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Abstract A subset A of a locally convex space E is called (relatively) sequentially complete
if every Cauchy sequence {xn}∞

n=1 in E contained in A converges to a point x ∈ A (a point
x ∈ E). Asanov and Velichko proved that if X is countably compact, every functionally
bounded set in Cp (X) is relatively compact, and Baturov showed that if X is a Lindelöf
Σ -space, each countably compact (so functionally bounded) set in Cp (X) is a monolithic
compact. We show that if X is a Lindelöf Σ -space, every functionally bounded (relatively)
sequentially complete set in Cp (X) or in Cw (X), i. e., in Ck (X) equipped with the weak
topology, is (relatively) Gul’ko compact. We get some consequences.
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1 Preliminaries

In what follows, unless otherwise stated, X will be a Tychonoff space and Cp (X) or Ck (X)
denote the linear space C (X) of real-valued continuous functions on X equipped with the
pointwise τp or the compact-open topology τk, respectively. We represent by δx the evalu-
ation map δx : C (X)→ R at x ∈ X , defined by 〈δx, f 〉 = f (x). If L(X) stands for the topo-
logical dual of Cp (X) and Lp (X) denotes the linear space L(X) endowed with the weak*
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topology σ (L(X) ,C (X)), the map δ : X → Lp (X) defined by δ (x) = δx is a homeomor-
phism from X into a closed subspace of Lp (X), the latter being a closed linear subspace of
Cp (Cp (X)) (see [1, Chapter 0]). The image δ (X) of X by δ is referred to as the canonical
copy of X in Lp (X), or in Cp (Cp (X)). In the sequel υX will stand for the Hewitt realcom-
pactification of X and βX for the Stone-Čech compactification of X . A Tychonoff space X is
said to be realcompact if υX = X and pseudocompact if υX = βX . If f ∈C (X) we denote
by f υ the continuous extension of f to υX . A topological space X is called Fréchet-Urysohn
if for any set Y in X and each y ∈ Y there is a sequence {yn}∞

n=1 in Y such that yn → y in
X , and angelic if each relatively countably compact set A in X is relatively compact and if
x ∈ A there is a sequence in A that converges to x. A set A in a topological space X is called
functionally bounded in X if f (A) is bounded in R for each f ∈C (X). A topological space
X is a µ-space if each functionally bounded set in X is relatively compact. A set A in a
locally convex space E is called bounded (in E) if u(A) is bounded for each u ∈ E ′, where
E ′ stands for the topological dual of E. So, a set A is bounded in Cp (X) if u(A) bounded
for each u ∈ L(X), and a subset Y of X is functionally bounded in X if and only if δ (Y ) is
bounded in Lp (X). A locally convex space E is semi-reflexive if each bounded set in E is
relatively weakly compact.

Recall that a completely regular space X is called a P-space if every Gδ -set in X is open,
and a Lindelöf Σ -space if there is a (set-valued) map T : Σ →K (X) from a subspace Σ

of NN into the family K (X) of compact sets of X with
⋃
{T (α) : α ∈ Σ} = X such that

if {αn}∞

n=1 is a sequence in Σ with αn→ α and xn ∈ T (αn) for every n ∈ N, the sequence
{xn}∞

n=1 has a cluster point x∈ T (α). If Σ =NN we say that X is K-analytic. Each K-analytic
space is a Lindelöf Σ -space, and every Lindelöf Σ -space is Lindelöf.

The subject of this paper is Cp and Ck-theory, two very active fields of research nowadays
(see for instance [2] and [14]).

2 Functionally bounded sequentially complete sets in Cp (X)

Let E be a (Hausdorff) locally convex space. Recalling the notion of (relative) sequential
completeness introduced in [11], we say that a set A in E is (relatively) sequentially complete
if every Cauchy sequence {xn}∞

n=1 in E contained in A converges in E to a point x ∈ A (a
point x∈ E). Every closed relatively sequentially complete set is sequentially complete. If E
is sequentially complete, each closed (arbitrary) set A is (relatively) sequentially complete.
So, a sequentially complete set in E need not be bounded. If E is Fréchet-Urysohn and A
sequentially complete, then A is closed. As is well-known υX is sequentially closed in βX
(see [17, Theorem 1]). So, if βX is sequential, X is pseudocompact. If X is sequentially
complete in E and either βX or υX is Fréchet-Urysohn, then X is respectively compact or
realcompact. Main use of (relatively) sequentially complete sets in Cp-theory so far are the
two following results, where the second is an extension of a result of Velichko [1, 1.2.1
Theorem].

