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Abstract: In this work, we performed an study about the domain of existence and uniqueness
for an efficient fifth order iterative method for solving nonlinear problems treated in their infinite
dimensional form. The hypotheses for the operator and starting guess are weaker than in the previous
studies. We assume omega continuity condition on second order Fréchet derivative. This fact it is
motivated by showing different problems where the nonlinear operators that define the equation
do not verify Lipschitz and Holder condition; however, these operators verify the omega condition
established. Then, the semilocal convergence balls are obtained and the R-order of convergence and
error bounds can be obtained by following thee main theorem. Finally, we perform a numerical
experience by solving a nonlinear Hammerstein integral equations in order to show the applicability
of the theoretical results by obtaining the existence and uniqueness balls.

Keywords: semilocal convergence; Lipschitz condition; Holder condition; Hammerstein integral
equation; dynamical systems
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1. Introduction

Let X and Y are Banach spaces where G : (3 C X — Y be a nonlinear function in an open convex
domain Qg C ). We use iterative methods in order to solve the nonlinear equation:

G(x)=0 Q)

which characterizes various real life problems such as dynamical systems, boundary value problems
described by ordinary differential equations, partial derivative equations and nonlinear integral
equations with applications in different fields of engineering, finances, optimization costs and benefits,
etc. A great variety of iterative schemes for solving these problems are obtained in [1-3]. It is well
known that Newton’s method is the most widely used iterative scheme to solve (1), it is defined for
k >0, by

X1 = X, — DG (xg) ()
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where T, = G'(x;)~! and x is the starting guess and it reaches convergence order two. Different
modifications of Newton’s method have been published in order to increase the order of convergence
and efficiency. We center in such publications in the literature involving complete studies in the sense
of local and semilocal convergence, (see, [4-19]), where authors studied the convergence of iterative
methods with high order of convergence under different continuity hypotheses.

In a recent paper, Singh et al. [20] presented the semilocal convergence of an efficient fifth order
method under the Lipschitz condition on second derivative for non linear operator F ". The iterative
scheme can be written fork = 0,1,2... as

v = x — TG (xg),
zr = Yk — Tk G(yk), 3)
X1 =2k — G (yx) "'G(zp).

In real life applications, (see [21-23]), various numerical examples involving Hammerstein type
integral equation [2] can be found which neither satisfy the Lipschitz nor the Holder condition. This is
the reason that motivated us to establish the semilocal convergence for the iterative method defined
above in (3) under weaker conditions, which is also an efficient fifth-order method.

Consider nonlinear Hammerstein type integral equation

() + 1o [ K 9)Ss))ds = £e) v € o], @

where functions f, K; and S; for i = 1,2,...m are known, the solution x is to be determined and
—o00 < a < b < +o0. In order to solve (4), we have to solve

m

Gx) () = x(u) + 3 [ Kilw,0)S;(x(0))do — f(a) ®

i=1

If S;- (x(u)) is (M;, a;)- Holder continuous in (), then, under max-norm, we have

m
IG(x) =G W)l < ) Millx —yl|*, M; >0, &; € [0,1], ¥,y € Q. 6)
i=1

1

For different a;, G neither satisfies Lipschitz nor Holder condition but satisfies the weaker w-condition.

In this work and in Section 2, we developed the semilocal convergence analysis of an iterative
method of five order of convergence; this has been done under weaker conditions for solving nonlinear
equations. Moreover, theoretical results about the existence and uniqueness for the solution have been
established along with error bounds for the solution. In Section 3, we developed numerical examples
and obtained the radius of existence and uniqueness for the solution, showing the applicability of our
study. Finally, some conclusions are included in Section 4.

2. Semilocal Convergence Analysis

In this section, we give the hypothesis for the nonlinear operator G in the starting point, so we
construct the convergence ball centered at this point, that is, the ball at which all the iterates belong
and converge to the solution.

