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Weighted composition operators on Korenblum type spaces
of analytic functions

Esther Gémez-Orts

Abstract
We investigate the continuity, compactness and invertibility of weighted composition op-
erators Wy, : f — ¥(f o ¢) when they act on the classical Korenblum space A™°° and other
related spaces of analytic functions on the open unit disc. Some results about the spectrum
of these operators are presented, as well. Rather complete results are obtained in the case of
the Korenblum space.

1 Introduction, notation and preliminaries

Let ¢ : D — D be an analytic selfmap on the unit disc ID of the complex plane, and let ) : D — C be
an analytic map. The aim of this article is to investigate the continuity, compactness, invertibility
and the spectrum of weighted composition operators Wy, , : f — ¢(f o) when they act on certain
weighted Fréchet or (LB)-spaces of analytic functions on I of the complex plane. The operator
Wy, can be written as the composition Wy, , = My 0 Cy,, where My f := 1 f is the multiplication
operator and C, f := f o ¢ is the composition operator. In this paper the operator Wy, , acts on
spaces which appear as intersections or unions of the growth Banach spaces of analytic functions
defined below. Weighted composition operators have been investigated by many authors. We refer
the books by Cowen and McCluer [15] and Shapiro [28]. Further references will be given later.

The space H(D) of all analytic functions on D is endowed with the Fréchet topology of uniform
convergence on compact sets. When we write a space, we mean a Hausdorff locally convex space.
We refer the reader to [25] for results and terminology about functional analysis, and in particular
about Fréchet and (LB)-spaces.

For each a > 0, the growth Banach spaces of analytic functions are defined as

HE = {f € HD): | fllo = sup(1 ~ |2))*]£(2)] < oc)

and
HY = {f € HD): Jim (1-|e)°|f(2)] =0}

These spaces are sometimes defined using the weight (1 — |z|?) instead of (1 — |z|). Since
1—|z| €1—]2? <2(1—|z]), the spaces coincide and the norms are equivalent. Both H2° and H?
are Banach spaces when endowed with the norm ||-||o. The space H?, which is a closed subspace of
HSe, coincides with the closure of the polynomials on HS; see e.g. [9]. The space H> of bounded
analytic functions on I is contained in H? for each o > 0. These Banach spaces, as well as their
intersections and unions, play a relevant and important role in connection with the interpolation
and sampling of analytic functions; see [19, Section 4.3].

For each pair 0 < 1 < 82 we have HZ® C ng with continuous inclusion. Moreover, for each
a >0, HY is canonically isomorphic to the bidual Banach space (H2)"” of HY, [9, 29].

The spaces of analytic functions we consider are defined in the following way.

A= () HE = {f € HD): sup(1 - |2])"|(2)] < 00 VB > a},
B>a z€D
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in which case also

A7" = () H}
B>a

for each o > 0. And

AT = U Hg? ={f € HD): sup(l - 12])P|f(2)| < oo for some B < a}
B<a z€D

in which case also

A= = | HY,
B<a
for each 0 < a < 0.

The space A,“ is a Fréchet space, that is a metrizable and complete locally convex space,
when endowed with the locally convex topology generated by the increasing sequence of norms
[ fllk == sup,ep(1— |2))> 5 | f(2)], for f € AT and each k € N. We note, for 0 < 8, < B2, that the
natural inclusion Hg? C ng is actually a compact operator. Therefore A7® is a Fréchet Schwartz
space, [20, §21.1 Example 1(b)]. In particular, bounded subsets of A7 are relatively compact,
[25, Remark 24.24]. Moreover, for every 8 > a > 0 we have H® C A7 C Hg with continuous
inclusions.

Each space A”“ is endowed with the finest locally convex topology such that all the natural
inclusion maps Hg° C AZ% for B < «, are continuous. In particular, the space A—_% is the complete
(DFS)-space

AT i=ind HY? 4 = i%ngf%,

k

which is necessarily a Schwartz space, [25, Proposition 25.20]. The inductive limit is taken over all
k € N such that (a — ) > 0. Furthermore, the (LB)-space AZ* satisfies that every bounded set
B C AZ® is contained and bounded in the Banach space HE® for some 0 < 8 < a. (LB)-spaces
satisfying this property are called regular.

The classical Korenblum space AZ*°, [22], denoted A~°, is defined by

A= |J HY=|JHY
0<a<oo neN
and is endowed with the finest locally convex topology such that all the natural inclusion maps
H2° C A~ are continuous, that is, A7*° = ind,, H;°. It is well-known that A~ is an algebra
with continuous pointwise multiplication. For the reader’s convenience, we give some details for
proving that: since, clearly, the multiplication is separately continuous, we may apply [23, pp. 158]
because A~ is a barreled DF-space. Also, it is closed under derivation and integration. Further
information can be found in [19, Section 4.3]. We mention that AZ* C H) C H® C A7, for all
«a > 0, with continuous inclusions.

