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Abstract

It is a natural question if from a family of sets with the same mathematical structure we
can obtain a new set with the same structure. In particular, we can ask if from a family of
metric spaces we can obtain a new metric in the Cartesian product of the spaces. This problem
was solved by Borsik and Dobo§ who characterized functions that merge several metrics into a
single one in the Cartesian product. The above question has been extended to other contexts
like how to obtain a norm or an asymmetric norm from a family of norms or asymmetric norms.
In addition, Pedraza, Rodriguez-Lépez and Valero characterized the functions that aggregate
metrics and quasi-metrics in the fuzzy context.

In this paper we have made a review of the existing literature about functions that aggregate
metrics, quasi-metrics, norms and asymmetric norms on products and on sets in the classic
sense, as well as functions that aggregate metrics and quasi-metrics on products and on sets in
the fuzzy context. Moreover, we propose original results to characterize functions that aggregate

norms and quasi-norms in the fuzzy context.

Keywords: Metric, quasi-metric, norm, asymmetric norm, fuzzy, aggregation

1 Introduction

Aggregation is a mathematical process whose aim is to combine a set of values into a single one
which captures in some sense certain information contained in the original values. This process
is usually made by means of a function that it is called an aggregation function. The first easy
example of an aggregation function that comes to mind is the arithmetic mean but there is huge
amount of aggregation functions [18]. Nevertheless, the emergence of the theory of aggregation
functions as an independent and important mathematical research field is very recent. This has
been caused by the appearance of aggregation functions in several mathematical areas where
decision-making is important as probability [37], computer science [28], economics [16, 34], etc.
This lead to the necessity of establish a theoretical basis for aggregation functions which started
in the 1980s. Nowadays, a lot of work has been developed related with this kind of functions and
some monographs have appeared tackling the basics of this theory [18, 5].

Following [18], given I a nonempty real interval, an aggregation function is a function F : 1" — I

verifying that
e is isotone;
e satisfies the boundary conditions

inf F(x)=1infl and sup F'(x) =supl.

xcln xcln
Notice that the requirements asked to a function in order to be an aggregation function are in
concordance with the idea behind this kind of functions. First of all, if you consider a set of n
values in the interval 1 then it is logic that if the aggregated value resumes in some sense the
information of the original values then it must belong also to I. This is the reason for considering
that the image of F' must be included in I. Moreover, isotonicity is required for obtaining that if

some of the values increases then the aggregated value must also increase. Finally, the boundary
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conditions assure that if I contains its extreme values and the inputs of the function are all equal
to one of the extremes then the output is also the extreme.
In this way, given n € N, the following functions f, g, h : [0, +00)™ — [0, +00) given by

1. Arithmetic mean

T+t
flrn,. .. my) = 21"

2. Geometric mean

9(1, .. ) = YTy T2 T

3. Minimum

h(z1,...,2,) = min{zy, ..., 2.}

are examples of aggregation functions.

From the above definition we deduce that usually aggregation functions only aggregate a finite
amount of values. Nevertheless, some extensions of these basic aggregation functions have been
considered in the literature. In this way the so-called extended aggregation functions [18] are used
to aggregate any fixed but arbitrary number of values. On its part, infinitary aggregation functions
[18, Definition A.1.],[26] allow to aggregate infinitely but countably many inputs. Moreover, ag-
gregation functions defined on bounded partially ordered sets rather than on the cartesian product
of an interval have also appeared in the literature [10, 21].

As well as the aggregation of values, aggregation functions can be used for merging a family of
mathematical structures of the same type into a single one. As it was pointed out in [30], finite
unions and finite intersections of subsets of a nonempty set X fit into this aggregation procedure.
In this way, let us identify a subset A of X with its characteristic function x4 : X — {0,1}.
Consider the aggregation function F : [0,1]™ — [0, 1] given by F(x1,...,x,) = max{z1,...,Zn}.
Given a nonempty family {41, ..., A,} of subsets of X, consider x4, A ... Axa, : X — [0,1]", the
diagonal of the mappings {x 4, }_; [15] given by

(xa & BAxa,) (@) = (xa, (@), - - - x4, (7))

for all € X. Then the composition F o (x4, ... Axa,) is the characteristic function of the set
? A If Fis taken as the minimum, then the characteristic function of the intersection N?'_; A;

is obtained.

It is widely recognized that the first deep study about the aggregation of a certain topological

structure is due to Borsik and Dobos who characterized the functions that merge several metrics

into a single metric [7, 11]. We next explain in detail what this exactly means [11, Chapter 9].

Let I be a nonempty set of indices. Consider an indexed family {(X;,d;)}ier of metric spaces.

Define d : (T[;c; Xi) x ([Te; Xi) — [0, +00) as

d((@i)ier, (yi)ier) = (di(wi,yi))ier-
Then the function f : [0, +00)! — [0, +00) is said to be a metric preserving function (a metric
aggregation function on products in our terminology (see Definition 2.2)) if for each indexed family
{(X;,d;)Yier of metric spaces then f od is a metric on [Lic; Xi. In 1981, Borsik and Dobos [7, 11]

characterized completely these functions (see Theorem 2.1) which turned out to be aggregation




Trabajo de fin de Mdster Jorge Ramos Cands

functions. Notice that the usual metric defined on the Cartesian product of metric spaces can be
obtained by means of a metric preserving function (see Example 2.2).

The same problem for quasi-metrics (metrics which do not satisfy the symmetry axiom) was solved
by Mayor and Valero [24] in 2010 (see Theorem 2.2). We should also mention that Pradera and
Trillas [33] studied a similar but different problem for pseudometrics (metrics which do not satisfy
a separation axiom). The problem is as follows. Let us consider a fixed nonempty set X and a
family {d; : i € I'} of pseudometrics on X. Define d : X x X — [0, +00) as

d(l’, y) = (dz<x7 y))iEI‘

Then a function f : [0,+00)! — [0,400) is said to aggregate pseudometrics (a pseudometric
aggregation function on sets in our terminology (see Definition 2.2)) if f o d is a pseudometric
on X. Pradera and Trillas charaterized this type of functions when [ is finite although their proof
is also valid for an arbitrary set of indices I. Furthermore, they showed that when I is finite
these functions are equivalent to the pseudometric preserving functions in the sense of Borsik and
Dobos. Nevertheless this is not true for metrics since, for example, the projection is an example
of a function which aggregates metrics but it is not metric preserving. We also refer the reader
to a recent work by Mayor and Valero [25] who have characterized the functions which aggregate
metrics instead of pseudometrics. In all these cases, the functions are aggregation functions.
From the above, we have that there are two different but related approaches to the aggregation
of mathematical structures: the one due to Borsik and Dobos and the other one due to Pradera
and Trillas. Since the terminology used by these authors is very different for problems which
are related we will use here the unified terminology used in [32]. In this way, we will speak about
functions aggregating a certain mathematical structure on products in the first case, meanwhile for
the second case we will use the terminology functions aggregating a certain mathematical structure
on sets (see Definitions 2.2 and 2.9).

At this point, it is natural to wonder if we can find in the literature other results characterizing
functions aggregating other mathematical structures. In 1991 [19], Herburt and Moszyniska ana-
lyzed the same problem solved by Borsik and Dobos but for norms (see Theorem 2.5). On its part,
Martin, Mayor and Valero [22] solved the same problem for asymmetric norms. As for metrics,
the functions are aggregation functions.

The aggregation of (asymmetric) norms on sets, that is, in the sense of Pradera and Trillas, has
been recently studied [31].

On the other hand, the aggregation of some fuzzy structures has been an active area of research in
the last years. For example, Saminger, Mesiar and Bodenhofer [36] have studied conditions under
which an aggregation function preserves the x-transitiviy of a family of fuzzy binary relations, where
* is a t-norm. We explain in detail this question. Recall that a binary operation x*: [0,1] x [0,1] —
[0,1] is called a triangular norm or a t-norm if ([0,1],*) is an Abelian monoid with unit 1, such
that a * b < ¢ * d whenever a < ¢ and b < d, with a,b,¢,d € [0,1].

A fuzzy binary relation R on a nonempty set X is a function from X x X to [0,1], i. e. a fuzzy
subset of X x X. Moreover, R is said to be *-transitive if R o, R < R where

(Royx R)(z,2) = \/ R(z,y) * R(y, 2)
yeX

4
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for every z,z € X.
Suppose that R; is an x-transitive fuzzy binary relation on a nonempty set X; for every i €
{1,...,n}. Define R : ([T, Xi) x ([T, Xi) — [0,1]" as

R((x1,-- ) (1o m)) = (Ra(21,91), - Ru(@n, yn)-
We say that a function F' : [0,1]" — [0, 1] preserves #-transitive fuzzy binary relations [36] if
whenever R; is an -transitive fuzzy binary relation on a nonempty set X; for every i € {1,...,n}
then F o R is an transitive fuzzy binary relation on []7 ; X;. Saminger, Mesiar and Bodenhofer
[36] proved a characterization of this functions in terms of domination, a more general concept
than the one of *-supmultiplicativity that will be key in our work (Definition 3.5). Observe that
this problem follows the same model than the problem of the functions which aggregate metrics
on products considered by Borsik and Dobos.
On the other hand, Drewniak and Dudziak [12, 13] studied also the aggregation of fuzzy binary
relations but on sets. Concretely, they studied those functions F' : [0,1]" — [0,1] such that
whenever {R; : i = 1,...,n} is a family of *-transitive fuzzy binary relations on an arbitrary
nonempty set X then FoR is an -transitive fuzzy binary relation on X where R : X x X — [0,1]"
is given by

R(x’y) = (Rl('x’y)’ B Rn(l',y))

for every x,y € X.

Other interesting references where aggregation of fuzzy structures has been studied are [6, 14, 20,
23].

We stress that Pedraza, Rodriguez-Lépez and Valero have recently solved the question for the
aggregation of fuzzy (quasi-)metrics on products and on sets [32], extending to the fuzzy context
the results of Borsik and Dobos, and Mayor and Valero (see Section 3). Nevertheless, in the
literature it has not been previously studied the problem of the aggregation of fuzzy norms. In
this manner, the main objective of this work is to characterize those functions which aggregate
fuzzy norms. This will be done in the last section of this work where we include the solution to
this problem [29].

The other goal of this work has been to gather together the already known results about the
aggregation of some mathematical structures like (quasi-)metrics, (asymmetric) norms and fuzzy
(quasi-)metrics. We must emphasize that during our work we have detected a wrong example in
[22] (see Section 2.3) as well as a mistake in the proof of [22, Theorem 12] that we correct (see
Theorem 2.3).

2 Aggregation functions for metrics, quasi-metrics, norms and

asymmetric norms

2.1 Aggregation functions for metrics and quasi-metrics on products
First of all we are going to remember the basic concepts of metrics and quasi-metrics.

Definition 2.1 ([22]). Let X be a nonempty set, and d : X x X — R be a nonnegative real

valued function. We say that d is a quasi-metric on X if Va,y, 2z € X we have:
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(i) d(z,y) =d(y,z) =0 =z =y.
(ii) d(z,z) <d(z,y)+ d(y, z).
If the function d satisfies in addition that Vz,y € X
(iii) d(z,y) = d(y,z)
we say that d is a metric on X.

Given a quasi-metric d on a nonempty set X, we will call the pair (X, d) a quasi-metric space. We

can define the nonnegative real function d~' on X x X by:
d™H(z,y) = d(y,x) Yo,y € X.

This function is a quasi-metric on X called the conjugate of d.

Note that every quasi-metric d on X induces a metric d* on X as follows:
d*(z,y) = d(z,y) Vd(y,x) Vx,y € X,
where V stands for the maximum operator.

Example 2.1. Let us consider the function | : R x R — [0, 00) defined by
l(z,y) = max{x — y,0} Va,y € R.

Then we have that l is a quasi-metric. Notice that for the quasi-metric | we have that

l_l(xa y) = l(y7$) = max{y -, 0}

and

I*(z,y) = max{l(z,y),l(y,x)} = max{max{z — y,0}, max{y — x,0}} = |z — y|.

Given a family of metric spaces {(X;,d;) : i € I} our interest remains in obtain a new metric
on [[;c;X;. It is well known how to find a metric in the Cartesian product that induces the
product topology. Following this idea, Borsik and Dobo§ give a characterization of functions
¢ : [0,+00)] —> [0,400) that given a family of metric spaces {(X;,d;) : i € I} hold that ¢ od :
(Tics X)) x (ILies Xi) — [0, +00) is a metric on [[,; X; where ¢ o d(x,y) = ((di(xs,¥:))ier)-
Mayor y Valero [24] give a characterization of aggregation functions but in the context of quasi-

metrics.

Definition 2.2 ([11, 24]). Let ¢ : [0,+0c)! — [0,+0c0) be a function. We will say that ¢ is
a (quasi-)metric aggregation function on products if for every family of (quasi-)metric spaces
{(X;,d;) : i € I} the function ¢od : [Lic: Xi x [Lie; X — [0,00) is a (quasi-)metric on [[,.; X;
where d : [Tic; X x ILies Xi — [0,00)! is defined as

d(x,y) = (di(xi,yi))icr

vx,y € [Lier X
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Example 2.2 ([29]). Let {(X,,,dy) : n € N} be a family of metric spaces and consider the function
d: [LenXn x [LenXn — [0, +00)N defined by a(x,y) = (dn(Xn,¥n))nen- If we define the
function ¢ : [0, +00)N — [0, +00) such that

b(x) = Z min{x,, 1}

on
neN

then we have that ¢ od is a metric on [LhenXn.
Let us see that this fact is true. First we see that ¢ o d is well defined. Consider X,y € [[,en Xa,

then we have that i
¢>oa(x,y)zzmm{ (XnaYn <Z—<oo
neN neN

The symmetry is obvious since d, is a metric in X,, Vn € N.
Suppose that there exist X,y € [[, e Xn such that ¢ o El(x,y) =0, then we have that

min{d, (Xn,yn), 1
3 { (QnY) }

=0,
neN

but 0 < w Vn € N, and it takes the value 0 if and only if min{d, (x,,yn),1} = 0
Vn €N, i. e. if dpy(Xp,yn) =0 Vn € N, and from the fact that d,, is a metric on X,, we have that

this is possible if and only if X, = y,, so we have that

min{d, (Xn,¥n), 1
3 {dn(xn,yn), 1}

2" =0
neN
if and only if dy(Xpn,yn) =0Vn €N, i. e. if and only if x =
Now we prove the triangle inequality. Let x,y,z € [],cyXn. Then we have that dp(Xn,yn) <

dn(Xn, Zn) + dn(Zn,yn) Yn € N and this implies that min{d, (X, yn), 1} < min{d,(xp,2zn),1} +
min{dy, (zn,yn), 1} Vn € N. We can conclude

(b o a(x,y) _ ZnQN min{dn(;?clnyn),l} < ZneN min{dn(;;n,zn),l} + ZneN mln{dn(zznn,yn Ay ¢ o d(X Z)
¢od(z,y).