2.1. Preliminaries Results

Let xg € Q, suchas Tp = G (x0) ™! € BL(Y, X) exists, being a bounded linear operator from Y to
X for which the following conditions hold.
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M) [IToll < Bo

2) [IToG(x0)l = 10

) G ()] =M

@ |G (x)—G W) < w(llx—=yl) xy € Q, for a non-decreasing continuous real function w(a),
a >0, w(0) > 0such that, w(ta) < tlw(a) for t € [0,1],a € (0,00) and g € [0, 1].

Let rg = MpBono, so = Borow(1p) and define sequences {rx}, {sx} and {n;} fork =0,1,2..., by

Tes1 = 1 () (re s, @)
skrr = sk(r)* T (ris) ', ®)
M1 = M (re) P (i, si), ©)

where,
1 10
¢(u) = T ug(w)’ (10)

2
g(u)—<1+;’+2(1“_u)(1+2)>, (11)
and
u? u o [ ultd 1 u? un e
po) = s (1+ Z) {1 iy <2l+q T2y (2(1 ) (1+ 4)) )
u u? u

+ 2<u+2(1_u) (1+4)>] (12)
Let h(u) = g(u) u — 1. Moreover, h(0) = —1 and g(u) is an increasing function, therefore, h(u) has a

real root v verifying If u € (0,v), we get g(u) u < 1.

Lemma 1. Let ¢p(u), g(u) and p(u,v) are given by (10), (11) and (13) respectively. If 0 < ry < v and
¢(r0)%p(ro,50) < 1, then

(i) ¢(u) and g(u) are increasing functions verifying ¢(u) > 1, g(u) > 1foru € (0,v).

(i) ¢(u,v) is an increasing function of u, for u € (0,v).

(iii) {ry}, {sx} and {n;} are decreasing sequences and ri.g(ry) < 1as well as ¢(ry)?¢(ri, sx) < 1 fork > 0.

Proof. The proof of (i) and (ii) are trivial. The proof of (iii) can be given in the following manner.
For k = 0, (7) gives 1 = rop(ro)?¥(ro,50) < ro. Using (8) and (9), we get 51 = so¢(r0)> ¢ (rg,50) 11 <
so(¢(r0)?(ro,50))1 ™1 < sg and 11 = ¢(r0)(ro,s0)n0 < 10- Thus, (iii) holds for k = 0. Since, ¢(u)
and g(u) are increasing functions, and therefore, by using mathematical induction Lemma 1 holds
Vk>0. O

Lemma 2. Let ¢(u) and (u,v) be defined by (10) and (13). If v € (0,1) we have ¢p(yt) < y¢(t) and
pyu, 7" H90) <> Hy(u,0).

Proof. The proof is trivial. Since g(yt) < g(t), as g(t) is an increasing function. Therefore, ¢(yt) <
¢(t). Now,
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2 144 1+q 1 2 1+q
gy (yu) yuy (o) [ (yw) (yu) Tu
plou o) 2(1— yu) (1+ 4)[ 1+g \ 27 T23g 20— <1+ 4)
(yu) (yw)? yu
T ’W+2a—ym<1+4> J
< PMy(u,0)
O
Lemma 3. Let v = ¢(ro)?y(ro,50),0 < ro < vandé = tP(lro)' Then,
_ (4+g)k—1 14 g1\ 1+
(i) e < ”Y<4+q)k e <a B ro and sy < (7(4+q)k 1) qSk—1 < (’Y & ) qSo-
() #9050 < T vk e N
it) ¢(r T, Sk) < € N.
(P k lp ks °k 4)(70)

(@+q)-1

(i) e <y 37 &Fnp.

