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Abstract

We introduce and discuss several ways of extending the inner mea-
sure arisen from the closed injective hull of an ideal of linear operators
to the multilinear case. In particular, we consider new measures that al-
low to characterize the operators that belong to a closed injective ideal
of multilinear operators as those having measure equal to zero. Some in-
terpolation formulas for these measures, and consequently interpolation
results involving ideals of multilinear operators, are established. Exam-
ples and applications related to summing multilinear operators are also
shown.
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1 Introduction

A fruitful classical way of studying some properties of a linear operator is by
considering functionals or measures (of the operator) related to operator ide-
als. An example of this is the inner measure 7 associated to an arbitrary ideal
7 of linear operators. We recall that for a continuous linear operator T': £ — F',



Bz(T) = Bz(T : E — F) :=inf {¢ > 0 : there are a Banach space Z and R € Z(FE; Z)
such that ||Tz||r < ¢||z||g + ||Rz| 2, for any 2 € E}. This measure was intro-
duced by Tylli [34] in 1995 and determines the operators 7" that belong to the

closed injective hull Z"" (i.e. the smallest closed injective ideal containing Z) of
T as those for which Sz(T) = 0 (see [20, Theorem 20.7.3]). In particular when
T is closed and injective, T' € Z if and only if 8z(T) = 0. Therefore, the inner
measure provides a way of characterizing when a given operator belongs to the
closed injective hull of a linear operator ideal, and so it allows to quantify (in
some sense) how far is the operator from such a hull.

As far as we know, there is no such notion in the literature as the inner
measure in the setting of multilinear operators. In the present paper we intro-
duce some functions that extend the inner measure to the multilinear case. The
paper is organized in five sections. After the preliminary Sections 1 and 2, we
introduce in Section 3 the definitions and main properties of two measures, nat-
urally given and associated to an ideal of multilinear operators, that generalize
the aforementioned measure defined by Tylli. In addition, in this section, we
establish results concerning the closed injective hull of certain classes of ideals
of multilinear operators. Section 4 is devoted to establish interpolation formulas
for the new measures and to obtain certain consequences of them. Finally, we
show in Section 5 examples and applications related to summing multilinear
operators, using the Jarchow-Matter interpolation procedure (see [21]). This
point of view of Jarchow and Matter [21] has turned out to be very useful in
the study of new (and other well-known) ideals of linear operators and different
properties of Banach spaces (see for example [23] and references therein). Other
interpolation ideas also used in the multilinear setting giving succesfull results
can be seen, for instance, in [10], [14] and [29].

2 Preliminaries

Throughout the paper we consider real or complex Banach spaces without dis-
tinction. If Ey,..., E, and F are Banach spaces, then L(E1,..., E,; F) stands
for the Banach space of all continuous n-linear operators T : Fy X --- X B, — F
with the norm

IT| :=sup{||T(z1,...,zu)||F : ©1 € Bg,,...,2n € Bg, },

where B, is the closed unit ball of Ej, j = 1,...,n. In particular, L(E; F) is
the Banach space of all continuous linear operators from E into F'.

Let F1 ® --- ® E, denote the tensor product of Fy,..., E, and let m be the
projective norm given by

w(0) =it > |2]| - [|ad]l, 0€Ei®---©E,,
j=1

where the infimum is taken over all possible representations of ¢ of the form
0= 27:1 @ @l 2l € E;(i=1,...,n). The completed projective tensor



product is denoted by F1®y -+ @ Ep.

GivenT € L(Ey,...,E,; F), Ty, stands for the linearization of T', that is, the
unique continuous linear operator 17, : E1®y - - ®,FE,, — F such that Ty (z; ®
Q@) =T(x1,...,2,), for any 1 € Eq,...,z, € Ey.

The notion of linear operator ideal (see [30]) extends to multilinear operators
as follows.

Let n € N be fixed. An ideal of n-linear operators, or an n-ideal, is a class
M, of n-linear maps such that for all Banach spaces F1,...,FE, and F, the
components M,,(E1,...,Ey; F):=L(Ey,...,E,; F) N M, satisfy

(i) My (E1,...,Ey; F) is a linear subspace of L(E4,..., Ey; F) that contains
the n-linear maps of finite type.

(11) If R e ,C(F,H), T € Mn(El,...,En;F) and Sj S E(Gj;Ej), forj =
1,...,n, then RoT o (S,...,5,) € Mp(G1,...,Gn; H).

If for each n € N, M,, is an ideal of n-linear operators, the class

M:GM’n

n=1

is called an ideal of multilinear operators or a multi-ideal.

The multi-ideal of all continuous multilinear operators is denoted by L. Let
us recall the construction of two examples of ideals of n-linear operators that can
be found in [31] and are related to the classical notion of operator ideal [30]. To
avoid confusions, we will use the letter Z to denote an ideal of linear operators
(instead of M; or Z;). Thus, a sequence as Iy, ...,Z, means a sequence of n
ideals of linear operators.

On the other hand, throughout the paper the symbol 1 means that the i-th
term, or the i-th coordinate, does not appear.

Linearization ideal. Let Zi,...,Z, be linear operator ideals. The ideal of
n-linear operators [Z1,...,Z,] is defined as follows: Let T' € L(Ey,...,E,; F),

Telly,....,T,)(E,..., Ey; F)ifandonlyifT; € I;(Ey; L(Ey, L B, F)),i=1,2,...,n,
where T; : E; — L(Eq, . E,: F) is defined as
Ti(x)(xy, W, 2y) ==T(x1,...,20), 21 € Ey,..., 20 € E,.
Factorization ideal. Let Zi,...,Z, be linear operator ideals. The ideal of
n-linear operators L(Zy,...,Z,) is defined as follows: Let T' € L(E1, ..., Ey; F),
TeL(Ty,....,2,)(Fn, ..., En; FYifandonlyifT factorsasT = So (Ry,...,R,),

for some R; € Z;(E;; G5) (j =1,2,...,n) and S € L(Gy,...,Gn; F).
Although both procedures (linearization and factorization) give, in gen-
eral, different ideals of multilinear operators (see [10, p.741]), the inclusion



L(Ty,...,T,) C [T4,...,I,] always holds. However, there are examples of ideals
for which the inclusion becomes an equality. For instance, if Z; is the ideal of
compact operators IC for ¢ = 1,2,...,n, or if Z; is the ideal of weakly compact
operators W for ¢ = 1,...,n, then £(Z,...,Z,) = [T1,...,Z,]. This is not a
mere coincidence: the ideals of compact and weakly compact operators share
the properties of being closed and injective. Gonzédlez and Gutiérrez proved
that both procedures (linearization and factorization) coincide when they are
applied to a single closed injective operator ideal Z; = --- = Z,, = T (see [16,
Theorem 4] and [17]). More recently Braunss and Junek [10, Theorem 3.4] have
shown that £(Zy,...,Z,) = [Z1,...,Z,] holds for different closed injective oper-
ator ideals 7y, ...,Z,. Under such a hypothesis the ideals of n-linear operators
L(Ty,...,T,) and [Z1,...,Z,] turn out to be both closed and injective as well.

Let M,, be an ideal of n-linear operators. It will be denoted by M,, the
class of n-linear operators formed by components M, (E1, ..., E,; F) that are
given by the closure of M, (E1,...,E,; F) in L(Ey,...,Ey; F). M,, is said to
be closed when M,, = M,,.

The injective hull M of M,, is defined as follows: T' € L(E1, ..., En; F)
belongs to M (Ey,...,E,; F) if JpoT € My (E1,...,Ey;loo(Br+)), where
Jr ¢ F = Lo (Bp~) is the natural metric injection given by Jr(y) = ((y, ¥*))y*cBp- -
M,, is called injective if M,, = Mi" i.e. if for any Banach spaces E1,..., E,, F
and each n-linear operator T' € L(E1, ..., E,; F), it holds that T € M, (Ey,...,E,; F)
whenever JpoT € M, (E1,...,E,;loc(Bp+)).

