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Abstract

We study the spectrum of operators in the Schwartz space of rapidly de-
creasing functions which associate each function with its composition with a
polynomial. In the case where this operator is mean ergodic we prove that
its spectrum reduces to {0}, while the spectrum of any non mean ergodic
composition operator with a polynomial always contains the closed unit disc
except perhaps the origen. We obtain a complete description of the spec-
trum of the composition operator with a quadratic polynomial or a cubic
polynomial with positive leading coefficient.
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1. Introduction

Composition operators on Fréchet spaces of smooth functions on the reals
have attracted the attention of several authors recently ([7, 5, 8, 9, 10, 11})
but to our knowledge very little is known about the spectra of composition
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operators in this setting. See for instance [3] or [2], where the spectrum of
composition operators and other classical operators on spaces of real smooth
functions is investigated. This contrasts with the large number of existing ar-
ticles studying spectral properties of composition operators in Banach spaces
of analytic functions on the unit disc.

We study the spectrum of composition operators defined in the Schwartz
space S(R) of smooth rapidly decreasing functions, C,, : S(R) = S(R), f —
f o, in the case that ¢ is a non constant polynomial. A smooth function
¢ : R — R is said to be a symbol for S(R) if C, maps S(R) continuously into
itself. The symbols for S(R) were completely characterized in [5, Theorem
2.3]. Tt follows from that characterization that any non constant polynomial ¢
is a symbol for S(R). The results of the present paper complement our study
in [7] where we investigate dynamics and the spectrum of some particular
composition operators. Concrete examples were given where the spectrum
coincides with the open unit disc, the unit circle or C\ {0}. In particular, the
spectrum of translation and dilation operators was analyzed in [7, Examples

5-6]:
Example 1.1. (a) Let p(x) =2+ 1. Then 0 (C,) = {A € C: |\ =1}.
(b) Let ¢(z) = ax where a # 0 and |a| # 1. Then o (C,) = C\ {0}.

However, in [7] we did not obtain any result concerning the spectrum of the
composition operator with a polynomial of degree greater than one. This
is precisely the objective of this work. It turns out that some dynamical
properties of the composition operator are characterized by the spectrum of
the operator. For example, the spectrum of a mean ergodic composition op-
erator is always contained in the closed unit disk ([7, Corollary 4.5]). This
result can be improved when the symbol is a polynomial. As we prove in
Theorem 2.5, the spectrum of a composition operator which is mean ergodic
and whose symbol is a polynomial with degree greater than one coincides
with {0} while the behavior of non mean ergodic composition operators with
polynomial symbols is different (Theorem 2.8). For strictly decreasing sym-
bols, not necessarily polynomials, the containment of JD in the spectrum of
the operator is equivalent to its mean ergodicity.

In [3] the spectrum of composition operators on A(RR), the space of all real
analytic functions, is investigated for the case that the symbol is a quadratic
polynomial. For quadratic polynomials, we have a complete characterization



of the spectrum of the corresponding composition operator depending on the
number of fixed points of the polynomial. As expected, the spectrum of the
operator depends on the space where it is considered. To give an example,
when ¢ is a quadratic polynomial without fixed points then o 4m)(C,) = C,
whereas ogr)(C,) = {0}.

Theorem 4.1 contains a complete description of the spectrum of a com-
position operator with a polynomial of degree three whose leading coefficient
is positive. For polynomials with negative leading coefficient some partial
results are available but we lack a complete characterization.

The final section contains some results concerning the spectra of compo-
sition operators with (non polynomial) monotone symbols.

We recall that given an operator 7' : X — X on a Fréchet space X,
o(T), the spectrum of T, is the set of all A € C such that T'— A\ : X — X
does not admit a continuous linear inverse. 7' is said to be power bounded
if {T"(z) : n € N} is bounded for each € X. A closely related concept
to power boundedness is that of mean ergodicity. Given T € L(X), the
Cesaro means of T are defined as Tj,) = > ,_, T%/n. T is said to be mean
ergodic when 7T},; converges to an operator P, which is always a projection,
in the strong operator topology, i.e. if (T},(x)) is convergent to P(x) for each
reX.

From now on ¢, = po...oy denotes the n-th iteration of .

The following results will be used in what follows.

Lemma 1.2. [7, 3.10] Let ¢ be a polynomial of even degree without fixed
points. Then there is N € N such that ¢y = ¢y has neither zeros nor fixed
points. Moreover, for every K > 0 there is my € N such that

[mi1(t)] > K (Um(t)? ¥m >mg, VtER.

Theorem 1.3. [7, 3.11] Let ¢ be a polynomial with degree greater than or
equal to two. Then, the following are equivalent:

(1) C, is power bounded.
(2) C, is mean ergodic.

(3) The degree of ¢ is even and it has no fixed points.



2. Polynomial symbols

Two polynomials ¢, 1 € R[z] are linearly equivalent if there exists ¢(x) =
ar + b with a,b € R and a # 0 such that ¢» = 7! o ¢ o £. Then, for every
A e C,

C, =M =C; o (Cy—A)oCy,

from where it follows that o (Cy) = o (Cl,).

The first result follows immediately from this observation and [7, Exam-
ples 5-6] as each polynomial of degree one other than the identity is linearly
equivalent to a translation or to a dilation.