Theorem 1 ([11, Theorem 3.1]). The following are equivalent.

1. X is a P-space.
2. Cp(X) is a countable union of relatively sequentially complete sets.

Corollary 1 ([11, Corollary 3.2]). If Cp(X) is a countable union of bounded relatively se-
quentially complete sets, then X is finite.
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Every (relatively) countably compact set in a locally convex space E is both function-
ally bounded in E and (relatively) sequentially complete. Not every functionally bounded
sequentially complete set in a Cp (X) space is countably compact. For example, since βN is
homeomorphic to a compact set in Cp (Cp (βN)), the discrete space N of positive integers
is homeomorphic to a functionally bounded and sequentially complete set in Cp (Cp (βN))
which is relatively countably compact but not countably compact. If X is separable, count-
ably compact, or a kR-space then Cp (X) is a µ-space by Valdivia’s [13, 2.3 Theorem],
Asanov-Velichko’s [1, 3.4.1 Theorem] or [1, 3.4.13 Theorem], respectively (see also [9,
Theorems 32, 34]). So, in all these cases each functionally bounded set in Cp (X) is rela-
tively compact. Also, if X has countable R-tightness in the sense of [1, Page 59] the space
Cp (X) is realcompact (see [1, 2.4.17 Corollary] or [9, Theorem 27]), hence a µ-space. How-
ever, the next theorem holds.

Theorem 2. If X is a Lindelöf Σ -space, each functionally bounded (relatively) sequentially
complete set in Cp (X) is (relatively) compact.

Proof. We consider the relatively sequentially complete setting, the other case is similar.
By hypothesis there are a subset Σ of NN and a map T from Σ into the family K (X) of
compact sets of X such that {T (α) : α ∈ Σ} covers X and if αn→ α in Σ and xn ∈ T (αn)
for all n ∈ N then {xn}∞

n=1 has a cluster point x ∈ T (α). Let H be a functionally bounded

relatively sequentially complete set in Cp (X), whose closure HυCp(X) in υCp (X) we shall
represent by K. As H is functionally bounded in Cp (X), clearly K is a compact subset of
υCp (X), [13, 4.7 Proposition]. Note that each δx ∈ L(X) with x ∈ X is a σ (C (X) ,L(X))-
continuous linear form on C (X). Denote by δ υ

x the (unique) continuous extension of δx to
the Hewitt realcompactification υCp (X) of Cp (X) and define

Sα = {δ
υ
x |K : x ∈ T (α)} ⊆C (K)

for each α ∈ Σ . We claim that Sα is a compact subset of Cp (K).
Let us show in first place that Sα is countably compact. If {δ υ

xn

∣∣
K : n ∈N} is a sequence

in Sα there are x ∈ T (α) and a subnet {yd : d ∈ D} of {xn}∞

n=1 such that yd → x in T (α)
under the relative topology of X , so that f (yd)→ f (x) or rather

〈
δyd , f

〉
→ 〈δx, f 〉 for all

f ∈C (X). Hence, for each u ∈ υCp (X) there is fu ∈C (X) with δ υ
xn (u) = δxn ( fu) for every

n∈N (see [16, Lemma 9.1]). So, using that
〈
δyd , f

〉
→〈δx, f 〉 for every f ∈C (X), it follows

that δ υ
yd
(u)→ δ υ

x (u) for all u ∈ υCp (X). In particular

δ
υ
yd

∣∣
K
(u)→ δ

υ
x |K (u)

for every u ∈ K, which means that δ υ
yd

∣∣
K
→ δ υ

x |K on Sα under the relative topology of
Cp (K). This shows that Sα is a countably compact subspace of Cp (K). But, given that K
is compact, Cp (K) is angelic by virtue of the classic Grothendieck theorem [25, Section 1,
Theorem 3]. So we conclude that Sα is compact.

