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Universal characteristic equation for multi-layer
optical fibers

S. Garcia and 1. Gasulla, Senior Member, IEEE

Abstract—Optical fibers featuring multi-layer refractive index
profiles have been widely investigated and developed in a variety
of scenarios, including space-division multiplexing transmission,
fiber sensing, loss and dispersion management, as well as high-
power amplifiers and lasers. For the first time to our knowledge,
we present in this paper a general model deriving the universal
characteristic equation for multi-layer optical fibers that comprise
a set of concentric layers with arbitrary radial dimensions and
refractive index values, considering both stepped (as step-index)
or continuous (as graded-index) profiles. Expressions for the main
fiber propagation parameters are also derived. We validate the
model by comparing our results to the ones provided by numerical
software tools with excellent matching for a series of particular
optical fibers comprising step-index trench-assisted, ring-core,
triangular-index and four-cladding profiles. This compact
universal characteristic equation serves as a useful tool for optical
fiber designers, where one can get valuable physical insights
without the need to resort to numerical software tools, and even
evaluate the effect of a single layer in isolation without the need to
evaluate the whole refractive index structure.

Index Terms— Optical fibers, optical fiber theory, optical
propagation.

I. INTRODUCTION

IN its simplest form, an optical fiber comprises a single
cylindrical core of doped silica glass surrounded by a pure-
silica cladding whose refractive index is lower than that of the
core, [1]. In the past 50 years, more complex index profiles have
been developed beyond the simple step-index profile by
incorporating different layers that act either as rings (higher
refractive index than silica, up-doped with GeO, or P,Os among
others) or trenches (lower refractive index than silica, down-
doped with fluorine or B»,Os; among others) for different
purposes, [2]. Representative examples of multilayer refractive
index profiles are gathered in Fig. 1. For instance, the
introduction of a down-doped intermediate layer between core
and cladding gives rise to depressed-cladding fibers [3] (also
named as W-type fibers [4-6]) and trench-assisted fibers, (see
Fig. 1 (a) and (b)), allowing a stronger confinement of the mode
than a usual single cladding fiber and thus reducing losses and
intercore crosstalk in the case of multicore fibers. On the other
hand, double-cladding fibers where the intermediate layer has a
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refractive index higher than the external cladding, have been
developed mainly for high-power amplifiers and lasers [3,7],
(see Fig. 1 (c)). Ring-core fibers find application in mode-
division multiplexing system since they are able to minimize
distributed intermodal coupling and thus reduce multiple input
multiple output (MIMO) digital signal processing (DSP)
complexity at reception [8-11], (see Fig. 1 (d)). In addition to
step-index profiles, the core of the fiber can present a non-
constant refractive index value, as the case of graded-index or
triangular-index profiles. Fig. 1 (e) shows a graded-index
trench-assisted fiber commonly used to decrease intermodal
dispersion in mode-division multiplexing systems [12], while
Fig. 1 (f) depicts a dispersion-shifted fiber with a triangular
index profile incorporating a raised intermediate cladding or
ring, [13]. More complex structures with a higher number of
layers, such as four-cladding (or quadruple-cladding) fibers,
can be found in different dispersion-flattened fibers, [14,15].

a) Depressed-cladding or W-type b) Step-index trench-assisted

] [

c) Double-cladding

d) Ring-index

—J L

e) Graded-index trench-assisted f) Triangular with ring

Fig. 1. Refractive index profiles of different optical fibers beyond step-index.

Fiber propagation of the electric and magnetic fields of
optical waves is governed by the Maxwell equations and must
satisfy the boundary conditions imposed at every interface
between two refractive index layers. In the case of two-layer
fibers (as single step-index or graded-index), the application of
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Fig. 2. a) Refractive index profile and b) cross-section area of a general multi-layer optical fiber with p+1 refractive index layers.

boundary conditions over weakly guided modes at the core-
cladding interface r = a, (where a is the core radius), leads to
the well-known compact form of the characteristic or
eigenvalue equation, [16]. The solution of the characteristic
equation requires graphical or numerical methods and provides
the propagation constants of the different modes that propagate
though the fiber. Beyond two layers, the characteristic
equations of only a few three-layer refractive index profiles
have been developed up to date: ring-core profile, [9]; step-
index trench-assisted profile [17] where the characteristic
equation is expressed in the form of a determinant; as well as
double-cladding profile where the intermediate cladding has
either a refractive index either lower (see Fig. 1 (a)) or higher
(see Fig. 1(c)) than that of the external cladding, [3].

If the refractive index profile comprises a higher number of
different radial layers, the derivation of the characteristic
equation for the whole structure becomes a complex
mathematical procedure that is usually not overtaken. Instead,
one has to resort to numerical software tools to solve the modes
that propagate through the fiber without having any valuable
insight about the fiber propagation characteristics before
running the software tool. We present in this paper the
development of a general closed expression for the
characteristic equation of multi-layer optical fibers with any
number of layers, where each concentric layer has arbitrary
radial dimensions and refractive index. This formula will play
an important role in the design process of multi-layer optical
fibers, providing a useful tool to obtain the phase propagation
constant for all the propagated modes and to derive other
propagation parameters such as the group delay or the
chromatic dispersion.

