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NUCLEAR WEIGHTED COMPOSITION OPERATORS ON
WEIGHTED BANACH SPACES OF ANALYTIC FUNCTIONS

JOSE BONET, M. CARMEN GOMEZ-COLLADO, ENRIQUE JORDA,
AND DAVID JORNET

ABSTRACT. We characterize nuclear weighted composition operators Wy, ., f =
Y(f o ¢) on weighted Banach spaces of analytic functions with sup-norms.
Consequences about nuclear composition operators on Bloch type spaces are
presented. They extend previous work by Fares and Lefevre on nuclear com-
position operators on Bloch spaces. Examples of nuclear as well as compact
and non-nuclear weighted composition operators are given.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. There is a vast literature about composition operators defined
on Banach spaces of analytic functions on the disc, where the function theoretic
properties of the symbol are related with the functional analytic properties of the
composition operator. We refer to the monographs [7, 16]. Properties as compact-
ness, weak compactness and nuclearity have been widely studied in this context;
see for instance [3, 4, 5, 10, 14, 16, 17, 20] and the references therein. Our inspira-
tion and main motivation come from very recent results of Fares and Lefevre [10],
who characterize the nuclear composition operators on the classical and little Bloch
spaces B and By. Our aim is to characterize the nuclearity of weighted composition
operators defined on weighted Banach spaces H2® and HY of analytic functions,
when v is a normal weight in the sense of Shields and Williams [18]; normal weights
include all stantard weights v,(z) = (1 — |2])?, p > 0. Since a composition oper-
ator on a Bloch space can be represented as a weighted composition operator on
a weighted Banach space of analytic functions defined by a standard weight, we
apply our results to extend the characterization of Fares and Lefevre to all Bloch
spaces B, and By for p > 1.

Fares and Lefévre also provide in [10] a non-trivial example of an analytic self
map on the unit disc (which has a contact point with the unit circle) such that
the corresponding composition operator is nuclear [10, Example 1, Theorem 3.3].
We give an example of a non-trivial composition operator on ng which is nuclear,
based in examples given by Bonet, Domariski, Lindstrom and Taskinen [4]. More-
over, we also exhibit a composition operator which is compact and non-nuclear on
By, for every p > 1. Such an example is based in Taskinen [20], where many ex-
amples of compact and non-nuclear composition operators on Hﬁ: are presented,
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and are close to the examples of compact and non-nuclear composition operators
of Shapiro and Taylor [17] for the Hardy space.

Necessary notation and preliminaries are given below. In Section 2 we present
the characterization of nuclear weighted composition operators in our main results
Theorem 2.2 and Corollary 2.3. Some examples are also given in this section. In
Section 3 we apply our results to the Bloch type spaces.

1.2. Notation and Preliminaries. We denote by H (D) the space of analytic
functions from the unit disc D to C endowed with the topology of unform conver-
gence on the compact subsets of D. A weight is a function v : D — R, which
is radial (v(z) = v(|z|) for each z € D), positive, non-increasing and continu-
ous. A weighted composition operator is defined by Wy (f) = ¥(f o ¢), where
¥, € H(D) and p(D) C D. The functions ¢ and 1 are called symbol and multiplier
of the operator Wy, .

The weighted Banach spaces of analytic functions with sup-norms are defined as
follows:

(1.1) H = H7D):={f c HD) : |If], = ilelgv(Z)lf(Z)\ < oo},

(1.2) Hy = H)(D) == {f € H(D) : ‘Z‘li_rgf v(2)|f(2)] = 0},

endowed with the norm || - |[,. If imsup,|_,; v(2) > 0, then Hy° is isomorphic to
H> and H) = {0}. The weight v is called typical when it satisfies lim|,_,; v(z) = 0.

Many results on weighted Banach spaces of analytic functions are formulated in
terms of the so-called associated weights which are defined by

v(z2) == (sup{|f(2)| cfeHE [ flle < 1})71'

The function ¥ is also a weight and if we take v instead of v, both the spaces H?
and H>° and the norm || - ||, do not change. If v is typical, then ¥ is typical and

~ -1
U(z) = (sup {|f ()] : f € Hy, | fllo <1}) .
A weight v is called essential if there is a constant C' > 0 such that
v(z) <v(z) < Cu(z), for each z € D.