A natural question is: When a function is a metric aggregation function? (or a quasi-metric
aggregation function). Dobos in [11] gives a characterization of when a function preserves metrics.
For this purpose he defined the concept of triangular triplet.

We will denote by R’ the set of all real-valued functions defined on a nonempty set of indices I.
Analogously, we will denote by [0,00)! the set of nonnegative real-valued functions defined on 1.
The elements of the cartesian product will be denoted by boldface letters. We will write x; instead
of x(i) Vx € R and we will denote by 0 the element of R given by 0; = 0 Vi € I. In R! we will
consider the partial order < defined by x <y if and only if x; < y; Vi € I, where x,y € R’.

Definition 2.3 ([11]). Let a,b,c € [0,00)!. We say that (a, b, ¢) is a triangular triplet if a < b+c,
b<a+candc=<a-+b.
Analogously, if a,b,c € (0,00)!. We say that (a, b, c) is a positive triangular triplet if a < b + c,
b<a+candc=<a-+b.

In Dobos [11] we can see two equivalences of being a triangular triplet. If (a,b,c) € R3 is a

triangular triplet it is equivalent to say that
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L ja=b<c<a+b
2. a+b+c>2mazx{a,b,c}.
Example 2.3. We notice that Ya,b € [0, +00)! the triplet (a,b,a+b) is a triangular triplet.

Example 2.4. Let (X,d) be a metric (or quasi-metric) space. Then Vz,y,z € X we have by
triangular inequality that (d(x,y),d(x, z),d(z,y)) is a triangular triplet (or asymmetric triangular
triplet).

It is obvious that every triangular triplet is an asymmetric triangular triplet, but we can find

asymmetric triangular triplets that are not triangular triplets.

Example 2.5. Let a,b € R! be such that a < b, a # b, then we have that (a,b,0) is an

asymmetric triangular triplet because

axb+0=hb,
but it is not a triangular triplet, because

b Xa+0=a.

Definition 2.4 ([11]). We will say that ¢ preserves triangular triplets, if given a, b, c € [0, +00)’
such that (a, b, c) is a triangular triplet, we have that (¢(a), ¢(b), ¢(c)) is a triangular triplet.

Analogously we can define when ¢ preserves positive triangular triplets.

Now we are ready to introduce theorem that gives a characterization of metric aggregation func-

tions. First, we will show a proposition that we will need to prove the theorem.

Proposition 2.1 ([11]). Let a,b,c € RT. Then (a,b,c) is a triangular triplet if and only if there
are different points x,y, z € R?, such that

a=-e(z,y), b=-e(x,z), c=e(z,vy),
where e denotes the Euclidean metric on R2.
Proof. Suppose that (a,b,c) is a triangular triplet. Put
a a
(50559
v (2 Y 2

z= (CQ_bQ 1-\/(a—l—b—l—c)(a—i—b—c)(a—b—l—c)(—a+b+c)).

2¢ ' 2a

Then a = e(x,y), b =e(x, 2), c = e(z,y).
On the other hand if z,y, z € R?, z, v, z different points, then

(e(x,y),e(x, 2),e(y, z)) is a triangular triplet.
This is immediate from the triangular inequality. O

Theorem 2.1 ([11]). Let ¢ : [0,00)! — [0, +00). Then the assertions below are equivalent:
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1. ¢ is a metric aggregation function on products.

2. ¢ holds the following properties:
(i) ¢~1(0) = {0},

(ii) ¢ preserves triangular triplets.

Proof. Suppose that ¢ is a metric aggregation function on products. Let x € [0, +00)! such that
¢(x) = 0 and consider the indexed family of metric spaces {(X;, d;)}ier, where X; =R and d; = e
Vi € I, where e denotes the Euclidean metric on R. Since ¢ is a metric aggregation function we

have that ¢ o d is a metric on R so
0= ¢(x) = ¢((Xs)icr) = d((e(xi,0))icr) = po d(x,0) & x = 0.

We have proved that ¢—1(0) = {0}.

Let a,b,c € [0,+00)! such that (a,b,c) is a triangular triplet. Then, (a;, b;,c;) is a triangular
triplet. By proposition 2.1 there exist x;,1;, 2; € R? such that a; = e(z;,vi), bi = e(x;,2;) and
c; = e(z,y;) Vi € I, where e denotes the Euclidean metric on R?. Consider the family of metric
spaces {(Y;,q)}icr where Y; = R? and ¢; = e Vi € I. Then, since ¢ is a metric aggregation

function on products, then ¢ od is a metric on (R2)! so

a) = ¢((ai)icr) = d((e(wi, vi))icr) = pod(x,y) < pod(x,2) + ¢ od(z,y) <
d((e(wi, z1))ier) + ¢((e(zi, 4i))ier) = ¢(b) + ¢(c),

¢(b) = ¢((bi)icr) = ¢((e(wi, zi))icr) = po d(x,2) < o d(x,y) + pod(z,y) <
o((e(wi,yi))ier) + o((e(2i, vi))ier) = ¢(a) + ¢(c),

é(c) = d((ci)ier) = ¢((e(yi, 21))ier) = pod(y,z) < pod(y,x) + ¢pod(x,2z) <
< B((e(yi, mi))ier) + ¢((e(mi, 21))ier) = ¢(a) + ¢(b),

where x = (X;)ier, ¥ = (¥i)iel, 2 = (yi)ier- Then (¢(a), ¢(b), ¢(c)) is a triangular triplet.
Conversely, suppose that ¢~1(0) = {0} and ¢ preserves triangular triplets. Let {(X;,d;)}icr be an

>

IN

indexed family of metric spaces and x,y € [[;; X;. Since d; is a metric Vi € I we have

pod(x,y) = o((di(xi,¥:))ier) = ¢((di(yi, xi))ier) = ¢ 0 d(y, x)

Now, suppose that ¢ o a(x,y) = 0. Since ¢~!(0) = {0} we have that a(x,y) =04 di(x;,y;) =0
Vi € I. We conclude that x; =y; Vi€ [ i.e, x =Y.

Now, let x,y,z € [[;,c; X;, we have that (d;(x;,y:), di(X;, 2, d(2;),y;)) is a triangular triplet, and
then, (El(x, y), a(x, z), a(z, y)) is a triangular triplet. Since ¢ preserves triangular triplets we have

pod(x,y) < pod(x,z) +¢od(zy).
So we have that ¢od is a metric on [Lic; Xiie, ¢ is a metric aggregation function on products. [J

From now on in this section, we will consider {(X;, d;) }ier an indexed family of quasi-metric vector
spaces.
We will show the conditions that a function ¢ needs to hold to be a quasi-metric aggregation

function, but first, we will need some definitions.
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Definition 2.5 ([24]). Let x,y € [0,00)! we will say that ¢ is isotone if ¢(x) < ¢(y) whenever
xy.

Definition 2.6 ([24]). Let x,y € [0,00), we say that ¢ is subadditive if ¢(x +y) < ¢(x) + ¢(y).
Analogously we will say that ¢ is positive subadditive if is subadditive Vx,y € (0, +o0)?.

The problem of characterizing functions that aggregate quasi-metrics on products was solved by

Mayor and Valero [24]. We recall their characterization in the following results.

Lemma 2.1 ([24]). For every a,b,c € R such that a < b+ c, there exists a quasi-metric
D : R2xR? — Rt such that there exist x,y, z € R? with D(z,y) = a, D(x,z) = b and D(z,y) = c.

Theorem 2.2 ([24]). Let ¢ : [0, 4+00)! — [0, +00). Then the below statements are equivalent:
1. ¢71(0) = {0}, ¢ is subadditive and isotone.
2. ¢ is a quasi-metric aggregation function on products.
3. $~1(0) = {0} and ¢ preserves asymmetric triangular triplets.

Proof. First, we will show that 1. implies 2. Let {(X;, d;) }ier be an indexed family of quasi-metric
spaces. It is clear that ¢ o d(x,x) = 0 Vx € [Lic; Xi. Assume that ¢ o d(x,y) = ¢od(y,x) = 0.
Since ¢ vanishes exactly at 0 we deduce that a(x, y) = a(y, x) = 0. Consequently d;(x;,y;) =0
Vi € I. Since d; is a quasi-metric, we conclude that x; =y; Vi € I, an thus x =y.

Now, we show the triangular inequality. Let x,y,z € [[,;X;. From the triangular inequality of
d; Vi € I and from the isotonicity and subadditivity of ¢ we obtain that

pod(x,y) = o((di(xi,yi)ier) < ((di(xi,2:))icr + (di(2i,¥3))ier) <
< O((di(xi,20))ier + O((dizi,yi))ier) = 0 d(x,2) + ¢ o d(z,y),

then ¢ o d is quasi-metric on [Lic; Xi so ¢ is a quasi-metric aggregation function on products and
we have that 1. implies 2.

We prove now that 2. implies 3. Suppose that ¢ is a quasi-metric aggregation function on products
and let a,b,c € [0,00)! with a; < b; +¢; Vi € I. By the previous lemma we have that there
exist a quasi-metric D on R? and x;,y;,2; € R? such that D(x;,y;) = a;, D(x;,z;) = b; and
D(zi,y;) = c; Vi € I. We consider the family of quasi-metric spaces {(X;, d;)}ics, where X; = R?

and d; = D Vi € I. Since ¢ is a quasi-metric aggregation function on products we have that,

¢(a) = pod(x,y) < ¢pod(x,z) + ¢ od(z,y) = ¢(b) + ¢(c),

where x = (X;)icr,y = (yi)ies and z = (z;)ic;. It remains to prove that ¢—1(0) = {0}. Let
x € [0, +00)! such that ¢(x) = 0, and let {(X;,d;)}ics be the family of quasi-metric spaces where
X; =R and d; = e Vi € I, where e denotes the Euclidean metric on R. Then we have that
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But, since ¢ is a quasi-metric aggregation function on products, ¢ o dis a quasi-metric on (R)!
and the previous equality holds if and only if x = 0 i.e, ¢~ 1(0) = 0. So we have that 2. implies 3.
Finally we are going to show that 3. implies 1. Let a,b € [0,00)!, such that a < b, then we have

that a < b 4+ 0 and we deduce since ¢ preserves asymmetric triangular triplets

¢(a) < ¢(b) + ¢(0) = ¢(b),

we can conclude that ¢ is isotone. Moreover for arbitrary a,b € [0, +00)!, from the fact that ¢

preserves asymmetric triangular triplets we obtain
¢(a+b)=¢(a+b+0)<d(a)+¢(b+0)=g¢(a)+ ¢(b)
so ¢ is subadditive and the proof is complete. ]

It is clear from the above results that quasi-metric aggregation functions on products are also

metric aggregation functions on products. In general, the converse is not true [24].

2.2 Aggregation functions for metrics and quasi-metrics on sets

Another relevant question is when from a family of metrics (or quasi-metrics) defined on the
same set, we can obtain a new metric (or quasi-metric) in that set. It is natural to ask if the
equivalences given in the previous section holds for aggregation functions on sets, i. e. if {d; :
i € I} is a family of (quasi-)metrics defined on the same set X, we want to know when a function
¢ : [0, +00)! — [0, 400) holds that pod(z,y) : X x X — [0, +00) is a (quasi-)metric on X, where
pod(z,y) = ¢((di(x,y))ier) Vx,y € X. On one hand we have that Mayor y Valero studied this
problem on [25] for metrics, and Minana and Valero did the same thing for quasi-metrics on [27].

We start this section giving the definition of a function that aggregates metrics on sets.

Definition 2.7 ([25]). Let ¢ : [0, +00)! — [0, +00) be a function. We will say that ¢ is a (quasi-
)metric aggregation function on sets if for every family of (quasi-)metrics {d; : ¢ € I'} defined over

the same nonempty set X the function ¢ od : X x X — [0,00) is a (quasi-)metric on X where
d:X x X — [0,00)! is defined as

d(z,y) = (di(z,y))icr
Ve,y € X.

Example 2.6 ([27]). Let n € N and {9, ...,a,} be a fized family of coefficients such that o; €
(0,400), 1 € {2,...,n}, then we have that the function ¢ : [0,4+00)" — [0, +00) given by

o(a) = Z ;a;
=2

Va € [0, 4+00)" is a quasi-metric aggregation function on sets. Let us show this.

Let X be a nonempty set and {d;}?'_, be a family of quasi-metrics on X.

Let x,y € X, we have that if g od(z,y) = D" 5 aidi(x,y) = Dryaidi(y,z) = pod(y,z) =0
then, since c; > 0, 1= 2,...n and d; is a quasi-metric on X, 1 = 1,...,n we have that necessary

di(z,y) =di(y,z) =0 fori=2,...,n, i. e. T =y.

11
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Let x,y,z € X. Then, we have that for i = 1,...,n d;i(z,y) < di(z,2z) + di(z,y) and then ¢ o
d(x7y) = 2?22 aidi<m7y) < Z?:Q(di('%z) + di(z7y)) = 2?:2 aidi@:v'z) + 2?:2 aidi<27y) = ¢ o
d(z,2) + ¢ od(z,y).

So we have that ¢ is a quasi-metric aggregation function.

The next theorem is based on Theorem 12 in [25]. That theorem shows a characterization of metric
aggregation functions on sets for a finite family of metrics defined on the same set. The proof of
the theorem in the article is not correct, so we propose in this paper an original version of the
proof that we think is correct. In this case, we will consider an arbitrary family of metrics on a

set X that is not necessary finite.
Theorem 2.3 ([25]). Let ¢ : [0, +00)! — [0,4+00). The assertions below are equivalent:

1. ¢ is a metric aggregation function on sets.