Fig. 2 shows the refractive index profile as a function of the
radial coordinate » and the cross-section area of a general
optical fiber with p+1 concentric layers, where the layer p+1
behaves as the external cladding. Each layer k (k =1, 2, ...,
p+1,) is characterized by a radius ax, (ar > a1 for k> 2) and a
refractive index value n; that remains constant among each
layer, that is, nx (r) = ni for ax > r > a1. Refractive index
profiles that do not follow this flat-step structure, for instance
those comprising graded or triangular shape sections, will be
approximated by a multi-step structure where we discretize that

continuous section into the required number of flat layers where
ni (r) = n. We will refer those cases as “continuous” refractive
index profiles.

Section II provides the model that derives the general
expression for the characteristic equation of the described
multi-layer optical fibers. In section III, we determine the
general expressions for the main propagation parameters that
describe the modes propagating through multi-layer fibers. The
validation of the model and its applicability are addressed in
section IV by particularizing the generic expressions to specific
refractive index profiles, considering both discrete and
continuous refractive index profiles. Section V gathers further
discussion about the application domain of the developed
model. Finally, section VI closes the paper with the relevant
conclusions and future directions of research.

II. CHARACTERISTIC EQUATION FOR MULTI-LAYER INDEX
PROFILES

The general geometry and refractive index distribution of the
multi-layer optical fiber we consider here are depicted in Fig. 2.
We must take into account that the highest refractive index layer
does not necessarily correspond to the first layer; it could be
actually located in any layer between the first and the p'™ layers.
The outer cladding is assumed to extend to infinity in the radial
dimension. Let n, be the highest refractive index, n., =
maxi<i<p{n:}, and ne.q the refractive index of layer p+1, neq =
np+1. In the following, we will consider weakly guiding fibers,
assuMing 7e, — Melgd << Heo, [16]. Guided modes must then
satisfy:

konclad <ﬂ<k0nco ° (1)

where ko is the vacuum wavenumber and S is the mode
propagation constant. We must take into account that we
assume dielectric optical fibers where the propagation constant
[ gets real values.

We use a cylindrical coordinate system (7,0,z) and assume
time- and z-dependent fields of the form exp(j(w? - fz)). The
axial field components are then expressed as [18]:
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E = cos[ l +1 ]

f} (r)sin[(1+1)6],

being n; the refractive index in the central layer, and &y and uo
the dielectric constant and the magnetic permeability in
vacuum, respectively. In (2), the term exp(j(w? - fz)) has been
omitted for simplicity. Assuming weakly guidance
approximation, guided modes can be approximated as linearly
polarized modes, LP;,, where the integer / corresponds to the
azimuthal mode number and the integer m is the radial mode
number that labels the roots for a given value of /. It is well
known that each LP mode is composed of a set of degenerated
modes: hybrid (HE and EH), TE, and TM modes, [16,18]. And,
furthermore, each LP mode always degenerates at least into an
HE mode, [16,18]. Due to this mode degeneracy, we
particularized (2) for HE modes without loss of generality. The
following analysis will then be focused on HE, modes,
which after all define the LP;,, modes we are interested on, / >
0. The other degenerate modes can be trivially determined in a
similar way.

Considering a refractive index profile structured around p
dielectric discontinuities or layer interfaces, as shown in Fig. 2,
for each refractive index layer k, k=1, 2, ..., p+1, the radial
function f{r) for a particular azimuthal mode number / is given

2

by, [19]:
AB’”[&ZI j, r<a, k=1,
F(r) =4y Br (xa’—‘lr)+ Ay Vi (%rj a, <r<a,, 1<k<p, )
A”Vm[ ler], r>a, k=p+1,
where 4, i =1, 2, ..., 2p, are arbitrary constants, the functions

By represent the Bessel functions (or modified Bessel
functions) of the first kind, Bi+1 = Ji+1 (or B+ = [+1), the
functions Vi1 represent the Bessel functions (or modified
Bessel functions) of the second kind, Vi+1 = Yi41 (or Vis1 = Kj41),
and the variables x; are the normalized transverse propagation
constants, x; = u; (or xx = wy), of layer k. In the previous

3

definitions, terms inside the parentheses are used when the
corresponding layer acts as cladding, while terms without
parentheses lead for core layers. That means that if the
refractive index of layer £, ny, is higher than the effective index
of a given mode, n.p, then this layer will act as core for that
mode, while in the other case it will act as cladding. In other
words, the core layers satisfy f§ < konk, while the cladding layers
satisfy konx < f (note the analogy to (1)). Table 1 summarizes,
for each layer & and a given azimuthal mode number /, the
corresponding: normalized transverse propagation constants xy,
auxiliary Bessel functions B;+; and V7 that appear in the axial
field components (see previous (3)), and auxiliary Bessel
functions B; and V; that appear in the tangential field
components (as we indicate later in (7)). For a better
understanding, the identification of the Bessel functions (or
modified Bessel functions) is shown in Fig. 3 (a), where, as an
example, we show the particularization for layers 1 and 3
following Table 1 when considering two arbitrary propagating
modes, named as modes a and b. The normalized transverse
propagation constants for each layer k& are expressed as

_ 22
u, =koa,\\m,—n,, n,<n,
kal,/ nk, Ry >,

TABLE1
BESSEL FUNCTIONS AND NORMALIZED TRANSVERSE PROPAGATION
CONSTANTS OF LAYER K FOR A GIVEN AZIMUTHAL MODE NUMBER L

4)

B 1(xi) Vi i(xx) Bi(xy) Vitxy) Xk
g > Ry Jrei(xi) Yie(xe) Jilxy) Yi(xy) Uy
ng < Rgy Ly i(x) K 1(xi) -1i(xy) K(xy) Wy

Once any of the transverse propagation constants in (4) is
determined, the longitudinal mode phase propagation constant
p is given by

ﬂ2 :(kone/] )2 =(k0nk)2 —(uk /(11)2 , ”g//' <n,

: ! S )
ﬂ :(kﬂné.’ff) :(Wk/al) +(k0nk) 5

nw >}’lk.

