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Abstract1

A subset B of an algebra A of subsets of Ω is a Nikodým set for ba(A ) if each B-pointwise2

bounded subset M of ba(A ) is uniformly bounded on A and B is a strong Nikodým set3

for ba(A ) if each increasing covering (Bm)∞m=1 of B contains a Bn which is a Nikodým4

set for ba(A ), where ba(A ) is the Banach space of the real (or complex) finitely additive5

measures of bounded variation defined on A . The subset B has (V H S) property if B is6

a Nikodým set for ba(A ) and for each sequence (μn)∞m=1 and each μ, both in ba(A ) and7

such that limn→∞ μn(B) = μ(B), for each B ∈ B, we have that the sequence (μn)∞m=18

converges weakly to μ. We prove that if (Bm)∞m=1 is an increasing covering of and algebra A9

that has (V H S) property and there exist a Bn which is a Nikodým set for ba(A ) then there10

exists Bq , with q ≥ p, such that Bq has (V H S) property. In particular, if (Bm)∞m=1 is an11

increasing covering of a σ -algebra there exists Bq that has (V H S) property. Valdivia proved12

that every σ -algebra has strong Nikodým property and in 2013 asked if Nikodým property in13

an algebra implies strong Nikodým property. We present three open questions related with14

this aforementioned Valdivia question and a proof of his strong Nikodým Theorem for σ15

-algebras that it is independent of the Barrelled spaces theory and it is developed with basic16

results of Measure theory and Banach spaces.17

Keywords Bounded set · Algebra and σ -algebra of subsets · Bounded finitely additive18

scalar measure · Nikodym and strong Nikodym property · Vitali–Hahn–Saks and strong19

Vitali–Hahn–Saks property20

Mathematics Subject Classification 28A60 · 46G1021

1 Introduction22

Let A be an algebra of subsets of a set Ω and let L(A ) be the normed real or complex space23

generated by the characteristics functions e(A) of the sets A ∈ A and endowed with the24

supremum norm ‖ · ‖∞. Following [2, Theorem 1.13]) we identify its dual L(A )∗ provided25

with the dual norm isometrically with the Banach space ba(A ) of bounded finitely additive26
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_####_ Page 2 of 15 S. López-Alfonso

measures on A endowed with the variation norm, denoted by | · | (Ω), or | · | in brief. Then27

for each μ ∈ ba(A ) and C ∈ A the value μ(C) represents both the value of the measure μ28

in C and the value μ(e(C)) of the linear form μ in e(C). For an element B of A the variation29

of μ on B for each μ ∈ ba(A ) is named |μ| (B) and defines a seminorm in ba(A ) such that30

for each finite partition {Bi : Bi ∈ A , 1 ≤ i ≤ n} of B we have |μ| (B) = Σi |μ| (Bi ) .31

Polar sets, named absolute polar sets in [9, Chapter IV, Sect. 20, 8 Polarity], are considered32

in the dual pair < L(A ), ba(A ) > and M◦ means the polar of a set M . If B ⊂ A the topology33

τs(B) in ba(A ) is the topology of pointwise convergence in B. In particular, τs(A ) is the34

weak∗ topology in ba(A ) defined by the dual pair < L(A ), ba(A ) >.35

The convex (absolutely convex) hull of a subset M of a vector space is denoted by co(M)36

(absco(M)). For a subset B of a vector space E the seminorm defined in span B by inf{|λ| :37

x ∈ λ(absco B)}, for each x ∈ span B, is the gauge of absco B. The gauge of absco({χC : C ∈38

A }) is a norm in L(A ) with dual norm the A -supremum norm, i.e., ‖μ‖ := sup{|μ(C)| :39

C ∈ A }, μ ∈ ba(A ). For 0 < α1 ≤ α2 ≤ · · · ≤ αm and for a pairwise disjoint subsets40

Ai ∈ A , 1 ≤ i ≤ m, the equalities41

m∑

i=1

αi e(Ai ) = α1e(
⋃m

i=1 Ai ) + (α2 − α1)e(
⋃m

i=2 Ai ) + · · · + (αm − αm−1)e(Am)

αm
42

and43

α1 + (α2 − α1) + · · · + (αm − αm−1)

αm
= 144

45 imply that the norms supremum ‖ · ‖∞ and the gauge of absco({χC : C ∈ A }) are equivalent, 
46 see [16, Propositions 1 and 2 for an inductive proof], hence its dual norms, variation in Ω 
47 and A -supremum, are also equivalent. In general, for each B ∈ A the seminorms variation 
48 on B and supremum of modulus on {C ∈ A : C ⊂ B} are equivalent seminorms in ba(A ). 
49 If Σ is a σ -algebra of subsets of a set Ω and M is a Σ -pointwise bounded subset of ba(Σ) 
50 then M is a bounded subset of ba(Σ). We will refer this result as Nikodým boundedness 
51 theorem (see [1, page 80, named as Nikodym–Grothendieck Boundedness Theorem]). It is 
52 said that a subset B of an algebra A of subsets of a set Ω is a Nikodým set for ba(A ), or that  
53 B has property (N ) in brief, if each B-pointwise bounded subset M of ba(A ) is bounded in 
54 ba(A ), i.e., for a subset M of ba(A ) the B-pointwise boundedness is a deciding property for 
55 the uniform boundedness in the unit ball of L(A ) (see [15, Definition 2.4] or [17, Definition 56 

1]). In the frame of uniform bounded deciding properties several equivalent results relative 57 to 
the existence of an infinite dimensional separable quotient in a Banach space are presented 58 in 
[12].