2 Continuous, compact and invertible weighted composi-
tion operators

An operator T : X — X on a space X is called compact (resp. bounded) if there exists a
neighbourhood U of 0 such that T(U) is a relatively compact (resp. bounded) subset of X. Every
bounded operator is continuous. If the bounded subsets of X are relatively compact, as it happens
if X is one of the spaces A,* or A”“, then bounded and compact operators T': X — X coincide.
The following two lemmas follow from the definitions involved and Grothendieck’s factorization
theorem [25, Theorem 24.33].

Lemma 2.1 (Lemma 25 of [4]) Let E := proj,,E,, and F := proj, F, be Fréchet spaces which
are projective limits of Banach spaces. Assume that E is dense in E,, and that E,,+1 C E,, with
a continuous inclusion for each m € N (resp. F,11 C F, with a continuous inclusion for each
n €N). Let T : E — F be a linear operator.



(i) T is continuous if and only if for each n € N there exists m € N such that T has a unique
continuous linear extension T, ,, : By, — F,.

(i1) Assume T is continuous. Then T is bounded if and only if there exists mg € N such that, for
every n € N, the operator T' has a unique continuous linear extension Ty, n : Epy — Fy.

Lemma 2.2 (Lemma 4.1 of [5]) Let X =ind, X,, and Y = ind,,, Yy, be two (LB)-spaces which
are increasing unions of Banach spaces X = U721 X,, and Y = UX_1Y,,. LetT: X =Y be a
linear map.

(i) T is continuous if and only if for each n € N there exists m € N such that T(X,,) C Y, and
the restriction Ty, », © Xy, — Y, is continuous.

(i1) Assume that'Y is a reqular (LB)-space. Then T is bounded if and only if there exists m € N
such that T(X,,) C Yy, and T: X,, — Y., is continuous for allm > m.

2.1 Continuity

The continuity and compactness of weighted composition operators between spaces of type HZ°
was described in [16] even in a more general context; see also [11] and [26]. Combining Lemmas
2.1 and 2.2 with Propositions 3.1 and 3.2 of [16], we obtain the following result.

Proposition 2.3 Let ¢, ¢ € H(D) with (D) C D.
(1) Let o« > 0. The operator Wy, , : A% — AL® is continuous if and only if for each € > 0
there is 6 €]0,¢] such that

up [0~ [z
= P

If this is the case, then ¢ € AL“.
(2) Let 0 < a < oo. The operator Wy, , : AZ* — AZ® is continuous if and only if for each
0 < B < « there is v € [B, a such that

< 00.

Bl _
AN S

If this is the case, then ¢ € AZ“.

Corollary 2.4 Let a >0, 1 € H(D). My € L(AL®) if and only if ¥ € AL°.

Proof. Setting ¢(z) = z in Proposition 2.3 (1), we get that My € L(A]®) if and only if for
each ¢ > 0 there is § €]0,¢] such that sup,cp [¢(2)|(1 — |2])*° < co. This happens exactly when
e AT". m

Corollary 2.5 Let o >0, ¢, € H(D) and (D) C D. If¢p € A", then Wy, , € L(AT?).

Proof. By [11, Theorem 2.3], the operators C., : HE — HE® and C, Hg — Hg are continuous for

each 3 > 0. Therefore, Lemma 2.1 implies that C, is continuous on A“. Since Wy, , = My 0 Cl,
the conclusion follows from Corollary 2.4. O

Example 2.6 In this example it is shown that the converse of Corollary 2.5 does not hold. Take
a >0 and ¢(z) = z/2,z € D. For each 1) € A7*\ A}" the operator Wy, , is continuous on A;*.
Indeed, we apply Proposition 2.3 (1), given £ > 0 take § = . Then

sup ()| - gote gup ()11 = 1) < oo
2€D (1 - |Z‘/2)a+€ - 2eD

Corollary 2.7 Let 0 < a < 00, ¢, € H(D) and ¢(D) C D. The operator My € L{AZ®) if and
only if ¢ € A;O.



Proof. The proof is similar to that of Corollary 2.4, using Proposition 2.3 (2). O

Corollary 2.8 Let 0 < a < o0, ¥, € H(D) and p(D) C D. If ¢ € AL, then Wy, € L(AZ?).
Proof. Proceed as in the proof of Corollary 2.5. O

The converse of Corollary 2.8 also fails, as can be seen is not true taking ¢(z) = z/2, similarly
as in Example 2.6.

