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ABSTRACT 

There is a need to establish a complete process to characterize Ultra-High-Performance Fiber-Reinforced 
Concrete (UHPFRC) in both strain-hardening and strain-softening tensile behavior. This process should be 
simple and easy to apply so that its application is direct. Therefore, this paper presents the development of 
a complete process to obtain the tensile constitutive parameters of UHPFRC. A simplified inverse analysis 
based on four-point bending tests (4PBT) to derive the tensile material properties of strain-hardening 
UHPFRC was adapted to be applied in the event of strain softening using a nonlinear finite element model 
(NLFEM). To fulfill this objective, an extensive experimental program was run with 227 UHPFRC 
specimens tested in 4PBT that exhibited strain-softening and strain-hardening tensile responses. As a 
reference, the characteristic UHPFRC tensile constitutive behavior was obtained. Finally, a predictive 
application capable of predicting tensile behavior using the experimental 4PBT curve as input was 
developed with the experimental database. 

Keywords: strain-softening behavior, ultra-high performance fiber-reinforced concrete, finite element 
model, numerical validation, experimental four-point bending tests, prediction. 

 

1. Introduction and objectives 

Ultra-High-Performance Fiber-Reinforced Concrete (UHPFRC) is a concrete capable of reaching very 
high compressive strength: 120-200 MPa. Normally, this concrete type is reinforced with fine steel fibers 
to confer ductility and high tensile strength: 7-12MPa. This special bearing capacity is a direct consequence 
of its dense microstructure, which also provides an impervious matrix with no capillarity pores to prevent 
aggressive substances (liquids and gases) from penetrating because they can generate corrosion [1,2]. 
Compared to conventional and high-strength concretes, UHPFRC can generate forms of construction that 
save materials, which means that it is especially sustainable [3,4]. 

UHPFRC can be considered a special type of high-performance fiber-reinforced cement composite 
(HPFRCC) if the definition in the Preface in the 6th and 7th Symposia on HPFRCC [5,6] and JSCE 
recommendations [7] is used. It states that all those concretes exhibiting a strain-hardening tensile stress-
strain response accompanied by multiple cracking and a relatively high energy absorption capacity can be 
considered HPFRCC. Reaching strain-hardening behavior in a UHPFRC matrix depends on fiber type and 
content, matrix strength, the bond between matrix and fibers, and on specimen size and geometry, pouring 
system, support conditions, structural redundancy, etc. 

Currently, the characterization of UHPFRC tensile behavior can be assumed a challenge. Mainly, 
UHPFRC tensile properties are determined using uniaxial tensile tests and bending tests. Even though in 
tensile tests the tensile behavior is directly obtained, their experimental setup is complicated and requires 
specific preparation for alignment and gripping the specimen that frequently leads to inaccurate results 
[8,9]. On the other hand, notched three-point bending tests are considered not suitable for strain-hardening 
materials as they lead to an overestimation of tensile properties as a consequence of their multi-
microcracking phase [10]. Therefore, due to their simplicity, four-point bending tests (4PBT) are one of the 
best tests to achieve this purpose. Nevertheless, they require running an inverse analysis methodology to 
derive tensile properties based on the obtained results. In line with this, different inverse analysis methods 



have been developed to obtain the parameters that constitute UHPFRC tensile behavior from 4PBT [11–
21]. Two kinds are mainly considered: simplified methods defined from the key points extracted from 
experimental 4PBT; methods defined from the complete experimental curve. The latter can also be divided 
into iterative and point-by-point methods. In point-by-point inverse methods, the shape of the UHPFRC 
tensile stress-strain relation is not necessarily assumed [15,17]. With iterative ones, a constitutive behavior 
has to be previously defined to apply the analytical or numerical process to obtain a response that can be 
compared to the experimental response and to, consequently, start the iterative process. Several analytical 
methods based on closed-form formulations and numerical methods based, in turn, on nonlinear 2D-FEM 
using fracture mechanics to obtain the theoretical curve in load-deflection, load-strain or load-curvature 
terms can be found in [13,14,19,21]. These methods are based on the complete experimental curve and are 
indicated for computer analyses. As these methods are normally accurate, they are employed in the research 
field. Simplified methods resort to a few specific points from the results obtained with 4PBT [13,22–25]. 
The idea of developing these simplified methods lies in their direct application to structural design or quality 
control so they are “easy to conduct”. Even though these methods seem easy to apply, they are not 
completely accurate and objective, and are subjected to variations depending on the type of application. 