Notice that in the definition of Nikodým set for ba(A ) it is enough to consider that the59

subset M is weak∗ closed and absolutely convex or that that M is countable. Moreover, it60

is obvious that Nikodým boundedness theorem states that if Σ is a σ -algebra then Σ is a61

Nikodým set for ba(Σ).62

A subset B of an algebra A of subsets of a set Ω is a strong Nikodým set for ba(A )63

if for each increasing covering {Bn : n ∈ N} of B there exists p ∈ N such that Bp is a64

Nikodým set for ba(A ). The subset B is a web Nikodým set for ba(A ) if for each increasing65

web {Bn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} of B there is a sequence (pm)∞m=1 such66

that Bp1 p2...pm has (N )-property for every m ∈ N. Remind that increasing web of B means67

that {Bn1 : n1 ∈ N} is an increasing covering of B and that for each m ∈ N and for each68

(n1n2 . . . nm) ∈ N
m we have that {Bn1n2...nm nm+1 : nm+1 ∈ N} is an increasing covering of69

Bn1n2...nm . In this paper algebra (σ -algebra) is used for algebra (σ-algebra) of subsets of a set70

Ω .71
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Vitali–Hahn–Saks property in coverings… Page 3 of 15 _####_

Valdivia obtained in [16, Theorem 2] that for a σ-algebra Σ the set Σ is a strong Nikodým72

set for ba(Σ) and in [17, Problem 1] he raised whether if for an algebra A it is true that the73

property A is a Nikodým set for ba(A ) implies that A is a strong Nikodým set for ba(A ).74

This problem is still open and a partial solution has been obtained in [4, Theorem 3.3]. For a75

σ -algebra Σ it was proved in [8, Theorem 2 ] and [11, Theorem 3] that Σ is a web Nikodým76

set for ba(Σ). Previous related results can be found in [5,14]. An example of an algebra A77

such that A is a web Nikodým set for ba(A ) is given in [10].78

The completion of L(A ) endowed with the supremum norm ‖ · ‖∞ is the space L̂(A )79

of bounded A -measurable functions and an algebra of sets A has property (G) if for each80

sequence (μn)∞n=1 of ba(A ) its weak* convergence to μ ∈ ba(A ), respect to the dual pair81 〈
L̂(A ), ba(A )

〉
, implies its weak convergence to μ, i.e.82

lim
n→∞ μn( f ) = μ( f ),∀ f ∈ L̂(A ) ⇒ lim

n→∞ μn(ϕ) = μ(ϕ),∀ϕ ∈ (ba(A ))∗,83

or, in brief, A has property (G) if the space L̂(A ) is a Grothendieck space, see [15, Intro-84

duction] where it is stated that each σ -algebra has property (G).85

From Banach–Steinhaus theorem it follows that the condition limn→∞ μn( f ) = μ( f ),86

for each f ∈ L̂(A ), implies that the sequence (μn)∞n=1 is bounded in ba(A ). Therefore87

an algebra of sets A has property (G) if, and only if, each bounded sequence (μn)∞n=188

of ba(A ) such that limn→∞ μn(A) = μ(A), for each A ∈ A with μ ∈ ba(A ), implies89

that the sequence (μn)∞n=1 converges weakly to μ. This equivalence follows from the next90

straightforward Claim 1.91

Claim 1 Let F be a subset of a Banach space E and let (μn)∞n=1 a bounded sequence in its92

dual E∗. If μ ∈ E∗ and (μn)∞n=1 converges pointwise to μ in the subset F then this sequence93

(μn)∞n=1 converges pointwise to μ in the closure F of F.94

Proof In fact, let ε > 0 and v ∈ F . By hypothesis there exists f ∈ F such that ‖v − f ‖ <95

ε(2(1 + |μ| + supn |μn |))−1, and for this f there exists nε such that |(μn − μ)( f )| < 2−1ε,96

for every n > nε . Hence for n > nε we have that |(μn − μ)(v)| is less than or equal than97

|(μn − μ)(v − f )| + |(μn − μ)( f )| <
ε(|μ| + supn |μn |)

2(1 + |μ| + supn |μn | + ε

2
≤ ε,98

so (μn)∞n=1 converges pointwise to μ in F . 
�99

A σ -algebra Σ verifies the Vitali-Hahn-Saks theorem [15, Introduction]. This theorem100

states that every sequence (μn)∞n=1 of ba(Σ) such that101

lim
n→∞ μn(B) = μ(B), for every B ∈ Σ,102

is uniformly exhaustive, i.e., for each sequence (B j )
∞
j=1 of pairwise disjoint subsets of Σ the103

lim j→∞ μn(B j ) is 0, uniformly in n ∈ N. An algebra A has (V H S) property if it verifies the104

thesis of Vitali–Hahn–Saks theorem and from [15, 2.5. Theorem], see also [7, Theorem 4.2],105

it follows that an algebra A has (V H S) property if A has properties (N ) and (G). Therefore106

A satisfies Vitali-Hahn-Saks (V H S) property if and only A is a Nikodým set for ba(A )107

and if for each sequence (μn)∞n=1 of ba(A ) and μ ∈ ba(A) such that limn→∞ μn(A) =108

μ(A), for every A ∈ A , we have that the sequence (μn)∞n=1 converges weakly to μ. This109

characterization suggest the following definition.110

123

Journal: 13398 Article No.: 0952 TYPESET DISK LE CP Disp.:2020/11/2 Pages: 15 Layout: Small



R
ev

is
ed

Pr
oo

f

_####_ Page 4 of 15 S. López-Alfonso

Definition 1 Let B a subset of an algebra A . The subset B has (V H S) property if B is111

a Nikodým set for ba(A) and each sequence (μn)∞n=1 in ba(A ) and μ ∈ ba(A) such that112

limn→∞ μn(B) = μ(B), for each B ∈ B, verify that (μn)∞n=1 converges weakly to μ.113

Vitali–Hahn–Saks theorem says that for a σ -algebra Σ the set Σ has (V H S) property. In114

the next section we prove that for each increasing covering {Bn : n ∈ N} of Σ there exists115

p ∈ N such that Bp has (V H S) property and that for each increasing web {Bn1n2...nm : ni ∈116

N, 1 ≤ i ≤ m, m ∈ N} of Σ there is a sequence (pm)∞m=1 such that Bp1 p2...pm has (V H S)117

property, for every m ∈ N. We show that a positive solution of the mentioned Valdivia open118

problem [17, Problem 1] imply a positive solution for the corresponding problem for the119

(V H S) property, i.e., that (V H S) property for an algebra A implies strong (V H S) property120

in A , i.e., each increasing covering {An : n ∈ N} of A contains an Ap with the (V H S)121

property.122

In the last section we provide a proof of Valdivia theorem stating that for each σ -algebra123

