 237x1078 838x107* 500 %5 996x1077 3.05x10°%* 429
0.7 - 0.1075 1.85x 102 500 x5 9.95x107? 212x107* 389 & 996x107° 131 x107% 250
075 - 0.0119 17.82 500 %5 9.82x107Y 923x107° 241 &5 9.88x107Y 549x107° 154

08 %3 958x1077 120x107° 202 x5 976 x1077 396x107° 158 & 9.67 x107° 223 x107° 102
085 %3 835x1077 817x10° 128 x5 982x107? 1.66x10° 111 % 973x1077 885x10°¢ 73
09 3 500x1077 338x10° 92 %5 961x107° 625x10° 84 & 811x107 266x10° 57
095 x5 266x107° 265x1078 73 % 716x107° 144 x107° 68 5 7.05x107° 564 x1077 47

1 % 285x1077 299x10°1" 54 % 285x1077 299x10711 54 x5 671 x107° 550x 10713 39

Now, we are going to analyze the dependence on the initial estimation of the Newton and Traub-type
methods by using convergence planes defined in [15]. In them (see, for example, Figure 1) the abscissa
axis corresponds to the starting guess and the fractional index a appears in the ordinate axis. A mesh
of 400 x 400 points is used. Points that are not painted in black color correspond to those pairs of initial
estimations and values of « that converge to one of the roots with a tolerance of 10~3. Different colors
mean convergence to different roots. Therefore, when a point is painted in black, this shows that no root is
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found in a maximum of 500 iterations. Moreover, for all convergence planes, the percentage of convergent
pairs (xo, &) is calculated, in order to compare the performance of the methods.

(d) (e) ()

Figure 1. Convergence planes of fractional Newton and Traub-type methods on f (x) with —3 < xg < 3.
(a) CFN;p, 49.54% convergence; (b) CFN,, 27.15% convergence; (c) CFT, 41.5% convergence;
(d) R-LFNj, 47.08% convergence; (e) R-LFNj, 28.85% convergence; (f) R-LFT, 44% convergence.

In Figures 1 and 2, we see that CFN; and R-LFN; have a higher percentage of convergence
than CFN; and R-LEN; respectively, not only with real or imaginary initial estimations, but also
with Caputo or Riemann-Liouville derivatives. It can be also observed that Traub-type methods have
a higher percentage of convergence than their first steps, with independence of the fractional derivative
used. Moreover, the rate of convergent pairs (xg, «) is almost the same in Traub-type and CFN; or
R-LENj, with higher convergence order.

Our second test function is f»(x) = e* — 1, which has an only real root, ¥} = 0. The fractional
derivatives used in this case are:

cDifo(x) = x'""Eip_a(x),
1

Dt fo(x) = cDjfa(x) — mx*“.

In this case, is necessary to use a value of a closer to 1 to ensure the convergence. Now, there were
no imaginary values used for the initial estimations due to erratic behavior of the results. For the real
initial estimation used, see in Table 5 that CFNj requires far fewer iterations than CFN;. However,
methods using Riemann-Liouville fractional derivatives do not converge, in general. This is the reason
why there is not a table for this case.
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(d)

and —10° < TIm(xg) < 10°.
(c) CFT, 44.25% convergence; (d) R-LFNj, 47.54% convergence; (e) R-LFNj, 29.84% convergence;

(f) R-LFT, 45.56% convergence.

(e)

Figure 2. Convergence planes of fractional Newton and Traub-type on fi(x) with Re(xg) =0

()

(a) CEN1, 47.47% convergence; (b) CFN,, 29% convergence;

Table 5. Fractional Newton and Traub-type results for f,(x) with Caputo derivative and initial

estimation xy = 0.2.

CFN; Method CFN; Method CFT Method

o % |wggpr—xl [f(aga)| Tter & fxggq — x| [f(xkp)| Tter @ fwgpr — x| [f(xgga)|  Tter
09 - 922x107* 468x107* 500 % 252x1078% 261x10° 8 & 316x1077 929x107° 5
091 - 416x107%* 210x107* 500 % 135x107% 126 x 107 8 & 175x1077 433x107? 5
092 - 155x107% 781x10° 500 % 885x10% 729x107? 7 % 906x1078 184x107? 5
093 - 437x107° 220x107° 500 % 456x107% 327 x107° 7 % 427x1078 694x10710 5
094 - 819x107° 411x10® 500 &% 212x107% 1.30x 107 7 % 179%1078 225x10°10 5
095 - 792x1077 398x1077 500 % 178x1077 9.05x10? 6 % 700x1077 646x107° 4
096 - 242x10°% 121x10°% 500 % 737x10°% 299 x10°? 6 % 290x1077 1.83x107° 4
097 % 214x10°% 869x107° 17 % 240x10% 728x10°10 6 % 945x107% 362x10710 4
098 % 223x107% 646x107° 11 % 258x1077 520x107° 5 % 120x10°% 376x10711 4
099 % 665x107% 978x107° 7 % 403x10% 405x1070 5 % 277x10° 151x107° 3

