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ORDER SPECTRUM OF THE CESARO OPERATOR IN BANACH
LATTICE SEQUENCE SPACES

J. BONET AND W.J. RICKER

ABsTRACT. The discrete Cesaro operator C' acts continuously in various classical Ba-
nach sequence spaces within CY. For the coordinatewise order, many such sequence
spaces X are also complex Banach lattices (eg. co,¢” for 1 < p < oo, and ces(p) for
p € {0} U (1,00)). In such Banach lattice sequence spaces, C' is always a positive oper-
ator. Hence, its order spectrum is well defined within the Banach algebra of all regular
operators on X. The purpose of this note is to show, for every X belonging to the above
list of Banach lattice sequence spaces, that the order spectrum oo(C) of C' coincides
with its usual spectrum o(C) when C' is considered as a continuous linear operator on
the Banach space X.

1. INTRODUCTION

Let E be a complex Banach lattice and £(F) denote the unital Banach algebra of all
continuous linear operators from F into itself, equipped with the operator norm || - ||op.
The unit is the identity operator I : E — E. Associated with each T' € L(F) is its
spectrum,

o(T):={ e C: (A —T) isnot invertible in L(E)}
and its resolvent set p(T) := C~o(T). An operator T' € L(E) is called regular if it is
a finite linear combination of positive operators. The complex vector space of all regular
operators is denoted by L"(E); it is also a unital Banach algebra for the norm

(L.1) |7y :==inf{||S|lop : S € L(E),S > 0,|T(2)| < S(|2|])Vz€ E}, T eL'(E).

Again I : E — FE is the unit. Moreover, |T||op < ||T||» for T € L7(E), with equality
whenever T > 0 (i.e., if T is a positive operator). The spectrum of T € L"(E), considered
as an element of the Banach algebra L"(F), is denoted by o,(7") and is called its order
spectrum. Then po(T') := C~\o0o(T) is the order resolvent of T. Clearly

(1.2) o(T) C oo(T), T € L7(E).

From the usual formula for the spectral radius, [5, Ch.I, §2, Proposition 8|, it follows
that the spectral radii for T' € L"(E) satisfy r(T") = ro(T) whenever T" > 0. Standard
references for the above concepts and facts are [3], [17], [18], for example.

It is clear from (L2]) that 7(T') < ro(T') for T € L7(E). So, if 7(T') < ro(T), then (L2)
cannot be an equality. This is the strategy applied in [I8], pp.79-80| to exhibit a regular
operator for which o(T) & 0o(T'). For an example of a positive operator T satisfying
o(T) G 0o(T), see [3, pp.283-284]. In the contrary direction, a rich supply of classical
operators T' for which the equality

(1.3) o(T) = 0,(T)
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is satisfied arise in harmonic analysis, [3| Theorem 3.4].

The aim of this note is to contribute two further classes of operators T" which satisfy
([T3). In Section it is shown that in any Banach function space E, all multiplication
operators T by L>-functions are regular operators and satisfy (L3]). This is a consequence
of the fact that the algebra of such multiplication operators is maximal commutative. Let

N := {1,2,...}. The remaining three sections deal with the classical Cesaro operator
C : CN — CN defined by
(1.4) C(z) == (% py ﬂUk)Zozl r = (z,)02, € CN

which is clearly a positive operator for the coordinatewise order in the positive cone of
CN = RN@iRN. Section [ establishes some general results for determining the regularity of
linear operators in Banach lattice sequence spaces. These results are designed to apply to
the particular operators (C—\I)~!, where C'is given in (I4). In Section @ we will consider
the restriction of C' to the Banach lattice sequence spaces ¢y and /P, 1 < p < oo, and show
that (L3)) is satisfied in all cases (with C' in place of T'). Section [Hlis devoted to proving
the same fact, but now when C' acts in the discrete Cesaro spaces ces(p),1 < p < oo, and
in ces(0).