Proposition 2.9 Let v, p € H(D) with (D) C D. Then Wy, , € LIA™°) if and only if p € A=,

Proof. Assume W, , is continuous on A=>°. The constant function 1 € A= so, Wy, ,(1)(2) =
(z) for all z € D. Then ¢ € A~°.

Conversely, assume now ¢ € A~>°. Since A~ is an algebra under pointwise multiplication, the
operator My, is continuous on A~>°. On the other hand, [11, Theorem 2.3] and Lemma 2.2 imply
that the operator C,, is also continuous on A=°°. Consequently Wy, , = My o C, is continuous,
too. O

2.2 Compactness

Proceeding similarly as we did for the continuity, using Lemmas 2.1, 2.2 and Propositions 3.1, 3.2
of [16] we obtain the following results.

Proposition 2.10 Let ¢, o € H(D) with (D) C D.
(1) Let o > 0. The operator Wy, , : AT — AL% is compact if and only if it is continuous and
there exists n > a such that for each T €]a, ] we have

p AN = |2)

A =

(2) Let 0 < oo < oco. The operator Wy, ,, - AZ* — AZ® is compact if and only if it is continuous
and there exists § < a such that for every v € [8, o] we have

[¥(2)|( = |2)?

sup ———————— < Q.
zep (1= lp(2)])

Corollary 2.11 Let ¢, ¢ € H(D) with ¢(D) C D.

(1) Leta > 0. If Wy, : AT™ — AT® is compact, then there isn > o such that Wy, Hg — Hg
18 compact.

(2) Let 0 < o < o0. If Wy, + AZ* — AZ® is compact, then there is v < « such that
Wy e HS — HS s compact.

Proof. This is a direct consequence of Proposition 2.10 and [16, Corollary 4.5]. O

Corollary 2.12 Assume that there exists an r, 0 < r < 1, such that |¢(z)| < r for all z € D.
If Wy o+ AL — A% a >0, (resp. Wy, @ AZ% = AZ% o > 0) is continuous, then Wy, is
compact.

Corollary 2.13 Assume that My is continuous on AL* or on AZ®. If My is compact, then
P =0.



2.3 Invertibility

The characterization of invertible weighted composition operators on A7%, AZ% and A™*, is a
consequence of the following results due to Bourdon [13, Theorem 2.2 and Corollary 2.3].

Theorem 2.14 (Theorem 2.2 of [13]) Suppose that X is a set of functions analytic on D such
that
(i) Wy, maps X to X,
(i) X contains a nonzero constant function,
(ii) X contains a function of the form z — z + ¢ for some constant c,
(iv) there is a dense subset S of the unit circle such that for each point in S there is a function
in X that does not extend analytically to a neighbourhood of that point.

If Wy o : X = X is invertible, then ¢ is an automorphism of D.

Theorem 2.15 (Corollary 2.3 of [13]) If X, ¢ and ¢ satisfy the hypotheses of Theorem 2.1/
and X is automorphism invariant, i.e., f o € X for all automorphism ¢ of D, then Wy o, is
invertible on X if and only if ¢ is an automorphism of D and ¢ as well as 1/1) are multipliers of
X, that is, the corresponding multiplication operators map X into X.

Remark 2.16 Wy, , satisfies hypothesis (i) of Theorem 2.14 whenever it is continuous, and the
spaces A7, AZ* and A7 verify hypothesis (7). Moreover, they are linear spaces which contain
the constants and the polynomials, thus (i) is equally satisfied. The hypothesis (iv) is also
satisfied. In fact, for an a € 0D and p > 0 the function g, (2) := 1/(a — 2)? € AL% AZ% A~
and does not extend analytically to any neighbourhood of a. In case p = 0, one can take log(a — z)
instead of g, , because log(a — z) € AL% AZ% A=,

Proposition 2.17 Let ¢, € H(D) and ¢(D) C D.

(1) Let o > 0. The operator Wy, , is invertible on AL® if and only if ¢ is an automorphism of
D and ,1/y € A_T_O.

(2) Let a« > 0. The operator Wy, , is invertible on AZ if and only if ¢ is an automorphism of
D and 1,1/ € A7°.

(3) The operator Wy, , is invertible on A= if and only if ¢ is an automorphism of D and
P, 1/ € A=,

Proof. We only prove part (1); the other proofs are analogous. By Remark 2.16, hypotheses
(1), (i), (iii) and (iv) of Theorem 2.14 are satisfied. We apply Theorem 2.15 to get that Wy,
is invertible if and only if ¢ is an automorphism of D and + and 1/+ are multipliers of AT* or,
equivalently, that M, and M, are continuous on A, ”. The conclusion follows from Corollary
2.4. O

Example 2.18 The condition ¢,1/¢ € A;O need not imply that ¢,1/1¢p € H*®. To see this,
consider the function 9(z) := log(z + 1) — 5,z € D, which is not bounded on D. Moreover,
¥ € A7%, A=°°. We show that 1/¢ € H*. Indeed, if we call z = a + bi, with a,b € [0, 1],

[log(a + bi + 1) —5|—‘log\/ (a+1)24+ b2 —5+iArg(a —&-bz‘ ‘log\/ )2 +0% - 5‘
If log /(@ + 1)Z + 62 < 0, then ’log\/(a-l- 12+ 02 — 5‘ > 5.