< [SNS
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Fig. 3. a) Identification of Bessel functions in each refractive index layer and particularization for two modes (mode a and mode b) in layers 1 and 3;
b) Identification of the minor determinants around the -th refractive index layer.
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Using Maxwell equations, we can derive the other field
components from E; and H. as, [18],

Bl L |t [~H,
_Er n go _Hg

e (’)H““B’”)g]}

r cos[(l+1)9] ’

where o is the angular optical frequency and f'(r) is the
derivative of f{r) with respect to 7. In order to maintain the
generality of the expressions, we remain treating the radial
function f{r) on the general form introduced in (3) for the
tangential field components. For simplicity, the derivatives of
the generic Bessel functions B and V" are treated as if they are
Bessel functions of the first and second kinds, respectively, so
a sign correction will be applied afterwards in the cladding
regions due to Bessel functions derivative properties (see Table
1). The tangential field components result:

E,\ . sin[(+1)6]
LEJ—M1 kot {cos[(Hl)H]}

5[5
RN

_ Jnky
o’ su-f’

s r<a,, k=1,
1 X, 1 (7)
1 1
Az(/ﬁ]) 5, +A2(k71)+l P a,,<r<a,, 1<k<p,
y X"
7q
4y, < ,  r>a, k=p+1.

The characteristic equation is derived by matching both the
axial and the tangential field components at the dielectric
discontinuities r = a;, j =1, 2, ..., p. From (2), (3) and (7), the
continuity conditions of E., H., Ey and Hy lead to:

M =0, ®)

where M is a 2p x 2p matrix in which odd rows come from the
axial fields continuity and even rows come from the tangential
fields’ continuity. Existence of nontrivial solution to (8) leads
to equate the determinant of the matrix M to zero, [M| = 0, that
is,

4
B (%) Bui(x) Vi(x) 0 0 0 0 0
B,
() B(n) Vi) 0 0 - 0 0 0
X, X, X,
0 B, (’72*2) Via (’72*2) B, ('72““3) Via ('72“‘3)‘ " 0 0 0
0 B,(nx,) V,(m.x,) B,(mx,) V(%) 0 0 0
X, X, X3 X3
0 0 0 B, (’73)53) Via (’73)53) o 0 0 0
0 0 0 B,(m,x;) Vi(msx;) 0 0 0
Xy X3 =0,
0 0 0 0 0 Bu(m,%,Via(n,ax,) 0
0 0 0 0 0 . B(1,.%,) Vilmn,.,) 0
X, Xp
0 0 0 0 0 e By (”pxp) Via (”pxﬂ) V’*'(nt’xl’*'
0 0 0 0 0 B B[(”[ixp) V,(?],,xl,) V/(Urx/”‘)
X, X, R
)

being #; = aj/ai. After suppressing denominators in (9), the
resulting determinant |[M’| can be easily solved by cofactors. We
start by solving [M’| by the cofactors of the last column (2p-th
column), obtaining the two minor determinants as

B, (x]) B, (xz) 0
B,(x)x,B,(x,):- 0
|M1:xpV1(77pxp+1) R 1: ’ " :
0 0 “'V1+1(77pxp (10)
By, (Xl) B, (Xz) w0

x, B, (XI)XIBI (XZ)”' 0
_xp+lVl+I (Uﬂ%ﬂ) . .
0 0 Fnx,
We now continue by solving the two determinants of (10) by
cofactors of the first column, obtaining again two new minor
determinants per each of the previous ones,

B(x,)-- 0 B, (x,):-- O
‘M1:xpV[(77pxp+l) xlBHl(xl) P : 7x231(x1) P i -
0 alm,x, 0 -, (n,x,
B(x,)-- 0 B (x) 0
xp+1V[+l(’7pxp+l) x]Bl+l(xl) : : 7XZBI(XI) o :
0 ¥ (nx, 0 ¥ (n,x,
=xth (n;;x/)+1)|:xlBl+l (xl)PZ -x,B, (x1)Q2]
X i Vi (U,,x,m)[xl B, (xl)RZ -x,B, (xl)S2]=
(11)

where the variables P2, Q,, R> and S, refer to the resulting four
minor determinants. While the range of the resulting
determinants is higher than 2, the same procedure should be
applied to expand again the preceding minor determinants by
cofactors, starting again from the upper left corner but
alternating row and column cofactors at each step. The
recursive form of (11) satisfies then the following expressions
for the minor determinants associated to the £-th layer, where k&
=2,3,...,p-1,
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P =B, (1% )P, =V, (7,.,%,)Q;

Q=B (1% )P =V, (7,1, )Q;

R, =B, (onk) ,(nk lxk)Sb

S =By (1% )R, =V, (7,.1%,)S]