Proposition 2.1. Let ¢(x) = ax + b a polynomial with a,b € R and a # 0.
Then

(a) Fora # 1, ¢ is linearly equivalent to ¢/(z) = ax. Hence o (C,,) = C\ {0}
for a # £1 while o (C,,) = {—1,1} for a = —1.

(b) For a = 1 and b # 0, ¢ is linearly equivalent to ¢(z) = = + 1. Hence
o (Cy)={AeC:|\=1}.

From now on we will consider only polynomials of degree greater than
one.

We observe that the following version of the spectral theorem holds in
our setting.

Proposition 2.2. For every symbol ¢ and N € N,
o(Cpy) ={AV €C: XNea(Cy)}.
Proof: For every p € C\ {0} let Aq,..., Ay denote its N-roots. Then
Cop =l =CY —pl = (Cp = MI) -+ (Cp — X))

from where the conclusion follows. [
We also recall the following elementary properties, which will be used in
what follows.

Proposition 2.3. Let ¢ be a symbol for S(R).
(a) If ¢ admits fixed points then 1 € o(C,,).
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(b) If a is a fixed point of ¢ then ¢'(a) € o(C,,).

(c) If ¢ is a polynomial then 0 € o(C,,) if and only if ¢’ vanishes at some
point.

Proof: (a) All the functions in the range of C,, — I vanish at fixed points of
©, hence the conclusion.

(b) In fact, the derivative of any function in the range of C, — ¢'(a)l
vanishes at point a, hence C, — ¢'(a)! is not surjective.

(c) If ' does not vanish then inf,cg |¢'(z)] > 0 and C, is surjective by
5, 4.2]. Moreover C,, is injective as ¢(R) = R. Conversely, if ¢'(z() = 0 then
the derivative of any function in the range of C,, vanishes at point z,. Hence
0e€o(C,). O

We observe that an arbitrary symbol ¢ for S(R) satisfies conditions (i)
and (ii) in the next lemma with ~ = 1 if, and only if, C,, is power bounded.
This is the content of [7, Proposition 3.9].

Lemma 2.4. Let ¢ be a polynomial of degree > 2. Assume that for all
r > 1, n € N there exist C' > 0, ¢ € N such that the following conditions
hold for each x € R and m € N:

@) oo (@)] < Crm(1 + Jgm()])?
(i) [2] < (1+ |pm(@)])".
Then the series
D u"fopm

is convergent in S(R) for each |u| < 1. If in addition we assume that (i)
happens with » = 1 then the series is convergent for each u € C.

Proof: For each n,m € Ny, by Fad de Bruno formula

(f 0 )™ (2) = Z FO (@) B (9n(@) .0l (@)



where B, ; are the Bell polynomials. Thus, from (i) and (ii), given f € S(R),
n € Ng,r > 1 and a polynomial P we find another polynomial P such that

[P@)(f 0 0) ™ @)] <7 |Plon(e))| - 31D pulen]. (1)

Since f € S(R) there is M > 0 such that (1) can be estimated by Mr™.
Therefore, given p € D we choose r > 1 such that |ru| < 1 and the
convergence in S(R) of > u™ f o ¢, follows.

If in addition (i) is satisfied with » = 1 then C, is power bounded 7,
Proposition 3.9] and we have the estimate (1) with » = 1. By [7, Theorem
3.1] ¢ has even degree and lacks fixed points.

First we assume that

(a) |p(x)| > 22 for every z € R

and
(b) inf {|e(x)|: z € R} =a > 1.

This implies that |¢,,(z)| > a*" and the series

converges absolutely and uniformly in R for every p € C. Using (1) with
r = 1 we immediately have, for every polynomial P and n € N, that

ILLm
1" P(z)(f o om) ™ (2)| < |————(1+ |pm(z Om(T f9 (om(
WP o en) @) < | (1 lem@D P Z
< ™
T L fom(e)]
for some M > 0. Consequently
> W foem

converges in S(R) for each € C and f € S(R).
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In the general case, we may find N € N such that ¢y satisfies conditions
(a) and (b) ([7, Lemma 3.10]). Hence

N-1
S urfoom=> (Z (™)™ (fog)) e ¢Nm>
m 7=0 m
converges in S(R). O

Theorem 2.5. Let ¢ be a polynomial with even degree and without fixed
points. Then o(C,) = {0}.

Proof: From Lemma 1.2 we find N € N such that if ¢ = ¢y,
min{|¢Y(z)]:z € R} =a >1

and
(Y1 (@)] = (U (2))* Ym, VxR
In particular, this gives
[m(@)| > a*" (2)
for all x and every m.

Since the range of ¢ is a proper (unbounded) interval then C, is not
injective and 0 € o(C,,). To finish the proof it suffices to show that o(Cy) C
{0}.

To this end, we fix A € C, A # 0, and check that C}, — Al is a bijection,
hence a topological isomorphism by the open mapping theorem.

(i) Injectivity. Let us assume Cyf = Af for some f € S(R). Then, for
every m € N|

Since
m—1

A" ()] = A" a® = 00

then f(z) =0 for all z € R.