The closed injective hull Z™ of an ideal Z of linear operators can be char-
acterized as follows (see [20, Theorem 20.7.3(i)] or [21, Section 1,(2)(a)]): Take

T € L(E; F), then T € T (E; F) if and only if for each & > 0 there are a Ba-
nach space Z and an operator R € Z(E; Z) such that | Tz||r < ¢||z|| g + ||Rz| z,
for all x € E.
Hence, as it was said in Introduction, the inner measure 57 of T € L(FE; F),
given by pz(T) = fz(T : E — F) :=inf {¢ > 0 : there are a Banach space Z and R € Z(E; Z)
such that ||Tz||p < ¢||z||g + ||Rz| 2, for any « € E}, satisfies that (z(T) =
0 <= T €I"7(E;F). Therefore, B7(T) = 0 if and only if T € Z(E; F) when
7 is closed and injective.

3 Measures associated to ideals of multilinear
operators

It is natural to investigate if it is possible to generalize the notion of inner
measure to the setting of ideals of multilinear operators. We will deal with this
issue in this section.

We start by stating two lemmas on the injective hull and the closed hull
of an n-ideal [Zy,...,Z,] that are known results (see [8, p.309]). Because this
type of n-ideal will play an important role in this paper, and for the sake of
completeness, we include such lemmas and their proofs. First recall that a
Banach space H is said to be injective, or it has the metric extension property,



if for any Banach space G, any closed linear subspace E of G, and any R €
L(E; H), there exists an extension S € L(G; H) of R with ||S|| = ||R||. Let
1i,...,Z, be linear operator ideals. Then,

() [Tu,...,T,)"™ c [TV, ..., i)
(b) [Z1,.... T C [T, ..., Tn).

(a) Take T € [Z1,- -+, Z,)" (E1,...,Ey; F). For each i = 1,...,n, consider
the mapping

ji: LBy, W By FY = LBy 1 B 000 (Br-))

given by j;(A) := Jpo A, A € L(Ey, )., E,; F). Since Jr is an isometry, the
map j; is a metric injection. For any x; € F;, we have j;(T;(x;))(z1, .[?].7.’17,”) =
(JF o (ﬂ(m,)))(zl, (N Zn)

= Jp(T(z1,...,2,)) = (Jp o T)i(x;)(x1, 1., z,). Using the metric extension
property of KOO(BL(El,.[f’].,En;F)*)’ there is a continuous linear mapping

bi : L(By, 1 By boo(Br-)) — loo (B, 1.5, 1))

such that ¢; o j; = . Then,

L(E By F)

oT; = ;o (JpoT); € L;(Ey; L(Er, ., Byl (B

JL(El,!?l,En;F) L(El,l%’l,En;F)*))‘

Hence, T; € T, (Ei; L(Br,, 1 By F)) foralli = 1,...,n. Thus, T € [ Tind],
(b) Let T € [Th,...,T,)(E1,...,En; F). Given € > 0, we find n-linear
operators A,B € L(E,...,Ey; F) such that A € [Th,..., L, ](E1, ..., By F),
|IB|| <eand T = A+ B. Foreach ¢ =1,...,n, we have T; = A; + B;, A; €
T,(E; L(E, 1, E,;F)) and |B;| < e. Then, T € T,(E; L(E, ., E,; F)).
Hence, T € [T, ..., Z,)-
As a direct consequence of Lemma 3 we derive the following result.
Let Z4,...,Z, be linear operator ideals.

(a) If Zy,...,T, are injective, then [Zy,...,Z,] is injective too.
(b) If Z;,...,Z, are closed, then [Z,...,Z,] is closed too.
(©) UT, =T, i=1,...,n, then [T1,.... T, = Tr,- Za]
(a) Tt follows from

[Zy,..., )" C [,"™,..., T, = [T, ..., T,].

(b) The next inclusion gives the result:

T 20 C [0y To) = [Th, ... T



Now (c) is obvious.
Let 71, ...,Z, be linear operator ideals. By [8, p.309] we trivially have
/.Z(Il,...,In)mJ C L(flznj,...,ﬂzn]).

Let us show that for some particular operators the other inclusion also
holds. To prove the next result, we need to extend a continuous multilin-
ear operator S : Fy X --- X E, — F to some continuous multilinear operator
ext(S) : Ef* x -+ x EX* — F**. Continuous bilinear operators A : Ey x Ey — F
were extended to continuous bilinear operator from E}* x E3* into F™** by
Arens [1]. This extension is built by considering three times in a row the
At: F*xE, — Ej

(y*, 1) Aly*, z1)(22) = y*(Alz1, 22)),
r1 € FE1,x2 € Fy and y* € F*. This procedure gives two, in general differ-
ent, extensions: A" and AT''T where BT (x1,75) = B(wa, 1) for any bilin-
ear mapping B, and are known as Arens products. This procedure was gen-
eralized by Aron and Berner [2] to arbitrary multilinear mappings. Given
a continuous multilinear operator S : E; X --- x E, — F we will denote
AB(S) : Ef* x --- x E** — F** one of the Aron and Berner extensions of
S.

Let Zi,...,Z, be linear operator ideals and let FEi,..., FE,, F be Banach

—=inj

spaces. If S € L(co,...,co; F) and R; € Z;

So(Ry,...,Ry) €L(Ty,.. .. Ip)
We can trivially assume S # 0. Fix ¢ > 0 and ¢ € {1,...,n}. Since

following transpose:

(Ey;¢9) for each i = 1,...,n, then

R; € Z-mj(Ei;co), there exist continuous linear operators A;, B; € L(E;;co)
such that
o gl/n
A; € I;n](Ei;CO), HBlH < W and R; = A; + B;.

Let {e; : j € N} be the usual canonical basis in ¢;. Having in mind that
(¢§)* = (61)* = s, define the map

P eOO(Bfl) — oo, P(ﬂ) = (nej);‘).;la

for any 7 := (ny+)y~eB,, € loo(Br,). Clearly the map P is well-defined, linear
and continuous, with ||P|| < 1. Moreover, P o J., = I.,, where I, : cg = lx is
the canonical injection.

Take any of the Aron and Berner extensions of S : ¢y X -++ X ¢g — F,
denoted by AB(S) : loo X -+ X log — F**. Consider the canonical isometric
inclusions Ir : F — F** and Kp : F** — (o (Bp~), given by y** € F** —
((y*,y**))y=eBp. - These mappings are related via the equality Jp = Kp o Ip.
Since J, 0 A; € Z;(Fy;loo (B, )) for an arbitrary ¢ € {1,...,n}, it follows that
the map

To:=KpoAB(S)o(PoJ,o0A;,...,PolJ,o0Ay)

belongs to L(Z1,...,Z,)(E1, ..., En;loo(Br~)). Besides,
TO = KFOAB(S)O(ICO OA1,...,ICU OAn) = JFOSO (A17~-~7An)-



Then, So(A1,...,An) € L(T1,...,Z,)"™ (Er, ..., En; F). Since ||So(Ry, ..., Ry)—
So (A, Ap) | < [[SI1RL = Aa] - [[Rn — Al
= [ISNIBill- - IBull < ||S|l757 = &, we conclude that S o (Ry,...,R,) €

511

[,(Il,...,In) (El,,En,F
Let us denote by L., (Z1,...,Z,) those elements in L£(Z,...,Z,) that fac-
tor through ¢ x -+ X ¢g, ie. T € Log(Zn,...,In)(Er,...,En; F) if T =
So(Ry,...,R,) for some S € L(cg,...,co; F) and some R; € Z;(E;;¢p), @ =

1,...,n. Then, Theorem 3 can be rephrased as follows:

ng

inj =inj inj

Lo (T™,. T C L(T, - Tn)

co

Next let us extend the inner measure introduced by Tylli [34] to the set-
ting of multilinear operators. Let Zi,...,Z, be linear operator ideals. For
T e ﬁ(El, R F), ﬁ[lh---,l’n](T) = 5[117”_1”] (T B x---x E, — F) =
inf{s > 0 : thereareBanachspacesZ; and R; € T;(E;; Z;)sothatifr, € Ey, ...z, €
En,

1T )l < ellanll = el +minieg oy IRl anll}

The following result generalizes the well-known characterization of a closed
injective linear operator ideal (that can be found in [20, Theorem 20.7.3(i)]). Let
T, ..., I, be linear operator ideals and let T' € L(F, ..., E,; F). The following
statements are equivalent.