On the other haund7 if log\/(a+1)2+b2 >0, as [a+ 1] < |a] +1 < 2, then (a + 1) +b? < 5.

Thus, 0 < log+/(a 2+b2<1og\[<2 Hence, ’log\/ a+12+b2—5’>3

Therefore W % for all z € D. Then 1/ € H>® and 1) € A7\ H*.



3 Some results about the spectrum

3.1 Preliminaries and point spectrum

Let T : X — X be a continuous operator on a space X. We write T' € £(X). The resolvent set
p(T) of T consists of all A € C such that R(\,T) := (A —T)~! is a continuous linear operator,
that is T'— A\l : X — X is bijective and has a continuous inverse. Here I stands for the identity
operator on X. The set o(T') := C\ p(T) is called the spectrum of T. The point spectrum o,(T)
of T consists of all A € C such that (A — T) is not injective. If we need to stress the space X,
then we write o(T, X), 0,(T,X) and p(T, X). Unlike for Banach spaces X, it may happen that
p(T) = @ or that p(T') is not open.
The following two abstract lemmas will be useful in the rest of the section.

Lemma 3.1 (Lemma 2.1 of [2]) Let X = N,enX,, be a Fréchet space which is the intersection
of a sequence of Banach spaces ((Xn, || - |In))nen satisfying X141 C Xy with ||z]|n < ||2||ny1 for
eachn € N and x € Xp41. Let T € L(X) satisfy that for each n € N there exists T, € L(X,,) such
that the restriction of T, to X (resp. of T, to Xp11) coincides with T (resp. with Ty11). Then,

o(T, X) C Upeno(Th, Xn).

Lemma 3.2 (Lemma 5.2 of [3]) Let E = ind,(E,,|| - ||n) be a Hausdorff inductive limit of
Banach spaces. Let T € L(E) satisfy that for each n € N the restriction Ty, of T to E,, maps E,,
into itself and T,, € L(E,). Then, the following properties are satisfied.

(2) UP(T7 E) = UneNUp(Tm En)
(ii) o(T, E) C Nmen(U,.0(Ty, En)).

We will also need a general version of two lemmas due to Kamowitz [21, Lemmas 2.3 and 2.4].
We only mention the changes needed in the proofs.

Lemma 3.3 Let E be a space of holomorphic functions containing the polynomials such that the
inclusion E C H(D) is continuous. Consider ¢,y € H(D), with ¢(D) C D and ¢(0) = 0. Then,
(0) € o(Wy,,) and 1(0)¢'(0)" € (W) for all n € N.

Proof. The proof is the same as [21, Lemma 2.3]. O

Lemma 3.4 Let E be a space of holomorphic functions containing the polynomials, and such that
the inclusion E C H(D) is continuous. Consider ¢,y € H(D), ¢ Z0, ¢(D) C D, ¢(0) =0 and ¢
is not a constant function. If X is an eigenvalue of Wy, ,, then A € {1(0)¢’(0)™}22

n=0"

Proof. Suppose A is an eigenvalue of Wy, , with f € E as corresponding eigenvector. If A = 0,
(2)f(p(z)) = 0 for all z € D. Define G := {z € D : ¥(z) # 0}, which is non-empty and open
(because ¢ #Z 0). Then, fo¢ =0 on G. Now, ¢ cannot be constant on G because if it were, it
would be necessarily constant on D by the Identity Principle, which contradicts the hypothesis.
So, ¢ is not constant on G, which means ¢(G) is open and non empty. If f =0 on p(G), f =0,
which is again a contradiction. Hence, A # 0. The rest of the proof follows as in the proof of [21,
Lemma 2.4]. O

The essential norm ||T||e of an operator T' on a Banach space X is the distance of the operator
to the set of compact operators on X. More details about the essential norm and the essential
spectral radius r.(T, X) can be seen in the book [1].

By [16, Theorem 4.2] or [26, Theorem 2.1] the continuous weighted composition operators
Wy,e: H — Hp® and Wy, o, HS — HS satisfy that their essential norm is given by

: (1—1z)P
[Wy.olle=1lm sup |¢(z)|——F+.
Y PSS (1= lp(x))?
And, its essential spectral radius is

re(Weso0 HEZ) = re(Wes o, HE) = lim [ W7 |11/



where

W - _ ==
W elle = lim o ()] [¥(pn-1(2))] 0= lon(2))P

Here ¢,, is the composition of ¢ with itself n-times.

