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INTEGRAL REPRESENTATION OF PRODUCT
FACTORABLE BILINEAR OPERATORS AND
SUMMABILITY OF BILINEAR MAPS ON (C(K)-SPACES

E. ERDOGAN AND E. A. SANCHEZ PEREZ*

ABSTRACT. We present a constructive technique to represent classes of
bilinear operators that allow a factorization through a bilinear product,
providing a general version of the well-known characterization of integral
bilinear forms as elements of the dual of an injective tensor product. We
show that this general method fits with several known situations coming
from different contexts—-harmonic analysis, C*-algebras, C(K)-spaces,
operator theory, polynomials—, providing a unified approach to the inte-
gral representation of a broad class of bilinear operators. Some examples
and applications are also shown, regarding for example operator spaces
and summability properties of bilinear maps.

1. INTRODUCTION AND PRELIMINARIES

Consider Banach spaces £ and F. It is known that every bounded linear
functional on the injective tensor product E®.F is the linearization of a
continuous bilinear form on F x F' that has an integral representation. The
present paper is an investigation of the bounded quadratic forms defined on
E x E for which there is a factorization through some canonical product
® : F x E — F, which plays the role of the injective tensor product for the
above mentioned integral bilinear maps. As we will see, the problem can be
reduced sometimes to analyze the case of products defined on C'(K)-spaces
and integral representation of linear operators in such spaces, just by using
the isomorphic representation of any Banach space F' as a subspace of such
a function space. A similar characterization was investigated in [25], but
using as reference the projective tensor product instead of the injective one,
obtaining also some duality formulas as the ones that will be shown here.

We are interested in studying this type of results in a broad context,
seeking a unified approach to many of the developments and results that
have been obtained in different fields. The main reference, that provides the
starting point of our analysis, is the space of Grothendieck’s integral bilinear
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2 E. ERDOGAN AND E. A. SANCHEZ PEREZ*

forms, that gives an isometric representation of the dual of the injective
tensor product (see for example [14, Ch.4]). Zero product preserving bilinear
operators and convolution-orthogonal polynomials, which are defined using
convolution in Lebesgue spaces of locally compact groups, define other class
of examples that fits with our procedure (see [2, 1, 3, 17] and the references
therein). Some classical constructions with spaces of operators can also be
adapted to our setting, using for example the so called trace duality.

Thus, this work is mainly synthetic, although most of the results we show
are new. As we will see, our construction can also be applied in the con-
text of orthogonal polynomials. For instance, Sundaresan proved in [29]
that a real valued n-homogeneous polynomial P defined on the Lebesgue
space LP[0,1] (L*[0,1] ), with n < p, is orthogonally additive —that is,
P(f+g) = P(f)+ P(g) for disjoint functions f and g— if and only if there
is a function h € LP/P="[0,1] (L®[0,1]) such that P(f) = S[O’l] hf"dx for
all fe LP[0,1] (f € L*[0,1]). This result was extended by Benyamini et al
for the case of polynomials on order continuous Banach function spaces in
[10]. A similar result was also obtained for the case of vector valued polyno-
mials defined on C(K)-spaces by Pérez Garcia and Villanueva, who showed
that a Banach valued n-homogeneous orthogonally additive polynomial on
C(K) can be represented by an integral as P(f) = (. f"dv, f € C(K),
where v is a finite additive vector measure on K, which is countably addi-
tive under certain restrictions [20]. We will find these results —for the case
of 2-homogeneous polynomials— as consequences of the application of our
construction. Summability properties of bilinear maps acting in products of
C(K)-spaces will be also studied.

This paper is organised as follows. After explaining some definitions and
notations, in Section 2 we analyze a quotient of the injective tensor product
defined by a continuous product operation. We show that, for any product,
it is always associated by duality with a space of bilinear forms that allow
some kind of integral representation (Theorem 2.5). Section 3 is devoted to
explain the main examples of quotient tensor products. It is shown that some
of the well known classes of forms —such as the classical Grothendieck’s
integral forms, the orthogonally additive 2-homogeneous polynomials and
the convolution-orthogonal bilinear forms— can be represented by means of
this duality. In Section 4, general symmetric and non-symetric products on
spaces of operators are faced, providing a general structure for understanding
integral bilinear forms on these spaces; although the representation results
that are shown in the previous section deal with tensor product as £ Q E,
it is easily seen that they work for the case F ® F' as well, allowing to
analyze non-symmetric products too. Thus, they can be applied to analyze
to the natural integral forms associated to some fundamental non-symmetric
products, as the one given by the composition of operators. We have tried
to present an exhaustive analysis of the classical structures that can be
studied with our method. With the aim of providing some applications,
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we give in Section 5 a generalized version of the Pietsch integral bilinear
operators and analyze some of their main properties, and in Section 6 we
study summability of some new classes of integral bilinear maps defined
on function spaces C(K). A factorization of these maps is given by using
Pisier’s Theorem and Pietsch’s Domination Theorem.

The notations and terminology used throughout the paper are standard.
Nevertheless, before going any further we remind the reader some terminol-
ogy. We will use capital letters F, F, G, X,Y, Z to denote Banach spaces. Bg
and E* are the unit ball and the topological dual of the Banach space F, re-
spectively. The space of the linear continuous operators from E to F' will be
denoted by L(FE, F). The Banach space of real valued continuous functions
defined on the compact set K endowed with the usual supremum norm will
be written as C(K). M(K) denotes the space of regular Borel measures on
K. LP(u) (p = 1) is the Banach lattice of functions for which the p-th power
of the absolute value is u-integrable, equipped with its standard norm || f|| =
(S, If Pdp) /. L (1) denote the Banach space of the p-essentially bounded

functions. Ly ,(p) (1 < p,q < o0) will denote the Lorentz space on the
1/q
measure space (2, X, 1) equipped with | f||,.q = ( g(ﬂ) (t(l/p)*lf*(t))th) ,
where f*(t) = inf{s > 0: pu({|f| > s}) < 1}, t € [0, u(2)), is the decreasing
rearrangement of |f|. Note that L, (1) = Ly().
Recall that a linear operator between Banach spaces T : X — Y is called
(q,p)-summing (T € 1I;,(X,Y)) if there is a constant & > 0 such that for
every i, ...,y € X and for all positive integers n,

n

(Z HT(xZ.)qu)l/q <k sup (Zn; |<wi,x*>|P> e

i=1 JI*EBX*

As usual, we say that an operator T' : X — Y is p-summing if it is
(p, p)-summing.

If £, F and G are Banach spaces, we will use often the word product for
a bilinear map ® : £ x F' — G if it is in some sense canonical in the setting
that we are considering; this name is intended to emphasize that @ is fixed
in the given context and induces relevant properties in other associated
bilinear maps. If X is another Banach space, we will call a bilinear map
B: E x F — X zero product preserving if it is zero valued for the couples
whose product is zero, that is, B(x,y) = 0 whenever z ®y = 0.

A particular class of products that we will consider is given by the norm
preserving products. A product @ is norm preserving (n.p. product for
short) if |z ®y| < |z|||ly| and for every z € Bg,

|2| = inf{[z[ly] : 2 € Br, y € Bp, 2@y = 2}.

The reader can find information about this kind of products in [18, p.2].
Let E and Y be Banach spaces. A continuous Banach-valued map P :

E — Y is called an n- homogeneous polynomial if there is a continuous n-

linear symmetric operator B : E x --- x E — Y such that P(x) = B(x, ..., z)
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for all z € . An n-homogeneous polynomial P is called orthogonally additive
if it satisfies P(x +y) = P(x) + P(y) for every disjoint couple z,y € E —by
disjointness we mean that their algebraic (pointwise p-a.e.) multiplication
is zero if E is a Banach algebra (a Banach function space). We will denote
the spaces of n-homogeneous polynomials and n-homogeneous orthogonally
additive polynomials by P("E,Y) and Py("E,Y), respectively. We will
simply write P("E) and Po("E) if Y is the real line R.

