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11202 Algeciras, Spain.

E-Mail ismael.gonzalez@uca.es

Abstract. Given a graph G = (V,E), a function f : V → {0, 1, 2} is a total Roman
{2}-dominating function if

• every vertex v ∈ V for which f(v) = 0 satisfies that
∑

u∈N(v) f(u) ≥ 2, where

N(v) represents the open neighborhood of v, and

• every vertex x ∈ V for which f(x) ≥ 1 is adjacent to at least one vertex y ∈ V
such that f(y) ≥ 1.

The weight of the function f is defined as ω(f) =
∑

v∈V f(v). The total Roman
{2}-domination number, denoted by γt{R2}(G), is the minimum weight among all
total Roman {2}-dominating functions on G. In this article we introduce the con-
cepts above and begin the study of its combinatorial and computational properties.
For instance, we give several closed relationships between this parameter and other
domination related parameters in graphs. In addition, we prove that the complexity
of computing the value γt{R2}(G) is NP-hard, even when restricted to bipartite or
chordal graphs.
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2 S. Cabrera Garćıa, A. Cabrera Mart́ınez, F. Hernández Mira and I. Yero

1. Introduction. Throughout this article we only consider simple graphs G
with vertex set V (G) and edge set E(G). That is, graphs that are finite, undirected,
and without loops or multiple edges. Given a vertex v of G, NG(v) denotes the
open neighborhood of v in G: NG(v) = {u ∈ V (G) : uv ∈ E(G)}. The closed
neighborhood, denoted by NG[v], equals NG(v) ∪ {v}. Whenever possible, we shall
skip the subindex G in the notations above.

A function f : V (G) → {0, 1, 2, . . .} on G is said to be a dominating function
if for every vertex v such that f(v) = 0, there exists a vertex u ∈ N(v), such that
f(u) > 0; furthermore, f is said to be a total dominating function (TDF) if for
every vertex v, there exists a vertex u ∈ N(v), such that f(u) > 0. The weight of
a function f on a set S ⊆ V (G) is f(S) =

∑
v∈S f(v). If particularly S = V (G),

then f(V (G)) will be represented as ω(f).

Recently, (total) dominating functions in domination theory have received much
attention. A purely theoretic motivation is given by the fact that the (total) dom-
inating function problem can be seen, in some sense, as a proper generalization
of the classical (total) domination problem. That is, a set S ⊆ V (G) is a (total)
dominating set if there exists a (total) dominating function f such that f(x) > 0 if
and only if x ∈ S. The (total) domination number of G, denoted by (γt(G)) γ(G),
is the minimum cardinality among all (total) dominating sets of G, or equivalently,
the minimum weight among all (total) dominating functions on G. Domination in
graphs is a classical topic, and nowadays, one of the most active areas of research
in graph theory. For more information on domination and total domination see the
books [14, 15, 18] and the survey [16].

From now on, we restrict ourselves to the case of functions f : V (G)→ {0, 1, 2}.
Let Vi = {v ∈ V (G) : f(v) = i} for every i ∈ {0, 1, 2}. We will identify f
with the three subsets of V (G) induced by f and write f(V0, V1, V2). Notice that

the weight of f satisfies ω(f) =
∑2
i=0 i|Vi| = 2|V2| + |V1|. We shall also write

V0,2 = {v ∈ V0 : N(v) ∩ V2 6= ∅} and V0,1 = V0 \ V0,2.

We now define some types of (total) dominating functions, which are obtained
by imposing certain restrictions, and introduce a new one, in order to begin with
the exposition of our results.

A Roman {2}-dominating function (R2DF) is a dominating function f(V0, V1,
V2) satisfying the condition that for every vertex v ∈ V0, f(N(v)) ≥ 2. The Roman
{2}-domination number of G, denoted by γ{R2}(G), is the minimum weight among
all R2DFs on G. A R2DF of weight γ{R2}(G) is called a γ{R2}(G)-function. This
concept was introduced by Chellali et al. in [9]. It was also further studied in [17],
where it was called Italian domination number.

A total Roman dominating function (TRDF) on a graph G is a TDF f(V0, V1,
V2) on G satisfying that for every vertex v ∈ V0 there exists a vertex u ∈ N(v)∩V2.
The total Roman domination number, denoted by γtR(G), is the minimum weight
among all TRDFs on G. A TRDF of weight γtR(G) is called a γtR(G)-function.
This concept was introduced by Liu and Chang [19]. For recent results on the total
Roman domination in graphs we cite [1, 2, 7].

A set S ⊆ V (G) is a double dominating set of G if for every vertex v ∈ V (G),
|N [v] ∩ S| ≥ 2. The double domination number of G, denoted by γ×2(G), is the
minimum cardinality among all double dominating sets of G. This graph parameter
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was introduced in [13] by Harary and Haynes, and it was also studied, for example,
in [4, 8, 12].

In this article we introduce the study of total Roman {2}-domination in graphs.
We define a total Roman {2}-dominating function (TR2DF) to be a R2DF on G
which is a TDF as well. The total Roman {2}-domination number, denoted by
γt{R2}(G), is the minimum weight among all TR2DFs on G.

In particular, we can define a double dominating function (DDF) to be a TR2DF
f(V0, V1, V2) in which V2 = ∅. Obviously f(V0, V1, ∅) is a DDF if and only if V1 is
a double dominating set of G.

To illustrate the definitions above, we consider the graph shown in Figure 1.
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Figure 1: Graph G with different labelings (vertices with no drawn label have
label zero) to show the values of several parameters: γ(G) = 3 (a), γt(G) = 4 (b),
γ{R2}(G) = 5 (c), γt{R2}(G) = 6 (d), γtR(G) = 7 (e) and γ×2(G) = 8 (f).

The article is organized as follows. Section 2 introduces general combinatorial
results which show the close relationship that exists between the total Roman {2}-
domination number and other domination parameters. Also, we obtain general
bounds and discuss the extreme cases. Finally, in Section 3 we show that the
problem of deciding if a graph has a TR2DF of a given weight is NP-complete,
even when restricted to bipartite graphs or chordal graphs.

1.1. Terminology and notation. Given a graph G, we denote by δG(v) =
|NG(v)| the degree of a vertex v of G. Also, δ(G) = minv∈V (G){δG(v)} and ∆(G) =
maxv∈V (G){δG(v)}. We say that a vertex v ∈ V (G) is universal if NG[v] = V (G).
For a set S ⊆ V (G), its open neighborhood is the set NG(S) = ∪v∈SNG(v), and
its closed neighborhood is the set NG[S] = NG(S) ∪ S.

The private neighborhood pnG(v, S) of v ∈ S ⊆ V (G) is defined by pnG(v, S) =
{u ∈ V (G) : NG(u)∩S = {v}}. Each vertex in pnG(v, S) is called a private neighbor
of v with respect to S. The external private neighborhood epnG(v, S) consists of
those private neighbors of v in V (G)\S. Hence, epnG(v, S) = pnG(v, S)∩(V (G)\S).

For any two vertices u and v, the distance dG(u, v) between u and v is the
minimum length of a u − v path. The diameter of G, denoted by diam(G), is
the maximum distance among pairs of vertices of G. A diametral path in G is a
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shortest path whose length equals the diameter of the graph. Thus, a diametral
path in G is a shortest path joining two vertices that are at distance diam(G) from
each other (such vertices are called diametral vertices). From now on, we shall skip
the subindex G in all the notations above, whenever the graph G is clear from the
context.

Given a set of vertices S ⊆ V (G), by G−S we denote the graph obtained from
G by removing all the vertices of S and all the edges incident with a vertex in S
(if S = {v}, for some vertex v, then we simply write G− v).

A leaf vertex of G is a vertex of degree one. A support vertex of G is a vertex
adjacent to a leaf vertex, a strong support vertex is a support vertex adjacent to at
least two leaves, a strong leaf vertex is a leaf vertex adjacent to a strong support
vertex, and a semi-support vertex is a vertex adjacent to a support vertex that
is not a leaf. The set of leaves is denoted by L(G); the set of support vertices is
denoted by S(G); the set of strong support vertices is denoted by Ss(G); the set of
strong leaves is denoted by Ls(G); and the set of semi-support vertices is denoted
by SS(G).

A tree T is an acyclic connected graph. A rooted tree T is a tree with a distin-
guished special vertex r, called the root. For each vertex v 6= r of T , the parent
of v is the neighbor of v on the unique r − v path, while a child of v is any other
neighbor of v. A descendant of v is a vertex u 6= v such that the unique r−u path
contains v. Thus, every child of v is a descendant of v. The set of descendants of
v is denoted by D(v), and we define D[v] = D(v)∪ {v}. The maximal subtree at v
is the subtree of T induced by D[v], and is denoted by Tv.