2. MULTIPLICATION OPERATORS

Let (2,%, 1) be a localizable measure space (in the sense of [10, 64A]), that is, the
associated measure algebra is a complete Boolean algebra and, for every measurable set
A € ¥ with p(A) > 0 there exists B € ¥ such that B C A and 0 < pu(B) < o
(i.e., u has the finite subset property). All o-finite measures are localizable, [10, 64H
Proposition|. Every Banach function space E (of C-valued functions) over (€,%, pu) is
a complex Banach lattice for the pointwise p-a.e. order. Given any ¢ € L*(u), the
multiplication operator M, : E — E defined by f +—— ¢f, for f € E, belongs to L(F)
and satisfies || M |lop = ||¢]|oc- Define a unital, commutative subalgebra of L(E) by

Mp(L>(n) = {My : ¢ € L™(u)};
the unit is the identity operator I = M; where 1 is the constant function 1 on 2. Recall
that the commutant of Mg(L*(u)) is defined by

MEg(L>®(p) ={A e L(E): AM, = M,A Yo € L™(u)} C L(E).
It is known that Mg (L>(p)) is a mazimal commutatitive, unital subalgebra of L(E), that

is, Mpg(L>®(n)) = Mg(L>®(wn))¢, [9, Proposition 2.2]. Moreover, also the bicommutant
Mp (L% () = Mp(L> ().

Proposition 2.1. Let (2, X, 1) be a localizable measure space and E be a Banach function
space over (2, %, 1).
(i) Mp(L>(p) € L7(E).
(il) ME(L>(u)) is inverse closed in L(E). That is, if T € Mpg(L>(n)) is invertible
in L(E) (i.e., there exists S € L(E) satisfying ST = 1 = TS), then necessarily
S € Mp(L¥ ().
(iii) For every T € Mpg(L>®(n)) we have oo(T) = o(T).
Proof. (i) Let ¢ € L>®(u). Then ¢ = [(Re )t — (Re )] +i[(Im ¢)* — (Im ¢) "] with all
four functions (Re )™, (Rep) ™, (Imp)™, (Im¢)~ belonging to the positive cone L (p)"
of L% (). Since My, = [M(ge o)+ = M(Re o)~ ]+ [M(1m o)+ — M(1m )| is @ linear combination
of positive operators, it is clear that M, € L"(E).
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(ii) Since Mpg(L*>®(p)) is maximal commutative in L(E), it follows that Mg (L (u))
is inverse closed in L(F), |5, Ch.II, §15, Theorem 4].

(ili) In view of (ILI) it suffices to show that p(T') C po(T"). Suppose that T' = M,
with ¢ € L*°(p). Fix A € p(T'). Then M —T = M 1) belongs to Mg(L> (1)) because
(AL — @) € L*(u). Since M5y is invertible in L(E), it follows from part (ii) that
actually (A — T)~! € Mpg(L>®(u)) and hence, by part (i), that also (M — T)~! €
L'(E). O
Remark 2.2. We point out that |T||op = ||T||, for each T' € Mpg(L*>()). Indeed, let
@ € L>®(p) satisfy T' = My, in which case || My|/op = ||¢||o0- Define S := ||¢||o! and note
that S > 0 with ||S]lop = ||¢]lcc. Moreover,

(Mo () = lofl < llellsolfI = SfI), f€E,
and so |7, < [|Sllop = l|¢llec = |T||op; see (II). The reverse inequality ||T||op < |||

always holds.

3. THE CESARO OPERATOR IN BANACH SEQUENCE SPACES

We begin with some preliminaries. Equipped with the topology of pointwise conver-
gence CN is a locally convex Fréchet space. Let A = (anm)mom—1 be any lower triangular
(infinite) matrix, i.e., anm = 0 whenever m > n. Then A induces the continuous linear
operator T : CN — CN defined by

(3.1) Ta(z) == ooy Gum@m)rey, « € CHN.

For x € CN define |z| := (|7,])3%;. Then also |z| € CN. A vector subspace X C CV is
called solid (or an ideal) if y € X whenever z € X and y € CN satisfy |y| < |z|. It is
always assumed that X contains the vector space consisting of all elements of CN which
have only finitely many non-zero coordinates. In addition, it is assumed that X has a
norm || - ||x with respect to which it is a complex Banach lattice for the coordinatewise

order and such that the natural inclusion X C CN is continuous. Under the previous
requirements X is called a Banach lattice sequence space.