2. DIAGONAL BILINEAR FUNCTIONALS AND TENSOR PRODUCTS:
INTEGRAL REPRESENTATIONS OF BILINEAR FORMS

Let E be a Banach space. In this section we will consider a class of (quasi)
norms for the tensor product F ® E which generalizes the injective tensor
norm, and that has as a particular case an associated quotient space that
coincides with the symmetric injective tensor product that appears in the
duality theory of homogeneous polynomials. In order to do this, we need
a continuous product operation & in the space E. The given norm —we
will denote it by eg— is defined for a quotient space of the injective tensor
product. We will prove in this section that it can be identified with a space
of bilinear functionals that can be factored through the pointwise product.

Let £ and Z be Banach spaces and a ® : £ x E — Z is a bilinear
continuous map. Consider the tensor product F®FE and the kernel subspace
of tensors defined as

n n
Ker®yp = {t = Z$i®yi : in(@yi = 0}.

i=1 i=1
Note that the requirement for the tensor ¢ is independent of its represen-
tation, so the subspace is well-defined. Of course, this subspace defines an
equivalence relation in the usual way: two tensors 1, to € F® E are equiv-
alent —we write t; ~ to— if there is another tensor t3 € Ker®j, such that
t1 = to +t3. Thus, we can define the equivalence class of a given tensor ¢; as

[t1] = {ta 1 ta ~t1} = {ta: t1 —t2 € Ker®r}.

In this paper we will deal with symmetric products —that is, symmetric
bilinear operators—, but this is not needed in some cases, as the standard
case of the injective tensor product itself that will be explained later on.

We will write E' ®/g E for the corresponding quotient space, that is ob-
viously a linear space. Let us define now a “quotient injective” norm for it.
Recall that we are always assuming that & is continuous.

Definition 2.1. Let E be a Banach space and let ® : E x E — F be a
continuous product on it. Consider the (algebraic) symmetric tensor product
E ® E. We define the functional eg by

co(t) = HZ%@% o 1= Ti®uEER®E.
1=1 i=1
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Lemma 2.2. The functional g is a norm on E Q@ E.

Proof. First, note that eg is well-defined. Indeed, it is independent of the
representation of the tensor ¢ and of the particular element of the equivalence
class of ¢, since if r is another tensor of the equivalence class, we have that
there is a tensor p such that ¢t = r+p, where p = > | ; ,®y; p satisfies that
| >0 @ip @ yipllr = 0. It is homogeneous with respect to multiplication by
scalars, and also subadditive, since it is defined by means of a norm. So
we only need to prove that it separates points. Take a nontrivial tensor
t=>0" 2 ®u; if | 237 i ®yil|p = 0, then we have that ¢ € [0], and so it
is zero. ([

As usual, we will identify the classes of tensors in each space E ®/g E
with the tensor that define the class itself; so we will write ¢ instead of [¢]
if there is no risk of confusion. The following lemma provides alternative
formulas for g in the case of subspaces of C(K)-spaces.

Lemma 2.3. Suppose that E and F' are isometric to subspaces of a space
C(K) for a certain (Hausdorff) compact set K, and the isometries are de-
fined by the operators ig : E — C(K) and ip : F — C(K), respectively. If
ir(x®y) =ig(x)-ip(y) is satisfied for ® : E x E — F and for all z,y € E,
then

n

colt) = s | S ()i )] = swo |10 [ intein(dn

wek 1§21 HeBeun* i=1

)

fort=3" Niz;®yiec EQE.

Indeed, note that if F is a subspace of C(K), the norm is given by the
first formula. The second one holds just by duality.

Inspired by the definition of the norm eg and the previous result, we define
the following class of continuous real valued bilinear forms. Note that, in
the situation described in Lemma 2.3 and for ig : E — C(K), F € C(K),
ip =1i:F — C(K) and the product t®y = ig(x)-ig(y), the next definition
gives the classical integral bilinear forms.

Definition 2.4. Let ¢ : E x E — R be a continuous bilinear form and
consider an F-valued product ® in F. We say that ¢ is @-integral if there
is a compact set K such that F' is isometrically isomorphic to a subspace of
C(K) —we write ¢ for this identification, and we omit it in case F' is already
a subspace—, and there is a Borel regular measure n on K such that

oz, y) = L{ i(r ®y)(w)dn(w), x,yekE.

We will write ZFg(E x E) for the space of all these bilinear forms, that is
clearly linear and becomes a normed space with the usual supremum norm
for bilinear functionals.
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The following factorization scheme shows the nature of the @-integral
bilinear forms, and will be useful to prove the general duality theorem that
is the main result of this section.

ExE L R.
A
/@ Ty
Y
EQgE Pt F sy C(K)

Theorem 2.5. Let E be a Banach space and @ : E x E — F be a product
on it. Then the following equality holds isomorphically,

(E ®/@75® E)* = I.F@(E X E)
In particular, the compact set K in the integral representation of the func-
tionals in this space can be chosen to be Bp«. Moreover, if ® is an n.p.

product, the measure 1 in the integral representation of p € (E ®/@.cq E)*
can be chosen to satisfy

[nll = nl(Brs) = [£ll(2 @,

Proof. First, take a bilinear functional ¢ € (E ®/g.e F)*. Then we have
that there is a constant K > 0 such that for every tensor t = > | \iz; ®yi,

n

o < K| 35 i
This implies that ¢ is @—factorable, so by Lemma 1 in [18] we have that it
can be factored as ¢ = h o ® for a certain h € F*. Recall that any Banach
space is isometric to a subspace of the space C'(K) for a suitable compact K;
indeed, the identification z +— i(2) := (z,-) € C(Bpx), z € F, clearly provides
such an isometry. Thus, we can consider the subspace i(F') € C(Bpx*), and
so we get that there is a functional A’ : i(F) — R such that h(z) = h'(i(2))
for all z € F. The Hahn-Banach extension of this functional gives a regular
Borel measure 1 € (C(Bp#))* such that

o(z,y) = JB i(r®y)dn, x,y€F,

¥

and the result is obtained.
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Conversely, take a @-integral bilinear operator . Then there is a regular
Borel measure 1 over K such that for every tensor as t = >,;" | \iz; ® ¥,

lp(t)] = ”Ki(i Aili @yi)dn‘ < In|(K) - sup ‘Z(i i @yi)(w)‘
i=1 i=1

weK

= nl(K) - [i(3 A @)
i=1

C(K)

) - | S @
=1

o
Therefore, ¢ is eg-continuous, and so the result holds. Looking at the

definition of the norms in the involved spaces, it can be easily seen that the
identification is in fact an isometry if ® is an n.p. product. O

Theorem 2.6. Let E, F be Banach spaces and let ® be an F-valued n.p.
product. A bilinear form @ on E x E is ®-integral if and only if there exist
a finite measure space (2,3, 1) and an operator A : F — L®(u) such that

o(z,y) = L Az ®y)dp

for every z,y € E. Moreover, |¢||(pg,q B = inf | A|x(€2), where the
infimum is taken over all such kind of factorizations of .

Proof. Suppose that ¢ is a @-integral bilinear form. Then by Definition
2.4 and Theorem 2.5, there is a regular Borel measure 1 on Bps such that
o(z,y) = SBF* i(x@®y)(2")dn(z"), 2’ € Bpx, every x,y € E and HSOH(E®/®7€®E)* =
|n|. That is, using the canonical identification f(z') = 2/(z ® y) for all
f€C(Bpx) and z®y € F, we obtain ¢(x,y) = SBF* {x®y, 2 Ydn, 2’ € Bpx.
By the Radon-Nikodym Theorem, there is a Borel measurable function ¢
on Bpx such that |¢p(2")| = 1 for every 2’ € Bpx and dn = ¢d|n|. Let u = |n|
and 2 = Bps with the Borel o-algebra 3.