P =V (100 Py =%V, (0060 Qe

Qi =%, (7% Pror =B, (0% Qe , layer k, interface k.
R =,V (106 )Ry =3,V (7,6)8

Sk Xy 1+1( kxk) et X 1(77kxk)sk+1

, layer £, interface k-1,

(12)

The identification of these minor determinants around the .-
th refractive index layer is shown in Fig. 3 (b). Finally, in the
last iteration (i.e., for layer p), the last minor determinants P,,
Q,, R, and S, are

B, (11,15, ) Vi (1,13,

Bio (1,%,) Vi (1,%,

By (1,15, Vi (,%,)V, (1%, ) B (1, %,)
B,V (7,4,

| Bu,5,) Vi)

By (1,15, Vi (2,5, )~Vi (2,23, ) B (7,%,)
B, (ﬂp_lxp) Y (Tlp_lxp .
B,(m,x,) V,(m,%,)

By (1,1, )V, (,%,)=, 2,:%,) B, (n,,)

B (1,%,) Vi (2,1,

B(n,x,) V1,

=B, (1,3, (,%,)Vi (0,3, B, (n,%,)

P =

P

(13)

R =

S =

Layer p+1 (cladding) Layerp  Layer p+1

V(Xp+1) = K(Xp+1)

Xp+1 = Wit

Np4q
p |

Layer 1 Layer 2
o

8

If gy > ny

B(x;) = 1(x)
=w,

If ngg < ny

B(x;) =J(x,)
Xy = Uy

yes Layers 2:p

k=k+1

Multi-layer

Characteristic equation for step-index
fiber (core+cladding): Eq. (15)

The general expression for the characteristic equation of (8)
can then be expressed in a compact form as:
xle (xl)Rz _szl (xl)sz

Vl+1 (U,,x,,+1) —x, ’ (14)
v, (prp+1) xB,,, (‘xl)PZ —X,B, (‘xl)QZ

pHl

where the variables P», Q2, Ry and S, satisfy the recursive
relations of (12) and (13). If the number of interfaces is 2, p =
2, then (12) is omitted and the characteristic equation is simply
given by (13) and (14). If p = 1, then a classic step-index fiber
is obtained and the characteristic equation is directly derived
from (10) as

X Via (xz):x B, (xl)
’ Vz(xz) ' Bl(xl) '

and, in particular, n; > ny and thus V=K, B=J, x1 = u1 and x»
= w», leading to the classical step index characteristic equation,
[16].

The strategy beyond regrouping terms as in (14) is to
intuitively build the characteristic equation of any refractive
index profile without the actual need of solving it. Fig. 4 shows
a block diagram that summarizes the process to follow in order
to reconstruct the characteristic equation of an arbitrary
refractive index profile. Starting from the identification of the
cladding layer (k = p+1), (green box in the upper left corner of
Fig. 4), the process proceeds with the analysis of layer 1 (dark
yellow elements) and continues with the recursive scheme to
analyze each intermediate layer (orange elements) from k = 2
up to p. Following the characteristic equation in (14), this
translates into the following process. First, we obtain the left-
hand side of (14) for every mode by determining the Bessel
function V, the function x,,+; and the parameter 7, that define the
cladding layer (p+1), (green box). Then, we build the right-hand
side of (14) recursively, starting from the first layer (k= 1, dark
yellow elements). If the refractive index profile is composed of
only 2 layers (i.e., if p = 1), then the characteristic equation is

(15)

Eq. (12)
Minor determinants
Pe Q Ry S

P Qb RE Sp

Eq. (13)
Minor determinants

Po Q R, S,

If ngg>ny

Blx) = 1(x,)
Vixe) = Kix)
X = Wy

Ifne<n,

B(x) = J(x,)
V(xe) = Y(x,)
X, = Uy

General characteristic
equation Eq. (14)

Fig. 4. Block diagram describing the process that reconstructs the characteristic equation of an arbitrary refractive index profile with p+1 concentric layers,
as given in (14). Starting from the cladding layer (k = p+1), (green box in the upper left corner), the process proceeds with the analysis of layer 1 (dark yellow

elements) and continues with the recursive scheme to analyze each intermediate layer (orange elements) from k£ =2 up to p.
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that of the classic step-index profile given by (15). If p >1, then
we have to determine, for each intermediate layer k, 2 < k< p
(orange elements), the Bessel functions V and B, the function xx
and the parameter 7, that define that layer, together with the
minor determinants Py, Qi, Ry, Sk, P, O, R, Si°. Once the
recursive process is finished, i.e., k = p, the final characteristic
equation is built by combining all these terms as in (14).