Lemma 3.1. Let A = (anm)pom—1 be a lower triangular matriz with all entries mon-
negative real numbers and X C CN be a Banach lattice sequence space such that Ta(X) C
X. Let B = (bum)pom—1 be any matriz such that

(3.2) |brm| < anm, n,m € N.

Then the restricted operator Ta : X — X belongs to L£(X). Moreover, Tg : CN — CN
satisfies Tp(X) C X and the restricted operator Tp : X — X also belongs to L(X). In
addition, | TB|lop < [|TAllop-

Proof. Condition (3.2)) implies that B is also a lower triangular matrix. Moreover, the

continuity of both T4 : CN — CN and of the inclusion map X C CN imply, via the

Closed Graph Theorem in the Banach space X, that the restricted operator T4 € L(X).
Given = € X we have for each n € N, via (3.2), that

(Tp()n = [ 2ot bnm@m| < 2201 [bam] - [2m] < X201 anm|@m| = (Ta(|2]))n-
Since X is solid and Ta(|z|) € X, these inequalities and (B.I]) imply that Tr(z) € X.
Moreover, as || - || x is a lattice norm it follows that

IT(@)llx = [OZm=r bamzm)ilillx < 125021 anmlem )iy ]l x

= [ TalzDlix < [[Tallopllzllx
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for each z € X, where the stated series are actually finite sums. Hence, ||TB|lop < ||T4|lop
and the proof is complete. O

Since the operator T4 as given in Lemma Bl satisfies T4 > 0, it is clearly regular.

Corollary 3.2. Let A = (anm)%?m:l be a lower triangular matriz with non-negative

real entries and X C CN be a Banach lattice sequence space such that Ta(X) C X.
Let B = (bum)pom=1 be any matriz satisfying B.2). Then the operator Tp € L(X) is
necessarily reqular, that is, Tp € L7(X).

Proof. Define the non-negative real numbers s, := (Re bum) ™, tnm := (Rebum) ™, Unm 1=
(Im by, )™ and wyyy, := (IMbyyyy,)~ for each n,m € N. Then by = (Spm — Unm) + 1 (Vnm —
Wnm) and {Snm, Unms Unm, Wnm b C [0, @ppy] for n,m € N. Setting S := (Snm)pom=1,U =
(Unm)pom=1,V = (Vnm)pom=1 and W := (Wp )55,—; it is clear from the definition (B.1])
that each operator Ts > 0,7y > 0,7y > 0 and Ty > 0 (in X) belongs to L£(X); see
Lemma Bl Since Tp = (Ts — Ty) + (T — Tw), it follows that Tp € L7(X). O

Together with appropriate estimates, Corollary B2l will be the main ingredient required
to establish (L3) for C (in place of T') when it acts in various classical Banach lattice
sequence spaces X.

Let o := {0} U{% : n € N}. We recall the formula for the inverses (C — AI)~! :
CN — CN whenever A € C\X, [14], p.266]. Namely, for n € N the n-th row of the lower
triangular matrix determining (C' — AI)~! has the entries

-1 1
(33) m, 1<m< n, and 1_nn>\ = 77 m=n,

with all other entries in row n being 0. We write

(3.4) (C =A™t =Tp, — 35Tk,,
where the diagonal matrix Dy = (dpm(A))pSm—1 is given by
(3.5) dpn(N) = ﬁ and  dpp(N) =0 if n#m.

Setting y[A] := dist(A, Xg) > 0 it is routine to check that
(3.6) |dpn (V)| < ﬁ neN, \eC\X.

Moreover, Ex = (enm(A))p,=1 is the lower triangular matrix given by ey, (A) = 0, for
m € N, and for all n > 2 by
if 1<m<n

1
(37) enm()\) = nHTkL:m(liﬁ)
0 if m > n.