The weights v,(z) = (1 — [2]*)P, 0 < p < oo, are called standard weights. They
clearly satisfy v,, = vp, hence they are essential weights. More details about asso-
ciated weights and essential weights can be seen in [2].

The boundedness and compactness of composition operators were studied in
[4]. Later, in [5], Contreras and Herndndez-Diaz extended this study to weighted
composition operators. They proved that if v, w are two typical weights, then the
weighted composition operator Wy, , : Hy° — Hp® is bounded if and only if

)
(13) Wyl = sup FETE < .

Moreover, the operator Wy, , : H) — HY is bounded if and only if ¢ € H? and
(1.3) holds. We also have that (H?)” = HS° isometrically and the bi-transpose
(Wyo)" = Wy« H® — Hg®. It was shown by Shields and Williams [19] that
the topological isomorphisms HY ~ c¢o and HS® ~ f, hold when the weight v is
normal. More general results were obtained by Lusky [11, 12, 13].
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We use the duality of [18], but modifying the notation slightly. From now on,
let v,u : D — Ry be two functions such that v is a typical weight as before and
is a radial, positive and continuous function which satisfies

1

(1.4) /0 u(r)dr < oo.

We also consider

(15) AL = AU = (£ e HD) ¢ Iflui= [ f)u()AR) < oo}

where dA denotes the normalized Lebesgue measure on D. The following definition
can be found in [18, p. 291]:

Definition 1.1. We say that the weight v is normal if there are k > ¢ > 0 such
that
(1—r)F

i v(r) = lim =
(1.6) }gnl (1—r) o }al v(r) 0

Every normal weight is essential, as follows for instance from Proposition 2 in [9].
The pair of functions {v,u} is called normal if v is a normal weight, u is a
function as in (1.4) and if, for some k satisfying (1.6), there is @ > k — 1 with

(1.7) v(r)u(r) = (1 —r?)*, 0<r<l.
Now, we consider some k, e, satisfying (1.6) and (1.7). We use the following
pairing between H2° and Al: given f € H®, g € AL, we define

(18) (f.g) = / F(2)g(@(2)u(z)dA(z) = / F@)g(2)(2)u(=)dA(2)
- / F(2)9(@)(1 = |22)?dA(2).

Following [18], we denote, for a > —1, the kernel function or reproducing kernel for
the point ¢ by

1+«
(1—¢z)2+e”

The following lemma is relevant in our proofs below.

(1.9) Ke(z) = z,& € D.

Lemma 1.2 (Lemma 10 of [18]). If K¢ is the function given in (1.9) and {v,u} is
a normal pair, then we have
(1) Kf € HS n Aqlu
(i) g(&) = (Ke,g), for all g € A,;
(i) J(6) = (/, Ke). Jor all f € HE.

We recall from [18], Theorem 2, p.296 that the paring (1.8) defines a duality
such that (H?)' = AL. More precisely, for all g € AL the functional

(1.10) Ng(f) = (f.9), fe€H,

satisfies A, € (HY) and ||A;]| < |gl. (the norm in (1.5)). Moreover, for each
A € (H?) there exists a unique g € AL with A = X\, and |g|, < C||A|| for some
constant C' > 0 independent of A.



4 J. BONET, M. C. GOMEZ-COLLADO, E. JORDA, AND D. JORNET

Definition 1.3. Let X,Y be two Banach spaces. A linear operator T': X — Y
is said to be nuclear if there are two sequences (z!)) C X’ and (y,) C Y such that
2on l2llllynl < oo and

o]
T= Zx; & Yn,
n=1

where 2/, ® y, : X — Y is defined to be the mapping x — ), (2)y,.

Hence, a nuclear operator is the (absolutely convergent) sum of rank one opera-
tors. We also need the notion of absolutely summing operator.

Definition 1.4. Let X,Y be two Banach spaces. A linear operator T : X — Y is
said to be absolutely summing if there is C' > 0 such that for all finite sequences
(zj)7-; C X we have

Z | Tz < C| sup Z |2’ ()] = C sup H ZijjH.
j=1 j=1

l <15 lejl=1

It is easy to see that any nuclear operator is compact and absolutely summing.
By Lemma 2.1 in [10], a linear operator 7' : X — Y, with X = ¢y or X = {, is
absolutely summing if and only if it is nuclear. We refer the reader to [8] and [15]
for more information about nuclear and absolutely summing operators.