At this point it is important to introduce how standards and design rules consider tensile constitutive 
behavior. Australia follows the recommendations of Ductal® properties [26] which, for tensile constitutive 
behavior, propose using experimental direct tensile tests as a source, namely trilinear stress-strain behavior 
in which the two first lines represent perfect elastoplastic behavior and the third is the softening branch 
until zero stress. The yielding tensile stress is considered at 5MPa with an elastic strain of 0.0001. The 
ultimate tensile strain at the end of the plastic branch is considered at t,p = 0.16 Lf /1.2D 0.004, where Lf 
is the length of fibers, D the overall beam depth and, finally, the strain at zero stress is considered t,u = Lf 
/1.2D 0.01. In the Japan Society of Civil Engineering considerations [27], a tensile test is performed. As 
a result, the tensile curve is defined by the tensile yield strength and the ultimate tensile strength and strain. 
The Japan recommendations consider only strain-hardening tensile behavior. For calculations however, 
they propose a perfect elastoplastic model. When the design-cross-sectional strength is underestimated in 
an analysis, the tensile stress-strain relation should be appropriately reevaluated, and the failure mode also 
needs to be confirmed with a model that appropriately reflects the stress-strain relation of HPFRCC. In the 
USA, the FHWA (Federal Highway Administration) [28] refers to the UHPC idealized response with strain-
hardening behavior in tension obtained from direct tensile tests. Graybeal has reported tensile strength 
measurements using flexural prisms (by considering inverse analyses to obtain their tensile constitutive 
response), split cylinders, mortar briquettes and direct tension tests of cylinders depending on the heat 
treatment. Adaptation of standards for conventional concrete has been made to make it appropriate to 
quantitatively assess the post-cracking tensile response of UHPC. However, this seems appropriate for 
setting the response in the direction of strain-hardening UHPFRC tensile behavior. The French standard for 
UHPFRC [29,30], which is based on recommendations [23], proposes classifying UHPFRC tensile 
behavior into three classes: T1 (“strain-softening fiber-reinforced concrete”): those UHPFRC in which both 
the average and characteristic ftu (ultimate tensile strength) values are lower than ft (yielding tensile stress); 
T2 (“low strain-hardening fiber-reinforced concrete”): those in which the characteristic ftu value is lower 
than ft, but is not the average value; T3 (“high strain-hardening concrete”): those in which both the average 
and characteristic ftu values are higher than ft. Depending on the UHPFRC class, a different tensile 
constitutive law can be used. For classes T1 and T2, the parameters required to determine tensile law derive 
from notched three-point bending tests and the associated inverse analysis procedure; for class T3, an 
unnotched 4PBT and the associated inverse analysis are needed. Regardless of class type, the French 
standard applies two different tests: one to determine cracking strength and another to determine other 
tensile parameters. Moreover, the specimen geometry for the characterization test depends on fiber length 
and structural size. The Swiss standard [22] considers the following to be indicative values of UHPFRC 
tensile parameters: ft =7-12 MPa, ftu = 7-15 MPa and tu = 0-3.5‰ (strain at ultimate tensile strength). To 
define tensile behavior, two experimental tests can be used: direct tensile tests to obtain the force-
displacement experimental curve; a 4PBT and a simplified inverse analysis to derive the tensile response 
from the experimental load-deflection on the mid-span curve from 4PBT. The Swiss standard classifies 
UHPFRC into types U0, UA and UB according to tensile parameters: ft,k, ftu,k/ft,k and tuk, that is: ft,k ≥7 MPa 
for U0 and UA and ft,k ≥8.5 for UB, ftu,k/ft,k >0.7 for U0, ftu,k/ft,k >1.1 for UA and ftu,k/ft,k >1.2 for UB, tuk 
(‰)=ft/E for U0 tuk (‰)>1.5 for UA and tuk (‰)>2 for UB. 



The French [23] and Swiss [22] standards, which can be considered two of the most referenced standards 
for UHPFRC in Europe, contemplate both strain-hardening (SH) and strain-softening (SS) UHPFRC. 
Therefore, the authors of this work noticed a need to establish a complete process to characterize UHPFRC 
tensile behavior in either SH or SS. This application of this process should be simple and easy. 
Consequently, this paper presents the development of a complete process to obtain the tensile constitutive 
parameters of UHPFRC that is simple and direct. The considered experimental test is 4PBT. To obtain 
tensile constitutive behavior, a simplified inverse analysis (4P-IA), developed by our group in previous 
works [24,25], was carried out from the experimental stress-deflection on the mid-span curve. To determine 
the validity and accuracy of this inverse analysis method, a nonlinear finite element model (NLFEM) 
presented in [31,32] was developed. As this 4P-IA was developed for UHPFRC, which exhibits SH 
behavior, NLFEM was used to adapt and calibrate the inverse analysis for UHPFRC, which exhibits SS 
tensile behavior. 

This paper is organized as follows: Section 1 is an introduction to explain the purposes of this paper. 
Section 2 briefly presents the experimental 4PBT, the simplified inverse analysis (4P-IA) and NLFEM. 
Section 3 offers a UHPFRC 4PBT experimental program to generate a database to apply 4P-IA and NLFEM 
in SH and SS cases. Section 4 describes the NLFEM validation to adapt and calibrate 4P-IA in SS cases. 
This section also established a correction of 4P-IA to be applied in SS UHPFRC cases. Section 5 explains 
the obtained reference for characteristic UHPFRC tensile behavior. Section 6 proposes an application to 
integrate the whole process to predict the constitutive tensile parameters from the experimental 4PBT stress-
deflection at the mid-span curve. Finally, Section 7 indicates the most relevant conclusions drawn from this 
work. 