Set M := ∪{Sα : α ∈ Σ} ⊆C (K). We claim that M is a Lindelöf Σ -subspace of Cp (K).
Define the mapping S : Σ →K (Cp (K)) by the rule S (α) = Sα . If αn→ α in Σ and hn ∈
S (αn) for each n ∈ N, then hn = δ υ

zn

∣∣
K for some zn ∈ T (αn) and n ∈ N. Let z ∈ T (α) be

a cluster point of the sequence {zn}∞

n=1 in X , so that δz is a cluster point of the sequence
{δzn}

∞

n=1 in Cp (Cp (X)). Setting h := δ υ
z
∣∣
K ∈ S (α), it can be shown as before that h is a

cluster point of {hn}∞

n=1 in Cp (K) belonging to S (α). So, M is a Lindelöf Σ -subspace of
Cp (K), as stated.
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Next we claim that M separates the points of K. Otherwise there are u 6= v in K such that
h(u)= h(v) for every h∈M. This means that δ υ

x (u)= δ υ
x (v) for every x∈X . If { fd : d ∈ D}

and {gd : d ∈ D} are nets in H with fd → u and gd → v in K, then

( fd−gd)(x)→ δ
υ
x (u)−δ

υ
x (v) = 0

so that fd−gd → 0 in Cp (X). Hence fd−gd → 0 in υCp (X), which yields u− v = 0.
Since K is compact and M a Lindelöf Σ -subspace of Cp (K) that separates the points

of K, [22, Theorem 3.4] (see also [9, Theorem 91]) ensures that Cp (K) is a Lindelöf Σ -
space. Hence K is a Gul’ko compact subset of υCp (X), so a Fréchet-Urysohn space (see for
instance [8, Lemma 2]).

Finally we claim that K ⊆C (X). Indeed, if u ∈ K then u ∈ HυCp(X), where the closure
is in υCp (X). Thus, there is a sequence { fn}∞

n=1 in H such that fn → u in υCp (X). Since
{ fn}∞

n=1 is a Cauchy sequence in the locally convex space Cp (X) and H is relatively se-
quentially complete in Cp (X), it follows that u ∈C (X). Therefore H is relatively compact
in Cp (X) and we are done.

According to Theorem 2, each Cp (X) space over a Lindelöf Σ -space X has the property
that every functionally bounded relatively sequentially complete set in Cp (X) is relatively
compact. Although obviously every locally convex µ-space Cp (X) enjoys such property, the
converse statement does not hold, as the following example shows.

Example 1. If X is a Lindelöf Σ -space space then Cp (X), though angelic, need not be a
µ-space. Let Z be the Reznichenko compact space mentioned in [1, Example 7.14]. This
is a Talagrand compact space with a nonisolated point p such that Z = βY with Y = Z \
{p}. Hence Y is a pseudocompact not realcompact space, so that Z = υY . So, Cp (Y ) is a
continuous image of Cp (Z). This shows that Cp (Y ) is K-analytic, which implies that Cp (X)
is angelic if X :=Cp (Y ). Observe that Y is (homeomorphic to) a closed functionally bounded
set in Cp (X) which is not compact. Consequently Cp (X), though angelic, is not a µ-space.
Of course, Y is not sequentially complete in Cp (X). Otherwise it would be compact by virtue
of Theorem 2. Since p is non isolated in Z, one has p ∈ Y Z . So, bearing in mind that Z is
a Fréchet-Urysohn space, there is a sequence {xn}∞

n=1 in Y that converges to p in Z = υY .
This proves that Y is not countably compact, so neither a normal space. Therefore Cp (X) is
not a normal space either, as mentioned in [9, Example 62].

Let us say that a subset Y of a topological space X is (relatively) sequentially closed in
υX if conditions {xn}∞

n=1 ⊆ Y and xn → x in υX imply that x ∈ Y (resp. that x ∈ X). If we
look at the proof of the previous theorem, the hypothesis that H is (relatively) sequentially
complete in Cp (X) is only used at the bottom, and it could be replaced by the (formally less
restrictive) condition that H is relatively sequentially closed in υCp (X). So, the following
theorem holds.

Theorem 3. If X is a Lindelöf Σ -space, each set in Cp (X) which is both (relatively) sequen-
tially closed and relatively compact in υCp (X) is (relatively) compact in Cp (X).

Proof. This is a straightforward consequence of the proof of the previous theorem and the
fact that a subset Y of a Hausdorff topological space X is functionally bounded if and only
if Y is relatively compact in υX (see [13, 4.7 Proposition]).

Next example shows that in the Theorem 2 the condition of being functionally bounded
cannot be replaced by the formally weaker condition of being (pointwise) bounded.
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Example 2. If X is a compact space (even metrizable), a bounded sequentially complete
set in Cp (X) need not be compact. Let X be the dual unit ball of `1 equipped with the
weak* topology. The mapping T : `1 (weak)→ Cp (X) defined by T ξ = ξ |X is a linear
homeomorphism from `1 (weak) onto its image in Cp (X). If B`1 denotes the closed unit ball
of `1, then T

(
B`1

)
is a bounded and sequentially complete in Cp (X) which is not compact,

otherwise B`1 would be compact in `1 (weak).