—inj —inj

() Tel™,.  T,"\(E,... EF).

(b) For every € > 0 there are Banach spaces Z; and operators R; € Z;(E;; Z;),
i=1,...,n, such that for all z; € Ey,...x, € E,

. (4]
TGl < ol el +_min (Bl ] ]}

EEREE)

(¢) Biz,,...z,1(T) = 0.

If (a) holds, for every € > 0 there exists a Banach space Z; and an operator
Ry € 71 (E1; Z1) such that for any 1 € Fy, ..., 2, € E,

[T (@1, wn)llp = | T1(21) (@2, - - @) |p < el - ]|+ Ra (@) [zl - [[on]l-
Since this also holds for every i = 2,...,n, we get
. [4]
1T (1, zn)lle < ellzll-zall + min {[Ri(@)||[lza]l - lzal },
ie{l,...,n}

for each z1 € Eq,---,x, € E,, that is, we obtain (b).

Now assume (b) and let us prove (a). Fix £ > 0, then for x; € Ey,..., 2z, €
Ey, we have ||T(z1,...,2n)|F < el [[zall + [ Ri(zo)[l[[@2]] - - [lzn |

= (elleall + 1 Ra(@)l) lz2ll - - Izl Thus

1Ty (21) [ (..., sy = sup Ty (1) (2, - . wn) || < ellaa ||+ R ()]

xZEBEzw--;anBEn



Hence, T7 € ITZM (Er; L(Ea, ..., En; I)). Reasoning similarly for i = 2,...,n,

we can conclude that T; € Z; (Ei; L(En, ., E,;F)) foralli=1,...,n. Then,

it holds that T € [T, 7, ..., T, "|(E\, ..., En; F), so we get (a).

It is obvious that (b) <= (c).

Observe that the proof of Theorem 3 also allows to ensure that for any
T € L(E,...,En F),

ﬁ[Ih_“’In](T) = max{BL, (Tl) N Z = 1, e TL}

We have established in Theorem 3 that fiz, .. z,) just characterizes when
an n-linear operator belongs to the ideal [fm]
the inclusion [Zy, ... 7In]mj C [ITm], . 71771””] always holds, but it is not an
equality in general. In fact, for 7; = 7 = A, the ideal of (linear) approximable
operators, it holds that [A, A] ~ # [A™, A™]. It is well-known that A" = K
(see [30, Proposition 4.2.5, Remarks 4.6.13 and 4.7.13]). By [8, Example 3.4] (see
also [3, proof of Theorem 4.5]), there exists a Banach space E without the ap-
proximation property and an operator u € L(E; E*) that is compact, symmetric
and non-approximable. Let A be the bilinear form on E x E considered in [8, Ex-

—ingj —ing
]

ample 3.4], defined by A(z,y) = u(z)(y). It is immediate that A € [A", A
since Ay = Ay = u € K(E; E*). Nevertheless, if A € [A, A (E, E; F), taking
into account that F is an injective space and A is closed, it would follow (see
[8, Corollary 2.6]) that

..., I,""]. However, note that

——inj -

Ae[A Al "(E,E;F)=[AA|(E,E;F)=[A Al(E,E; F),

but this is a contradiction because Ay = Ay = u ¢ A(E; E*).

In order to establish the next results, we recall that if Z is a Banach linear
operator ideal (see definition for example in [20, 19.3] or [15, Chapter I, Section
9]), then the closed injective hull of Z can be characterized as follows (see [20,
Theorem 20.7.3(ii)] or [21, Section 1,(3)(a)]): An operator T' € L(E; F') belongs
to Z"(E; F) if and only if there are a function N : Rt — R*, a Banach space
G and an operator S € Z(FE; G) such that

IT(@)[lr < N@S(@)llc +ellelz, forevery

e¢>0and each x € E. (1)

Let us see how the inequality (1) results in a general factorization theorem.
We will proceed with the multilinear case directly.

Let Zy,...,Z, be Banach linear operator ideals, let Fy,..., £, be Banach
spaces and let T' € L(E1, ..., Ep; F). Then, T € [ITMJ, e ,flmj](El, oy B F)
if and only if for each ¢ = 1,...,n, there exist a function N; : RT — Rt and a



linear operator S; € Z;(E;; G;) such that

1T (1. a) | < (Ni(e)[Si(@)]| +erllaall) - (Na(en)lSh (l‘n)||+5n||$n|(\))
2
for all e; > 0,. €n>Oand:171€E1,.. T, € By

—inj

Assume ﬁrst that T € [Z; °,...,Z, m]](El,..‘.,‘En;F). Then, there are

Banach spaces Hi, . .., H,, linear operators R; € Z; "~ (Fy; H;) and a continuous
n-linear operator S € L(Hy,...,Hy; F) such that T'= So(Ry,...,R,). By (1),
there are functions N; : Rt — R™ and a linear operator S; € Z;(E;, G;) such
that for any e; >0 and z; € E; (i =1,...,n)

[Ri(zo)ll < Ni(ep)lISi(za) || + &5llz:ll,

where €] = W and € = ¢; if i = 2,...,n. Hence, |T(z1,...,2,)||F <

S| Ry (z)]| - - - | Ry (2 )||

< ISI (N EDIS @)l + 5l ll) -+ (Na(Ea)[1Su(@a) | + 2nllal))-

The functions ||S||N1(e1/||S]]), Na(e2), ..., Nu(ey) and S, .., S, are what we
were looking for.

Let us proceed with the converse. Suppose that for every i = 1,...,n there
exist a function N; : RT — R' and an operator S; € Z;(E;;G;) such that
IT (@1, sl < (Vi (eDISu@)] + e1llzl) -+ (Nalea) 1S @)l + enlleall).
for all z; € Eq,...,z, € E, and all e, > 0,...,e, > 0. We will prove that
T, €I; mJ(Ei; L(En, W E,: F)),fori=1,...,n. It is enough to see it for a fixed
1, since the argument is the same for the rest. Take for instance i = 1. Let ¢ > 0
and z; € Ey. Given arbitrary z2 € Bg,,...,%, € Bg,, choosing in (2) any ¢; >
(j =2,...,n) and 1 = ¢/K, with K = (Na(e2)||S2]| +€2) -+ (Nn(en)||Snll +

, 1t follows that || T1(x1)(z2, ..., z0)|| = [|T (21, ..., z0) ||
(Nl (1) [IS1 (@) +€1||x1||) (Nn(En)”Sn(xn)H + En”xn”)
K(N1(€1)||Sl($1)|| + 61||$1||) KN1(81)||51($1)H + EHLL’IH Hence7 denoting
(e) = KN1(e/K), we conclude that

o

s
<
N,

IT1 @) e85 < N1(E)[[S1(@)] + ez, forevery

e > 0 and each x; € Fj.
Thus

T, € Ilmj(El; L(Es,...,E,; F)), and the proof is complete.

If T satisfies the domination inequality (2) of Theorem 3, then T' € E(flin‘j, e ,I?in'j).
We will just give a sketch of this. For each i = 1,...,n, consider the positively
homogeneous function

®i(z) == inf {Ni()||Si()l| +ell«ll}, = € B,

and its convexification

m m
||xi||N“SZ. = mf{z @z xw Zl‘ij = ZEZ‘}, xT; € Ei.
j=1

j=1



Let Ey;,,s; be the Banach space defined as the completion of the quotient space
formed by the equivalence classes ¢ = y <> || — y||n,,s;, = 0. Note that the
quotient map j; : By — EN;, g, is continuous and so

5
loillvs, < Kibalw) < KiNe (52 ) 1S:(@a) | + eallaill

for some constant K; > 0 and all ¢; > 0 and all z; € E;. Using (1), j; €

—=inj

Z, "(Ei;En,s;), i =1,...,n. Moreover, T admits the following factorization
through the product of the Banach spaces Ex;, s,
T
EIX'I.XE,’_‘ 7F
(jly--wj.'vn‘)' T s

EN1751 X X ENn,S'n

where S is a continuous multilinear map.