2. ¢(0) = 0 and if p(a) = 0 then there exists j € I such that a; = 0 and ¢ preserves positive

triangular triplets

Proof. Let us prove first that 1. implies 2. Let X be a nonempty set and {d; : i € I} be an indexed
family of metrics on X. Take x € X. The fact that ¢ is a metric aggregation function on sets

provides that ¢ o d is a metric on X so

0=¢o d(a:,x) - ¢((dl(x7x))161) - ¢(0)

To prove that if ¢(a) =0, a € |0, +00)! then there exists j € I such that a; = 0, assume for the
purpose of contradiction that we have ¢(a) = 0, but a; > 0 Vi € I. Consider a nonempty set X
with at least two elements and z,y € X with x # y. Define the metrics d; = a;d Vi € I, where d is
the discrete metric on X. Since ¢ is a metric aggregation function on sets, we have that ¢pod is a

metric on X, so

0=d(a) = ¢((ai)icr) = ¢((di(z,y))icr) = pod(z,y) >0
which is a contradiction.
It remains to prove that ¢ preserves positive triangular triplets. Let (a, b, ¢) be a positive triangular
triplet. Notice that ¢(a), ¢(b) and ¢(c) are positive. In fact, if we suppose with lost of generality
that ¢(a) = 0 then there exists j € I such that a; = 0 which is not possible. Take X = {x1, x2, x3}

a set with three different elements and define the family of metrics on X
0 ifx=y
a, ife=x, y=ua9

b, ifx=x, y=2a3

c; ifx=u3, y=uxo,

Vi € I. It is clear that d; is a metric on X Vi € I. Let us show this. Obviously d;(z,y) = d;(y, x)
Va,y € X and d;(z,y) = 0 if and only if x = y Vi € I. Moreover, the triangular inequality holds
because (a, b, c) is a positive triangular triplet. Then, since ¢ is a metric aggregation function on

sets we have that
d(a) = d((ai)icr) = ¢((di(w1,72))ier) = ¢ o d(x1,72) < pod(x1,23) + pod(z3,22) =
= ¢((di(z1,73))icr) + d((di(x3, 22))icr) = ¢((bi)icr) + ¢((ci)icr) = ¢(b) + ¢(c)

12
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Therefore (¢(a), ¢(b), ¢(c)) triangular triplet.

Now we will show that 2. implies 1.

Let X be a nonempty set and {d; : i € I} be an indexed family of metrics on X. Let us check that
¢ od is a metric on X. Take x € X. Then, we have that ¢ od(z,z) = ¢((di(z,x))icr) = $#(0) =0
and if z,y € X we have that ¢ od(z,y) = ¢((di(z,y))icr) = ¢((di(y, x))icr) = ¢ o d(y, x) because
d; is a metric on X Vi € I. Let x,y € X such that ¢ od(z,y) = 0. Then, ¢((d;(z,y))icr) = 0. This
implies that there exists j € I such that d;(x,y) = 0, but this implies that + = y, so ¢od(x,y) =0
if and only if x = y.

Finally, we will prove the triangle inequality. Let x, ¥, z be pairwise different elements in X. And
let a,b,c € (0, +00)! such that a; = d;(z,y), b; = d;(z,2) and ¢; = d;(z,y). Then, since every d;
is a metric on X, by triangle inequality we have that (a, b, c) is a positive triangular triplet, then

by hypothesis we have that (¢(a), ¢(b), ¢(c)) is a positive triangular triplet, i. e.

pod(r,y) = ¢((di(7,y))icr) = ¢((ai)ier) = #(a) < ¢p(b) + ¢(c) =
= ¢((di(, 2))ier) + ¢((di(2,y))ier) = p o d(x, 2) + ¢ o d(z,y)

and the proof is complete. O

In [27] the quasi-metric aggregation functions defined on [0, +00)™ were characterized. We next

show that this characterization is also valid when [ is infinite and we simplify the proof.
Theorem 2.4 ([27]). Let ¢ : [0, +00)! — [0,4+00). Then the assertions below are equivalent:
1. ¢ is a quasi-metric aggregation function on sets.

2. ¢(0) = 0, if p(a) = ¢(b) = 0 there exists j € I such that a; = b; = 0 and ¢ preserves

asymmetric triangular triplets.

3. ¢(0) =0, if p(a) = ¢(b) = 0 there exists j € I such that a; = b; = 0, ¢ is isotone and

subadditive.

Proof. First, we are going to prove that 1. implies 2. To prove that ¢(0) = 0 we can reason as in
Theorem 2.3.

On the other hand, suppose that we can find a, b € [0, +00)! such that ¢(a) = ¢(b) = 0 but there
does not exist j € I such that a; = b; = 0. Consider X = {z,y} a set with two different elements
and for each i € I define d; : X x X — [0, +00) by

di(z,y) = a;
di(y,r) = b;

Then {d; : i € I} is a family of quasi-metrics on X. By assumption, ¢ o d is a quasi-metric on X.

Nevertheless

pod(z,y) = o((di(,y))icr) = ¢((ai)icr) = #(a) =0
pod(y,x) = ¢((di(y,x))ier) = ¢((bi)icr) = ¢(b) =0

but = # y which is a contradiction. Therefore, there must exists j € J such that a; = b; = 0.

13
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Now we prove that ¢ preserves asymmetric triangular triplets. Let a, b, c € [0, +00)! be such that
(a,b,c) is an asymmetric triangular triplet. Consider X = {x1,x9, 23} a set with three different

elements and consider the family {d; : ¢ € I} of quasi-metrics on X defined by

0 if x =y,
a; if x =21, y = x9,
b; ifex=ux, y=uxs,
di(z,y) == { ¢ if v =23, y = 22, (1)

ki+1 ifx=uz, y=ux1,
ki+1 ifx=ux3 y=ux,

ki+1 ifx=ux9, y=ux3,

\
where k; := max{a;, b;,c;} Vi € I. It is easy to check that d; is a quasi-metric Vi € I. Then, since

¢ is a quasi-metric aggregation function we have that

d(a) = d((a)icr) = ¢((di(z1,72))icr) = ¢ o d(x1,22) < pod(z1,23) + ¢ od(wz, x2) =
= ¢((di(z1,23))ier) + d((di(z3, 22))icr) = d((bi)ier) + d((ci)icr) = ¢(b) + é(c).

Let us show that 2. implies 3. Suppose that ¢ preserves asymmetric triangular triplets, we need
to prove that ¢ is isotone and subbaditive. Let a,b € [0, +00)! be such that a < b, then we have
that (a,b,0) is an asymmetric triangular triplet, so (¢(a), ¢(b), ¢(0)) is an asymmetric tringular
triplet, i. e.

¢(a) < ¢(b) + ¢(0) = ¢(b)
and we can conclude that ¢ is isotone.
Now we are going to prove that ¢ is subadditive. Take a,b € [0, +occ)!, then (a + b,a,b) is a
triangular triplet, so it is an asymmetric triangular triplet. Since ¢ preserves asymmetric triangular

triplets we have that (¢(a+ b), ¢(a), #(b)) is an asymmetric triangular triplet and then

¢(a+b) < ¢(a) + o(b),

i. e. ¢ is subadditive.

We next prove that 3. implies 1. Let X be a nonempty set and {d; : i € I} an indexed family of
quasi-metrics on X. Let us show that ¢ od is a quasi-metric on X. Take x € X then ¢od(z,z) =
o((di(x,x))ier) = ¢(0) = 0 because d; is a quasi-metric on X Vi € I and ¢(0) = 0 by hypothesis.
Let z,y € X such that ¢ od(z,y) = ¢ od(y,z) = 0. Then ¢(d(z,y)) = ¢(d(y,x)) = 0, so
there exists j € I such that (d(z,y)); = d;(z,y) = (d(y,x)); = d;(y,z) = 0, since d; is a quasi-
metric on X then x = y. Let now z,y,2z € X. Since d; is a quasi-metric Vi € I we deduce that
(di(z,y),d;i(x, 2),di(z,y)) is an asymmetric triangular triplet, i. e. d;(z,y) < di(z,2) + di(2,y)

Vi € I. Then, since ¢ is subadditve and isotone we have that

pod(x,y) = d((di(z,y))ier) < d((di(z,2))ier + (di(2,v))ier) < ¢((di(x, 2))ier) + ¢((di(2,Y))ier) =
=¢od(z,z)+¢od(z,y)

and we have that the triangular inequality holds for ¢ o d so the proof is complete. O

14
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We can see with the results of this section and the previous one that every quasi-metric aggregation
function is also a metric aggregation function, but there exist metric aggregation functions that are
not quasi-metric aggregation functions. That is because every quasi-metric aggregation function on
products (sets) preserves asymmetric (positive asymmetric) triangular triplets, and it is obvious
that every (positive) triangular triplet is also an (positive) asymmetric triangular triplet, then
it is obvious that a function that preserves (positive) asymmetric triangular triplets, preserves
(positive) triangular triplets, i. e. a quasi-metric aggregation function on products (sets) is a
metric aggregation function on products (sets). Notice that an (a positive) asymmetric triangular
triplet is not necessary a (positive) triangular triplet, i. e. metric aggregation functions on products
(sets) are not necessary quasi-metric aggregation functions on products (sets).

Now we summarize the previous results of aggregation functions of metrics and quasi-metrics on

products and sets.

Aggregation function of metrics on | ¢~1(0) = {0} and
products ¢ preserves triangular
triplets
Aggregation functions of quasi-| ¢ 1(0) = {0} and | ¢~1(0) = {0}, ¢ is sub-
metrics on products ¢ preserves asymmetric | additive and isotone

triangular triplets

Aggregation functions of metrics on | ¢(0) = 0 and if ¢(a) =
sets 0 then there exists j € T
such that a; = 0 and ¢
preserves positive trian-

gular triplets

Aggregation functions of quasi- | ¢(0) = 0, if ¢(a) = | #(0) = 0, if ¢(a) =
metrics on sets ¢(b) = 0 there exists | ¢(b) = 0 there exists
Jj € I such that a; = | 7 € I such that a; =
b; = 0 and ¢ pre- | b; =0, ¢ is isotone and

serves asymmetric tri- | subadditive

angular triplets

Table 1: Metrics and quasi-metrics

2.3 Aggregations functions for norms and asymmetric norms on products

In the previous section we have made a review of existing results of aggregation functions of metrics
and quasi-metrics on products and on sets. It is natural to wonder if we can do the same thing to
other mathematical structures. Herburt and Monszyiiska [19] analyzed this problem in the context
of norms and gave a characterization of functions that aggregate norms on products. Moreover,
Martin, Mayor y Valero [22] did this for asymmetric norms on products. Like in the previous
sections of metrics and quasi-metrics, we start giving basic definitions of norms and asymmetric

norms.

Definition 2.8 ([9]). Let (V,+,-) be a vector space with neutral element Oy. An asymmetric

15
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norm on V is a nonnegative real valued function n : V. — R* such that Vz,y € V:
(i) n(x) =n(—x) =0« z =0y.
(i) n(z +y) < n(z) +n(y).
(iii) n(Ax) = An(x) VA € [0, 00).
If the function n satisfies in addition that:
(iv) n(z) =n(—z) Yz € V,
then we call n a norm on V' and the pair (V,n) is called a normed vector space.

When n is an asymmetric norm on a vector space V, we can define the conjugate of n as n=! :

V — [0, +00) by
n~Hz) =n(—z) Ve V.

And (V,n™1) is also an asymmetric normed vector space. Notice that an asymmetric norm on V'

induces a norm n® on V defined by:
n®(z) = n(z) vVn (z) Vo € V.

Obviously from an asymmetric norm n on a vector space V we can define a quasi-metric d,, on V'
as follows:
dn(J:?y) = n(y - l‘) Vl‘,y eV.

Example 2.7. Define on the real line the function n : R — [0, 00) as follows

lz|, x<0
n(z) =
2¢, x> 0.

Then n is an asymmetric norm on R. Notice that for the asymmetric norm n we have that if
x < 0 then n=1(z) = n(—x) = n(|z|) = 2|z|. If > 0 we obtain n~1(z) = n(—z) = |z|.
We can also compute n®(z) Vo € R. In this case

n®(z) = n(z) Vot (z) = n(x) Vnl—z) = 2|z|
where V denotes the mazimum operator.
It remains to give the definition of what a function that aggregates (asymmetric) norms on products
is.

Definition 2.9 ([19, 22]). A function ¢ : [0, +00)! — [0, +00) is said to be a(n) (asymmetric)
norm aggregation function on products if whenever {(V;,n;) : i € I} is a family of (asymmetric)

normed vector spaces then fon is a(n) (asymmetric) norm on [[,.; Vi where

fon(v) = f((ni(vi))ier)

for all v € [[;c; Vi

16
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The next result was proved by Herburt and Monszyniska [19] for characterizing norm aggregation
functions on products ¢ : [0, +00)! — [0, +00) when I = |2|. Nevertheless, it is also valid for an
arbitrary I so we state it in this level of generality. Before show the result, we will introduce the

next definition.

Definition 2.10 ([38]). We will say that ¢ is positive homogeneous if ¢(Ax) = A¢p(x) Vx € [0, 00)7,
VA € (0,4+00).

Theorem 2.5 ([19]). Let ¢ : [0, 4+00)! — [0, +00). Then the assertions below are equivalent:
1. ¢ is a norm aggregation function on products.

2. (R)L)]| - |lg) is @ normed space where || x ||o= ¢((|| i ||2)icr) and || - ||2 is the Buclidean
norm Vx € (R?)L.

3. ¢~1(0) = {0}, ¢ is positive homogeneous and it preserves triangular triplets.
4. ¢71(0) = {0}, ¢ is positive homogeneous, isotone and subadditive.

Proof. 1t is obvious that 1. implies 2.

First we are going to prove that 2. implies 3. i.e., we need to prove that ¢~1(0) = 0, ¢ is positive
homogeneous and it preserves triangular triplets.