Let us define the map A : F' — L*(u) given by A(2)(2') = ¢(2') - (z, 2",
z € F, 2’ € Bpx. Therefore, ¢(z,y) = { A(x ® y)dp for all z,y € E. Since,
[Al <1, we obtain [¢l(peg,. myx = |1l = 1(2) = [AJ(S).

Conversely, if ¢ has such a factorization, it clearly follows that ¢ is a
@-integral bilinear form and HSOH(E@)/@,E@E)* < || A (). O

3. MAIN CLASSES OF GENERALIZED INTEGRAL FORMS AND POLYNOMIALS

Let us present now the main examples of our duality formula for inte-
gral bilinear forms and quotient tensor products. Our aim is to show that
most of the cases of integral representations of bilinear forms that can be
found in the scientific literature can be understood in our setting: classi-
cal Grothendieck’s integral forms, symmetric integral bilinear forms —in
the context of the scalar valued 2-homogeneous polynomials—, disjointness
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preserving bilinear functionals and polynomials —called orthosymmetric bi-
linear forms in the context of the Banach lattices—, bilinear forms involving
convolution, and some other examples coming from different fields.

3.1. Integral bilinear forms. The canonical context in which the formula
provided in Theorem 2.5 holds is the well-known duality theorem due to
Grothendieck for the injective tensor product, that asserts that the dual
space (E ®. E)* can be identified with the space ZF(E x E) of all the
integral bilinear functionals ¢ which can be written as

o(x,y) = J (x, ')y, yydn(a',y'), x,yeFE,
BE* XBE*

for a certain regular Borel measure n on Bgx x Bpx (see for example [14,
pp.52-54]). Recall that the injective norm is given by

5<ixi®yi> = sup i<xz‘7iﬁ'><yi,y'> :
=1

(2',y")eBpw xBgx ' ;—1

In this case, the (in general non-symmetric) product ® can be defined as
follows. Consider as F' the subspace of C(Bg« x Bpgx) defined by the linear
hull of the functions Bgx x Bgs 3 (2',y') — (x,2'){y,y’) € F. Then, the
product is given by the following rule: in z,y € E, we can define a function
in F' by the formula

@y (@, y) = (x,2"){y,y"), 2,y € Bp=.

In this case, if we consider a tensor t = Y " ;| x; X vy;, we have that

8@(15) = H 2<$zv > <yi7 '>HC(BE* XxBpx)
=1

= sup ‘ Z@z, 'y (i, y'| = e(t).

(¢ y)eBpx xBgx =1
Therefore, Theorem 2.5 gives the well-known formula

(E®. E)* = IF(E x E).

3.2. Real valued 2-homogeneous polynomials in Banach spaces. A
similar construction can be done for the symmetric version of the injective
tensor product. Usually, this is applied in the context of the analysis of
2-homogeneous polynomials by means of the definition of the so called sym-
metric tensor product F ®,; E. The elements of such space are symmetric
tensors, which are invariant by changing the order of the factors, as for
example t @ y + y ® . It can be proved —by a direct application of the
Sylvester’s Law of Inertia [30]— that all these tensors allow a diagonal rep-
resentation, that is, they can be written as sums of single tensors as Az ®x,
A€ R, z € E. The linear span of all the symmetric tensors —equivalently,
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of all the finite sums of single tensors as A x ® r—, define the so-called sym-
metric tensor product, in which a symmetric injective norm can be defined

by
es(t) == sup 2<3€z‘,3¢'><yz’,3€/>

/
x EBE* i=1

, t=) QU cE®E
i=1

(see [19] for more information). Since it is independent of the representation,
this formula coincides with the one that is usually given, in which only sums
of tensors as Az ® x appear; it is well-known that it is a norm.

However, it can also be understood as a consequence of our construction.
We can define a first linear map S from F ® F to F ®s E given by the
symmetrization of the tensors, that is S(z®y) = (z®y+y®x)/2 for z,y € F,
and extended by linearity. The kernel of S and the corresponding space of
equivalence classes with respect to the quotient by S can be identified with
the symmetric tensor product E ®s E. Note that, by Sylvester’s Law, there
is always an element as Y ; \iz; ® z; in each equivalence class.

Take the subspace F' of C(Bpg« ) that is defined by all the symmetric tensors
t = >, 2 ®y; when considered as functions acting in Bp« as t(z) =
> {wi, 2"y {yi, «’). Write I for the corresponding map I : E®; E — F.
Thus, we can consider the product ® : F x F — F < C(Bpgx) as the
composition of the (continuous) maps

@ ExE—-® E®.E—° E®, ., E—! F< C(Bgs).

That is, z ® y (') = {x, 2" {y, 2") for every z,y € E.
Note that, in this case, an integral bilinear functional ¢ € (E ®;., E)*
can be represented as

POEDIPY . (i, a'y (g, alydn(a!), t=> Nixi®@yi € E®, E,
) ¥ -1

for a certain Borel regular measure 7 over Bpx. Write K = Bgs«, and note
that eg = €5. Thus, the known duality relation (E ®;., E)* = ZF(E x E)
is a particular case of our representation Theorem 2.5, since F ®;., E =
E®g e £, and for every z,y € F,

f (o2 (g, 'y dy(a’) = f r@y (&) dn(a).
Bpx K

3.3. Orthogonally additive polynomials. If we add the property of be-
ing zero product preserving to the fact of being symmetric, we obtain the so
called class of orthogonally additive polynomials. We can find this notion
for n-homogeneous polynomials in Banach lattices, Banach algebras —in
particular C'(K)-spaces—, convolution algebras and Fourier algebras (see
[3, 13, 20, 29] and the references therein).

1) 2-homogeneous polynomials on the function space C(K).
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If we consider the pointwise product @ : C(K) x C(K) — C(K), we can
construct the quotient space of the injective tensor product C(K)®/q ., C(K)
with the quotient injective norm ¢ given by

ea(h) = H Zlf Qg ) h = Zlf ®gi € C(K)®C(K).

This quotient injective tensor product C(K) ®@,c, C(K) can be identified

with the function space C(K). If we consider the canonical linear map
J 1 C(K) ®p,eq C(K) — C(K) defined by J(h)(t) = X7, fi(t)gi(t), where
>, [i ®gi is a representation of h and ¢t € K, we have

[Tl = sup| ) f(1)gi(0)

— Hl_znzlfz@gz ) = 6@(2,72'@92‘) = ep(h).

Let us show that J(C(K)®@ ., C(K)) is dense in C(K). Consider h € C(K).
Let us write 1 for the unit element of C(K), that is, 1(¢t) = 1 for all t € K.
Let g = 1®h € C(K) ®pep C(K). Then,

1J(9) = hlleqxy = sup A (t) = J(9)(B)| = sup A(t) = 1(B)A()] = 0.

Therefore, J : C(K) ®/p,c, C(K) — C(K) is an isometric isomorphism. As
a result (C(K) ®/@.eo C(K))* and (C(K))* are isomorphic. Since the dual
space of C(K) is the space M(K) of the regular Borel measures on K, we
get IFp(C(K) x C(K)) = (C(K) ®p.q C(K))* = (C(K))* = M(K) by

using Lemma 2.5.

Corollary 3.1. The equality TFo(C(K) x C(K)) = Po(?C(K)) holds iso-
morphically. In particular, every 2-homogeneous orthogonally additive poly-
nomial on C(K) has an associated bilinear map that is en-continuous.

Proof. Let ¢ be a (®-integral bilinear form. Notice that there is a unique
orthogonally additive 2-homogeneous polynomial P, : C(K) — R such that
o(f, f) = Py(f) for all f e C(K). Indeed, by the integral representation of
p, it is easily seen that it is symmetric and zero product preserving. So,
it defines a 2-homogeneous polynomial. Proposition 2.2. in [20] states that
a 2-homogeneous polynomial form on C(K) is orthogonally additive if and
only if its associated bilinear map is zero product preserving. Therefore, by
the zero product preservation of ¢, it is obtained that P, is orthogonally
additive.