We will use the notation Kn, Nn, K1,n−1, Pn and Cn for complete graphs,
empty graphs, star graphs, path graphs and cycle graphs of order n, respectively.
Given two graphs G and H, the corona product G � H is defined as the graph
obtained from G and H by taking one copy of G and |V (G)| copies of H, and
joining by an edge each vertex of the ith-copy of H with the ith-vertex of G. For
the remainder of the article, definitions will be introduced whenever a concept is
needed.

2. Combinatorial results. We begin this section with two inequality chains
relating the domination number, the total domination number, the total Roman
domination number, the Roman {2}-domination number, the double domination
number and the total Roman {2}-domination number. We must remark that the
last inequality in the first item is a well known result (see [1]). We include it in the
result to have a complete vision of the relationship between our parameter and the
total domination number.

Proposition 2.1. The following inequalities hold for any graph G without iso-
lated vertices.

(i) γt(G) ≤ γt{R2}(G) ≤ γtR(G) ≤ 2γt(G), (γtR(G) ≤ 2γt(G) is from [1]).

(ii) γ{R2}(G) ≤ γt{R2}(G) ≤ γ×2(G).
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Proof. It was shown in [1] that γtR(G) ≤ 2γt(G). To conclude the proof of (i),
we only need to observe that any TR2DF is a TDF, which implies that γt(G) ≤
γt{R2}(G), and any TRDF is a TR2DF, which implies that γt{R2}(G) ≤ γtR(G).

Now, to prove (ii), we only need to observe that any DDF is a TR2DF, which
implies that γt{R2}(G) ≤ γ×2(G) and any TR2DF is a R2DF, which implies that
γ{R2}(G) ≤ γt{R2}(G). 2

The following result provides equivalent conditions for the graphs where the left
hand side inequality of Proposition 2.1 (i) is achieved. Note that it has a simple
proof, but we however prefer include it to have a more complete exposition.

Remark 2.2. For any graph G, the following statements are equivalent.

(a) γt{R2}(G) = γt(G).

(b) γ×2(G) = γt(G).

Proof. Suppose that (a) holds and let f(V0, V1, V2) be a γt{R2}(G)-function. Since
f is a TDF, γt(G) ≤ |V1 ∪ V2| = |V1|+ |V2| ≤ |V1|+ 2|V2| = γt{R2}(G) = γt(G). So
V2 = ∅, which implies that f is a DDF of weight ω(f) = γt(G). Hence, (b) holds.
Finally, it is straightforward to observe that (b) implies (a). 2

We continue by showing a simple relationship between the total Roman {2}-
domination number, the domination number and the total domination number.
Since γ(G) ≤ γt(G) for any graph G, we notice that the following result improves
the last upper bound of Proposition 2.1 (i).

Remark 2.3. For any graph G without isolated vertices, γt{R2}(G) ≤ γt(G) +
γ(G).

Proof. Let D be a γt(G)-set and let S be a γ(G)-set. We define the function
f(V0, V1, V2) on G, where V2 = D ∩ S and V1 = (D ∪ S) \ V2. Notice that f is a
TR2DF on G of weight ω(f) = 2|V2|+ |V1| = |D|+ |S| = γt(G) + γ(G). Therefore,
the result follows. 2

The following result is an immediate consequence of the remark above and the
well-know inequality γt(G) ≤ 2γ(G) (see [16]).

Corollary 2.4. For any graph G without isolated vertices, γt{R2}(G) ≤ 3γ(G).

We remark that the upper bound of Theorem 2.3 is sharp. For example, for an
integer s ≥ 1, let Hs be the graph obtained from P3 and N1 by taking one copy of
N1 and s copies of P3, and joining by an edge the support vertex of each copy of
P3 with the vertex of N1. It is easy to check that γ(Hs) = s, γt(Hs) = s + 1 and
γt{R2}(Hs) = 2s + 1 = γt(Hs) + γ(Hs). The graph H3, for example, is illustrated
in Figure 2.
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Figure 2: The graph H3.

From Proposition 2.1 and Theorem 2.3, we immediately obtain that γt(G) =
γ(G) is a necessary condition for a graph G to satisfy γt{R2}(G) = 2γt(G). How-
ever, this condition is not sufficient, for example, the cycle graph C4 satisfies that
γt(C4) = γ(C4) = 2 and γt{R2}(C4) = 3 < 4 = 2γt(C4).

The following result provides an equivalent condition for the graphs G which
satisfy the equality γt{R2}(G) = 2γt(G). Before we shall need the following known
result.

Theorem 2.5. ([1]) If G is a graph with no isolated vertex, then 2γ(G) ≤ γtR(G).

Theorem 2.6. Let G be a graph. Then γt{R2}(G) = 2γt(G) if and only if
γt{R2}(G) = γtR(G) and γt(G) = γ(G).

Proof. Assume that γt{R2}(G) = 2γt(G). Hence, Proposition 2.1 leads to
γt{R2}(G) = γtR(G). Also, by Theorem 2.3 and the known inequality γ(G) ≤
γt(G), we obtain that 2γt(G) = γt{R2}(G) ≤ γt(G) + γ(G) ≤ 2γt(G). There-
fore, we must have equality throughout the inequality chain above. In particular,
γt(G) = γ(G).

On the other hand, we assume that γt{R2}(G) = γtR(G) and γt(G) = γ(G). By
the equalities above, Theorem 2.5 and Proposition 2.1, we obtain that 2γt(G) =
2γ(G) ≤ γtR(G) = γt{R2}(G) ≤ 2γt(G). Therefore γt{R2}(G) = 2γt(G). 2

Notice that the inequality γt{R2}(G) ≤ 3γ(G) can be also deduced from the
following result.

Theorem 2.7. For any graph G without isolated vertices, γt{R2}(G) ≤ γ{R2}(G)+
γ(G).

Proof. Let f(V0, V1, V2) be a γ{R2}(G)-function and let S be a γ(G)-set. Now, we
consider the function f ′(V ′0 , V

′
1 , V

′
2) defined as follows.

(a) For every x ∈ (V1 ∪ V2) ∩ S, choose a vertex u ∈ (V0 ∩ N(x)) \ S if it exists,
and label it as f ′(u) = 1.

(b) For every vertex x ∈ V0 ∩ S, f ′(x) = 1.

(c) For any other vertex u not previously labelled, f ′(u) = f(u).
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Since f is a R2DF, by definition, f ′ is a R2DF as well. Observe that f ′ is also
a TDF on G. Thus, f ′ is a TR2DF on G, and therefore, γt{R2}(G) ≤ ω(f ′) ≤
γ{R2}(G) + γ(G). 2

The bound above is tight. For instance, it is achieved for the star graph K1,n−1,
where n ≥ 3.

Corollary 2.8. For any graph G without isolated vertices, γt{R2}(G) ≤
2γ{R2}(G). Furthermore, if γ{R2}(G) > γ(G), then γt{R2}(G) ≤ 2γ{R2}(G)− 1.

In connection with the sharpness of the latter bound of the corollary above,
we observe that every graph G having exactly one universal vertex satisfies that
γt{R2}(G) = 2γ{R2}(G)− 1.

The next result establishes the existence of a γt{R2}(G)-function which satisfies
a useful property.

Proposition 2.9. For any graph G without isolated vertices, there exists a
γt{R2}(G)-function f(V0, V1, V2) such that either V2 = ∅ or every vertex of V2

has at least two private neighbors in V0 with respect to the set V1 ∪ V2.

Proof. Let f(V0, V1, V2) be a γt{R2}(G)-function satisfying that |V2| is minimum.
Clearly, if |V2| = 0, then we are done. Hence, let v ∈ V2. If epn(v, V1∪V2) = ∅, then
the function f ′, defined by f ′(v) = 1 and f ′(x) = f(x) whenever x ∈ V (G) \ {v},
is a TR2DF on G, which is a contradiction, and so, epn(v, V1 ∪ V2) 6= ∅. If
epn(v, V1 ∪ V2) = {u}, then the function f ′′, defined by f ′′(v) = f ′′(u) = 1 and
f ′′(x) = f(x) whenever x ∈ V (G) \ {v, u}, is a TR2DF on G, which is a contradic-
tion as well. Thus, |epn(v, V1 ∪ V2)| ≥ 2, which completes the proof. 2

Corollary 2.10. For every graph G without isolated vertices and maximum de-
gree ∆(G) ≤ 2,

γt{R2}(G) = γ×2(G).

From Corollary 2.10, and the following values of γ×2(Pn) and γ×2(Cn) obtained
in [4] and [13] respectively, we obtain our next result.

γ×2(Pn) =

{
2
⌈
n
3

⌉
+ 1, if n ≡ 0 (mod 3),

2
⌈
n
3

⌉
, otherwise.

and γ×2(Cn) =

⌈
2n

3

⌉
.

Remark 2.11. For any positive integer n ≥ 2,

(i) γt{R2}(Pn) =

{
2
⌈
n
3

⌉
+ 1, if n ≡ 0 (mod 3),

2
⌈
n
3

⌉
, otherwise.