(ii) Surjectivity. From [7, Theorem 3.11 and Proposition 3.9] C,, is power
bounded and the hypothesis in Lemma 2.4 are satisfied with » = 1. Then,
for every g € S(R) and A # 0 the series

[e.e]

1
f:—ZWQOW (3)

k=0
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converges in S(R) and clearly Cyf — Af =g¢. O

According to Proposition 2.3 the behavior of composition operators with
polynomials having fixed points is different. In order to obtain more infor-
mation we first we need an auxiliary result.

Lemma 2.6. Let ¢ be a polynomial with degree greater than one. Then,
there is M > 0 such that for each |z| > M,

1

lim - f(pn(w)) = 0,

for 0 < |A] <1 and every f € S(R).

Proof: We fix 2 > p > 1 and take M > 1 such that |¢(z)| > |z’ whenever
|z| > M. Then |z| > M implies

lon(z)| > MP" V¥n € N.

Finally

lim \A—ﬂf«om»\ < lim ‘

©n(T) f(on(T))
AnMP?

‘zO.D

Lemma 2.7. Let ¢ be a polynomial with odd degree greater than one such
that liril p(x) = —o0o. Let a be a fixed point of . If a is the largest fixed
T—>+00

point of ¢y then ¢'(a) < —1.

Proof: We first observe that lim ¢y(x) = 4+00. From ps(z) > x for every

T—+00
T > a we get
/ 2 / : 902(‘7;) —a
= = — > 1.
(¢'(a))” = ¢a(a) = lim = ———>1
Since a is also the largest fixed point of ¢ then ¢(x) < z for all x > a, from

where it follows
plz) —a _

¢'(a) = lim 1.

z—a T — Q
Consequently ¢'(a) < —1 or ¢/(a) = 1. Finally we check that ¢'(a) < 0.
Otherwise there is § > 0 such that ¢ is strictly increasing on [a, a 4 d]. Since
a < @(a+96) <a+ 6 then ¢ ([a,a+ d]) C [a,a+ 6]. This is a contradiction.
In fact, for every x > a the sequence (¢2,()),, is increasing and unbounded.
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Theorem 2.8. Let ¢ be a polynomial with degree greater than one and
having fixed points. Then,

D\ {0} C o(C,).

Proof: (a) First we consider the case that lim ¢(x) = 4+00. We fix A €

r——+00
D\ {0} and assume that A ¢ o(C,), hence A # 1. Let a € R be given with
the property that ¢(a) = @ and p(x) > x for > a. Since ¢'(a) > 1 then ¢ is
strictly increasing in some interval [a,a +0]. Let ¢ : [a, p(a + )] — [a,a + §]
be the inverse of ¢ : [a,a + §] — [a,¢(a + 0)]. Since p(a + ) > a + J then
U, the k-th iterate of 1, is well defined for every k € N.

We fix 2y € (a,a+ 0) and define z, = 9;(x¢). Then (xy), is a decreasing
sequence converging to a. Let Jy be a closed interval contained in (x1, xg)
and take a smooth function g whose support is contained in (z1,x¢) and
satisfying g(z) = 1 for all € Jy. Then, there is a unique f € S(R) such that

f () = Af(x) = g(x), xeR. (4)

After iterating this identity we obtain

flen() = A" f(z +Zx“’f 9 (px(2)) - (5)

Let M > 0 be as in Lemma 2.6. For each > a the sequence (¢, (7)),
diverges to infinity, so there is m € N with ¢, (z) > M and it easily follows
that

1
lin - f(pu(z)) = 0.

We conclude
=1
= —ng(%(x)) (6)
k=0

for all z > a. Finally, we fix yo € Jy and define yr, = ¥r(yo) € (i1, k).
We have ¢, (ym) = yo € Jo, While ox(ym) = Pr—m(yo) > 7o for & > m and
Ok(Ym) = Ym—k(yo) < x1 for k < m. Consequently

() = —A"" while f(a) =



The last identity follows from (4) using A # 1. Since
lmn | £ (y)] # |£(a)

we get a contradiction.

(b) To deal with the case that lirf (x) = —oo we have to consider two
T—r—+400

possibilities, depending on whether the degree of the polynomial is even or
odd.

(i) First case: the degree of ¢ is even. Since ¢ is linearly equivalent to
Y(x) = —p(—x) and xETm¢(x) = +o00 then

D\ {0} C o(Cy) = a(Cy)

and we are done.
(ii) Second case: the degree of ¢ is odd. Then liril po(x) = +o0. As
T—r+00

above, ¢y is strictly increasing in some interval [a,a + §], where a is the
greatest fixed point of yy. Moreover, we can take § small enough so that
o(x) < a for every x € (a,a + §]. This is obvious in the case that ¢(a) < a.
Otherwise, ¢(a) = a and ¢'(a) < 0 (Lemma 2.7) and we can take § so that
¢ is decreasing on [a,a + §], hence ¢(x) < ¢(a) = a for every x € (a,a + ¢].
Now, we denote by 1 the inverse of ¢s : [a,a + 0] = [a, pa(a + I)].