Σ the set Σ has the strong Nikodým property. This proof is dedicated to M. Valdivia, follows124

Valdivia’s scheme in [16], it is made with basic elements of measure theory and a few125

elementary properties of Banach spaces. Therefore it is independent of the theory of barrelled126

spaces and it may help researchers interested in this subject and not familiar with barrelled127

spaces. Barrelled spaces are locally convex spaces that verify the Banach-Steinhaus theorem128

and its main properties may be found in [3,6,13], among others.129

2 Sets with (VHS) property130

Proposition 1 gives a characterization of Nikodým sets for ba(A ).131

Proposition 1 A subset B of an algebra of sets A is a Nikodým set for ba(A ) if and only if132

for each increasing covering {Bn : n ∈ N} of B there exists p ∈ N such that133

absco{e(A) : A ∈ Bp}L(A )
134

is a neighborhood of zero in L(A ).135

Hence span{e(A) : A ∈ Bp}L(A ) = L(A ) and absco{e(A) : A ∈ Bp}
̂L(A )

is a neigh-136

borhood of zero in L̂(A ).137

Proof If B is a not a Nikodým set for ba(A ) there exists an unbounded subset C in ba(A )138

which is pointwise bounded in B. This implies that the family of sets Bn = {A ∈ B :139

supμ∈C |μ(A)| ≤ n}, n ∈ N, are an increasing covering of B such that {e(A) : A ∈ Bn} ⊂140

nC◦, for each n ∈ N, hence141

absco{e(A) : A ∈ Bn}L(A ) ⊂ nC◦.142

As C is an unbounded subset of ba(A ) we have that nC◦ is not a neighborhood of zero in143

L(A ), so absco{e(A) : A ∈ Bm}L(A )
is not a neighborhood of zero in L(A ) for each n ∈ N.144

If there exists an increasing covering {Bn : n ∈ N} of B such that145

absco{e(A) : A ∈ Bn}L(A )
146

is not a neighborhood of zero in L(A ) for every n ∈ N, then the polar sets {e(A) : A ∈ Bn}◦147

are unbounded, so there exists μn ∈ {e(A) : A ∈ Bn}◦ such that |μn | ≥ n, for each n ∈ N.148

If A ∈ B there exists qA ∈ N such that A ∈ Bn for each n ≥ qA, hence |μn(e(A))| ≤ 1149
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Vitali–Hahn–Saks property in coverings… Page 5 of 15 _####_

for n ≥ qA, and we get that {|μn(e(A))| : n ∈ N} is τs(B)-bounded, hence B is a not a150

Nikodým set for ba(A ). 
�151

In particular, if B is a Nikodým set for ba(A ) then absco{e(A) : A ∈ B}L(A )
is a neigh-152

borhood of zero in L(A ) and span{e(A) : A ∈ B}L(A ) = L(A ).153

It is said that an increasing web {Cn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} of B is contained154

in the increasing web {Bn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} of B if for each sequence155

(qm)∞m=1 of natural numbers there exists a sequence (pm)∞m=1 of natural numbers such that156

qm ≤ pm and Cq1q2...qm = Bp1 p2...pm , for each m ∈ N.157

Corollary 1 Let A be an algebra of sets with a subset B that it is a web Nikodým set for158

ba(A ). Each increasing web {Bn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} of B contains and159

increasing web {Cn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} of B such that each Cn1n2...nm is a160

Nikodým set for ba(A ) and absco{e(A) : A ∈ Cn1n2...nm }L(A )
is a neighborhood of zero in161

L(A ).162

Proof By contradiction we get easily that if B is a web Nikodým set for ba(A ) then if for163

each increasing covering {Bn : n ∈ N} of B there exists p1 ∈ N such that for each n ≥ p1164

the set Bn is also a web Nikodým set for ba(A ). Additionally, by Proposition 1 there exists165

p ∈ N, p ≥ p1, such that absco{e(A) : A ∈ Bn}L(A )
is a neighborhood of zero in L(A ),166

for each n ≥ p. The Corollary follows by a trivial induction. 
�167

Problem 1 Let {An : n ∈ N} be an increasing covering of an algebra A with (V H S)168

property. We do not know if there exists a natural number p such that Ap has (V H S)169

property.170

Proposition 2 shows that a total or partial positive solution of mentioned Valdivia open171

Problem [17, Problem 1] implies a total or partial positive solution of Problem 1.172

Proposition 2 Let {An : n ∈ N} be an increasing covering of an algebra A with (V H S)173

property. If there exists p such that Ap is a Nikodým set for ba(A) then there exists q ∈ N174

such that Aq has the (V H S) property.175

Proof A and An , n ≥ p, are Nikodým sets for ba(A), hence by Proposition 1 there exists176

q ≥ p such that Aq is a Nikodým set for ba(Σ) and absco{e(A) : A ∈ Aq}̂L(Σ)
is a neigh-177

borhood of 0 in L̂(A ). Let (μn)∞n=1 be a sequence in ba(A ) and μ ∈ ba(A ) such that178

limn→∞ μn(B) = μ(B), for each B ∈ Aq . It is obvious that limn→∞ μn( f ) = μ( f ), for179

each f ∈ absco{e(A) : A ∈ Aq}.180

As Aq is a Nikodým set for ba(A ) then {μn : n ∈ N} is a bounded subset of ba(A ). Then181

Claim 1 implies that limn→∞ μn( f ) = μ( f ), for each f ∈ absco{e(A) : A ∈ Aq}̂L(Σ)
, so182

also limn→∞ μn( f ) = μ( f ), for each f ∈ L̂(A ). From this property and the hypothesis that183

A has property (G), it follows that (μn)∞n=1 converges weakly to μ, i.e., limn→∞ μn( f ) =184

μ( f ) for each f ∈ (ba(A ))∗, hence Aq has (V H S) property. 
�185

In particular, by [16, Theorem 2] and [15, Introduction] it follows that if (Bn)∞n=1 is an186

increasing covering of a σ -algebra Σ there exists p ∈ N such that Bp has (V H S) property.187