Suppose that there exists x € [0, +00)! such that ¢(x) = 0. Consider the family of normed vector
spaces {(R?,n;)}icr where n; is the Euclidean norm on R? Vi € I. Consider the element on (R?)!
(x,0) = (%4,0);er. Then we have

¢ oni((x,0) = ¢((ni((x,0)))ier) = ((Xi)ier) = ¢(x) = 0.

Since ¢ o 1 is a norm we deduce that x = 0, hence we have ¢~1(0) = 0.
Now we are going to show that ¢ is positive homogeneous. Let x € [0,00)! and A € (0, 00). Then,

from the fact that ¢ is a norm aggregation function on products we deduce that

P(Ax) = ¢((Axq)ier) = ¢((ni(A(x4,0)))icr) = ¢ 0o n(A(x,0)) = A(¢ 0 n)((x,0)) = Ap((ni((x4,0)))icr) =
= A((xi)icr) = A(x).

It remains to prove that ¢ preserves triangular triplets.

Let a,b,c € [0,00)! such that (a,b,c) is a triangular triplet in [0,00)!. Then we have that

(a;, by, ¢;) is a triangular triplet Vi € I. Then by theorem 2.1, we have that there exist x;,y;, z; € R?
such that

a; =e(x;,y:), bi=-e(x,2i), c;=e(ziyi),

where e denotes the Euclidean metric on R?. Let || - |2 be the Euclidean norm in R?, we know

that Vz,y € R? e(z,y) =|| © — y ||2. Since ¢ is a norm aggregation function we have
o(a) = d((ai)icr)) = o((e(xi,¥i))ier) = o(([| xi = yi ll2)icr) = ¢((l| xi — zi +2zi —yi [[2)ier) <
< O((ll xi = 2 [l2)ier) + o((| 2i — i ll2)ier) = ¢((bi)ier) + ¢((¢i)ici) = ¢(b) + ¢(c).
Analogously we have ¢(b) < ¢(a)+¢(c) and ¢(c) < ¢(a)+¢(b). We have proved that (¢(a), ¢(b), ¢(c))

is a triangular triplet, i.e. ¢ preserves triangular triplets.

17
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To prove that 3. implies 4. we are going to show that if ¢ preserves triangular triplets then ¢ is
isotone and positive homogeneous. Suppose that ¢ preserves triangular triplets. We know that
Va,b € [0,00)! (a,b,a + b) is a triangular triplet, then (¢(a), ¢(b), ¢(a + b)) is a triangular triplet
and we deduce

¢(a+b) < ¢(a) + ¢(b),

so we have shown that ¢ is subadditive.

|

Now we are going to prove that ¢ is isotone. Let a,b € [0,00)! such that a < b, then (a, %, ) is

a triangular triplet. By assumption (¢(a), d)(%), qb(%)) is a triangular triplet so
b b
¢(a) < ¢(§) + ¢(§)-
Since ¢ is positive homogeneous, and we can conclude that
¢(b)  o(b
o) < D2+ OB g,

SO ¢ is isotone.

It remains to prove that 4. implies 1. Suppose that ¢ is positive homogeneous, ¢~(0) = 0, ¢
is isotone and subadditive. Let {(V;,n;)}ic; be an indexed family of normed vector spaces. Let
us check that ¢ on is a norm on [[,.; V;. From the facts of ¢ being positive homogeneous and
»71(0) = 0 we deduce that ¢ o n(x) = 0 if and only if x = 0 and ¢ o f(Ax) = |\¢ o fi(x)
Vx € [[ier Vi

Let u,v € [[,c; Vi, we have that n;(u; + v;) < n;(u;) + n;(v;) because n; is a norm Vi € I. Then,

from the facts that ¢ is nondecreasing and subadditive we have
gomn(u+v)=o((ni(w + vi))icr) < ¢((ni(wi) +ni(vi))ier) < ¢((ni(wi))ier) + ¢((ni(vi))ier) =
=¢on(u)+ ¢pon(v).

We have shown that the triangular inequality holds for ¢ on i.e, ¢ is a norm aggregation function

on products. O

For the case of metrics and quasi-metrics we have seen that every quasi-metric aggregation function
is also a metric aggregation function, but conversely it is not true, so we can think that every
asymmetric norm aggregation function is a norm aggregation function, this is obvious since every
norm is also an asymmetric norm, but, is the converse true? The theorem 2.6 based on results in
[22] give us a characterization of asymmetric norm aggregation functions on products. To prove it

we will need the next lemma that is extracted from [22] too.

Lemma 2.2 ([22]). Let a,b € R such that a <b. Then there exists an asymmetric norm u on R>
in such a way that there exist x,y € R? with u(x +1vy) = a, u(x) = b and u(y) = 0.

Theorem 2.6 ([22]). Let ¢ : [0,00)f — [0,00). Then the assertions below are equivalent:
1. ¢ is an asymmetric norm aggregation function on products.
2. $~1(0) = {0} and ¢ is positive homogeneous, subadditive and isotone.

3. ¢~1(0) = {0}, ¢ is positive homogeneous and ¢ preserves triangular triplets.
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Proof. Assume that ¢ is an asymmetric norm aggregation function, first we are going to prove
that 1. implies 2.

Suppose that there exists x € [0,400)! such that ¢(x) = 0. Consider the indexed family of
asymmetric normed spaces {(V;,n;)}ier where V; = R and n; is the Euclidean norm on R Vi € 1.

Since ¢ is an asymmetric norm aggregation function we have

0 = ¢(x) = o((ni(xs))icr) = ¢ o N(x)
0= ¢(x) = ¢((ni(—x%i))ier) = ¢ o n(—x).

Whence we deduce that x = 0 i.e, ¢~!(0) = 0. Next we show that ¢ is subadditive.
Let a,b € [0, +00)!. Consider the same indexed family of asymmetric normed vector spaces. Since

¢ is an asymmetric norm aggregation function we have that

¢p(a+b) = ¢((ni(a; +b;))icr) = poii(a+b) < poii(a) +¢on(b) =
= ¢((ni(ai))ier) + é((ni(bi))ier) = ¢(a) + ¢(b).

It remains to prove that ¢ is isotone.

Let a,b € [0, +00)! such that a < b. By lemma 2.2 there exists an asymmetric norm u on R?
and there exist x;,y; € R? such that u(x; +y;) = a;, u(x;) = b; and u(y;) = 0 Vi € I. Consider
the indexed family of asymmetric normed vector spaces {(Vi,n;)}ic; where V; = R? and n; = u
Vi € I, and consider x = (X;)icr, ¥ = (yi)ier € (R?)!. Since ¢ is an asymmetric norm aggregation
function and ¢~!(0) = 0 we deduce

¢(a) = o((ni(xi +yi))ier) = poni(x +y) < pon(x) + ¢ on(y) = o((ni(xi))icr) + ¢((ni(yi))ier) =
= ¢(b) + ¢(0) = ¢(b).

It remains to prove that ¢ is positive homogeneous. Let x € [0,4+00)! and A € [0,+0c0) and
consider again the family {(V;,n;)}icr where V; = R and n; is the Euclidean norm on R. Since ¢

is an asymmetric norm aggregation function on products we have

P(Ax) = ¢((ni(Axi))icr) = ¢ 0 D(AX) = Ap 0 1a(x) = Ap((ni(xi))ier = AP(X).

Next we show that 2. implies 3.

Suppose that ¢ is positive homogeneous, isotone, subadditive and ¢~1(0) = {0}. Let a,b,c €
[0, +-00)! such that (a, b, c) is a triangular triplet. Since ¢ is isotone we deduce that ¢(a) < ¢(b+c),
and from the fact of ¢ being subadditive we obtain that ¢(b + c¢) < ¢(b) + ¢(c). Analogously we
obtain that ¢(b) < ¢(a+ ¢(c) and ¢(c) < ¢(a) + ¢(b) i.e, (4(a), d(b), ¢(c)) is a triangular triplet.
Finally, we prove that 3 implies 1. Suppose that ¢~1(0) = 0, ¢ is positive homogenous and
preserves asymmetric triangular triplets. Let {(Vi,n;)}ier be an indexed family of asymmetric
normed spaces, we want to show that ¢ on is an asymmetric norm on [[;,.; V. Let x € [[,o; Vi
be such that ¢ o i(x) = ¢ o fi(—x) = 0, since ¢~1(0) = {0} we have that Ai(—x) = fi(x) = 0 i.e,
ni(—x;) =n;i(x;)) =0Vie [ ie, x=0.

Now we are going to show that the triangle inequality holds for ¢ on. Let x,y € [[,c; Vi, it is

obvious that (n(x+y),n(x),n(y)) is an asymmetric triangular triplet because n; is an asymmetric
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norm Vi € I. Then, from the fact that ¢ preserves asymmetric triangular triplets we obtain that

(pon(x+y),¢on(x),¢on(y)) is a triangular triplet i.e,
¢on(x+y) < ¢on(x)+¢oi(y). (2)
Finally, we will show that if X\ € [0, 4+00) ¢ o (Ax) = A(p o fi)(x) Vx € [[,c; Vi Let x € [[;c; Vi
and A € [0, +00), since n; is an asymmetric norm Vi € I and ¢ is positive homogeneous we have
¢ o n(AX) = ¢((ni(Axi))ier) = G(A(ni(xi))ier) = Ap((ni(x:))ier = Ag o A(x).
O

Notice that condition 2 in theorem 2.6 is the same that condition 4 in 2.5, so we have that every
norm aggregation function is an asymmetric norm aggregation function, i. e. the two concepts
are equivalent. In [22] they gave an example of a function that is a norm aggregation function on

products that is not an asymmetric norm aggregation function on products, but this is not correct.

2.4 Aggregation functions for norms and asymmetric norms on sets

In the case of metrics and quasi-metrics we have shown results of aggregation on products and sets,
so it makes sense to try to characterize norms and asymmetric norms on sets too. Rodriguez-Lopez
and Pedraza [31] present results of aggregation of norms and asymmetric norms on sets.

First we show the definition of a(n) (asymmetric) norm aggregation function on sets.

Definition 2.11 ([31]). A function ¢ : [0, +00)! — [0, +00) is said to be a(n) (asymmetric) norm
aggregation function on sets if whenever {(V,n;) : ¢ € I} is a family of (asymmetric) normed vector

spaces then ¢ on is a(n) (asymmetric) norm on V' where
pon(v) = f((ni(v))ier)
for all v e V.
The next result gives us a characterization of norm aggregation functions on sets

Theorem 2.7 ([31]). Let ¢ : [0,+00)! — [0,4+00) be a function and let ¢ be the restriction of ¢
to (0,4+00)! U {0}. The following statements are equivalent:

1. ¢ is a norm aggregation function on sets;

2. for every family of norms {n; : i € I} on R?, (R%, ¢ omn) is a normed space;

3. ¢~ 1(0) = 0 and ¢ is an isotone, positive homogeneous and subadditive function;

4. ©~10) = 0, ¢ is positive homogeneous and it preserves asymmetric triangular triplets;

5. ¢ 1(0) = 0, ¢ is positive homogeneous and it preserves triangular triplets.

In the case of norms and asymmetric norms on products we have concluded by theorems 2.5 and
2.6 that it is equivalent to be an asymmetric norm aggregation function on products and a norm
aggregation function on products. So it is natural to think that this equivalence will be true
when we work on sets. In the next theorem extracted from [31] we can see the characterization of

asymmetric norm aggregation functions on sets.
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Theorem 2.8 ([31]). Let ¢ : [0,+00)! — [0,+00) be a function. The following statements are

equivalent:
1. ¢ is an asymmetric norm aggregation function on sets;

2. for every family of asymmetric norms {n; : i € I} on R% (R?,¢ omn) is an asymmetric

normed space;

8. ¢(0) = 0; if a,b € $~1(0) then there exists j € I such that aj = b; = 0; ¢ is an isotone,

positive homogeneous and subadditive function;

4. #(0) = 0; if a,b € ¢ 1(0) then there exists j € I such that a; = b; = 0; f is positive

homogeneous and it preserves asymmetric triangular triplets;

5. ¢(0) = 0; if a,b € ¢~1(0) then there exists j € I such that a; = b; = 0; ¢ is positive

homogeneous and it preserves triangular triplets.

Notice that characterization for the aggregation of norms on sets is not the same that the one for
aggregation asymmetric norms on sets. In fact, an example on [31] show us a function that is a
norm aggregation function on sets but it is not an asymmetric norm aggregation function on sets.
The next table summarizes the characterizations given for functions aggregating metrics, quasi-
metrics, norms and asymmetric norms on sets and products. Remember that ¢ is the restriction
of the function ¢ : [0, +00)! — [0, +0c0) to (0, +o0)! N {0}.
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Aggregation (RHT ]| - [lg) is | ¢71(0) = {0}, ¢ | 67'(0) = {0}, ¢ | Aggregation
function of | a normed space | is positive homo- | is positive homo- | functions of
norms on prod- | where || x [[4= | geneous and it | geneous, isotone | asymmetric
ucts o((|| xi |l2)ier) | preserves trian- | and subadditive | norms on
and || - ||2 is the | gular triplets products
Euclidean norm
vx € (R%)!
Aggregation for every family | o=1(0) = 0] o 50) = 0, ¢ | p1(0) =0, ¢ is
functions of | of norms {n; and ¢ is an | is positive homo- | positive homoge-

norms on sets

i € I} on R2

isotone, positive

geneous and it

neous and it pre-

(R%,¢ o n) is a | homogeneous preserves asym- | serves triangular
normed space and subadditive | metric triangu- | triplets
function lar triplets
Aggregation for every family | ¢(0) = 0; if | ¢(0) = 0; if | ¢(0) = 0; if
functions of | of asymmet- | a,b € ¢ 10) | a,b € ¢ 10)|ab € ¢ 0)
asymmetric ric norms | then there exists | then there exists | then there exists

norms on sets

{n; : i € I} on
R?, (R?, ¢pon) is
an asymmetric

normed space

7 € I such that
a; = bj = 0;

¢ is an iso-
tone, positive
homogeneous

and subadditive

function

7 € I such that
a; =b; =0; f
is positive homo-
geneous and it
preserves asym-
metric triangu-

lar triplets

7 € I such that
a; =>b;=0; ¢is
positive homoge-
neous and it pre-
serves triangular

triplets

Table 2: Norms and asymmetric norms

3 Aggregation functions of fuzzy metrics and fuzzy quasi-metrics

In the previous section we have shown characterizations of aggregation functions for metrics, quasi-
metrics, norms and asymmetric norms on products and sets, but recently several authors have been
working in the fuzzy context. From now on in this paper we will work with fuzzy metrics and
fuzzy norms. The problem of characterizing fuzzy (quasi-)metric aggregation function was solved
by Pedraza, Rodriguez-Lépez and Valero [32].