Proceeding as in (a), we fix 29 € (a,a + §) and define z, = (o).
Let Jy be a closed interval contained in (x, o) and take a compactly sup-
ported smooth function g whose support is contained in (x1, z¢) and satisfy-
ing g(x) = 1 forall z € Jy. Asin (a), thereis f € S(R) such that equation (6)
holds for > a. Finally, we fix yo € Jy and define yx = ¥x(v0) € (Tpy1, k).
We have ©om(ym) = yo € Jo, Yar(ym) > w0 for k > m, @o(ym) < @1 for
k < m. Moreover @or11(Ym) ¢ (a,a + d] since otherwise @ori2(ym) < a,
which is a contradiction. Consequently

f(ym) = =271 while f(a) = 0.
The same argument as in case (a) gives a contradiction. [J

Corollary 2.9. Let ¢ be a polynomial of degree greater than one. Then C,
is mean ergodic if and only if o(C,) = {0}.

Proof: Apply [7, Theorem 3.11] and Theorems 2.5 and 2.8. [J
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Theorem 2.10. Let ¢ be a polynomial of degree greater than one and hav-
ing a fixed point a such that ¢’'(a) > 1 and gp(")(a) > 0 for all n > 2. Then

C\ {0} c o (C,).

Proof: Since ~ w
B ¢ (a) n
o) =a+ 3 =)

then ¢ and all its derivatives are increasing in [a,400). An inductive ar-
gument using Faa di Bruno formula implies that also go,gn) is increasing in
[a,+00) for every k,n € Ng. We observe that ¢(x) > a+ ¢/(a)(x —a) >z

for any > a. Hence a is the largest fixed point of ¢.

We already know that D\ {0} C o (C,). We now fix [A| > 1 and assume
that A € 0(C,). We fix o > a and define x4, = ¥(xy), where ¢ stands for
the inverse of ¢ : [a,+00) — [a,+00). Then (x), is a decreasing sequence
converging to a. We put I, = (xg41, k), so that I, = (1), and let Jy be
a closed subinterval of Iy and Jy, := ¢x(Jy). Finally, we consider a compactly
supported smooth function g whose support is contained in Iy and such that
g(z) = x for every x € Jy. Then there is f € S(R) satisfying C, f — A\f = g.
Hence

n—1
fen(x)) = A" f(x) + Z AR g (pp(7)) Ve N,z € R.
k=0
Since |A| > 1 and (f(pn(2))),, is a bounded sequence then
f) = =5 S AT (ei(a)) Ve e R
=0

For every x € J, we have pi(z) € Jy while ¢,(z) ¢ Iy for every n # k.
Consequently

1) = 2y o) =~ e e,

In order to obtain a contradiction we proceed as follows. Our hypothesis and
Faa di Bruno formula permit to conclude

o (a) > o (a) - ¢ (a)". (7)
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We select ng € N so that ¢'(a)™ > |A|. We can find n > ny and m € N such
that gog,?) (a) # 0. Otherwise, every iterate ¢,, would have degree less than or
equal ng, which is a contradiction. From (7) we get

o (a) > ¢™(a) - /()™ VE €N,

(n)
Finally, for every x € Jy,, we obtain, with C' = —T;ﬁ (s

+m 9
(n) (n)

n o QOk+m(I> ()Ok+m(a)
‘f( )($)| - |)\‘k+m+1 Z ’)\|k+m+1

k
w’(a)")
> ¢ ( .
R
We conclude that f is not a bounded function, which is a contradiction.

O
The following result will be useful in the proof of Proposition 4.2.

Proposition 2.11. Let n be a polynomial with odd degree and negative
leading coefficient such that ¢ = 7 o 7 satisfies the hypothesis in Theorem
2.10. Then C\ {0} C o(C,).

Proof: Since n has odd degree then it has fixed points and we can apply
Theorem 2.8 to get D\ {0} C o (C,). We now fix [A| > 1 and assume that
A ¢ o(C,). We observe that a is the largest fixed point of ¢. From Lemma
2.7 we get & > 0 such that n(z) < a for all z € (a,a + 0). Now we fix
xo € (a,a + 0) and define g as in the proof of Theorem 2.10. Then there is
f € S(R) such that

J@) = =3 A9 (a(e) Vi € R

We observe that ny; = ¢; and g (n2;41(x)) = 0 for all j € Ny and 2 > a
(otherwise naj11(x) € (a,a + 9) and 79;42(z) < a, which is a contradiction).
Then

Now we proceed as in Theorem 2.10 to get a contradiction. [J

As an application of Theorem 2.10 and Proposition 2.3 we have the fol-
lowing.
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Example 2.12. Let ¢(z) = 2P, p > 2. Then o(C,) = C.

Example 2.13. Let ¢ be a polynomial of degree N > 1 with positive leading
coefficient and complex fixed points z1,..., zy such that

1. zy € R and the multiplicity of zy as a fixed point is 1.
2. Re(zy) < zy for k < N.

Then C\ {0} C o(C,,).

In fact, we can apply Theorem 2.10 taking a = zy.

3. Quadratic polynomials

Next we apply the previous results to discuss the spectrum of Cy, in the
case that ¢ is a quadratic polynomial. Such a polynomial ¢(x) = ag+ a1z +
asx? (ag # 0) is linearly equivalent to ¢(z) = 2°+ ¢ where ¢ = agaz + % — Z—%.
In fact, take £(z) = ax + b where a = ap,b = %. It is routine to check that
@ = (1ot ol. We observe that 0 € o(Cy) = o(C,,) since the range of Cy,

consists of even functions.

¢ > % implies that ¢ and ¢ lack fixed points, hence o(C,,) = {0} (Theorem
2.5). In the case ¢ < I we have that ¢ (and also 1) has two different fixed
points and we can apply Theorem 2.10 (see also Example 2.13) to conclude

that o(C,,) = C.