1 x 152x10°8 0 4 x 152x10°8 0 4 1 171x10°8 0 3

By changing the initial estimation, we see for test function f,(x), different performances in
the convergence planes than in the polynomial function f;(x). In Figure 3, we can see that CFN,

highly improves the percentage of convergence of CFN; for real values of initial estimations.

Moreover, the percentage of convergence of fractional methods using Riemann-Liouville derivative is
lower than 2%, so they are omitted in the figure; meanwhile, there is convergence rate lower than 1%
with both methods for imaginary values of initial estimations in Caputo-type methods and the low
percentage, convergence holds for both Riemann-Liouville fractional methods.
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@) (b) (c)

Figure 3. Convergence planes of fractional Newton-type methods on f;(x) with —10 < xg < 10.
(a) CFNj, 13.83% convergence; (b) CFN3, 99.62% convergence; (c) CFT, 57.78% convergence.

Regarding Traub-type methods, it can be observed in Figure 3 that it improves the percentage
convergence of CFNj. This is not the case regarding CFN,, but it still has a high percentage of
convergent points and a higher order of convergence than its first step.

Our last test function is f3(x) = sin(10x) — 0.5x +0.2; some real roots are ¥; = —1.4523,
¥y = —1.3647, X3 = —0.87345, %4 = —0.6857, X5 = —0.27949, %z = —0.021219, x; =0.31824,
¥g = 0.64036, X9 = 0.91636, x19 = 1.3035, X1; = 1.5118, X1 = 1.9756 and x;3 = 2.0977. The fractional
derivatives used in this case are:

- ; ) 05T(2) 4_
cDifs(x) = 5x'*(E2o(10ix) + E1po(—10ix)) — r(z(x))xl 5

Dyt f3(x) = cDjfs(x)+ 0-2r(11x)x“-
In some cases, the methods can converge to the root X14 =22.146+ 0.30774i or
%15 = 20.89 4 0.30176i, that is far from the initial estimation used. It is observed in Table 6 that
the number of different roots that are reached by CFN; and CFT methods is higher than that of CFNj.
This is a usual fact that has been observed in general in the numerical tests and can be considered as
an advantage of these new methods. On the other hand, tests with pure imaginary initial estimations
have not been included because there is no convergence for these cases with f3(x).

Table 6. Fractional Newton and Traub-type results for f3(x) with Caputo derivative and initial
estimation xg = 3.

CFN; Method CFN; Method CFT Method
o % v —wl |f(ag)] Tter 2 |aepn—a] [f(uga)|l Tter &0 g — x| [f(akga)| Tter
06 &, 841x1077 186x108 36 %, 143x1077 269x107% 500 - 536x107% 9.84x107> 500

065 Xp 913x107% 1.65x107% 24 %3 989x107° 528x10°° 169 - - -
0.7 %jg 842x107° 3.02x107% 63 3 991x107° 3.05x107° 121 x 992x107° 747 x107® 224
075 %1 407 x107% 428x1077 10 X, 987 x1077 451 x107° 235 %, 976x107? 265x10°° 142
08 &g 998x1077 235x107% 22 x; 954x107° 177x10° 76 X 974x107° 133x10°° 52
085 %9 476x107° 825x1077 18 % 914x10° 958x107 51 x; 835x1077 532x1077 32
09 x4 437x1077 1.09x108 18 & 959x1077 228x1077 42 X9 853x1077 176x1077 23
095 - 0.1703 0.8308 500 %5 996x107° 130x107¢ 81 - - -

1 - 0.2204 2.0846 500 - 0.2204 2.0846 500 - 0.2578 1.8154 500

We can also see that the number of iterations does not necessarily reduce when «a increases,
and also that all the methods converge to different roots. Additionally, in Table 7 the observed
performance is similar but the convergence in general is slower than in Caputo-type methods,
the number of iterations required for satisfying the stopping criterion being higher.
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Table 7. Fractional Newton; and Newton, results for f3(x) with Riemann-Liouville derivative
and initial estimation xy = 3.