(ii) γt{R2}(Cn) =
⌈

2n
3

⌉
.
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Our next contribution shows another relationship between our parameter and
the total domination number, but we now also use the order of the graph.

Theorem 2.12. For any graph G without isolated vertices of order n and δ(G) ≥
2,

γt{R2}(G) ≤
⌊
γt(G) + n

2

⌋
.

Proof. Let D be a γt(G)-set, let I be the set of isolated vertices in 〈V (G)\D〉 and
let S be a γ(〈V (G)\(D∪I)〉)-set. In addition, let f(V0, V1, ∅) be a function defined
by V1 = D∪S and V0 = V (G)\V1. Since D is a TDS of G, we have that V1 = D∪S
is a TDS as well. Furthermore, every vertex u ∈ V (G) \ (D ∪ S) is dominated by
at least two vertices of V1. Hence, V1 is a double dominating set of G, which im-
plies that f is a TR2DF on G. Thus, γt{R2}(G) ≤ |V1| = |D ∪ S| = |D| + |S|.
Now, since 〈V (G) \ (D ∪ I)〉 is a graph without isolated vertices, we have that

|S| = γ(〈V (G) \ (D ∪ I)〉) ≤ |V (G)\(D∪I)|
2 ≤ |V (G)\D|

2 = n−γt(G)
2 . Therefore,

γt{R2}(G) ≤ bγt(G)+n
2 c, which completes the proof. 2

To see the tightness of the bound above we consider for instance the Cartesian
product graph P2�P3. Also, a consequence of such theorem above is next stated.

This is also based on the fact that for any graph G with δ(G) ≥ 3, γt(G) ≤ |V (G)|
2

(see [3]).

Proposition 2.13. For any graph G without isolated vertices of order n and
δ(G) ≥ 3,

γt{R2}(G) ≤ 3n

4
.

Given a graph G and an edge e ∈ E(G), the graph obtained from G by removing
the edge e will be denoted by G − e. Notice that any γt{R2}(G − e)-function is a
TR2DF on G. Therefore, the following basic result follows.

Observation 2.14. If H is a spanning subgraph (without isolated vertices) of a
graph G, then γt{R2}(G) ≤ γt{R2}(H).

From Remark 2.11 and Observation 2.14, we obtain the following result.

Proposition 2.15. Let G be a graph of order n.

- If G is a Hamiltonian graph, then γt{R2}(G) ≤ 2
⌈
n
3

⌉
.

- If G has a Hamiltonian path, then γt{R2}(G) ≤ 2
⌈
n
3

⌉
+ 1.

Clearly, the bounds above are tight, as they are achieved for Cn and Pn with
n ≡ 0 (mod 3), respectively.

We now proceed to characterize all graphs achieving the limit cases of the trivial
bounds 2 ≤ γt{R2}(G) ≤ n. For this purpose, we shall need the following theorem.
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Theorem 2.16. ([13]) Let G be a graph without isolated vertices. Then γ×2(G) =
2 if and only if G has two universal vertices.

Theorem 2.17. Let G be a graph without isolated vertices. Then γt{R2}(G) = 2
if and only if G has two universal vertices.

Proof. Notice that γt{R2}(G) = 2 directly implies γ×2(G) = 2. Hence, by Theorem
2.16, G has two universal vertices. The other hand it is straightforward to see. 2

We next proceed to characterize all graphs G with γt{R2}(G) = 3. For this
purpose, we consider the next family of graphs. Let H be the family of graphs H
of order n ≥ 3 such that the subgraph induced by three vertices of H is P3 or C3

and the remaining n − 3 vertices have minimum degree two and they induce an
empty graph.

Theorem 2.18. Let G be a connected graph of order n. Then γt{R2}(G) = 3 if
and only if there exists H ∈ H ∪ {K1,n−1} which is a spanning subgraph of G and
G has as most one universal vertex.

Proof. We first suppose that γt{R2}(G) = 3. Let f(V0, V1, V2) be a γt{R2}(G)-
function. By Theorem 2.17, G has at most one universal vertex. If |V2| = 1, then
|V1| = 1. Let V1 = {v} and V2 = {w}. Notice that v and w are adjacent vertices.
Since f is a TR2DF, any vertex must be adjacent to w, concluding that K1,n−1

is a spanning subgraph of G. Now, if |V2| = 0, then |V1| = 3. As V1 is a TDS,
the subgraph induced by V1 is P3 or C3. Since f is a TR2DF, we observe that
|N(x) ∩ V1| ≥ 2 for every x ∈ V0. Hence, in this case, G contains a spanning
subgraph belonging to H.

Conversely, let G be a connected graph of order n containing a graph H ∈
H ∪ {K1,n−1} as a spanning subgraph. Notice that we can construct a TR2DF g
satisfying that ω(g) = 3. Hence γt{R2}(G) ≤ ω(g) = 3. Moreover, since G has at
most one universal vertex, by Theorem 2.17 we have that γt{R2}(G) ≥ 3, which
completes the proof. 2

Theorem 2.19. Let G be a connected graph of order n. Then γt{R2}(G) = n if
and only if G is P3 or H �N1 for some connected graph H.

Proof. If G is P3 or H�N1 for some connected graph H, then it is straightforward
to see that γt{R2}(G) = n. From now on we assume that G is a connected graph
such that γt{R2}(G) = n. If n = 2, then G ∼= P2

∼= N1 � N1, and if n = 3,
then G ∼= P3. Hence, we consider that n ≥ 4. Suppose there exists a vertex
v /∈ L(G) ∪ S(G). Notice that the function f , defined by f(v) = 0 and f(x) =
1 whenever x ∈ V (G) \ {v}, is a TR2DF of weight ω(f) = n − 1, which is a
contradiction. Thus V (G) = L(G) ∪ S(G).

Now, suppose there exists a vertex u ∈ Ss(G) and let h1, h2 be two leaves ad-
jacent to u. We consider the function g defined by g(h1) = g(h2) = 0, g(u) = 2
and g(x) = 1 whenever x ∈ V (G) \ {u, h1, h2}. Hence, g is a TR2DF of weight
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ω(g) = n − 1, which is again a contradiction. Thus Ss(G) = ∅ and, as a conse-
quence, G ∼= H �N1 for some connected graph H. 2

Based on the trivial bound 2 ≤ γt{R2}(G) ≤ n and the characterizations above,
it is natural to think into the existence of graphs achieving all the other possible
values in the range given by such bounds for γt{R2}(G). That is made in our next
result, and for it, we need two previous observations that appear first.

Observation 2.20. For any connected graph G containing two adjacent support
vertices v and w, there exists a γt{R2}(G)-function f satisfying f(v) = f(w) = 2.

Observation 2.21. Let G be a connected graph different from a star graph. If
v ∈ Ss(G), then there exists a γt{R2}(G)-function (γtR(G)-function) f satisfying
that f(v) = 2 and f(N(v) ∩ L(G)) = 0.

Proposition 2.22. For any integers r, n with 3 < r < n, there exists a graph Fr,n
of order n such that γt{R2}(Fr,n) = r.

Proof. If r is even, then we consider a graph Fr,n constructed as follows. We begin
with a corona product graph H �N1 of order |V (H �N1)| = r and n− r isolated
vertices. To obtain Fr,n, we join (by an edge) one vertex v of H to each one of
the n− r isolated vertices. Notice that Fr,n has order n. By Observation 2.20, the
function f , defined by f(x) = 2 if x ∈ V (H) and f(x) = 0 if x ∈ V (Fr,n) \ V (H),
is a γt{R2}(Fr,n)-function and so, γt{R2}(Fr,n) = ω(f) = r.

On the other hand, if r is odd, we construct a graph Fr,n as follows. We begin
with a corona product graph H�N1 of order |V (H�N1)| = r−3 and a star graph
K1,n−r+2. To obtain Fr,n, we join (by an edge) one vertex v of H to one leaf,
namely h, of the star K1,n−r+2. Hence, Fr,n has order n. Now, we consider the
function f , defined by f(h) = 1, f(x) = 2 if x ∈ S(Fr,n) and f(x) = 0 otherwise.
Notice that f is a TR2DF on Fr,n and so, γt{R2}(Fr,n) ≤ ω(f) = r.

Let v be the support vertex of K1,n−r+2. Since |V (K1,n−r+2)| ≥ 4, v ∈ Ss(Fr,n).
By Observation 2.21, there exists a γt{R2}(Fr,n)-function g(V0, V1, V2) such that
g(v) = 2 and g(x) = 0 if x ∈ N(v) ∩ L(Fr,n). Hence g(h) ≥ 1 because V1 ∪ V2 is
a TDS of Fr,n. Moreover, notice that the function g restricted to V (H � N1),
say g′, is a TR2DF on H � N1. So, by statement above and Theorem 2.19,
ω(g′) ≥ γt{R2}(H�N1) = r−3. Therefore, γt{R2}(Fr,n) = ω(g) = g(N [v])+ω(g′) ≥
3 + r− 3 = r. Consequently, it follows that γt{R2}(Fr,n) = r and the proof is com-
plete. 2

2.1. Trees T with γt{R2}(T ) = γtR(T ). We begin this subsection with a theo-
retical characterization of the graphs G satisfying the equality γt{R2}(G) = γtR(G).