Our next aim is to discuss the case ¢ = i.

Lemma 3.1. Let ¢(z) = > + 1 be given. Then, for every r > 1 there exist
C > 0 and p € N such that

[ ()] < Cr™ (1 + om(2))” .

Proof: We first observe that |¢'(z)| < 2¢(z) with equality for z = 3 and
also

Prnt1(®) = 20m(2) @, (7). (8)
Proceeding by recurrence we conclude

m—1

() = 2" [ ] es(), (9)

J=0

13



where ¢g(z) = .

Since every ¢, (m > 1) is even and ¢!, is odd we only need to consider
the case x > 0. Now we proceed in several steps.

(i) For 0 < 2 < § we have ¢,,(2) < ¢n(3) = 3. An induction argument
gives

1

Ginla) < (5) = 1

(i) For z > xy := 1+ %g we have ¢'(z) < p(z). Since ¢(z) > x then also
20m(x) < @my1(z) for every m € N. We check that

¢ (z) < @2 (z) Vm EN, x> 0.
In fact, this inequality is obvious for m = 1 and assuming that it is true for
m we obtain

Pri1 () = 200 (2)¢00, (1) < Omar(2)pi (2) < ©F, 4 (2).

(iii) Take mo € N such that ¢y, (5) > zo. Then, for every x > % and
m > my we put
(1) = Pmmo (Pmo (),

where ¢, () > xy. Hence

P () = Py (P (2)) * Pl () < (L + Prnimg (0 (7)) + @y ().

From (9) we obtain ¢, (z) <270 (14 ¢, ()™ . Finally, for p = mg + 2 we
conclude
P () <27 (1+ om(z))” ¥m 2 mo,x 2

DO 3

Hence we can find C' > 0 such that

¢ (1) <C(1+ pm(z))? VYmeNz> g

(iv) We now consider % < < 5 and select n, > 1 with the property that
@;j(x) > § whenever j > n, while ¢;(x) < § for 0 < j < n,.
If m < n,+1 then, from (9), we get ¢/, (x) < r™. Otherwise we decompose

ny—1 m—1

on(@) = [T @es) - T] 2es(2)

14



The first factor is dominated by ™ < 7™, while the second one coincides
with

m—1—ng

2" ] b (00 (@) = @, (@)

k=0

Since ¢, () > & we can use the estimates in (iii) to conclude

gOin(l‘) < O™ (L + @men, (00, (7)) = Cr™ (1 + ()"

O

Lemma 3.2. Let p(x) = 2% + % be given. Then, for every r > 1 and n € N
there exist C' > 0 and p € N such that

|gpm | <Cr™ (1 + @m(x))”.

Proof: It is enough to consider z > 0. The case n = 1 is the content of the
previous Lemma. Let us now consider n = 2. From (9) we obtain, for every

1
xr 23,

= i 2¢)(z) [ [ 201(2) = el (2) A1) (10)
7=0 i#j ~
Hence

(1) < @, (x 22%
We now fix r > 1 and take C' > 0 and p € N such that
!@;(m)‘ < Cri (14 pi(x))’ VjeNg,zeR.

Then, for every = > %

m—1

(@) < 203%™ (L+ (@) ) o7

j=0

2

<2 T (1t o))

Since r > 1 is arbitrary we conclude that for every r > 1 there exist C' > 0
and ¢ € N such that [/, (z)] < Cr™ (1 + ¢ (x))? whenever z > 1.

15



For n > 2 we apply (10) to get

)] = [ )] < Z () e |(2) )

Now, an application of Leibnitz rule and Faa di Bruno formula permits to
proceed by induction in order to prove the desired result for x > %

On the other hand, as ¢\ is increasing in [0, 400) then for all z € [0, 1]
we have

1 1.\"
020 < ) < (1on(y)

for some p and C' > 0 which only depend on n. Since ¢,,(3)
]

Theorem 3.3. Let ¢(z) = 2? + 1 be given. Then ¢ (C,) = D.

1

= 5 We are done.

Proof: Since ¢ admits a fixed point and C, is not injective then D is con-
tained in o (C,) by Theorem 2.8. To finish we show that C,, — AI is invertible
for every |A| > 1.

(a) Cp, — A is injective for |A| > 1. In fact, C,(f) = Af implies
fon(x)) = X" f(x) for every x € R and n € N. Since the left hand side
is bounded and |A| > 1 then f(z) = 0 for every x € R.

(b) C, — Al is surjective for |A| > 1. It suffices to show that
i foom
m=0 AT
converges in S(R) for every f € S(R) and A € C with |A\| > 1. Obviously

|z] <14 @n(z) for all z € R and m € N. By Lemmas 3.1 and 3.2, ¢ satisfies
the hypothesis in Lemma 2.4 and we conclude. [

Summarizing, we get the following.

Theorem 3.4. Let o(x) = ag + a7 + asz? be a quadratic polynomial with
2

real coefficients and take ¢ = agaz + 4 — a4—1.