Theorem 3.5 (Theorem 7 of [7]) Let p > 0 and suppose ¢, not an automorphism, has fized
point a € D and Wy, , + H)® — H° is continuous. Then

oWy, Hy) = {X € C1 [N S re(Wy,p, H°) } U{¥(a)¢(a)" 172, -

Remark 3.6 It is not hard to prove that the essential norm can be obtained for the weights v,
in the following way:

o ke
Weslle = fim WEIT =00 -

Lemma 3.7 Let ¢,1 € H(D), ¢(0) =0, ¢ non constant. Then,
TC(WIIJ,waHEO) < TG(WIZJ,LWHEO)
whenever 0 < a < 8 < oo.

Proof. By Schwarz’s Lemma, |¢(2)| < || for all z € D. Then, since 0 < a < § < o0,

< 1— | )Q ( 1— 4 )
L=le(z) ) = \1=lp(z)]
for every z € D. Thus, |[Wy.slle.s8 < [[Wiy,plle,a- Since ¢, has the same properties as ¢ for each

n € N, we also get [[W) [le.s <[[Wy lle,o for all n € N. O

For the essential spectral radius of composition operators we have the following result.

Proposition 3.8 Let ¢ € HD), p(D) C D, ¢(0) =0, 0 < |¢'(0)| < 1. Then
(i) ([6, Theorem 5.1]) r.(C,, HY®) < 1 for each o > 0.

(11) 1e(Cyp, HY®) = 1e(Cy, HY®)* for each o > 0.

(i) limp_so 1e(Cp, HE®) = 1e(Cyp, HY®) for each a > 0.

() limg_so0 1e(Cp, H) = 0.

Proof. Part (i) is a consequence of [6, Theorem 5.1].
(ii) We apply Remark 3.6 to get

n (i (i) )
re(Cp, HY) =lim | lim | ———— =
et =i Jim (212

s 1— 2]
= lim lim _
n \|zl»1- \ 1 — |¢on(2)]

(iil) is a direct consequence of (ii), and (iv) follows from (i) and (ii). O

3=

> = 71e(Cl, HT?)™

We have the following consequence of Lemmas 3.3 and 3.4 for composition operators on AL *
or A”%.

Proposition 3.9 Let ¢ € HD), p(D) C D, ¢(0) =0, 0 < |¢'(0)| < 1. Then
(i) for a >0,

{'(0)" 1520 \ B(0,7e(Cyp, HE)) C 0p(Cyp, AT*) € {9(0)" 132



(i) and for 0 < a < oo,
{£'(0)"}320 \ B(0,7e(Cyp, HY?)) C 0(Cp, A=) C {¢'(0)"}7% -

Proof. (i) By Lemma 3.4 we have 0,(Cy,, AL%) C {¢'(0)"}32o. Now fix n € N such that
| (0)"] > r.(Cyp, HY). By Lemma 3.3 we have ¢/(0)" € o(C,, H2). We apply [1, Theorem
7.44] to get ¢'(0)™ € 0,(Cy,, H2). That is, there exists f € HY such that C,,f = ¢'(0)"f. Since
HY C A7® we get that ¢'(0)" € 0,(Cy, AT®).

(ii) Lemma 3.4 implies 0, (Cyp, AZ%) C {¢/(0)"}2%,. Fixn € Nsuch that [¢’(0)"| > re(C,, HY).
We apply Proposition 3.8 (iii) to find 8 < a such that [¢'(0)"| > r.(Cy, H?). By Lemma 3.3 for
E = Hj we have ¢'(0)" € ¢(Cy, Hy). From [1, Theorem 7.44] we conclude ¢'(0)" € 0,,(Cy,, Hp).
Hence there is f € Hj C AZ% such that C,,f = ¢'(0)" f. Thus ¢'(0)" € 0,,(Cyp, AZ). O

Observation 3.10 Notice that if ¢/(0) € 0,(C,, AZ%) then ¢'(0) € B(0,7.(Cy, H). In such
case, Konigs eigenfunction o belongs to A~%, so there is 8 < « such that o € Hg. Then, by a
result of [12], |¢"(0)] > re(Cyp, HE®) = 7e(Cy, HY?).

The case of the Korenblum space will be treated below in Theorem 3.13.

3.2 About the spectra of weighted composition operators
Proposition 3.11 Let 1, ¢ € H(D), o(D) C D, ¢(0) =0, 0 < |¢'(0)] < 1.