R-LFN; Method R-LFN; Method R-LFT Method
« % v — x| [fGag)| Ter & fxpgpq— x| [f(xrg)| Tter & |xggq— x| [f(vega)| Tter
06 %;p 772x1077 166x107% 33 - 142x1077 273x107* 500 - 142x1077 273 x107* 500
065 Xp 733x107% 129%x107% 23 %3 985x107° 493x107° 158 i3 9.85x 1077 493 x10°° 158
07 - 0.1813 697 x 107 500 &3 996 x107? 295x 107 116 X3 996 x 1077 295x10°° 116
075 #1p 375x107° 380x107° 12 X, 986 x107° 454x10°° 238 %, 9.86x 1077 454x107° 238
0.8 - 0.0310 0.1512 500 %7 995x1077 1.82x107° 77  ®; 995x1077 182 x10°° 77

085 %7 608x1077 191x107% 32 % 929%x1077 966x107 51 X 929x107? 9.66x1077 51
09 x4 498x107% 124x108% 15 % 9.09x107? 216x1077 42 % 9.09x107° 216x1077 42
095 - 0.2854 2.397 500 X4 655x1077 945x1077 51 &y 655x1077 945x 1077 51

1 - 0.2204 2.0846 500 - 0.2204 2.0846 500 - 0.2204 2.0846 500

Let us also remark that, in Tables 6 and 7, the classical Newton and Traub’s methods (x = 1) show
the worst performances, as they do not converge to any of the solutions in the maximum number of
iterations. On the contrary, proposed methods for « < 1 are able to reach different solutions within
a reasonable number of iterations.

Regarding the wideness of the basins of attraction of the roots, in Figures 4 and 5 we can see
the convergence planes corresponding to all the methods applied on f3(x) for real and pure imaginary
initial estimations. We notice that the percentage of converging initial pairs (xo, ) is higher in case of
imaginary initial guesses and is slightly better in case of methods using Riemann-Liouville fractional
derivatives. Moreover, although many roots are found by using all the iterative schemes with real
initial estimations, there is a clear difference when pure imaginary x( is employed: only one root can
be found by the proposed methods and several ones are obtained by scheme CFN;. Indeed, it can be
stated that the wideness of the basins of attraction of the roots is higher when Traub-type methods
are employed, compared with their first step. The rates of convergence are also higher or similar to
Newton-type ones.

(d) (e) (f)

Figure 4. Convergence planes of fractional Newton and Traub-type methods on f3(x) with =5 < xp < 5.
(a) CFNj, 30.39% convergence; (b) CFNj, 16.46% convergence; (c¢) CFI, 24.29% convergence;
(d) R-LEN{, 30.06% convergence; (e) R-LFNy, 16.88% convergence; (f) R-LFT, 25.04% convergence.
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(d) (e) )

Figure 5. Convergence planes of fractional Newton and Traub-type methods on f3(x) with
Re(xp) = 0and —5 < Im(xg) < 5. (a) CENj, 45.2% convergence; (b) CENy, 39.85% convergence;
(c) CFT, 58.78% convergence; (d) R-LFNy, 44.28% convergence; (e) R-LFNy, 55.66% convergence;
(f) R-LFT, 80.97% convergence.

4. Concluding Remarks

Two new fractional Newton-type methods and two fractional Traub-type schemes have been
designed by using Caputo and Riemann-Liouville derivatives. Improving the existing ones,
the convergence properties of these procedures imply always (at least) linear convergence, reaching
order 1 4 « and 1 + 2, respectively. Although the interest in this kind of method is mainly theoretical,
some numerical tests have been done, and the dependence on the initial estimation has been analyzed.

It can be concluded that Traub-type procedures improve Newton-type ones, not only because
they require fewer iterations, but also because they have higher percentages of convergence.
Additionally, a better performance of iterative methods based on Caputo derivatives, with respect to
Riemann-Liouville based schemes, has been observed.

The test made shows that, for some problems, the methods using fractional derivatives reach
different solutions with the same initial approximation. In addition, in the case of example f3(x),
the fractional iterative schemes work better than the classical Newton and Traub’s methods (& = 1),
which do not converge within 500 iterations.
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