Proof. Using k = 0in (7) and (8), we get r; = ro(r0)?¢(r0,50) = Y7o and

s1 = s0@(ro)* Tip(ro, 50)' 7 < 41 s,

Thus, Lemma holds for k = 0. Assume that Lemma holds for k = n. Using induction, we will prove
for k = n + 1. Then, we have

"+l = ”n4’(”n)24’(7’nrsn)

< ’7(4+q)n717’n—1¢ (7(4%)"717”_1)2 Y (’Y(‘Hq)”il?’n—l(7(4+q)”71)Hqsn—l)

< D g (1) (’Y(“Q)nil)ﬁq P(ru—1,51-1)

< (7(4%)”71)(“67) T 1¢(rn 1) (ru—1,50-1),

< AU (13)

In a similar manner, we get
gl < 7(4+q)”rn < 7(4+q)n7(4+q)nilrnf1

<< ) )T () 7%70, (14)

Now, we consider
1+q
Sptl = Sn¢ (rn)(2+q) lP(rann)Hq < Sn (‘P(rn>2¢ (”an”))

l+q 1

T +

. (+1> < (v ") s,
n

IN
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proceeding in this way, we get

Spr1 < (7(4+q)n)1+q Sp < (7(4+q)">1+‘7 (7(4%)"71)“‘7 _—

(4+q)n+1,1 1+g
< @ Hq) So. 15

Hence, (i) holds V k > 0 by using mathematical induction. Now, consider

(4+9k-1 (4+gk-1 (4+gk-1 -
P(r)(risy) < ¢y ¥ ro)p (y 37 ro, (v 37 ) Tso

< WD (o) (ro,50) = 7 *H0's. (16)

Thus, (ii) is proven. From (9), we get

k-1
e = or-)Y(ri-r,si-) -1 < [ [ (rn) 9 (rn, su) o

=0

k=1 7(4+‘1)n @1
plg) =T O 1
0

IN

3
i

Thus, (iii) is proven. [

2.2. Main Results

In this section, we establish the recurrence relations for (3) under the assumption considered in
the previous section. Consider

11— ToG (y0)|| < IIToll IIG (o) — G (x0) || < MBoto = r0, (18)
if g < 1, then

1

16 (o) ™G (xo)ll < 1= (19)
and by substituting k = 0 in (3), we get
zo — xo = —T0G(x0) — ToG(yo)- (20)
By using Taylor expansion of G(yg) about xq, we get
Gl) = Gla)+G (50)(o—30) + [ G (x0-+ (30 —x0)) (v~ 50)2(1 — 6}
- /01 G (x0 + 8o — x0)) (Yo — x0)?0d8. (21)
Then, by using (21) in (20) and taking norm, we get
leo—oll < IToGGo)l+ T 10 — ol
< (1 v %0) To. (22)

Now,

.
lzo —woll = |IToG(yo)ll Sioﬂor
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and by substituting k = 0 in (3) and taking norm, we get

I —zol < 1IG (o) "G (z0) |l < IIG (y0) 7*G (x0) | IToG(z0)

< z(lr_%ro)(uﬁf)qo. (23)
Therefore,
[x1 —xoll < [lx1 — zoll + [lzo — x0]|
< (1Bt (4D ro=steom o
So, we have
II=ToG (x))| < ITolllIG (x1) = G (x0)l < BoMl|x1 — xo
< MpBonog(ro) = rog(ro) <1,

therefore, by Banach Lemma, we get

i) < ol 5 = ITolg(ro). 25)

1 —rog(ro

Moreover,
ITol[[lyo — xollw (llyo — xoll) < Borrow(110) = so-

Using Taylor expansion of G(x7) about zp, we get

Gl = [ (6" o+ ta = 0)) ~ 6" (0)) (20 — )1 — 20)dt + G (30) 20 — yo) (31 — =)
b [ 6 et~ 20)) (o1 — 2021~ )t + 36 () (1 — 20 (26)
Therefore,

MGl < ¢(ro) IToll1G (x1)l,
1’02 ro S0 701+ﬂ 1 1’02 ro 1
= ¢(r°)2(1—r0) <1+Z) [1+q <2l+q +2+q (2(1—r0) <1+4)>

% ro? "
+ 20(7”2(10—”))(”5))}

= ¢(ro)¥(ro,50)1m0 = 1. (27)

Using (27), we get

MT1[[T1G(x1) || Me(ro)|[Toll¢(ro)¢(ro,s0)10

ro@(r0)*¢(ro, s0) =11 (28)

IN A

and

TG (1) [lew (T2 G () ) Botiow (170)@(r0) 79 (o, 50)" 1

so¢(r0)2 99 (ro,50) 1 = s1. (29)

IN A
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The following recurrence relations are established for k > 1 using mathematical induction.