(1) If « >0 and Wy, is continuous on AL”, then

{0} U {2 (0)¢'(0)"}7%0 € o(Wy 0, AT*) C B(O, gim re(Wy g, H5)) U {(0)¢'(0)" }aZo

(it) If 0 < a < 0o and Wy, is continuous on AZ”, then

{0} U0 (01"} € 0We o A7) € BO, lim_ oWy HE)) U{(0)¢'(0)" )20,

Proof. (i) Under the present assumptions ¢ is not an automorphism. This implies that the oper-
ator Wy, : AT — AT® is not an isomorphism by Proposition 2.17. Therefore 0 € o(Wy ,, A7%).
Moreover, Lemma 3.3 yields {¢(0)¢'(0)"}5Zg C o(Wy,,, A7), which completes the proof of the
left inclusion.

To prove the other inclusion, we first apply Lemma 3.1 and Theorem 3.5 to obtain

T (Wyes A7) € | (B0 re(Wy,p, HE)) U {(0)¢'(0)" 1720 ) -
B>a

If A€ Up>aB(0,7e(Wy o, HE)), there exists 8 > a such that [A| < supgs, 7e(Wy,, HZ®). By
Lemma 3.7 supgs o, 7e(Wy,p, H?) = limg_, o+ 7e (W, HZ®), from where the inclusion follows.

(i) The left inclusion follows similarly as in part (i).

For the other inclusion, we first apply Lemma 3.2 and Theorem 3.5 to get

o (Wye AZ%) € () | U (B0, re(Wy,p, H)) U{1(0)¢(0)" 152 )
B<a \v>8

By Lemma 3.7 Uy>5B(0, 7e(Wy o, H®)) = B(0,7e(Wy,,, Hg?)). Therefore

T (Wyp, AZ%) C (1) B(0,7e(Wy,p, HE)) U{9(0)¢ (0)" 1720 =
B<a

= B0, inf 7 (W HF) U {5(0)'(0)" 320 =

= B0, Jim_re(Wy, 0. HF)) U {(0)2'(0)"} 2.



Corollary 3.12 Let ¢ € H(D), ¢(D) C D, »(0) =0, 0 < |¢'(0)] < 1.
(i) If & > 0, then
{0} U {9 (0)"}5L0 C 0(Cy, AT™) C B(0,7e(Cp, HE?)) U{¢'(0)" 0,
(i) If 0 < a < 00, then
{0} U{e'(0)" 172 € 0(Cyp, A=) € B(0,7e(Cyp, HZY)) U {9 (0)" 172,

Proof. The operator C, is continuous since it is continuous in each HE® by [11, Theorem 2.3].
The proof follows from Proposition 3.11 and Proposition 3.8 (iii). o

Theorem 3.13 Let ¢ € H(D), (D) C D, ¢(0) =0 and 0 < |¢'(0)| < 1. Then,

7(Co, A7) = {0} U{¢'(0)"}7%0,

and
0p(Cop, A7) = {80/(0)”};0:0'

Proof. The operator C, : A~ — A~ is continuous since it is continuous in each H;° by [11].
By Lemma 3.3, ¢'(0)" € 0(C,, A=) for each n € N. The assumptions imply that ¢ is not an
automorphism. Therefore, Proposition 2.17 (3) yields that C,, : A=>° — A~ is not a surjective
isomorphism, thus 0 € o(Cy,, A™>).
Now, denote T}, = Cy, : H° — H°. By Theorem 3.5,

0(Co, HY?) = o(Ti, Hy®) = B(0,7e(Cyp, H®)) U{'(0)" }32

n=0 -
By Lemma 3.7 r.(Cy, HS ) < 1e(Cy, Hi®) for each k € N. Therefore
U (@) = B(0,7.(Ti)) U {¢'(0)"}5, -
Jjzk

Now Lemma 3.2 yields

o(Cpr A~  c(J o(T) = (ﬂ B<o,r@<Tk>>> {0}, -

kE j>k k
Since 7(T}) tends to 0 when k goes to infinity by Lemma 3.8 (iv), we conclude
7(Cy, A7) C {0} U{¢'(0)"}3% -
Now we prove the statement about the point spectrum. Lemma 3.4 implies
op(Ce, A7) C{¢'(0)" }7%0-

Since lim,, o0 7¢(Cyp, H2°) = 0 by Lemma 3.8(iv), there is m € N such that |¢'(0)] > r.(C,, HyY).
We apply a result of Bourdon [12] to get that Konigs’s eigenfunction o is in HY, and ¢'(0) is
an eigenvalue of C, in A™°°. Since Korenblum space A™>° is an algebra and C, is an algebra
homomorphism, we easily conclude ¢’(0)" is also an eigenvalue for all n € N. O

3.3 The spectra of multiplication operators

Given ¢ € H(D), the multiplication operator M, is a weighted composition operator for the
selfmap (z) = z. In this section we study the spectrum of multiplication operators.