Theorem 2.23. Let G be a graph. Then γt{R2}(G) = γtR(G) if and only if there
exists a γt{R2}(G)-function f(V0, V1, V2) such that V0,1 = ∅.
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Proof. Suppose that γt{R2}(G) = γtR(G). Let f(V0, V1, V2) be a γtR(G)-function.
Since every TRDF is a TR2DF, f is a γt{R2}(G)-function as well, and satisfies
that V0,1 = ∅. Conversely, suppose there exists a γt{R2}(G)-function f ′(V ′0 , V

′
1 , V

′
2)

such that V ′0,1 = ∅. So, V ′0 = V ′0,2, which implies that f ′ is a TRDF on G. Thus,
γtR(G) ≤ ω(f ′) = γt{R2}(G). Hence, Proposition 2.1 leads to γt{R2}(G) = γtR(G).

2

The characterization above clearly lacks of usefulness since it precisely depends
on finding a γt{R2}(G)-function which satisfies a specific condition. In that sense,
it appears an open problem to characterize the graphs G which satisfy the equality
γt{R2}(G) = γtR(G). In this subsection we give a partial solution to this problem
for the particular case of trees. To this end, we require the next results and extra
definitions.

Observation 2.24. Let G be a connected graph. If v ∈ Ss(G), then there exists
a γt{R2}(G)-function (γtR(G)-function) f satisfying that f(v) = 2 and f(h) = 0 for
some vertex h ∈ N(v) ∩ L(G).

Observation 2.25. If T ′ is a subtree of a tree T , then γt{R2}(T
′) ≤ γt{R2}(T )

and γtR(T ′) ≤ γtR(T ).

By an isolated support vertex of G we mean an isolated vertex of the subgraph
induced by the support vertices of G. The set of non isolated support vertices of
G is denoted by Sadj(G).

The set of support vertices of G labelled with two by some γtR(G)-function is
denoted by StR,2(G). The set of leaves of G labelled with one by some γtR(G)-
function is denoted by LtR,1(G). The set of vertices of G labelled with zero by all
γt{R2}(G)-functions is denoted by W0(G). The set of support vertices of G labelled
with one by all γt{R2}(G)-functions is denoted by S1(G).

For an integer r ≥ 1, the graph Rr is defined as the graph obtained from P4

and N1 by taking one copy of N1 and r copies of P4 and joining by an edge one
support vertex of each copy of P4 with the vertex of N1. In Figure 3 we show the
example of R3.

Figure 3: The structure of the tree R3.

A near total Roman {2}-dominating function relative to a vertex v, abbreviated
near-TR2DF relative to v, on a graph G, is a function f(V0, V1, V2) satisfying the
following.
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• For each vertex u ∈ V0, if u = v, then
∑
u∈N(v) f(u) ≥ 1, while if u 6= v, then∑

u∈N(v) f(u) ≥ 2.

• The subgraph induced by V1 ∪ V2 has no isolated vertex.

The weight of a near-TR2DF relative to v on G is the value f(V (G)) =∑
u∈V (G) f(u). The minimum weight of a near-TR2DF relative to v on G is

called the near total Roman {2}-domination number relative to v of G, which
we denote as γnt{R2}(G; v). Since every TR2DF is a near-TR2DF, we note that

γnt{R2}(G; v) ≤ γt{R2}(G) for any vertex v of G. We define a vertex v ∈ V (G) to be

a near stable vertex of G if γnt{R2}(G; v) = γt{R2}(G). For example, every leaf of any
star K1,n−1 with n ≥ 4, is a near stable vertex. We remark that the terminology
of “near” style parameters is a commonly used technique in domination theory. In
order to simply mention a recently published example where this was used, we can
for instance refer to [17].

Now on, in order to provide a constructive characterization for the trees which
achieve the stated equality in Theorem 2.23, we consider the next family of trees.
Let F be the family of trees T that can be obtained from a sequence of trees
T0, . . . , Tk, where k ≥ 0, T0

∼= P2 and T ∼= Tk. Furthermore, if k ≥ 1, then for each
i ∈ {1, . . . , k}, the tree Ti can be obtained from the tree T ′ ∼= Ti−1 by one of the
following operations F1, F2, F3, F4, F5, F6 or F7. In such operations, by a join of
two vertices we mean adding an edge between these two vertices.

Operation F1: Add a tree Rr with semi-support vertex u, and join u to an arbi-
trary vertex v of T ′.

Operation F2: Add a new vertex u to T ′ and join u to a vertex v ∈ StR,2(T ′).

Operation F3: Add a new vertex u to T ′ and join u to a vertex v ∈ S1(T ′).

Operation F4: Add a path P2 and join a leaf to a vertex v ∈ Sadj(T ′).

Operation F5: Add a path P3 with support vertex u, and identify u with a vertex
v ∈ LtR,1(T ′).

Operation F6: Add a path P2, and join a leaf to a near stable vertex v ∈ L(T ′)∪
SS(T ′).

Operation F7: Add a path P3, and join a leaf to a vertex v ∈W0(T ′).

We next show that every tree T in the family F satisfies that γt{R2}(T ) =
γtR(T ).

Theorem 2.26. If T ∈ F , then γt{R2}(T ) = γtR(T ).

Proof. We proceed by induction on the number r(T ) of operations required to
construct the tree T . If r(T ) = 0, then T ∼= P2 and satisfies that γt{R2}(T ) = 2 =
γtR(T ). This establishes the base case. Hence, we now assume that k ≥ 1 is an in-
teger and that each tree T ′ ∈ F with r(T ′) < k satisfies that γt{R2}(T

′) = γtR(T ′).
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Let T ∈ F be a tree with r(T ) = k. Then, T can be obtained from a tree T ′ ∈ F
with r(T ′) = k − 1 by one of the seven operations above. We shall prove that T
satisfies that γt{R2}(T ) = γtR(T ). We consider seven cases, depending on which
operation is used to construct the tree T from T ′.

Case 1. T is obtained from T ′ by Operation F1. Assume T is obtained from T ′

by adding a tree Rr, being u the semi-support vertex, and the edge uv where v
is an arbitrary vertex of T ′. Observe that, from any TRDF on T ′, we can obtain
a TRDF on T by assigning the weight two to each support vertex and zero to
another vertices of Rr. Hence, by Proposition 2.1, statement above and inductive
hypothesis, we obtain

γt{R2}(T ) ≤ γtR(T ) ≤ γtR(T ′) + 4r = γt{R2}(T
′) + 4r. (1)

Since S(Rr) = Sadj(Rr), by using Observation 2.20, there exists a γt{R2}(T )-
function f satisfying that f(x) = 2 for every x ∈ S(Rr). As a consequence, f(h) = 0
for every vertex h ∈ L(Rr).

If f(u) = 0, then f restricted to V (T ′) is a TR2DF on T ′, implying that
γt{R2}(T

′) ≤ f(V (T ′)) = ω(f)− f(V (Rr)) = γt{R2}(T )− 4r, and by the inequality
chain (1) it follows that γt{R2}(T ) = γtR(T ).

Let w ∈ N(v) \ {u} be a vertex such that f(w) = max{f(x) : x ∈ N(v) \ {u}}.
If f(u) > 0, then the function g, defined by g(v) = max{f(v), f(v)f(w) + 1},
(note that in any possibility, this maximum expression can never take a value
larger than two), g(w) = max{1, f(w)} g(u) = 0 and g(x) = f(x) whenever
x ∈ V (T ) \ {v, w, u}, is a TR2DF on T with weight ω(g) = ω(f) = γt{R2}(T ).
So, g is a γt{R2}(T )-function as well. As g(u) = 0, g restricted to V (T ′) is a
TR2DF on T ′ and, by using a similar reasoning as in the previous case (f(u) = 0),
we obtain that γt{R2}(T ) = γtR(T ).

Case 2. T is obtained from T ′ by Operation F2. Assume T is obtained from T ′ by
adding a new vertex u and the edge uv, where v ∈ StR,2(T ′). Hence, there exists
a γtR(T ′)-function f satisfying that f(v) = 2. Notice that f can be extended to a
TRDF on T by assigning the weight 0 to u, which implies that γtR(T ) ≤ γtR(T ′).
By using Proposition 2.1, inequality above, inductive hypothesis and Observation
2.25, we obtain γt{R2}(T ) ≤ γtR(T ) ≤ γtR(T ′) = γt{R2}(T

′) ≤ γt{R2}(T ). There-
fore, we must have equality throughout the inequality chain above. In particular,
γt{R2}(T ) = γtR(T ).