Now, let us show that the correspondence ¢ «— P, is an isomorphism.
Let us consider a 2-homogeneous orthogonally additive polynomial P and
its associated bilinear form B. By the first theorem in [13], it is seen that
P has an integral representation as P(f) = {, f%dv, where v is a regular
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Borel measure on K. Therefore its associated bilinear map has the following
integral representation;

P(f+g9)— P(f)— P(g

B(J.g) = PO ZD PO gy
K

This shows that B is a (®-integral bilinear form and it is clearly unique.

Using the results proved in Section 2, we also obtain that the associated

bilinear form B of P is en-continuous. U

Remark 3.2. The isomorphism given above can be also seen by using the
relation between orthogonally additive polynomials and regular Borel mea-
sures. The integral representation P(f) = {, f?dv given in [13] for the
orthogonally additive 2-homogeneous polynomial P € Py(?C(K)) implies a
canonical isomorphism between Py(?C(K)) and the space M(K) of regular
Borel measures on K. From this isomorphisn and the isomorhism between
C(K) ®/p e, C(K) and C(K), we get

IFo(CE)xC(K)) = (C(K)®p.,C(K))* = (C(K))* = M(K) = Po(*C(K)),
and this relation holds isomorphically by Lemma 2.5.

2) Bilinear operators on Banach function spaces that factor through the
pointwise product.

Let us show that orthogonally additive 2-homogeneous real-valued poly-
nomials that act in Banach function spaces —which coincide with bilinear
maps factoring through the pointwise product when the factor spaces are
the same—, can be characterized also using Theorem 2.5. For the aim of
simplicity we will consider the pointwise product in L?[0, 1], but the reader
can notice easily that the same construction works for every pointwise self-
product of Banach function spaces (see [18, 22| and references therein).
Let p be Lebesgue measure on [0,1] and consider the p-a.e. pointwise
product ® : L%[0,1] x L?[0,1] — L'[0,1]. The quotient tensor product
L?[0,1] ®/o L?[0,1] is defined by the equivalence classes

[l = {2f£®g£€L2[071]®L2[071]12fi'gi—2f{'g§=0u—a.e.},

i=1 i=1 =1

for every tensor t = > | fi ® g;. A O-integral bilinear functional ¢ is then
given by the factorization through the u-a.e. pointwise product. In fact, for
this case we can obtain two different representations for such a functional.
First, the continuity of the map ¢ with respect to e gives that it factors
through L'[0,1] as ¢ = T,, o ® for a certain linear and continuos operator
T, : L'0,1] — R (see [18, Corollary 1]). Therefore, there is a function
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h e L*]0, 1] such that

o(f,9) = To(f O ) = f (f(w) - g(w)) - h(w) dp(w)

[0,1]

= o f(w) g(w) h(w) du(w),  f,g€ L*[0,1].

On the other hand, L'[0, 1] can be embedded isometrically in C(Bppo,17)
by the canonical inclusion i : L'[0,1] — C(Bpx[91]), and so the product can
be considered as taking values in a subspace of this space. This gives an
alternate representation of ¢ as

o(f,9) = J

f(w) g(w) h(w) dp(w)) dn(h), f,ge L2[0,1],
B J[0.1]

for a certain regular Borel measure 7.

Note that this class of bilinear forms coincides with the orthogonally
additive homogeneous polynomials of degree 2 with respect to the point-
wise product. Indeed, for a (®-integral bilinear form ¢, define the map
p: L?[0,1] — R by p(f) = ¢(f, f). The operator p defines a 2-homogeneous
polynomial since ¢ is symmetric. By the zero product preservation of the
functional ¢ we get that there is a function h € L*[0, 1] such that for disjoint
functions f, g € L%[0,1],

p(f+g)=w(f+9,f+9)

= f(w)? h(w) du(w) + 2f f(w) g(w) h(w) dp(w)
[0,1] [0,1]

n f 9(w)? h(w) dp(w) = o, 1) + o(g.9) = () + plg).
[0,1]

It shows that p is an orthogonally additive polynomial. On the other hand,
if p is an orthogonally additive polynomial it can be written as an integral
as

p(f) = fPhdu,  feL?[0,1],
[0.1]

for a given h € L®[0,1] (see [29, Theorem 2| or [10, Corollary 2.5]). Its
associated bilinear form, that is given by

_p(f+g)—p(f) —plg)
Qo(fag) T 2 ’

is clearly an ®-integral bilinear form.

f,g€ L*[0,1],

3) Convolution-orthogonal 2-homogeneous polynomials.

As in the pointwise-product case, it is possible to obtain integral repre-
sentations for bilinear forms defined on the convolution algebras on a given
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compact group. Let T denote the circle group —the real line mod 27— and
let #. be the convolution operation defined by

f e gle) = fT £ — y)g(y)du(y)

for scalar-valued measurable functions f, g satisfying the necessary integra-
tion requirements.

Let us consider the convolution #. defined from L*(T) x L!(T) to L*(T). It
is known that L!(T) . L*(T) = L*(T) by the Cohen’s factorization theorem.
We consider the quotient tensor product L'(T) ® /s, LY(T) given by the
equivalence classes

[t] = {Z [i®qg; € Ll(']I‘)®L1(’JI‘) : Z fi*cgi—E flxcgh = 0}7 t = Z £:®0;.
=1 i=1 i=1

i=1

So, by Theorem 2.5 the #.-integral bilinear functionals are defined by con-
volution as

oro) = | ity = | ([ @ natdnt)dn
LO(T)

i
By T

with a regular Borel measure  on Bp«(my. As in the pointwise-product
case, this can be improved if we consider the zero product preservation. In
this case, ¢ factors through L'(T) by convolution as ¢ = T o %, (see [17,
Theorem 3.4]). Thus, there is a functional in (L!(T))* —that is, a function
h € L®(T)— such that

(3.1) o(f.9) = L (f * 9) (@)h(x)dN ().

On the other hand, by using the canonical inclusion of L'(T) in C (B( Ll(’]r))*)
we also get

o(f. ) = me) f (f * 9) (@) h(x)dA(z)dn(h)

- fB fT ( Lf(z—y)g(y)du(y))h(z)dx<x>dn<h>.
L%(T)

These bilinear forms coincide with the convolution-orthogonally additive
2-homogeneous polynomials defined on L!(T). To show this let us use the
integral representation given in (3.1). If we define the map p : L}(T) — R
by p(f) = o(f, f) for all f € LY(T), by commutativity of the convolution
it defines a 2-homogeneous polynomial which is convolution-orthogonally
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additive, since

p(f+9)=d(f +9.f+g)= L((f 1 g) e (f + ) (@)h(z)dA(x)
- f (f e )(@)h(x)dA(x) +2 f (f % 9)(2)h(x)dA(x)
T T
" fT (g % 9)(@)h(@)dA(z) = B, F) + dg.9) = p(F) + p(9)

for each pair of functions f, g € L'(T) whose convolution is zero.
Conversely, consider a 2-homogeneous convolution-orthogonally additive
polynomial p defined on L'(T). Then, there is a unique continuous linear
operator T': L'(T) — R such that p(f) = T(f *. f) (see [3, Theorem 3.1]).
By the Riesz’s representation theorem we get an integral representation

T(7 % ) = [ (75 Hhax
where h € L®(T). Consequently, the associated bilinear form

_p(f+g) —p(f) —plg)

o(f,9) =T ox(f,g) = 5 (f.g € LN(T))

defines a #.-integral bilinear form.