Proposition 3.14 Let E be a space which is continuously included in H (D), containing the poly-
nomials, such that for each §& € H* the multiplication operator M¢ : E — E is continuous.
Let v € H(D) be not constant. If My : E — E is continuous, then o,(My,E) = 0 and

(D) C o(My, E) C 4(D).




Proof. Suppose that A € C is an eigenvalue of My, : E — E. There would exist f € E, f Z0
such that 1(z)f(z) = ¥(0)f(z) for each z € D. But as f # 0, the set of points where f does not
vanish is an open set. And, by the Identity Principle, v would be constant, which contradicts the
hypothesis. Accordingly o,(My, E) = 0.

If X € (D), there is zp € D with 9(z9) = A. Thus, all functions in (My — AI)(E) vanish at zg
and M, — Al is not surjective. Therefore /(D) C o(My, E).

Finally, if A & ¢(ID), there exists € > 0 such that |¢)(z) — A| > € for all z € D. Thus the function
&:=1/(¥(2) —A) € H*® and M : E — E is continuous by assumption. This implies My, — Al is
a bijective operator. Indeed, it is injective since the point spectrum of M, is empty as we have
already proved. Moreover, it is surjective because for each g € E, the function f := Mg € E
verifies (My, — AI)f = g. We have shown that A & o(My, E). O

Corollary 3.15 If My is continuous on any of the spaces A7 a >0, or AZ*,0 < a < 00 for
some non-constant function v € H(D), then the point spectrum of My, is empty and the spectrum

contains Y(D) and it is contained in (D).

Proof. This is a direct consequence of Proposition 3.14, since by Corollaries 2.4 and 2.7 and
Proposition 2.9 its assumptions are satisfied. O

Unlike in Banach spaces, the spectrum of M, is not necessarily a closed set. The following
example shows that the spectrum may not coincide with (D).

Example 3.16 The analytic function ¢(z) := 21—,z € D, belongs to A=, so My is continuous

11—z
on A= by Theorem 2.9. Observe 1 = (—1) € ¢(D). But 1 € p(My, A=>°). In fact, it is easy to
check that = € A~ and M L is the inverse of My, — %I.

2

3.4 The spectra of composition operators whose symbol is a rotation

If  is an automorphism of the disc such that ¢(0) = 0, then it is a rotation, that is, there is ¢ € C
with |¢| = 1 such that ¢(z) = cz for all z € D. In this section we present a few results about the
spectrum of composition operators on Korenblum type spaces when the selfmap is a rotation. Our
first result is well-known.

Lemma 3.17 Let ¢ € H(D), ¢(z) = cz for all z € D, with |c| =1. Then
(i) op(Cp, HZ?) = {c"}720
(11) If ¢ is a root of unity, then o(Cy,, HY) = 0p(Cyp, HY) = {c"}5%,.
(i11) If ¢ is not a root of unity, then o(Cy,, HS®) = OD.

Proof. (i) Lemma 3.4 implies 0,(Cy, HY) C {c"}02,. For each m = 0,1,2,..., the function
fm( ) := 2™ belongs to H®. Moreover, for each m, fn,(¢(2)) = ¢ fn(z) for all z € D and

fm(p(2)) = ¢™z™. So, every ¢™ is eigenvalue with eigenvector f,,.
(ii) If ¢ is a root of unity, there exists m € N with ¢™(z) = z for every z € D. That is,
C7' = 1. By Spectral Mapping Theorem [1, Theorem 6.31], (0(C,))™ = o(C}') = o(I) = {1}.

Then o(C,) C {A: X™ = 1}. This implies {\ : \" =1} = {c"}22,,.
(iii) Suppose that ¢ is not a root of unity. If [\| > 1 = [|C,|| = ||C; ||, then X € p(Cy,) and
)\ € p(C,") by [1, Theorem 6.31]. It is easy to check that —AC; (A — C;')~" is the inverse of
— C,, which implies 1/X € p(C,). This shows that {¢"}72, C J(CW,HOO) C OD. Since c is

not a root of unity, Kronecker’s Theorem [27, Theorem 2.2.4] implies that {¢"}52, is dense in 9D.
Since the spectrum of an operator on a Banach space is compact, this completes the proof of part
(iii). O

Corollary 3.18 Let ¢ € H(D), p(z) = cz for all z € D, with |c| = 1. Let E be any of the spaces
AT a>0, or AZ%,0 < a < 00. Then
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(i) op(Cy, E) = {c" 132
(11) If ¢ is a root of unity, then o(Cy,, E) = 0,(Cyp, E) = {c"}5%,.
(tii) If ¢ is not a root of unity, then {c"}52, C o(Cy, E) C OD.