Lemma 3.3. Let X C CN be any Banach lattice sequence space. For each A € C\Xq the

diagonal operator Tp,, with Dx = (dpm(N))5om=1 given by B.H), is regular in X, that is,
TDA € ﬁr(X).

Proof. Fix A & 3y and let A := ﬁ] , where I is the identity matrix in CV, in which case

T4(X) C X is clear. It follows from (3.6]) that the matrix B := D) satisfies (8.2)). Hence,
the regularity of Tp, in X follows from Corollary O

Remark 3.4. (i) Since any Banach lattice sequence space X C CN is a Banach function
space over the o-finite measure space (N, N, ), relative to counting measure u, and the
function n — dp,(A) on N belongs to L>°(u) by (8.6]), the regularity of Tp, € L(X) also
follows from Proposition 2.1J(i).
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(ii) For appropriate X and A\ & X, it is clear from (B.4) and Lemma B3 that the
regularity of (C' — A\I)~! € £(X) is completely determined by the matrix Ey.

The following inequalities will be needed in the sequel. For a < 1 we refer to [14]
Lemma 7] and for general o € R to [I, Lemma 3.2(i)].

Lemma 3.5. Let A € C\%¢ and set a:= Re(%). Then there exist positive constants P(«)
and Q(«) such that

(3.8) P <Thn-&l<% neN

nOé

4. THE CLASSICAL SPACES /P, 1 < p < 00, AND ¢

For each 1 < p < oo let C), € L(#P) denote the Cesaro operator as given by (L4]) when it
is restricted to ¢P. As a consequence of Hardy’s inequality, [11, Theorem 326], it is known

that ||Cp|lop = p’, where % + z% =1 (with p’ := 1 when p = 00). Concerning the spectrum
of C), we have
(4.1) o(C)={AeC:]A-Z|<Z} 1<p<oc

Various proofs of (£.1]) are known for 1 < p < oo, [6], [12], [13], [15], [16]; see the discussion
on p.268 of [6]. For the case p = oo we refer to [12, Theorem 4|, for example.

Remark 4.1. For each A # 0 set o := Re(%). Then, for any b > 0 we have
a < 3 and only if |\ — 5| > &
The corresponding results for o > % and a = % also hold.

Proposition 4.2. For each 1 < p < oo the order spectrum of the positive operator
Cp € L(IP) satisfies

(42) 00(Cp) = a(Cy).
Proof. Via (I.2) it suffices to verify that p(Cp) C po(Cp).
With the notation of (3.4) and (B.7) it is shown on p.269 of [6], as a consequence of

(B8)) in Lemma above, that for every A # 0 satisfying o := Re(5) < 1 there exists a
constant S(A\) > 0 such that

(4.3) leamW] < A2 1<m<n, nel

— pl-ama

Set B := E) and let A be the lower triangular matrix whose entries ap,,(A) > 0 are given
by the right-side of (@3] for each n € N and 1 < m < n (and 0 otherwise). According to
([#3) the matrices A and B satisfy ([3.2). Let X := ¢ for p € (1, 00) fixed. Then Corollary
implies that Ey will be regular (i.e., T, € L"(¢f?)) whenever T4 (¢?) C ¢P. Note that
Ta € L(CY) is given by
(4.4) x> B(A) (75 Yomey 22)°° == B(N)Ga(x), = eCN.
So, if Re(}) < 1, then (@) implies that T4 € L(¢7) whenever G, : £ — (P is continuous.