This result is a particular case of the following Theorem.188
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_####_ Page 6 of 15 S. López-Alfonso

Theorem 1 Let {Bn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} be an increasing web of a189

σ -algebra Σ . There exists an increasing web {Cn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N}190

contained in {Bn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} such that each Cn1n2...nm has (V H S)191

property for every (n1n2 . . . nm) ∈ N
m and m ∈ N.192

Proof By [8, Theorem 2] and [11, Theorem 3] Σ is a web Nikodým set for ba(A ). By193

Corollary 1 there exists an increasing web {Cn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N}194

contained in {Bn1n2...nm : ni ∈ N, 1 ≤ i ≤ m, m ∈ N} such that each Cn1n2...nm is a195

Nikodým set for ba(Σ) and absco{e(A) : A ∈ Cn1n2...nm }L(A )
is a neighborhood of zero in196

L(Σ). Let (μn)∞n=1 be a sequence in ba(Σ) and μ ∈ ba(Σ) such that limn→∞ μn(B) =197

μ(B), for each B ∈ Cn1n2...nm . It is obvious that limn→∞ μn( f ) = μ( f ), for each f ∈198

absco{e(A) : A ∈ Cn1n2...nm }.199

As Cn1n2...nm is a Nikodým set for ba(A ) we get that {μn : n ∈ N} is a200

bounded subset of ba(A ). Claim 1 imply limn→∞ μn( f ) = μ( f ), for each f ∈201

absco{e(A) : A ∈ Cn1n2...nm }̂L(Σ)
, so also limn→∞ μn( f ) = μ( f ), for each f ∈ L̂(Σ).202

From this property and the fact that every σ -algebra has property (G), see [15, Introduc-203

tion], it follows that (μn)∞n=1 converges weakly to μ, i.e., limn→∞ μn( f ) = μ( f ) for each204

f ∈ (ba(A ))∗, hence Cn1n2...nm has (V H S) property. 
�205

3 Revisiting Valdivia theorem on Nikodým sets206

In this section we provide a proof of Valdivia theorem stating that for each σ -algebra Σ the207

set Σ is a strong Nikodým set for ba(Σ), see Theorem 2. This proof only needs basic results208

of Measure theory and Banach spaces.209

The main results of this section are Propositions 3 and 4. Both are preceded by several210

Claims and Lemmas to help its reading. An induction based in Proposition 4 gives Proposi-211

tion 5 and a countable subset of the sets and measures obtained in Proposition 5 enables to212

prove Valdivia theorem on Nikodým sets in Theorem 2.213

Claim 2 Let B and C be two subsets of a vector space E. If C is finite there exists a subset214

D of C such that span B ∩ span D = {0} and the gauges defined by absco(B ∪ C) and215

absco(B ∪ D) are equivalents.216

Proof If span B ∩ span C �= {0} then there exists q1 =
p∑

i=1
βi bi +

q∑
j=1

γ j c j ∈ C\{0}, with217

each (bi , c j ) ∈ B × (C\{q1}). If x ∈ absco(B ∪ C) then x =
s∑

i=1
δi di + εq1 +

t∑
j=1

ε j e j , with218

s∑
i=1

|δi | + |ε| +
t∑

j=1

∣∣ε j
∣∣ ≤ 1 and (di , e j ) ∈ B × (C\{q1}), therefore219

x =
s∑

i=1

δi di +
p∑

i=1

εβi bi +
q∑

j=1

εγ j c j +
t∑

j=1

ε j e j .220

If h =
p∑

i=1
|βi | +

q∑
j=1

∣∣γ j
∣∣ then the inequality221

s∑

i=1

|δi | +
p∑

i=1

|εβi | +
q∑

j=1

∣∣εγ j
∣∣+

t∑

j=1

∣∣ε j
∣∣ ≤ 1 + h,222
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Vitali–Hahn–Saks property in coverings… Page 7 of 15 _####_

provides the second inclusion in223

absco(B ∪ (C\{q2})) ⊂ absco(B ∪ C) ⊂ (1 + h) absco(B ∪ (C\{q1})). (1)224

The first inclusion in (1) is obvious and (1) implies that the gauges defined by the sets225

absco(B ∪ C) and absco(B ∪ C\{q1}) are equivalents. If span B ∩ span(C\{q1}) �= {0} then226

with the previous construction we determine a vector q2 ∈ C\{q1} such that the gauges defined227

by absco(B ∪C\{q1}) and by absco(B ∪C\{q1, q2}) are equivalents. After a finite number r228

of repetitions of this process we get a finite subset D = C\{q1, q2, . . . , qr } such that gauges229

defined by absco(B ∪ C) and by absco(B ∪ D) are equivalents and span B ∩ span D = {0}.230

This proves the Claim. 
�231

If F is a dense subspace of a normed space E , x ∈ E and 0 < ‖x‖ < r then there exists232

a sequence (xn)∞n=1 in F such that ‖xn‖ < r , n ∈ N, and limn→∞ xn = x . Therefore233

{x ∈ F : ‖x‖ < r}E = {x ∈ E : ‖x‖ ≤ r}. (2)234

In particular, if B is a zero neighborhood in span B and span B
E = E then B

E
is a neigh-235

borhood of the null vector of E . This observation is used in the following claim.236

Claim 3 Let B be a closed absolutely convex subset of the normed space E such that237

span B
E = E. If B is not a zero neighborhood in E then for each finite subset C of E238

we have that239

absco(B ∪ C)240

is not a zero neighborhood in E.241

Proof By Claim 2 there exists a finite subset D in C such that the gauges of absco(B ∪ C)242

and absco(B ∪ D) are equivalent and the algebraic sum span B + span D is direct. Hence if243

absco(B ∪ C) is a zero neigbourhood in E then, by equivalence, absco(B ∪ D) is also a zero244

neighborhood in E and then (absco(B ∪ D) ∩ (span B) would be a neighborhood of zero in245

span B. As the algebraic sum span B + span D is direct we have that246

(absco(B ∪ D)) ∩ (span B) = B,247

and we get that B is zero neighborhood in span B. The condition span B
E = E imply that248

the closed set B = B is a neighborhood of zero in E . From this contradiction follows the249

proposition. 
�250

Lemma 1 Let M be an unbounded, weak∗-closed and absolutely convex subset of ba(A ) such251

that span M◦L(A ) = L(A ). For each finite subset Q of A we have that M ∩{e(A) : A ∈ Q}◦252

is unbounded in ba(A ), i.e.,253

sup
μ∈M∩{e(A):A∈Q}◦

{|μ| (Ω)} = ∞. (3)254

Proof The set B = M◦ verifies the conditions in Claim 3. So the set absco(B ∪ {e(A) : A ∈255