III. DERIVATION OF THE MAIN PROPAGATION PARAMETERS

The phase propagation constant of a propagating mode for an
arbitrary refractive index profile is obtained from (5) given any
of the p+1 eigenvalues uy/wi, k=1,2, ..., p+1, of the p+1 layers.
In case that (5) is particularized for the highest refractive index
layer, nco = maxi<i<,{n;}, then ney < ne, for every fiber mode
(i.e., this layer will always act as core). Let u., be the
normalized transverse propagation constant of the highest
refractive index profile layer given by (4). Then, the
propagation constant is given, for each guided mode, by

ﬂ:kongf/ = (konca)z _(ucu /al)2 °

The inverse of the group velocity vy, which is given by the
parameter S (i = v,!), can be derived from (16) as

_dﬂ_l d 2 2 uczo
'B'_da)_cdko[ kone, =25

1 n’ -2 dn, 2z du,
= n.—7nn t u .
c ﬂ 0" %co co d 2{ alz k; co d )v

(16)

(17)

Here, the refractive index n., can be approximated by
Sellmeier’s equation and, thus, it can be analytically
differentiated with respect to the optical wavelength. We see in
(17) that the first two terms inside the square brackets do not
depend on u,, so they are the same for all modes. The last term
depends on both u,, and its derivative with respect to the optical
wavelength. Since u., must be numerically determined, we
must approximate its derivative.

The chromatic dispersion D results from the derivative of S
with respect to the optical wavelength. From (17), we get

d(8)
D= dA
r&' kO k 2 dnco 1 duco
B T L e |y 18
B 1 CL ﬂ[ﬂ,nw Onm dﬂ, alzkoum dﬁ, ( )
Bldlkm,)  d( dn,) 27 d (u,du,)
dz a2\"dax )" a da\ k2 da
being
d(ko”?) ko’ dn
©)__ © 42k co 19
a7 2 e (19
d_ n dn,\_(dn, 2+ d’n, (20)
aa\"anr )T\ an ) e g

du,\ [du, 2du,
d uw duw dl < dﬁz ﬂ dﬂ,
A\ k2 dA )" k2

] 2n

We see again in (18)-(21) that the chromatic dispersion
depends on differentiations with respect to the optical
wavelength of: (i) n.,, which can be solved analytically and are
common to all guided modes; and (ii) u.,, which have to be
numerically approximated and are different for each LP fiber
mode.

Equations (16)-(21) are applicable for any multi-layer
concentric refractive index profile and, once u,, is determined,
they are transparent to which profile is being evaluated.

IV. VALIDATION OF THE MODEL

Aiming to confirm the validity of the proposed model, we
particularize here the general model to four different refractive
index profiles and evaluate their propagation characteristics by
comparing the results brought by our model with those provided
by the commercial numerical solver Fimmwave (from the
company Photon Design). Fig. 5 depicts the four optical fiber
structures under evaluation: (a) trench-assisted step-index
profile, (b) ring-core index profile, (c) four-cladding profile and
(d) triangular profile. Green and blue zones delimit,
respectively, the areas in which the mode effective index can be
lower than the refractive index of a given layer (candidates for
core layers), and the area in which the mode effective index is
always higher than the refractive index of a given layer
(cladding layers).

For each profile, we evaluate the normalized propagation
constant b, the group index n, (n, = c*f) and the chromatic
dispersion D of the non-cutoff modes as a function of the scale
factor, which is defined as the parameter that compacts/expands
all the refractive index profile radii by the same value given by
the scale factor parameter; (a scale factor of 1 leaves invariant
the refractive index profile). The normalized propagation
constant is defined from (16) as:

(B/k,) -1,

b="—7"——

2 2
nco - nc‘l

(22)

s

where 7., is the fiber highest refractive index and n; is the outer
cladding refractive index.

A. Trench-assisted step-index profile

Trench-assisted step-index optical fibers consist of a central
core surrounded by an inner cladding region, a trench (or
depressed layer) and the outer cladding [3]. We consider the
trench-assisted profile of Fig. 5(a), where the material
composition of both the inner (n,) and the outer claddings (n.;)
are chosen to be pure silica, the core layer (n:1) is SiO, doped
with a 5-mol. % of GeO, and the lower refractive index of the
trench layer (n3) is achieved by doping the SiO, with a 2 mol.
% of fluorine (F). The layer radii are a; = 7.5, a> = 12.5 and a3
= 17.5 um. The mode effective indices can vary from s up to
n1, and the only layer that can satisfy the condition nx > ney, (k
=1, 2, 3), to act as the fiber core is the first layer, n; = nc. The
normalized transverse propagation constants for each layer are then
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Fig. 5. Particular refractive index profiles evaluated: (a) trench-assisted step-
index, (b) ring-core index, (c) four-cladding and (d) triangular-index.

u =kya,\[n} —nl (23)
w, =k,a, , Inezﬁ —nf , (24)
w, =kya, , /njf] —n32 , (25)
w, =k,a, , Inezﬁ -n’. (26)

The characteristic equation is obtained from the general
formula in (14) as:

K/+1(773W4)_ wJp, (”1)R2+W2J/(u1)sz

w, = b
! K1(773W4) } uJ (”1)P2+W2J1 (”1)Q2

where the variables P, Qi, Ry and S;, k=2, 3, and P2%, Q2, R,®
and S’ are given by

27)

P,=I,(w,)P; +K,(w,)Q5

Q=1 ()P =K, (w,)Q;
R,=1,(w,)R;+K,(w,)S;

S, =1, (w,)R5 K, (w,)S}

P, =w,K,,, (,w,)P,+w;K, (1,x,)Q,

Q3 =y 1, (11, w,) Py =1 (17,,)Q,

R, =w,K, (17,w, )R, +w,K, (1,x,)S,
Sb=w,I,, (7,w,) Ry —w, 1, (17,%,)S,
P,=1,(17,w,)K ., (7yw;)+ K, (m,w;) 1., (17, w3)
Q=1 (11, Ky (1,9) =K.y (12, (7,)
R, =1,(17,w,) K, (17,w3)—K, (17, w3) I, (1 ;)
Sy =1,,,(m,w,) K, (nyw,)+ K, (7,w,) 1, (myw3)