3.1 t-norms, fuzzy metrics and fuzzy quasi-metrics

We start introducing the concept of fuzzy set. Let X be a nonempty set, we say that M is a fuzzy
set in X if M is a function M : X — [0, 1].
Our next step is to define a fuzzy metric (or a fuzzy quasi-metric). To do this, first we need to

introduce the concept of triangular norm.

Definition 3.1. A binary operation * : [0, 1] — [0, 1] is called a triangular norm or a t-norm if
([0, 1], %) is an Abelian monoid with unit 1, such that a * b < ¢* d whenever a < ¢ and b < d, with
a,b,c,d € [0,1].
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If * is also continuous we will say that it is a continuous t-norm.
Now we can see some examples of t-norms.
Example 3.1 ([32]). 1. Minimum t-norm: x Ay = min{z,y}
2. Product t-norm: xxpy:=x-y
3. Lukasiewicz t-norm: z gy := maz{x +y— 1,0}

miniz, ife=1ory=1
4. Drastic t-norm: x xpy := oy} o Yy
otherwise

Definition 3.2. For a given t-norm * we can define:

1. its residuation o residuation implication as the function —: [0,1] x [0,1] — [0,1], given by
x5y =sup{z€[0,1]: xxz <y}, Y,y € [0,1].

2. its biresiduation as the function <>: [0,1] x [0,1] — [0, 1] given by z <> y = min{z = y,y —

1 fx<y

Example 3.2 ([32]). 1. For the t-norm A we have x 2> y = and © & y =
y ifx>y.
1 ifr=y
TNy ifx# y.

2. For the t-norm %1, we have x <5 y =min{l —z +y,1} andx S y=1— |z —y|.
Now we can define a fuzzy quasi-metric and a fuzzy metric.

Definition 3.3 ([3]). A fuzzy quasi-metric on a nonempty set X is a pair (M, ) such that * is a
t-norm and M is a fuzzy set on X x X x [0,+00) such that for every z,y,z € X and t,s > 0 it

verifies
(FQM1) M(z,y,0) = 0;
(FQM2) M (z,y,t) = M(y,x,t) =1Vt >0 if and only if x = y;
(FQM3) M (z,y,t) «* M(y,z,s) < M(z,z,t+ s);

(FQM4) M (z,y,-): [0,4+00) — [0,1] is left-continuous;
If in addition M satisfies

(FM) M(z,y,t) = M(y, z,t) Yo,y € X;
Then we will say that (M, *) is a fuzzy metric on X.

Given a (quasi-)metric space (X,d), we have that the (quasi-)metric d induces a fuzzy (quasi-

Jmetric on X as we can see in this example:
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Example 3.3 ([32]). Let (X,d) be a (quasi-)metric space and let My be the fuzzy set defined on
X X X x [0,400) defined by

— L ift>0

e (3)
0 ift=0

then we have that for every t-norm *, (Mg, *) is a fuzzy (quasi-)metric on X called the standard

fuzzy (quasi-)metric induced by d.
Example 3.4 ([32]). Let x be a t-norm. Define M~ M [0,1] x [0,1] x [0,400) — [0,1] by

- xSy ift>0
M—>(‘Ta:%t) = v )
0 ift=0

xy ift>0

0 ift=0

Vz,y € [0,1], and ¥t > 0. Then (Mi’, %) is a quasi-metric on [0,1] and (M‘i’, %) is a fuzzy metric
on [0,1].

To show the characterization of when a function F : [0,1]! — [0,1] preserves fuzzy metrics or
fuzzy quasi-metrics first we will need some definitions and properties that F' can hold.

We will consider in [0,1]! the same partial order than in the previous section. Moreover, if * is
a t-norm, we can define an operation *' on [0,1]! given by (a ! b); = a; * b; Ya,b € [0,1]/ and
Viel.

Definition 3.4 ([32]). Let F :[0,1]! — [0,1]. We will say that F is an aggregation function if:
1. F isisotone, i.e. if a < b then F(a) < F(b);
2. F(0)=0and F(1) =1.

The concept of a subadditive function has been important in the previous section, so it is natural
to look for a new concept that can help us to find characterizations for fuzzy metrics and fuzzy

quasi-metrics. In the next definition we will gave this concept called *x — supmultiplicativity.

Definition 3.5 ([32]). Let F' : [0,1]/ — [0,1] be an aggregation function and * be a t-norm

which is also an aggregation function. Then F' is *—supmultiplicative whenever
F(a)* F(b) < F(axl b)

for every a,b € [0, 1] .
If F'is x-supmultiplicative for every t-norm * then it will be called supmultiplicative.

Moreover, isotone functions that are x-supmultiplicative will be called x — closed.
Let see some examples.

Example 3.5 ([32]). 1. Given i € I, the projection function P; : [0,1]) — [0,1] given by

Pi(x) = x; is x — closed for every t-norm x.
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2. The function Inf : [0,1]1 — [0,1] given by Inf(x) = inf;cs x; is * — closed for every t-norm
*.
Nevertheless, the function Sup : [0,1]/ — [0,1] given by Sup(x) = sup,c; X; is not * —
supmultiplicative for any t-norm % whenever |I| > 1. Indeed, let j, k € I with j # k and let
x,y € [0,1] such that x; =0 Vi € I, i # j and x; = 1 meanwhile y; =0 Yi € I, i # k and
yr = 1. Then Sup(x) * Sup(y) = 1£Sup(x ! y) = 0.

Another important concept that we have studied to obtain the results for aggregation functions
on metrics and quasi-metrics is the one of triangular and asymmetric triangular triplets. Now, we

are going to redefine this concepts in the t — norm sense.
Definition 3.6 ([32]). Let % be a t-norm and I a set of indices.
1. A triplet (a,b,c) € ([0,1)7)? is said to be *triangular if

ax'b=<c, ax'c=<b, and bxlc=<a,

a;*b; <c; a;*xc;<b; and b;xc;, <c;
Viel.
2. A triplet (a,b,c) € ([0,1]7)3 is said to be asymmetric *-triangular if a ! b < c.

If (a, b, c) is a (an asymmetric) *-triangular triplet for every t-norm, then we will say that (a, b, c)

is a (an asymmetric) triangular triplet.

Example 3.6 ([32]). Given a t-norm x, the triplet (a,b,a x! b) is x-triangular for every a,b €

[0,1)7. Furthermore, (a,a, 1) is *-triangular for every a € [0,1]".

Example 3.7 ([32]). Given a t-norm . The triplet (a, b, 1) is always an asymmetric x-triangular
triplet.
Furthermore, if (X, M, *) is a fuzzy metric space (or a fuzzy quasi-metric space). Given x,y,z € X

and s,t > 0 we have that (M (x,y,t), M(y, z,s), M(x, z,t+s)) is an asymmetric x-triangular triplet.

Remark 1. Note that like in the case of triangular and asymmetric triangular triplets on [0, +00)’

we have that every x-triangular triplet is an asymmetric *-triangular triplet.

Now we can define when a function F : [0,1]/ — [0, 1] preserves - triangular (asymmetric

«-triangular) triplets.

Definition 3.7 ([32]). Let * be a t-norm. A function F : [0,1)/ — [0, 1] preserves *-triangular
(asymmetric *-triangular) triplets if given a *-triangular (asymmetric *-triangular) triplet we have
that (F'(a),F(b),F(c)) is a *-triangular (an asymmetric *-triangular) triplet, where a,b,c €
[0, 1]%.

Analogously we can define when F preserves (asymmetric) triangular triplets.

Proposition 3.1 ([32]). Let I : [0,1] — [0,1] be a function and % be a t-norm. Each of the

following statements implies its successor:
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1. F preserves asymmetric triangular triplets;
2. F preserves x-triangular triplets;
3. F dominates *, i. e. F is x-supmultiplicative;
If F' is isotone, then all the above statements are equivalent.

Proof. 1. implies 2. This is obvious. Take a, b, c € [0, 1]/ such that (a, b, c) is a *-triangular triplet,
then it is an asymmetric *-triangular triplet. Since F' preserves asymmetric *-triangular triplet
we have that F(a) * F'(b) < F(c). Analogously, reordering the elements of (a,b,c) we obtain
F(a)« F(c) < F(b) and F(b) * F(c) < F(a), i. e. (F(a),F(b),F(c)) is a »-triangular triplet and
then F preserves x-triangular triplets.

Now we prove that 2. implies 3. Let a,b € [0,1]/. Then, we know that (a,b,ax!b) is a triangular
triplet. Hence (F(a), F(b), F(a*! b)) is a triangular triplet, i. e. F(a)* F(b) < F(a*b). Then
F' is x-supmultiplicative.

Suppose that F' is isotone. Let us prove 3. implies 1. Let (a, b, c) be an asymmetric *-triangular
triplet, i. e. ax! b < c. By assumption, F(a) * F(b) < F(a *! b). Since F is isotone then
F(a)* F(b) < F(a*! b) < F(c) so (F(a), F(b), F(c)) is an asymmetric *- triangular triplet. [

Corollary 3.1 ([32]). Let F : [0,1) — [0,1] such that F~1(1) # () and let x be a t-norm. Then

F preserves asymmetric x-triangular triplets if and only if it is *-closed.

Proof. From the previous proposition 3.1 we only need to show that if F' preserves asymmetric
s-triangular triplets then it is isotone. Let x € [0,1]! such that F(x) = 1. Given a,b € [0,1]/
verifying a < b then (a,x,b) is an asymmetric *-triangular triplet so (F(a), F'(x), F'(b)) also is.
Hence F'(a) x F(x) = F(a) < F(b) and, therefore F' is isotone. O

3.2 Fuzzy metric and quasi-metric aggregation functions on products and sets

Now we are going to focus in the same problem that in the previous sections, i.e. we want to know
when a function is an aggregation function for fuzzy metrics or fuzzy quasi-metrics. Let us start
giving the definition of a fuzzy metric (quasi-metric) aggregation function on products and a fuzzy
metric (quasi-metric) aggregation function on sets. All the results of this section are extracted
from [32].

Definition 3.8 ([32]). A function F : [0,1]/ — [0, 1] is said to be:

e a fuzzy (quasi-)metric aggregation function on products if whenever x is a t-norm and {(X;, M;, *) :
i € I} is a family of fuzzy (quasi-)metric spaces then (F' o M, x) is a fuzzy (quasi-)metric on
[Tic; Xi where M : ([,c; Xi)? x [0, +00) — [0,1]7 is given by

(M(x,y,t))i = Mi(xi,yi,1)

for every x,y € [[;c; Xi and t > 0.

If F' only satisfies the above condition for a fixed t-norm * then it is said to be an *-fuzzy

(quasi-)metric aggregation function on products.
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e a fuzzy (quasi-)metric aggregation function on sets if whenever # is a t-norm and {(M;, *) :
i € I} is a family of fuzzy (quasi-)metrics on the same set X then (F o M, %) is a fuzzy
(quasi-)metric on X where M : X2 x [0, +00) — [0, 1]! is given by

(M(xayat))l = Ml(x7y7t)
for every z,y € X and t > 0.

If F only satisfies the above condition for a fixed t-norm * then it is said to be an x-fuzzy

(quasi-)metric aggregation function on sets.

Remark 2. It is clear that if F : [0,1]) — [0,1] is a fuzzy (quasi-)metric aggregation function
on products then it is a fuzzy (quasi-)metric aggregation function on sets. Moreover if |I| =1 the

two concepts coincide, but in general if [I| > 1 the two concepts are different.

Example 3.8 ([32]). 1. If P, : [0,1)f — [0,1] denotes the i-th projection, then P; is a fuzzy
(quasi-)metric aggregation function on sets but not on products. It is immediate to check
that F o M does not verify (FQM2) for every family of fuzzy metrics.

2. If x is a t-norm and F : [0,1]" — [0, 1] is given by Fi(ay,...,an) = a1 *---*a, then F is

a fuzzy (quasi-)metric aggregation function on products.

Notice that a requirement for the characterization of a (quasi-)metric aggregation function on
products ¢ is ¢~1(0) = 0, and in sets we need weaker properties. These conditions must be
adapted to the fuzzy context by asking some properties of the so-called core of a function F' as we

next recall

Definition 3.9 ([32]). The core of a function F : [0,1]f — [0, 1] is the set F~(1). If F~1(1) # ()

we will say that

1. F has a trivial core if F~(1) = {1}.

2. The core of F is countably included in a unitary face if for a given {x, : n € N} ¢ F~1(1)
there exists i € I such that (x,); =1Vn € N.

With the next definition we are ready to give a characterization of fuzzy metric and fuzzy quasi-

metric aggregation functions.

Definition 3.10 ([18, 26]). Let I be a set of indices. A function F : [0,1]! — [0, 1] is said to be
sequentially left-continuous if F is sequentially continuous when [0, 1]/ is endowed with the product

topology of the upper limit topology and [0, 1] carries the usual topology.

Remark 3. Notice that if F'is isotone then, for proving that F' is sequentially left-continuous it is
enough to consider nondecreasing sequences on [0, 1]7. In fact, let {t,},en be a sequence in [0, 1]/
converging to t with respect to the product topology of the upper limit topology. For all n € N,
define s,, € [0,1]F as (8,,); = infy>,(tx); for all i € I. It is obvious that {s, }nen is a nondecreasing
sequence and s, < t, for all n € N. Moreover, \/, .y tn =V, cn 8o = t. Suppose that {F(s,)}nen
converges to F'(t) = F'(\/ ,cntn), that is, \/ oy F(8n) = F(V,,en tn). Then
F(\/ta)=\ F(sn) < \/ Fta) < F(\/ tn)
neN neN neN neN
since F is isotone. Therefore \/, . F'(tn) = F'(V,entn) = F(t).
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Now, we are ready to give results about when a function is a fuzzy (quasi-)metric aggregation

function on products or a fuzzy (quasi-)metric aggregation function on sets.