Our aim now is to introduce a multilinear measure that characterizes the
operators that belong to ./\/Tlmj, for a given n-ideal M,,. It turns out that
this measure will coincide with the inner measure of the linearization of the
multilinear mapping for certain class of multi-ideals. The following result is a
preliminary step before our objective.

Let M,, be an ideal of n-linear operators and T € L(Ey,...,E,; F). The
following assertions are equivalent.

(a) T € MNI(Ey,...,E,; F).
(b) There are a Banach space G and an operator R € M, (FEy,...,E,;G)

such that . .
HZT(CE{, @) ‘ < HZR(:U{, e AlR
j=1 j=1

forallmENandallx{EEl,...,x%GEn,jzl,...,m.

(a)=(b) It is enough to take R:= JpoT.

(b)=(a) Consider the normed space G defined as the linear span of R(E; x
-+-xE,) C G, ie. the normed space of all vectors of the form Z;nzl R(z,...,2)) €
G, with m € N and le € E1,...,2) € E,,j=1,...,m. Now observe that the
linear operator Sy : Gg — F given by

So<§:R(x{,...,x{L)> = ZT(z{,...,x%),

j=1 =1

is well-defined. This can be checked using the assumption in (b) and taking
into account that, for each j, it holds that T(x},...,zd) — T(yl,...,y}) =
T(a:{—_y{_,x%,...',x%)+T(y{,x%—y%,x%_,.._.,x%)—&—' ‘ ‘

+T(1, s, w3 =3, 0, - af) + o+ T Y, - - Y1, @, —43,). We can extend
So to the completion Gy of Gp: write S for this extension. Since ¢°°(Bp+) has
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the metric extension property, we obtain a new operator S¢* : G — (>°(Bp~)
which satisfies that Jgp o T = S*** o R. Due to R € M, (Ex,...,E.;G), we get
that JpoT € MTL(El, ey En,foo(BF*))

In 2010 Botelho, Galindo and Pellegrini [8, Theorem 2.4] proved that, given
TeL(By,...,EyF), TeM, " (Ey,...,E,;F)if, and only if, for each ¢ > 0
there is a Banach space Z and R € M, (E1, ..., E,; Z) such that

m

HZT(l‘]l,,.’L‘%)

m

m
<o ladlls - ledls, + || Y R ad)
Jj=1 j=1

)

for anymeNandx{ €E,...,2) €EEpj=1,...,m.

Inspired by (3), we next introduce a measure EMW, which satisfies that
EMW, (T) = 0 if and only if T € M, . Thus, in particular, EMH (T) =0
if and only if T € M,,, whenever M,, is a closed injective ideal of n-linear
operators.
~ Let /\/ln~ be an ideal of n-linear operators. For T € L(FEi,...,En;F),
Bm,(T)=pPm, (T:E1 x---xE, > F):=
inf {8 > 0 : thereisaBanachspaceZandR € M, (E1,...,E,; Z) suchthat

S Tl )| < e el Nl + | S, Rl i)

forallmGNandallx{GEl,...,:z:{lEEn,jzl,...,m}.

)

It is very easy to check that if M,, = [Zy,...,Z,], where 71, ...,Z, are linear
operator ideals, it holds that

Biz,....z,)(T) < 5[11,...,I7L](T)7 foreveryT € L(Ey, ..., Ey; F).

Nevertheless, 8z, ... 7, and B[Il,wln] do not coincide in general. In fact, if € >

Biz......z,)(T), there are a Banach space Z and an operator R € [Zy,...,T,](E, . ..

such that, for all 1 € Eq,...,z, € By, [|[T(21,...,20)|lF < ellz1] - |2nll +
|R(x1,. ..,z 4
<ell@y] - znll + | Ri(zo) || |z1] EL ||z, || whatever i = 1,...,n. Therefore,
. (]
1T @1 mn)lle < ellzall--- llzall + | _pain {IR: (@) Ml - flznll}-

This implies Bz, ... 7,)(T) < E[L,---,LL](T)' However, choosing Z; = Z, = A, the
ideal of approximable operators, and taking A the bilinear form considered in
Remark 3, we know that 34 4j(A) = 0 because A € [A™ A"™(E, E; F), but
E[A,A] (A) > 0 since A ¢ mw(E, E;F).

We note that both measures we have introduced so far, iz, . 7, and 5 M,
coincide with the measure fr when n = 1 and Z is any ideal of linear operators.

For instance, if ¢ > B7(T) there exist a Banach space Z and an operator R €
Z(E; Z) such that

IT()lr < ellzlle+ | R(z)|z, forallz € E.

11
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Thus, foranyme Nand 2/ € E,j=1,...m

|16, = (S, << Simte+ [ S o],

J=1

and so £ > B7(T). The other inequality 8z(T) < Bz(T) is also trivial.

Any R € L(T4,...,T,)(E, ..., Ey; F) factors as R = Bo (Sy,...,S5,), for
some S; € Z;(E;; G;), some B € L(G1,...,Gy; F) and some Banach space Gj,
t=1,...,n. Then

1Bz, zn) | < [BIIS1)] - 150 ()]

Hence, it is easy to conclude that Bz, . z,] < EL(L,..J").
Let M,, be an ideal of n-linear operators. For T € L(E1,...,E,;F),

EMW (T) = inf {5 > 0 : thereareaBanachspaceZandR € M, (Ex, ..., Ey; Z)sothat
| rad e, <o n(Siial e oa) + | S Al )|

foranymGNandallx{GEl,...,x{LEEn,jzl,...,m

Clearly, E M, 1s less than or equal to the above infimum. To show the
converse inequality take T' € L(Ey, ..., En; F). Let € > Baq, (T) and let 21 €
Ey,...,v) € E,,j=1,...,m. Consider the tensor = Z;":l 1 ®-- @zl and

take 6 > 0. We can find a representation of 0 = 2221 y{ ® -+ ® yJ such that

l
Z Iyl Iyl < m(60) + 6.
Then, for some Banach space Z and some operator R € M,,(E1,...,E,; Z), we
have (adding zeros if necessary) HZT:l T(2),...,20)| = ’ (Z;”:l He -®
, . , A
:v%) ’ = HTL<Z]‘:1 yi® ®y%) ‘

l j ; l j ; 1 j j
= | T )| < e Il i+ [ S RO )
< e(n(0) +6) + | Sy R(al, . 2d)|

As mentioned before, in [8, Theorem 2.4] it is proved that given T' € L(E1, ..., Ey; F),
then Baq, (T) = 0 if, and only if, T € M, " (Ey,...,E,: F). Proposition 3
seems to indicate that, given a multi-ideal M, Buq, (T) is close to B, (TL),
and one could even think that both values coincide. This will be the case if
M is closed under linearization, i.e. if T, € My whenever T € M. How-
ever, it cannot be ensured in general that T;, € M; when T' € M. Indeed,
Botelho [7] gave an example of a p-dominated n-homogeneous polynomial P,
which is not weakly compact. Therefore, its linearization L is not weakly com-

pact. Given T € L("E;F) we denote T the polynomial f(a:) =T(x,...,x).
Consider the ideal Mg of all continuous n-linear operators T such that T is

. As ¢ is arbitrary, the conclusion follows.
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p-dominated. Then, the unique symmetric n-linear operator Ty associated to
Py satisfies that T € My, but its linearization Lg is not absolutely p-summing,
that iS, Lo 5{ (MO)L

Let us show a class of multi-ideals M for which T;, € M, if and only if
T € M. Let Z be a linear operator ideal. The composition multi-ideal Z o L is
formed by all compositions of continuous multilinear mappings with elements of
T; that is, an n-linear operator T belongs to the component Zo L(Ey, ..., E,; F)
if there are a Banach space G, an n-linear operator S € L(Ey,...,E,;G) and
a linear operator R € Z(G; F) such that T = Ro S. By [9, Proposition 3.2]
an n-linear operator T' € L(E1,..., Ey; F) belongs to Z o £ if and only if its
linearization Ty, belongs to Z(E1®y - - - @ Ey; F). Therefore,

Bzor(T) = Br(TyL), foranyT € L(Ey, ..., En; F).