Q}) is not a zero neighborhood in L(A ). Hence its polar set256

{absco(B ∪ {e(A) : A ∈ Q})}◦ = M◦◦ ∩ {e(A) : A ∈ Q}◦257

is an unbounded subset of ba(A ) and as M = M◦◦ we get (3). 
�258
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_####_ Page 8 of 15 S. López-Alfonso

Proposition 3 Let {Bn : n ∈ N} be an increasing covering of a subset of B of an algebra A .259

If B is a Nikodým set for ba(A ) and for every n ∈ N the set Bn is not a Nikodým for ba(A ),260

then there exists p ∈ N such that for each n ≥ p there exists a subset Mn in ba(A ) that it is261

Bn-pointwise bounded, absolutely convex, weak*-closed and such that for each finite subset262

Q of A the intersection Mn ∩ {e(A) : A ∈ Q}◦ is unbounded in ba(A ).263

Proof By Proposition 1 there exists p ∈ N such that for each n ≥ p264

span{e(A) : A ∈ Bn}L(A ) = L(A ). (4)265

As Bn is not a Nikodým for ba(A ) there exists an unbounded, weak∗-closed and absolutely266

convex subset of Mn in ba(A ) which is unbounded in ba(A ) and Mn is pointwise bounded267

in {e(A) : A ∈ Bn}. The pointwise boundedness imply that {e(A) : A ∈ Bn} ⊂ span M◦
n ,268

hence for each n ≥ p we have by (4) that269

L(A ) = span{e(A) : A ∈ Bn}L(A ) ⊂ span M◦
n

L(A ) ⊂ L(A ). (5)270

L(A ) = L(A ), for each n ≥ p, and the Proposition271 From (5) we deduce that span Mn
◦ 

follows from Lemma 1. 
�272

Claim 4 Let B be an element of an algebra A , let M be a subset of ba(A ) such that for each273

finite subset Q of A274

sup
μ∈M∩{e(A):A∈Q}◦

{|μ| (B)} = ∞ (6)275

if {B1, B2, . . . , Bq} is a finite partition of B by elements of A there exist j , 1 ≤ j ≤ q, such276

that for each finite subset Q of A277

sup
μ∈M∩{e(A):A∈Q}◦

{|μ| (B j )
} = ∞. (7)278

Proof The first member of (6) is equal to279

q∑

i=1

sup
μ∈M∩{e(A):A∈Q}◦

{|μ| (Bi )}280

that with (6) implies (7). 
�281

The next Claim 5 will used in Lemma 2.282

Claim 5 Let A be an algebra of subsets of a set Ω , A ∈ A and M a weak*-closed and283

absolutely convex subset of ba(A ) such that for each finite subset Q of A284

sup
μ∈M∩{e(D):D∈Q}◦

|μ| (A) = ∞. (8)285

Then for each α ∈ R
+ and each subset {Bi : 1 ≤ i ≤ n} of A there exists (μ1, A1) ∈ M ×A ,286

A1 ⊂ A such that287

|μ1(e(A1))| > α, |μ1(e(A\A1))| > α,
n∑

j=1

∣∣μ1(e(B j ))
∣∣ ≤ 1288

and for each finite subset Q of A289

sup
μ∈M∩{e(D):D∈Q}◦

|μ| (A\A1) = ∞.290
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Vitali–Hahn–Saks property in coverings… Page 9 of 15 _####_

Proof By (8) with Q = {A, B1, . . . , Bn} there exists (ν1, P11) ∈ (M∩{e(D) : D ∈ Q}◦)×A ,291

with P11 ⊂ A such that292

|ν1(P11)| > n(α + 1), |ν1(A)| ≤ 1 and
∣∣ν1(B j )

∣∣ ≤ 1, for 1 ≤ j ≤ n.293

Let P12 := A\P11 and μ1 = n−1ν1. The measure μ1 ∈ M and verifies that294

|μ1(P11)| > α + 1, |μ1(A)| ≤ 1,
n∑

j=1

∣∣μ1(e(B j ))
∣∣ ≤ 1,295

hence296

|μ1(P12)| = |μ1(A) − μ1(P11)| ≥ |μ1(P11)| − |μ1(A)| > α.297

By Claim 4 it is verified at least one of the inequalities298

sup
μ∈M∩{e(D):D∈Q}◦

{|μ| (P11)} = ∞, for each finite subset Q ∈ A299

or300

sup
μ∈M∩{e(D):D∈Q}◦

{|μ| (P12)} = ∞, for each finite subset Q ∈ A301

In the first we define A1 := P12 and in the second we take A1 := P11 to get this Claim. 
�302

Lemma 2 Let A be an algebra of subsets of a set Ω , A ∈ A and M a weak*-closed and303

absolutely convex subset of ba(A ) such that for each finite subset Q of A304

sup
μ∈M∩{e(D):D∈Q}◦

|μ| (A) = ∞.305

For each (p, α) ∈ (N\{0, 1})× R
+ and each finite subset {Bi : 1 ≤ i ≤ n} of A there exists306

a partition {Ai : Ai ∈ A , 1 ≤ i ≤ p} of A and a subset {μi : 1 ≤ i ≤ p} of M such that307

|μi (e(Ai ))| > α and
n∑

j=1

∣∣μi (e(B j ))
∣∣ ≤ 1, for 1 ≤ i ≤ p (9)308

Proof By Claim 5 there exists in A a partition {A1, A\A1} ∈ A × A and a measure μ1 ∈ M309

such that310

|μ1(e(A1))| > α, |μ1(e(A\A1))| > α,
n∑

j=1

∣∣μ1(e(B j ))
∣∣ ≤ 1311

and for each finite subset Q of A312

sup
μ∈M∩{e(D):D∈Q}◦

|μ| (A\A1) = ∞.313

If we apply to A\A1 the Claim 5 we get in A\A1 a partition {A2, A\(A1 ∪ A2)} ∈ A × A314

and a measure μ2 ∈ M such that315

|μ2(e(A2))| > α, |μ2(e(A\(A1 ∪ A2)))| > α,
n∑

j=1

∣∣μ2(e(B j ))
∣∣ ≤ 1316

and for each finite subset Q of A317

sup
μ∈M∩{e(D):D∈Q}◦

|μ| (A\(A1 ∪ A2)) = ∞.318
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_####_ Page 10 of 15 S. López-Alfonso