(a) ¢ > 7 implies o (C,) = {0}.
(b) ¢ = 1 implies o (C,,) = D.
(¢) ¢ < % implies o (C,) = C.
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4. Cubic polynomials

Let us now consider polynomials ¢ of degree 3 with hIJP () = +00.
T—>+00
Theorem 4.1. Let ¢ be a polynomial of degree 3 with positive leading co-
efficient. Then C\ {0} C 0(C,,) unless ¢ has a fixed point of multiplicity 3
in which case 0(C,) =D\ {0}.

Proof: According to its fixed points the following cases can occur:
(i) ¢ has three different real fixed points,

(ii) ¢ has two different real fixed points, one with multiplicity two and the
other is simple,

(iii) ¢ has only one real fixed point, the other two being complex conjugate
numbers,

(iv) ¢ has one real fixed point of multiplicity 3.

In the first three cases, using that ¢ is linearly equivalent to ¥ (z) =
—p(—=) if necessary, we may apply Theorem 2.10 (see Example 2.13) to
conclude that C\ {0} C 0(C,,). In the forth case, ¢ is linearly equivalent to
P(r) =2+ 25

So, to complete the proof we discuss the spectrum of p(x) = x+ 3. From
Theorem 2.8 and Proposition 2.3 we already know that o(C,) D D\ {0} and
that 0 ¢ o(C,,).

We will show that given n > 1 and R > 1 there are C' > 0 and ¢ € R
such that

o ()] < CR™(1+ o ())? (11)

for each € R and each m € N. Since ¢ is an odd function, it suffices to
consider = > 0. First, we check the inequality (11) for the first derivative.
Observe that ¢, ., (z) = ¢}, ()¢’ (@m(x)). Then,

m—1

Oh(@) = [] ¢'(r(2)).

k=0

For x = 0 we have the inequality with ¢ = C' = 1. We will proceed by
induction on m. For m = 1 we clearly have the inequality for some C' > 0
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and ¢ = 1. Also, we have ¢'(z) = 1+ 32? > 1. We take =y > 0 such that
for x > o, we have ¢'(x) < ¢(x). Observe that this implies g > 1 therefore
1+ 322 < (1+2?%)% As p(z) >« for & > 0, we also have

1+ 3pn(2)? < (1 + gom(x)2)2

2

Y

for © > xo. Hence, if we assume that for = > z¢ we have ¢/ (z) < (g, (2))

we obtain

ot (@) Gale)  T43pn(ef _

(Em1(@))? (Pm())? (1+@m(2)?)?

Consequently
o (2) < (om(z))? Ym e N, z > .

We now claim that for each K > 0 there is ¢ € N such that
P (@) < (14 @m(@))?,

whenever z > K. In fact, for each K > 0 we take ¢ € N such that ¢, (K) > x.
Then, for x > K and m > ¢ we have

Pn(®) = P (Pe()) - ()

< 3" (om(@))* - (1 + (@)™
We take p € N such that 3° < (1 + ¢(K))” and put ¢ = 2¢ + p + 2. Then
Pn(®) < (14 pm(@))?

for all x > K. The claim is proved. To finish the proof of (11) for n = 1 we
fix R > 0 and take K > 0 such that x > 0 and ¢'(z) > R imply = > K. For
any x > 0 let n, € N be the first n € N with the property that ¢, (z) > K.
Then m < n, implies

—_

m—

Oh(x) = [ ¢ (9s(x)) < R™,

=0

18



while for m > n, we have

dute) =TT teate) - TT @ (st

< R™ H ' (p;(pn. (7))

= R, (Pn. () < B™ (1+ om(2))"
For the second derivative we have,
" - 2 1 / 6o ( )
(1) = ;06%(:6) @@ [T ¢ (es)) = Zsok TT 30 F
— £k
From here, we argue as in the case of p(z) = 2% + ; to conclude. O

We observe that each polynomial ¢ of degree 3 is linearly equivalent to
some polynomial of the form

Y(r) =+ 2% + Az + B.

For p(z) = a® + Az + B the spectrum of C, is already discussed in
Theorem 4.1. Next we include some partial results concerning the spectrum
of C, for p(z) = —2® + Az + B. In the special case that B = 0 we have a
complete characterization.

Proposition 4.2. Let n(x) = —x3 + Az be given. Then
(a) A= —1 implies o(C,) =D\ {0}.
(b) A<0,A# —1, implies 0(C,) = C\ {0}.
(c) A >0 implies o(C,) = C.

Proof: Since 7 has fixed points we can apply Theorem 2.8 to conclude that
D\ {0} C o(C,). From the fact that 7 is an odd function we have 7y = wy
where w(z ):—77( ) =2% — Ax.

19



(a) In the case A = —1 we have w(z) = 2* + z and
0(Cy,) = 0(Cy) =D\ {0}.

The last identity follows from Theorem 4.1 and spectral theorem. Conse-
quently o(C,) C D\ {0}.

By Proposition 2.3, in order to show (b) and (c) it suffices to check that
C\ {0} C o(C,) for A # —1. We first consider the case A > —1. Then
w admits a fixed point a > 0 such that w'(a) > 1 and w™(a) > 0. Hence,
¢ = non = wow satisfies the hypothesis of Theorem 2.10. Since n(z) < 0 < a
for all > a we can apply Proposition 2.11 to conclude C\ {0} C o(C,).

In the case A < —1 the fixed point a = 0 satisfies w’(a) > 1 and w™(a) >
0. Hence we can proceed as before. [J

For polynomials ¢(z) = —2® + Az + B with B # 0 we can provide some

examples.