Examples of this kind of composition multi-ideals are the compact multilin-
ear operators, the weakly compact multilinear operators (both as consequences
of the work of Pelczyniski [27]), that are composition of continuous multilinear
operators with compact operators and weakly compact operators respectively,
and the factorable strongly p-summing multilinear operators introduced in [28],
that can be seen as composition of continuous multilinear operators with abso-
lutely p-summing linear operators (see also [32]). Other examples can be found
in [9].

Let Z be a linear operator ideal and let T' € L(FE1, ..., E,; F). The following
statements are equivalent:

(a) TeToL " (Ey,... EnF).
(b) T, € T (Erén -+ @nEn; F).
(¢) Broc(T) =0.

(d) Bz(TL) = 0.

Let Z be a linear operator ideal. Then, 7 o L™ =7 or.
This last Corollary has been already stated in [8, Proposition 4.6].

4 Interpolation properties of the measures

Before of establishing the results of this section, we recall some basic definitions
about interpolation theory.

It is said to be that A = (Ao, A;) is a Banach couple if Ay and A; are
Banach spaces which are continuously embedded in some Hausdorff topological

vector space. The spaces X(A) := Ag+A; and A(A) := AgNA; become Banach
spaces when endowed with the norms K(1,-) and J(1, ), respectively, where the
K and J functionals are defined, for ¢ > 0, by

K(t,a) = K(t,a; A) := inf{||ag|| a, + t|la1]|a, : a =ao+a1, a; € A;}, a € B(A).
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J(t,a) = J(t,a; A) .= max{||al a,, tl|all 4, }, a € A(A).

A Banach space A is called an intermediate space with respect to A =
(Ag, Ay) if A(A) < A < X(A), where “” means continuous inclusion. An
intermediate space A with respect to A = (A, A1) is said to be of class C;(6; A),
where 0 < 6 < 1, if there exists a constant C' > 0 such that for all £ > 0 and
a€ AgNAy,

lalla < Ct7°J (¢, a). (4)

The real interpolation space (Ao, A1)g,, and the complex interpolation space
(Ao, A1)jg) are important examples of spaces of class C(6; A). We refer to the
books [5] and [33] for wide information about fundamentals of interpolation
theory.

Next we investigate the behavior under interpolation of the measures 8z, .. 7,
and B M, , introduced in Section 3. Our techniques are inspired by ideas used in
[11, Theorem 3.3] and [12, Theorem 3.1] (see also [13]) for the linear case.

Let M., be any ideal of n-linear operators, let E1, ..., E, be Banach spaces
and let F' = (Fy, Fy) be a Banach couple. Assume that F' is of class C;(6, F)
with constant C. For T € L(Ey, ..., En; A(F)), B, (T : Eyx---xE, — F) <
CBm, (T:Ey XX By — F)) ' By (T : By x - x By — Fy)°.

Let e, > B, (T : By X -+ x E, — Fi), k = 0,1. Then, for certain Banach
space Zj and n-linear operator Ry € M, (E1,..., Ey; Z), it holds that

H ZT(m{,,x%)

Z

m . m .
el 2l Y Rl )
k j=1 j=1

for allmeNandx{ €E,...,xl €Epj=1,...,m.
Let t > 0. We denote Z := (Zy @ Z1)1 and € := min{eg,e;}. Moreover, we
define the n-linear operator R € L(E1,...,Ey; Z) by

Ct=% max{eq, te1}
€

R(xy,...,xy) = (Ro(z1,...,2pn), R1(z1,...,2p)).

. ~ Ct™% max{eq,te1} . .
Since R = ————2= (19 0 Ry + 1 0 Ry), where vy, : Z), — Z is the natural

inclusion (k =0, 1), then R € M, (E,...,En; Z).
For any m € N and ] € Ey,...,2) € E,,j=1,...,m, it follows from (4) that

‘bﬂ;T@L~U%)Fngﬂ%@ZﬁﬁHﬂwuw@)
) :k:0,1}
Zy

< ot max{t* (en 7y o |-+ g+ | Sy Rutad, o)

< ot O mae {the (7L o -+ bl + 2| S Bt ) ¢ k=
0,1}

< Cct? max{ao,tel}max{zg.”:l &) - g || + L >t Ri(ad, ... ad) .
k= 071}
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< Ct= max{eo, ter} [y o -+ i |+
(|| 2 Rotad )|+ S Butads )
0

= Ot~ max{eo, t 21} o+ oL ey || S R
Therefore, for any ¢ > 0, it holds that

B, (T : Byx---xE, — F) < Ct_emax{tkEM" (T : Byx---xEy — Fy) 1 k=0, 1}.
(5)

We consider three possibilities:
i) If B, (T By X -+ X B, = Fy) =0, then

B, (T:Eyx -+ X By —F)<Ct' 8y (T:Ey x -+ x By — F))

for each t > 0. Hence, B, (T : By X -+ x By, — F) =0.
i) If Baq, (T : By x -+ x B, — Fy) =0, then

Brm, (T:Eyx--x By = F)<Ct By (T:Ey x -+ x E, — Fp),

for every t > 0, andsoBMn(T:El XX E, = F)=0.

iii) Assume that Su, (T : By X - X B, — F},) > 0 for k = 0,1. Then, for the
B, (T2 By X - x By, — Fp)
gM,L(T:El X X En—>F1)
that B, (T: By x - x B, — F) <

CBam, (T:Ey X+ x By — Fo) ' 0 By (T : By x -+~ x B — ).

Let M,, be a closed injective ideal of n-linear operators. Assume that F' =
(F, Fy) is a Banach couple and F is of class C5 (0, F). For T € L(Ey, ..., E,; A(F)),
it follows that T' € M, (E1,...,E,; F) whenever T € M, (E1,...,E,;Fy) or
T e Mn(El, ey En; Fl)

Theorem 4 recovers [11, Theorem 3.3] in the particular case n = 1 and
Corollary 4 can be read as a version of [19, Proposition 1.6] in the multilinear
case.

We remark that even for n = 1 a similar result to Theorem 4 does not hold
in general if T € L(X(E); F), where E = (Ey, E1) is a Banach couple and F is
a Banach space. To see it, we first recall that if (£2,X) is a measurable space
and p is a o-finite measure on (£2,X), then it holds with equivalence of norms
that (see [5, Theorem 5.3.1])

particular choice ¢ := > 0 in (5), it turns out

(Loo, L1)o,q = Lpg, for0 <8 =1/p<1,1<q< 0. (6)
As usual, the Lorentz space for the particular case 2 = [0,1] or Q = [0, 00),
with the usual Lebesgue measure, will be denoted by Ly, 4[0,1] or L, 40, 00),

respectively.

Take Z = S, the ideal of strictly singular operators, which is a closed injec-
tive operator ideal (see [22]). Let E = (L0, 1], L1]0,1]), let F' = L;[0,1] and
let T be the identity operator. Then T : Lo[0,1] — L1[0, 1] belongs to Z (see
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[18]). However, by (6),if 0 < 0 =1/p < 1, then L,[0,1] = (L0, 1], L1]0, 1])g p,
but as it was pointed out by Beucher [6, Counterexample 2.4] the operator
T :L,[0,1] — L1[0,1] does not belong to the ideal Z since, according to Khint-
chine’s inequality, the span of the Rademacher functions in L,[0,1] and L4[0, 1]
is isomorphic to £5. Thus, the restriction of the identity operator T' to this
subspace of L,[0,1] is an isomorphism into L;[0,1].