Following this method we get in A\(A1 ∪ A2 ∪ · · · ∪ Ap−2) a partition {Ap−1, A\(A1 ∪319

A2 ∪ · · · ∪ Ap−2 ∪ Ap−1)} ∈ A × A and a measure μp−1 ∈ M such that320

∣∣μp−1(e(Ap−1))
∣∣ > α,

∣∣μp−1(e(A\(A1 ∪ · · · ∪ Ap−1)))
∣∣ > α,

n∑

j=1

∣∣μp−1(e(B j ))
∣∣ ≤ 1.321

To finish the proof we define Ap := A\(A1 ∪ A2 ∪ · · · ∪ Ap−2 ∪ Ap−1) and μp := μp−1. 
�322

Lemma 3 Let A be an algebra of subsets of a set Ω , A ∈ A and Mn, n ∈ 1, 2, ..., a323

weak*-closed and absolutely convex subset of ba(A ) such that for each finite subset Q of A324

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A) = ∞325

for n = n1, n2,. . ., n p and for an infinity of values of n. For each α ∈ R
+ and each finite326

subset {Bi : 1 ≤ i ≤ n} of A there exists in A a partition {A1, A\A1} ∈ A × A and a327

measure μ1 ∈ Mn1 such that328

|μ1(e(A1))| > α and
n∑

j=1

∣∣μ1(e(B j ))
∣∣ ≤ 1329

and for each finite subset Q of A330

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A\A1) = ∞331

for n = n1, n2,. . ., n p and for an infinity of values of n.332

Proof By Lemma 2 for each (p + 2, α) ∈ (N\{0, 1}) × R
+ and for the subset {Bi : 1 ≤333

i ≤ n} of A there exists a partition {Di : Di ∈ A , 1 ≤ i ≤ p + 2} of A and a subset334

{υi : 1 ≤ i ≤ p + 2} of Mn1 such that335

|υi (e(Di ))| > α and
n∑

j=1

∣∣υi (e(B j ))
∣∣ ≤ 1, for 1 ≤ i ≤ p + 2.336

From Claim 4 and for each 1 ≤ j ≤ p there exists i j ∈ {1, 2, . . . , p + 2} such that for each337

finite subset Q of A338

sup
μ∈Mn j ∩{e(D):D∈Q}◦

|μ| (Dni j
) = ∞339

and also there exists i0 ∈ {1, 2, . . . , p + 2} such that for each finite subset Q of A340

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (Dni0
) = ∞341

for infinite values of n. Let us suppose that i∗ ∈ {1, 2, . . . , p + 2}\{im : m = 0, 1, . . . , p}.342

To finish this proof let μ1 := υi∗ and A1 := Di∗ . Then343

|μ1(e(A1))| = |υi∗(e(Di∗))| > α and
n∑

j=1

∣∣μ1(e(B j ))
∣∣ =

n∑

j=1

∣∣υi∗(e(B j ))
∣∣ ≤ 1344

and for each finite subset Q of A345

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A\A1) = ∞346
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Vitali–Hahn–Saks property in coverings… Page 11 of 15 _####_

for n = n1, n2,. . ., n p and for an infinity of values of n, because A\A1 = A\Di∗ contains347

∪{Dni j
: 0 ≤ j ≤ p}. 
�348

This Lemma may be applied without the finite subset {Bi : 1 ≤ i ≤ n} of A . Then we get349

that |μ1(e(A1))| > α and that for each finite subset Q of A the set Mn ∩ {e(D) : D ∈ Q}◦350

is unbounded in ba(A ) for n = n1, n2,. . ., n p and for an infinity of values of n.351

Proposition 4 Let A be an algebra of subsets of a set Ω , A ∈ A and Mn, n ∈ 1, 2, ... a352

weak*-closed and absolutely convex subset of ba(A ) such that for each finite subset Q of A353

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A) = ∞354

for n = n1, n2,. . ., n p and for an infinity of values of n. For each (p, α) ∈ (N\{0, 1}) × R
+

355

and each subset {Bi : 1 ≤ i ≤ n} of A there exists a partition {Ai : Ai ∈ A , 1 ≤ i ≤ p +1}356

of A and μi ∈ Mni , 1 ≤ i ≤ p, such that357

|μi (e(Ai ))| > α,
n∑

j=1

∣∣μi (e(B j ))
∣∣ ≤ 1, for 1 ≤ i ≤ p358

and for each finite subset Q of A359

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (Ap+1) = ∞360

for n = n1, n2,. . ., n p and for an infinity of values of n.361

Proof The Lemma 3 provides in A a subset A1 ∈ A and μ1 ∈ Mn1 such that362

|μ1(e(A1))| > α and
n∑

j=1

∣∣μ1(e(B j ))
∣∣ ≤ 1363

and for each finite subset Q of A364

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A\A1) = ∞365

for n = n1, n2,. . ., n p and for an infinity of values of n. If we apply again Lemma 3 to A\A1366

we get A2 ∈ A , A2 ⊂ A\A1, and μ2 ∈ Mn2 such that367

|μ2(e(A2))| > α,
n∑

j=1

∣∣μ2(e(B j ))
∣∣ ≤ 1368

and for each finite subset Q of A369

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A\(A1 ∪ A2)) = ∞370

for n = n1, n2,. . ., n p and for an infinity of values of n.371

Following this method, for each 1 ≤ i ≤ p − 1 we get in A the pairwise disjoint subsets372