2. The process: Experimental Test, 4P-IA and NLFEM 

To obtain the tensile behavior of UHPFRC, the unnotched 4PBT was considered by the authors to be the 
most suitable test because it provides a large area with a relatively constant bending moment. Therefore, 
the micro-cracking process that characterizes this concrete in its hardening part was free to develop (see 
Figure 1). In this case, specimens of 100x100x500mm were used in order to analyze the consequences of 
applying the same methodology to the case of UHPFRC that exhibits strain-softening constitutive tensile 
behavior. The experimental test and setup are fully described in [10,24]. 

 
 

 

Figure 1 Four-Point Bending Test and micro-cracking process of UHPFRC 

As mentioned in the Introduction, the use of bending tests to obtain tensile behavior requires an inverse 
analysis. For this purpose, the authors chose an inverse analysis method that was developed properly in the 
research group for UHPFRC that exhibits SH behavior. The Simplified Four-Point Inverse Analysis Method 
(4P-IA), developed and explained in [10,24], is a simplified methodology based on the closed-form 
nonlinear hinge model developed in [10,25]. It entails having to select four specific key points extracted 
from the experimental 4PBT equivalent bending stress-displacement on the mid-span curve (Figure 2). 
Using these points, the parameters defining the assumed quadrilinear stress-strain law inside the hinge can 
be determined by a back-of-the-envelope calculation. This law is used to determine the constitutive tensile 
behavior of SH UHPFRC. 

The proposed constitutive model for UHPFRC is depicted in Figure 2 according to six parameters: elastic 
modulus (E); cracking strength (ft); ultimate cracking strength (ftu) and its associated strain (tu); crack 
opening at the intersection of the line that defines the initial slope to the w axis (w0); the characteristic crack 
opening (lf/4) defined as one fourth of fiber length. 



 

Figure 2 Simplified 4P-IA 

If we bear all this in mind, we wonder what would happen if UHPFRC did not exhibit SH behavior? 
Would 4P-IA be reliable enough to obtain the tensile parameters of the UHFRC that exhibits SS behavior? 

To distinguish between the UHPFRCs that exhibit SH behavior from those exhibiting SS behavior in 
tension, a hardening ratio () was defined (1). If  ≥ 1, then UHPFRC would exhibit SH. If  < 1, then 
UHPFRC would exhibit SS. Figure 3 illustrates this interpretation. 

 (1) 

 

 

Figure 3. Constitutive behavior of UHPFRC with SH and SS 

 



4P-IA was used for the UHPFRC exhibiting SH tensile constitutive behavior ( ≥ 1) [10]. In order to 
extend its application to the SS range ( < 1), it was necessary to develop a nonlinear finite element model 
(NLFEM) to simulate 4PBT in order to test and calibrate the inverse analysis. 

In this work, a numerical model developed by the authors in [31] to validate 4P-IA with SH UHPFRC 
using the FE software DIANA [33] was employed. A discrete cracking approach was followed to model 
tensile UHPFRC constitutive behavior. In this approach, the constitutive model for UHPFRC was based on 
the discrete cracking model as an interface behavior. The constitutive law for discrete cracking is based on 
a total deformation theory [33]. This behavior was forced only on the central beam section (Figure 4). To 
fulfill this objective, both tensile strength (ft) and ultimate tensile strength (ftu) were reduced by 2%. The 
rest of the beam was modeled by a smeared cracking approach based on a fixed total strain crack model 
expressed according to the crack opening curve. 

 

Figure 4. Discrete cracking approach. 

4PBT were modeled with 2D quadratic plane stress eight-node quadrilateral elements. Quadratic 2D 3+3 
nodes line interface elements were placed on the central beam section. The load was applied to the steel 
load plates by gradual increasing displacement. A nonlinear analysis was carried out by following an 
incremental-iterative solution procedure. 

3. Experimental program 

In order to generate a database of the tensile constitutive parameters obtained from 4P-IA, an experimental 
program of 227 UHPFRC specimens (100x100x500mm) was cast and tested in 4PBT (see Figure 5). Sixty-
nine of them were cast using 1.53-1.66% (120-130 kg/m3) in volumes of smooth-straight (13/0.20) steel 
fibers, and 158 with 2.00% (160 kg/m3). According to Figure 5, two displacement transducers were used to 
record the displacement at the mid-span () on the front and back sides. As a result, the load (P)-
displacement at the mid-span () curves was obtained. By using Expression (2), it was possible to represent 
the equivalent bending stress ()-displacement at the mid-span () (see Figure 6). 

 (2) 

 

where, as seen in Figure 5, P is the load applied in 4PBT, L is the span between support rollers, b is 
specimen depth (100mm) and h is specimen height. 



 

 
 

 

Figure 5. Four-Point Bending Test (4PBT) 

Compressive strength was obtained from 100-mm cubes within a range of [99,172] MPa. The tensile 
parameters obtained from the 227 specimens fell within the following ranges: 

  MPa 

  MPa 

  ‰ 

  MPa 

  mm 

  

 

Figure 6 depicts the experimental equivalent bending stress ()-displacement on the mid-span () curves 
for the 158 specimens of 160 kg/m3 and the 69 specimens of 120-130 kg/m3 of fibers. The scatter observed 
in the results was considered acceptable based on the experience in previous research [10]. 