The following result provides an estimate in terms of the measures of the
extreme restrictions T : By x -+ X E,, = A(F) and T : By x -+ x E, — 3(F).
It extends [13, Theorem 3.3]. Note that Saq, (T : By X -+ x E, — A(F)) <
TN g,... 5, F=max{|T| ... E..F) : k= 0,1}, and that our proof does not
involve duality arguments.

Let M,, be any ideal of n-linear operators, let F1, ..., E, be Banach spaces
and let F' = (Fy, Fy) be a Banach couple. Assume that F' is of class C;(6, F)
with constant C. For T € L(Ey, ..., En; A(F)), B, (T : Byx---xE, — F) <
4CBMm, (T : By x -+ X Ep — A(F)1=© Bpy (T2 By x---x B, — S(F))®, where
© = min{f,1 — 6}.

Let n > 0. We take any ¢ > 1 such that

t70<n and 7' <n. (7)

Let o > B, (T : By X -+ x E, — %(F)). Then, it is possible to find a Banach
space H and an n-linear operator R € M,,(E1, ..., E,; H) such that

DRG] BREE) DY B A RN ) DR Al
j=1 j=1 j=1

for anymeNandm{ €Ey,...,2) €Epj=1,...,m.
On the other hand, if § > B, (T : By X --- x E,, — A(F)) then, for certain
Banach space G and n-linear operator S € M,,(E1, ..., E,;G), it holds that

SRR [N SURIR RTINS

DRG] P B RN A RS D DL ARSI
Jj=1 j=1 j=1

foreverymGNand:c{EEl,...,x%GEn,jzl,...,m.

Let € > 0. We define V := (H & G); and P € L(E, ..., E,; V) given by

P(zy,...,xn) = 2+ e)t (R(x1,...,Tpn), S(T1,...,2p)).

Due to P = (24 ¢e)t(poo R+ 11 0S), where ¢pg: H — V and ¢; : G — V are
the natural inclusions, it follows that P € M,,(E1,..., E,; V).

) (8)

(9

For any m € N and 2] € Fy,...,2), € E,,j = 1,...,m, there exists a de-
m m

composition of ZT(:UJI, ,xl) as ZT(QB{, @) = yo + y1, with y, € Fy
Jj=1 Jj=1

and

. k=01 (10)

m
lyellp. < llyollr, + llyallm < (1 +€)H > T(ai,...,x)) S(F)
j=1
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It follows from (10) and (8) that

m

m
lyllm, < Q4o Y 2l el + @ +o)| YRl ad)| . k=01
j=1 j=1

H

(11)
Since also y, € A(F), k = 0,1, using (10) we obtain that ||yx||r,_, = HZ;”Zl T(x,. .. l)—
m J j
1 ) > AC ] I
< | b, OO S T, )

< @+ )|y TG, i) N

vi-k| + llyr-sllei
k

S(F)

for k= 0,1. By (9
F‘)’ or ) y()?

lyellzo < @+)8 Y ol bl + @+ )| oSG, ad)| k=01
Jj=1 j=1

(12)
Taking into account (4), (7), (11), (12) and the fact that ¢ > 1, it holds that

S T2l < lwolle + ol < GG yo) + CE0 (8 )
< Cntmax {||yollry. t 190l r } + Cnmax {{|y1 ||y tllya [l

< Optmax {(1+ &) 7y llad -+ lad | + (L +9)| S RGad, .. 2h)
1@+ Ty Nl izl + 2+ &) | Ty Sl 2| ]}
+ Cnmax {2+ )6 T3y 2l ol + 2 + &) | T, S, d)
t{+)o Iy el el + (1 +9)| Sy Rl oa)|| ]

- QCnmax{(l +e)ot S llad]l - 2]l + (1 +€)tH > R(ad,... a))
@+ 7y el el + @ +9)| Ty, S, .2l _}
< 2Cnmax {(1+ e)at, (2+ )} 7 lad |-+ o | +

+ 1+ | T Rl ad)| + @+ o) T Sel )|
< 2Cnmax {(1+e)at, (2+2)} S lad |-+ o | +
+@+ot(|Sp Rl el + | S Sl ad) )

= 20 max {(1+e)at, (2+2)8} 7 i+ ol + | S, Pl )|
Hence,

7

H

)

)

EMH(T By x - x E, = F) <2Cnpmax{(1 +¢)ot, (24 ¢)d}.
Therefore
B, (T : Eyx---xE, — F) <2Cn- -max{fm, (T : Eyx---xE, = S(F)) 1,28, (T : Byx---xE, — A(F))}

(13)
We consider the following two cases:
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) If Baq, (T By x -+ x Ep — S(F)) =0, then Bp, (T: By x---x By — F) =0
as well, since 7 is arbitrary. B

ii) Assume that Saq, (T : E1 X -+ x E,, — 3(F)) > 0. Note that O, (T :
Ey x - X E, — A(F)) > 0 too, because EMH(T By x - x B, = %(F)) <
Bam, (T : Ey x -+ x B, — A(F)). Take

)i max (EMH(T:El X - ><En—>E(F))>0 (EMH(T:El X - ><En—>E(F))>19

B, (T Ey x -+ x B, — A(F)) B, (T Ey x -+ x B, — A(F))

The real number

. B, (T Ey x -+ x B, — A(F))

= — >1
B, (T:Ey X x B, = X(F))

satisfies (7). If we denote © := min{f,1 — 6} and substitute these concrete
choices of n and t in (13), we obtain that Sam, (T : By x --- x B, — F) <
4CBm, (T : By x -+ x E,, — A(F)) -

~ 0, 1-6
. max EMn(T:Elx-ann—Q](F)) AﬁiMn(T:Elxu-xEnaE(F))
Bty (T:E1 XX En—=A(F)) ) 7\ By, (T:E1 XX Eyy— A(F))

~ e
_ = . o = EM" (T:E1 %X E,,—X(F))
= 408, (T2 B By = A(F)) <5M,L(T:E1><..-><En—>A(F))>
=408, (T : By x -+ x By = A(F))'=0 Bpg, (T2 By x -+ x By, — 5(F))°.
Let M, be a closed injective ideal of n-linear operators. Assume that F' =
(Fo, F1) is a Banach couple and Fisof class C;(0, F). For T € L(E\, ..., E,; A(F)),

it follows that T € M, (E1, ..., Ep; F)ifand only if T € M, (Ey, ..., E,; 3(F)).

We can use Corollaries 4 and 4 to establish results on the interpolation of
certain classes of multilinear operators. Namely when M, = [flmj, .. 7171“1J],
where 71, . ..,Z, are ideals of linear operators, it holds that M,, is a closed injec-
tive ideal of n-linear operators and so Corollaries 4 and 4 can be applied to M,,.
In particular, let us consider Z to be any of the following ideals: (the closed in-
jective ideal of) compact operators, weakly compact operators, strictly singular
operators, Rosenthal operators, Banach-Saks operators, or decomposing oper-
ators (also called Asplund operators). Then, if M,, = [Z,...,Z] we obtain an
extension to the multilinear case of some interpolation results for these ideals
of linear operators established in the literature (see for example [5, Theorem
3.8.1(i1)], [19, Proposition 1.6], [6, Proposition 2.1] and [25, Proposition 5]).

On the other hand, the previous interpolation formulas can be applied to
provide, for instance, upper estimates for the measure S, (T : By X --- X E,, —
L, 4[0,00)) for any Lorentz space Ly, ,[0, c0). Thus, because of (6), the following
logarithmically convex inequalities hold (for adequate C' > 0 in each case):
Bm, (T : By X x Ep — Ly 4[0,00)) <
CBam, (T : Eyx+x By — Loo[0,00) "% Bpq (T By x -+ x By, — L1[0,00)) %

<

and B, (T : By x --- x E, — Ly 4[0,00))
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CBpm, (T : By -+ x By — L1]0,00) N Lo [0, 00))™@ 5175} .
B, (T : By X -+ x By, — L[1]0,00) + LOO[O,oo))min{%vl—%},

Analogously, taking into account that if Fy = L1]0,00) N Ly[0,00) and
Fy = L1]0,00) + Lso[0, 00), then

(Fo, F1)je) = { L, [0,00)NLy[0,00), 1p=1-0, 0 <0 <1/2,L[0,00)+Ly[0,00), Ip=1-6, 1/2 <6 <1,

where 1/p+1/p’ =1 (see [24]), we obtain for 1 < p < 2 (and some C > 0) that
B, (T2 Ey X -+ x By = Ly[0,00) N Ly[0,00)) <
CBam, (T : Ey x -+ x Ep — L1[0,00) N Loo[0,00))7 -
B, (T : By x -+ x B, — L]0, oo)+L [0, oo))lfi and for 2 < p < 0o (and
some C > 0) that B, (T : By X -+ x Ep = Ly[0,00) 4 Ly [0,00)) <
Chm, (T :Ey x - x E, —>L1[0,oo)ﬂL [0, 00))
-@%@p&x~»d%%LﬂMm+LmeDki

The following result can be proved in a similar way to Theorems 4 and 4.
We include the proof for the sake of completeness.