@ Tkl < @Cre—1) ITk—1ll,

) TGl < p(re—1)P(rr—1, Sk-1) k-1,
(T M|Te[[ITx G (x) || < 7,

V) [T HTG (xi) [|w (1T G (xx) () < s,
V) lxx = 21 ll < gre—1) -1,

Hence, the recurrence relations (I)-(IV) for k = 1 follow from (25), (27), (28) and (29) respectively.
The recurrence relation (V) is proved for k = 1 in (24). Using mathematical induction, these recurrence
relationshold V k > 1.

2.3. Convergence Theorem

Theorem 1. Let ro = MPBono < v, so = Bonow(10) and assumptions (1)-(4) hold. Then for B(xo, Rijg) C
Q, where R = lg—r(()S)y' the sequence {xy} generated by (3) converges to the solution of (1). Moreover,
Yk, Zks Xk 1, X* € B(xo, Rijo) and x* is the unique solution in B (xo, LA Rﬂo) N Q. Then the error bound

for iterative scheme verifies:

[l = x"[| < g(ro)

Proof. To prove the convergence theorem, we prove that {x;} is a Cauchy sequence. Using (V), we get

k-1

[xs1 — xiell < g(ro)me < g(ro)me < g(ro) [ [ @ (ri)w(rivsi)n (30)
i—0

~.

Now, we consider

Ixkrm =2l < Nxkm = Xem—tll + [ Xkpm—1 — Xkpm—all + oo+ [0 — 2l

k+m—2 k+m—1

< gmo) T operispno+gro) TT ¢Grp)w(rispmo+...

=0 =0

k-1

+ g(ro) H <P(V])1P(V]/S])77
=0
mfl k+1-1

< ( o (r))p(ri si)no ) 31)
l:O j=0

by using Lemma 3 (iii), we get

| Xkt — x|

AN
3
(==}
>,
2.
B
[ SN
! =
i~
+
W2
b
2
~_—
=
(=)

1o- (32)



Mathematics 2020, 8, 384 8of 11

Hence, {x;} is a Cauchy sequence which converges to x* as k — co. Taking m — oo in (32), we get

. (a+q)k-1 1
I = x*|| < g(ro)d*y 3T ————no. (33)
1 — oy (4+a)
Taking k = 0in (33), we get
% T
I = ol < £ o < R en

Hence, x* € B(xg, R1p). Now,

K K k
Ik — xo0ll < Y [loir — xill < Y g(ri)mi < g(ro) Y1 < Ripo,

i=0 i=0 i=0
and
k—1 k
lyx = xoll < llyx — xill + llxx — xoll < m+ Y g(ri)mi < g(ro Z < Ripo.
i=0 i=0
Using (22), we get

k-1

k
,
lzi=xoll < Nz = xell + llxe = xoll < (143 ) me+ X g(ridmi < g(ro) Y- i < R,
i=0 i=0

Hence, Yks Zks Xk+1 € E(XQ, R]yo).
To show the uniqueness of x*, let z* € B (xo, Miﬁ — R110> N Q be such that G(z*) = 0, z* # x*.

Then 0 = G(z*) = [1G (¢ +t(z —x ))dt(z*—x*):P(z*—x*),where,P:/OlG/(x*—l—
Hz" — x*))dt. Now,
II-ToP| < \ron/ |(6' +1* = x)) = G (x0) ) | e
< #(Hx*—anz*—xon)
< ]\gﬁ <R770+N2[ﬁ R;yo)

= 1
Therefore, ||[I — TyP|| < 1. Thus, P~! exists by Banach Lemma and hence z* = x*. [

3. Numerical Experience

In this section, different numerical examples are solved in order to corroborate the theoretical
results obtained and the efficiency of our approach.