Proposition 4.3. Let ¢(x) = 23+ Az+ B be given with B # 0 and consider
o(z) = —2®— Azr— B. We assume the v has three different (real) fixed points.
Then

C\{0} Ca(Cy).

Proof: We first assume that B > 0. We have ¢y(x) = 1hs(x) — 2B for every
x € R. Let z = « be the greatest fixed point of ¢. Then ¢'(a) > 1 and
" (x) > 0 for every x > a. Then z = « is a fixed point of 1)y and it satisfies

Yy(a) > 1 and 1/15") (x) > 0 for every x > «. Since B > 0 then the equation
wo(x) =z, equivalently o(z) =z + 2B
admits a solution § > «. Then
©5(8) = 5(8) = () > 1,

while
P (@) = 9 (x) > 0 Vo > 8.

Consequently
C\{0} C o (Ce),

from where the conclusion follows after applying Proposition 2.11.
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We now consider the case that B < 0. We put ¢(r) = —¢(—2) and

(x) = —¢(—=z). Then P(z) = 2° + Az — B and p(z) = —1p(z). Since also ¥
admits three different fixed points and (0) > 0 we conclude

C\{0} Co(Cy)=0(C,).0O

Remark 4.4. Let ¢(z) = 2® + Az + B be given with B > 0. If ¢ has a
unique real fixed point then

(x) =2+ ((r—a)’ + %) (z — o),
where ¢ < 0 < a.

This means that we cannot adapt the previous argument to the case that
there is a unique fixed point. Nor can we adapt the argument in the case
where there is a simple fixed point and a double fixed point (the condition
B > 0 forces that the double fixed point is the greatest).

Remark 4.5. If X is a locally convex space and T € L(X), the Waellbrock
spectrum ¢*(7') is defined as the smallest set containing ¢(7") such that the
resolvent mapping R(-,T) : C\o*(T) — Ly(X), z— R(2,T) = (:2I-T) ' is
holomorphic (see [13]). Here Ly(X) stands for the space of continuous linear
operators on X endowed with the topology of convergence on bounded sets. If
X is a Fréchet space and U C C is open then F': U — Ly(X) is holomorphic
if and only if the map U — C, z — (u, F(2)(z)) is holomorphic for every
u € X', x € X (see [6, Theorem 1], [4, corollary 10, Remark 11]). Hence,
from Lemma 2.4 we can get easily that the resolvent map z — R(-,C,) is
holomorphic in C \ {0} when ¢ does not have fixed points (Theorem 2.5),
and also in C\ D when ¢ is a polynomial of degree 2 or 3 with a unique fixed
point (Theorem 3.4, Theorem 4.1 and Propoposition 4.2 a)). In all cases
then we have 0*(C,) = o(C,). Contrary to what happens for operators in
Banach spaces, where the Waellbrock spectrum equals the spectrum which is
always closed, this is not always true for operators defined on Fréchet spaces,
even when the spectrum is bounded as one can check in [1, Remark 3.5 (vi)].

5. Monotone symbols

We recall that the symbols for S(R) were completely characterized in [5,
Theorem 2.3]. The aim of this section is to provide some information regard-
ing the spectrum of composition operators defined by monotone symbols.
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Then, let us assume that the symbol ¢ is strictly monotone and let us de-
note by v its inverse and by 1, its n-th iterate. For A # 0, and f, g € S(R),
the relation C,f — Af = ¢ implies that (5) holds for every n, that is

flen() = A" f(z +ZA”““ k()

which implies

fl@) = N"f (ol +ZA"” (Yn-k(2))
(12)

= A"f (¢n(2) + )N g (¥(2))
j=1
Proposition 5.1. Let ¢ be a strictly increasing symbol other than the iden-
tity. Then o(C,,) always contains {A € C: [A| = 1}.

Proof: Let X satisfies |A| = 1 and assume that A\ ¢ o(C,). Then, for every
g € S(R) there is a unique f € S(R) such that (4), (5) and (12) hold. Now
we discuss the following possibilities, covering all possible cases

(1) ¢ lacks fixed points.

(2) There exist a < b such that ¢(a) = a, p(b) = b and p(z) # = for every
€ (a,b).

(3) There exists a € R such that ¢(a) = a and p(z) # x for every z €
(@, +00).

(4) There exists a € R such that p(a) = a and p(z) # = for every x €
(—OO, a) :

(1) Since, for every x € R, the sequences (¢, (x)), and (¢,(x)), diverge,
we obtain from (5) and (12),

1 — 1 &
EEPP R PP
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This implies that
SN Fglon(@) + 3 Meg(t(a)) =0
k=0 k=1

for each z € R. This cannot happen if ¢ is a smooth function whose support
contains 0 and is contained in the open interval determined by ¢(0) and ¢(0).

In the case that the symbol admits some fixed point then 1 € o(C,), so
we will take in what follows A\ # 1.

(2) Either
on(x) La, Yn(z) Tb V€ (a,b) (if p(z) <)
on(z) 1b, Yn(z) La Vo e (ab) (if o(r) > z).