Theorem 3.1 ([32]). Let F : [0,1]f — [0,1] be a function and * be a t-norm. The following

statements are equivalent:

1. Fis a (x-)fuzzy quasi-metric aggregation function on products;
2. F is a (x-)fuzzy metric aggregation function on products;

3. F is an aggregation function, (x-)supmultiplicative, sequentially left-continuous and F' has a

trivial core;

4. F(0) =0, F is sequentially left-continuous with a trivial core and F preserves asymmetric

(x-)triangular triplets.

Proof. The fact of 1. implies 2. is obvious.
Let us show that 2. implies 3. We first check that F' is an aggregation function. We begin proving
that F is isotone. Let a,b € [0,1]/ such that a < b. Let us consider a set with two different

elements X = {c¢,d} and for every i € I, let us define a fuzzy metric (N;,*) on X as

0 ift=0,

1 ifx=yandt>0,
Ni(z,y,t) =<0 ifx#yand0<t<1,
a, ifr#yandl<t<2
b, ifzx#yand?2<t.

\

Then {(X, N, *) : i € I} is a family of fuzzy metric spaces so (F o N, %) is a fuzzy metric on X7,
Consequently if we fix x,y € X! then F o N(x, y,-) is an increasing function. In particular, if we
choose ¢,d € X! such that ¢; = ¢ and d; = d Vi € I, we have that

FoN(c,d,2) < FoN(c,d,3)

F((Ni(ci,di,2))icr) < F((Ni(ci, di, 3))ier)

F(a) < F(b).
Therefore F' is isotone.
We check now that F(0) = 0 and F has a trivial core, i. e. F~1(1) = {1}. Let (X, M, *) be an
arbitrary fuzzy metric space, x € X and t > 0. Considering the family of fuzzy metric spaces
{(Xi, M;, %) : i € I} where (X;, M;,*) = (X, M, *) Vi € I, we have that (F,1\~/I7 x) is a fuzzy metric
on X' so given x € X! withx; =2 Vi € T and t > 0 then 1 = FoM(x,x,t) = F((M(z,,t))icr) =
F(1). Furthermore, 0 = F o M(x,x,0) = F(0). Suppose that we can find a € [0,1]/ such that
F(a) = 1 but a # 1. Consider the family of fuzzy metric spaces {(X;, M;,*) : i € I} where
X; =10,1] and (M;, %) = (M*, %) Vi € I where the fuzzy metric M* is defined by:

1 ifxr=yandt>0
M*(z,y,t) =< x*y ifz#yandt>0.
0 ift=0
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Then (F o M*, %) is a fuzzy metric on [0,1]7, but given ¢ > 0 we have that F o M*(1,a,t) =
F((M*(1,a;,t))ier) = F(a) = 1. Since (F o M*, %) is a fuzzy metric on [0,1]’ we obtain that
a = 1. This contradicts our assumption, so F'is an aggregation function with a trivial core.

We next prove that sequentially F is left-continuous. Let us consider a sequence (t,,), in [0, 1]! such
that t, < t,+1 Vn € N. We also denote by s the supremum of this sequence. Then (t,;)nen =
((tn)i)nen converges to s; Vi € I. Let X = {a,b} be a set with two different elements. Then, given
i €I define M; : X x X x [0, +00) — [0,1] as

0 ift=0,

1 ife=y, t>0,

0 ifzty 0<t<i,
tny fzxy 11— <t<1--1

nya
s; ifx#y, t>1.

Mi($7y7t) =

It is easy to check that (X, M;,«) is a fuzzy metric space Vi € I. Then (F o M, %) is a fuzzy
metric on X' associated with the family of fuzzy metric spaces {(X, M;,*) : i € I}. Consequently

Fo 1\7I(a, b, -) is left-continuous where a; = a and b; = b Vi € I. Hence (F o M (a, b,1-— %H) N
ne

converges to I’ o N(a, b, 1), but

FoM <a, b,1— ni2> =F <<M <ai,bi, 1— ni?))za) = F((tni)ier) = F(tn)

for every n € N and

FoM(a,b,1) = F((Mi(a,b,1))ier) = F((si)ier) = F(s).
Consequently F' is sequentially left-continuous.
Let us check that F is x-supmultiplicative. Let a,b € [0,1]/. Define Iy = {i € I : a; # 1, b; # 1},
Igz{ielzai#l,bizl},Igz{iEI:aizl,bi#l}andI4:{i€I:ai:bi:1}. Let us
consider a fixed set X = {x1,x2,z3} with three different elements and a fuzzy metric (M;, x) on

X given by

1. If i € I; then

0 ift=0,

1 ifx=y, t>0,
M;(z,y,t) = Mi(y,z,t) = { a if v =1, y =12, t >0,

b; ife=ux9, y=x3, t >0,

a;xb; ifx=ux, y=ux3, t>0.
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2. if ¢ € I3 then

0 ift =0,
1 ifxe=y, t>0,
a; ifx=x1, y=mx9, t >0,

Ml(x,y,t) = Ml(y,x,t) = .
a;xa; ife=x, y=x3, 0<t<1

1 ife=uxz9, y=a3, t >1
a; ifx=x1, y=ux3,t>0.
3. if i € I3 then
0 ift =0,
ife=y, t>0,

b, xb;, ifx=x1, y=x0, 0 <t <1,
MZ(I7y7t) - M’L(y7ﬂ:7t) = ‘ ' by ?
ifx=ux1, y=2a2, t>1,

b; ifx =x9, y=ua3, t >0,
\bi ife=x1, y=x3,t>0.
4. if ¢ € I then
0 ift=0,

0 ife#y 0<t<1,

Ml(xvyvt) = Mz(yyxvt) =
1 ifx#yt>1,

1 ifx=y, t>0.

Then {(X, M;,*) : i € I} is a family of fuzzy metric spaces. Hence F o M is a fuzzy metric on X /.
Let us define x1,x2,x3 € X! such that (x;); = x; Vj € I and i = 1,2, 3. the we have that

Fo M(X],XQ,Q) x Fo M(XQ,X3,2) < Fo M(X17X3,4)
F((Mi(x1,22,2))ier) * F((M;i(z2,23,2))ier) < F((M;(21,23,4))ier)
F(a) * F(b) < F(ax! b)

and, thus, F is x-supmultiplicative.

It is easy to prove that 3. implies 4. Let * be a t-norm. Since F' is an aggregation function we have
that F is isotone and F'(0) = 0. By corollary 3.1 we have that F' preserves asymmetric #-triangular
triplets.

It remains to prove that 4. implies 1. Let {(X;, M;,*) : i € I} be a family of fuzzy quasi-metric
spaces. Let us check that (FoM, ) is a quasi-metric on [Lic; Xi. Since F is an aggregation function
then F o M(x,y,0) = F((M;(xi,¥:,0))icr) = F(0) = 0 for every x,y € [Lic; Xi, so (FQMI)
holds. Moreover, if t > 0 then F o M(x,x,t) = F((M;(xi,xi,t))ier) = F(1) = 1 Vo € [;e; Xi-
On the other hand, given x,y € [[,.;X; if F'o M(x,y,t) = Fo M(y,x,t) = 1Vt > 0 then
F((M;(xi,¥i,t))icr) = F(Mi(yi,%i,t))ier) = 1 Vt > 0. Since F has a trivial core we have that
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for every i € I, M;(x;,yi,t) = Mi(yi,xi,t) =1Vt >0s0%x; =y; =1Vie I, i e. x=y. Thus
(FQM?2) holds.
Moreover, given x,y, z € [[;c; Xi; and t, s > 0 we have that M;(x;, ys, 1)« M;(yi, zi, s) < M;(xq, 2, t+
s) is an asymmetric *-triangular triplet. Then by assumption,
(F((M;(x4,yi,t))icr), F(M;(yi, zi,8))icr), F (M;i(%xi, i, t + 5))icr)) is an asymmetric *-triangular
triplet so

F((Mi(xi,yi,t))ier) * F((Mi(yi; 2i, 5))ier) < F((Mi(x4,2i,t + $))ier)

and, thus, (FQM3) holds for F o M.
Finally, (FMQ4) is clear since F' is sequentially left-continuous and M;(x,y,-) is left-continuous

and isotone for every x,y € X and every i € I. O

Example 3.9 ([32]). 1. Given a t-norm x andn € N, the function F : [0,1]™ — [0, 1] given by
Fi(ay,...,an) = ar*- - -xay, is a sequentially left-continuous (x—) supmultiplicative aggregation

function with a trivial core. So it is a *-fuzzy (quasi-)metric aggregation function on products.

2. The function F : [0,1] — [0,1] given by F(x) = /x is a continuous *p-supmultiplicative
aggregation function with a trivial core. Consequently, it is a xp-fuzzy (quasi-)metric aggre-

gation function.

Notice that in the case of fuzzy metric and fuzzy quasi-metric spaces, the concept of a fuzzy
metric aggregation function and fuzzy quasi-metric aggregation function on products coincide, in
contrast with the case of metric aggregation functions and quasi-metric aggregation functions on
products. It makes us thing that probably a fuzzy quasi-metric aggregation function and fuzzy
aggregation function on sets will be equivalent. Pedraza, Rodriguez-Lépez and Valero [32] gave a

characterization of fuzzy (quasi-)metric aggregation functions on sets.

Theorem 3.2 ([32]). Let F : [0,1]) — [0,1] be a function and * be a t-norm. The following

statements are equivalent:
(1) F is a (*-)fuzzy quasi-metric aggregation function on sets;
(2) F is a (*-)fuzzy metric aggregation function on sets;

(3) F is an aggregation function, (x-)supmultiplicative, sequentially left-continuous and the core

of F' is countably included in a unitary face;

(4) F(0) =0, F(1) = 1, F is sequentially left-continuous, the core of F' is countably included in

a unitary face and F preserves asymmetric (x-)triangular triplets.

Proof. 1. implies 2. This is clear. 2. implies 3. Everything follows with a simple adaptation of the
proof of theorem 3.1 except for proving that the core of F' is countably included in a unitary face.
Assume for the sake of contradiction that we can find a sequence {x, : n € N} ¢ F~!(1) such that
for any i € I we could find n; € N such that (x,,); # 1. Let us consider a set X = {a,b} with two
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different elements and for each ¢ € I define M; : X x X x [0,4+00) — [0, 1] as

0 ift =0,
1

ife=y, t>0,
Mi(z,y,t) =
Z ife#y, t>1,

(x1)s

\(Xl)i*"'*(xn-i-l)i if z#y, #1 <t< i+

Notice that (X, M;,*) is a fuzzy metric space Vi € I. We only show that (FQM2) holds since
the other conditions follow trivially. If M;(x,y,t) = 1 ¥t > 0 then = = y. Otherwise, we can
suppose that z = a and y = b so M;(a,b,t) = 1 ¥Vt > 0. Nevertheless, this is impossible because
Mi(av b, niz) = (Xl)i Kook (an)l 7& 1.

By assumption, (F o M,x) is a fuzzy metric on X. However, given ¢ > 0 and since F is

(*—)supmultiplicative we have that
FoMi(a,b,t) = F((Mi(a,b,t))icr) = F(x1 #! -+ sl x01) > F(x1) % ... F(Xpq1) =1x%---x1=1

for some n € NU {0}. Since a # b this contradicts (FQM2).

3. implies 4. is a direct consequence of corollary 3.1.

The proof of 4. implies 1. is similar to 4. implies 1. of theorem 3.1 and the only difference is
with proving the condition (FQM2). Let {(X,M;, ) : i € I} be a family of fuzzy quasi-metric
spaces. Let z,y € X such that F o M(z,y,t) = F o M(y,z,t) = 1 V¢t > 0. By corollary 3.1 F'is
s-supmultiplicative. hence we have that 1 = 1x1 = F(M(z,y,t)) * F(M(y, z,t)) < F(M(x,y,t)
M(y,z,t)) Vt > 0, so F((M;(x,y,t))icr ¥/ (M;(y,z,t))ic;r) = 1. Define x,, = (M;(z,y,1t))ier *'
(M;(y,x,t))icr. Then {x, : n € N} C F~1(1). By assumption, there exist i € I such that
(xn)i =1Vn €N, i. e. Mi(z,y, 1) = M;(y,z,1) =1Vn € N. Since M;(z,y,-) and M;(y,z,-) are
increasing we deduce that M;(z,y,t) = M;(y,x,t) = 1 ¥Vt > 0. Consequently, x = y since (M;, *)

is a fuzzy quasi-metric. O

Now we summarize the characterizations of fuzzy metric and fuzzy quasi-metric aggregation func-

tions on sets and products.
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Aggregation func- | F' is an aggrega- | F(0) = 0, F | Aggregation

tions of fuzzy met- | tion function, (*- | is sequentially | functions of

rics on products )supmultiplicative, | left-continuous fuzzy quasi-
sequentially left- | with a trivial core | metrics on

continuous and F' | and F preserves | products
has a trivial core | asymmetric

(*-)triangular

triplets
Aggregation  func- | F' is an aggrega- | F'(0) = 0, | Aggregation
tions of fuzzy met- | tion function, (x- | (1) = 1, F is | functions of
rics on sets )supmultiplicative,| sequentially left- | fuzzy quasi-
sequentially left- | continuous, the | metrics on

continuous  and | core of F'is count- | sets
the core of F | ably included in
is countably | a unitary face
included in a | and F preserves
unitary face asymmetric

(*-)triangular

triplets

Table 3: Fuzzy metrics and fuzzy quasi-metrics

4 Aggregation functions of fuzzy norms and fuzzy asymmetric

norms

In the classic context we have shown different results of aggregation functions of metrics, quasi-
metrics, norms and asymmetric norms on products and on sets. Golet [17] gave a definition of
a fuzzy norm. It makes sense to look for characterization of functions that aggregate norms and
asymmetric norms on products and on sets in the fuzzy context. In this section we are going
to show results that characterize aggregation functions of fuzzy norms and fuzzy quasi-norms on

products and on sets. All the results of this section are original and are included in [29)].