If X = D(m) is the discrete space of cardinality m, every (functionally or not) bounded
set in Cp (X) = Rm is relatively compact. However, if m > ℵ0 then X is not Lindelöf. So,
the condition of X being a Lindelöf Σ -space in the statement of Theorem 2 is sufficient but
not necessary. If m= ℵ1 then Rℵ1 is not angelic since [0,1]ℵ1 is not Fréchet-Urysohn. This
shows that the property exhibited in the statement of Theorem 2 is not a consequence of
the angelicity of Cp (X). Let us mention in passing that each non realcompact P-space X is
a µ-space which is not realcompact (for concrete X see [15, Problem 9L]). So, if X is as
stated, Cp (X) is Fréchet-Urysohn (hence a kR-space) and hence Cp (Cp (X)) is a µ-space
[1, 3.4.13 Theorem]. Clearly Cp (Cp (X)) is not realcompact, since X is homeomorphic to a
closed set of Cp (Cp (X)). This can be taken even further.

Example 3. If X is a compact space then Cp (X), although an angelic µ-space, need not
be realcompact. Since ω1 + 1 is compact, Cp (ω1 +1) is a µ-space by Grothedieck’s the-
orem [25, Section 1, Theorem 3]. One can easily check that the R-tightness of ω1 + 1 is
uncountable, hence Cp (ω1 +1) is not realcompact.

If X is a P-space then Cp (X) is sequentially complete (see [11, Theorem 1.1]), so every
closed (arbitrary) subset A of Cp (X) is (relatively) sequentially complete. Obviously, if X
is a countable P-space (hence discrete and Lindelöf) and A is a bounded set in Cp (X),
then A is relatively compact. But if X is a non-discrete P-space, the topological subspace
Cp (X , [0,1]) is countably compact but not compact [24, Problems 396, 397]. Hence, in this
case Cp (X) contains a closed functionally bounded sequentially complete set which is not
compact. Even if X is an (uncountable) Lindelöf P-space, a closed functionally bounded set
A in Cp (X) need not be compact, as the following example shows.

Example 4. If X is a Lindelöf P-space, a functionally bounded sequentially complete set
in Cp (X) need not be compact. Let us denote by E the linear subspace of Rℵ1 consist-
ing of those functions with countable support and let X be the Lindelöfication of the set
ω1 = [0,ω1) equipped with the discrete topology. This means that we add a point, say ω1,
to [0,ω1), so that X = [0,ω1)∪{ω1} = [0,ω1] as sets, and declare ω1 as the unique non
isolated point of X , with the neighborhoods of ω1 being the subsets V of X such that ω1 ∈V
and X \V is countable. It can be easily checked that X is a Lindelöf P-space. By [1, 4.2.15
Example] the space E is homeomorphic to the closed one-codimensional linear subspace
{ f ∈C (X) : f (ω1) = 0} of Cp(X). Let A = [0,1]ℵ1 . This is a compact set in Rℵ1 . Then
B = A∩E is a counbably compact subset of E with the relative topology. Hence it is (home-
omorphic to) a functionally bounded sequentially complete subset of Cp(X). But B is not
compact, since B is dense in A and does not coincide with A. Of course Cp (X) is not a
µ-space.

Corollary 2 (Baturov, [3]). If X is a Lindelöf Σ -space, then every countably compact set in
Cp (X) is a monolithic compact set.
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Proof. As mentioned above, each countably compact set A in Cp (X) is functionally bounded
and sequentially complete. So, Theorem 2 applies to show that A is compact. Since each
compact set in Cp (X) is Gul’ko’s, then A is monolithic.

Baturov’s original theorem can also be found in [1, 3.6.1 Theorem]. For a more gen-
eral version of this theorem see [18, Theorem 2.4], where it is shown that if the Lindelöf
number `(Y ) of a topological subspace Y of Cp (X) is greater or equal than the number
of K-determination, also called the `Σ -number `Σ (X), of the Tychonoff space X (see [6]),
then `(Y ) = e(Y ) where e(Y ) denotes the extent of Y . For a Lindelöf Σ -space X one has
`Σ (X) = ℵ0 ≤ `(Y ).