2. NUCLEAR WEIGHTED COMPOSITION OPERATORS

In this section we characterize when the weighted composition operator Wy, ., is
nuclear on the spaces H2° and HY when v is a normal weight.

Before proving our characterization we need the following result, which is of
special interest in this setting. Only here we specify with superindices where the
operator is acting for the convenience of the reader.

Proposition 2.1. Let ¢, € H(D) with (D) CD. If v,w are typical weights and
the weighted composition operator Wifj : HY — H° is continuous, we have

(1) The operator ijofo s Hy® — HpY is continuous. Moreover, in this case,

Wg’zo is compact if and only if its bi-transpose satisfies (Wg’zo)” =Wy~

2) I € HOC, then the operator w0 . HY — HO is continuous and its
w P, v w
bi-transpose satisfies (Wi’&)” = szofo. Moreover, the operator Wi’g 18
compact if and only if W= > (H) C HY.

Proof. (1) Let f € HS°. Then there is a sequence (f;) of polynomials such that
f; — f in the compact-open topology and | f;llv < ||f]lo (see for instance [1]).
Since Wy, : H) — HZ° is continuous, (Wy ,(f;)) is bounded in HZ® and, hence
it is also bounded in H(ID). So, there is a subsequence of (Wy ,(f;)), which we
denote the same, that converges to h € H(D) in the compact-open topology (that
we denote co). Moreover, h € HZ? since w(z)|f;(¢(2))|¥(z) < M for some constant
M > 0 and every z € D and j € N. But, as Wy, : (H(D),co) — (H(D),co)
is also continuous, Wy ,(f;) = Wy o(f) in (H(D), co) and hence, also pointwise.
This implies that Wy, ,(f) = h € HSY. We have shown that Wy, ,(H5°) C Hi®. An
application of the closed graph theorem gives the continuity of W;Zo ;poo.

Let us assume now that Wg’:o is compact. An application of Gantmacher-
Nakamura’s theorem, see for instance [6, Theorem 5.5 (p.185)], gives that the
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bi-transpose of W' v o HY — Hy acts (WOOO) : (HE,w*) — (H,w) contin-
uously. On the other hand, the operator W, v L (HY 1) = (H, 7p) is continu-
ous if we endow the corresponding spaces with the pointwise topology Tp, which is
weaker than the w* topology in HS® and HZ2°. Altogether gives that (W )" and

P, <p
Wf;o fo are both w* —7, continuous and both of them agree in H?, which is w*-dense

: : 0, : : 0,
in H3°. Hence we have W™ = (W,>)". Conversely, if W= = (W,'7)", we

have (Wi ZO)’ "(H$®) C HZ. Since weakly compact weighted composition operators
on H are always compact by [3, Theorem 1], [5, Theorem 5.2], by Gantmacher-
Nakamura’s theorem again we get that ngj is compact.

The first part in (2) is completely analogous to Propositions 3.1 and 3.2 of
[5] (see also [3]). The equivalence of the compactness of ng’,?o to the fact that

WS (H®) C Hy, follows also from Gantmacher-Nakamura’s theorem. O

Theorem 2.2. Let p,¢ € H(D) with o(D) CD. If w is a typical weight and v is
a normal weight such that {v,u} is a normal pair associated to o > —1 as in (1.6),
then the following conditions are equivalent:

(a) The weighted composition operator Wy, , : HO — HZ° is nuclear;
(b) The weighted composition operator Wy, , : H3° — HZ° is nuclear;

(©) Qu ::/D<Sup w()[$(2)] )(1—(|€|2)“dA(§) < o

zeb [1 = Ep(2)|2/ v()

If in addition ¢ € HY, then the above statements are equivalent to each one of the
following:

(d) The weighted composition operator Wy, , : H) — HY, is nuclear;
(e) The weighted composition operator Wy, , : H3® — HY is nuclear.

Proof. First, we observe that, since H? ~ ¢q by [19], we can apply [10, Lemma 2.1]
to conclude that (a) is equivalent to the weighted composition operator Wy, :
H? — H2° being absolutely summing.