4.1 Fuzzy norms and fuzzy asymmetric norms

Our next step is to characterize aggregation function of norms and quasi-norms in the fuzzy context,

but for this purpose, first we need to introduce some definitions and results.

Definition 4.1 ([17, 1, 2]). A weak fuzzy quasi-norm on a real vector space V' is a pair (NN, x) such
that * is a continuous t-norm and N is a fuzzy set on V x [0, +00) such that for every x,y € V
and t, s > 0 it verifies

(FQN1) N(z,0) = 0;

(FQN2) N(xz,t) = N(—z,t) =1 for all £ > 0 if and only if z = Oy;
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(FQN3) N(Az,t) = N (z,%) for all A > 0;

(FQN4) N(z,t)  N(y,5) < Nz +, + 5);

(FQN5) N(z,-):]0,00) — [0, 1] is left-continuous.
If N also satisfies

(FQN6) limyy oo N(z,t) =1

then (N, ) is called a fuzzy quasi-norm.
A (weak) fuzzy (quasi-)norm on a real vector space V' is a (weak) fuzzy (quasi-)norm (N, *) on V'
such that

(FQN3") N(\z,t) = N (:c |t7\) for all A € R\{0}.

A (weak) fuzzy (quasi-)normed space is a triple (V, N, *) such that V is a real vector space and

(N, %) is a (weak) fuzzy (quasi-)norm on V.

Remark 4. Notice that if (N,x*) is a weak fuzzy norm on a real vector space V, where % is a
t-norm, then N(z,-) is isotone. Let ¢, s > 0 such that ¢ < s and let € V, then we have that there

exists 7 > 0 such that s = ¢ + r, then, since (N, %) is a weak fuzzy quasi-norm we have that

N(z,t) = N(z,t)*1 = N(z,t) * N(0,r) < N(x +0,t +r) = N(z, s).

Remark 5. Notice that the definition of fuzzy norm that we have considered is that of Golet. It
differs slightly from that defined in [8] since Cheng and Mordeson considered a real or complex
vector space V, they allow that the parameter ¢ takes also negative values by considering that
N(z,t) =0 for every ¢t < 0 and they only make the definition for the minimum t-norm. The above
definition is similar to that in [2, 1].

There are also other notions of a fuzzy norm which modify the previous conditions as the elimina-
tion of (FQN5) [4].

Example 4.1 (cf. [35, Example 1],[1, Example 1]). Let (V, q) be a quasi-normed space. Let k,m,n €
R* be fized. Define N :V x [0,+00) — [0,1] as

0 ift=0
N(xat): kt™

—  ift > 0.
ktm + mq(z) ift>

Then (V,N,x) is a fuzzy quasi-normed space for every continuous t-norm . If k =n=m =1

then (N, *) is called the standard fuzzy quasi-norm and it will be denoted by (Ng, *).

Example 4.2. Let a € [0,1] and consider N, : R x [0,400) defined as

1 ift > x|
Ny(z,t) =qa if0<t<|z]
0 ift=0.
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It is straightforward to check that (R, Ng, %) is a fuzzy normed space for every continuous t-norm
*.

Let us show that (Ng, *) is a fuzzy norm for every continuous t-norm x.

It is obvious that No(z,0) =0 Vo € R, so (FQN1) holds.

It is obvious that Ng(z,t) = Ng(—z,t) Vt > 0, then we only have to prove that N(x,t) =1Vt >0
if and only if v = 0. Let © € R such that Ng(x,t) = 1Vt > 0, i. e. t > |z| Vt > 0, but this is
possible only if x = 0. Conversely if x = 0 it is obvious that N(x,t) =1 and (FQN2) holds.

Now we prove (FQNS3’). Let A € R, A # 0 and x € R. Then we have that

1ift > | ha| = [Allz], 1if 57> ol
t
No(Az,t) =< a if0<t<|\a|=|A||z], =4 a if0<§\|§]x|7=Na<$,)\).
0 #ft=0 0 ift=0

and (FQN3') holds.

Consider z,y € R and t,s > 0, we will consider different cases:

1. N(z,t) = N(y,s) = a, then we have that N(x +y,t +s) =1 or N(x +y,t +s) = a and we

deduce
N(z,t)* N(y,s) =axa<axl=N(z+yt+s)x1l=N(@x+y,t+s),

or
N(z,t)* N(y,s) =axa<1lsx1=N(zx+y,t+s)x1=N(x+y,t+s).

2. If N(x,t) = a, N(y,s) = 1 we have again that N(z+y,t+s) =a or N(x+y,t+s) =1 and
we obtain
N(z,t)*N(y,s) =ax1=N(z+yt+s)*x1=N@+yt+s)

or
N(z,t)* N(y,s) =ax1<1x1=N(x+y,t+s)x1=N(z+y,t+s).

3. N(z,t) = N(y,s) =1, then we have that t + s > |z| + |y| > [z +y|, i. e. N(x +y,t+s) =1
and then N(z,t)* N(y,s) =1x1=1=N(z+y,t+s).

Let (tp)nen be a sequence in [0,400) such that t, < t,+1 Vn € N and let s be the supremum of
this sequence. Let x € R, © # 0 then we have that if t,, < |x|, then N(x,t,) = a Yn € N, but,
since s 1is the supremum of the sequence, we have that s < |z|, i. e. N(z,s) = a and N(z,-) is
left-continuous. If = 0, then we have that N(x,t,) = 1 = N(x,s) Vn € N and N(z,-) is left
continuous. If t, > |z| Yn € N or there exists ng € N such that t, > || ¥Yn > ng we have that
N(z,t,) =1 Vn > ng, but, since s is the supremum of the sequence, we have that N(xz,s) =1. So
we can conclude that limy, oo N(x,t,) =1 = N(z,s).

It remains to prove that limy_,oo N (xz,t) = 1, but this is obvious.

Remark 6. Let (V, N, *) be a weak fuzzy quasi-normed space. We define the open ball By (z,,t)

with center x, radius r, 0 <r <1, and ¢t > 0 as

Bn(z,rt)={y eV :N(y—uz,t) >1—r}.
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The family of open balls is a base for a topology 7(N) on V. Notice that this topology is the weak
topology on V' making the functionals N(z,-) : [0,4+00) — [0, 1] lower semicontinuous, for every
zeV.

4.2 Aggregation functions of fuzzy norms and fuzzy quasi-norms on products
and sets

Finally, we will study when a function preserves weak fuzzy norms and weak fuzzy quasi-norms.
We start giving the definitions of a weak fuzzy (quasi-)norm on products and a weak fuzzy (quasi-

Jnorm aggregation function on sets.
Definition 4.2 ([29]). A function F : [0,1]7 — [0, 1] is said to be:

e a weak fuzzy (quasi-)norm aggregation function on products if whenever x is a t-norm and
{(Vi, Ni,*) : 1 € I} is a family of weak fuzzy (quasi-)normed spaces then (F' o IN, %) is a weak
fuzzy (quasi-)norm on [[;.; Vi where N : [Tic; Vi x [0,400) — [0,1]! is given by

(N($, t))l = Ni(Xi, t)

for every x € [[;c; Vi and t > 0.

If F' only satisfies the above condition for a fixed t-norm * then it is said to be an x-weak

fuzzy (quasi-)norm aggregation function on products.

o a weak fuzzy (quasi-)norm aggregation function on sets if whenever * is a t-norm and { (IV;, *) :
i € I} is a family of weak fuzzy (quasi-)norms on the same real vector space V' then (FoN, %)

is a weak fuzzy (quasi-)norm on V where N : V' x [0, +00) — [0,1]! is given by
(N (z,t)); = Ny(x,t)

for every x € V and t > 0.

If F only satisfies the above condition for a fixed t-norm * then it is said to be an x-weak

fuzzy (quasi-)norm aggregation function on sets.

Theorem 4.1 ([29]). Let F : [0,1]! — [0,1] be a function and * be a t-norm. The following

statements are equivalent:
1. Fis a (x-)weak fuzzy quasi-norm aggregation function on products;
2. F is a (x-)weak fuzzy norm aggregation function on products;

3. F(0) =0, F is isotone, (*x-)supmultiplicative, sequentially left-continuous and F has trivial

core;

4. F(0) = 0, F is sequentially left-continuous with trivial core and F preserves asymmetric

(x-)triangular triplets.
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Proof. 1. implies 2. is obvious.

Let us show that 2. implies 3. First, let {(V;, N;, *)}icr be a family of weak fuzzy normed spaces.
Then, we have that F(0) = F((Ny(x;,0))ier) = F o N(x,0) = 0 Vx € [L;c; Vi, so we have that
F(0) =0.

Let us prove that F has trivial core. If {(R, N;,*) : ¢ € I} is a family of weak fuzzy normed
spaces we have that (F o N, ) is a weak fuzzy norm on R!. Let ¢ > 0, then we have that
F(1) = F((N;(0,1))ic;) = FoN(0,t) = 1. Suppose that we can find a € [0, 1]’ such that F(a) =1
but a # 1. Let J = {i € I : a; # 1}, which is nonempty. Consider the family of weak fuzzy normed
spaces {(R, N;,*) : i € I} where

o if i € J then (NN;,*) = (Ny,, *) is the fuzzy norm of Example 4.2;
e if i & J then (N;,*) = (N, ) is an arbitrary fixed weak fuzzy norm on R.

By assumption (F' o N, %) is a weak fuzzy norm on R!. Let x € R! such that x; = 1 if i € J and
x; = 0 otherwise. Then given ¢ > 0 we have that
- F(1) =

FoN(x,t) = F((Ni(xi,1))ier) = Fla) = 1

ift>1
fo<t<1.

which contradicts (FQN2). Hence F' has trivial core.

Now we prove that F is isotone. Let a,b € [0, 1]I be such that a < b and consider a t-norm * and
the family of weak fuzzy norms {(NN;,*) : i € I} defined on R given by

(
0 ifo<t< il
a; if 2 <¢< 2l
Ni(z,t)y=¢ =~ 4 72
b if <t < |2,

(1 ife> |z].
It is easy to check that (IV;,*) is a weak fuzzy norm on R Vi € I. Since F' is a weak fuzzy norm
aggregation function on products we have that (F'o N, ) is a weak fuzzy norm on R. Consequently
F(a) = F((a;)ier) = F((Ni(6,2))ier) = FoN(6,2) = FoN(6,2) x 1 =

= FoN(6,2) *+ FoN(0,2) < FoN(6+ 0,2 +2) = F((Ni(6,4))ic1) =

= F((bi)icr) = F(b)
i. e. F'1is isotone.
We next show that F' is *-supmultiplicative. Let a,b € [0,1]/. Define L1 = {(z,y) € R? : = #
0,y =0}, Ly = {(z,y) € R?: 2 =0,y # 0} and L3 = R?\(L; U Ly U {(0,0)}). For each i € I we
will consider a function N; : R? x [0, +00) — [0, 1] as follows:

0 if 0 <t <|x|,
a; if x € Ly and t > [|x]|,
Ni(x,t) = { b; if x € Ly and t > ||x||,

a; * b; ifXGLg and t > HXH,
1 ifx=0and ¢ >0,
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where || - || is the Euclidean norm. Then (N, *) is a weak fuzzy norm on R? for all i € I. We
only check that (NN;,*) satisfies (FQN4). Let x,y € R? and ¢,5 > 0. If x +y = 0 the inequality
is trivially true. If x = 0 or y = 0 we also obtain the inequality since N;(z,-) is isotone for every
z € R%. So let us suppose that x +y # 0, x # 0 and y # 0. Let j € {1,2,3} such that x+y € L;.
If x € Lj ory € Lj then it is clear that N;(x,t) *x Nij(y,s) < Nj(x+y,t+s). lf x¢ Ljandy € L;

we distinguish three cases:

e if j =3 then x € L; and y € Ly or viceversa. If ¢t < ||x] or s < ||y|| then N;(x,t) = 0 or
Ni(y,s) = 0 so the inequality holds. Otherwise ¢ > ||x|| and s > |y| which implies that
t+s>[lx[| +[lyll = [lx + y[|. Hence Ni(x,¢) * Ni(y,s) = aixb; < Ni(x +y,t +5) = a; x b;.

e if j = 2 then at least one of x,y belongs to L3. Without loss of generality we can suppose that
x € Lz. As above, if t < ||x|| or s < ||y|| then N;(x,t) = 0 or N;(y,s) = 0 so the inequality
holds. Otherwise ¢ > ||x|| and s > ||y| which implies that ¢t + s > [|x]| + [ly|| > [x + ¥|
Hence N;(x,t) * Ni(y,s) = a; xb; * Ni(y,s) < b; = N;(x +y,t +5).

e if j =1 we can reason as in the previous case.

Since (FoN, ) is a weak fuzzy norm on (R?)’ then it verifies (FQN4). Defining (1,0), (0,1),(1,1) €
(R2?)! such that (1,0); = (1,0), (0,1); = (0,1) and (1,1); = (1,1) for all i € I we have

FoN((1,0),2) * FoN((0,1),2) < FoN((1,1),4)
F((ai)ier) * F((bi)icr) < F((a; * b;)icr)

so F'is x-supmultiplicative.

Finally, we prove that F' is sequentially left-continuous. By Remark 3, let us consider a nonde-
creasing sequence {s, }ney in [0, 1]7 converging to s € [0,1])! in the product topology of the lower
limit topology.

For each i € I define N; : R x [0,4+00) — [0,1] as

0 if ¢ =0,
1 ifx=0,t>0,
Ni(z,t) =40 if 0<t<2l
(sn)i if|x|<1—%ﬂ><t§|x\<l—%ﬁ>,n€N
S; if 0<|z| <t

Then (R, N;, %) is a weak fuzzy normed space for all i € I. We only check (FQN4). Let z,y € R
and t,s > 0. If N;j(z,t) = 0 or N;(y,s) = 0 then the conclusion is obvious so we suppose that
N;(z,t) # 0 and N;(y,s) # 0. We may also assume that x # 0, y # 0 and = + y # 0 (otherwise,
the conclusion follows trivially). If |z| < ¢ and |y| < s then |z +y| < |z + |y| < t+ s s0
Ni(z +y,t +s) =s; > Ni(x,t) * Nij(y,s) =s; *s;.