 

Figure 6. - curves for the specimens with 160 kg/m3 (left) and 120-130 k/m3 of fibers (right) 

Using the - curves shown in Figure 6, 4P-IA was applied to each curve to obtain each specimen’s 
tensile constitutive behavior. Figure 7 and Figure 8 depict the tensile constitutive behavior for the specimens 
with 160 kg/m3 and 120-130 kg/m3. 



 

Figure 7 Constitutive behavior for the UHPFRC specimens with 160 kg/m3 of steel fibers 

 

 

Figure 8 Constitutive behavior for the UHPFRC specimens with 120-130 kg/m3 of steel fibers 

We may wonder about the need to use UHPFRC with SS. According to UHPFRC standards [22,23], it 
would seem that the concretes displaying SH behavior provide desirable behavior and guarantee good 
concrete. This may be right, but is sometimes questionable. In line with this, an analysis was done using 
the specimens from the experimental program. Figure 9 represents the P- curves for the specimens with 
similar ft for both amounts of fibers: 160 kg and 130 kg. Table 1 shows the tensile constitutive parameters 
for these specimens. We observe that for an ft value of around 9.5MPa for the 130 kg/m3 specimens and an 
ft value of about 8.5MPa for 160 kg/m3, the P- response for the specimens that exhibited SH ( ≥ 1) 
accumulated more energy (in terms of area under the P-curve, Figure 9) than those exhibiting SS ( < 1) 
with both amount of fibers. So in these cases, the SH response would appear to be more resistant than for 
the same ft value. 

 

Figure 9 P- curves for the specimens with similar ft values. 

 



Table 1 Tensile constitutive parameters for the specimens with similar ft values 

130 kg/m3 of steel fibers 
Id. ft (MPa) ftu (MPa) tu (‰) E (MPa) wo (mm) 

180702-4 9.66 11.34 8.71 50000 4.68 1.17 
A6-2 9.50 6.93 2.68 50100 2.69 0.73 

HB4-A3E3-2 9.70 8.01 3.52 49400 3.93 0.83 
HB4-A3E3-3 9.42 7.48 2.20 50400 2.80 0.79 

160 kg/m3 of steel fibers 
Id. ft (MPa) ftu (MPa) tu (‰) E (MPa) wo (mm) 

180307 8.54 10.73 7.42 50300 3.44 1.26 
N1T1-6 8.47 6.66 1.65 50900 2.16 0.79 
JE2-4 8.61 7.23 2.81 47800 2.48 0.84 
NT2-2 8.25 6.34 2.46 53200 3.48 0.77 

 

A comparison was made in energy terms. In Figure 10, the P- curves for the specimens with similar 
energy (similar area under the P- curve) are represented for both amounts of fibers: 160 kg and 130 kg. 
Table 2 shows the tensile constitutive parameters. In both cases (160 and 130), when the energy 
accumulated on the P- curve was similar for the specimens exhibiting SH and SS, the ftu for the SH 
specimens came very close to the ft for the SS specimens. A difference in stiffness appeared when the curve 
lost its linearity, which could explain SH/SS behavior. When comparing the specimens with SS to one 
another for both amounts of fibers, they showed different load levels at the loss of linearity point and at the 
maximum flexural load, which are represented in Figure 10 and, consequently, at the ft and ftu values (Table 
2). They all had more or less the same stiffness up to loss of linearity. However, when comparing them to 
the specimen displaying SH behavior (Table 2), the change in stiffness became more evident (Figure 10). 

 

Figure 10. P- curves for the specimens with similar energy. 

Table 2 Tensile constitutive parameters for the specimens with similar energy 

130 kg/m3 of Steel fibers 
Id. ft (MPa) ftu (MPa) tu (‰) E (MPa) wo (mm) 

180702-3 6.17 9.15 6.93 52400 3.64 1.48 
A6-2 9.50 6.93 2.68 50100 2.69 0.73 

HB4-A3E3-2 9.70 8.01 3.52 49400 3.93 0.83 
HB4-A3E3-3 9.42 7.48 2.20 50400 2.80 0.79 

160 kg/m3 of steel fibers 
Id. ft (MPa) ftu (MPa) tu (‰) E (MPa) wo (mm) 

180516 5.41 9.06 7.11 56200 3.20 1.68 
N2T1-2 9.42 8.49 4.32 53700 4.85 0.90 
JE1-1 8.94 8.11 4.69 52100 3.70 0.91 

HB3C-5 9.91 8.32 6.15 50200 3.16 0.84 



 

It can be deduced for the UHPFRC specimens exhibiting SS behavior, versus those showing SH in Table 
2 and Figure 10, that the concrete matrix could be more resistant for UHPFRC with SS and, therefore, the 
ft value could be higher. The UHPFRC cases exhibiting SH behavior could be cast with a concrete matrix 
capable of reaching less strength and, consequently, the ft parameter would lower. In this case, the steel 
fiber effect would make the ftu value increase. This would mean that the concrete with SH would not 
necessarily be better than the concrete exhibiting SS. Consequently, if it were possible to ensure a high-
resistant concrete matrix with the same amount of fibers, then concrete would display SS tensile behavior 
(< 1). However, the energy obtained in its P- experimental response came close to a concrete with SH 
tensile behavior (≥ 1), with an ftu value of the SH concrete coming close to the ft value of the SS concrete. 