Corollary 3 (Orihuela, [19, Theorem 3]). If X is a Lindelöf Σ -space, then the space Cp (X)
is angelic.

Proof. If A is a (relatively) countably compact set in Cp (X), Theorem 2 shows that A is
(relatively) compact. Since every compact set in Cp (X) is Fréchet-Urysohn [8, Lemma 2],
if A is relatively compact in Cp (X) and f ∈ A, there is a sequence { fn}∞

n=1 contained in A
such that fn→ f in Cp (X). Therefore Cp (X) is angelic.

Orihuela’s angelicity theorem can also be found in [16, Theorem 4.5]. The original state-
ment of the theorem is slightly more general than the one given here, but it can be seen to
be equivalent to the previous corollary (see [8, Theorem 1]). Besides of the aforementioned
Rℵ1 , there are many non-angelic Cp (X) spaces which are µ-spaces. Indeed, if X is a com-
pact set which is not Fréchet-Urysohn, the space Cp (Cp (X)) is non-angelic but realcompact
[9, Theorem 96]. On the other hand, we have also mentioned before that Cp (ω1 +1), which
is angelic by Theorem 3, is not realcompact, although it is a µ-space. We shall exhibit be-
low (in the Example 1) an angelic Cp (X) space over a Lindelöf Σ -space X which is not a
µ-space.

Corollary 4. Let X be a pseudocompact space such X is sequentially closed in υX. If Cp (X)
is a Lindelöf Σ -space, then X is compact.

Proof. We claim that the canonical copy δ (X) of X in Lp (X) is sequentially complete
in Lp (X), so in Cp (Cp (X)), since Lp (X) is closed in Cp (Cp (X)). Indeed, if {xn}∞

n=1 is a
sequence in X such that {δxn : n ∈ N} is a Cauchy sequence in Lp (X) contained in δ (X),
then {〈 f ,δnn〉}

∞

n=1, i. e., { f (xn)}∞

n=1, is a Cauchy sequence in R for every f ∈ C (X). So,
according to [15, 15.13 Theorem], there is y ∈ υX such that xn → y in υX . Since we are
assuming that X is sequentially closed in υX , it follows that y ∈ X , so that δnn → δy ∈ δ (X)
in Lp (X). This shows that δ (X) is a sequentially complete set in Lp (X), as stated. So δ (X)
is a functionally bounded (because it is pseudocompact) and sequentially complete set in
Cp (Cp (X)). Since Cp (X) is a Lindelöf Σ -space, Theorem 2 applies to show that δ (X) is
compact. So that X is a compact set.

Corollary 5. If X is a Lindelöf Σ -space, the following statements are equivalent.

1. Cp(X) is the union of countable many functionally bounded relatively sequentially com-
plete sets.

2. Cp (X) is σ -compact.
3. X finite.

Proof. This follows from Theorem 2 and Velichko’s theorem [1, 1.2.1 Theorem].
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It is worthwhile mentioning that, according to [23], if Cp(X) is covered by countably
many functionally bounded sets, then X is pseudocompact and every countable subset of X
is closed and C∗-embedded in X (see also [24, Problem 399] or [12, Theorem 2.6]).

Corollary 6. If there exists a metrizable locally convex topology τ on C (X) such that τp ≤
τ ≤ τk then each functionally bounded (relatively) sequentially complete set in Cp (X) is
(relatively) compact.

Proof. This is because if such metrizable topology there exists, then X is σ -compact [10,
Theorem 3.1 (i)], hence K-analytic. So, Theorem 2 applies.

3 Functionally bounded sequentially complete sets in Cw (X)

We denote by Cw (X) the space Ck (X) equipped with the weak topology of Ck (X). If Ck (X)
is quasi-complete [4, 1.7.2 Definition], in particular if X is a kR-space, then Cw (X) is a
µ-space by virtue of [26, Theorem 3] (see also [9, Theorem 31]). So that, in this case,
every functionally bounded set in Cw (X) is relatively weakly compact. On the other hand,
if A is a bounded set in Ck (X) such that A is sequentially complete in Cp (X) then A is
weakly sequentially complete in Ck (X). For if { fn}∞

n=1 is a weakly Cauchy sequence in
Ck (X) contained in A, then { fn}∞

n=1 converges in Cp (X) to some f ∈ A. So, according to the
version of the Lebesgue dominated convergence theorem for measures of compact support,
the sequence { fn}∞

n=1 converges to f in the weak topology of Ck(X), which shows that A
is weakly sequentially complete [13, 4.3 Corollary 2]. When X is a Lindelöf Σ -space, the
following analogous to Theorem 2 holds. Our proof is based on [8, Theorem 7].