(28)

By using (23)-(28), we compute the u., variable and insert it
in (16)-(22) to calculate the normalized propagation constant,
the group index and the chromatic dispersion of each fiber mode
as a function of the scale factor. Fig. 6 compares the results
obtained by the present model (solid lines) and those from the
commercial solver (dashed lines) for an operation wavelength
of A=1.55 um. The different colors correspond to different LP
modes as stated in the legend, where we see the mode profile of
each propagating mode. We see an excellent agreement
between both solvers in all cases.
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Fig. 6. Normalized propagation constant, group index and chromatic dispersion
of each mode as a function of the fiber scale factor for a trench-assisted step-
index profile and an operation wavelength of 1 = 1.55 pum. Solid lines
correspond to our model and dashed lines to the commercial solver. Bottom-
left images: Mode profiles of the propagating modes.

B. Ring-core refractive index profile

Another interesting fiber structure is the ring-core refractive
index profile. As opposed to the classic optical fiber structures,
here the core (i.e., the layer with the highest refractive index) is
not located in the center of the cross-sectional area, [6,7,10,11].
We consider the ring-core optical fiber of Fig. 5(b), with radii
a1 =2 and a> = 9.5 um, where the inner hole (n) is based on
SiO; doped with a 2-mol.% of GeO; and the core layer (n,) is
doped with a 5-mol.% of GeO,. The mode effective indices can
vary from n. up to ns, being ne < ny < nz, and therefore the
second layer acts as the fiber core (7, = n.,), while the first layer
can act either as core or as cladding. Thus, the normalized
transverse propagation constants for each layer are, in this case,

_ 2 2
u =koay\n; —ny ., n,<n

29

wlzkoa”/n:f—nf, N>
u, =kya,[n; —n:ﬁ. , (30)
wy =kyay\[n2y —n’ . (31

The characteristic equation is then expressed as:
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w, Kl+1(772W3):u2 ulJl+]( 1) ( ) 2’ ny<n
K;(’?st) uJ, 1( 1)P —u J( ) (32)
K. (772W3) W] 141 (WI)R +u,l, (ul) 2
3 > Ny >1y
K1(772W3) Wl 1+ (WI)P +u,l ( )
where the variables P», Q,, R, and S, are given by
Pz =J1 (uz)Ym (Uzuz)_Yz(“z)J1+1 (772142)
Qz :Jl+l (”2)Y;+1 (772”2)_YI+1 (“2)J1+1 (772”2) (33)

R,=J (uz)Yl(Uzuz)_Y/(”2)‘]1(772”2)
S J1+1( ) 1(7721"2)_YI+1(“2)J1(772M2)

For an operation wavelength of 1 = 1.55 um, we computed
the normalized propagation constant, the group index and the
chromatic dispersion of the fiber as a function of the scale
factor. Fig. 7 shows the comparison between the results reached
via the present model (solid lines) and the ones obtained with
the commercial software (dashed lines). The different colors
correspond to different LP modes, whose mode profile can be
observed in the legend. We see again that both solvers provide
mostly identical results for all the parameters evaluated.
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and an operation wavelength of A = 1.55 um. Solid lines correspond to our
model and dashed lines to the commercial solver. Bottom-left images: Mode

profiles of the propagating modes.
C. Four-cladding refractive index profile

More complex refractive index profiles comprise a higher
number of layers, as the four-cladding refractive index profile
shown in Fig. 5(c). Here, the core layer is centered in the fiber
cross-section, and it is surrounded by a combination of a
depressed trench, an upper-index ring and a second trench layer,
[14,15]. We consider again pure silica for the infinite outer
cladding region. Both the core layer (n1) and the ring (n3) are
doped with GeO, (5 mol.% for the core and 3 mol.% for the
ring), while the depressed index for the trenches are achieved
by doping the SiO; with Fluorine (2-mol.% for the inner trench,
nz, and 1-mol.% for the outer trench, n4). We set the radii to 4,

8, 16 and 20 pum, respectively for ai, az, a3 and a4. The
normalized transverse propagation constants are then

ulzkoal,/nl2 —nff , (34)

W, =koay [, -1, (35)

u3:k0alm, Ny <13, 36)
w3=k0a11/n:/—n32, Ry >0y,

=kya,\[niy—n; . 37

Wy =kya, 4 /njﬂ. —nf_l . (38)

The characteristic equation is obtained from Eq. (14) as:
_ () )Ry =w,J, (1)),
DK naws) i () Py, (1)Q,
where the variables Py, Qi, Ry and Sy, k=2, 3, 4, and P2, Qi2,
R\’ and Si’, k=2, 3, are given by
P, =—1,(w,)P; -K,(w,)Q;
Q,=1,,,(w,)Py—K,.,(w,)Q}
R,=—1,(w,)R,—K, (w,)S5
S, =1, ()R, =K, (w,)S;

K, (774W5)_ (39)

(40)

1 <n

P, =w,K,,, (11,w,) P, —1, K, (17,w,) Qs
Q) =w,d,, (7w, Py +usd, (17, w,)Qy
R} =w,K,,, (17,w, )R, —u;K, (17,w,)S,
Ss=w, 1, (7w, )R, +uy 1, (1, ,)S,