4. Numerical model application 

The material constitutive parameters obtained from applying the simplified 4P-IA for 65 specimens from 
the experimental program were implemented into NLFEM (see Section 2) and compared to the 
experimental program results. 

Figure 11 illustrates the comparison made between the experimental and numerical stress-deflection (-
) curves for an SH specimen (Figure 11, left) and an SS specimen (Figure 11, right). 

 

Figure 11. Specimen with SH (left); specimen with SS (right) 

As seen in Figure 11, the - curve from NLFEM for the specimens displaying SH ( ≥ 1) was more 
accurate than for those exhibiting SS ( < 1). Notwithstanding, the inaccuracy observed in the model’s 
curve for the specimens showing SS was conservative. 

To quantify the accuracy of the NLFEM response, a coefficient of accuracy (CS) was defined as the ratio 
between the experimental stress and the stress obtained from the model (3). This CS was obtained at four 
levels of the experimental deflection upon maximum experimental stress (maxexp): 0.25ꞏmaxexp, 
0.50ꞏmaxexp, maxexp and 1.25ꞏmaxexp (see Figure 12). The energy of the curve delimited by both the maxexp 
(A1) and 1.25ꞏmaxexp levels (A2) for the experimental and model curves was obtained. 

 (3) 

 



 

Figure 12. Coefficient of accuracy levels. 

Figure 13 shows the relation between the hardening ratio () and the CS at the four experimental deflection 
levels upon maximum experimental stress (maxexp): 0.25ꞏmaxexp, 0.50ꞏmaxexp, maxexp and 1.25ꞏmaxexp 
for the analyzed 65 specimens: 54 specimens of 160 kg/m3 of fibers and 11 of 130 kg/m3. 

 

Figure 13. CS vs.  at four  levels  

As observed in Figure 13, the CS came close to 1 in the early stages of the  –  curve (at 0.25ꞏmaxexp 
and 0.50ꞏmaxexp), and clearly exceeded 1 at the maxexp and 1.25ꞏmaxexp levels. This meant that in the first 
stages, the model accurately predicted the experimental curve. When the highest level of the curve was 
reached and the descending branch took part, the model’s accuracy was not as good as on the elastic branch, 
but was conservative. Therefore, the model was reliable enough. According to Figure 13, certain inaccuracy 
appeared at the first two levels, 0.25ꞏmaxexp and 0.50ꞏmaxexp (elastic branch of the  –  curve) on the non 
conservative side with the specimens made of UHPFRC exhibiting SH ( ≥ 1). Nevertheless, this inaccuracy 



was negligible. At the last levels, and despite them being conservative, the stress experimental values were 
higher than the numerical ones, especially for SS ( < 1). The model appeared more accurate in these stages 
for the UHPFRC specimens displaying SH behavior. 

Figure 14 shows the relation between the energy calculated for the experimental (A1exp) and numerical 
(A1model) curves at the maxexp level and the energy calculated for the experimental (A2exp) and numerical 
(A2model) curves at the 1.25ꞏmaxexp level for the same 65 specimens. 

 

Figure 14. A1exp vs. A1model, A2exp vs. A2model. 

As Figure 14 illustrates, the energy obtained in the experimental test was slightly higher than that obtained 
in the model. The same trend was observed for the other specimens in relation to the energy limited by 
maxexp (A1) and 1.25ꞏmaxexp (A2). So the model was slightly conservative. 

Figure 15 shows the relation between the experimental and numerical max for the same 65 specimens. 

 

Figure 15. Experimental vs. model max. 

As shown in Figure 15, the experimental max value was higher than the numerical one for each specimen. 
So as with energy, this value means that the model was conservative compared to the experimental results, 
and the level of accuracy was acceptable (see Figure 13, Figure 14 and Figure 15). 

It is important to understand that the 4P-IA procedure was developed for UHPFRC manifesting SH 
behavior ( ≥ 1). The results in Figure 13, Figure 14 and Figure 15 demonstrate that the simplified inverse 
analysis method is applicable for SS, but can be considered too conservative. Therefore, a study of the 
adjustment of 4P-IA was run to obtain more accurate results and to reduce the conservative response in the 
UHPFRC exhibiting SS behavior ( < 1). The idea was to adapt 4P-IA to cover all those cases that could 
appear when working with optimized UHPFRC; that is, SH behavior, but also SS. 



The adjustment procedure consisted in calibrating the tu and ftu parameters to better fit the NLFEM - 
curve in 4PBT. A parametrical study focussing on the tu and ftu parameters was done to study their influence 
on the - response. By way of example, Figure 16 shows the experimental - at the mid-span of an SS 
specimen with 130 kg/m3. If 4P-IA was applied and the resulting tensile parameters were used in NLFEM, 
the obtained- response would be conservative, as seen in Figure 16 (left). Therefore, ftu was incremented 
by a percentage to study its influence on the - response. As shown in Figure 16 (right), the - response 
very accurately adjusted the experimental one when ftu was incremented by 7% of the original value. Table 
3 shows the tensile constitutive parameters after applying 4P-IA, which were used in NLFEM (see Figure 
16, left) and the same parameters with the 7% ftu increment employed in NLFEM (see Figure 16, right). 