Case 3. T is obtained from T ′ by Operation F3. Assume T is obtained from T ′

by adding a new vertex u and the edge uv, where v ∈ S1(T ′). Since v is a support
of T ′, v is a strong support of T . So, by Observation 2.24, there exists a γt{R2}(T )-
function g satisfying that g(v) = 2 and g(u) = 0. Hence, g restricted to V (T ′) is
a TR2DF on T ′ with weight ω(g) = γt{R2}(T ), but it is not a γt{R2}(T

′)-function
because v ∈ S1(T ′). So, γt{R2}(T

′) ≤ γt{R2}(T )− 1.
Moreover, let f be a γtR(T ′)-function. Since γt{R2}(T

′) = γtR(T ′) and v ∈
S1(T ′), we obtain that f(v) = 1. Hence, f can be extended to a TRDF on T by
assigning the weight 1 to u. Thus, γtR(T ) ≤ γtR(T ′)+1. By using Proposition 2.1,
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inequalities above and inductive hypothesis, we obtain that γt{R2}(T ) ≤ γtR(T ) ≤
γtR(T ′) + 1 = γt{R2}(T

′) + 1 ≤ γt{R2}(T ).

Therefore, we must have equality throughout the inequality chain above. In
particular, γt{R2}(T ) = γtR(T ).

Case 4. T is obtained from T ′ by Operation F4. Assume T is obtained from T ′ by
adding a path uu1 and the edge uv, where v ∈ Sadj(T ′). Notice that every TRDF
on T ′ can be extended to a TRDF on T by assigning the weight 1 to u and u1.
Hence, by Proposition 2.1, the statement above and the inductive hypothesis, we
obtain

γt{R2}(T ) ≤ γtR(T ) ≤ γtR(T ′) + 2 = γt{R2}(T
′) + 2. (2)

We now show that γt{R2}(T
′) ≤ γt{R2}(T )−2. Let w ∈ N(v)∩S(T ′). By Obser-

vation 2.20, there exists a γt{R2}(T )-function f such that f(v) = f(w) = f(u) = 2
and f(u1) = 0. Hence, f restricted to V (T ′) is a TR2DF on T ′, which implies that
γt{R2}(T

′) ≤ f(V (T ′)) = γt{R2}(T )− 2, as desired. In consequence, we must have
equality throughout the inequality chain (2). In particular, γt{R2}(T ) = γtR(T ).

Case 5. T is obtained from T ′ by Operation F5. Assume T is obtained from T ′

by identifying the vertex u of path u1uu2 and the vertex v, where v ∈ LtR,1(T ′).
Notice that there exists a γtR(T ′)-function g satisfying that g(v) = 1. So, g can
be extended to a TRDF on T be assigning the weight 2 to u and the weight 0 to
u1 and u2. Therefore, by Proposition 2.1, the statement above and the hypothesis,
we obtain γt{R2}(T ) ≤ γtR(T ) ≤ γtR(T ′) + 1 = γt{R2}(T

′) + 1.

Moreover, by Observation 2.21, there exists a γt{R2}(T )-function f satisfying
that f(v) = 2 and f(u1) = f(u2) = 0. Notice that the function f ′, defined by
f ′(v) = 1 and f ′(x) = f(x) whenever x ∈ V (T ′) \ {v}, is a TR2DF on T ′. So
γt{R2}(T

′) ≤ ω(f ′) = γt{R2}(T ) − 1. As a consequence, we must have equality
throughout the inequality chain above. In particular, γt{R2}(T ) = γtR(T ).

Case 6. T is obtained from T ′ by Operation F6. Assume T is obtained from T ′

by adding a path uu1 and the edge uv, where v is a near stable vertex belong-
ing to L(T ′) ∪ SS(T ′). Let s be a support vertex adjacent to v in T ′. Again,
notice that every TRDF on T ′ can be extended to a TRDF on T by assigning
the weight 1 to u and u1. Hence, by the statement above, Proposition 2.1 and
the inductive hypothesis, we obtain the inequality chain (2). We now show that
γt{R2}(T

′) ≤ γt{R2}(T )− 2. For this, we consider the next two cases.

Case 6.1. v ∈ L(T ′). Since u ∈ S(T ) and δT (v) = δT (u) = 2, there exists a
γt{R2}(T )-function f satisfying that f(u) = f(u1) = 1, f(v) = 0 and f(s) > 0. If f
restricted to V (T ′) is a TR2DF on T ′, then γt{R2}(T

′) ≤ f(V (T ′)) = γt{R2}(T )−2.
Conversely, suppose that f restricted to V (T ′) is not a TR2DF on T ′. So, f re-
stricted to V (T ′) is a near-TR2DF relative to v on T ′. Thus, as v is a near stable
vertex of T ′, and so, γt{R2}(T

′) = γnt{R2}(T
′; v) ≤ f(V (T ′)) = γt{R2}(T ) − 2, as

desired.



Total Roman {2}-domination in graphs 15

Case 6.2. v ∈ SS(T ′). Let f be a γt{R2}(T )-function such that f(u1) is minimum.
Hence f(u) + f(u1) = 2 and f(s) > 0 since s is a support of T . If f restricted to
V (T ′) is a TR2DF on T ′, then γt{R2}(T

′) ≤ f(V (T ′)) = γt{R2}(T )−2. Conversely,
suppose that f restricted to V (T ′) is not a TR2DF on T ′. Hence f(v) = 0, implying
that f restricted to V (T ′) is a near-TR2DF relative to v on T ′. Also, as v is a
near stable vertex of T ′, it follows that γt{R2}(T

′) = γnt{R2}(T
′; v) ≤ f(V (T ′)) =

γt{R2}(T )− 2, as desired.
In consequence, we must have equality throughout the inequality chain (2). In

particular, γt{R2}(T ) = γtR(T ).

Case 7. T is obtained from T ′ by Operation F7. Assume T is obtained from T ′

by adding a path uu1u2 and the edge uv, where v ∈ W0(T ′). Let g be a γtR(T ′)-
function. Hence, g can be extended to a TRDF on T be assigning the weight 1 to u,
u1 and u2. Therefore, by Proposition 2.1, the statement above and the hypothesis,
we obtain

γt{R2}(T ) ≤ γtR(T ) ≤ γtR(T ′) + 3 = γt{R2}(T
′) + 3. (3)

We now show that γt{R2}(T
′) ≤ γt{R2}(T )−3. Let f(V0, V1, V2) be a γt{R2}(T )-

function such that |V2| is minimum. Hence f(u1) + f(u2) = 2. If f(u) = 0, then
f(v) > 0 and also, f restricted to V (T ′) is a TR2DF on T ′. As v ∈ W0(T ′), f is
not a γt{R2}(T

′)-function. Hence, γt{R2}(T
′) ≤ f(V (T ′)) − 1 ≤ γt{R2}(T ) − 3, as

desired.
Now, we suppose that f(u) > 0. In this case, we observe that f(u) = 1 since

|V2| is minimum. If f(v) = 0, then the function f ′, defined by f ′(v) = f(u)
and f ′(x) = f(x) whenever x ∈ V (T ′) \ {v}, is a TR2DF on T ′ such that ω(f ′) ≤
γt{R2}(T )−2. On the other hand, if f(v) > 0, then observe that f(N(v)\{u}) = 0.
Otherwise, if there exists z ∈ N(v) \ {u} such that f(z) > 0, then f(u) = 0, which
is a contradiction. Now, notice that the function f ′′, defined by f ′′(w) = f(u) = 1
for some w ∈ N(v) \ {u} and f ′′(x) = f(x) whenever x ∈ V (T ′) \ {w}, is a TR2DF
on T ′ such that ω(f ′) ≤ γt{R2}(T ) − 2. Again, as v ∈ W0(T ′), f ′ and f ′′ are not
γt{R2}(T

′)-functions. Hence, γt{R2}(T
′) ≤ γt{R2}(T )− 3, as desired.

In consequence, we must have equality throughout the inequality chain (3). In
particular, γt{R2}(T ) = γtR(T ). 2

We now turn our attention to the opposite direction concerning the theorem
above. That is, we show that if a tree T satisfies γt{R2}(T ) = γtR(T ), then it
belongs to the family F .

Theorem 2.27. Let T be a tree. If γt{R2}(T ) = γtR(T ), then T ∈ F .