Ai ∈ A and in ba(A ) the measures μi ∈ Mni , 1 ≤ i ≤ p − 1, such that373

|μi (e(Ai ))| > α,
n∑

j=1

∣∣μi (e(B j ))
∣∣ ≤ 1374
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_####_ Page 12 of 15 S. López-Alfonso

and for each finite subset Q of A375

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A\(A1 ∪ A2 ∪ · · · ∪ Ap−1)) = ∞376

for n = n1, n2,. . ., n p and for an infinity of values of n. The Claim 3 applied to A\(A1 ∪377

A2 ∪ · · · ∪ Ap−1) provides Ap ∈ A , Ap ⊂ A\(A1 ∪ A2 ∪ · · · ∪ Ap−1), and μp ∈ Mn p such378

that379

∣∣μi (e(Ap))
∣∣ > α,

n∑

j=1

∣∣μi (e(B j ))
∣∣ ≤ 1380

and for each finite subset Q of A381

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A\(A1 ∪ A2 ∪ · · · ∪ Ap−1 ∪ Ap)) = ∞382

for n = n1, n2,. . ., n p and for an infinity of values of n. With Ap+1 := A\(A1 ∪ A2 ∪ · · · ∪383

Ap−1 ∪ Ap) the proof is done. 
�384

Proposition 5 Let {Bn : n ∈ N} be an increasing covering of a σ -algebra Σ of subsets of a385

set Ω . If Bn is not a Nikodým set for ba(Σ) for each n ∈ N then for each (i, j) ∈ N
2, such386

that 1 ≤ i ≤ j , there exists Ai j ∈ Σ and μi j ∈ ba(Σ) such that the sets Ai j are pairwise387

disjoint, for each natural number i the set of measures {μi j : j ∈ N, j ≥ i} is pointwise388

bounded in Bi and389

∣∣μi j (e(Ai j ))
∣∣ > j ,

∑

1≤k≤m< j

∣∣μi j (e(Akm))
∣∣ ≤ 1.390

Proof By Nikodým boundedness theorem Σ is a Nikodým set for ba(Σ), hence by Proposi-391

tion 3 there exists p ∈ N such that for each n ≥ p there exists in ba(A ) an absolutely convex392

and weak*-closed subset Mn that it is pointwise bounded in Bn and for each finite subset Q393

of A394

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (A) = ∞.395

Deleting the first p − 1 sets Bn and renumbering the subindex n, I mean changing n by396

n − p + 1, we may suppose that p = 1. The proof will be obtained by induction on j .397

For j = 1, the Lemma 3 with A = Σ , n = n1 = 1 and α = 1 provides a measure398

μ11 ∈ Mn1 and A11 ∈ Σ such that399

|μ11(e(A11))| > 1400

and for each finite subset Q of Σ we have that401

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (Ω\A11) = ∞,402

for n = n1 and for the elements n of an infinity subset N1 of N\{n1}. Then let n2 = min{n :403

n ∈ N1}.404

By Proposition 4 with A = Σ , A = Ω\A11, n ∈ {n1, n2} ∪ (N1\{n2}), p = α = 2 and405

with {Bi : 1 ≤ i ≤ n} equal to {A11} we obtain two measures μi2 ∈ Mni , i = 1, 2, and two406

disjoints elements of Σ , A12 and A22, contained in Ω\A11 such that407

|μi2(e(Ai2))| > 2, |μi2(e(A11))| ≤ 1, for 1 ≤ i ≤ 2408
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Vitali–Hahn–Saks property in coverings… Page 13 of 15 _####_

and for each finite subset Q of Σ we have that409

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (Ω\(A11 ∪ A12 ∪ A22) = ∞,410

for n ∈ {n1, n2} ∪ N2, where N2 is an infinite subset of N1\{n2}. Then we define n3 =411

min{n : n ∈ N2}.412

Let’s suppose that the step j produces the measures μi j ∈ Mni and the pairwise disjoints413

elements Ai j , 1 ≤ i ≤ j , contained in Ω\(∪{Akm : 1 ≤ k ≤ m < j}) with Ai j ∈ Σ such414

that415

∣∣μi j (e(Ai j ))
∣∣ > j ,

∑

1≤k≤m< j

∣∣μi j (e(Akm))
∣∣ ≤ 1, for 1 ≤ i ≤ j416

and for each finite subset Q of Σ we have that417

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (Ω\(∪{Akm : 1 ≤ k ≤ m ≤ j})) = ∞418

for n = {n1, n2, . . . , n j } ∪ N j , with N j an infinity subset of N j−1\{n j }.419

Then we define n j+1 = min{n : n ∈ N j } and from Proposition 4 with A = Σ , A =420

Ω\(∪{Akm : 1 ≤ k ≤ m ≤ j}), n ∈ {n1, n2, . . . , n j , n j+1} ∪ (N j\{n j+1}, p = α = j + 1421

and with {Bi : 1 ≤ i ≤ n} equal to {Akm : 1 ≤ k ≤ m ≤ j} we obtain the measures422

μi, j+1 ∈ Mni and the pairwise disjoints elements Ai, j+1 of Σ , 1 ≤ i ≤ j + 1, such that423

each Ai, j+1 is contained in Ω\(∪{Akm : 1 ≤ k ≤ m ≤ j}),424

∣∣μi, j+1(e(Ai, j+1))
∣∣ > j + 1,

∑

1≤k≤m< j+1

∣∣μi, j+1(e(Akm))
∣∣ ≤ 1, for 1 ≤ i ≤ j + 1425

and for each finite subset Q of Σ we have that426

sup
μ∈Mn∩{e(D):D∈Q}◦

|μ| (Ω\(∪{Akm : 1 ≤ k ≤ m ≤ j + 1})) = ∞,427

for n = {n1, n2, . . . , n j , n j+1} ∪ N j+1, where N j+1 is an infinity subset N j\{n j+1}. To428

finish the induction we define n j+2 = min{n : n ∈ N j+1}. 
�429

Theorem 2 Let {Bn : n ∈ N} be an increasing covering of a σ -algebra Σ of subsets of a set430