Therefore, the ftu parameter directly influenced the model’s response and, as we can see, 4P-IA 
underestimated the ftu value, which gave a conservative result in the - response and, consequently, in the 
energy that took part in the flexural response of UHPFRC with SS behavior. 

 

Figure 16. - response of the ftu variation in a strain-softening behavior specimen. 

Table 3. Constitutive tensile parameters from applying 4P-IA and ftu variation 

 
constitutive tensile law 

ft (MPa) ftu (MPa) tu (‰) E (MPa) wo (mm)  
4P-IA 8.08 7.03 3.35 54400 3.11 0.87 

ftu 7% inc. 8.08 7.52 3.35 54400 3.11 0.93 
 

The parametric study then focused on the tu parameter. By way of example, the experimental - on the 
mid-span curve for the same specimen as in Figure 16 is depicted in Figure 17. In this case, the ftu value 
remained because the value obtained from the simplified 4P-IA and the parameter that varied was tu. Figure 
17 (left) shows the - response of NLFEM when tu was incremented by 100% of the tu value obtained 
with 4P-IA. In Figure 17 (right), the - curve from NLFEM when tu was incremented by 200% is found. 
Table 4 shows the tensile constitutive parameters after applying the simplified 4P-IA, which were the same 
parameters with the 100% tu increment and the same parameters with the 200% tu increment employed in 
NLFEM in Figure 17. Therefore, as shown in Figure 17 and Table 4, the variation in the tu parameter 
needed to be very wide to have some effect on the model’s - response. Consequently, the influence of 
the variation in tu was considered negligible. 



 

Figure 17 - response of the tu variation in a strain-softening behavior specimen. 

Table 4. Constitutive tensile parameters from applying 4P-IA and tu variation 

 
constitutive tensile law 

ft (MPa) ftu (MPa) tu (‰) E (MPa) wo (mm)  
4P-IA 8.08 7.03 3.35 54400 3.11 0.87 

tu 100% inc. 8.08 7.03 6.70 54400 3.11 0.87 
tu 200% inc. 8.08 7.03 10.05 54400 3.11 0.87 

 

Parameter ftu, which was obtained from applying 4P-IA, was calibrated using NLFEM as shown in Figure 
16 for 64 specimens with different  values; 32 specimens with 160 kg/m3 and 32 with 130 kg/m3. For each 
specimen, the increment in ftu, denoted by variable var, required to fit the NLFEM - curve was obtained 
for the specimens with 130 kg/m3 and 160 kg/m3 of fibers for the different hardening coefficient () values, 
as shown in Figure 18 (left). Therefore, a bilinear expression that relates the increment in the ftu (var) 
percentage with the hardening coefficient () can be deduced from Figure 18 (right). 

 

Figure 18 Relation var (%) - : 160 kg/m3 and 130 kg/m3 of fibers (left) and bilinear expression (right) 

From Figure 18, Expression (4) can be deduced to relate the increment in the ftu (var) percentage with the 
hardening coefficient (). 

 

  

(4)   

  

 



Consequently for the UHPFRCs that exhibited SS ( < 1) after applying 4P-IA, a correction of the ftu 
parameter using Expression (5) can be made to fit the model response to the experimental one. 

 (5) 

 

Next the correction of ftu (ftuc) from Expression (5) was done for the same 65 specimens as in Figure 13, 
Figure 14 and Figure 15. The ftuc parameter and the other constitutive parameters obtained from the 
simplified 4P-IA were implemented into NLFEM and compared to the experimental results. By considering 
the same previously defined criteria for CS (see Figure 12), the new relations between the hardening ratio 
() and the CS at the four experimental deflection levels upon maximum experimental stress (maxexp): 
0.25ꞏmaxexp, 0.50ꞏmaxexp, maxexp and 1.25ꞏmaxexp for the 65 analyzed specimens including54 specimens 
of 160 kg/m3 of fibers and 11 of 130 kg/m3 (Figure 19). 

 

Figure 19. CS vs.  at four levels when correcting ftu 

When comparing Figure 19 to Figure 13, the cloud of the CS- points in all the graphs are more aligned 
near 1.00 in Figure 19. In the early stages of the  –  curve, this took place at 0.25ꞏmaxexp and 0.50ꞏmaxexp, 
Figure 19 shows very accurate results, which means that the model improved for SS, especially in  < 0.8 
in both cases. At the maxexp and 1.25ꞏmaxexp levels, not only were the values more aligned, but the scatter 
of the results also reduced in the SS part ( < 1). Therefore thanks to the ftu correction, the results improved 
for SS and, consequently, the model became more accurate. 

Figure 20 shows the relation between the energy calculated for the experimental (A1exp) and numerical 
(A1model) curves at the maxexp level and the energy calculated for the experimental (A2exp) and numerical 
(A2model) curves at the 1.25ꞏmaxexp level for the same 65 specimens when making the ftu correction in 
Expression (5). 