Proof. First, we say that a tree T belongs to the family T if γt{R2}(T ) = γtR(T ).
We proceed by induction on the order n ≥ 2 of the trees T ∈ T . If T is a star, then
γt{R2}(T ) = γtR(T ). Thus, T can be obtained from P2 by first applying Operation
F3, thereby producing a path P3 and then doing repeated applications of Operation
F2. Therefore, T ∈ F . This establishes the base case. We assume now that k ≥ 3
is an integer and that each tree T ′ ∈ T with |V (T ′)| < k satisfies that T ′ ∈ F . Let
T ∈ T be a tree with |V (T )| = k and we may assume that diam(T ) ≥ 3.
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First, suppose that diam(T ) = 3. Therefore, T is a double star Sx,y for some
integers x ≥ y ≥ 1. If T ∼= P4, then T can be obtained from a path P2 by applying
Operation F4. If T ∼= Sx,y with x ≥ y ≥ 1 (T 6∼= P4), then T can be obtained
from a path P2 by first applying Operation F4, thereby producing a path P4 and
then doing repeated applications of Operation F2 in both support vertices of P4.
Therefore, T ∈ F .

We may now assume that diam(T ) ≥ 4, and we root the tree T at a vertex r
located at the end of a longest path in T . Let h be a vertex at maximum distance
from r. Notice that, necessarily, r and h are leaves (and diametral vertices). Let
s be the parent of h; let v be the parent of s; let w be the parent of v; and let z
be the parent of w. Notice that all these vertices exist since diam(T ) ≥ 4, and it
could happen z = r. Since h is a vertex at maximum distance from the root r,
every child of s is a leaf. We proceed further with the following claims.

Claim I. If δT (s) ≥ 4, then T ∈ F .

Proof. Suppose that δT (s) ≥ 4 and let T ′ = T − h. Hence, δT ′(s) ≥ 3 and
consequently, s ∈ Ss(T

′), since every child of s is a leaf vertex. Therefore, by
Observation 2.24, there exists a γt{R2}(T

′)-function, that assigns the weight 2 to s.
The function above can be extended to a TR2DF on T by assigning the weight 0
to h, implying that γt{R2}(T ) ≤ γt{R2}(T

′). Thus, by Proposition 2.1, Observation
2.25, hypothesis and inequality above, we obtain γt{R2}(T

′) ≤ γtR(T ′) ≤ γtR(T ) =
γt{R2}(T ) ≤ γt{R2}(T

′). Thus, we must have equality throughout this inequality
chain. In particular γt{R2}(T

′) = γtR(T ′). Applying the inductive hypothesis to
T ′, it follows that T ′ ∈ F . Since s ∈ Ss(T ′), by using Observation 2.24, we deduce
that s ∈ StR,2(T ′). Therefore, T can be obtained from T ′ by applying Operation
F2, and consequently, T ∈ F . (2)

By Claim I, we may henceforth assume that |N(x)∩L(T )| = 2 for every strong
support vertex x of T .

Claim II. If δT (s) = 3 and δT (v) ≥ 3, then T ∈ F .

Proof. Suppose that δT (s) = 3 and δT (v) ≥ 3. Thus, s is a strong support vertex
and has two leaf neighbors, say h, h1. Moreover, observe that v has at least one
child, say s′, different from s, and also, s′ is either a leaf vertex or a support ver-
tex of T . By using Theorem 2.23, there exists a γt{R2}(T )-function f(V0, V1, V2)
with V0,1 = ∅, and without loss of generality, we assume that |V2| is maximum.
Notice that f is a γtR(T )-function as well. Now, we differentiate the following cases.

Case 1. s′ ∈ L(T ). In such situation, v ∈ S(T ), and so, f(v) = f(s) = 2
and f(s′) = f(h) = f(h1) = 0. Let T ′ = T − h. Since v, s ∈ Sadj(T

′), by
Observation 2.20, there exists a γt{R2}(T

′)-function g satisfying that g(v) = g(s) =
2. So, g can be extended to a TR2DF on T by assigning the weight 0 to h.
Hence γt{R2}(T ) ≤ γt{R2}(T

′). Consequently, by inequality above, Proposition 2.1,
Observation 2.25 and hypothesis, we obtain γt{R2}(T ) ≤ γt{R2}(T

′) ≤ γtR(T ′) ≤
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γtR(T ) = γt{R2}(T ). Therefore, we must have equality throughout this inequality
chain. In particular, γt{R2}(T

′) = γtR(T ′). Applying the inductive hypothesis to
T ′, it follows that T ′ ∈ F .

As another consequence of the equality chain above, we obtain that γtR(T ′) =
γtR(T ). This implies that f restricted to V (T ′) is a γtR(T ′)-function, which means
s ∈ StR,2(T ′). Therefore, T can be obtained from T ′ by applying Operation F2,
and consequently, T ∈ F . (2)

Case 2. s′ ∈ Ss(T ). Observe that f(s′) = f(s) = 2, f(h) = 0 and f(v) > 0. Let
T ′ = T − h. Since s′ ∈ Ss(T

′), by Observation 2.24, there exists a γt{R2}(T
′)-

function g satisfying that g(s′) = 2. So, without loss of generality, we can assume
that g(v) > 0, implying that g(s) = 2 and g(h1) = 0. Thus, g can be extended
to a TR2DF on T by assigning the weight 0 to h. Hence γt{R2}(T ) ≤ γt{R2}(T

′).
Consequently, by the inequality above, Proposition 2.1, Observation 2.25 and the
hypothesis, we obtain γt{R2}(T ) ≤ γt{R2}(T

′) ≤ γtR(T ′) ≤ γtR(T ) = γt{R2}(T ).
Therefore, we must have equality throughout this inequality chain. In particular,
γt{R2}(T

′) = γtR(T ′). Applying the inductive hypothesis to T ′, it follows that
T ′ ∈ F .

As another consequence of equality chain above, we obtain that γtR(T ′) =
γtR(T ). This implies that f restricted to V (T ′) is a γtR(T ′)-function, and so,
s ∈ StR,2(T ′). Therefore, T can be obtained from T ′ by applying Operation F2,
which leads to T ∈ F . (2)

Case 3. s′ ∈ S(T ) \ Ss(T ). Notice that Ts′ ∼= P2 and let T ′ = T − Ts′ . Since v ∈
SS(T ′)∩N(Ss(T

′)), f restricted to V (T ′) is a TRDF on T ′ and also f(V (Ts′)) = 2.
Hence γtR(T ′) ≤ γtR(T ) − 2. Moreover, any TR2DF on T ′ we can extended
to a TR2DF on T by assigning the weight 1 to s′ and its leaf-neighbor. Thus
γt{R2}(T ) ≤ γt{R2}(T

′) + 2. So, by these previous inequalities, Proposition 2.1 and
the hypothesis, we deduce γt{R2}(T ) ≤ γt{R2}(T

′) + 2 ≤ γtR(T ′) + 2 ≤ γtR(T ) =
γt{R2}(T ). Therefore, we must have equality throughout this inequality chain.
In particular, γt{R2}(T

′) = γtR(T ′). Applying the inductive hypothesis to T ′, it
follows that T ′ ∈ F .

Moreover, as v is adjacent to the support vertex s, every near-TR2DF rela-
tive to v on T ′ can be extended to a TR2DF on T by assigning the weight 1 to
s′ and to its leaf-neighbor. So, γt{R2}(T ) ≤ γnt{R2}(T

′; v) + 2. In addition, if v

is not a near stable vertex of T ′, then γnt{R2}(T
′; v) < γt{R2}(T

′), implying that

γt{R2}(T ) ≤ γnt{R2}(T
′; v) + 2 < γt{R2}(T

′) + 2, which is a contradiction with the
related equality noticed above. Therefore, the semi-support vertex v is a near sta-
ble vertex of T ′, and therefore, T can be obtained from T ′ by applying Operation
F6, which means T ∈ F . (2)

Claim III. If δT (s) = 3 and δT (v) = 2, then T ∈ F .

Proof. Suppose that δT (s) = 3 and δT (v) = 2. Thus, s is a strong support
vertex and has two leaf neighbors, say h, h1. By Observation 2.21, there exists
a γtR(T )-function f such that f(s) = 2 and f(h) = f(h1) = 0, which implies
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that f(v) > 0. Let T ′ = T − {h, h1}. Notice that the function f ′, defined by
f ′(s) = 1 and f ′(x) = f(x) whenever x ∈ V (T ′) \ {s}, is a TRDF on T ′. Hence
γtR(T ′) ≤ ω(f ′) = γtR(T )− 1. Moreover, as v ∈ S(T ′) and δT ′(v) = 2, there exists
a γt{R2}(T

′)-function g satisfying that g(s) = g(v) = 1. So, g can be extended
to a TR2DF on T by assigning the weight 2 to s and the weight 0 to h and h1,
implying that γt{R2}(T ) ≤ γt{R2}(T

′)+1. Thus, by Proposition 2.1, the hypothesis
and the inequalities above, we obtain that γt{R2}(T

′) ≤ γtR(T ′) ≤ γtR(T ) − 1 =
γt{R2}(T ) − 1 ≤ γt{R2}(T

′). Therefore, we must have equality throughout this
inequality chain. In particular, γt{R2}(T

′) = γtR(T ′). Applying the inductive
hypothesis to T ′, it follows that T ′ ∈ F .