Theorem 4. If X is a Lindelöf Σ -space, each functionally bounded (relatively) sequentially
complete set in Cw (X) is (relatively) weakly compact.

Proof. Assume that there are a subset Σ of NN and a map T from Σ into K (X) such that
{T (α) : α ∈ Σ} covers X and if αn→ α in Σ and xn ∈ T (αn) for all n∈N then {xn}∞

n=1 has
a cluster point x ∈ T (α). Let F denote the completion of (C (X) ,ρ (C (X) ,L(X))), where
ρ (C (X) ,L(X)) stands for the topology on C (X) of uniform convergence on the compact
sets of Lp (X). Since X is a Lindelöf space, hence realcompact, the space Ck (X) is barrelled
by the Nachbin-Shirota theorem. Hence the compact-open topology τk of C (X) coincides
with the strong topology β (C (X) ,E), where E denotes the topological dual of Ck (X). This
implies that τk = ρ (C (X) ,L(X)) = µ (F,E).

Let H be a functionally bounded relatively sequentially complete set in Cw (X), whose
closure under the weak topology σ (F,E) we shall represent by K. Since H is clearly
functionally bounded in (F,σ (F,E)) and (F,µ (F,E)) is complete, Valdivia’s theorem [26,
Theorem 3] ensures that K is σ (F,E)-compact. Let δ̂x be the σ (F,L(X))-continuous lin-
ear extension of δx to F and put Sα = {δ̂x |K : x ∈ T (α)} for α ∈ Σ . If {δ̂xd |K : d ∈ D}
is a net in Sα there are x ∈ T (α) and a subnet {yh}h∈E such that yh → x in T (α), so
that δyh → δx under σ (L(X) ,C (X)). Since σ (L(X) ,C (X)) and σ (L(X) ,F) coincide on
Qα := {δx : x ∈ T (α)} (see [21, Chapter VI, Corollary 3]), we have δ̂yh → δ̂x in Sα under
σ (L(X) ,F), which implies that 〈δ̂yh |K ,g〉 → 〈δ̂x |K ,g〉 for every g ∈ K. So, Sα is com-
pact in Cp (K). Set M :=

⋃
{Sα : α ∈ Σ} and define S : Σ →K (Cp (K)) by S (α) = Sα . If

αn → α in Σ and yn ∈ T (αn) for each n ∈ N, let y ∈ T (α) be a cluster point in X of the
sequence {yn}∞

n=1. Since
⋃

∞
n=1 Qαn is relatively countably compact in Lp (X) and Lp (X) is a

Lindelöf space by [1, 0.5.14 Corollary],
⋃

∞
n=1 Qαn is relatively compact in Lp (X). Thus
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σ (L(X) ,C (X)) and σ (L(X) ,F) coincide on
⋃

∞
n=1 Qαn and δ̂y is a σ (L(X) ,F)-cluster

point of {δ̂yn}∞
n=1, which implies that δ̂y|K is a cluster point of {δ̂xn |K}∞

n=1 in Cp (K). This
shows that M is a Lindelöf Σ -subspace of Cp (K). As 〈L(X) ,F〉 is a dual pair, M separates
the points of K. So, Cp (K) is a Lindelöf Σ -space and K is Fréchet-Urysohn. Consequently,
if u ∈ K there is a sequence { fn}∞

n=1 in H such that fn → u under σ (F,E), which implies
that { fn}∞

n=1 is a Cauchy sequence in Cw (X). Since H is relatively sequentially complete
in Cw (X), it follows that fn → g in Cw (X). Therefore f = g ∈ C (X), which shows that
K ⊆C (X). Thus K is a weakly relatively compact set in Ck (X).

As in the Cp (X) case, we cannot replace in Theorem 4 the functionally boundedness re-
quirement by the boundedness condition (in the locally convex sense). If X is a nonscattered
compact, by the Pełczyński-Semadeni theorem [20] or [7, Theorem 3.1.1], the space Cw (X)
contains an isomorphic copy of `1 (weak). So, despite X is a Lindelöf Σ -space, Cw (X) con-
tains a bounded sequentially complete set which is not compact.
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