 

Figure 20. A1exp vs. A1model, A2exp vs. A2model when correcting ftu  

When comparing Figure 20 and Figure 14, the energy obtained in the experimental test came very close 
to that obtained in the model for the same specimen when the ftu correction from Expression (5) was applied. 
The same trend was observed for the other specimens as the energy limited by maxexp (A1) and that limited 
by 1.25ꞏmaxexp (A2). What this demonstrates is that the model which employed the ftu correction for SS 
was more accurate and the obtained energy was similar to that obtained in the experimental test. 

Figure 21 shows the relation between the experimental and numerical max for the same 65 specimens 
when making the ftu correction in Expression (5). 

 

Figure 21. Experimental vs. model max when correcting ftu  

When comparing Figure 21 and Figure 15, we see how, as in Figure 15, that the experimental max value 
was higher than the numerical one for each specimen. Therefore, and as previously mentioned, this value 
demonstrated that the model was conservative in relation to the experimental results. According to Figure 
21, the model more accurately fitted the experimental results when correcting the ftu value following 
Expressions (4) and (5) for SS behavior (<1). 

Therefore, as demonstrated above, the correction of the ftu parameter for SS behavior (<1) using 
Expressions (4) and (5), and its application to NLFEM, led to an improved model response and made the 
prediction more accurate and reliable. Consequently, it could be stablished a standard method to 
characterize the UHPFRC tensile constitutive behavior covering all range from SH to SS following an easy 
to conduct experimental test and a simple and direct formulation. 

5. Characteristic UHPFRC tensile constitutive behavior. 

From the above-described work, it can be stated that anyone who proposes characterizing the tensile 
behavior of UHPFRC could do so no matter if it exhibited SH or SS. At this point, the characteristic - 



curve of UHPFRC herein used was obtained to set the characteristic tensile parameters, which could be a 
reference for such concretes. 

Of the 227 - curves, the characteristic - curve of the 158 specimens of 160 kg/m3 and the 69 of 120-
130 kg/m3 of steel fiber were obtained. In Figure 22, the characteristic - curve for each amount of fibers 
is depicted. 

 

Figure 22 Characteristic - curve for the 160 kg/m3 and 120-130 kg/m3 steel fiber specimens 

When the test ended, the equivalent flexural stress was obtained from the experimental load following 
(2). Using the - curve, 4P-IA was applied to obtain the tensile parameters (see Figure 2) following [10].  

The values that defined the characteristic tensile parameters for the tensile behavior of UHPFRC with 
120-130 kg/m3 and 160 kg/m3 of steel fibers were calculated and are shown in Table 5. 

As seen in Table 5, the obtained characteristic tensile law for UHPFRC for both amounts of fibers 
exhibited SS, which was  < 1. Therefore, it was necessary to correct the ftu value following Expressions 
(4) and (5). The corrected tensile parameter ftuc is detailed in Table 5. In this way, Table 5 provides details 
of the characteristic tensile constitutive parameters for UHPFRC with 120-130 kg/m3 and 160 kg/m3 of 
steel fibers. In Figure 23, the comparison made between the characteristic experimental - curve and the 
NLFEM - curve, when the characteristic tensile parameters from Table 5 were used in the model, is 
depicted for the UHPFRC with both amounts of fibers. Hence, the comparison in Figure 23 demonstrates 
the employed method’s reliability to obtain the constitutive tensile parameters of UHPFRC in Table 5. 

Table 5 Characteristic constitutive tensile parameters for 120-130 and 160 kg/m3 of fiber UHPFRC 

Steel fibers 
(kg/m3) 

UHPFRC characteristic constitutive tensile law 
ft (MPa) ftu (MPa)  ftuc (MPa) tu (‰) E (MPa) wo (mm) 

120-130 6.51 5.12 0.79 5.47 2.62 42500 2.65 
160 7.03 6.32 0.90 6.56 1.71 46750 2.35 

 

 

Figure 23 Characteristic -d curves: FEM using corrected tensile parameters vs. experimental response 



 

6.  Predicting application to obtain UHPFRC tensile constitutive behavior 

By bearing in mind the huge experimental database that we present here, namely 227 UHPFRC 4PBT 
specimens, a predicting application was developed to avoid variability in the application of a simplified 
inverse analysis. With this application, it was possible to obtain the constitutive tensile parameters of 
UHPFRC by introducing only the - curve obtained from 4PBT without having to apply 4P-IA and the 
correction for SS because this was already considered in the predicting application. 

The objective was, by obtaining the experimental - from 4PBT as input and the tensile constitutive 
parameters as output, to generate an application which, by introducing the experimental - curve, directly 
returned the tensile constitutive parameters. With this application, it was possible to avoid the variability 
due to the interpretation and application of the simplified 4P-IA because the whole database was produced 
in the same way. In this sense, the variability in the final result could be restricted to other effects more 
related to the casting process, pouring system and preservation of the specimens, and the suitability of the 
testing method used to characterize the tensile behavior of UHPFRC (in this case, the 4PBT). 

The application was developed using a kriging predictor adaptation from the DACE (Design and Analysis 
of Computer Experiments) software package. This is a Matlab toolbox developed by [34] to work with 
kriging approximations with computer models. In this application, the addressed computer models were 
deterministic. 