Moreover, by the equality noted before, we deduce that f ′ is a γtR(T ′)-function.
Thus s ∈ LtR,1(T ′). Therefore, T can be obtained from T ′ by applying Operation
F5, and consequently, T ∈ F . (2)

Claim IV. If δT (s) = 2 and δT (v) = 2, then T ∈ F .

Proof. Suppose that δT (s) = 2 and δT (v) = 2. By Theorem 2.23, there exists a
γt{R2}(T )-function f with V0,1 = ∅ and, without loss of generality, we assume that
|V2| is minimum. Notice that f is a γtR(T )-function as well, and also f(s)+f(h) =
2.

First, we suppose that f(w) > 0. Let T ′ = T − Ts = T − {s, h}. Notice that
f restricted to V (T ′) is a TRDF on T ′. Hence γtR(T ′) ≤ f(V (T ′)) = γtR(T )− 2.
Moreover, any TR2DF on T ′ can be extended to a TR2DF on T by assigning
the weight 1 to s and h, implying that γt{R2}(T ) ≤ γt{R2}(T

′) + 2. So, by the
inequalities above, Proposition 2.1 and the hypothesis, we obtain that γt{R2}(T ) ≤
γt{R2}(T

′) + 2 ≤ γtR(T ′) + 2 ≤ γtR(T ) = γt{R2}(T ). Therefore, we must have
equality throughout this inequality chain. In particular, γt{R2}(T

′) = γtR(T ′).
Applying the inductive hypothesis to T ′, it follows that T ′ ∈ F .

Moreover, a minimum weight near-TR2DF relative to v on T ′ can be extended
to a TR2DF on T by assigning to s and h the weight 1. Hence γt{R2}(T ) ≤
γnt{R2}(T

′; v) + 2. If v is not a near stable vertex of T ′, then γnt{R2}(T
′; v) <

γt{R2}(T
′), implying that γt{R2}(T ) ≤ γnt{R2}(T

′; v) + 2 < γt{R2}(T
′) + 2, which

is a contradiction with the related equality noted before. Therefore, v is both a
near stable vertex and a leaf of T ′. Thus, T can be obtained from the tree T ′ by
applying Operation F6, and consequently, T ∈ F .

From now on, we suppose that f(w) = 0. Hence f(v) = f(s) = f(h) = 1. We
consider the tree T ′′ = T − Tv = T − {v, s, h}. Notice that any TR2DF on T ′′ can
be extended to a TR2DF on T by assigning the weight 1 to v, s and h, implying
that γt{R2}(T ) ≤ γt{R2}(T

′′) + 3.
On the other hand, notice that f restricted to V (T ′′) is a TRDF on T ′′. Hence

γtR(T ′′) ≤ f(V (T ′′)) = γtR(T ) − 3. Consequently, by the previous inequalities,
Proposition 2.1 and the hypothesis, we obtain that γt{R2}(T ) ≤ γt{R2}(T

′′) + 3 ≤
γtR(T ′′) + 3 ≤ γtR(T ) = γt{R2}(T ). Therefore, we must have equality through-
out this inequality chain. In particular, γt{R2}(T

′′) = γtR(T ′′). Also, note that
γt{R2}(T ) = γt{R2}(T

′′) + 3. Applying the inductive hypothesis to T ′′, it follows
that T ′′ ∈ F .
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Moreover, we suppose there exists a γt{R2}(T
′′)-function g satisfying that g(w)

> 0. Observe that g can be extended to a TR2DF on T by assigning the weight 0 to
v and the weight 1 to s and h. Hence γt{R2}(T ) ≤ ω(g)+2 = γt{R2}(T

′′)+2, which
is a contradiction with the related equality noticed above. Therefore w ∈ W0(T ′′)
and so, T can be obtained from the tree T ′′ by applying Operation F7. Conse-
quently, T ∈ F . (2)

Claim V. If δT (s) = 2 and δT (v) ≥ 3, then T ∈ F .

Proof. Suppose that δT (s) = 2 and δT (v) ≥ 3. Clearly, v has at least one child,
say s′, different from s, implying that s′ is either a support vertex or a leaf vertex
of T . Now, we differentiate the following cases.

Case 1. s′ ∈ S(T ). By Theorem 2.23, there exists a γt{R2}(T )-function f with
V0,1 = ∅ and, without loss of generality, we assume that |V2| is maximum. Notice
that f is a γtR(T )-function as well, and also, f(s) + f(h) = 2. As s′ ∈ S(T ),
f restricted to T ′ = T − {s, h} is a TRDF on T ′. Hence γtR(T ′) ≤ γtR(T ) − 2.
Moreover, any TR2DF on T ′ can be extended to a TR2DF on T by assigning
the weight 1 to s and h. Hence γt{R2}(T ) ≤ γt{R2}(T

′) + 2. Therefore, by the
inequalities above, Proposition 2.1 and the hypothesis, we obtain γt{R2}(T ) ≤
γt{R2}(T

′) + 2 ≤ γtR(T ′) + 2 ≤ γtR(T ) = γt{R2}(T ). Thus, we must have equality
throughout this inequality chain. In particular, γt{R2}(T

′) = γtR(T ′). Applying
the inductive hypothesis to T ′, it follows that T ′ ∈ F .

If v ∈ S(T ′), then v ∈ Sadj(T
′). So T can be obtained from T ′ by applying

Operation F4, and consequently, T ∈ F .
If v /∈ S(T ′), then v ∈ SS(T ′). Now, we prove that v is a near stable vertex of T ′.

Notice that a minimum weight near-TR2DF relative to v on T ′ can be extended to a
TR2DF on T by assigning to s and h the weight 1. So γt{R2}(T ) ≤ γnt{R2}(T

′; v)+2.

If v is not a near stable vertex of T ′, then γnt{R2}(T
′; v) < γt{R2}(T

′), implying that

γt{R2}(T ) ≤ γnt{R2}(T
′; v) + 2 < γt{R2}(T

′) + 2, which is a contradiction with the

related equality noted before. Therefore, v is a near stable vertex of T ′, as desired.
Thus, T can be obtained from T ′ by applying Operation F6, and consequently,
T ∈ F . (2)

By the case above, we may henceforth assume that every child of v is a leaf of T .

Case 2. s′ ∈ L(T ) and v ∈ Ss(T ). We consider the tree T ′ = T − s′. Notice that
v ∈ Sadj(T ′). Hence, by Observation 2.20, there exists a γt{R2}(T

′)-function f such
that f(v) = f(s) = 2. So, f can be extended to a TR2DF on T by assigning the
weight 0 to s′. Thus γt{R2}(T ) ≤ γt{R2}(T

′) and by using Proposition 2.1, Ob-
servation 2.25 and the hypothesis, we obtain γt{R2}(T ) ≤ γt{R2}(T

′) ≤ γtR(T ′) ≤
γtR(T ) = γt{R2}(T ). Therefore, we must have equality throughout this inequality
chain. In particular, γt{R2}(T

′) = γtR(T ′). Applying the inductive hypothesis to
T ′, it follows that T ′ ∈ F . As another consequence of equality chain above, we
obtain γtR(T ′) = γtR(T ). By Observation 2.21, there exists a γtR(T )-function g
such that g(v) = 2 and g(s′) = 0. Since γtR(T ′) = γtR(T ), g restricted to V (T ′) is
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a γtR(T ′)-function. Hence v ∈ StR,2(T ′). Therefore, T can be obtained from T ′ by
applying Operation F2, and consequently, T ∈ F . (2)

Case 3. s′ ∈ L(T ) and v ∈ S(T ) \ Ss(T ). First, we suppose that w ∈ S(T ). Let
T ′ = T − Ts = T − {s, h}. By using a similar procedure as in Case 1 of Claim V
(v ∈ S(T ′)), we obtain γt{R2}(T

′) = γtR(T ′) and v ∈ Sadj(T ′). Hence, by applying
the inductive hypothesis to T ′, it follows that T ′ ∈ F . Therefore, T can be obtained
from T ′ by Operation F4, and consequently, T ∈ F .

From now on, we assume that w /∈ S(T ). Let f(V0, V1, V2) be a γtR(T )-
function such that f(w) is minimum among all γtR(T )-functions which satisfy that
|S(T ) ∩ V2| and |Ls(T ) ∩ V0| are maximum. Hence f(v) = f(s) = 2. Next, we
analyse the two possible scenarios.

Subcase 3.1. f(w) > 0. Since N(w) \ {z} ⊂ S(T ) ∪ SS(T ) and f(v) = 2, it is
easy to check that f(w) = 1 and N(w) ∩ Ss(T ) 6= ∅. Let v′ ∈ N(w) ∩ Ss(T ),
N(v′) ∩ L(T ) = {h1, h2} and T ′′ = T − {h1, h2}.