First we prove that (c) holds if and only if Wy, : H) — HZ° is absolutely
summing. Let us assume that (c) holds. Since the polynomials are dense in H?, it is
enough to consider polynomials fi, ..., fy in the definition of absolutely summing,
as it is done in [10], p. 5. For each n > 1 we can select z1,...,2x € D such that, by
Lemma 1.2 and (1.8), we have

N N
Z (W, ()] Zsupw N <0 [W(z) 1 ((z5)) [w(z;)

Jj=1

| Zj H(f]? ©(z5) )|’UJ Zj

. (14— ol
p| [ 105 S Al

I
3

I Mz H'MZ

ey [ BEheE) (1 e
<n(1+a)(§25;|fg(0| ©) [ T T A
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Since the last integral is @), and
N
D5k = swp 12% )|
j=1 el

we get

IN

n(1+a)Qa sup (sup\ﬁejfxo\v(o)

lesl=1

N
ST IWew(£)]
j=1

(1 4+ a)Qq sup HZsjfjH

lejl=1

But 1 > 1 is arbitrary, and hence we obtain that Wy , is absolutely summing.

Now, we assume that Wy, : H? — H is absolutely summing. By Pietsch’s
theorem [8, 2.12], there is a Borel probability measure v on the o(AL, H))-compact
unit ball U of A} such that

W), < M /U (PN (©).

for each f € H? and some constant M > 0 independent of f. For £ € D arbitrary,
we get for K¢ € HY,

W o FO|, = [6(Ke oo, < M /U C(Ko)ldn(©).

Integrating over D and applying Fubini’s theorem, since v is a probability measure,
we have (using (1.7))

/ 1+ a)w(2)|Y(2)] (1 = |§|2)adA(§)
D

sup

b [1=Ep(2)]*+2 (g
< M/U/D|C(K§)|U(€)dA(€)du(C) < MEEE/DK(Kg)Iu(&)dA(f)-

Now, since K¢ € H} and ¢ € AL we have, by Lemma 1.2, ((K¢) = (K¢, () = ¢(£).

Thus,
PG (- 1g?)e
/]D)ZEB 11 —Eap( etz v(é) 4A()

sup / C()lul€)dA(E) =

This shows that (a) is equivalent to (c).

The implication (a)=(b) follows from Proposition 2.1 (1) and the fact that the
transpose of a nuclear operator is nuclear [15, 3.1.8]. The implication (b)=-(a) is
obvious because HY is a topological subspace of H® and nuclear operators are an
ideal.

Assume now that ¢ € HY. The implication (a)=(d) follows because Wy, ,,(HJ) C
HY [5] and in this case Wy, : H) — HZ° is absolutely summing if and only if
Wy, + H) — HY is absolutely summing. The implication (d)=-(e) is a conse-
quence of Proposition 2.3 (2), using again that the transpose of a nuclear mapping
is nuclear, and (e)=-(b) follows by an analogous argument to the one of the impli-
cation (b)=-(a), which finishes the proof. O

_ / [ (Ke 0 9)||, u(€)dA(E)

M

bupmu— Y < 0.

<

+1¢ a+1¢
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The case of standard weights follows as a consequence.

Corollary 2.3. Let ¢,¢p € H(D) with o(D) CD. Ifv,(z) = (1 —|z|*)?, p > 0, is
a standard weight, then the following conditions are equivalent:

(a) The weighted composition operator Wy, ., : HUOP — H72 is nuclear;

(b) The weighted composition operator Wy, , + Hy® — Hp® is nuclear;

2
(c) Qp:= / sup Mcﬁl(f) < 00
pzed |1 —E&p(2)[P*?

If in addition ¢ € HSP, then the above statements are equivalent to each one of the
following:

(d) The weighted composition operator Wy, ., : Hf,)p — ng is nuclear;

(e) The weighted composition operator Wy, o + H3® — HS,, s nuclear.

Proof. Tt is obvious that {v,, 1} is a normal pair for each p > 0, and one can take
a =pin (1.7). Hence, the result follows from Theorem 2.2. O

If the multiplier ¢ is constant and equal to 1 and the symbol satisfies that
¢(D) C D, then the composition operator C, = W1, is trivially nuclear on the
space "ng. We give a non-trivial example for composition operators and standard

weights.
Example 2.4. We consider, for 0 < v < 1, the self-map ¢ € H(D) of [4, Example

4.2]. We observe that (D) N oD = {1}.