The required inputs to build the model were: 

- S: a matrix containing all the - experimental curves. Each column of the matrix was a - curve. 
In this case, 200 curves were used. That is, the model “learned” by using these curves as a database. 
Therefore, the matrix would contain 200 columns. The number of rows was the number of points of 
the - curve 

- Y: a matrix containing the responses of each curve (column) of S. These were the tensile constitutive 
parameters: ft, ftuc (ftu corrected by the softening function using Expressions (4) and (5)), tu, E and 
wo. Each column of the matrix corresponded to each parameter, and the number of rows was 
determined by the number of used curves, which was 200 in this case. Each row of matrix Y was the 
response of each column of matrix S 

- The regression model used here was a zero-order polynomial 
- The correlation model used here was the exponential one 

The model was built using this information. This can be considered the information which the model 
“learned” with and, accordingly, it would be able to predict. 

To calibrate the model, 27 specimens were used. Therefore, the 27 experimental - curves were 
introduced into the model using a matrix with 27 columns (one column for each curve). With these, the 
model predicted the tensile constitutive parameters for each curve. Figure 24 depicts a comparison made 
between the prediction response and the result if 4P-IA was applied (the “real” response) for the 27 
evaluated specimens. 



 

Figure 24 UHPFRC Tensile constitutive parameters: predicted values vs. real values 

As observed in Figure 24, the predicted ft and ftuc values were very accurate. The tu and wo values were 
reliable and, even though the E values seemed to show some point with slight deviation, it could be 
generally considered a good prediction. 

Moreover, a prediction was made of the characteristic constitutive tensile parameters from the 4PBT 
curves depicted in Figure 22 (see Table 6). When the values predicted in Table 6 were compared to those 
in Table 5, the prediction was quite good. 

Table 6 The predicted characteristic constitutive tensile parameters for 120-130 and 160 kg/m3 of fiber UHPFRC 

Steel fibers 
(kg/m3) 

UHPFRC predicted characteristic constitutive tensile law 
ft (MPa) ftuc (MPa) tu (‰) E (MPa) wo (mm) 

120-130 6.18 5.74 2.63 46296 3.07 
160 6.78 6.60 2.00 45974 2.25 

 

Therefore by using 200 UHPFRC 4PBT specimens (139 with 160 kg/m3 of steel fibers and 61 with 120-
130 kg/m3), a prediction model was developed that was able to make an accurate prediction of the UHPFRC 
tensile constitutive parameters, ft, ftuc, tu, E and wo, from the 4PBT experimental - curve. This application 



is simple, direct and avoids variability in the simplified 4P-IA due to the interpretation and application of 
the inverse analysis. This application can become a good starting point in this direction. 

7. Concluding remarks 

This work intended to take a step forward in the tensile characterization of UHPFRC in both SH and SS. 
As most processes have been conceived to characterize SH UHPFRC, in this work a justification of using 
SS UHPFRC was made. As a result, a simple process to obtain tensile behavior was set up. Therefore, the 
following conclusions are outlined. 

There is a need to establish a complete process to characterize UHPFRC tensile behavior in either SH or 
in SS behavior. This process starts with the experimental test which, in this work, was the 4PBT given its 
simplicity. 

To move from the experimental - response in bending to tensile behavior, a simplified four point 
inverse analysis (4P-IA), developed by the research group, was used. As it was developed for the UHPFRC 
exhibiting the SH tensile response, its application to UHPFRC with SS needed to be adapted. Consequently, 
an experimental program of 227 4PBT that went from the SH behavior to the SS behavior was run using 
UHPFRC with 120-130 kg/m3 and 160 kg/m3 of steel fibers. As demonstrated, 4P-IA worked well for 
UHPFRC with SH, but was still too conservative for SS. Therefore, a parametrical study that focused on 
the tu and ftu parameters was performed to study their influence on the - response using NLFEM. The ftu 
parameter had a direct influence on the model’s response and 4P-IA underestimated the ftu value, which led 
to a conservative result. However, the influence of the variation in tu was considered negligible. 

A correction of 4P-IA for SS UHPFRC was made in ftu terms after analyzing 65 specimens from the 
experimental program with different strain-hardening ratio () values, and after the calibration of ftu from 
64 specimens from the experimental program. This correction led to a more accurate response in stress and 
energy terms at different levels. Consequently, UHPFRC was characterized in tensile behavior terms by 
following a reliable process. 

Having set up a reliable method to characterize UHPFRC tensile behavior, the characteristic - curve of 
UHPFRC from the experimental data was extracted. Therefore, the characteristic tensile behavior 
parameters could be obtained for UHPFRC with 120-130 kg and 160 kg/m3 of steel fibers. These values 
could act as a reference for UHPFRC with these amounts of fibers. 

Using the extensive experimental program herein employed, a predictive application for predicting the 
tensile UHPFRC parameters from the - curve from 4PBT was developed. The prediction gave reliable 
results. The application is simple, direct and avoids not only variability in the simplified 4P-IA due to 
misinterpretations, but also applying the inverse analysis. 
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