Ω . There exists a q ∈ N such that Bn is a Nikodým set for ba(Σ) for each n ≥ q. 
�431

Proof Let’s proceed by contradiction and suppose that every Bn is not a Nikodým set for432

ba(Σ). By Proposition 5 for each (i, j) ∈ N
2, such that 1 ≤ i ≤ j , there exists Ai j ∈ Σ and433

μi j ∈ ba(Σ) such that434

∣∣μi j (e(Ai j ))
∣∣ > j ,

∑

1≤k≤m< j

∣∣μi j (e(Akm))
∣∣ ≤ 1,435

the sets Ai j are pairwise disjoint and the set of measures {μi j : j ∈ N, j ≥ i} is pointwise436

bounded in Bi , for each i ∈ N.437

We claim that there exists a sequence (in, jn)n∈N
such that (in)n∈N

is the sequence of438

the first components of the sequence obtained when the elements of N
2 are ordered by the439

diagonal order, i.e.,440

(i1, i2, i3, i4, i5, i6, i7, . . .) = (1, 1, 2, 1, 2, 3, 1, . . .),441

and ( jn)n∈N
is a strict increasing sequence such that for each n ∈ N442

∣∣μin , jn

∣∣ (∪{Aim , jm : m > n}) ≤ 1.443
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_####_ Page 14 of 15 S. López-Alfonso

Let (i1, j1) := (1, 1), suppose that
∣∣μi1, j1

∣∣ ≤ k1 and split the set { j ∈ N : j > 1} in k1444

infinite subsets N11, . . . , N1k1 . At least one of this subsets, named N1, verifies that445

∣∣μi1, j1

∣∣ (∪{Ai, j : i ≤ j, j ∈ N1}) ≤ 1,446

because447

k1 ≥ ∣∣μi1, j1

∣∣ =
∑

1≤r≤k1

∣∣μi1, j1

∣∣ (∪{Ai, j : i ≤ j, j ∈ N1r }).448

Then we define j2 := inf{n : n ∈ N1}. Suppose that we have obtained the natural number449

jn and the infinite subset Nn of N such that450

∣∣μin , jn

∣∣ (∪{Ai, j : i ≤ j, j ∈ Nn}) ≤ 1.451

Then we define jn+1 = inf{n : n ∈ Nn} and if
∣∣μin+1, jn+1

∣∣ ≤ kn+1 we split the set { j ∈452

Nn : j > jn+1} in kn+1 infinite subsets Nn+1,1, . . . , Nn+1,kn+1 . At least one of this subsets,453

named Nn+1 verifies that454

∣∣μin+1, jn+1

∣∣ (∪{Ai, j : i ≤ j, j ∈ Nn+1}) ≤ 1455

because456

kn+1 ≥ ∣∣μin+1, jn+1

∣∣ =
∑

1≤r≤kn+1

∣∣μin+1, jn+1

∣∣ (∪{Ai, j : i ≤ j, j ∈ Nn+1,r }).457

As A = ∪{Aim , jm : m ∈ N} ∈ Σ there exists r ∈ N such that A ∈ Br . By construction,458

there exists and increasing sequence (ms : s ∈ N) such that each ims = r , s ∈ N. Therefore459

the set of measures {μims , jms
: s ∈ N} = {μr , jms

: s ∈ N} is pointwise bounded in Br and,460

in particular461

sup{∣∣μims , jms
(A)

∣∣ : s ∈ N} = sup{∣∣μr , jms
(A)

∣∣ : s ∈ N} < ∞. (10)462

But from463

∣∣μims , jms
(A)

∣∣ =
∣∣∣∣∣μims , jms

(
⋃

m∈N

Aim , jm

)∣∣∣∣∣464

≥ ∣∣μims , jms
(Aims , jms

)
∣∣−

∑

1≤k≤m< jms

∣∣μims , jms
(Akm)

∣∣465

− ∣∣μims , jms

∣∣

⎛

⎝
⋃

m> jms

Aim , jm

⎞

⎠ > jms − 2466

we get that lims→∞
∣∣μims , jms

(A)
∣∣ = ∞, in contradiction with (10). 
�467

A proof of the web Nikodým property of every σ -algebra is presented in [11, Theorem468

1]. It depends of properties of some families of subsets of ∪{Np : p ∈ N}, called N V -trees469

in honor of Nikodým and Valdivia.470

Problem 2 To get a proof of the property that every σ -algebra has web Nikodým property471

with basic results of Measure theory and Banach spaces.472

Problem 3 Let A be an algebra of subsets of a set Ω such that A is a Nikodým set for473

ba(A ). Is it true that A is a web Nikodým set for ba(A ).474

This Problem is the web Nikodým version of [17, Problem 1].475

123

Journal: 13398 Article No.: 0952 TYPESET DISK LE CP Disp.:2020/11/2 Pages: 15 Layout: Small



R
ev

is
ed

Pr
oo

f

Vitali–Hahn–Saks property in coverings… Page 15 of 15 _####_

4 Conclusions476

We have proved that if (Bm)∞m=1 is an increasing covering of an algebra A that has (V H S)477

property and there exist a Bn which is a Nikodým set for ba(A ) then there exists Bq , with478

q ≥ p, such that Bq has (V H S) property, being this property defined in a natural way with479

the properties that define the (V H S) property in an algebra. An increasing web of a σ -algebra480

Σ contains an increasing web formed by sets that have (V H S) property and, in particular, if481

(Bm)∞m=1 is an increasing covering of a σ -algebra there exists Bq that has (V H S) property.482

We do not know if this property holds for an algebra and we have proved that this problem is483

equivalent to the analogous Valdivia open problem for Nikodým property. Other two related484

open problems are proposed.485

As a help to solve this aforementioned Valdivia problem we give a proof of Valdivia486

theorem stating that for each σ -algebra Σ the set Σ is a strong Nikodým set for ba(Σ). This487

proof follows the scheme given by Valdivia in [16], but it is independent of the Barrelled488

spaces theory and it only needs basic results of Measure theory and Banach spaces.489
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