Let 71, ...,Z, be linear operator ideals, let Eq, ..., FE, be Banach spaces and
let F' = (Fp, F1) be a Banach couple. Assume that F is of class C;(6, F') with
constant C. For any T € L(E1,..., En; A(F)),

(a) Bizy,.z) (T By x -+ x By = F) <
CBi,,..72,)(T : By X -+ X By — Fo)lieﬂ[zl,i..,zn](T By x B —

’
1
P

(b) ,6[ I](T FEix---xE, —)F)S
40,8[11’ ,I”](T E1 X+ XEn — E(F))eﬂ[zh T n](T E1 X En —
A(F)'=°,
where © = min{6,1 — 0}.

We start by proving (a). Let ex > Bz, 7,)(T : E1 x --- x Ejy = Fy), k =
0,1. We have that for Banach spaces ZF and operators R¥ € T,(E; ZF) (i =
1,...,n), it holds that for all x; € E4,...,z, € E,

1T (1, )l < erllzall-- - llonll+ G{T{HH {IRF (z; szllﬂhll Hxn\l} k=0,1.

yeees TV

We write Z; for (Z? @ Z}); and ¢ := min{eg,e1}. Take t > 0 and consider the

operator given by R;x := M(Rom Riz),z € E;(i=1,...,n). The
operators RY and R} belong to Z;, and so R; also belongs to Z; (i = 1 n).
By (4) we have, forany z1 € E1,...,2, € En, |T(z1,...,20)||F < C’t 0J(t T(x1,...,2n))
< Ot~ mas{t* (eillarl] - )+ mingeqs oy {IREGI g loa | feal})
k=0, 1}
_ . [4]
<t~ max {thex (Jlo ]| - [wnl+ L minie s,y {IRE@) g2 lloal] - Nlowl})
k=0, 1}
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< Ot~ max{eg, te1} -

max { [l -+ lfeall + L minie gy, (RSOl ]l 2 loall} k= 0,1}
Thus, ||T(z1,...,2,)||r < Ct~%max{eq,te} - [||a:1|| e+
+hminge oy { (1Rillzo + Rzl z2) -l }]
= Ct= max{eo, t=1} - [l ]|+ lzall+
L oy M,y (IRl aal)}]
= Ot max{eo, ter} ]|+l +minieqr, oy {IReCzo) 2]l - fal ). So
we obtain

Bizy.z) (T Byx---xE, — F) < C’t’(’max{tkﬂ[zl,mln](T Eix- - xEp — Fy) k=0, 1},

for any ¢ > 0. Finally using an analogous reasoning to that used in the last part
of the proof of Theorem 4, the estimate given in (a) is proved.
Now we establish (b). Fix n > 0 and let ¢ > 1 be such that

t70<n and t*7! <. (14)
Consider 0 > Bz, .. 7,)(T: By x---x E, — Y(F)). We can find Banach spaces
H; and operators R; € Z,(E;; H;) (i = 1,...,n) so that, forall xy € Ey,...,z, €
Ena

..... _ 5)
Moreover, if 0 > Bz, .. 7,)(T : E1 x --- x E,, = A(F)) then there are Banach
spaces G; and operators S; € Z;(E;; G;) (i = 1,...,n) for which we have, for
r1 € Fy,...,x, € E,, that

(4]
zaf - ol }-

(16)
Now for ¢ > 0 and z; € Ey,...,z, € E,, T(x1,...,z,) can be written as
T(x1,...,%n) = Yo + Y1, Yr € F, and

IT (@1, swn)llage) < dlaall - loall +  min ¢
ie{l

yeeny

) {1183 ()|

lyellpe < llyollm + Iyl < A+ )T (- 20, k=01, (17)
what implies, by (17) and (15), that

. (4]
lyelle, < At)olianll- - leall+(1te) _min {R(@lllall = Jzul}, k= 0.1.

~ (18)
Taking into account that also yr € A(F'), and using (17), we get that

||yk||F1—k < ||T($1, s 7xn)||F1—k+||y1—k||F1—k < (2—|—E)||T($1, s 7xn)||A(F)7 k=0,1.
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By (16) we have finally, for k = 0,1,

. [4]
l9kllr o < @Fe)dllalle, - lznllm, +(24e) | _min {ISi@)lllzall - flaall}-

(19)
Therefore, for any =, € Ey,...,z, € E,, we obtain from (4), (14), (18), (19)
and the fact that t > 1 || T(z1,...,20)|lF < |yollr + yillr < COT(E1, yo) +
Ct=0J(t,y1)

< Cntmax {||yollr. t [yollm } + Cnmax {{|y1 ||y tllyall 7

. (]
< CntmaX{(l te)ollall ol + (1 + &) mineq, .y {[Ri(@o) | llall -
)3
t=H {2+ e)d o]l flwall + (2 + &) mine(a,...ny {11Si()]

G;

all a3}

. (4]
+Cnmax {(2+6)5||x1|| |zl (2+4e) minge g, ny LISi (@) lla. lzall - llzall},

..... oy LIRs el leal}]}
— 2Cnmax { (1 +&)otllar]| - wnll + (1 + )t minieqr, .y {|Rilas)]
e},

@+ e)lanll - llznl + 2+ ) mingeqr oy {1SiCen) e, o flen }
<2Cnmax {(1+¢)at, (2+ )6} a1 - |lznl +

+ 2+ etminieqr g {(1ReCeo) L, + ISeCalla) a2 lall}

= 2Cnmax {(1+2)ot, (2+)3}e1 |- llew | +minie 1,y {1TsCa) sl |
||xn||}, where V; := (H; @ G;)1 and Uiz := (2 + e)t(R;x, S;x) for all x €
E;(i =1,...,n). Since R; € Z;,(E;; H;) and S; € Z,(E;; G;), it follows that
U, € Z,(E; V;) for every i = 1,...,n, and then

t{A+e)allzall - flznll + (1 + ) minge s

H;

[i]
|

H;

Bizy,..z (T By x - x By = F) < 2Cnmax{(1 +¢)ot, (2 4 €)d}.
Whence Bz, z,)(T:Ey x-x B, = F) <2Cn-

. m%x{ﬂ[l'h”_71n](T cEyx---x E, — E(F))t,2ﬁ[zly_”1’n](T By x---x E, —
A(F))}. Now similar arguments to those used in the final part of the proof of
Theorem 4 allow to establish the validity of (b).

Using Theorem 4, analogous estimates to those obtained just before that

theorem for B M, also hold for the measure Bz, . 7,)-

5 Some examples and applications related to sum-
ming operators

It is well-known that the notion of summing operator can be generalized in
different ways to the multilinear setting, and each of them has shown to be

useful depending on the particular application. We will center our attention in
generalizations that allow to get factorization theorems for the corresponding
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multilinear map. These are mainly variants of dominated multilinear operators
and factorable summing multilinear operators.