Remark 3.3. We can also give a class of #.-integral bilinear forms which
does not coincide with the corresponding class of orthogonally additive 2-
homogeneous polynomials. Let U(T) denote the Banach spaces L?(T) or
C(T). The equivalence classes

1] = { Y f/@g e UMGUT) : Y firegi=d, fixeg =0}, t= fi®;
=1 =1 =1 =1

define the quotient tensor product U(T)®,,, U(T). It is known that L?(T) %,
L*(T) = W(T) and C(T) *. C(T) < W(T), where W(T) is the so-called
Wiener algebra, the Banach space of the functions having absolutely sum-
mable Fourier series. It is well-known that W (T) is isometrically isomorphic
to ¢1(Z), and the isomorphism is given by the Fourier transform. It is a sub-
set of both C(T) and L*(T) (see [21, §34.40]), and so U(T)®y, U(T) = W(T).

Now, consider a *.-integral bilinear form ¢ : U(T) x U(T) —» R. As in
the other cases, the Wiener algebra W(T) can be embedded isometrically
in C(Byw (ty)*) by the canonical inclusion i : W(T) — C(Byy(r)*). Using our
representation technique, for every #.-integral bilinear functional ¢ we get a
regular Borel measure 17 on By (ry)» such that

o(f.9) = f (Fregs ) dn(2) =fB <fTf(x—y)g(y)du<y>,so>dn<so>.

Bw (my)x (W (T))*
Such a #.-integral bilinear form defines a convolution-orthogonally addi-
tive homogeneous polynomial of degree 2. Indeed, based on the integral

representation of ¢, some computations as the ones given above shows that
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the formula p(f) = o(f, f), f € U(T), provides an orthogonally additive
polynomial p : U(T) — R.

However, the converse is not true in general. In fact, for a convolution-
orthogonally additive 2-homogeneous polynomial p defined on L?(T) or
C(T), it is not always possible to find a continuous linear map 7' such that
p(f) = T(f = f) (see [3, Section 4] for counterexamples). Therefore, these
polynomials does not define in general #.-integral bilinear forms.

4. SYMMETRIC AND NON-SYMMETRIC PRODUCTS ON SPACES OF
OPERATORS

In this section and following the method we have explained in the previ-
ous ones, we will describe the natural spaces of integral forms that can be
associated to the composition product on spaces of operators. As we will
show, two opposite cases appear, the first one connected with the classical
formula of the integral operators and a factorization through a C(K) space,
and the second one with a factorization through an L'-space.

Let E be a Banach space and let L(FE, E) the space of continuous linear
operators on it. Let U(E, F) be a —not necessarily closed— subspace of
L(E, E), for example a component of an operator ideal. Although the non-
symmetric nature of the products that will be given in this section allows
the use of different factor spaces, we choose coincidence of both of them for
the aim of simplicity —U(FE, F) instead of U(E, F'), and U(F, E) in both
sides of the product—.

4.1. Main products on spaces of operators. Let us explain the main
examples of products that can be defined for spaces of operators in a natural
way and show the characterization of the associated dual spaces, that are
identified with some classes of bilinear operators.

1) The canonical composition product on spaces of operators can be con-
structed as follows. It is given by the composition product in U(FE, E),

o:U(E,E) x U(E,E) > L(E,E), (T,S)—~ToS, 8,Te€L(E,E).

The natural topology associated to the product o for the tensor product

is given by
EO<ZT¢®5¢> - HZTiOSi
i=1 i=1

and the linearization of the corresponding o-integral operators ¢ : U(F, E) x
U(E,E) — R have the formula

‘P(gﬂ@si) = L

Y Ti®S; e UE,E)QU(E, E), for a certain Borel regular measure 7. As
a consequence of Theorem 2.5, we get the isomorphism between the space

L(E,E)

L (S@wess)mo)
(L(E,E)) i=1
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(U(E) ®/oe, U (E)) * and the space of all such integral bilinear forms. How-
ever, note that a direct representation by means of a fixed ¢g € (L(F, E))*
is also available: a bilinear form belonging to the dual of U(E) ®/, ., U(FE)
factors through a subspace of L(E, E), and so it can be extended to the
whole space by means of Hahn-Banach Theorem, giving a representation as

o(T,8) ={T o8 ,¢oy, S,TeU(E,E).

2) Trace duality. Given two linear operators 7,5 € L(E, E), we can
always define a duality relation among them by means of the trace tr(T0S).
This is a real number but it is on the basis of the so called trace duality for
operator ideals (see for example [15, Ch.6]). In certain particular cases in
which a concrete representation of the duality in the space FE is available,
we can obtain a product having values in a Banach space. Let us explain an
easy example that involves Hilbert-Schmidt operators. Let H be the Hilbert
space L2[0, 1], write u for Lebesgue measure and consider U (E, E) to be the
space Sa(L2[0,1],L?[0,1]) of Hilbert-Schmidt operators, that is a Hilbert
space. If T, S € So(L?[0, 1], L?[0,1]), the inner product is defined using the
trace as

T,5) = T(f)S(fi)d
(T, ) ZJ[O] (F)S(f:) dp

where {f; : i € N} is an orthonormal basis for L?[0, 1]. This formula is inde-
pendent of the basis, and allows to define a product I : L?[0, 1] x L?[0, 1] —
L'[0,1] by fixing the basis and defining

11,8) = Y TS w) € D01, T8 e S,(12[0, 11, 22[0, 1))
=1

Thus, the associated integral bilinear forms are given by a formula as
o(T,5) := J[O . T(fo)(w)S(fi)(w) h(w) du(w), T,5 € U(E, E),
where h € L®(u).

3) The pointwise evaluation product. There are several ways of defining
classes of integral bilinear forms associated to the pointwise evaluation of
the composition of operators.

Take first a non-null vector x € E. A pointwise product b, : U(E, E) x
U(E,E) — E can be defined by the formula

Tb,S=(ToS)(z)eE, T,5SeUE,E).

Using our procedure, we can easily get that a b,-integral bilinear forms allow
an expression as

o(T,S) ={ToS,xz,), T,Se€U(E,E)

for a certain functional xfp e FB*.
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As usual, in the case of E' = C(K) we obtain an explicit formula involving
integrals over K. If 0 # fy € C(K), the product by, : U(C(K),C(K)) x
U(C(K),C(K)) — C(K) is given by by, (T,S) = T o S(fy) € C(K). Thus, a

by,-integral operator ¢ allows an integral representation formula as

(T, 5) = L((TO S)(fo)dn. T, S e UC(K),C(K)),

for a certain Borel regular measure 1 on K.
4) The average products. There are several ways of defining a product
based on the average of pointwise evaluations of operators.

(a) Let (€2, %, u) be a probability measure space and take a p-Bochner in-
tegrable function f : 2 — E. Recall that, if T': E — F is a linear and
continuous operator, we can always define the Bochner integrable
function T'(f), that is given by T(37" | i xa,) = 2y T'(xi) x4, for
simple functions. Due to Hille’s Theorem (see [16, Chapter II, The-
orem 2.6]), we have that T'(f) is also u-Bochner integrable, and

7( | rw)dnw) = | (1) dutw)

Fix a function fy € L'(u, E). A first way of defining a Bochner
space valued composition product

by, : U(E,E) x U(E,E) —»° L'(u, E) - E,

where [, is the integration map on L' (u, E), is

b (T, S) = LToS(fo)(w) du(w) e B, T,SeU(E).

However, note that by the above mentioned theorem of Hille, we
have that

b (T.8) = | T oS dntw) =T S( | folw) duw),

and so by, = b(SQ fodp)» and so it is as described above in 3).