Let now X € p(Cp), that is, |X — %| > %l. Then a := Re(}) < z%’ because of Remark
41l and hence, (1 — a)p > 1. Then the Proposition on p.269 of [6] yields that indeed

G € L(P). As noted above, this implies that Tx, € L7(¢?). Combined with (34]) and
Lemma [3.3 it follows that (C, — A\I)~! € L£7(¢P), that is, A € po(C}). This completes the

proof of (£.2). O
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Recall that ||Cu|lop = 1 and, from (@.J) for p = oo, that
(4.5) 0(Cx) ={NeC:|A-3| <}
Proposition 4.3. The order spectrum of the positive operator C, € L(£>°) satisfies
06(Coxo) = 0(Coo).
Proof. Again by (L2) it suffices to prove that p(Cs) C po(Cuo)-

Fix A € p(Cw). According to (L), for b = 1 the condition in Remark E.1]is satisfied
with a := Re(%). Hence, the inequalities (Z3) are valid and so A := (anm(A))pom=1 = 0
and B := E) can again be defined exactly as in the proof of Proposition L2l Then (3.2))
is satisfied with X := ¢°°. Arguing as in the proof of Proposition (via Corollary B.2]) it
remains to verify that Ty : £°° — ¢°° is continuous, where T4 is given by (@4). To this

effect, since (1 — ) > 0 by Remark [£1] it follows that

(4.6) SUDpen 0 anm (V)] = BN SUD ey i Yo i < o0

this has been verified on p.778 of [2] (put w(n) = 1 there for all n € N) by considering
each of the cases o < 0, = 0 and 0 < a < 1 separately. But, condition (4.8]) is known
to imply that T4 € L£(£*), [19, Ex.2, p.220]. The proof that A € po(Cx) is thereby
complete. O

To conclude this section we consider the Cesaro operator C, as given by (L)), when it
is restricted to cg; denote this operator by Cp. It is shown in [12, Theorem 3|, [14], that
|Collop =1 and

(4.7 o(Co)={reC:A-3| <3}
Proposition 4.4. The order spectrum of the positive operator Cy € L(cy) satisfies
06(Cp) = a(Cp).

Proof. Since (A7) shows that 0(Cp) = 0(Cx), the entire proof of Proposition [4.3] can be
easily adapted (now for X := ¢y and fixed A € p(Cj)), using the same notation, up to the
stage where ([A6)) is shown to be valid. In addition to the validity of (&6 it is also true
that

(4.8) 1My 00 anm(A) = 22 lim, oo =2z =0, meN,

me

because o := Re(%) satisfies (1 — a) > 0. The two conditions ([@86) and (ES) together
are known to imply that T4 € L(cp), [19, Theorem 4.51-C|. Again via Corollary and
Lemma [3.3] we can conclude that T, € L"(cp) and hence, also (Cop — M)~ ! is regular on
Co. ]

5. THE DISCRETE CESARO SPACES ces(p),1 < p < 0o, AND ces(0)
For 1 < p < oo the discrete Cesaro spaces are defined by

0 n 1
ces(p) = {z € CV: [|2]|ees(p) = (Xonts (5 Xc lzal)P) < 0o}

In view of (L4) we see that [|x|lces;p) = [|C(|z|)|ler for x € ces(p). It is known that
each space ces(p),1 < p < oo, is a reflexive Banach lattice sequence space for the norm
| - llces(p) and the coordinatewise order. The spaces ces(p) have been thoroughly treated
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in [4]. According to Theorem [5.1] of [§] the restriction of C' (see (L)) to ces(p), denoted
here by C(;), is continuous with ||C,)|lop = p" and

(5.1) a(c(,,)):{Aec:yA—%yg%’}, 1<p< o

Proposition 5.1. For each 1 < p < oo the order spectrum of the positive operator
Cp) € L(ces(p)) satisfies

(5.2) 06(Cipy) = a(Cpy))-
Proof. In view of ([L2)) it suffices to verify that p(C()) C po(C(p))-

We decompose the set p(C(p)) into two disjoint parts, namely the set
(5.3) p1:={A € C~{0}: Re(5) <0} ={ue C~{0}: Re(u) <0}
and its complement pa := p(C())\p1-

First fix A € p1. Then A ¢ Xy and so we may consider E\ = (enm(N))5,=1 and
Dy = (dnm(N))5 =1 as specified by (B.7) and (B.8]), respectively. It is shown on p.72 of
[8] that

(5.4) lenm(N)| <4, 1<m<n, neN.