P, =J, (1,) Py =Y, (17,u,) Q5

Q,=Jy., (11,10,) Py =Y, (1,,) Q7

R, =J,(m,u, )R} =Y, (m,,)S}

N >n,
Py =w,K,,, (11,w,) P, —w, K, (17,w,) Q;
Q) =w, 1, (7w, )Py +wyd, (17,%,)Q,
R} =w,K,,, (17,w,)R, =W, K, (7,w,)S,
S5 =w, 1, (7w, )Ry +w; 1, (17,w,)S,
P, =—1,(17,w,) Py - K, (7,w,)Q}
Q. =1, (1w, PV =K, (7, w,) QS
R, =-1,(17,w,)R} -K, (17,w,)S}
Sy =1, (m,w; )R =K, (17,w,)S} Sy =J,, (1,1, )RS =Y., (m,145)S5
Pl =w. K, (1,w,) P, —w, K, (17,,)Q, Py =Y., (7500,) Py =w, Y, (7,00,)Q,
Q: =wyL,,, (17,5 P, +w, 1, (73w3)Q, Q3 =13, (1755) P, —w, J, (17,1,)Q,
Rg=W3K,+1(7]3W3)R3—WAK,(IBWS)S} R!=u, ,+1(773u3)R4—w4)’,( 3u3)54
Sy =wy 1, (7w )Ry +w, 1, (17,w3)S, S5 =u,J,, (7,13) R, —w,J, (731, )S,
(1)

P,=—1,(n,w,)K,,,(7,w,)—K, (nw,) L, (17, W)
Q=1 (7w Ky ()= K.y (3w,) 1, ()
R, =—1,(11,w,)K, (n,w,)+K, (7w, 1, (17, W) .
SR UATAT AT Y S UATATAUATY)

(42)

Fig. 8 compares the normalized propagation constant, the
group index and the chromatic dispersion computed from both
the present solver (solid lines) and the commercial solver
(dashed lines) for an operation wavelength of A =1.55 pm. The
different colors correspond to different LP modes, whose mode
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profiles are shown in the legend. Once again, both solvers
present almost identical results in all cases.
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Fig. 8. Normalized propagation constant, group index and chromatic dispersion
of each mode as a function of the fiber scale factor for a four-cladding refractive
index profile and an operation wavelength of 2 = 1.55 pm. Solid lines
correspond to our model and dashed lines to the commercial solver. Bottom-
left images: Mode profiles of the propagating modes.

D. Triangular refractive index profile

Finally, we study the viability of analyzing continuous (or
non-stepped) refractive index profiles with the present model.
First, we prove that a proper step-index discretization converges
rapidly to the continuous profile. In particular, we consider the
triangular refractive index profile, [13] depicted in of Fig. 5(d),
where the refractive index at » = 0 has a material composition
of SiO; doped with a 5-mol.% GeO, and decreases linearly with
the radii until reaching the pure silica of the cladding region at
the radius a,; = 10 pm.

We study how to discretize the triangular profile by an n-step
index profile with equal-width steps and in which the material
composition of each step decreases linearly with the step
number. We can consider the superior discretization, in which
each layer &, (k = 1, 2, ..., n), is created by extending the
corresponding value of the triangular function at » = (k-1)-10/n
up to the radius » = k-10/n. In a similar way, we can also
consider the inferior discretization in which each layer &, (k =
1,2, ..., n), is created by extending the corresponding value of
the triangular function at » = k-10/n down to the radius r = (k-
1)-10/n. It is clear that both the superior and the inferior
discretization tend to the triangular profile when n tends to
infinity, and they correspond exactly to the superior and inferior
limits of this linear step-index discretization, respectively. It is
then reasonable to consider the half-point discretization, in
which we extend the value of the index at » = (k-1/2)-10/n from
r = (k-1)-10/n up to the radius r = k- 10/n. Obviously, since this
function is in-between the superior and inferior functions, it
also converges to the triangular profile, and it is logical to think
that it will converge faster than both the superior and the
inferior discretization. Fig. 9(a) depicts the comparison between
all three functions for n = 5 steps. Red-dashed line corresponds
to the superior (fu,), blue-dashed to the inferior (fi,), and green-
solid to the medium function (f;;). We can also observe that as

long as n increases, the medium function converges rapidly to
the triangular profile, as the purple dotted-line curve shows for
n = 10 steps. Fig. 9(b) shows the convergence on the
propagation constant computed for the discretized profile (f;)
as a function of the number of discretization steps n for the
propagating modes. As we observe in the zoomed area in the
inset of Fig. 9(b), the propagation constant mismatch for n = 10
steps is below 107 for both propagating modes, which is almost
negligible, while the convergence for n = 5 is still acceptable,
with a difference below 5-107°. This shows that the discretized
profile converges adequately to the ideal response even with a
very low number of steps.

a)

Ninax

0
4 5 6 7 8 9 10 11 12

) 0 25 50 75 100 125 150 175 200
Steps

Fig. 9. (a) Discretization of the triangular refractive index profile; (b)
Convergence of the propagation constant on the discretized triangular refractive
index profile as a function of the discretization steps.