We show that the composition operator C, = W ,, is nuclear on the space ’HBP
for 0 < < %5, where v,(2) = (1 - |2|?)? is the standard weight. It is enough to
show that the integral @, in (c) of Corollary 2.3 is finite. Indeed, from [4, Example

4.2] we know that there is some ¢ > 0 such that
1—Je(z)] >cl—2", zeD.
Therefore, if v(p + 2) < p we have

B (1— |2 (1 |2y
Q= [ s 1= Ep(r2 O S0 o e

< lsup & < lsup(l _ |Z|)p—v(p+2) < 0.
¢ zep (1— ‘z|)7(p+2) C zeD
Taskinen proved in [20, Proposition 4.1] that whenever 0 < p < ¢ there exists an
analytic self map ¢ : D — DD such that the composition operator Cy, : H — Hpe
is compact but not nuclear. For weighted composition operators, we provide below
a condition on the multiplier 1) under which Cy, is nuclear whenever the composition
operator Wy, ., is nuclear.

Proposition 2.5. Let v,(z) = (1—|z|*)? be the standard weight for p > 0. Assume
that ¢ : D — D is an analytic self map which extends continuously to some zy € 0D
with ¢(z0) = zo and that ¢ € Hy°. If there is v > 0 such that

(1) ¢ is bounded away from 0 in DN B(zo,r) and

(2) #(D\ B(z0,7)) C D,
then the composition operator Cy : Hy? — H® is nuclear whenever Wy o« Hy? —
H® is nuclear.
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Proof. We can assume that zp = 1 without loss of generality. Now, let
1—|z|?)P
Gy = AP
1 —wip(z)[P*+2
and put F(w) := sup,ep Gu(2)|¥(2)], which belongs to L' (D). We want to show
that also G(w) := sup,cp Gw(2) belongs to L' (D). We observe that

0<Gw)=supGu(z) < sup Gu(z)+ sup  Gu(z).
z€D z€DNB(1,r) z€D\B(1,r)
By hypothesis (1), there is ¢; > 0 such that |[¢(2)| > ¢; for each z € B(1,r) N D.
Hence

1 —12?)P  [¢(2)]

sup  Gu(z) < sup

z€DNB(1,r) z€DNB(1,r) |1 —wgo(z)|P+2 a
1 (1= |2[2)? 1
2.1 < —sup —————|U(2)| = —F(w).
2.) < 2o LB = L

By hypothesis (2), there is 0 < ¢z < 1 such that |p(z)] < ¢z when z € D\ B(1,r).
Then

(2.2) sup  Gu(z) < sup (1|2l !
. 2eD\B(Lr)  zeD\B(Lr) |1 = @p(2)[PT2 T (1 = c)Pt2
From (2.1) and (2.2) we conclude that G € L' (D). O

Let v, be the standard weight, as above, for p > 0. Taskinen [20, Proposition 4.1]
constructs an analytic self map ¢ : D — D such that ¢(D) N 9D = {1} and the
corresponding composition operator C, : Hﬁj — Hl‘f:’ is compact and not nuclear
for every p > ¢ > 0. With the same construction we give below an example of a
weighted composition operator Wy, , : ng — Hg;’ with ¢ = ¢’ which is compact
and not nuclear. We observe that the symbol ¢ depends on p > 0.

Example 2.6. Let A :=DnN{z: Re(z) > 0}. The Riemann mapping
222 -2
r(e) = 22 £

222 =3z —2
maps A onto D. We define the analytic function g,(z) = az(—log(bz) + l)i on A,
where a,b > 0 are taken in such a way that g,(A) C £A. Let ¢, :=7o0g,07 %

‘We observe:

(i) The mapping ¢, admits a continuous extension to 1 with ¢,(1) = 1 and
lop(z)] — 1 if and only if z — 1 [20, (39), p.214]. As a consequence,
wp(D\ B(1,7)) C D for every 0 < r < 1.

(ii) The function 77! is a conformal mapping from D to A. Since 7(0) = 1 and
7/(0) # 0, we get that 7 extends conformally to a neighbourhood V of 0
and 77! extends conformally to a neighbourhood U of 1, and both 7/ and
(771)" are bounded away from 0 in these neighbourhoods.