We fix 2y € (a,b) and define xx; = p(zg). Let Iy denote the open interval
with extremes (xg, z1) and let Jy be a closed interval contained in Iy and g a
smooth function with support contained in I such that g(z) = 1 for x € J.
The identity (4) implies that f(a) = f(b) = 0. Then (12) gives

o0

flx) =) N7'g((@) Yz e (a,b).

j=1

Finally we fix yo € Jy, define y,, = ¢x(yo) and put ¢ = limg_,00 Y (¢ = a or
c=10). Then f(yr) = \N¥"1g (Vr(yx)) = \*~! and

i (£l # 1))

which is a contradiction.

(3) In the case p(z) < z for every x > a we have p,(z) | a Y > a and
we can proceed as in (2) to get a contradiction. We will discuss the case that
(x) > x for every x > a. Then

Up(x) L a while @,(z) T +o00 Vz > a.

From (5) we obtain
flz)=— Z)\’k’lg (pr(z)) Vo > a.
k=0
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We fix zp > a and define z,1 = ¥(x). Let Iy denote the open interval
(x1,20) and let Jy be a closed interval contained in [y and g a smooth function
with support contained in Iy such that g(x) = 1 for x € Jy. Finally we fix
yo € Jo, define gy, = Pr(yo). Then f(y) = =A"""'g (pr(yr)) = =A7*! and
we can proceed as in case (2) to get a contradiction.

(4) is analogous to (3). O

For p(z) =z + e~ the composition operator C, is not power bounded

but we do not know whether it is mean ergodic or not (see [7, Remark 1]).
According to Proposition 5.1, the spectrum of C,, contains the unit circle.

We recall that a fixed point a of ¢ is said to be attracting if |¢'(a)] < 1
and repelling if |¢'(a)| > 1.

Proposition 5.2. Let us assume that a is an attracting fixed point of the
strictly increasing symbol . Then

(NeC: (a) <A <1} Ca(C,).

Proof: Let us denote by v the inverse of the bijection ¢ : [a,+00) —
la,+00). Given A € D, and f, g € S(R), the relation C,,f — Af = g, implies
that

flz) = Z N7l (d(x)), Vo> a. (13)

We take ¢'(a) < e < |A] and choose 0 < § so that ¢/(x) < € on (a,a+¢). For
every x € (a,a+9), by the mean value theorem, we have p(x) < x hence the
sequence (¢, (x)), decreases to a. In fact,

|on(2) —al <"z — al. (14)

We fix a < b < a+ d and let J be a closed interval contained in (¢(b), ).
We consider a smooth function g whose support is contained in (¢(b),b)
and such that g(z) = 1 for every z € J. We check that g cannot be in the
range of C, — AI. We proceed by contradiction and assume that there is is
f € S(R) such that C,f — A\f = g. We take yy € J and yi, := ¢i(yo). Then
¥i(yx) € (¢(b),b) if and only if k = j. Hence, by (13), f(yx) = A*~!. Finally,
using (14),

- ‘)\‘k—l
= lyo — ale™’

‘f(yk) — f(a)
Y

L — Q

which goes to co as k — oo. This is a contradiction since (yx)r decreases to
a. [
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Corollary 5.3. Let us assume ¢(a) = a, ¢'(a) = 0, ¢ strictly increasing.
Then
{AeC: N <1} Co(Cy).

With obvious modifications, one can show

Proposition 5.4. Let us assume that a is a repelling fixed point of ¢ and
@ strictly increasing. Then

e 1< <I¢@} € o(C,).

Proposition 5.5. Let ¢ be a strictly decreasing symbol. Then
{AeC: [N =1} Coa(Cy)

if and only if p o # 1.

Proof: Let us assume poy # [ and let a denote the unique fixed point of .
We proceed by contradiction, so we assume there is A ¢ o(C,,) with |A| = 1.
Several possibilities can occur.

(1) There exist a < b < ¢ such that ps(b) = b, p2(c) = ¢ and pa(z) # x
for every x € (b, ¢). For every smooth function g whose support is contained
in (b, c) there is f € S(R) with f (p(z)) — Af(z) = g(z). Then

f@) = A" f (4o (2 +ZA“ (¢ (x

Since ¥ ([b,c]) C ¥ ([a,+0)) = (—o0,a] and gy ([b,c]) C [b,¢] we obtain
or11 ([0, c]) C (=00, al. Hence

f(@) =N f (on(a +Z)\2] Yg (1a;(x)) Yz € (b, c).

Now we can argue as in the proof of Proposition 5.1 (case (2)) to get a
contradiction.

(2) There exists b > a such that ¢o(b) = b and ¢y(x) # z for every z > b.
Since 9 ([b, +00)) C ¥ ([a, +0)) C (—o0, a] and g ([b, +00)) C [b, +00) we
obtain ¥y 41 ([b, +00)) C (—00, al. Hence

f()_)‘an ¢2n +Z)\2]1 le') Vz > b.

25



Now we can argue as in the proof of Proposition 5.1 (case (3)) to get a
contradiction. The other possibilities can be treated as (1) or (2).

Finally, let us assume that the unit circle is contained in o(C,). Since

o(CZ) D (6(C,))? then the unit circle is contained in o(C?Z), which implies
pop=#£Il.0

If pop =TI then o(C,) = {—1, 1}. According to [7, Proposition 3.7] and

Proposition 5.5, the condition {A € C: |A\| =1} C o(C,) characterizes the
decreasing symbols ¢ such that C, is mean ergodic.
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