Now suppose that |z| > ¢t and |y| < s. Since N;(z,t) # 0 and x # 0 we also have that 0 < % <t
Then there exists n, € N such that

1 1
lx| (1 — <t<|z||{1- .
ng + 1 Ng + 2
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Therefore,

1 1 1
t > 1-— > 1-— 1-—
roxlol (1= )+l 1ol (1= g )+l (1- )

1 1
= 1-— > 1-— .
(ol 1) (1= g ) 2ol (1 )

From this and since {(s,)i}nen is nondecreasing then N;(z + y,t + s) > (sp,)i = Ni(x,t) >
Nl(l‘,t) * Nz(y) ‘9)‘

If |z| <t and |y| > s we can reason as above.

Finally, let us suppose that |z| >t and |y| > s. Then we can find n,,n, € N such that

1 1 1 1
o (1 —— ) <t<lz|(1- and [y| (1~ <s<lyl{1- '
ng + 1 g + 2 ny +1 ny +2

Then
Ed |
4yl (1- ——————— ) <|z|+ |y - -
| y|< (nx/\ny)+1>_|| g (g Anyg)+1  (ng Any)+1
|z |yl
< x|+ |y| — - <t )
< lzl +ly| ng+1 ny+1 ts
Hence

Ni(z +y,t+5) 2 (Snaany )i = (S, )i * (Sn, )i = Ni(z,t) * Ni(y, s).
Consequently, (NV;, x) satisfies (FQN4).

By assumption (F' o N, %) is a weak fuzzy norm on R associated with the family of fuzzy normed
spaces {(R, Nj, %) : i € I'}. Then FoN(1,") is left-continuous so {F o N(1,1 —
to F o N(1,1). We observe that

FoN (1, 1— n«1k2> =F <<N (1, 1- 7112))6[) = F(((sn)i)ier) = F(sn)

for every n € N and

%ﬁ)}neN converges

FoN(1,1) = F((N(1,1))ier) = F(s1)ier) = F(s).

Consequently F' is sequentially left-continuous.

3. implies 4. is the same that 3. implies 4. in theorem 3.1.

Finally we will show that 4. implies 1. Suppose that F(0) = 0, F' is sequentially left-continuous
with a trivial core and F' preserves asymmetric triangular triplets. Let {(V;, N;, *) }ier be a family
of weak fuzzy quasi-normed spaces. Let us check that F' o N is a weak fuzzy quasi-norm on
[Lic; Vi- Take x € [[;c; Vi, then we have that F o N(x,0) = F((Ni(x4,0))ier) = F(0) = 0 so we
have that (FQN1) holds. Consider x € [];.; Vi such that F o N(x,t) = FoN(—x,t) =1Vt > 0,
then we have that F'((N;(x,t))icr) = 1 and F((V;(—x,t))ier) = 1, but F has a trivial core, i. e.
N;(xi,t) = N;j(—x;,t) =1 Vi € I. Since (N;,*) is a weak fuzzy quasi-norm on V; for every i € I
we can conclude that x; = Oy, Vi € I, so x = 0 and we have (FQN2). Now take A > 0, t > 0 and
x € [[;c; Vi- From the fact that (N, *) is a weak fuzzy quasi-norm Vi € I we deduce that

FoN(Ax,t) = F(Ni(Ax, t))icr) = F <(N <X ;))61) =FoN (X’ ;)
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, 1. e. (FQN3) holds.
Consider x,y € [[;c; Vi and t,s > 0 we want to prove that F o N(x,t) * F o N(y,s) < Fo

N(x + y,t + s). From the fact that (N;,*) is a weak fuzzy norm for all ¢ € I we have that
(Ni(x4,t), Ni(yi, ), Ni(xi+yi, t+s)) is an asymmetric *-triangular triplet, i. e. (N(x,t), N(y, s), N(x+
y,t+s)) is an asymmetric *-triangular triplet. Since F' preserves asymmetric *-triangular triplets

we have that

FoN(x,t)«' FoN(y,s) < FoN(x +y,t+5s)

and we have (FQN4).
(FQN5) is clear since F' is sequentially left-continuous and Nj(z,-) is left-continuous and isotone
Vie I O

Notice that by theorem 4.1 and by theorem 3.1 we can conlude that in the fuzzy context the concept
of a fuzzy metric, fuzzy quasi-metric, weak fuzzy norm and weak fuzzy quasi-norm aggregation
function coincide, in contrast with the classical context.

Finally we will show the result that gives us a characterization of weak fuzzy quasi-norm aggrega-

tion functions on sets.

Theorem 4.2 ([29]). Let F : [0,1)1 — [0,1] be a function and * be a t-norm. The following

statements are equivalent:
(1) F is a (x-)weak fuzzy quasi-norm aggregation function on sets;
(2) F is a (x-)weak fuzzy norm aggregation function on sets;

(3) F(0) = 0, F(1) = 1, the core of F is countably included in a unitary face, F is isotone,

(x- )supmultiplicative and sequentially left-continuous ;

(4) F(0) =0, F(1) = 1, the core of F is countably included in a unitary face, F' is sequentially

left-continuous and F' preserves asymmetric (x-)triangular triplets.

Proof. (1) = (2) This is trivial.

(2) = (3) We first prove that F(0) = 0. Let (V,N,*) be an arbitrary weak fuzzy normed space,
v € V and t > 0. Considering the family of weak fuzzy normed spaces {(V, N;,*) : i € I} where
N; = N for all i € I, we have that (F o N, %) is a weak fuzzy norm on V so 0 = F o N(v,0) =
F((N(0,0))icr) = F(0).

On the other hand, F(1) = F((N(Oy,t))icr) = F o N(Oy,t) = 1 by (FQN2).

For proving that F' is *-supmultiplicative we can proceed as in the proof of this fact in the impli-
cation (2) = (3) of Theorem 4.1.

Now, we check that the core of F' is countably included in a unitary face.

Now suppose, contrary to our claim, that there exists a sequence {a, : n € N} C F~!(1) such that

for any ¢ € I we could find n; € N verifying (an,); # 1. Let us consider the vector space R and for
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each ¢ € I define N; : R x [0, +00) — [0, 1] as

0 it =0,
1 ifx=0,1>0,
Ni(z,t) =
(al)i ifx#07t> ‘$|7
(@1); % ... % (@nt1)i ifx#O,%<t§%,neN.

Notice that (R, V;,*) is a weak fuzzy normed space for all ¢ € I. Let us check it. It is obvious
that (FQN1) is satisfied. On the other hand, let z € R such that N;(z,t) = Nij(—=z,t) = 1
for all t > 0. By assumption, we can find n; € N such that (a,;) # 1. Hence, if z # 0 then
Ni(z, %) = (a1);*... % (an;41)i < (@1)i A ... A (@n;+1)i < 1 which is a contradiction. Therefore

z=0.
Furthermore, let € R and A € R\{0}. If x = 0 it is clear that N;(A0,t) =1 = N; (0 P\I) If

x # 0 the equality N;(Az,t) = N; ( . )\|) follows from the equivalences of the inequalities ¢t > |Az|

and Wc‘ <t< M with Iﬁ\l > x and n‘ill < |>\\ < |n‘ respectively, so (FQN3’) is proved.

We next check (FQN4). Let z,y € Rand t,s > 0. If x+y = 0 it is obvious that N;(x,t)* N;(y, s) <
N;(x +y,t+s) = 1. Moreover, if x +y # 0 and x = 0 or y = 0 the inequality is also clear since if,
for example y = 0 then N;(z,t)*N;(y,s) = N;(x,t) = (a1)i*...*(ap41); for some n € N and since
t < s+t the factors which appears in multiplication by the t-norm x in the value of N;(x,t+ s) are
less or equal than the factors in N;(z,t), so N;(z,t) < N;(x,t+ s). Finally suppose that z +y # 0
and z # 0, y # 0. If t + s > |x + y| the inequality is clear since N;(z +y,t+ s) = (a1);. Otherwise,

t+s<|x+y| <|z|+|y|. Then t < |z| or s < |y|. We distinguish some cases:

e ¢t <|z| and s > |y|. Then there exists n, € N such that |$| ;1 <t< |$| . Then

LIS
ng, + 1 ng, + 1

2zl + 1yl o |z +y

t+ s> =
N, + 1

This means that the number of factors which appear in N;(z + y,t + s) are less than or
equal to ny + 1 which is the number of factors which appear in N;(z,t). Consequently
Ni(x,t) * Ni(y,s) < Ni(z,t) < Ni(z +y,t + ).

e ¢t > |z| and s < |y|. In this case we can reason as above.

o t <|z| and s < |y|. Let ng,n, € N such that

2] <t§mandﬂ<sgg.
ng +1 Ny ny +1 Ny
Then
P - I | B o | BN [z +

ny+1  ny+1 7 max{ng,ny}+1 = max{ngn,}+1
This means that the number of factors which appear in N;(z +y,t+ s) are less than or equal

to max{nz,n,} + 1. Reasoning as above we obtain the desired inequality.

It remains to prove that N;(z,-) is left-continuous. If x = 0 it is obvious. Suppose now that = # 0

and let ¢ > 0. By construction, if {¢,},en is a sequence in (0, +00) whose upper limit is ¢, we can
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find ng € N such that N(z,t,) is constant for every n > ng, so the conclusion follows. We conclude
that (N;,*) is a weak fuzzy norm on R for all i € I.
Notice that if ¢ > 1 then N;(1,t) = (a1); so

FoN(Lt) = F((Ni(1,))ier) = F(((a1)i)ier) = F(a1) = 1.

If 0 < t <1 then we can find n € N such that N;(1,t) = (a1); *...* (any1); for all i € I. Since F

is x-supmultiplicative then

Fo N(l,t) = F((Nz(l,t))zej) = F(((al)z [P 3 (an+1)i)¢61) = F(a1 [P 3 an+1)
> F(ay) *...*% F(a,) = 1.

Therefore, F'o N(1,t) = 1 for all ¢ > 0 which contradicts that (F o IN, %) is a weak fuzzy norm.
Consequently the core of F' is countably included in a unitary face.

The proof that F' is isotone and the proof that F' is sequentially left-continuous are similar to the
same proofs in the implication (2)= (3) of Theorem 4.1.

(3) = (4) This is similar to the implication (3) = (4) of Theorem 4.1.

(4) = (1) Let {(V, N;,*) : i € I} be a family of weak fuzzy quasi-normed spaces. Let us check that
(F o N,x) is a weak fuzzy quasi-norm on V.

Given z € V then F o N(x,0) = F((N;(z,0));er) = F(0) = 0 so (FQN1) holds.

Now, suppose that there exists x € V such that F o N(z,t) = F o N(—=z,t) = 1 for all t > 0.
Since (N;(z,t), Ni(—z,t), N;i(x;, t)* Nj(—x,t)) is an asymmetric x-triangular triplet for all ¢ € I, by
assumption (F((N;i(z,t))icr), F((Ni(=z,t))ier), F((Ni(x,t)* N;(—x,t));er)) is also an asymmetric

x-triangular triplet so
1=1x1=F((Ni(z,1))ier) * F((Ni(=z,1))ier) < F((Ni(x,t) * Ni(=2,1))ier)-

Hence F((N;(z,t) * Ni(—x,t))icr) = 1 for all ¢ > 0. Let us define a,, = (N;(z, 1) * N;(—z, L))er.
Then {a, : n € N} C F~1(1) and since the core of F' is countably included in a unitary face we
can find j € I such that (a,); = 1 for all n € N, that is, N;(z, %) * Nj(—z, %) =1 for all n € N.
Consequently, Nj(z, 1) = Nj(—z,1) =1 for all n € N. Moreover, since Nj(z,) and N;(—z,-) are
isotone we immediately obtain that N;(x,t) = N;(—xz,t) =1 for all t > 0. Since (IV;, *) is a weak
fuzzy quasi-metric on V' then x = Oy . Therefore, F' o N satisfies (FQN2).

It is clear that F' o N verifies (FQN3) since given A,¢t > 0 and x € V' we have that

Fo Nz, t) = F(NOw, 6))ier) = F <<N (a; ;))J _FoN (g; ;) |

In order to prove (FQN4), let x,y € V and ¢, s > 0. Since (IV;, *) is a weak fuzzy quasi-norm for all
i € I then it is obvious that ((N;(z,t))icr, (Ni(y,s))ier, (Ni(x 4+ y,t + 8));er) is an asymmetric x-
triangular triplet. Then, by assumption, (F'((N;(x,t))icr), F((Ni(y, $))icr), F((Ni(z+y,t+5))icr))

is an asymmetric *-triangular triplet so

F((Ni(,1))icr) * F((Ni(y, 5))icr) < F((Ni(x +y,t + 5))ier)

so F' o N verifies (FQN4).
To this end, (FQN5) follows from the fact that F' is sequentially left-continuous and N;(z,-) is

left-continuous and isotone for every x € V and every i € I. O
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Like in the case of products, we can see that for a function F' is equivalent to be a weak fuzzy
norm (or quasi-norm) aggregation function on sets than to be a fuzzy metric (or quasi-metric)
aggregation function on sets.

Finally we summarize results about aggregation functions of (weak) fuzzy norms and (weak) fuzzy

quasi-norms.

ably included in
a unitary face,
F is isotone, (-
)supmultiplicative
and sequentially

left-continuous

ably included in
a unitary face,
F is sequentially
left-continuous
and F preserves
asymmetric
(*-)triangular

triplets

Aggregation  func- | F(0) = 0, | F(0O) = 0, F | Aggregation
tions of fuzzy norms | F' is isotone, (% | is sequentially | functions of
on products )supmultiplicative, | left-continuous fuzzy quasi-
sequentially left- | with trivial core | norms on
continuous and F' | and F preserves | products
has trivial core asymmetric
(*-)triangular
triplets
Aggregation  func- | F(0) = 0, | F(0) = 0, | Aggregation
tions of fuzzy norms | F(1) = 1, the | F(1) = 1, the | functions of
on sets core of F'is count- | core of F'is count- | fuzzy quasi-

norms on sets

Table 4: Fuzzy metrics and fuzzy quasi-metrics
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