Proof. The point spectrum is obtained with the same argument as in Lemma 3.17. And, for the
spectrum, both cases follow from Lemmas 3.2 and 3.17. O

In the case of the Koremblum space we can characterize exactly which points of the unit circle
belong to the spectrum of C,, when ¢(z) = cz for all z € D and ¢ € 0D is not a root of unity. This
is a similar result as Theorem 1 of [10]. We first need the following known characterization of the
functions in the Korenblum space in terms of their Taylor expansion. Its proof follows from an
application of Cauchy inequalities.

Lemma 3.19 A function f(z) = Yo" janz" on the unit disc D belongs to A= if and only if
there is k € N such that sup,, n~*|a,| < 0o.

Theorem 3.20 Let ¢ € C be an element of the unit circle |c| = 1 which is not a root of unity. Let
Cy, 1 A= — A~ be the composition operator with selfmap p(z) = cz,z € D. A complex number
A # 1,|A| = 1, belongs to the resolvent p(Cy,, A=) if and only if there are s > 1 and ¢ > 0 such
that | — A| > en™? for each n € N.

Proof. First assume that there are s > 1 and € > 0 such that |¢" — A| > en™* for each n € N.
In particular C,, — AI is injective by Corollary 3.18 (i). We prove that it is also surjective. Given
g(z) = Yool ganz" € AT, we define f(z) = Y )7, s=52", z € D. It is easy to see that
(Cp — M) f = g. To conclude the proof of this implication it is enough to show that f € A=,
Since g € A=, we apply Lemma 3.19 to find k¥ € N and M > 0 such that n=*|a,,| < M for each
n=20,1,2,.... Hence, for each n =0,1,2,..., we get

|an| < MnFn® %nk-&-s,

ler — Al = € €

which implies that f is analytic and belongs to A~ by Lemma 3.19.
Now suppose that A # 1,|A\| = 1, belongs to p(C,, A=°°). Then the inverse operator (C, —
A)7t: A7 — A~ exists, it is continuous and it necessarily has the form

(Cp—AI)~ anz S~ _n z
Z ;::OC"—/\

The continuity of this inverse implies that for m =1 there are £ > 1 and M > 0 such that for each
S ganz™ € A7 we have

oo an
sgg(l — |z|)* Z m < Msup(l —1z]) Zanz
z n=0 n=0

Evaluating this inequality for each monomial z”, n =0, 1, 2... we get, for each n = 0,1, 2,

2"

< Msup(l — [2])]z"].

sup(l — |z
B~ el sy < M s

z€D
Therefore, evaluating the maximum of 7™(1 — r)*, we get for each n =0, 1,2,

kknn nm

< -
(TL + k)n-i—k - M| >\|( + 1)n+1

This implies, for each n =0,1,2, ...,

s k()
" M\n+k (n+ k)k—1’
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which yields the desired inequality. O

A real number z € R is called Diophantine if 36 > 1 and d(x) > 0 such that

for all rational numbers p/q.

In the next proposition, a characterization of the complex number 1 belonging to the resolvent
set in relation with Diophantine numbers is stated. In this result, A;> denotes the space of all
functions f € A= such that f(0) = 0. This proposition should be compared with Theorem 2 of
[10].

Proposition 3.21 Let p(z) = cz,z € D, where |c| = 1 and ¢ is not a root of unity. Let C,, :
Ay ™ — Ay be the composition operator with symbol ¢. Then 1 € p(Cy,, Ay™) if and only if
c = €™ where x is a Diophantine number.

Proof. Notice 1 ¢ 0,,(C,,) because if it were true, it would exist f(z) = > 7 an,2" € Ag™, f#£0
such that

oo oo
E anz" € Ay = E anc"z™, z€D.
n=1 n=1

However, as f # 0, there exists k € N with a; # 0, what implies ¢* = 1, which is a contradiction.
Now, suppose ¢ = 2™ with 2 Diophantine. Then, by [14, pp. 43] there exist s > 1 and ¢ > 0
such that |¢™ — 1] > en™* for each n € N. Since 1 ¢ 0,(C,,), to see 1 € o(C,,) it only remains to
show C, — I is surjective.
Given g(z) = > 07 anz™, z € D, define f(z) = > )7, 252", z € D. Clearly, g = (C, — I)f
and f(0) = 0. We want to check Lemma 3.19 for the function f. Since g € A=, for some k € N,
M >0, |a,| < Mn* for all n € N. And, by hypothesis, ‘(71_” < "? Thus,

|CLn| %nkJrs .
[en—1] = ¢
Therefore, f € A=,
The converse follows as in the proof of Theorem 3.20, taking into account [14, pp. 43]. O
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