Example 1. Consider nonlinear integral equation

G(x)(s) =x(s) =1+ /01 H(s,t) <§x(t)7/3 + 165x(t)3> dt, (35)

wheres € [0,1], x € Q= B(0,2) C X
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Clearly,

" " 7 1/3 3
— < Zlx— lx = yll.
16"(x) = 6" W)l < 55 llx = ylI* + 25 1x ~
where w(p) = %yl/ 3+ 1%;4 and g = % Therefore, neither the Lipschitz nor the Holder condition hold
but the w-condition holds. Taking xo(t) = 1, all the assumptions are satisfied. Therefore, the existence
and uniqueness balls for integral equation are given by B(x(,0.21621) and B(xo, 1.2939), respectively.
The values of the sequences {r¢}, {s¢} and {#;} are given in Table 1.

Table 1. The values of r, sx and 7.

Tk Sk Mk

0.24527 5.1729 x 1072 0.18519
7.7009 x 10~4 2.126 x 105 41532 x 1074
6.8009 x 10~17 8.359 x 1023 3.665 x 10717
3.6373x 10782 7.8181 x 107110 1.9601 x 1082
1.5916 x 107498 55956 x 10754 85771 x 10~4?

25535 x 1072040 10509 x 1072720 1.3761 x 102040

Gk WON-=o| &~

The error bounds for x* are presented in Table 2.

Table 2. Error bounds.

=

llx — x|l

48381 x 1074

49181 x 10~
3.4921 x 1062
5.2372 x 10266
9.3095 x 101149
1.6043 x 104973

Gk W= O

Example 2. Consider nonlinear integral equation

S

2 x(#)¥4t
s+ tx< ) ! (36)

Gx)(s) =(5) ~ f(s) = [
where, x, f € C[0,1], A € Rand s € [0,1].
Clearly,
IG"(x) = G ()| < A/ log2(1+q) (2 +q) [ x — y]"
Here w(n) = |A|log2(1+ q)(2 + q)57 Clearly, Lipschitz condition fails for g € (0,1) but Holder
condition holds. Taking xp = x0(s) = 1,9 = £, A = 1, and f(s) = 1, all the assumptions are

satisfied. Therefore the existence and uniqueness balls for integral equation is given by B(xg, 0.3174)
and B(x,2.3879) respectively. The values of {rx}, {s¢} and {5} are given in Table 3.
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Table 3. The values of r, s; and 7.

k ck dy fk

0 0.20704 0.16052 0.28005

1  34155x10°* 6.9698 x 107> 3.5373 x 10~4
2 1.1985x 10718 31433 x 10722  1.2408 x 10718
3
4
5

6.1808 x 1021 56532 x 10719  6.399 x 10~1
2255 x 107452 1.0637 x 107542 2.3347 x 107452
1.4579 x 10722 2509 x 10~2711  1.5094 x 102257

The error bounds for x* are presented in Table 4.

Table 4. Error bounds.

k llx — x*l

4.004 x 1074
6.3045 x 1016
3.9701 x 1075
2.1201 x 10~271
2.2551 x 10~ 1187
4.3337 x 10~4774

Gk W= O

4. Conclusions

In this study, we present the semilocal convergence for an iterative scheme that reach order
of convergence five. We obtained the theoretical results by constructing the recurrence relations
that describe this algorithm that is proven to have a very efficient behavior. The hypotheses we set
are under weaker conditions than the used in previous studies and allow us to obtain competitive
error bounds. Finally, applied problems are solved involving nonlinear integral equations and big
size nonlinear systems. The convergence balls defining the existence domain were obtained for the
considered examples.
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