(b) However, there is another way of defining an L!(u)-valued product.
For this aim, fix two Bochner 2-integrable functions f € L?(u, E)
and g € L?(u, E*), and consider the product formula

by (T, S) = L<T o S(f(w)), g(w)) dpu(w)
_ L<s<f<w>>,T'(g<w>>>du<w>, T.S ¢ U(E,E).
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We have that
2 ( 9 1/2
bro(T8) < (| 18U )IPdptu T (g Pdp(w) )

< HSH TN 22, ) HgHm(M,E*)-

and so the product is well-defined and continuous. The corre-
sponding integral bilinear forms can be represented as

p(T,5) := L<5(f(w)),T'(g(w))>h<p(W) dp(w), T,SeU(E, E),

where hy, € L®(p).

(c) A measure average product. It can also coincide with the pointwise
evaluation product. Let Ap < Bg be a Borel set, and consider a
measure space (Ag, B(Ag),n), where B(Ag) is the class of all the
Borel sets of Ap —Apg is endowed with the norm topology—, and
n is a Borel measure. Consider the space of Bochner integrable
functions L!(n, E), and assume that the E-valued functions T o S
are strongly B(Ag)-measurable; we can assume for example that the
identity map I : A — Ap is n-integrable. Then we have that all of
these functions belong to L!(n, E), since

[, 1o s@lpan) < (sup 170 S@),) (o) < TV IS n(Ar).
E

Then the product is given by
b(T, S) ;:J (ToS)(z)dn(z) e E, T,SeU(E).
Agp

The simplest example is given by a finite set of vectors Ap = {x; :
i =1,...,n} € Bg, and a probability measure n(C) := > | a;0,,(C),
where >, ; @; = 1 and d,, is the Dirac’s delta on ;. All the func-
tions T o S(-) are obviously strongly measurable, and so Bochner
integrable. Then the product coincides again with a pointwise eval-
uation product. The same construction can be adapted to the case
of norm compact sets of E.

4.2. Some non-standard products and the associated dual spaces
of product integral linear operators. In the classical cases, the dual
of the tensor products involved are well-known, and have provided some of
the most relevant results in the theory of spaces of operators. This is the
case for example of the dual space of the injective tensor product, which
produce the classical space of integral operators, and the case of the adjoint
operator ideals—between, for example, summing and integral operators—
that are obtained by trace duality. There are, however, some other cases
that could be interesting and are associated with non-standard products.
We will explain here some of them.
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1) Operators between C(K)-spaces and the pointwise product. Consider a
norm one function fy € C(K) and the pointwise product

b, : LC(K),C(K)) x L(C(K),C(K)) — R.
Then for every functional in

(L(C(K),C(K)) @y, 1, LC(K), C(K)))™

there is a Borel regular measure n € (C(K))* such that

0T, S) = JKT o S(fo) dn

and each such an 7 defines a by, -integral operator. A standard construction
using Hahn-Banach Theorem gives that for every norm one function f; €
C(K) there is a norm one operator Sp; such that So1(fo) = fi. Since the
same can be done for T, if f; is a norming element for n (up to an € > 0) we
can find an operator 77 o such that 71 2(f1) = f2, and so we have that there
is a pair of norm one operators such that 77 2 0 So1(fo) = f2, and

(Ti,20S01(fo)sm) +€>|nl.
On the other hand, using Lemma 2.3, we get

lowl = sup j Si(fo))dn|

Ebe(V‘T®S)<1 i=1

< s |3 [ RSl Inl < ol

Co5 ET;®5;)<1 =1

Therefore, the norm of ¢, satisfies that |y, | = |7llc(x))*, and so we have
the isometry

(L(C(K),C(K)) @y, 1, L(C(K),C(K)))" = (C(K))* = M(K),
the space of regular Borel measures over K.

2) Composition-integral maps between spaces of operators. Let us char-
acterize the space of operators associated to the bilinear forms studied in
Section 4.1. In order to do that, we need to introduce a non-symmetric
versions of Theorem 2.5. It is easy to check in the proof of this result that
the duality formula given there is still valid if the factors do not coincide.
That is, we have that, if ® : E x H — F'is a product,

(E ®/®75® H)* = If@(E X H)

Take now as first space L(F,G), and for the second one take the closure
No(E*, F) of the tensor product E®, F endowed with the projective norm
7 considered as a subspace of nuclear operators (see [14, 3.6] ). The product
o is then well-defined from L(F,G) x No(E*, F) — L(E*,G). We have that

(L(F, @) @jo.c, No(E*, F))* = TF,(L(F,G) x No(E*, F)).
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Therefore, we can represent each element of this dual space as (T,S) —
By(T,S) = (¢,T o S), where ¢ € (L(E*,G))*. Recall that (F @, F)* =
L(E,F*). Then we have that each bilinear form By defines a linear and
continuous operator

Ry: L(F,G) — (No(E*,F))" = L(E, F*)
by
(Ry(T), Sy :=(¢,ToS), TeL(F,G), SeNy(E*F).
Let us write Z, (L(F, G), L(E, F*)) for the space of all the o-integral opera-

tors that are given by these operators just described. Thus, we have shown
the following representation formula:

L.(L(F,G), L(E, F*)) = (L(F, @) ®joc. No(E*, F))*.

In particular, if S = >, | 2; ® y;, where x; € E and y; € F, we have that
the formula for the o-integral linear operators from L(F,G) to L(E, F*) is

(Ro(T), 8y 1=, T o (D i, )y @ ui)) = (b, Y (wi, ) T(wi))-
i=1 i=1
Moreover, note that E* ®, G* — L(E*,G)*, and so if ¢ = Z] 1T ® 2], we
have that

<ZZC @Zz,z<$z> A yz = Z 2 (i), j><x“x3>

5. INTEGRAL REPRESENTATIONS OF OPERATORS THROUGH PIETSCH
INTEGRAL MAPS AND APPLICATIONS

In this section, we will analyze a particular class of factorable summing
multilinear maps that are related to the multilinear version of the so called
Pietsch integral operators. Our aim is to show how our general representa-
tion formulas can be applied. We will assume again that & is an F-valued
n.p. product, for a Banach space F.

Definition 5.1. Let X, F, Z be Banach spaces and 1 < p,q < 0. A bilinear
operator B : X x X — Z is said to be ®-factorable (q,p)-summing for
the surjective product ® : X x X — F if there exists a constant C > 0
such that for every couple of positive integers A, D and all A x D matrices
(Tik), (ylk) € X, the following equality holds,

( H Z B(zik, yir H )1/q <C sup (ZA: ‘ i@m@yik,ﬁ‘p)l/p.

i=1" k=1 feBpx 21 2

This notion is inspired by the definition of factorable (p, q)-summing mul-
tilinear operators given in [23].

The well-known class of the Pietsch integral operators was extended to
the multilinear case and to the framework of the homogeneous polynomials
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by Alencar, and was also studied by Villanueva (see [4, 31]). We introduce
the notion of ®-Pietsch integral bilinear map in a similar way.

Definition 5.2. We will say that a bilinear operator B : X x X — Z is
@-Pietsch integral for the product ® : X x X — F if there is a regular
(countable additive) Z-valued Borel measure n on Bpx such that

Baw) - [ @oupd), syex.
Bps

The space of @-Pietsch integral operators PZg(X x X,Y) is a Banach space

under the norm | B||pzg = inf |n|(Bpx), where the infimum is computed over

all the measures satisfying the requirements above.

Remark 5.3. 1t is clearly seen that a bilinear operator B is @®-Pietsch integral
if and only if it factors through the n.p. product ® and a Pietsch integral
linear operator. Indeed, consider a @®-Pietsch integral B and define the
map T : F - Y given by T(x ®y) = B(x,y) = SBF*<az®y, frdn(f) for all
x®y = z € F. It is easily seen that T is well defined, linear and independent
of the elements z, y appearing in the representation of x @y. Moreover, it is
continuous since |T'| < inf |n|(Bpx), and it is a Pietsch integral operator by
the representation T'(z) = SBF* (o frdn(f), x®@y=z€ F,and B =T o®.
The converse is obvious.