Once we prove the convergence of the discretized triangular
profile, we evaluate the particular case in which the number of
discretization steps is set to 5. In this case, for simplicity, we
avoid the expression of the characteristic equation. However,
the construction in this case is very simple: since the refractive
index profile is a monotonically decreasing function with the
radius, all layers with layer number below a given layer £, (k=
1,2, ... 5), will satisfy the condition nx > n.p; and thus will act
as core layers; layers numbered higher than & will then act as
cladding layers. The characteristic equation is then formed in a
similar way than the rest of the examples evaluated before. Fig.
10 compares the computed normalized propagation constant,
the group index and the chromatic dispersion as a function of
the scale factor for both the proposed method and the
commercial solver at A = 1.55 um. The mode profiles for both
propagating modes are given in the legend. As in the previous
examples, we see again an excellent agreement between both
solvers for all of the parameters.
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Fig. 10. Normalized propagation constant, group index and chromatic
dispersion of each mode as a function of the fiber scale factor for a triangular
index profile and an operation wavelength of 2 = 1.55 pm. Solid lines
correspond to our model and dashed lines to the commercial solver. Bottom-
left images: Mode profiles of the propagating modes.

V. DISCUSSION ON THE MODEL APPLICABILITY DOMAIN

The model we report in this work applies in general to multi-
layer optical fibers comprising any number of concentric
circular layers, where each layer has arbitrary radial dimensions
as well as an arbitrary refractive index n; with a constant value
among that layer. This applies directly to discrete or stepped
refractive index profiles, as step-index profiles comprising
different trench and/or core structures. As we have seen in
section IV, continuous refractive index profiles can also be
evaluated through this model if a discretization of the
continuous segment of the profile is properly done. Although
we demonstrated a fast convergence of the results for a
triangular profile, this method can also be applied for instance
to graded-index profiles, [12,20], with a similar convergence
rate.

For any of the structures mentioned above, we can also use
this model to calculate their cladding modes by simply adding
an additional infinite external cladding and limiting the
previous outer cladding to a finite value. The simplest example
is the case of a classic step-index optical fiber with a single layer
(»p = 1) and the outer cladding region. We can compute the
cladding modes if we restrict the outer cladding to a finite value
(for example, a» = 62.5 um) and include a new infinite external
cladding (such as an air layer, for instance). Then, we can solve
the characteristic equation of this new 2-layer structure (p = 2)
via (14) and obtain the propagating modes. The cladding modes
of the initial monolayer structure correspond to the new modes
that propagate in the bilayer structure that were in cutoff in the
first one.

We must take into account that this model applies to
symmetrical optical fibers in the azimuthal direction (i.e.,
concentric layers), as the ones discussed in this work. In case,
for instance, of core structures that are surrounded by air holes,
(such as hole-assisted [21] or hole-walled [22] fibers), or
elliptical fibers, one has to resort to numerical software tools.
Although we have evaluated only single-core fibers, the
propagation characteristics of multicore fibers can also be

assessed if the refractive index profile of the different cores are
treated as independent entities, [23]. This is the situation of
weakly coupled multicore fibers where the level of intercore
crosstalk is low enough as to the model each core individually
(under the assumption, as always, of infinite outer cladding
region and the use of local coordinates for each core). In that
regard, our model is effective for the design of each one of the
cores (specially in heterogeneous multicore schemes), while the
crosstalk performance can be computed from the coupled
power theory [24], where in turn the average power coupling
coefficient depends on the propagation parameters provided by
our model.

VI. CONCLUSIONS

We have presented, for the first time to our knowledge, a
theoretical model deriving the universal characteristic equation
for multi-layer optical fibers whose refractive index profile
comprises any number of concentric circular layers with
arbitrary radial dimensions and refractive index values. The
closed-form expression we derived for the characteristic
equation provides a useful tool to obtain relevant information
about the propagation characteristics of all the propagated
much, such as the phase propagation constant, group delay and
the chromatic dispersion. The model can be applied to both flat
(or stepped) refractive index profiles (such as step-index, W-
type or ring-core) and continuous profiles (such as graded-
index or triangular) if a previous discretization process is
applied properly. The validity of the proposed model has been
accomplished by comparing the results offered by our theory
with the ones provided by the numerical software Fimmwave
form Photon Design for four different profiles: step-index
trench-assisted, ring-core, triangular-index and four-cladding.
Excellent agreement is obtained in all the cases in terms of the
normalized propagation constant, group index and chromatic
dispersion for all the modes propagated.

The compact characteristic equation we present here will
play an important role in optical fiber design processes, where
the designer can actually get valuable physical insights without
the need of resorting to numerical software tools. While other
methods are based on the “brute force” resolution of Maxwell’s
equations without having any knowledge about the functions
involved, our model enables to build the overall characteristic
equation that defines wave propagation. More importantly, one
can benefit from the possibility of evaluating the effect of the
properties of a particular layer on the performance of the
propagated modes without the need to evaluate the whole
refractive index structure, since one has knowledge about the
functions that are involved in that layer, as we can see in (12)-
(14).

All in all, the advantages brought by this universal
characteristic equation will benefit a variety of optical
communications and signal processing scenarios where multi-
layer fibers are particularly needed, such as space and mode-
division multiplexing, fiber sensing, optical interconnects, loss
and dispersion management, as well as high-power amplifiers
and lasers.
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