Notice that the function f ′, defined by f ′(v′) = 1 and f ′(x) = f(x) whenever
x ∈ V (T ′′) \ {v′}, is a TRDF on T ′′. Hence γtR(T ′′) ≤ ω(f ′) = γtR(T ) − 1.
Moreover, as v ∈ S(T ′′) and N(w) \ {z, v′} ⊂ S(T ′′) ∪ SS(T ′′), there exists a
γt{R2}(T

′′)-function g such that g(w) = g(v′) = 1. So, g can be extended to a
TR2DF on T by re-assigning the weight 2 to v′ and by assigning the weight 0 to
h1 and h2, which implies that γt{R2}(T ) ≤ γt{R2}(T

′′) + 1.

Thus, by Proposition 2.1, the inequalities above and the hypothesis, we obtain
γt{R2}(T

′′) ≤ γtR(T ′′) ≤ γtR(T )− 1 = γt{R2}(T )− 1 ≤ γt{R2}(T
′′). Therefore, we

must have equality throughout this inequality chain. In particular, γt{R2}(T
′′) =

γtR(T ′′). Applying the inductive hypothesis to T ′′, it follows that T ′′ ∈ F . Also,
by the equality noted before, we deduce that f ′ is a γtR(T ′′)-function. Thus
v′ ∈ LtR,1(T ′′). Therefore, T can be obtained from T ′′ by applying Operation
F5, and consequently, T ∈ F . (2)

Subcase 3.2. f(w) = 0. Notice that N(w) ∩ Ss(T ) = ∅. Now, we consider that w
has a child, say v′, different from v. First, we suppose that Ss(T ) ∩ V (Tv′) 6= ∅.
Let x ∈ Ss(T ) ∩ V (Tv′), hx ∈ N(x) ∩ L(T ) and T ′′ = T − hx. Again, by using a
similar procedure as in Case 2 of Claim V, we obtain γt{R2}(T

′′) = γtR(T ′′) and
x ∈ StR,2(T ′′). Hence, by applying the inductive hypothesis to T ′′, it follows that
T ′′ ∈ F . Therefore, T can be obtained from T ′′ by applying Operation F2, and
consequently, T ∈ F .

Thus, we may assume that Ss(T ) ∩ V (Tw) = ∅. If Tv′ is isomorphic to P2 or
P3, then, by using a similar reasoning as in Case 1 of Claim V (v ∈ SS(T ′)) or
Claim IV (f(w) = 0), respectively, we obtain that T ′′ = T −Tv′ ∈ F . Therefore, T
can be obtained from T ′′ by applying Operation F6 or Operation F7, respectively.
Consequently, T ∈ F .

Hence, we may assume that for every child x of w, the tree Tx is not isomorphic
to P2 or P3. Thus, it is easy to check that Tw ∼= Rr. Let T ′′′ = T − Tw. Since
f(w) = 0 and w /∈ S(T ), the function f restricted to V (T ′′′) is a TRDF on T ′′′.
So, γtR(T ′′′) ≤ f(V (T ′′′)) = γtR(T )−4r. Moreover, any TR2DF on T ′′′ can be ex-
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tended to a TR2DF on T by assigning the weight 2 to every support vertex and the
weight 0 to another vertices of Tw. Thus, γt{R2}(T ) ≤ γt{R2}(T

′′′)+4r, and by using
the inequalities above, Proposition 2.1 and the hypothesis, we obtain γt{R2}(T ) ≤
γt{R2}(T

′′′) + 4r ≤ γtR(T ′′′) + 4r ≤ γtR(T ) = γt{R2}(T ). Therefore, we must have
equality throughout this inequality chain. In particular, γt{R2}(T

′′′) = γtR(T ′′′).
Applying the inductive hypothesis to T ′′′, it follows that T ′′′ ∈ F . Therefore, T
can be obtained from T ′′′ by applying Operation F1, and consequently, T ∈ F ,
which completes the proof. 2

As an immediate consequence of Theorems 2.26 and 2.27, we have the following
characterization.

Theorem 2.28. A tree T of order n ≥ 2 satisfies that γt{R2}(T ) = γtR(T ) if and
only if T ∈ F .

To conclude this subsection, we next give a characterization of trees T with
γt{R2}(T ) = 2γt(T ). In [11], a family T of trees T with γt(T ) = γ(T ) were char-
acterized. Hence, as a consequence of the statement above and Theorems 2.6 and
2.28, the next characterization follows.

Theorem 2.29. A tree T of order n ≥ 2 satisfies that γt{R2}(T ) = 2γt(T ) if and
only if T ∈ F ∩ T .

We must remark that our characterization is strongly based on the computabil-
ity of the sets StR,2(Ti), W0(Ti), S1(Ti) and LtR,1(Ti), for a given tree Ti, in order
to construct a new element Ti+1 of the family F . It is probably hard to find such
sets for the tree Ti regardless which is the operation made to construct such Ti. In
this sense, as a continuation of this work, it would be desirable a future discussion
on how one of these sets can be obtained for a given tree Ti, and on whether a
connection between such set in Ti and the corresponding one in Ti+1 exists.

3. Computational results. In order to present our complexity results we need
to introduce the following construction. Given a graph G of order n and n copies
of the star graph K1,4, the graph HG is constructed by adding edges between the
ith-vertex of G and one leaf vertex of the ith-copy of K1,4. See Figure 4 for an
example.

It is well-known that the domination Problem is NP-complete, even when re-
stricted to bipartite graphs (see Dewdney [10]) or chordal graphs (see Booth [6]
and Booth and Johnson [5]). We use this result to prove the main result of this
section, which is the complexity analysis of the following decision problem (total
Roman {2}-dominating function Problem (TR2DF-Problem for short)). To this
end, we will demonstrate a polynomial time reduction of the domination Problem
to our TR2DF-Problem.

TR2DF-Problem
Instance: A non trivial graph H and a positive integer j ≤ |V (H)|.
Question: Does H have a TR2DF of weight j or less?
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Figure 4: The graph HG where G is a complete graph minus one edge.

Observation 3.1. Let G be a graph different from a star graph. If v ∈ Ss(G)
such that |N(v) ∩ L(G)| ≥ 3, then f(v) = 2 for every γt{R2}(G)-function f .

Theorem 3.2. TR2DF-Problem is NP-complete, even when restricted to bipartite
or chordal graphs.

Proof. The problem is clearly in NP since verifying that a given function is indeed
a TR2DF can be done in polynomial time.

We consider a graph G without isolated vertices of order n and construct the
graph HG. It is easy to see that this construction can be accomplished in polyno-
mial time. Also, notice that if the graph G is a bipartite or chordal graph, then so
too is HG.

We next prove that γt{R2}(HG) = γ(G) + 3|V (G)|. For this, we first consider
the function f ′(V ′0 , V

′
1 , V

′
2) defined by V ′1 = A∪SS(HG) and V ′2 = S(HG), where A

is a γ(G)-set. Notice that f ′ is a TR2DF on HG. So γt{R2}(HG) ≤ |A∪SS(HG)|+
2|S(HG)| = γ(G) + 3|V (G)|.

On the other hand, let v ∈ V (G) ⊂ V (HG), and by Kv
1,4 we denote the copy

of K1,4 added to v. Let sv and uv be the support vertex and semi-support vertex
of HG respectively, belonging to the copy Kv

1,4. Let f(V0, V1, V2) be a γt{R2}(G)-
function satisfying that |V2| is minimum. Since HG is different from a star, and
every support vertex is adjacent to three leaves, by Observation 3.1, we obtain
that f(S(HG)) = 2|S(HG)|. Consequently, f(sv) = 2 and f(V (Kv

1,4)) ≥ 3. Hence,
we can assume that f(uv) > 0. If f(uv) = 2, then the function f ′′(V ′′0 , V

′′
1 , V

′′
2 ),

defined by f ′′(uv) = 1, f ′′(v) = min{f(v) + 1, 2} and f ′′(x) = f(x) whenever
x ∈ V (HG) \ {uv, v}, is a TR2DF on HG of weight γt{R2}(HG) and |V ′′2 | < |V2|,
which is a contradiction. Hence f(uv) = 1 for every v ∈ V (G).

Notice that each vertex v ∈ V (G) is adjacent to exactly one semi-support vertex
of HG. As SS(HG) ⊆ V1, it follows that V (G) ⊆ V0 ∪ V1 and also, V1 ∩ V (G) is
a dominating set of G. Thus, γt{R2}(HG) = ω(f) = |V1 ∩ V (G)| + |SS(HG)| +
2|S(HG)| ≥ γ(G) + 3|V (G)|. As a consequence, it follows that γt{R2}(HG) =
γ(G) + 3|V (G)|, as required.

Now, for j = k + 3|V (G)|, it is readily seen that γt{R2}(HG) ≤ j if and only if
γ(G) ≤ k, which completes the proof. 2
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As a consequence of the result above we conclude that finding the total Roman
{2}-domination number of graphs is NP-hard.
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