Warning: In [8] the set N = {0,1,2,...} is used rather than N = {1,2,3,...} which is
used here and so the inequalities from [8] are slightly different when they are stated here.
Back to our proof, it is clear from (L4]) that the matrix A = (cum)po,—1 for the Cesaro
operator C' is lower triangular with its n-th row, for each n € N, given by ¢, 1= % for
1 <m < n and ¢y = 0 for m > n. Setting B := F), it is clear from (5.4]) that (32)) is
satisfied for the pair A, B in the space X := ces(p). Since C(,y = T : ces(p) — ces(p)
is continuous, it follows from Corollary that T, € L"(ces(p)) and hence, via Lemma
and [34), that also (C(,) — AI)~! € L7 (ces(p)).

Consider now the set po. From (G5.J) it is routine to establish that a non-zero point
z € C belongs to o(C(;)) if and only if Re(1) > 1%' From the case of equality in Remark
1] it follows that po = U0<a<1/p, I',,, where
(5.5) Io:={z€C~{0}:Re(})=a}={zeC {0} : |z — 5| =5}

Fix a point A € py. Then there exists a unique number a € (0, ]%) such that A € Ty,
namely o := Re(}). In the notation of ([B7) it is shown on p.72 of [8] that

(5.6) lenm(N)| < enm (L), n,meN.
Note that enm(L) > 0 for all n,m € N follows from BZ) as 0 < a < 1% implies that
1-— ﬁ = (1= %) >0 for m <k < n. Setting A= Ej/q and B := E, it is clear from

(B8] that ([B.2) is satisfied for the pair /Nl,é in place of A, B. Moreover, é > p/ implies
that L € p(C(y)), that is, (C,) — 21)™! € L(ces(p)). Since Tp,,, € L(ces(p)) by Lemma
(with 1 in place of ), the identity Tg,,, = aQ(TDI/a —(Cpy— 17)=1) shows that T'; €
L(ces(p)). Hence, Corollary can be applied to conclude that T5 = Tg, € L"(ces(p)).
It then follows from (B4) and Lemma 3.3 that (C(,) — AM)~! € L7 (ces(p)). O
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The remaining space to consider is ces(0) := {z € CN : C(|x|) € o} equipped with the
norm
|2]lces(o) == 1C (12D lco = SuPpen 3 ey [21ls @ € ces(0).
It is a Banach lattice sequence space for the norm || - ||ces(0y and the coordinatewise order.

According to [8, Theorem 6.4], the restriction of C' (see ((L4)) to ces(0), denoted here by
C(0), 1s continuous with [|C(p[lop = 1 and

(5.7) O’(C(O)):{)\GC: ’)\—%‘ S%}

Proposition 5.2. The order spectrum of the positive operator C gy € L(ces(0)) satisfies
70(C0)) = o(C(0))-

Proof. As usual it suffices to show that p(C(p)) € po(Clg))-

Let the set p; be as in (B.3]). For each a € (0,1) let T'y, be given by (5.5). Then (5.1
ensures that we have the disjoint partition p(Cg)) = p1 U p2 with p2 := Uy ncq La-

For any given point A € p; the estimates (5.4 are again valid (see [8, p.72]) and so the
argument in the proof of Proposition [5.1] can be easily adapted ( now for X := ces(0)) to
again show that (Cgy — AI)~" € L (ces(0)).

Fix now A € po. Then there exists a unique o € (0,1) such that A € T',, namely
o := Re(5). Then Re(1— ;) = (1— %) > 0 for k € N. Arguing as at the bottom of p.396
in [7], now with x € ces(0) in place of a € ces(2) there, it follows that the Ist coordinate
of Ey(z) is 0 and, for n > 2, that the n-th coordinate of E)(z) satisfies

[(Bx(@))al < (Byja([z))n, @ € ces(0).
Substituting z := (J,;)72; into the previous estimates, for each r € N, yields (5.6]). Since
0 < a < 1 implies that é € p(Cp)), the argument can be completed along the lines given

in the proof of Proposition 5.1l to conclude that (Cpy — M)~ € L7(ces(0)). We again
warn the reader that N = {0,1,2,...} is used in [7]. O
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