(i) The mapping g, extends continuously to 0 with g,(0) = 0. The neighbour-
hood U of 1 in (ii) can be taken in such a way that 7=*(U N D) is included
in B(0,t) N A for ¢ small enough. It is easy to check that g, (z) is bounded
away from 0 in B(0,¢) N A for ¢ small enough. In fact, lim. ¢ |g,(2)| = oc.
We can choose ¢ even smaller to have also that g,(B(0,t) N A) is included
in V. ND, for V the neighbourhood of 0 taken in (ii).
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(iv) The chain rule yields

pp(2) = T (gp(r7H(2)gp (TH2)) (7T (2)
is bounded away from 0 on B(1,7)ND, for any r > 0 such that B(1,r) C U.
For p > 1, we show that Ww;,wp : H{)’;’ — H{,’;’ is compact using that the com-

position operator C,,, : Hjjj — ngo is compact. Indeed, by [4, Corollary 3.4], the
compactness of Cy, : HY — Hyo is equivalent to
(1— 21

. (1 - |Z|2)p _ im - =
(2:3) o G e ) g Lo W o o5 3 T

for any ¢ > 0. Hence, if C,,, is compact, by Schwarz-Pick lemma and (2.3) we have

PN €l 7 0 O ol .2 el

2= (1= [ep(2)[2)P 77 =1 (1=ep(2)]?) (1= le(z)2)P—t
Again Schwarz-Pick lemma implies o), € HZ® < HBP. Hence, we deduce that both
of the operators W%’% : Hﬁs — Hﬁj and W%#,p : ng — HSP are compact by
[5, Corollary 4.5]. However, by [20, Proposition 4.1] and Proposition 2.5, neither
Wer o, - Hyo — Hpo nor W, : HSP — ng are nuclear operators.

=0.

’
p P

3. APPLICATIONS TO COMPOSITION OPERATORS ON BLOCH TYPE SPACES

Now we apply our results above to composition operators on Bloch type spaces.
We begin with some definitions. For each 0 < p < oo, the Bloch space of order p is

B, ={f e HD): Slelg(l = [2)PIf' ()] < o0},
and the [ittle Bloch space of order p is
By ={f e H(D): lim (1-|z*)"|f'(z)| = 0}.
|z|—1

It is a well-known fact that B, is a Banach space when it is endowed with the norm
£l = 1£(O)] + sup(1 = |2*)P1F'(2)],

and that Bg is a closed subspace of B, for each p > 0. For p = 1, the spaces B;
and BY are called the classical Bloch space and the little Bloch space, and they are
denoted by B and By.

All these spaces are continuously embedded in H(D). It is a consequence of
Schwarz-Pick lemma that an analytic self map ¢ € H(D) induces a bounded com-
position operator Cy, : B, — B), for each p > 1. Moreover, C, : B) — B is bounded
if and only if ¢ € BY for each p > 1, see [5] and [14].

The Bloch spaces are closely related to weighted Banach spaces of analytic func-
tions. In fact, f € B, if and only if f* € Hy°(D) for v,(z) = (1 — |z]?)P and
p > 0. We have the isometric identification of B, with the ¢; sum H7® @, C,
via ¢ = (¢’,9(0)). With this identification, the composition operator C, on B,
satisfies C, = Wy, ® Id, where Id is the identity, and hence it is nuclear if and
only if W,/ , is nuclear on Hﬁj An application of Theorem 2.2 with multiplier
¥(z) = ¢'(2) gives a characterization for the nuclear composition operators on
Bloch type spaces. For the case p = 1, the next result extends Theorem 2.2 and
2.3 of Fares and Lefevre [10].
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Theorem 3.1. Let ¢ € H(D) be an analytic self map and consider the following
conditions:

(a) The composition operator Cy, = BY) — By, is nuclear (or absolutely sum-
ming);

(b) The composition operator Cy, : B, — By, is nuclear;
(1 —[=*)Ple' (2 )l

c) Q / sup — dA(w) < oo;

€)@ = [0 T appe )

(d) The composition operator Cy, : B, — BY is nuclear;

(e) The composition operator C,, : Bg — Bg s nuclear.

All conditions are equivalent for anyp > 1. Forp =1, (a),(b) and (c) are equivalent
and, if in addition ¢ € By, then all conditions are equivalent.

Example 2.6 and the representation C, = W, ,@®Id of any composition operator
defined on B, = H3® &, C gives the following concluding example.

Example 3.2. Let p > 1 and let ¢, be the symbol considered in Example 2.6.
The composition operator Cy, : B, — By, is compact, not nuclear, and it satisfies
Cy(Bp) C B) by Proposition 2.1.
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