Example 5.4. The bilinear map B : C(K) x C(K) — L'(u) defined by
B(f,g) = [ - g is a ®-Pietsch integral operator, where p is a regular Borel
measure on K. Indeed, the bilinear map B factors through a linear operator
T': C(K) — L'(s2) defined by B(f,g) = T(f-g), since B(f-g,h) = (f-g)-h =
f-(g-h)=B(f,g-h) forall f,g,heC(K) (see [2, pp.133]). It is also clear
that the linear map 7 is the natural injection from C(K) to L'(u), which is
a Pietsch integral operator (see [16, Ch. VI, Example 3.10]).

Theorem 5.5. A continuous bilinear operator B : X x X — Y is ®-Pietsch
integral if and only if B has the following factorization,

X x X B Y

: B
\

F—2>C(K) —>L'(n),

where K is a compact Hausdorff space, 0 is a reqular Borel positive measure
on K, R and S are bounded linear operators and J is the inclusion map.

In particular, B is a ®-Pietsch integral operator if and only if the following
diagram commutes,

X x X
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where S is a bounded linear map and T is an absolutely summing operator.

Proof. A bilinear map B is ®-Pietsch integral if and only if it factors through
a Pietsch integral operator. Since a linear map is a Pietsch integral operator
if and only if it admits a factorizations through L'(n) and C(K) (see [16,
Theorem VI.3.11]), the diagrams are obtained. O

Theorem 5.6. Fvery ®-Pietsch integral operator is ®-factorable g-summing.

Proof. Fix natural numbers A and D, and consider Ax D matrices (), (yir) €
X and a ®-Pietsch integral operator T' : X x X — Z with associated Z-
valued Borel measure 7. Recall that T is a Pietsch integral operator if and
only if its representing Borel vector measure has finite variation (see for
example [27, Proposition 5.28]). Then

1
(]S rm]2) = (S, Senompar])

F* k=1

<(2( .
A
< JB sup (ZZ: i

o )\iEBM’

. 1/q
Z<wzk ® Yik, f>‘d|77|(f)> )
k=1

D
> K wik @ yir, f>‘ d|77|(f)>
k=1

D

@ir ®yixs 1)]) dinl(f)

k=1

1

A

< sup sup (2
JeBpx M€B,y ;21

= sup (Z‘Z@m@%k;ﬁ‘) n|(Bp+),

f€Bpx \ ;=1 ' k=1

Ai i<xzk ® Yik, f>‘> In|(Br+)

where |n|(Bpx) < oo is the total variation of the measure. Thus, T is &-
factorable g-summing. O

Let us finish this section by giving some new properties of @-Pietsch
integral bilinear operators. Let us consider a class of bilinear maps which
do not allow integral representations but satisfy integral dominations. By
using the definition of g-semi integrals given by Alencar and Matos in [5],
we can introduce a class of bilinear maps in a similar manner. If 1 < ¢ < o0,
we say that a bilinear operator B : X x X — Z is ®-q-semi integral for the
product @ : X x X — F' if there is a constant K and a regular probability
measure 1 on B« such that

Bl <k ([ Kwonnrmn)”

B
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Let us show that every @®-Pietsch integral bilinear operator B : X xX — Z
is @®-q-semi integral. For instance, a standard domination inequality involv-
ing the variation of the vector measure that represents B gives the result.
It can also be proved using the associated vector norm inequality. Indeed,
since every @-Pietsch integral operator on X x X is ®-factorable ¢g-summing
by Theorem 5.6, if we assume D = 1 in Definition 5.1 we get that there is a
constant C' > 0 such that for every finite family x1, ..., Zn, Y1, ..., yn € X,

<Zn: HB(xivyz‘) ‘1)1/‘1 < C sup (Zn: ‘<$z ® ui, f>‘q) 1/!1.
=1 i-1

Z feF*®
Taking into account that the product & is n.p. product by assumption,
this inequality gives that the linear operator T : F' — Z appearing in its
linearization is g-summing. Pietsch Domination Theorem gives then that
the bilinear map is ®-g-semi integral.

Corollary 5.7. FEvery @-integral bilinear functional on X x X is ®-Pietsch
integral, and therefore, ®-factorable g-summing map and @®-q-semi integral.

6. APPLICATIONS: SUMMABILITY PROPERTIES OF BILINEAR MAPS ON
C(K)-SPACES

In this section we will investigate summability conditions of bilinear maps
defined on the Cartesian product of C(K)-spaces. Although (g, 1)-summing
bilinear operators on these products have recently been analyzed in [23]
(see also [24] for the polynomial version), the results presented here and the
type of summing inequalities we consider differ from those studied there.
However, some related arguments and additional explanations about the
general framework of summability of multilinear operators can be found in
these papers.

The definition of the positive (q, p)-summing operator was given by Blasco
in [11] as follows; a linear operator T from a Banach lattice X to a Banach
space Y is called positive (g, p)-summing (1 < p,q < o) if there exists a
constant C' > 0 such that for every choice of the finitely many positive
elements x1,...,z, € X

(Yiree)” <o s (Nlananp)”.
i=1 T*€Bxx ;2

It is clear that every (g, p)-summing operator is positive (g, p)-summing
(1 € p,q < o0). In particular, if we consider the Banach lattice X as the
function space C(K) for a compact Hausdorff space K, this allows us to
obtain the following result.

Lemma 6.1. Any linear operator T : C(K) — Y is (q,p)-summing if and
only if it is positive (q,p)-summing.

Proof. The if assertion is trivial. The only if assertion is proved as follows.
If we consider a positive (g, p)-summing operator 7" and arbitrary elements
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fiy--+, fnin C(K), by the positive (g, p)-summability of the operator T', we
get
n n

(Sirsi)" < (Sirunm) " + (X o)
=1

i=1 =1

< s (Dreor)" s swo (Smanr)”

T*€Be(ryx i=1 a*€Be(ry* =l

< H (221 £ |p) 1/ZDHC(K) - ‘(; &0 |p) 1/p‘c(K)

<2|( NI ) l/pHaK)

i=1

- 2‘(; |fi|p>1/p‘c(K)

—2 s (N ihanr)”

T*€Bc(ry* =1

Thus, we obtain (g, p)-summability of the linear map T'. O

In order to use disjointness arguments in the framework of the C(K)-
spaces, we need to adapt the notion of zero product preserving bilinear op-
erator. The problem is that, for technical reasons, we require the disjointness
preserving property for characteristic functions of measurable sets, that are
not of course continuous functions. So, let us write Bd(K) for the space of
(real valued) bounded Borel measurable functions with the supremum norm.
Recall that, in the context of the Arens extensions of multilinear operators,
every such map can be extended —in several ways— to the bidual spaces,
with an extension having values in the bidual of the original range space (see
[7, 6, 8]). This allows to extend any bilinear operator B : C(K) xC(K) —» Y
to a bilinear (continuous) map B : Bd(K) x Bd(K) — Y** such that
|B|| = ||B| (see Theorem 9 in [12]) which is very much related to integral
representation of multilinear maps by polymeasures (see [12] and Section
5 in [28]). A complete characterization of the properties of such extended
multilinear maps (including uniqueness and norm preservation) using the
Aron-Berner extension as technical tool [8] can be found in these papers.

In this setting, we will say that a bilinear operator B : C(K) xC(K) - Y
has zero product preserving extension if the (an) extension B : Bd(K) x
Bd(K) — Y** satisfies that, if A n B = ¢, then B(xa,x5) = 0. In other
words, the bimeasure that provides the integral representation of B pre-
serves disjointness. Recall that B is weakly compact if B(Bc(x), Bo(k))
is a relatively weakly compact subset of Y. This will imply, following the
results in the classical paper of Bartle, Dunford and Schwartz [9], that the
linear factorization operator is also weakly compact and then representable
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by an integral with respect to a countably additive vector measure, which
will be needed to extend the operator to the space Bd(K).