5.1 Examples of multilinear operators belonging to the
closed injective hull of summing multilinear operators

Recall that T € L(FE; F) is absolutely summing if there exists K > 0 such that

oy (F )
k=1

r*€Bgx*

YT < K
k=1

for every finitely many z1,...,xz, € E. The set of all absolutely summing
linear operators, which is denoted by II;, is an injective Banach linear operator
ideal (see for instance [20, Theorem 19.5.3] or [15, Chapter I, Section 11]). We
will use the following useful characterization [20, Corollary 20.7.5] (see also [30,
Theorem 17.3.2]):

The following assertions are equivalent for any 7' € L(E}; F).

(a) T e ™ (B; F).

(b) There is a function N : Rt — RT and a regular Borel probability measure
n on Bg+ such that

IT(x)]] < N(¢g) / [{(x, ™) dn(z*) +¢||z||, for each e >0 and z € E.
B+
E (20)

The characterization given by Lemma 5.1 allows to define a measure associ-
ated to the ideal of absolutely summing operators as follows: given T' € L(E; F),
consider the function

Bar(T) := inf {5 >0: [|T(2)| < N(E)/ [{z, ") |dn(x™)+e||z||, = € E, for a given function

B~
N : RT™ — R™ and a given regular Borel probability measure n both depending only on T}.

Consequently, T' belongs to ﬁlln] if and only Sar(T) = 0.
Jarchow and Matter [21] considered that concrete choices of the function
N in Lemma 5.1(b) provide better descriptions of classes of operators that are
included in the closed injective hull of the ideal of summing operators. For any
0<o<land K >0letr=o0/(1—0)and define Ni(c) = £. It is not hard to
check that (20) is equivalent to (see [21, p.47] and also [26, p.195]) ||T(x)| <
1—

K||x|\"(fBE* |<x,x*>\dn(aj*)> , forallxe E. This last inequality defines,
for 0 < o < 1, the class of (1,0)-absolutely continuous operators. Therefore,

the class of (1, 0)-absolutely continuous operators, that trivially contains the
class II; of all absolutely summing operators, is actually contained in its closed
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injective hull ;" . A similar treatment can be done for arbitrary 1 < p < oo.
The class II;, ) is formed by all (p, o)-absolutely continuous operators, that is,
all T € L(F; F) for which there exist a constant K > 0 and a regular Borel
probability measure 7 such that

7@ < Kl ([ Ioon)Pdna)

B*

(1-0)/p
) , foranyzx € E.

In this general case, Lemma 5.1 reads as follows (see [20, Corollary 20.7.5]):

T belongs to fpinj(E; F) if and only if there is a function N : Rt — R™ and a
regular Borel probability measure  on B~ such that

7@ <N (

. S\ /P
w2} P dn(a*)) " + ], foreach
B+

e>0and z € E.
Replacing
N(e) with a suitable Ni(¢) and doing similar calculations as for p = 1, we get
that H(p,g) C ﬁpln'j.
Now we use this information in the multilinear case. Take 1 < p < p1,...,pn <

oo such that 1/p=>"" |, 1/p; and 0 < o < 1. According [14, Theorem 3.3], an n-
linear operator T' € L(F1,...,En; F) is (p;p1,. .. ,0n; 0)-absolutely continuous
(in symbols T € L7, — p”)) if there are regular Borel probability measures
M1,y fin O B=, ..., Bg-, respectively, and a constant K > 0, in such a way

that for every z; € Fn,...,z, € By,

el < K T ol ([ Jtaiad)
i=1

B*
i

) (1-0)/pi
" dpi(a) ) .

The infimum of all K > 0 is the norm ||T||z~

. The linear case gives
as,(p;p1,--+Pn)

directly the inclusion:

o —=inj —=inj
Eas,(p;pu---,pn) C [Hm s Il J
Therefore, for every T € L it holds that

as,(p;p1;--,Pn)’

Bty ety ) (T) = B iny(T) = 0.

Pn

Just as some examples, let us apply these ideas to get new classes of operators
contained in Elnj.

(a) We start by considering a function Ny such that Ny < Nj. Then, when
replacing N with Ny in Lemma 5.1(b), we obtain a new class of operators Iy,
that is contained in II(; 5 for all 0 < o < 1. This is the case if we take,
for instance, Ny(e) = Klog(1), as we next show. Fix € E. The function
do(e) = No(e) ‘[BE* (z,2*)| dn(z*) + ¢||z|| has a minimum at
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and

¢0(5w) = K(IOg KIBE* <!’f|1|)*>|d’l7(x*) + 1) /BE* |<$,x*>|dn($*)

Note that the above holds for arbitrary « € E with ||T(x)|| # 0. Therefore, the
new class Iy, is defined by all T € L(E; F) for which there is a probability
measure 7 such that

I < K (1ot g ey 1) [, e lin)

for all x € E with ||T(z)|| # 0. Note that this domination shows in particular
that II; C HNO-

(b) If we consider a function Ny with N < Na, then we get a new class of
linear operators that contains II(; ,) for all 0 < o < 1 but it is still contained in

IL,"™. For instance, take Ny(e) = Ke*. Fix € E with T(x) # 0. In this case,
it is not posbible to give an explicit formula for the point €, where the function
¢2(e) = Na(e) [g,. [{z,2%)|dn(z*) + €||z|| attains its minimum, as this point is
given by the solution of the equation

Ké@QL (2" dn(z") = 2]
N

The next example refers to the multilinear case.
(a) Using arguments as in the second part of the proof of Theorem 3 and

taking into account Lemma 5.1, we obtain the following: Let Fi,...,FE, be
Banach spaces and let T' € L(Ey,. .., E,; F). If there are functions N; : RT —
R™ and regular Borel probability measures 1; on B Br (¢ =1,...,n) such that

7@, w0l < (Nile) Js,,

(Nn(en)fBE* (i, ) |din () + 5n||xn||> for all &1 > 0,...,e, > 0 and

(o, )ldm (1) + 21| ) -+

21 €By,...,x0 € By, then T € [ ,... . T, ™ (Ey,. .., En: F).

(b) When we now take, for instance, the functions N; as the function Ny con-
sidered in Example 5.1(a) we deduce in particular: Let Ej, ..., E, be Banach
spaces and let T € L(FE, ..., E,; F). If there are constants K; > 0,..., K, >0

and regular Borel probability measures 1, ..., 7, on By, ..., Bg:, respectively,
HT1H * *
such that ||T(z1,...,2,)|| < Kl(log f o 2 Idm(wi)—H) fBE; (1, 23| dmy (xF) - - -
lznll s,
Kn(log o e )fB (T, k) |dny, (2F), forall zy € By, ..., 2, €
E,, then T € [I7,... T W](El,...,En;F).
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5.2 Interpolation and closed injective hull of summing mul-
tilinear operators

The application of the corresponding interpolation formulas obtained in Section
4 allows to relate some classes of multilinear operators considered in Section
5. Let us finish the paper by showing a concrete example of this, concerning
interpolation and multilinear operators belonging to ﬁZS,(p;pl,---,pn) with values
in Lorentz spaces. We will use (6). Direct consequences of Theorem 4 and
Theorem 3 are the following results.

Let 71, ...,7Z, be linear operator ideals and let F1, ..., F/, be Banach spaces.
Suppose that T € L(E1,...,Eq; Lo NLy). For 0 <8 =1/p<1,1<q < o0,
there is C' > 0 such that Bz, . z,)(T: By x - x By = Ly ) <
CBizy, g (T By X X By = Loo) "Bz, 7)(T : By x -+ x B, — Ly)°.

Let 1/p=1/p1+ -+ 1/pp, L < p,p; < 00,0 =1/pand 1 < g < oco. Let

T € L(E1,...,En;Loo N L), with T € ng‘(p;‘ph___@A(E‘l, o0 ByiLe) or T €
oty (BL - Eni L1). Then T € [I,7 . T, 1(By, ., Eni Ly g). 1

—inj —inj

for example T € L? )(El,...,En;Ll),thenTe [IT

as,(pip1,.sPn 1L (B -
By Theorem 3,

P10

B, .., (T Ex X - X Ep — L) =0.
It follows from Corollary 5.2 that
’B[Hmw")npn](T : El Koo X En - LIMI) = 07

and so, again by Theorem 3, we get the result.
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