Theorem 6.2. Let us consider a weakly compact bilinear operator B :
C(K) xC(K) » Y, 1<q< o, andletp=1orp=q. The following
statements are equivalent:
(1) B has a zero product preserving extension and there is a constant
K > 0 satisfying

(S0 )" < ] (3355) ]

for every finite sequence fi,... fn in C(K).

(2) The operator B has a zero product preserving extension, is symmetric
—that is, B(f,g) = B(g, f) for all f,g € C(K)—, and there ezists a
constant K > 0 such that for every choice of finitely many functions

fl,‘..,fn,gl,...,gnEC(K),

n

(D18 1)~ Blaal?) " < x| ( ; 77 = a2P) WHC(M'

i=1

(3) B admits a zero product preserving estension B and there exists
a constant K > 0 satisfying that for every choice of finitely many

functions f1,..., fn, g1, -, gn € C(K),

(S starr) " < x| (R15-ar)"], .

(4) The operator B admits a factorization of the form

C(K) x C(K) —2=C(K) L,
where T is a (q,p)-summing linear operator and © is the pointwise
product.
(5) There is a probability measure X on K such that the bilinear map B
can be factored through the Lorentz space Lqp,(\) as

B

C(K) x C(K) Y.
® T
v .
C(K) SR NGV}

where [i] is the inclusion/quotient map and T is a continous map.

Proof. (1) = (4) We will show that, since B has zero product preserving
extension and C(K) ® C(K) = C(K), B can be factored through the C(K)-
space by an operator T': C(K) — Y and the pointwise product ® : C(K) x
C(K) - C(K). This T can be defined by T'(f - g) := B(1, f-g) for all f,g e
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C(K), where 1 is the unit element of C(K). It is clearly seen that T is well-
defined, linear and continuous. We need to prove that B(1, f - g) = B(f,9)
for all f,g € C(K).

Note first that, by assumption, the bilinear map B is defined for couples
of characteristic functions of Borel sets A and B, and B(xa,xs) = 0 if
An B = . Since f,g are continuous —hence uniformly continuous— on the
compact Hausdorff space K, we can define a partition UiV: 1 A; of disjoint
sets for K such that for every e > 0 and every z,y € 4;, |f(z) — f(y)| <e,
lg(x) —g(y)| <e, |fg(x) — fg(y)| <e, foralli=1,..., N. Let us represent
the unit element as 1 = XUN | A and so 1 = vazl X4,- Choose an z; from
each A; and define the functions sy = Zf\il f(xi)xa,;, s = Zf\il g{xi)xa,
and sf; = ZZ]\L L f(xi)g(xi)xa,. Thus, the following inequalities involving
computations in Y **,

HB(f) ) (Sf’ Sg)H HB(f - Sf,g) + E(Sf’g - SQ)H
IBI(If = sglwlglo + Isflollg = sglleo)

= [Ble (1£lleo + lg])

<
<

and,
I1B(1,s¢4) = B(1, f-9)| = |B(1,575 = f-9)| < |Be

are obtained. By using that B is zero product preserving, we get

B(sf,sq) — B(1,s¢,) (Zf (z; XA”Z (x5) XA)
N -
(S S
N

N
= D Fa)g(@)B(xa, xa,) = ) f(@i)g(@)B(xa, xa,) =
1

bo\

\\Mz

I
N

Therefore, we get for all f,geC ( )

< |B(f.g9) — B(sy,s9)| + HB(vaSg) B(l’ng)H +B(1,s79) =B, f-9)l,
which is as small as we want by choosing adequate simple functions sy, s,
and spg.

To finish the proof, just note that the inequality given in (1) implies the
positive (g, p)-summability of the linear operator 7', since each non-negative
function in C'(K') can be written as the square root of a function in C(K).
By Lemma 6.1, it is seen that T is (g, p)-summing.

(4) = (5) For p = 1, by Pisier’s theorem we get that for the Banach
space valued linear operator T : C(K) — Y, there is a probability measure A
on K such that 7' can be factored through the Lorentz space Lq 1(\) (¢ = 1)
by the inclusion/quotient map and a continuous linear operator (see [26,

0.



INTEGRAL REPRESENTATION OF PRODUCT FACTORABLE BILINEAR MAPS 27

Theorem 2.4.]). For p = ¢, this factorization is obtained by using the well-
known Pietsch’s domination theorem which states that every p-summing
operator defined on C(K) is factored through L,(\) space with a regular
Borel probability measure A on K (see [15, Corollary 2.15]). Therefore, the
required factorization is obtained.

(5) = (3) First note that the pointwise product ® can be extended
to ®: Bd(K) x Bd(K) — Bd(K) in the obvious way. Now we use that B
is weakly compact to prove that the factorization operator T := T o [i] in
(5) can be written as an integral with respect to a countably additive vector
measure having values in Y (Theorem 3.2 in [9], see also Theorem 13 in
[28] and the comments therein regarding multilinear versions of this result).
This integral provides an extension T of T to the space Bd(K). Therefore,
we obtain the extension B = T o ®, that is clearly zero product preserving.

On the other hand, by using the (¢, p)-summability of T o [i] we get

(i HB(fi,gz‘)Hq)l/q = (i T o [1](f; .gi)Hq)l/q
i=1 .

< s (Dhganr)”

T*€Bc(ry* i=1

R

(3) = (1) is obvious.

(4) = (2) Since B factors through the linear operator 7 : C(K) —» Y
defined by B(f,g) = T'(f-g), it is seen that the map B is symmetric. To show
the inequality, consider finitely many elements {f;}7 ;, {g:}/_; € C(K) and
define the finite sets of functions {¢;}!" ; = {fi+gi}i 1, {®i}iy = {fi—gi}i-y.
By the symmetry of the map B, we get B(v;, ¢;) = B(fi, fi) — B(gi, 9i) and
v - P = ff — 91‘2 by the pointwise product of the functions. Using the
(¢, p)-summability of the linear map 7', the inequality is obtained as follows.

n

(Z IB(fi, fi) — B(gugz‘)Hq)l/q = <Zn: HB(T/%,@)H‘]) v
inl i=1
— (X1 o)
=1
<K H ( ; [ ¢i|p> 1/p‘C(K)

-

(2) = (1) is obvious, and so the proof is finished.

=

; 1 — g Ip) 1/pHC(K).

i
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Remark 6.3. Note that in the case ¢ = p the weak compactness requirement
for B is not needed in Theorem 6.2; since every p-summing operator is
weakly compact (what is not true for the case of (g, 1)-summing operators),
we do not need this assumption. A look to the proof shows that once we
have the factorization in (4), this implies that B is weakly compact.

On the other hand, the requirement on the existence of a zero product
preserving extension can be avoided under further assumptions on B. For
example, if Y is a Banach lattice and B is positive, that is, B(f, g) = 0 for all
non-negative elements f and g, an argument based on the use of a partition
of the unit provides also the factorization in (5) just assuming (1) without
any mention to the extension. However, for the general case it seems to be
necessary to explicitly require zero product preservation of B.

Let us finish the paper by writing the representation of the bilinear oper-
ator that is implicitly used in the previous arguments. Recall that if K is a
compact Hausdorff space and B(K) is the o-algebra of its Borel sets, every
vector measure i : B(K) — Y defines an integration operator I,, : C(K) —» Y
by I,(f) = §, fdp, f € C(K), that can be extended to Bd(K).

Corollary 6.4. Let us consider a weakly compact bilinear map B : C(K) x
C(K)—>Y and for 1 < q< o, let p=1 or p=gq. Any of the assertions of
Theorem 6.2 holds if and only if B can be written as an integral

B(f,g)=fo-gdu, f,9€C(K),

for a countably additive vector measure such that the corresponding integra-
tion map I, : C(K) — Y** is (q, p)-summing.
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